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A geometric characterization of N-graded manifolds
and the Frobenius theorem

Henrique Bursztyn, Miquel Cueca, and Rajan Amit Mehta

Abstract. This paper studies graded manifolds with local coordinates concentrated in non-negative
degrees. We provide a canonical description of these objects in terms of classical geometric data
and, building on this geometric viewpoint, we prove the Frobenius theorem for distributions in this
graded setting.

1. Introduction

Graded manifolds are generalizations of usual manifolds in which local coordinates carry
an additional grading, most often given by Z, or Z. They arise in several areas of mathe-
matics and physics, such as supergeometry [4, 11,43], BV-BFV formalism and homologi-
cal reduction (see [15] and references therein), topological field theory (e.g., AKSZ sigma
models [1, 13, 14, 34]), double structures [31,45], derived differential geometry [3, 23],
among others.

This paper concerns N-graded manifolds of a given degree n € N, i.e., graded man-
ifolds with local coordinates concentrated in degrees O, ..., n, and that commute in the
graded sense; a precise definition is given in terms of sheaves of graded algebras with
a suitable local model; see Section 2.1 (for another viewpoint, see [27, Theorem 5.8]
and also [8,21]). Such graded manifolds have become a key tool in the study of Poisson
and related structures, including Lie algebroids and their higher versions [7, 40, 42], as
well as Courant algebroids and generalized geometry [10,37,39]. The goal of this paper is
twofold: we give a description of N-graded manifolds by means of ordinary vector bundles
and, building on this geometric viewpoint, we prove the Frobenius theorem for N-graded
manifolds, establishing the equivalence between involutive and integrable distributions.

To describe the first part of the paper, consider an N-graded manifold M with body
M . The local condition on the sheaf of functions C ¢ implies that the subsheaf of homo-
geneous functions of degree i is realized as the sheaf of sections of a vector bundle, i.e.,
foreachi = 1,2,..., there is a vector bundle £_; — M such that Cj% =T E*,- Moreover,

the algebra structure on Cy, C 5\{ x C j( — Cj;j , gives rise to vector-bundle maps

E_G+j) — E—i ® E_j. (1.1)
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A key observation is that if M is of degree n, then it is fully encoded in the first n vector
bundles E_;, ..., E_, and the maps (1.1) fori + j < n. These data can be encapsulated
in a coalgebra structure 4 on the graded vector bundle E = @5;_, E_;, and the coalgebra
bundle (E, ;1) may be seen as the “simplest” object from which the N-graded manifold
M can be reconstructed. In Section 3, we characterize the coalgebra bundles (E, u) that
arise from N-graded manifolds, referred to as admissible (Definition 2.9); we show, by
means of a canonical construction, that there is a functor from the category of admissible
n-coalgebra bundles to that of N-graded manifolds of degree #,

F : n-€oAlg — n-Man, (1.2)

which is an equivalence of categories; see Theorem 3.8. When n = 1, this result amounts
to the well-known equivalence between degree 1 N-graded manifolds and ordinary vector
bundles [37]. For n = 2, it recovers the vector-bundle description of degree 2 N-graded
manifolds used in [10, Section 2.2]. These and other instances of the equivalence (1.2) can
be found in Section 3.3 (see also [19]).

A particular type of admissible n-coalgebra bundle arises from the symmetric powers
of (negatively-)graded vector bundles, as described in Example 2.16. We call those split.
We show that a general admissible n-coalgebra bundle is always noncanonically isomor-
phic to one that is split; the auxiliary choices needed to establish such an isomorphism
are given in Proposition 2.17. By verifying that the functor (1.2) sends split coalgebra
bundles to split N-graded manifolds, one recovers the fact that any N-graded manifold is
noncanonically isomorphic to a split one [7, Theorem 1] (which can be regarded as a ver-
sion of Batchelor’s theorem [2] for N-graded manifolds). Note that our result also applies
to non-positively Z-graded manifolds, as those arising in the study of derived manifolds,
e.g., [3].

Remark 1.1. In [24], Heuer and Jotz independently gave a geometric description of N-
graded manifolds of degree n as certain n-fold vector bundles, called symmetric, extending
the equivalence between degree 2 N-graded manifolds and involutive double vector bun-
dles in [12, 26, 29] (see also [9, 44]). This latter result is related to the equivalence in
(1.2), for n = 2, as follows: admissible 2-coalgebra bundles can be readily seen to be
equivalent to special types of dvb sequences (i.e., exact sequences of vector bundles that
codify double vector bundles [17], see Section 3.3) that correspond to involutive double
vector bundles, see [12]. More generally, one would expect an extension of the struc-
tural description of double vector bundles in [17] to n-fold vector bundles to clarify the
direct correspondence between admissible n-coalgebra bundles and symmetric n-fold vec-
tor bundles.

Towards the second goal of the paper, in Section 4, we make use of the equiva-
lence (1.2) to obtain a geometric description of vector fields of non-positive degrees on
N-graded manifolds, see Theorem 4.9 and Section 4.4. In Section 5, we introduce distri-
butions on N-graded manifolds and prove in Theorem 6.4 the Frobenius theorem in this
setting, asserting that a distribution is involutive if and only if it is locally spanned by
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coordinate vector fields. A parallel result for supermanifolds (i.e., Z,-graded manifolds)
can be found, e.g., in [11,43] (see [18] for an extension to Z}-graded manifolds), though
the techniques involved are rather different.

Besides it being a foundational theorem in the theory of N-graded manifolds, our
main motivation in establishing the Frobenius theorem in this context came from its role
in the study of reduction of Poisson manifolds and Courant algebroids in [10, 16]; fur-
ther possible applications include, in analogy with the classical case [30], the integration
of Lie-algebroid morphisms to Lie-groupoid morphisms (Lie II) in the N-graded setting
(cf. [28]), which we plan to address in a separate work.

2. N-graded manifolds and coalgebra bundles

In this section, we introduce degree n admissible coalgebra bundles, which are geometric
objects defined in terms of classical vector bundles. We will show in the next section that
they form a category that is equivalent to that of N-graded manifolds of degree .

2.1. The category of N-graded manifolds

Given a non-negative integer n € N, let V.= @!_, V; be a graded vector space with
dim V; = m;;let S* V denote the graded symmetric algebra of V. An N-graded manifold
of degree n (or simply an n-manifold) is a ringed space M = (M, Cy), where M is a
smooth manifold and C is a sheaf of graded commutative algebras such that any point
in M admits a neighborhood U with an isomorphism

Culu =CF RSV, @2.1)

where the right-hand side is the sheaf of graded commutative algebras on U given by the
sheafification of the presheaf U’ — C*°(U’) ® S*V for U’ C U open. We say that .M has
dimension mg|m1| - -+ |m,, where my = dim M. The manifold M is known as the body
of M. Global sections of C ¢ are called functions on M. We denote by C j% C Cy the
subsheaf of homogeneous sections of degree /. The degree of a homogeneous section f
is denoted by | f|. By the local property (2.1),

Ch(U)=C=U)®S'V. 2.2)

Let M = (M, Cy() be an n-manifold of dimension mg|--- |m,. A chart U € M for
which (2.1) holds is called a chart of M. We say that

a Bi .
{(x% e}, wherea=1,....,mg, i =1,....n, Bi =1,...,m;,

are local coordinates of Mjy = (U, Cy|v) if {x*}32, are local coordinates on U and
{eiﬂ ‘ }Z’_"zl form a basis of V; foralli = 1,...,n. Then, any homogeneous section of C 4
over U can be expressed as a sum of functions that are smooth in x’ and polynomial in
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{el/-8 1, with |eiﬁ | = i. We may occasionally simplify the notation and suppress the sub-
indices, denoting local coordinates by {x%, ef}.

A morphism of n-manifolds ¥ : M — N is a morphism of ringed spaces, given by a
pair ¥ = (¥, ¥#), where ¥ : M — N is a smooth map and y¥# : Cy — /. Cy is a degree
preserving morphism of sheaves of algebras over N.

For each n € N, n-manifolds with their morphisms form a category that we denote by
n--Man.

An n-manifold M = (M, C ) gives rise to a tower of graded manifolds

MZM()(—M]"'(—M,,_](—M,,:M, (23)

where M, = (M, Cy, ) is an r-manifold with C , the subsheaf of algebras of C 4 locally
generated by functions of degree < r, see [37].
We illustrate n-manifolds with some examples.

Example 2.1 (Linear n-manifolds). The most basic example of an ordinary smooth man-
ifold of dimension m is R™. For the analogous picture in the graded setting, we consider

a collection of nonnegative integers my, . . ., m, and define the graded vector space
n
w=PW.
i=1
where W; = R™i. The standard linear n-manifold of dimension mg| - - - |m,, is defined as
R™70F 1M1 — (RM0 Crmoletmn = Clino @ S*W), (2.4)

where Cg5,, ® S® W is the sheaf of graded algebras on R™° obtained by sheafification of
the presheaf defined on each open subset U € R™ by C*°(U) ® S* W.

A degree [ homogeneous section of Cymg|--im,» Over anopen U is an elementin C*°(U) ®
S!'W. An arbitrary section f over U, once restricted to sufficiently small open subsets of
U (depending on f), are expressed by a finite sum of homogeneous sections.

These particular n-manifolds are the local models for arbitrary n-manifolds, by (2.1).

|

Example 2.2 (1-manifolds). Given a vector bundle £ — M, we can define the 1-manifold

E[1] = (M, T o).

m

w—y on U

On a chart U of M where E|y is trivializable, if we pick coordinates {x*
and a frame {eﬂ}?r;ka) of EY,
where |x*| = 0 and |e#| = 1. Any 1-manifold is canonically of this type, as we recall in

Section 3. Two important examples of 1-manifolds are

we have that {x®, e#} are local coordinates of E[1],

THIM = (M.Q3,) and T*[1]M = (M. X},).

where Q3, = [xe7xp and X3, = [ ae7py are the sheaves of differential forms and mul-
tivector fields on M, respectively. ]
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Example 2.3 (Split n-manifolds). The previous example can be generalized as follows.
Given a non-positively graded vector bundle D = @?:_n +1 Di & M, we define the
graded manifold D[1] = (M, Tse(w)), where W = @;_; D*, , is the graded dual of D
with a degree shift by 1 (so it is a graded vector bundle concentrated in degrees 1 to n),
S* denotes, as before, the graded symmetric product, and I'se(w) is the sheaf of graded
algebras given by ;2 It (w)- Such n-manifolds are known as split, see, e.g., [7]. |

Remark 2.4 (Graded duals). Given a graded vector space V = @B, Vi, its dual is the
graded vector space V* defined by (V*); = (V_;)*. m

Example 2.5 (Shifted tangent and cotangent bundles of #-manifolds). One can generalize
the shifted tangent and cotangent bundles of ordinary manifolds considered in Exam-
ple 2.2 to arbitrary n-manifolds M = (M, Cy), see, e.g., [19,31]. We will give a descrip-
tion using charts and coordinates (cf. [37]), so that T'[k].M and T*[k]-M are defined by
gluing local sheaves.

Let U be a chart of M with coordinates {x?, e#}, so that {x*} are coordinates on
U and Cy(U) = C37(U) ® S*V, with {e#} a basis of V. Just as for ordinary smooth
manifolds, we can introduce the differentials of the coordinates, {dx?, def}, with the
transformation rule

£ = Fo(x), dxe = Igasf)d o
R =
e = FPB(x,e), déb = 3Fﬂ(x OFP(x.e) jgyer | BF/’(x IF(x.e) g8

Dualizing, we can also define {Bxia’ 3%3} with the corresponding transformation rule.
For k > 1, we define the (n 4 k)-manifold T [k]M = (M, Cr[xju) by

Crpgm(U) = CFU) ®S*W  with W =V @ (dx®, deP),
with |dx®| = k, |deP| = |e#| + k. Similarly, for k > n + 1 (to ensure that all coordinates
are in positive degrees), we define the k-manifold T*[k]M = (M, Cr=[xju) by

d 0
CT*[k]M(U) CM(U)®S W withW = V@<8 R ﬂ>

with |52z | = k. | 525 = —lef| + k. .
Example 2.6 (Cartesian product of n-manifolds). Given n-manifolds M; = (M;, Cy,).
i = 1,2, we define an n-manifold M; x My = (M X M>, C,xM,), Where

CeM]X:A'{z = CM[ @CMza

and the hat denotes the usual completion on the product topology, see, e.g., [11]. Con-
cretely, on open rectangles Uy x Uz, with U; C M; satisfying C, (U;) = Cyp (Ui) ®
S*®V;, we have

Catyx (Ut X Uz) = Cyp oy, (Ur x Uz) @ S*(V1 @ Va), (2.5)

where V; @ V; denotes the usual graded direct sum. Since open rectangles form a basis
of the product topology, (2.5) is sufficient to define C g, xu, - ]
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2.2. Admissible coalgebra bundles

Any n-manifold M = (M, C () codifies classical geometric information as follows. The
multiplication on C ¢ satisfies

Ci-Ch cCyf, (2.6)

and since Cﬁt = C;r (as a consequence of (2.1)), each Cj% is a Cpp-module, which is
locally free and finitely generated (see (2.2)). It follows that there exist vector bundles
E_; — M such that
It turns out that the fact that M is of degree n implies that C ¢ is completely determined
by information involving just the vector bundles E_;, ..., E_,. More precisely, since the
multiplication in (2.6) is Cyf-bilinear, it defines vector bundle maps E_(; 1 j) — E_; ®
E_;, and we will see (in Lemma 3.7) that M can be reconstructed from such maps for
i+j<n

Given vector bundles E_1, ..., E_, and vector bundle maps E_¢; ;) - E_; ® E_;
(covering the identity map on M), one could ask whether this data arises from an n-
manifold. This will lead us to the notion of admissible coalgebra bundles.

Definition 2.7. Given n € N, an n-coalgebra bundle is a pair (E — M, 1), where E =
@i_zl_n E; — M is a negatively graded finite-dimensional vector bundle and u : E —
E ® E is a degree-preserving vector bundle map (covering the identity map on M) that is

coassociative and (graded) cocommutative, i.e.,

d@pou=@EeIldopn, p=rt-pu,
where t € S, acts via the braiding map that exchanges the two components with the
appropriate sign, i.e., 7(e ® ¢’) = (=1)'T/e' ® e, fore € E;, e’ € E;.

A morphism of n-coalgebra bundles, (E — M, u) — (F — N, v), is a degree-preserving
vector-bundle map @ : E — F satisfyingv o ® = (& Q ®) o u.
The coassociative and cocommutative assumptions put constraints on the image of p,
which we describe more explicitly. For k > 0, let
Mk 'E - @HE

be defined by u¥ = (Id®--- ® Id®u) o --- o (Id @) o u o Id. Then, coassociativity and
cocommutativity imply that, for all e € im(u), the identity

- (k@ uhe) = - (1 @ u)ie) 2.7

holds for all k, k', £, £’ € Z>¢ such that k + £ = k' + £/, and for all permutations 7,7’ €
Sk 4042, acting via the (graded) braiding action'.

"For a graded vector space V, the (graded) braiding action of the symmetric group Sy on ®FVist-
V1 ®-- Qug) =e(r)ve1) @ -+ ® Vr(k), Where (1) is the Koszul sign arising from the supermathematics
convention that a minus sign appears whenever two consecutive odd elements are swapped.



A geometric characterization of N-graded manifolds and the Frobenius theorem 7

Definition 2.8. We denote by K* € E ® E the space of all e € E ® E satisfying (2.7).
The subspace of degree i elements of K* is denoted by Ki“ .

As noted above, coassociativity and cocommutativity of p imply that im(u) € K*.

Definition 2.9. An n-coalgebra bundle (E — M, u) is admissible if, Vi = —n, ..., =2,
im(u;) = K",
where
pi = plg;.
(Note that the condition is trivial for i = —1.) For each n € N, we denote by n-€oAlg the

category of admissible n-coalgebra bundles.

Remark 2.10. Since E — M is concentrated in negative degrees, we see that the defini-
tion of Ki“ via (2.7) only involves pu; for [ > i. So, the admissibility condition at level i
relates u; to the components p; forl > i. ]

We illustrate the previous definition with some examples.

Example 2.11 (1-coalgebra bundles). Let E — M be a graded vector bundle concentrated
in degree —1,E = E_;. Then, EQ E = E_; ® E_; is concentrated in degree —2, so any
coalgebra-bundle structure must be trivial, and hence admissible. It follows that 1-€oAlg
coincides with the category Vect of vector bundles. ]

Example 2.12 (2-coalgebra bundles). For a 2-coalgebra bundle E = E_», & E_;, the
coalgebra structure is determined by u—» : E_» — E_; ® E_;. For the admissibility
condition, we need to determine K" ,. Note that, in the case at hand, equation (2.7) is
determinedby k =1 =k’ =1'"=0,7 = (12) and v’ = id, showing that K", = E_; A E_;
(viewed as a subspace of E_; ® E_; in the usual way). So, the admissibility condition
amounts to

im(ﬂ_z) = E_1 VAN E_l.

So, any 2-coalgebra bundle is determined by two vector bundles E_;, E_, and a map
n:E_, - E_1 ® E_; satisfying the previous condition. The category 2-€oAlg is thus
equivalent to the category whose objects are triples

(E_1 > M, E_, — M,/L E o, —>E_ | A E_l),
where p is a surjective vector-bundle map over the identity on M, and morphisms
(E-1, E—2, 1) > (F-1, F—2,v)

are triples (¢, ®_1, ®_5), where (¢, ;) : (E; > M) - (F; - N), i = —1, -2, are
vector-bundle maps satisfying v o ®_, = (®_; A ®_;) o u. This category was introduced
in [10, Section 2.2], where it is called VB2. [
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Example 2.13 (3-coalgebra bundles). On a 3-coalgebra bundle (E, 1), notice that
K's=le®peE.i ® Ea | e® pua(p) = sgn(v)re ® u_a(p)) for t € 3}
= (dg_, ® p—2) (A E_y). (2.8)

Building on the previous example, an admissible 3-coalgebra bundle is determined by
three vector bundles E; — M, i = —1,—2, -3, and two vector-bundle morphisms

M—2 E_2 —> E_1 ® E_l and M—3 E_3 — E_1 ® E_2,
satisfying
(h—2®Id)op—3 = (1d®u—2)0 -3, im(u—)=E_1AE_,
im(pu—3) = (dg_, ® p—) "(A’E_y).

A morphism of 3-coalgebra bundles from (E — M, u) to (F — N, v) amounts to three
vector-bundle morphisms ®; : E; — F; covering the same base map ¢ : M — N satisfying

vp0® 5 =(P_ 1 ®P_1)opu—>p and v30P 3=(P_; ® D)o pu_3.

The 3-€oAlg has objects (E_1, E_», E_3, i1, t—>) and morphisms (®_;, D_,, P_3) as
just described. ]

Remark 2.14. We emphasize that the admissibility condition is nontrivial. For example,
it is possible for a 3-coalgebra bundle to have u—, = pw—_3 = 0, but it would not be admis-
sible. ]

Example 2.15 (Truncation). Let (E — M, i) be an admissible n-coalgebra bundle. For
eachk = 0,...,n, the k-truncation (E=¥ — M, =) is the k-coalgebra bundle given by

E; if —k<i<-I,

and =K = g
0  otherwise I

(E=6); = {

Hence, /Lfk = u; for —k <i < —1. Note also that
K* = K fori = —k —1, (2.9)
as a consequence of Remark 2.10. Since E is admissible, for i > —k, we have that
im(u) = im(u) = K = K/
so the truncation E=* is also admissible. ]

Example 2.16 (Split coalgebra bundles). Given a graded vector bundle D = @i_:l_n D;
over M we define an admissible n-coalgebra bundle (Ep, ;%) by

(Ep); =(8°D); for —n <i <—I,
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where (S°®D); denotes the subspace of degree i elements in the graded symmetric product
of D, and u® : Ep — Ep ® Ep is given in components by

(uie).n®v) = (e,n-v),

where e€ (Ep);,ne (ED)]* =(S* D*)_j ,VE (ED);‘:I' =(S* D*)j_i with—n+1<j<-1
(see Remark 2.4) and ““-” is the graded symmetric product

(S*D*)_; ® (S°D*);—; — (S*D*);.
The fact that (Ep, 1*) is admissible follows directly from the identities
(Ep)i = D; & (S°D=""1), and K/ =(S*D=7""1), for —n<i<-2, (2.10)

where D=—171 = @jiiﬂ D; . In particular, we also have that D; = ker ;Lf forall —n <
i < —1. Such n-coalgebra bundles of type (Ep, %) are called split.

A particular case is when M = R™° and D; = R} are trivial vector bundles of rank
m;. We refer to them as linear n-coalgebra bundles. We will see in Section 3 that linear

n-coalgebra bundles correspond to the linear n-manifolds introduced in Example 2.1. =

It follows from the previous example that if a coalgebra bundle is isomorphic to
one that is split, then it is admissible. Conversely, we now show that any admissible 7-
coalgebra bundle is isomorphic to a split one.

Proposition 2.17 (Admissible coalgebra bundles are split). Let (E — M, i) be an admis-
sible n-coalgebra bundle. Then, for eachi = —n, ...,—1, we have a short exact sequence
of vector bundles

0 — ker(ui) > E; — K/ -0,

and a choice of splittings of these sequences gives rise to an identification

(E, u) = (Ep, 1),

where (Ep, 1°) is the split n-coalgebra bundle associated with the graded vector bundle
D:= EB_I ker j; (as in Example 2.16).

l=—n

Proof. The proof will be by induction on n. For n = 1, the proposition holds since the
coalgebra structures are trivial and E_; = D_; (see Example 2.11). Now, assume that the
proposition holds for admissible (n — 1)-coalgebra bundles.
Given an admissible n-coalgebra bundle (E, ), (E="~!, 1="~1) is an admissible
(n — 1)-coalgebra bundle (see Example 2.15). By the induction hypothesis, we have an
isomorphism
q>§n—l . (Esn_l,ﬂsn_l) N (El)fn—l,,us),

where D=1 = ;! +1 ker(u;). We can now use the isomorphism ®=""" to conclude
that

<n—1

im(u_y) = (K*,) = (K*,") = (K*) = (S"D=""")_,,
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where the first equality is the admissibility condition at level —n for E and the second
follows from (2.9). Therefore, E_,, and (Ep)_, fit into the following diagram:

H=n

0 —— ker(u—p) E_, K", 0

Jld ;lq;sn—l (2.11)

0 — ker(Uen) — (Ep)—p ——2 (S*D=""1)_, — 0

A splitting of the top exact sequence of vector bundles identifies £_, with (Ep)_, and
extends ®=""1 to a coalgebra bundle isomorphism (E, M);(ED, uwe). ]

3. The equivalence

For each n € N, we define in this section a functor that establishes an equivalence of
categories from n-€oAlg to n-Man. This geometrization functor thus, provides a descrip-
tion of n-manifolds by (admissible) n-coalgebra bundles, which are ordinary differential-
geometric objects. It extends the known correspondence between 1-manifolds and vector
bundles, as well as the characterization of 2-manifolds by the VB2-category (see Exam-
ple 2.12) in [10, Section 2.2]. This functor has also been used in [19] to study graded
cotangent bundles 7*[n] A[1].

3.1. The functor

Let (E — M, u) be an n-coalgebra bundle, and let u* : I'gx x ['gx — g+ denote the dual
algebra structure. Recall that E* = @?:1 E*,.

In the sheaf of algebras (I'se g=, -), we define the following sheaf of ideals: for an open
subset U C M,

TuU) ={o-n—p"(w.m),
where w, n € Tgx(U), |®| + || < n, and ““- " denotes the graded symmetric product.

Remark 3.1. Note that I, is a sheaf of homogeneous ideals with respect to the grading
of E*. Therefore, I'se g+ /I, is also a sheaf of graded algebras. Note that, for I <i < n,

(Usegx/Tu)i = Tz, u
An n-coalgebra bundle (E, ) gives rise to a ringed space by
(M, Tsegx/I,). 3.1

Given a coalgebra morphism ® : (E — M, u) — (F — N,v), with¢ = &, : M — N,
we also denote by @ : S*E — S°® F its natural extension to the symmetric products. The
fact that ® is a coalgebra map implies that ®* : '« — ¢4 ['g+ is a map of sheaves of
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algebras, so ®*I,, € I,. Thus, ®* induces a well-defined map on the quotients by the
ideals, denoted by ¢*, in such a way that

(#, 9" : (M, Tseg»/I,) — (N, Tseps/ 1) (3.2)

is a morphism of ringed spaces.
We need the following result to show that, when (E, w) is admissible, the ringed space
(3.1) is an n-manifold.

Lemma 3.2. LetD = @71 D; — M be a graded vector bundle. Consider the coalge-

i=—n

bra bundle (Ep, 1*) of Example 2.16. Then,
Fsepy/Lpus = Tsep=.

[T3NRL)

Proof. Denote the symmetric product on I'segs by and the symmetric product on
Tsep+ by “v”. Since (Efy); = (S*D*); fori = 1,...,n, we can view D* C EJj, so we
have a natural inclusion I'se p <> I'se g3, given by diV---Vvdiyr—d-... di.Consider
the quotient homomorphism Ige gz —> (I'segs /L ps), § > E From the definition of I s,
one can readily see that the composite map

Tseps — Tseps/Tus. di V- Ve di-...di (3.3)

is still an injection. To see that it is also a surjection, recall that us*(§,n) = £ v n (see
Example 2.16), so the image of a local section § = dy V-~ Vv d; of I'gx), = I'(sep=),

under the quotient by I s is E =d; -...-d;. It follows that an arbitrary local section
in Igegx/Tyus is a symmetric expression of elements d; in I'p+, showing that (3.3) is
surjective. ]

Proposition 3.3. For each non-negative integer n the functor ¥ : n-€oAlg — n-Man
given by

FE—> M p)=(MTseg+/I,) and F(P)= (qﬁ,qﬁﬂ) FE,pn) > F(F,v)
as in (3.2) is well defined.

Proof. We start by showing that & is well defined at the level of objects. Assuming that
the coalgebra bundle (E — M, p) is admissible, we must prove that

M=FE—> M p)= (M, Cy =Tgp/I,) (3.4)

satisfies condition (2.1). By the admissibility condition, Proposition 2.17 and Lemma 3.2
imply that I'segx /I, = I'sep+ for D* = @;’Zl(ker —i)*. Since D* is locally trivial,
there exists a graded vector space W = @5’_, W; such that any point in M admits an
open neighborhood U with D*|yy = U x W so that

Culv = (Tsepr/I)|lu = Twxsew) = C° @ S*W. (3.5)

Since morphisms of graded manifolds are morphisms of ringed spaces, it is clear that ¥
is well defined at the level of morphisms. ]
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Remark 3.4. (a) The functor ¥ takes split n-coalgebra bundles (Example 2.16) to split
n-manifolds (Example 2.3). Moreover, it sends linear n-coalgebra bundles to linear n-
manifolds.

(b) The correspondence (E — M, u) — ¥ (E — M, 1) = M respects truncations (see
(2.3) and Example 2.15), i.e.,

FESF > M, 1% = My forallk €{0,....n).

Remark 3.5 (Local coordinates). For an n-manifold M as in (3.4), by locally splitting
E*. as (keru—;)* @ (K",)*, we see that degree i coordinates on M are given by a local
frame of (ker p—;)* while the spaces (K”,)* = (im j1—;)* codify coordinates in degree i

which are products of coordinates of lower degrees. In fact, note that, globally,
Ch  =Tignye. i=2,....n. (3.6)

One can check this equality by noticing that it holds in the split case (see (2.10)) and using
Proposition 2.17. |

3.2. The equivalence of categories

We will now show that the functor in Proposition 3.3 is an equivalence of categories.

Given an n-manifold M = (M, C ) recall from Section 2.2 that, foreachi = 1,2, ...,
Cj{ ~T E*, for some vector bundle E_; — M (unique up to isomorphism), and the multi-
plication on Cy is codified by vector bundle maps E_(; 4 ;) — E_; ® E_;. Picking those
maps with i + j < n gives a coalgebra structure £ on E := @,_zl_,, E_;. Note that, by its
very construction, this coalgebra bundle (E, t) associated with M is uniquely defined, up
to isomorphism.

Example 3.6. If M = (M, Cy) is a split n-manifold, then a corresponding coalgebra
bundle (E, ) is isomorphic to a split coalgebra bundle. Indeed (see Example 2.3), since

CM = FS‘(W)

for a graded vector bundle W = @®;_, W; — M, by setting D = W*, one can directly
check that (E, u) = (Ep, u®) (see Example 2.16). |

Lemma 3.7. Let M be an n-manifold, and let (E, ) be a corresponding coalgebra bun-
dle. Then, (E, w) is admissible and Cp = T'segr /I

Proof. Since admissibility is a pointwise condition, it is enough to verify that (E, ) is
admissible on small open subsets, and this holds since M is locally isomorphic to a split
n-manifold (by (2.1)), so (E, ) is locally isomorphic to a split coalgebra bundle (Exam-
ple 3.6), hence admissible (see Example 2.16).

For the second statement, note that, by the way (E, i) is defined, we have that Ci, =
Igx,,fori =1,...,n, and there is a natural morphism of graded algebras ¢ : I'se g — Cu
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satisfying ¢ () = 0. To show that the induced map
Fs- E* /IM —> CM

is an isomorphism, it is enough to show that it is an isomorphism on small open subsets.
This can be verified again using that (E, u) is locally isomorphic to a split coalgebra
bundle, so the result follows from Lemma 3.2. n

We are ready to show that, for each n, the category of n-coalgebra bundles and the
category of n-manifolds are equivalent.

Theorem 3.8. For each non-negative integer n, the functor ¥ : n-€oAlg — n-Man from
Proposition 3.3 is an equivalence of categories.

Proof. We must verify that ¥ is fully faithful and essentially surjective. To see that it is
fully faithful, let (E — M, p) and (F — N, v) be admissible n-coalgebra bundles, and
let M = (M, Cy) and N = (N, Cy) be their respective images under ¥ . As noticed in
Remark 3.1, we have that Cjw = I'gx, and ij = I'px for 1 <i < n. For morphisms
@y, D, : (E. p) — (F.v), consider F (01) = ($1. ). F(®2) = (¢2.9}) : M — N, the
corresponding morphisms of n-manifolds. Then, ¥ (®,) = F (P,) if and only if

{¢1 = ¢a,
(@%) = (@}) : Cl, —> ¢1.CL, fori=1.....n.

But (¢}¢)i = (CID;‘)i :Tpr — ¢j« gy for j = 1,2. Therefore, ®; = @, so F is faithful.

To see that ¥ is full, recall that, for a morphism W = (v, ’»M) : M — N, the fact
that ¥* : Cy — ¥Cy is a morphism of sheaves of graded algebras implies that, for
eachi =1,....n, (y¥' : Cl = Tgs — Y«Cly = YuTg> is a morphism of sheaves
of C5’-modules, which is equivalent (by adjointness) to a morphism (WH T Fr =
I'gy of sheaves of Cyr -modules, which is necessarily defined by a vector-bundle map
Y*F* — E}. It follows that there is amap ® : E — F of graded vector bundles covering
¥ : M — N such that (&*)" = (¥*)! for 1 <i < n. Finally, the fact that ¥/* is an algebra
morphism implies that ® : E — F is a coalgebra morphism.

The fact that ¥ is essentially surjective is a direct consequence of Lemma 3.7. ]

As a direct consequence of the equivalence in Theorem 3.8, along with Remark 3.4 (a)
and Proposition 2.17, we have the following result; see [7, Theorem 1].

Corollary 3.9. Any n-manifold is isomorphic to one that is split.

Remark 3.10 (Submanifolds). By means of the geometrization functor, one obtains a
description of submanifolds of a given n-manifold M = ¥ (E — M, u) as admissible
coalgebra subbundles (F — N,v) — (E — M, ). Alternatively, by taking annihilators,
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one can describe submanifolds of M as graded subbundles (K — N) € (E* — M) sat-
isfying
At the graded geometric level, such subbundle K — N codifies the subsheaf of regular

ideals in C ¢ defining the submanifold; see [10, Section 2.3] for a discussion of the case
n=>2. |

3.3. Examples

Example 3.11. As we saw in Example 2.11, 1-€oAlg is isomorphic to Vect, the category
of vector bundles. Theorem 3.8 boils down to the well-known fact that

F :Vect > 1-Man, F(E > M) =(M,Treg+) = E[1]
is an equivalence of categories. ]

Example 3.12 (1-manifolds as n-manifolds). For a vector bundle £ — M, define the
admissible n-coalgebra bundle (E — M, u%) givenby E_; = APE for 1 <i <n and u®
the coalgebra structure dual to the algebra structure on E* defined by the wedge product.
Then, ¥ (E — M, u%) = E[1], where E[1] is viewed as an n-manifold. |

Example 3.13. We saw in Example 2.12 a characterization of admissible 2-coalgebra
bundles as triples (E_; - M, E_, - M, u: E_ — E_j; A E_;). The geometrization
functor

F . * ° *
F :2-CoAlg — 2-Man, F(E —> M,u) = (M, A*E{®S* E; )

ene @1 —1Q u*(e,e))

recovers the vector-bundle description of 2-manifolds used in [10, Section 2.2]. [

Example 3.14 (2-manifolds as 3-manifolds). Let (E_, ® E_j,u2: E» > E_;1 ®
E_1) be an admissible 2-coalgebra bundle, and denote by M the corresponding degree
2-manifold under ¥ . Then, we can define an admissible 3-coalgebra bundle (E = E_3 &
E_», ® E_1, t), where pu_5 is as before and

E_3=K" and pu_3:K" > E_®E_,,

where K", is given as in (2.8) and p_3 is the natural inclusion. One can directly check
that this 3-coalgebra is admissible and, under Theorem 3.8, ¥ (E — M, u) = M, seen as
a 3-manifold (i.e., without local coordinates of degree 3). ]

The previous examples provided geometric characterizations of #-manifolds in low
degrees. We now give a class of examples of admissible n-coalgebra bundles in arbitrary
degrees and describe the corresponding n-manifolds via the geometrization functor.

In order to construct n-coalgebra bundles, we will take as input exact sequences of the
form

0-C>Q5 4080, 3.7
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where A, B, C, and Q2 are vector bundles over M, and the maps are over the identity
map. We will refer to such exact sequences as dbv-sequences, since, as shown in [17], the
natural category they form is equivalent to the category of double vector bundles; more
concretely, a double vector bundle

— B (3.8)

|

with core C gives rise to a dvb-sequence (3.7) where 2 — M is the dual of the vector
bundle whose space of sections are the double linear functions on D (see [22,33]), and this
sequence fully recovers D, up to isomorphism (see also [12] for a detailed discussion).

For the double vector bundles given by tangent and cotangent prolongations of a given
vector bundle A — M,

TA——TM T*A —— A*
l l and l l 3.9)
A— M A— M,

the corresponding dvb-sequences are the dual sequences of

0 — Hom(TM, A*) - J'4* - A* -0 and 0 — End(4) — Der(4) - TM — 0,

(3.10)
where J!A* is the first jet prolongation of A* and Der(A) is the vector bundle whose
sections are derivations of A (see Section 4.3).

Example 3.15 (n-coalgebra bundles from double vector bundles). For D a double vector
bundle (as in (3.8)) with corresponding dvb-sequence (3.7), we define, for each n > 2, an
admissible n-coalgebra bundle (EP? — M, uP) as follows. For n = 2, we set

EP =A@ B, EP=A40Q0A%B,
nEE+ o +1) = p2E) + ¢) + p(0),
where £ € A2A,w € Q,7 € A?B, and 4, 18 are as in Example 3.12. For n > 2, we set

A .
" i=1,....,n—-1
EP =3 A '4@ B, i=n-1, and u? = H=i

AA, i=1,....n=2, {
NADQ, i=n,

/Lf,, +o, I =n.
Note that one can directly check that (EP? — M, uP) is admissible by realizing that a

splitting of the exact sequence (3.7) gives an isomorphism with the split coalgebra bundle
(Ep — M, 1), where D — M is givenby D_y = A, D;_, = B,and D_,, = C.
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For a geometric description of the n-manifolds
MP = 37(ED - M, MD),

we consider the 1-manifolds A[1] and D[1] corresponding to the vector bundles 4 — M
and D — B. The additional vector bundle structure of D over A makes D[1] — A[l] into
a vector bundle in the category of 1-manifolds. Denoting by R — A[1] the trivial vector
bundle with just one fiber coordinate of degree n — 1, i.e., R = RO"I0dn-1 5 A[1] with
d,_1 = 1, the n-manifold MP can be regarded as the total space of the graded vector
bundle D[1] ® R — A[l].

When D is the tangent or cotangent prolongation of A — M (see (3.9) and (3.10)),
one can check that

M™ =T[n—1]4[1] and MT4 = T*[n]A[1],
as defined in Example 2.5. ]
We will discuss more general cotangent bundles in Example 4.16

One can also use coalgebra bundles to give more explicit descriptions of morphisms
between N-graded manifolds, see, e.g., Remark 4.11.

4. Vector fields and tangent vectors

In this section, we review the notion of vector fields on N-graded manifolds and charac-
terize them in terms of admissible coalgebra bundles.

4.1. Vector fields

Let M = (M, C y) be an n-manifold of dimension mg| - - - |m,. For an open subset U € M,
a vector field of degree k on M|y is a degree k derivation X of Cy(U), i.e., an R-
linear map X : Cy(U) — Cy(U) with the property that, for all f, g € Cy(U) with f
homogeneous, | X(f)| = |f|+ k and

X(fg) = X(fg + D rx(g). 4.1

Vector fields give rise to a sheaf of Cy-modules over M. The sheaf of degree k vector
fields is denoted by Tj}, and the sheaf of all vector fields by 7y = Py 7 ’J:A’;. The graded
commutator of vector fields, defined for homogeneous vector fields X, Y by

[X.Y]= XY — (-)XWlyx,

makes 75 into a sheaf of graded Lie algebras.

Let U € M be a chart of M with coordinates {x*, e? “}. Define the vector fields

3 0 o . 3
Erciiewin as the derivations acting on coordinates by
1

0w g 0 e 8;3;___
Ta (@) =baw. 5 () =0, 8ei,gi(x)—o, aeiﬁ,.(e]-)—wﬂ,ﬂ;.



A geometric characterization of N-graded manifolds and the Frobenius theorem 17

This definition implies that

0

Py =0 and
X

dePi

= —]

- Biy —
‘ B _|€il

Proposition 4.1. Let U be a chart of M with coordinates {x* ,e "}. Then, Ty (U) is freely
generated by {axa , —} as a Cy(U)-module.
e.

Proof. Let X be a vector field on M|y, and consider the vector field

=X — ZX(x”‘)——ZZX(e’S’) 7

i=1 ;=1
It is clear that X' acts by zero on the coordinates, hence on arbitrary functions, and there-
fore, X can be written as a C (U )-linear combination of { T g, aﬂl } [

Remark 4.2. By considering vector bundles in the realm of graded manifolds, one can
equivalently view vector fields on M as sections of tangent bundles [31]. ]

Example 4.3 (Q-manifolds). A degree 1 vector field Q on an n-manifold M such that
[0, 0] =202 = 0is called a homological vector field (aka a Q-structure), since in this
case (Cy, Q) is a differential complex. The pair (M, Q) is called a Q-manifold. A 1-
manifold with a homological vector field is the same as a Lie algebroid [42]; in general,
Q-manifolds codify L,-algebroids, see [7]. ]

4.2. Tangent vectors at a point

Let M = (M, C () be an n-manifold of dimension mg| - - - |m,. Given x € M, we denote
by Culx the stalk of Cy at x, and given f € Cy(U) with x € U, we denote by f its
class in Cy|x. A homogeneous tangent vector of degree k at a point x € M is a linear
map v : Cy|x — R satisfying

v(fg) = v (x) + (D O (x)u(g),

where f© and g° denote the degree zero components of f and g, respectively. We denote
by Tx M the space of tangent vectors at a point x € M, noticing that it is a graded vector
space over R with dim(7x M)_; = m; fori =0, ..., n, and zero otherwise.
For each open subset U € M, any vector field X € 75 (U) defines a tangent vector
X, ateach point x € U by
X (f) = X()° (). 4.2)

Definition 4.4. We say that two vector fields X, Y € T3 (U) are linearly independent if
X, and Y, are linearly independent for all x € U.
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For N-graded manifolds, it is clear that only vector fields of non-positive degrees can
generate nonzero tangent vectors. Therefore, in this setting, unlike the case of smooth
manifolds, vector fields are not determined by their corresponding tangent vectors.

Example 4.5 (Two different vector fields with the same tangent vectors at all points).

Consider the 1-manifold R'! := {x, e}, where |x| = 0 and |e| = 1. Then, the vector
fields 5 5 5
X=— d Y=— —
x a ax * eae

have the same tangent vectors at all points. ]

Proposition 4.6. Let U C M be an open subset, and consider vector fields X ,i" S ‘Tﬁk U)
fork =0,....n, iy =1,...,dx. If they are linearly independent (in the sense of Defini-
tion 4.4), then the set {X ;{k} is linearly independent over C 4 (U).

The proof is a direct extension of the argument in [10, Proposition 2.17] forn = 2.

4.3. Geometrization of vector fields

We will now describe vector fields in non-positive degrees on N-graded manifolds in
terms of coalgebra bundles.

LetE = @f: « Ei = M be a graded vector bundle for k, / € Z. For an open subset
U C M, aderivation of E|y is a pair (D, X), where X is a vector field on U, called the
symbol of the derivation, and D : Tg(U) — T'g(U) satisfies

D(fe) = X(f)e+ fD(e) VfeC®U), ecTg).

Note that if (D, X)) is homogeneous of nonzero degree, then X = 0. The corresponding
sheaf of derivations of E — M is a sheaf of (graded) Cyp-modules and also a sheaf of
graded Lie algebras with respect to the graded commutator bracket

[D.D'|=DoD —(—1)PI”Ip'o D,

Since, as a sheaf of Cy-modules, the sheaf of derivations is locally finitely generated and
free, it can be realized as the sheaf of sections of a (graded) vector bundle

Der(E) - M,
fitting into the following short exact sequence:
0 — End(E) — Der(E) > TM — 0, 4.3)
where o is the symbol map. Note that Der(E) = @; Der(E);, where

Der(E); = Der(Ey) X7 -+ X Der(E;)  for j =0, )
’ ®b=a+j Hom(E,, Ep) for j #0. ’
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Remark 4.7. The bundle Der(E), also called the Atiyah algebroid of E — M, was pre-
viously considered in [32], where representations, up to homotopy, of a Lie algebroid
(A — M, ], p) on a graded vector bundle E — M are understood as L ,-morphisms
from A to Der(E). L]

We will use such derivations to describe vector fields of non-positive degrees on N-
graded manifolds. Given an n-coalgebra bundle (E — M, ), we define the associated
extended n-algebra bundle as the pair (Eg — M, m), where Ef = @?=O(Efg)i is the
graded vector bundle with

(Bf)i = { = 45)

and the multiplication m : Egx ® Ex — Eg is defined by p* and scalar multiplication
Ry X E}“ — E;‘; here Ryy = R x M — M. For an open subset U C M, a degree k
derivation (D, X) of Eg |y is said to be compatible with m if

D(m(e,e')) = m(D(e).e') + (=D)*Im(e, D(e)). (4.6)

One can directly verify that the sheaf of compatible derivations of (Ex — M, m) is a
subsheaf of graded Lie algebras of the sheaf of derivations of E.

Lemma 4.8. Let (E — M, i) be an admissible n-coalgebra bundle and M = ¥ (E —
M, 1) be the corresponding n-manifold. For each non-positive integer k, there is a natural
inclusion

Tk . TJIZ —> FDer(EE{)k’

given, for each open subset U C M, by

TE(X)(e) = X(e), YHX)(f) = X(/).

where X € Tj(U), e € Tgs),(U) = Tgx (U) = C4 (U), fori =1,....n, and [ €
I'r,, (U) = C*®(U), with the following properties:
(1) THTf(U)) = {D € Tperry),
@) TH(IX, Y] = (05 (X), YH(Y)).

(U) compatible with m},

Proof. The n-manifold M = (M, Cy) is such that le = F(Egg),- fori =0,...,n, and

the multiplication of functions in C j% and C d{{, with i 4+ j < n, agrees with m. Since C y
is generated as a sheaf of algebras by the homogeneous functions of degree < n, for any
open subset U € M, a vector field X € Tjj (U) is completely determined by the maps

X' CL(U) — CiFRU) fori=0,....n.

Thus, for k < 0, we see that X gives rise to, and is completely determined by, a map
D : Ty, ) —» Tex (U), which is a degree k derivation. Hence, Y* is well defined and
injective. The bracket preserving property (b) follows directly from the definitions.
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It remains to verify (a). Since m agrees with the multiplication of functions on C, it
is clear that any derivation in the image of Y* satisfies (4.6), so we obtain one inclusion in
(b).A For the other inclusion observe that any degree k derivation D of Eg can be extended
to D : I'segx — I'se g+ as a degree k derivation. If D satisfies (4.6), then D (I,) € I, so
it descends to a derivation X of C}, = I'seg+/I,, in such a way that Yk(X) = D. |

Since Tﬁ is locally finitely generated and free as a sheaf of Cyf-modules, a conse-
quence of Theorem 4.8 is that the sheaf of compatible derivations of (E%,m) of degree k
is the sheaf of sections of a subbundle

Der(Eg. m)i € Der(Eg)

for k = —n, ..., 0. This subbundle has a simple description when k = —n. From (4.4),
note that Der(Eg)—, = Hom(E*,,R) = E_,, while from (4.6) we see that§ € E_, isa
compatible derivation if and only if §| g« 1« = 0 (see (3.6)), which implies that

Der(Eg,m)—, = kerju_, € E_,.

Theorem 4.9. For eachk = —n,...,0, we have

ak
Jm = FDer(EJ’f{,m)k'

In particular, Ty = Tyerpu_,-

By means of the identification in Theorem 4.9, the natural C-module structure of
Ty translates into vector bundle maps

Ok : EX; ® Der(Eg.m); — Der(Eg,m)i+i, 4.7

given on sections by ©; x(e ® D) = m(e, D(:)), fori =1,...,n, k =—n,...,0, and
k+i<0O0.

Example 4.10 (Vector fields on 1-manifolds). Let M = E[1] be a 1-manifold. As recalled
in Example 2.11, the associated coalgebra bundle is E = E_; = E, with zero comultipli-
cation. By (4.4) and Theorem 4.9, we have

Der(Eg,m)o = Der(E*) = Der(E), Der(Eg)-1 = E,
where the isomorphism on the left-hand side is via dualization of derivations. Therefore,
rJwEO[l] = IﬂDer(E*‘) = 1_‘Der(E) and TE_[ll] =TE;

see [46]. The only nontrivial map in the collection (4.7) occurs wheni = 1 and k = —1,
and it is the natural inclusion

E* ® E = End(E) < Der(E);

see (4.3). [
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We will discuss vector fields on 2-manifolds in Example 4.15.

Remark 4.11 (Positive-degree vector fields on 1-manifolds). One can describe positive-
degree vector fields on E[1]. For k > 0, since a degree k vector field Q is a degree k
derivation of I'xe g+, it is completely described by maps

80:Cyf &> Dprge and 81 :Tgx = Tprrigs;

satisfying 8o(fg) = 80(f)g + fS0(g) and 81(fe) = So(f) A e+ f81(f). Such pairs
(80, 61) are called almost (k + 1)-differentials in [25], where they are shown to be equiv-
alent to linear (k 4 1)-vector fields on E*. For k = 1 and Q2 = 0, this recovers the
correspondence between Q-structures on E[1], Lie-algebroid structures on E (see Exam-
ple 4.3) and linear Poisson structures on E*.

From another viewpoint, following Remark 4.2, a degree k vector field Q, with k > 0,
may be seen as a section Q : E[1] — T [k] E[1] of the shifted tangent bundle of E[1] (here
Q is regarded a morphism of (k + 1)-manifolds). Using the geometrization functor in
Examples 3.12 and 3.15, one can view Q as a morphism Q : (E, u?) — (BTE, uTE) of
(k + 1)-coalgebra bundles satisfying Idg = 7 o Q, where 7 : (ETE, u7%) — (E, uf) is
the natural projection. We conclude that, for k > 1, there is a natural identification

Pairs of vector bundle maps
degree k vector field 0 = { p: AKE - TM and ©: AFH1E — (JIE*)*
suchthatp o ® = p A 1d.

By means of the canonical splitting I'j1 g« = T'g» @ (Q}W ® ['g+), the previous descrip-
tion of vector fields in positive degrees can be alternatively expressed in terms of multi-
brackets,

A vector bundle map p : ANE S TM,
and a bracket [-,...,:] : I'\k+1z — T'r such that

ler, ..., fek] = flers . ex1]
+pler Ao Aer)(f)ek+1-

degree k vector field Q =

The fact that the objects on the right-hand side are equivalent to almost differentials on
E* — M is verified in [25, Section 3.2]. [

4.4. An inductive description
Recall (see (2.3)) that an n-manifold M gives rise to a tower of N-graded manifolds
M=¢M0(—M1"'(—¢Mn_1 (—:Mn:M,

where M, is an r-manifold defined by the subsheaf of algebras of C, locally generated
by functions of degree < r. We will use this tower to obtain a more explicit description of
vector fields in non-positive degrees on M following Theorem 4.8.
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For k < 0, any section of Tj} preserves the subsheaf Cy, < C,, and hence restricts
to a section of ’J'j}r, so we have restriction maps

resr:TdﬁﬁTﬁr, r=0,...,n.

Remark 4.12. Let M correspond to the admissible n-coalgebra bundle (E, ). When
k = 0, r = 0, the restriction map ’J:& — TAE)I = X, corresponds to the symbol map

Der(E%.m)o € Der(Ef) - TM. n

Let X be a vector field on M of degree k < 0. Since a vector field on M is completely
specified by how it acts on Ci . fori=1,...,n,and

CJ’;{:CJ'%”_l fori =1,...,n—1,

it follows that X is completely determined by the degree k vector field res,—;(X) on
My—1 together with the map

pn(X) 1= X|cn, : Cly — ChH-.

Note that res,—; (X) and p, (X) are related by the fact that they coincide on C X{,H cCy-
In fact, we have the following lemma.

Lemma 4.13. A vector field on an n-manifold M of degree k < 0 is equivalent to a
pair (Y, Z), where Y is a degree k vector field on My—1, Z : C} — Cj’;'k satisfies
Z(fe) = Z(f)e + fZ(e) for f and e sections of Cyp and C’y,, respectively, and such
that

Let (E — M, p) be an admissible (n + 1)-coalgebra bundle, let M = ¥ (E, 1) be the
corresponding (7 4 1)-manifold, take k < 0, and recall that

k
T = Toer(er, my»

and that

+—k _ n+1 __ .
T, = Tper(@®=m)z m=m), and Chr'" = F(Kf(n )

see Remarks 3.4 (b) and 3.5. The next result is a reformulation of the previous lemma in
terms of coalgebra bundles using the identification above.

Proposition 4.14. The vector bundle Der(E%,, m)g is given by the following pullback dia-

gram:

Pn+1
Der(Eg,m)g ———— Der(Ef(nH))

J l 438)

Der((E=")3. m=")y —— Der((K", ))*)
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Analogously, for k < 0, the vector bundles Der(Eg ., m) are given by the pullback dia-
grams

Pn+1
Der(Ef . m) ————— Hom(EZ (4 1y, X 11y 1)

lresn l (49)

Der((Ef”)ﬁ%, mS")k —_— Hom((Kl_L(,H_l))*v Ei(n-l—l)-i—k)

Following the notation above, the maps res,, and p,4; are given by the natural restric-
tions. Recalling the exact sequence

MH—(n

+)
0—=kerpu_(my1y = E_(py1y ——1mpu_p+1) = K — 0,

w
—(n+1)
the right vertical maps in the diagrams are given by restrictions with respect to the inclu-
sions ,ui(nﬂ) : (Kf(nﬂ))* — Ei(n+1)' The bottom maps are defined by means of (4.6).

As an illustration of the previous proposition, we give a description of non-positive
degree vector fields on 2-manifolds using the description of vector fields on 1-manifolds
given in Example 4.10.

Example 4.15 (Vector fields on 2-manifolds). Let ( E=FE_, ® E_1,u: E_, > E_1 ®
E_1) be an admissible 2-coalgebra bundle and denote by M the associated degree 2-
manifold. Then, putting together Examples 2.12 and 4.10, we get that K", = E_; A E_y,
:/\/(1 = E_l[l], and

-2 __ -1 __ a0 __
T, =0, Ty, =TE.,, Ty, =TpaE*)-

Thus, for k = 0, —1, —2, the vector bundles Der(E}, m); are defined by the following
pullback diagrams:

Der(Ef,m)_» LN E_, Der(E%,m)_1 RN Hom(EZ*,, E*))
lresl JIL lresl lu@IdEil
0—2> s E | AE, E_; ————— Hom(E*, A E*|,E*))

Der(Eg.m)o SN Der(E*,)
E
Der(E*,) —— Der(E*, A E*))
with the bottom maps given by
E(ene)==E&(e)e —&(@)e and D(ene’)y=D(e)rne +en D(),

foré € Tg_,, D € Tpeygr,) ande, e e ['g+, . In other words,

Der(Eg,m)—, = ker(p),

Der(Eg,m)-1 = {(§,¢) € E.1 x Hom(EX,, EZ,) | p(e A €) = E(e)e’ —E(e)e},
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and Der(Eg,, m)g is such that
1_‘Der(Ef[‘{,m)o
= {(Dla Dz) € l—‘Der(Efl)><TMDer(Ef2) | Dz(e A 6’/) = Dl(e) ne' +en Dl(el)}'

This recovers the geometric description of vector fields in degrees 0, —1, and —2 in [12].
|

We now use the geometrization of vector fields to describe 3-coalgebra bundles corre-
sponding to certain cotangent bundles introduced in Example 2.5.

Example 4.16. Let us assume that (E = E_, ® E_j,u: E_, > E_; ® E_1) is an
admissible 2-coalgebra bundle. Denote by M the associated degree 2-manifold, and let
Vi = (Der(E, m)g)*, for k = —2, —1, 0, where Der(E%,, m); are the vector bundles
introduced in Example 4.15. Following (4.7), we have maps

®)1k,—2 . V—l —> E_1 (04 V_2 and @;’_2 =+ @T’_l N V() d E_2 29 V_2 D E_1 % V_l.
We obtain a new 3-coalgebra bundle (F — M, v) by setting

Fi=E_ ®Va, F,o,=E,®V &V,

Fis=E30Vo® VoAV ®AV,,

Vo =p@®0O] ,®in and v3=p 30 ,+01 1) Din,

where E_3 and p_3 are as in Example 3.14, V_; A V_; denotes the subbundle of V_; ®
V_, fitting into the exact sequence

0> E* >V AVaaD EL @AV, -0,

and i, is the natural coalgebra structure given by the wedge product on A®*V_,.
One can check that (F — M, v) is indeed admissible and the corresponding 3-manifold
is F(F — M,v) = T*[3]M, as defined in Example 2.5. L]

5. Distributions

Let M = (M, Cy() be an n-manifold of dimension mg]| - - - [m,.
Definition 5.1. A distribution on M of rank dg| - - - |d, is a graded” subsheaf
DTy

of Cp-modules such that any point in M admits an open neighborhood U with the prop-
erty that D (U) is generated by vector fields {X;f },wherek =0,...,nand i =1,...,dy,
such that | X ,ik | = —k and which are linearly independent (at each point in U).

We say that a distribution & is involutive if it is closed under the Lie bracket on 7.

2By graded we mean that if X is a section of & over U, then so are its homogeneous components.
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For n = 0, such distributions are just the usual (regular) distributions on manifolds.

Remark 5.2. Distributions on supermanifolds have been considered, e.g., in [11, 18,20]
as subsheaves of the tangent sheaf which are locally direct factors. Our formulation of the
local triviality property is closer to the one in [5].

Example 5.3 (The tangent vectors of a distribution do not determine its involutivity). In
RO described by coordinates {e, p} with |¢| = 1 and | p| = 2, consider the distributions
0 0 0
D=(—) and D' =(—+e—).
<ae> <ae " ap>

These two distributions have the same tangent vectors at all points, but O is involutive
while D’ is not.

Lemma 5.4. For each | =0, ..., n, the sheaf of Cfp-modules D N 'J‘:A;l is locally free
and finitely generated.

Proof. For a small open subset U € M, let {X ]i" } be linearly independent vector fields
generating O (U) (as in the definition), and, foreachr = 1,...,n, let {wf’} be a basis of
Cl(U) as a C*°(U)-module. Then, as a C*°(U)-module,

D N T4 (U) = spanceo oy { X} wd X5 | r = 1,....n—1}. (5.1)

The fact that the generating set above is linearly independent over C*°(U) is a direct
consequence of the linear independence of the vector fields {X ,i" } over Cy(U), which
follows from Proposition 4.6. ]

Suppose now that M = ¥ (E, ) for an admissible n-coalgebra bundle (E — M, ).
Recall that, by Theorem 4.9,

——k
Tx" = Toees, my_ fork =0,...,n.

By the previous lemma, there are vector subbundles (Cy — M) C (Der(Ef,,m) — M)
such that
Tc, =DNT,5, k=0,...,n. (5.2)

Recall the maps ©;_ ; in (4.7) and res, (see Proposition 4.14).
Theorem 5.5. Let us assume that (E — M, i) be an admissible n-coalgebra bundle. A

distribution in M = ¥ (E, 1) is equivalent to a collection of vector subbundles (Cyp —
M) C Der(Ef,,m)_g, fork =0, ..., n, satisfying

O1—k+1)(EXy @ Crg1) + -+ + O —n(E_, ® Cy) = ker(resg) N Ck. 5.3)

Moreover, for such a collection {Cy}, the intersections ker(res ) N Cy have constant rank,
and local generators of the distribution are identified with the union of local frames of
Cy/(ker(resg) N Cy), fork =0, ..., n. (Note that (5.3) is trivial for k = n since resy, is
the identity map.)
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Proof. Given a distribution O in M, condition (5.3) is a direct consequence of (5.2) and
(5.1).

On the other hand, consider subbundles Cy C Der(Ey,m)_g, fork =0,...,n, sat-
isfying (5.3). Using that I'c, € FDer(E&,m),k = ’J‘:A;k , we consider the subsheaf of C (-
modules of Ty given by

D=Cy-Tc,++Cy-Tc,.

‘We must check that it is a distribution, in the sense of Definition 5.1.
Note that, as a sheaf of Cyp-modules, Cj{ Tepy +-+C j‘[k - I'c, is locally free.
By (5.3), ker(resg) N Cy is a vector subbundle of Cy so that

Cj{ Tepy +00F C:ﬁll_k ‘T, = Dierresy)n €y -
In particular, the fact that Cj{ Tepyy +-+C j’[k -I'c, € I'c, implies that
DNTF=Tc,.

With the choice of splittings, we write Cx = (ker(resy) N Ci) @ (Ci/(ker(resg) N Cy)),
and consider local frames of Cy/(ker(resg) N Cy) as given by local vector fields {X ,’ck },
ir = 1,...,dy, of degree —k. The union of these vector fields for k = 0,...,n on any
small open subset U € M generates (U ), as in Definition 5.1. |

Remark 5.6 (Restrictions). For an n-manifold M, recall the tower of N-graded mani-
folds,
MZM()(—MI--'(—M,,_l(—Mn:M.

Given a distribution £ on M of rank dy| - - - |d,,, there is a distribution O, on each M., of
rank dg| - - - |d,, characterized by the condition

Dy N Ty =res, (D N T35

for k = 0,...,r. This can be shown directly using local generators, or the viewpoint of
Theorem 5.5. Moreover, if D is involutive, so is each D,. [

Example 5.7 (Distributions on 1-manifolds). Any 1-manifold is of the form E[1] for a
vector bundle E — M, and, as seen in Example 4.10,

TEQ[I] = FDer(E*) and TEv_[ll] = FE.

It follows from Theorem 5.5 that distributions on E[1] are described by vector subbundles
Co C Der(E*) and C; C E, satisfying

C1 ® E* = Cy Nker(resg) = Cy Nkero,

where o : Der(E*) — TM is the symbol map (see Remark 4.12). Hence, for n = 1, we
recover the geometric characterization of distributions in [46, Lemma 3.1].
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A distribution represented by Cy and C is involutive if and only if Cy is a Lie subal-
gebroid of Der(E*) = Der(E) and C; C E is invariant under Cy. In this case, as shown
in [46, Lemma 3.2], Cy is equivalent to the data of an involutive distribution F € TM and
a flat F-connection V on E/Cj: indeed, given Cy, we set F = 0(Cyp), and

Vxle] = [DT(e)] for X € Tk, [e] € Tg/c,.
and DT the dual of D € T'(Co) with o(D) = X given F and V, we define Cy such that
ey ={D € Tpug+) | 6(D) € Tp. DT(Tc,)) S Te, [P = Vo). (54)

where [DT] € Iper(e/Cy) 1s given by [DT][e] = [DT(e)] for [e] denoting the class of e € T'g
in FE/Cl . ]

The next example is a particular instance of the previous one.

Example 5.8 (Lie algebroids). A Lie algebroid structure on A — M, with anchor p and
bracket [+, -], is equivalent to a degree —1 Poisson structure IT on the manifold A*[1] that
can be written in local coordinates {x, ey} as

. 0 0 0 ad
II=p(x)—A— 4 — A —.
Pa(x) oxt  Oeg + Cﬁ"‘(x)ey deg  deg
We have the subsheaf of hamiltonian vector fields A gam € T4+[1], defined on open subsets
U C M by
Aram(U) = {TI(df) € Tax1j(U) | f € Cap(U)},

that is locally generated by the vector fields
. 9 0 : ; 0
— 4 —
Xa —p(’x(x)g -I-Cﬂa(x)ey@ and Yl —pfx(x)a

Then, A g, defines a distribution (in the sense of Definition 5.1) if and only if p : A —
TM has constant rank and ker(p) is a bundle of abelian Lie algebras. The corresponding
triple (Cy, F, V) as in Example 5.7 is given by C; = im(p’) € A*, F = im p, and V the
dual of the F'-connection given by

VT . Fim(p) X err(p) — err(p), V;;e = [é,e],

where é € T4 is such that p(é) = X, noticing that ker(p)* = A*/im(p’) = A*/C;. =

A source of examples of N-graded manifolds carrying distributions in degree 2 is given
by coisotropic submanifolds of symplectic 2-manifolds, as discussed in [10, Section 4].
It follows from Example 5.7 that a distribution on a 1-manifold E[1] of rank dy|O0 is
specified by an involutive subbundle F € TM and a flat F-connection on E (or, dually,
on E*). For later use, we will need the extension of this result to N-graded manifolds of
arbitrary degrees.
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Proposition 5.9. Let (E — M, i) be an admissible n-coalgebra bundle and M = ¥ (E, 1)
the associated n-manifold. An involutive distribution O on M of rank dy|0| - - - |0 is equiv-
alent to the following data: an involutive subbundle F € TM and flat F-connections V'
on EX;, i =1,...,n, satisfying

Vi (u*(e.€)) = p*(Vie.e) + p*(e, Vi) (5.5)
foralle e T'(EZ;), e’ € F(Efj), and X € T'(F).

Proof. According to Theorem 5.5, a distribution & with rank dg|0] - - - |0 is equivalent to
a vector subbundle Cy C Der(E%, m)o such that ker(o) N Cy = 0. Recall that sections of
Der(Eﬁ‘R, m)g are given by derivations Di of Efl., all with the same symbol X = (T(Di),
such that

D't (u*(e.€')) = u*(D'e.e') + pu*(e. D’ €).

The symbol map o projects Cy isomorphically onto its image F := o(Cy), so Cy is the
image of V = (0|¢,) ™! : F — Der(E}, m)o. The distribution D is involutive if and only
if Cy is a subalgebroid, which amounts to F being involutive and V being determined by
F-connections V? on Efi, satisfying (5.5), which are flat. [

6. The Frobenius theorem

In this section, we will prove the Frobenius theorem for n-manifolds, asserting that any
involutive distribution is locally generated by coordinate vector fields.

As a warm-up, we start by proving the Frobenius theorem for 1-manifolds. Let £ —
M be a vector bundle with my = dim(M) and m; = rank(FE).

Proposition 6.1. Let D be an involutive distribution on E[1] of rank dy|dy. Then, any
point in M admits a neighborhood U with coordinates {x®, P}, a = 1,...,mq and
B=1,...,my, on E[1]|y such that

0 ad i 0
DODU)={—, v — s 7seees—5 ) 6.1
© <8x1 dxdo’ del 8ed1> ©.1)
Proof. Any point in M admits a neighborhood U such that
DWU)=(X',... . x% y!' .. Y%, 6.2)

where X' € Tlg[]](U ), Y/ € 'J'E_[h(U ) are linearly independent. As recalled in Exam-
ple 5.7, O is described by a triple (Cy, F, V), where C; C E is a subbundle, F € TM
is an involutive subbundle, and V is a flat F-connection on E/C;. With respect to these
data, picking local generators of O as in (6.2) amounts to choosing a frame {§;,--- &4, }
of C1),, and local sections {Di1,...,Dg,}of Co|,,» following the notation in (5.4), so that
the symbols o (D), j = 1,...,do, form a frame for £, .



A geometric characterization of N-graded manifolds and the Frobenius theorem 29

Showing that one can find local generators of O as in (6.1) translates into showing

that there exist local coordinates {x®},'°, on U and a frame {eP )y gy Of E f‘;], as well as a
frame {&1,---&4,} of Cy},, and sections {D1, ..., Dg,} of Co), as above satisfying
0(Da)(x*) = 8aa. Da(eP) = 0. §5(e") = bpg (6.3)

fora=1,...,dp,a=1,...,mo,b=1,...,d;,=1,...,my.

We construct the above data {x®}, {e#}, {&}, and {D,} as follows. Shrinking U if
necessary, the usual Frobenius theorem implies the existence of local coordinates {x®}'° |
on U such that? F, =(0xe |a=1,...,do), we can assume that £y and Cy)y are trivial
and, writing E|y = Ci|y ® (E/C1))y (with the choice of a splitting), we define a flat
F-connection on E |y by

@ — Vtriv @ V,
where V"V denotes the trivial F-connection on C; ju- Let V' be the dual flat F-connection
on E"‘;], and let {ef },3_1 be a frame of flat sections of EIU such that {e!,---¢91} is a frame
of flat section of C|y. Take {éb}b‘=1 to be the dual frame on C; |y and

Da2=§;a, a=1,...,d0.
These data satisfy (6.3). ]

We will now generalize the previous proposition to n-manifolds of arbitrary degree;
for that, we will first consider the special cases of distributions of ranks dg|0] ---|0 and
Oldy|---|dn.

Lemma 6.2. Let M be an n-manifold of dimension myg| --- |my, with an involutive dis-
tribution D of rank dy|0| ---|0. Then, any point in M admits a neighborhood U with

coordinates {x%, efj } on My such that

d 0
DU)={=—,....,— ) 6.4
O = (o5 (64
Proof. Let (E — M, u) be an n-coalgebra bundle such that M = ¥ (E, ). As seen in
Proposition 5.9, the distribution £ is equivalent to an involutive subbundle F € TM
and flat F-connections V/ on E* j for j o =1,... n, satisfying (5.5); with respect to
this geometric description, the statement of the lemma translates into the existence of a

neighborhood U of any point in M admlttmg coordinates {x*}/"° |, together with a frame

{Z1,...,Z4,} of Fj, and frames {ej’ }ﬂj;=l of (keru—;)* for j = 1,...,n, satisfying the
following properties:
Za(x®) = Saar V (eP) =0.

3For local coordinates {x®} on U € M, we denote the corresponding coordinate vector fields on U by
e ; when {x®} is part of a coordinate system {x®, ¢} on M, = E[1],, we use the notation 3% for the
corresponding degree 0 vector field (which is a derivation of E*|, with bymbol Oxat).
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In the equation on the right-hand side, we regard efj ,B;j =1,...,m;, assections of E* j

. L 17
by means of suitable splittings of the exact sequences

0— (K’_Lj)* — EX; — ker(u—;)* — 0

for j = 1,...,n; see Remark 3.5.

The desired data {x®}, {Z,}, {ef 71 is constructed as follows. Taking U small enough,
the usual Frobenius theorem implies the existence of local coordinates {x*},"*, on U such
that {Z, := dx, }Ziozl is a frame for Fj,. It follows from condition (5.5) that (K’_Lj)* C
E* y is V/-invariant, and this ensures the existence of linearly independent flat sections

{ef / }:;_j:l of E*; , SPanning a subbundle complementary to (K mor. n
Lemma 6.3. Let M be an n-manifold of dimension mg| ---|m, and D an involutive

distribution of rank 0|dy| - -- |dy,. Then, any point in M admits a neighborhood U with
coordinates {x%, ejf.}j } on My such that

0 0 0 0 >

PSRRI AR e R .
dey dey! de, dey”

D(U) =<

Proof. We proceed by induction on n. For n = 1, the statement is a particular case of
Proposition 6.1. Assuming that the lemma holds for N-graded manifolds of degree n — 1,
we will prove it for degree n. For simplicity, we will use the notation

Y — LV
p _en

for degree n coordinates.
Following Remark 5.6, £ defines a distribution £,_; on the truncation M, _;. The

explicit local picture is as follows: in an open U with coordinates {x¢, efi ,pY}, for j =
I,...,n—1, on M, and such that D(U) is generated by linearly independent vector

fields ijj and Z¢,where j = 1,....n—1,b; =1,....dj,c =1,....dy, ij" has degree
—J and Z€ has degree —n, the truncation M, |,, has coordinates {x*, e}s’ }and D,—1(U)

. - b;
is generated by the restrictions of Y; 7 to My—1),-
By the induction hypothesis, shrinking U if necessary, we may assume that

0 ad )
‘Dn—l(U):<acj»--‘7aedj|]=19"'»n_1>,
] J

and that the vector fields ij" and Z°¢ satisfy

d
resn_l(ijf) = —5- and res,—1(Z€) = 0. (6.5)
de;’
The vector fields Z€¢ form a local frame for the subbundle C,, C ker u—, € E_, (see
Theorems 4.9 and 5.5). Passing to a smaller neighborhood if necessary, we can extend
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this frame to a local frame of ker u_,, and the dual frame of (ker _,)* defines degree n
coordinates

{pl . p pdn-i-l Amn}
that complete {x?, efj } to a set of local coordinates of My in such a way that Z¢ = 3’%
and, by (6.5),
bj b/ Al
+ZY (P>—+ > v TR
j I=dp+1
cf. Proposition 4.1. By considering linear combinations, we may redefine
de j I=dn+1
and conclude that 5
b
DU /
©= < 3pc>
forj=1,...n—1,b; =1,...,d;,andc = 1,...,d,. We will now implement successive
changes of coordinates just involving the variables 5! that will turn each Y’ l.bj into Lb/»'
’ de -

J
We will simplify the notation and denote the coordinates e]l-)j by e?. Suppose that we
have already brought s — 1 vector fields (note that s — 1 could be zero) to the desired form,
so we are in the situation

0 0 0 0
DU)=(=—.....—. Y vk — . —) 6.6
S <8€1 des—1 ap! Bp”ln> 66)
where Y0 = eb + Zl 41 g° i, Note that since each coefficient g?’ has degree
n — |eb| < n, we have that
9 bl 9 bl
=0, = =0, 6.7
3 35 6.7)

forc=1,...,dyandi =d, +1,...,my,.
We will now define a change of variables turning Y* into %. The following is a key
observation.

Claim. For each [ with g% # 0, there is a (unique) degree n function G*! on My such
that %G” =g’
Let us verify this claim. Since g*/ depends polynomially on e*, we may write it as

= Z(eS)ta§’ 6.8)
t=0
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(note that this sum must have finitely many terms), and we simply set
1
GSZ — — (e l‘-‘rlasl' 6.9
; e (6.9)

Such G*/ satisfies the condition in the claim provided it is nonzero. This is clearly the
case when |e®| is even. To check that this also holds when |e®| is odd, we will make use
of the involutivity condition of D. Using the second condition in (6.7), we see that (recall
that |Y*| = —|e®| is odd)

m
n9gsl 9
ys.vi1=2 > —,
Mo de* dp
and this vector can only be in D (U) if
P sl
= (6.10)

Note that G*! = e*g! when |e®| is odd, and (6.10) ensures that this is nonzero. This
concludes the proof of the claim.
Consider the change of coordinates that only modifies the coordinates p’ according to

Pl pl—Gt, I=d,+1,....my,

while keeping all the other coordinates unchanged (here we set G*! to be zero if g*! is
Z€ero).

To verify how this transforms the generators of D (U) in (6.6), we first observe that
9 gsl

o5 =0 b=l (6.11)
e

which is a consequence of
d o 0g*!
)= X S
I=dy+1

and the involutivity of £. Note that conditions (6.7) and (6.11) hold for a3} !'in (6.8), and
hence (see (6.9)),

aGsl aGsl aGsl
=0, — =0, and —— =0 6.12
ap¢ apt de® ©6.12)
for b = 1,...,s — 1. It then follows, by the usual transformation rule for vector fields
under change of coordinates, that
d
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forb =1,...,s — 1, remain unchanged. For b > s, we have that % transforms to
9 i aG*! 9
a.b Ta,b 95l
de o de? 0p

in the new coordinates. In particular, the fact that %G” = g* implies that Y agrees
with % after the change of coordinates.
We conclude that, in the new coordinates, we can write

d 0 0 d
DWU) === ....—. Y vk — . —)
) <8€1 des ap! dpdn
where Y2 = 0 4 3 I—d,+1 ght 2 , The proof of the lemma follows from a successive
repetition of the argument. ]

We now prove our main theorem.

Theorem 6.4 (Frobenius theorem for N-graded manifolds). Let M be an n-manifold of
dimension mg| - - - |m, and D an involutive distribution on M of rank dy|---|dy. Then,

any point in M has a neighborhood U with coordinates {x%, efj} on My such that

@(U)=<i a 0 0 0 8>

o PRI LR R VS R .
0x dx% " de; def! de} deln

Proof. Let U be a neighborhood where O (U) is generated by vector fields {X ,ik hk =
0,...,n, as in Definition 5.1. By applying Lemma 6.3 to the distribution generated by
{X ;{" } for k > 0, we conclude that (by shrinking U if necessary) that there exist coordinates

{x“, efj} on My such that

~ ~ a d d a
CD(U):<X1’...,Xd0’—,,..,—d,--.,—l,..., >,
ael 8@1 1 8en aen"
where X1,..., X% are linearly independent, degree O vector fields. In the above coordi-

nates,

—Zgaa—ﬁZZ

j=18;=1 b 8€ﬁj

with g& € C*®(U) = CX{ (U) and fﬂ‘j] € CJJW (U). Hence, by taking linear combinations,
we can write

9 3 3 3
i)(U)=<X1,...,Xd°,— >

o g o1 s
361 8@;11 8€n aen"
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where X4 is of the form

Zgaa LYY

j=1b=d;+1 3

Note that, fori = 1,...,nand 8; = 1,...,d;,

[WXG} > Z ﬂ'aa

j=1b; d+1 e

So, it follows from the involutivity of O that

af
2 =0, 6.13)
de;”
By splitting the local coordinates on M|y as {x*, efj} and {efj}, forj =1,...,n,

bj=dj+1,....mj,and B; =1,...,d;, we write
‘M|U — Rfrllj()‘ml_dﬂ'“lmn_dn X R0|d1|"-|dn
in such a way that, by (6.13), O is identified with the direct product of the involutive
distributions
Dy = (X',... x%)
on Rlnzj"lml_dll"'lm"_d" of rank do|0]--- |0 and D, = (-2

a

n) on
17 » 4
de aej]

ROI4111dn We conclude the proof by applying Lemma 6.2 to D;. [
p y applying
The following is a simple instance of the Frobenius theorem.

Corollary 6.5. Let X be a vector field of degree —k on an n-manifold M fork =1,...,n
(resp., k = 0) such that X, # 0 for x € M and [X, X] = AX, where A is a degree k
Sfunction on M. Then, there is a neighborhood of x with coordinates {x%, efj } such that
X = % (resp., X = axil)'

This last result follows from the observation that the vector field X generates an invo-
lutive distribution in a neighborhood of x. Analogous local normal forms for vector fields
on supermanifolds can be found in [38] (cf. [43, Lemmas 4.7.5, 4.7.6]); see also [36].

Remark 6.6 (Normal forms of Q-structures). Since vector fields of positive degree vanish
when evaluated at points in the body, they do not generate distributions and hence do
not fit into the framework of the Frobenius theorem. For homological vector fields (see
Example 4.3), the study of local normal forms is motivated by several results in geometry;
e.g., local splitting theorems for Lie algebroids as well as similar results for Courant and
higher Lie algebroids (see [6]) can be viewed as local normal forms for Q-structures on
N-graded manifolds (see [41] for results on supermanifolds). ]
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Remark 6.7 (Integrability and foliations). We say that a distribution O of rank dy| - - - |d,
on an n-manifold M of dimension mg| - - - |m,, is integrable if there exist, around any point
in M, a neighborhood U, neighborhoods V; and V, of the origin in R4 and R™Mo—do,
respectively, and an isomorphism

W My — RO, s gmo=dol-lma=dy, (6.14)

identifying O with the distribution Tao-1a, X 0. As in the classical case, Theorem 6.4 is
equivalent to saying that a distribution D is integrable if and only if it is involutive.

A foliation atlas on M is a collection of charts as in (6.14) such that the transition
maps preserve the distribution Tgay-14, X 0. As in classical geometry (see, e.g., [35]), one
can define foliations on N-graded manifolds by means of foliation atlases and establish
an equivalence between foliations and involutive distributions. ]
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