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A geometric characterization of N-graded manifolds
and the Frobenius theorem

Henrique Bursztyn, Miquel Cueca, and Rajan Amit Mehta

Abstract. This paper studies graded manifolds with local coordinates concentrated in non-negative
degrees. We provide a canonical description of these objects in terms of classical geometric data
and, building on this geometric viewpoint, we prove the Frobenius theorem for distributions in this
graded setting.

1. Introduction

Graded manifolds are generalizations of usual manifolds in which local coordinates carry
an additional grading, most often given by Z2 or Z. They arise in several areas of mathe-
matics and physics, such as supergeometry [4,11,43], BV-BFV formalism and homologi-
cal reduction (see [15] and references therein), topological field theory (e.g., AKSZ sigma
models [1, 13, 14, 34]), double structures [31, 45], derived differential geometry [3, 23],
among others.

This paper concerns N-graded manifolds of a given degree n 2 N, i.e., graded man-
ifolds with local coordinates concentrated in degrees 0; : : : ; n, and that commute in the
graded sense; a precise definition is given in terms of sheaves of graded algebras with
a suitable local model; see Section 2.1 (for another viewpoint, see [27, Theorem 5.8]
and also [8, 21]). Such graded manifolds have become a key tool in the study of Poisson
and related structures, including Lie algebroids and their higher versions [7, 40, 42], as
well as Courant algebroids and generalized geometry [10,37,39]. The goal of this paper is
twofold: we give a description of N-graded manifolds by means of ordinary vector bundles
and, building on this geometric viewpoint, we prove the Frobenius theorem for N-graded
manifolds, establishing the equivalence between involutive and integrable distributions.

To describe the first part of the paper, consider an N-graded manifold M with body
M . The local condition on the sheaf of functions CM implies that the subsheaf of homo-
geneous functions of degree i is realized as the sheaf of sections of a vector bundle, i.e.,
for each i D 1; 2; : : : ; there is a vector bundleE�i !M such that C i

M
D �E�

�i
. Moreover,

the algebra structure on CM, C i
M
� C

j

M
! C

iCj

M
, gives rise to vector-bundle maps

E�.iCj / ! E�i ˝E�j : (1.1)
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A key observation is that if M is of degree n, then it is fully encoded in the first n vector
bundles E�1; : : : ; E�n and the maps (1.1) for i C j � n. These data can be encapsulated
in a coalgebra structure � on the graded vector bundle E D

Ln
iD1E�i , and the coalgebra

bundle .E; �/ may be seen as the “simplest” object from which the N-graded manifold
M can be reconstructed. In Section 3, we characterize the coalgebra bundles .E; �/ that
arise from N-graded manifolds, referred to as admissible (Definition 2.9); we show, by
means of a canonical construction, that there is a functor from the category of admissible
n-coalgebra bundles to that of N-graded manifolds of degree n,

F W n-CoAlg! n-Man; (1.2)

which is an equivalence of categories; see Theorem 3.8. When n D 1, this result amounts
to the well-known equivalence between degree 1 N-graded manifolds and ordinary vector
bundles [37]. For n D 2, it recovers the vector-bundle description of degree 2 N-graded
manifolds used in [10, Section 2.2]. These and other instances of the equivalence (1.2) can
be found in Section 3.3 (see also [19]).

A particular type of admissible n-coalgebra bundle arises from the symmetric powers
of (negatively-)graded vector bundles, as described in Example 2.16. We call those split.
We show that a general admissible n-coalgebra bundle is always noncanonically isomor-
phic to one that is split; the auxiliary choices needed to establish such an isomorphism
are given in Proposition 2.17. By verifying that the functor (1.2) sends split coalgebra
bundles to split N-graded manifolds, one recovers the fact that any N-graded manifold is
noncanonically isomorphic to a split one [7, Theorem 1] (which can be regarded as a ver-
sion of Batchelor’s theorem [2] for N-graded manifolds). Note that our result also applies
to non-positively Z-graded manifolds, as those arising in the study of derived manifolds,
e.g., [3].

Remark 1.1. In [24], Heuer and Jotz independently gave a geometric description of N-
graded manifolds of degree n as certain n-fold vector bundles, called symmetric, extending
the equivalence between degree 2 N-graded manifolds and involutive double vector bun-
dles in [12, 26, 29] (see also [9, 44]). This latter result is related to the equivalence in
(1.2), for n D 2, as follows: admissible 2-coalgebra bundles can be readily seen to be
equivalent to special types of dvb sequences (i.e., exact sequences of vector bundles that
codify double vector bundles [17], see Section 3.3) that correspond to involutive double
vector bundles, see [12]. More generally, one would expect an extension of the struc-
tural description of double vector bundles in [17] to n-fold vector bundles to clarify the
direct correspondence between admissible n-coalgebra bundles and symmetric n-fold vec-
tor bundles.

Towards the second goal of the paper, in Section 4, we make use of the equiva-
lence (1.2) to obtain a geometric description of vector fields of non-positive degrees on
N-graded manifolds, see Theorem 4.9 and Section 4.4. In Section 5, we introduce distri-
butions on N-graded manifolds and prove in Theorem 6.4 the Frobenius theorem in this
setting, asserting that a distribution is involutive if and only if it is locally spanned by
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coordinate vector fields. A parallel result for supermanifolds (i.e., Z2-graded manifolds)
can be found, e.g., in [11, 43] (see [18] for an extension to Zn2-graded manifolds), though
the techniques involved are rather different.

Besides it being a foundational theorem in the theory of N-graded manifolds, our
main motivation in establishing the Frobenius theorem in this context came from its role
in the study of reduction of Poisson manifolds and Courant algebroids in [10, 16]; fur-
ther possible applications include, in analogy with the classical case [30], the integration
of Lie-algebroid morphisms to Lie-groupoid morphisms (Lie II) in the N-graded setting
(cf. [28]), which we plan to address in a separate work.

2. N-graded manifolds and coalgebra bundles

In this section, we introduce degree n admissible coalgebra bundles, which are geometric
objects defined in terms of classical vector bundles. We will show in the next section that
they form a category that is equivalent to that of N-graded manifolds of degree n.

2.1. The category of N-graded manifolds

Given a non-negative integer n 2 N, let V D
Ln
iD1 Vi be a graded vector space with

dimVi D mi ; let S�V denote the graded symmetric algebra of V. An N-graded manifold
of degree n (or simply an n-manifold) is a ringed space M D .M; CM/, where M is a
smooth manifold and CM is a sheaf of graded commutative algebras such that any point
in M admits a neighborhood U with an isomorphism

CMjU Š C
1
U ˝ S� V; (2.1)

where the right-hand side is the sheaf of graded commutative algebras on U given by the
sheafification of the presheaf U 0 7! C1.U 0/˝ S�V for U 0 � U open. We say that M has
dimension m0jm1j � � � jmn, where m0 D dimM . The manifold M is known as the body
of M. Global sections of CM are called functions on M. We denote by C l

M
� CM the

subsheaf of homogeneous sections of degree l . The degree of a homogeneous section f
is denoted by jf j. By the local property (2.1),

C lM.U / D C
1.U /˝ SlV: (2.2)

Let M D .M; CM/ be an n-manifold of dimension m0j � � � jmn. A chart U � M for
which (2.1) holds is called a chart of M. We say that

¹x˛; e
ˇi
i º; where ˛ D 1; : : : ; m0; i D 1; : : : ; n; ˇi D 1; : : : ; mi ;

are local coordinates of MjU D .U; CMjU / if ¹x˛ºm0˛D1 are local coordinates on U and
¹e
ˇi
i º

mi
ˇiD1

form a basis of Vi for all i D 1; : : : ; n. Then, any homogeneous section of CM

over U can be expressed as a sum of functions that are smooth in xi and polynomial in
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¹e
ˇi
i º, with jeˇii j D i . We may occasionally simplify the notation and suppress the sub-

indices, denoting local coordinates by ¹x˛; eˇ º.
A morphism of n-manifolds ‰ WM! N is a morphism of ringed spaces, given by a

pair‰ D . ; ]/, where  WM !N is a smooth map and  ] W CN !  �CM is a degree
preserving morphism of sheaves of algebras over N .

For each n 2 N, n-manifolds with their morphisms form a category that we denote by
n-Man.

An n-manifold M D .M;CM/ gives rise to a tower of graded manifolds

M DM0  M1 � � �  Mn�1  Mn DM; (2.3)

where Mr D .M;CMr
/ is an r-manifold with CMr

the subsheaf of algebras of CM locally
generated by functions of degree � r , see [37].

We illustrate n-manifolds with some examples.

Example 2.1 (Linear n-manifolds). The most basic example of an ordinary smooth man-
ifold of dimension m is Rm. For the analogous picture in the graded setting, we consider
a collection of nonnegative integers m0; : : : ; mn and define the graded vector space

W D
nM
iD1

Wi ;

where Wi D Rmi . The standard linear n-manifold of dimension m0j � � � jmn is defined as

Rm0j���jmn D .Rm0 ; CRm0 j���jmn D C
1
Rm0 ˝ S�W/; (2.4)

where C1Rm0 ˝ S�W is the sheaf of graded algebras on Rm0 obtained by sheafification of
the presheaf defined on each open subset U � Rm0 by C1.U /˝ S�W.

A degree l homogeneous section ofCRm0 j���jmn over an openU is an element inC1.U /˝
SlW. An arbitrary section f over U , once restricted to sufficiently small open subsets of
U (depending on f ), are expressed by a finite sum of homogeneous sections.

These particular n-manifolds are the local models for arbitrary n-manifolds, by (2.1).

Example 2.2 (1-manifolds). Given a vector bundleE!M , we can define the 1-manifold

EŒ1� D .M; �^�E�/:

On a chart U of M where EjU is trivializable, if we pick coordinates ¹x˛ºm˛D1 on U
and a frame ¹eˇ ºrank.E/

ˇD1
of E�

jU
, we have that ¹x˛; eˇ º are local coordinates of EŒ1�,

where jx˛j D 0 and jeˇ j D 1. Any 1-manifold is canonically of this type, as we recall in
Section 3. Two important examples of 1-manifolds are

T Œ1�M D .M;��M / and T �Œ1�M D .M;X�M /;

where ��M D �^�T �M and X�M D �^�TM are the sheaves of differential forms and mul-
tivector fields on M , respectively.



A geometric characterization of N-graded manifolds and the Frobenius theorem 5

Example 2.3 (Split n-manifolds). The previous example can be generalized as follows.
Given a non-positively graded vector bundle D D

L0
iD�nC1 Di ! M , we define the

graded manifold DŒ1� D .M; �S�.W//, where W D
Ln
iD1D

�
�iC1 is the graded dual of D

with a degree shift by 1 (so it is a graded vector bundle concentrated in degrees 1 to n),
S� denotes, as before, the graded symmetric product, and �S�.W/ is the sheaf of graded
algebras given by

L1
lD0 �Sl .W/. Such n-manifolds are known as split, see, e.g., [7].

Remark 2.4 (Graded duals). Given a graded vector space V D
L
i2Z Vi , its dual is the

graded vector space V� defined by .V�/j D .V�j /�.

Example 2.5 (Shifted tangent and cotangent bundles of n-manifolds). One can generalize
the shifted tangent and cotangent bundles of ordinary manifolds considered in Exam-
ple 2.2 to arbitrary n-manifolds M D .M;CM/, see, e.g., [19,31]. We will give a descrip-
tion using charts and coordinates (cf. [37]), so that T Œk�M and T �Œk�M are defined by
gluing local sheaves.

Let U be a chart of M with coordinates ¹x˛; eˇ º, so that ¹x˛º are coordinates on
U and CM.U / D C1M .U / ˝ S� V, with ¹eˇ º a basis of V. Just as for ordinary smooth
manifolds, we can introduce the differentials of the coordinates, ¹dx˛; deˇ º, with the
transformation rule´

Ox˛ D F ˛.x/;

Oeˇ D F ˇ .x; e/;
H)

8<: d Ox˛ D
@F ˛.x/

@x˛
0 dx

˛0 ;

d Oeˇ D @F ˇ .x;e/
@x˛

dx˛ C @F ˇ .x;e/

@eˇ
0 deˇ

0

:

Dualizing, we can also define ¹ @
@x˛
; @

@eˇ
º, with the corresponding transformation rule.

For k � 1, we define the .nC k/-manifold T Œk�M D .M;CT Œk�M/ by

CT Œk�M.U / D C
1
M .U /˝ S�W with W D V˚ hdx˛; deˇ i;

with jdx˛j D k, jdeˇ j D jeˇ j C k. Similarly, for k � nC 1 (to ensure that all coordinates
are in positive degrees), we define the k-manifold T �Œk�M D .M;CT �Œk�M/ by

CT �Œk�M.U / D C
1
M .U /˝ S�W with W D V˚

�
@

@x˛
;
@

@eˇ

�
;

with j @
@x˛
j D k, j @

@eˇ
j D �jeˇ j C k.

Example 2.6 (Cartesian product of n-manifolds). Given n-manifolds Mi D .Mi ; CMi
/,

i D 1; 2, we define an n-manifold M1 �M2 D .M1 �M2; CM1�M2
/, where

CM1�M2
D CM1

b̋CM2
;

and the hat denotes the usual completion on the product topology, see, e.g., [11]. Con-
cretely, on open rectangles U1 � U2, with Ui � Mi satisfying CMi

.Ui / Š C1Mi
.Ui / ˝

S� Vi , we have

CM1�M2
.U1 � U2/ Š C

1
M1�M2

.U1 � U2/˝ S�.V1 ˚ V2/; (2.5)

where V1 ˚ V2 denotes the usual graded direct sum. Since open rectangles form a basis
of the product topology, (2.5) is sufficient to define CM1�M2

.
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2.2. Admissible coalgebra bundles

Any n-manifold M D .M; CM/ codifies classical geometric information as follows. The
multiplication on CM satisfies

C iM � C
j

M
� C

iCj

M
; (2.6)

and since C 0
M
D C1M (as a consequence of (2.1)), each C i

M
is a C1M -module, which is

locally free and finitely generated (see (2.2)). It follows that there exist vector bundles
E�i !M such that

C iM Š �E��i :

It turns out that the fact that M is of degree n implies that CM is completely determined
by information involving just the vector bundles E�1; : : : ; E�n. More precisely, since the
multiplication in (2.6) is C1M -bilinear, it defines vector bundle maps E�.iCj / ! E�i ˝

E�j , and we will see (in Lemma 3.7) that M can be reconstructed from such maps for
i C j � n.

Given vector bundles E�1; : : : ; E�n and vector bundle maps E�.iCj / ! E�i ˝ E�j
(covering the identity map on M ), one could ask whether this data arises from an n-
manifold. This will lead us to the notion of admissible coalgebra bundles.

Definition 2.7. Given n 2 N, an n-coalgebra bundle is a pair .E! M;�/, where E DL�1
iD�n Ei ! M is a negatively graded finite-dimensional vector bundle and � W E!

E˝ E is a degree-preserving vector bundle map (covering the identity map on M ) that is
coassociative and (graded) cocommutative, i.e.,

.Id˝ �/ ı � D .�˝ Id/ ı �; � D � � �;

where � 2 S2 acts via the braiding map that exchanges the two components with the
appropriate sign, i.e., �.e ˝ e0/ D .�1/iCj e0 ˝ e, for e 2 Ei ; e0 2 Ej .

A morphism of n-coalgebra bundles, .E!M;�/! .F!N;�/, is a degree-preserving
vector-bundle map ˆ W E! F satisfying � ıˆ D .ˆ˝ˆ/ ı �.

The coassociative and cocommutative assumptions put constraints on the image of �,
which we describe more explicitly. For k � 0, let

�k W E!˝kC1E

be defined by �k D .Id˝� � � ˝ Id˝�/ ı � � � ı .Id˝�/ ı� ı Id. Then, coassociativity and
cocommutativity imply that, for all e 2 im.�/, the identity

� � .�k ˝ �`/.e/ D � 0 � .�k
0

˝ �`
0

/.e/ (2.7)

holds for all k, k0, `, `0 2 Z�0 such that k C ` D k0 C `0, and for all permutations �; � 0 2
SkC`C2, acting via the (graded) braiding action1.

1For a graded vector space V, the (graded) braiding action of the symmetric group Sk on ˝kV is � �
.v1˝ � � � ˝ vk/D ".�/v�.1/˝ � � � ˝ v�.k/, where ".�/ is the Koszul sign arising from the supermathematics
convention that a minus sign appears whenever two consecutive odd elements are swapped.
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Definition 2.8. We denote by K� � E˝ E the space of all e 2 E˝ E satisfying (2.7).
The subspace of degree i elements of K� is denoted by K�i .

As noted above, coassociativity and cocommutativity of � imply that im.�/ � K�.

Definition 2.9. An n-coalgebra bundle .E!M;�/ is admissible if, 8i D �n; : : : ;�2,

im.�i / D K
�
i ;

where
�i D �jEi :

(Note that the condition is trivial for i D �1.) For each n 2 N, we denote by n-CoAlg the
category of admissible n-coalgebra bundles.

Remark 2.10. Since E!M is concentrated in negative degrees, we see that the defini-
tion of K�i via (2.7) only involves �l for l > i . So, the admissibility condition at level i
relates �i to the components �l for l > i .

We illustrate the previous definition with some examples.

Example 2.11 (1-coalgebra bundles). Let E!M be a graded vector bundle concentrated
in degree �1, ED E�1. Then, E˝ ED E�1 ˝E�1 is concentrated in degree �2, so any
coalgebra-bundle structure must be trivial, and hence admissible. It follows that 1-CoAlg
coincides with the category Vect of vector bundles.

Example 2.12 (2-coalgebra bundles). For a 2-coalgebra bundle E D E�2 ˚ E�1, the
coalgebra structure is determined by ��2 W E�2 ! E�1 ˝ E�1. For the admissibility
condition, we need to determine K��2. Note that, in the case at hand, equation (2.7) is
determined by kD l D k0D l 0D 0;� D .12/ and � 0D id , showing thatK��2DE�1 ^E�1
(viewed as a subspace of E�1 ˝ E�1 in the usual way). So, the admissibility condition
amounts to

im.��2/ D E�1 ^E�1:

So, any 2-coalgebra bundle is determined by two vector bundles E�1; E�2 and a map
� W E�2 ! E�1 ˝ E�1 satisfying the previous condition. The category 2-CoAlg is thus
equivalent to the category whose objects are triples

.E�1 !M;E�2 !M;� W E�2 � E�1 ^E�1/;

where � is a surjective vector-bundle map over the identity on M , and morphisms

.E�1; E�2; �/! .F�1; F�2; �/

are triples .�; ˆ�1; ˆ�2/, where .�; ˆi / W .Ei ! M/ ! .Fi ! N/, i D �1;�2, are
vector-bundle maps satisfying � ıˆ�2 D .ˆ�1 ^ˆ�1/ ı�. This category was introduced
in [10, Section 2.2], where it is called VB2.
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Example 2.13 (3-coalgebra bundles). On a 3-coalgebra bundle .E; �/, notice that

K
�
�3 D

®
e ˝ p 2 E�1 ˝E�2 j e ˝ ��2.p/ D sgn.�/�.e ˝ ��2.p// for � 2 S3

¯
D .IdE�1 ˝ ��2/

�1.^3E�1/: (2.8)

Building on the previous example, an admissible 3-coalgebra bundle is determined by
three vector bundles Ei !M , i D �1;�2;�3, and two vector-bundle morphisms

��2 W E�2 ! E�1 ˝E�1 and ��3 W E�3 ! E�1 ˝E�2;

satisfying

.��2 ˝ Id/ ı ��3 D .Id˝��2/ ı ��3; im.��2/ D E�1 ^E�1;

im.��3/ D .IdE�1 ˝ ��2/
�1.^3E�1/:

A morphism of 3-coalgebra bundles from .E! M;�/ to .F! N; �/ amounts to three
vector-bundle morphismsˆi WEi!Fi covering the same base map � WM!N satisfying

��2 ıˆ�2 D .ˆ�1 ˝ˆ�1/ ı ��2 and ��3 ıˆ�3 D .ˆ�1 ˝ˆ�2/ ı ��3:

The 3-CoAlg has objects .E�1;E�2;E�3;��1;��2/ and morphisms .ˆ�1;ˆ�2;ˆ�3/ as
just described.

Remark 2.14. We emphasize that the admissibility condition is nontrivial. For example,
it is possible for a 3-coalgebra bundle to have ��2 D ��3 D 0, but it would not be admis-
sible.

Example 2.15 (Truncation). Let .E! M;�/ be an admissible n-coalgebra bundle. For
each k D 0; : : : ; n, the k-truncation .E�k !M;��k/ is the k-coalgebra bundle given by

.E�k/i D

´
Ei if � k � i � �1;

0 otherwise
and ��k D �jE�k :

Hence, ��ki D �i for �k � i � �1. Note also that

K
�
i D K

��k

i for i � �k � 1; (2.9)

as a consequence of Remark 2.10. Since E is admissible, for i � �k, we have that

im.��ki / D im.�i / D K
�
i D K

��k

i ;

so the truncation E�k is also admissible.

Example 2.16 (Split coalgebra bundles). Given a graded vector bundle D D
L�1
iD�nDi

over M we define an admissible n-coalgebra bundle .ED; �
s/ by

.ED/i D .S� D/i for � n � i � �1;



A geometric characterization of N-graded manifolds and the Frobenius theorem 9

where .S�D/i denotes the subspace of degree i elements in the graded symmetric product
of D, and �s W ED ! ED ˝ ED is given in components by

h�si .e/; �˝ �i D he; � � �i;

where e2.ED/i ; �2.ED/
�
j D.S

�D�/�j ; �2.ED/
�
i�jD.S

�D�/j�i with �nC 1 � j � �1
(see Remark 2.4) and “ � ” is the graded symmetric product

.S� D�/�j ˝ .S� D�/j�i ! .S� D�/�i :

The fact that .ED; �
s/ is admissible follows directly from the identities

.ED/i DDi ˚ .S�D��i�1/i and K
�s

i D .S
�D��i�1/i for � n� i ��2; (2.10)

where D��i�1 D
L�1
jDiC1Dj : In particular, we also have that Di D ker�si for all �n �

i � �1: Such n-coalgebra bundles of type .ED; �
s/ are called split.

A particular case is when M D Rm0 and Di D RmiM are trivial vector bundles of rank
mi . We refer to them as linear n-coalgebra bundles. We will see in Section 3 that linear
n-coalgebra bundles correspond to the linear n-manifolds introduced in Example 2.1.

It follows from the previous example that if a coalgebra bundle is isomorphic to
one that is split, then it is admissible. Conversely, we now show that any admissible n-
coalgebra bundle is isomorphic to a split one.

Proposition 2.17 (Admissible coalgebra bundles are split). Let .E!M;�/ be an admis-
sible n-coalgebra bundle. Then, for each i D�n; : : : ;�1, we have a short exact sequence
of vector bundles

0! ker.�i /! Ei ! K
�
i ! 0;

and a choice of splittings of these sequences gives rise to an identification

.E; �/ Š .ED; �
s/;

where .ED; �
s/ is the split n-coalgebra bundle associated with the graded vector bundle

D WD
L�1
iD�n ker�i (as in Example 2.16).

Proof. The proof will be by induction on n. For n D 1, the proposition holds since the
coalgebra structures are trivial and E�1 DD�1 (see Example 2.11). Now, assume that the
proposition holds for admissible .n � 1/-coalgebra bundles.

Given an admissible n-coalgebra bundle .E; �/, .E�n�1; ��n�1/ is an admissible
.n � 1/-coalgebra bundle (see Example 2.15). By the induction hypothesis, we have an
isomorphism

ˆ�n�1 W .E�n�1; ��n�1/! .ED�n�1 ; �
s/;

where D�n�1 D
L�1
iD�nC1 ker.�i /. We can now use the isomorphismˆ�n�1 to conclude

that
im.��n/ D .K��n/ D .K

��n�1

�n / Š .K�
s

�n/ D .S
� D�n�1/�n;
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where the first equality is the admissibility condition at level �n for E and the second
follows from (2.9). Therefore, E�n and .ED/�n fit into the following diagram:

0 // ker.��n/ //

Id
��

E�n
��n // K

�
�n

//

Š ˆ�n�1

��

0

0 // ker.��n/ // .ED/�n
�s�n// .S� D�n�1/�n // 0

(2.11)

A splitting of the top exact sequence of vector bundles identifies E�n with .ED/�n and
extends ˆ�n�1 to a coalgebra bundle isomorphism .E; �/

�
!.ED; �

s/.

3. The equivalence

For each n 2 N, we define in this section a functor that establishes an equivalence of
categories from n-CoAlg to n-Man. This geometrization functor thus, provides a descrip-
tion of n-manifolds by (admissible) n-coalgebra bundles, which are ordinary differential-
geometric objects. It extends the known correspondence between 1-manifolds and vector
bundles, as well as the characterization of 2-manifolds by the VB2-category (see Exam-
ple 2.12) in [10, Section 2.2]. This functor has also been used in [19] to study graded
cotangent bundles T �Œn�AŒ1�.

3.1. The functor

Let .E!M;�/ be an n-coalgebra bundle, and let �� W �E� � �E� ! �E� denote the dual
algebra structure. Recall that E� D

Ln
iD1E

�
�i .

In the sheaf of algebras .�S� E� ; �/, we define the following sheaf of ideals: for an open
subset U �M ,

	�.U / D h! � � � �
�.!; �/i;

where !; � 2 �E�.U /, j!j C j�j � n, and “ � " denotes the graded symmetric product.

Remark 3.1. Note that 	� is a sheaf of homogeneous ideals with respect to the grading
of E�. Therefore, �S� E�=	� is also a sheaf of graded algebras. Note that, for 1 � i � n,

.�S� E�=	�/i D �E�
�i
:

An n-coalgebra bundle .E; �/ gives rise to a ringed space by

.M; �S� E�=	�/: (3.1)

Given a coalgebra morphism ˆ W .E!M;�/! .F! N; �/, with � D ˆjM WM ! N ,
we also denote by ˆ W S� E! S� F its natural extension to the symmetric products. The
fact that ˆ is a coalgebra map implies that ˆ� W �F� ! ���E� is a map of sheaves of
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algebras, so ˆ�	� � 	�. Thus, ˆ� induces a well-defined map on the quotients by the
ideals, denoted by �], in such a way that

.�; �]/ W .M; �S� E�=	�/! .N; �S� F�=	�/ (3.2)

is a morphism of ringed spaces.
We need the following result to show that, when .E; �/ is admissible, the ringed space

(3.1) is an n-manifold.

Lemma 3.2. Let D D
L�1
iD�nDi !M be a graded vector bundle. Consider the coalge-

bra bundle .ED; �
s/ of Example 2.16. Then,

�S� E�D=	�
s D �S� D� :

Proof. Denote the symmetric product on �S� E�D by “ � ” and the symmetric product on
�S� D� by “_”. Since .E�D/i D .S

� D�/i for i D 1; : : : ; n, we can view D� � E�D, so we
have a natural inclusion �S� D� ,! �S� E�D , given by d1 _ � � � _ dk 7! d1 � : : : � dk . Consider
the quotient homomorphism �S� E�D � .�S� E�D=	�

s /, � 7! x�. From the definition of 	�s ,
one can readily see that the composite map

�S� D� ! �S� E�D=	�
s ; d1 _ � � � _ dk 7! d1 � : : : � dk (3.3)

is still an injection. To see that it is also a surjection, recall that �s�.�; �/ D � _ � (see
Example 2.16), so the image of a local section � D d1 _ � � � _ dl of �.E�D/i D �.S� D�/i

under the quotient by 	�s is x� D d1 � : : : � dl . It follows that an arbitrary local section
in �S� E�D=	�

s is a symmetric expression of elements dj in �D� , showing that (3.3) is
surjective.

Proposition 3.3. For each non-negative integer n the functor F W n-CoAlg ! n-Man
given by

F .E!M;�/ D .M; �S� E�=	�/ and F .ˆ/ D .�; �]/ W F .E; �/! F .F; �/

as in (3.2) is well defined.

Proof. We start by showing that F is well defined at the level of objects. Assuming that
the coalgebra bundle .E!M;�/ is admissible, we must prove that

M D F .E!M;�/ D .M;CM D �S� E�=	�/ (3.4)

satisfies condition (2.1). By the admissibility condition, Proposition 2.17 and Lemma 3.2
imply that �S� E�=	� Š �S� D� for D� D

Ln
iD1.ker ��i /�. Since D� is locally trivial,

there exists a graded vector space W D
Ln
iD1 Wi such that any point in M admits an

open neighborhood U with D�jU D U �W so that

CMjU D .�S� E�=	�/jU Š �.U�S�W/ D C
1
U ˝ S�W: (3.5)

Since morphisms of graded manifolds are morphisms of ringed spaces, it is clear that F

is well defined at the level of morphisms.
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Remark 3.4. (a) The functor F takes split n-coalgebra bundles (Example 2.16) to split
n-manifolds (Example 2.3). Moreover, it sends linear n-coalgebra bundles to linear n-
manifolds.

(b) The correspondence .E!M;�/ 7! F .E!M;�/DM respects truncations (see
(2.3) and Example 2.15), i.e.,

F .E�k !M;��k/ DMk for all k 2 ¹0; : : : ; nº:

Remark 3.5 (Local coordinates). For an n-manifold M as in (3.4), by locally splitting
E�
�i as .ker��i /� ˚ .K

�
�i /
�, we see that degree i coordinates on M are given by a local

frame of .ker��i /� while the spaces .K�
�i /
� D .im��i /

� codify coordinates in degree i
which are products of coordinates of lower degrees. In fact, note that, globally,

C iMi�1
D �.K�

�i /
� ; i D 2; : : : ; n: (3.6)

One can check this equality by noticing that it holds in the split case (see (2.10)) and using
Proposition 2.17.

3.2. The equivalence of categories

We will now show that the functor in Proposition 3.3 is an equivalence of categories.
Given an n-manifold MD .M;CM/ recall from Section 2.2 that, for each i D 1;2; : : :,

C i
M
Š �E�

�i
for some vector bundleE�i !M (unique up to isomorphism), and the multi-

plication on CM is codified by vector bundle maps E�.iCj /! E�i ˝E�j . Picking those
maps with i C j � n gives a coalgebra structure � on E WD

L�1
iD�nE�i . Note that, by its

very construction, this coalgebra bundle .E; �/ associated with M is uniquely defined, up
to isomorphism.

Example 3.6. If M D .M; CM/ is a split n-manifold, then a corresponding coalgebra
bundle .E; �/ is isomorphic to a split coalgebra bundle. Indeed (see Example 2.3), since

CM D �S�.W/

for a graded vector bundle W D
Ln
iD1Wi ! M , by setting D D W�, one can directly

check that .E; �/ Š .ED; �
s/ (see Example 2.16).

Lemma 3.7. Let M be an n-manifold, and let .E; �/ be a corresponding coalgebra bun-
dle. Then, .E; �/ is admissible and CM Š �S� E�=	�.

Proof. Since admissibility is a pointwise condition, it is enough to verify that .E; �/ is
admissible on small open subsets, and this holds since M is locally isomorphic to a split
n-manifold (by (2.1)), so .E; �/ is locally isomorphic to a split coalgebra bundle (Exam-
ple 3.6), hence admissible (see Example 2.16).

For the second statement, note that, by the way .E; �/ is defined, we have that C i
M
D

�E�
�i

, for i D 1; : : : ;n, and there is a natural morphism of graded algebras � W�S� E�!CM
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satisfying �.	�/ D 0. To show that the induced map

�S� E�=	� ! CM

is an isomorphism, it is enough to show that it is an isomorphism on small open subsets.
This can be verified again using that .E; �/ is locally isomorphic to a split coalgebra
bundle, so the result follows from Lemma 3.2.

We are ready to show that, for each n, the category of n-coalgebra bundles and the
category of n-manifolds are equivalent.

Theorem 3.8. For each non-negative integer n, the functor F W n-CoAlg! n-Man from
Proposition 3.3 is an equivalence of categories.

Proof. We must verify that F is fully faithful and essentially surjective. To see that it is
fully faithful, let .E! M; �/ and .F! N; �/ be admissible n-coalgebra bundles, and
let M D .M; CM/ and N D .N; CN / be their respective images under F . As noticed in
Remark 3.1, we have that C i

M
D �E�

�i
and C i

N
D �F �

�i
for 1 � i � n. For morphisms

ˆ1;ˆ2 W .E; �/! .F; �/, consider F .ˆ1/D .�1; �
]
1/;F .ˆ2/D .�2; �

]
2/ WM! N , the

corresponding morphisms of n-manifolds. Then, F .ˆ1/ D F .ˆ2/ if and only if´
�1 D �2;

.�
]
1/
i D .�

]
2/
i W C i

N
! �1�C

i
M

for i D 1; : : : ; n:

But .�]j /
i D .ˆ�j /

i W �F �i ! �j��E�i for j D 1; 2. Therefore, ˆ1 D ˆ2, so F is faithful.
To see that F is full, recall that, for a morphism ‰ D . ;  ]/ W M ! N , the fact

that  ] W CN !  �CM is a morphism of sheaves of graded algebras implies that, for
each i D 1; : : : ; n, . ]/i W C i

N
D �F �i !  �C

i
M
D  ��E�i is a morphism of sheaves

of C1N -modules, which is equivalent (by adjointness) to a morphism . ]/i W  ��F �i !

�E�i of sheaves of C1M -modules, which is necessarily defined by a vector-bundle map
 �F �i ! E�i . It follows that there is a map ˆ W E! F of graded vector bundles covering
 WM ! N such that .ˆ�/i D . ]/i for 1 � i � n. Finally, the fact that  ] is an algebra
morphism implies that ˆ W E! F is a coalgebra morphism.

The fact that F is essentially surjective is a direct consequence of Lemma 3.7.

As a direct consequence of the equivalence in Theorem 3.8, along with Remark 3.4 (a)
and Proposition 2.17, we have the following result; see [7, Theorem 1].

Corollary 3.9. Any n-manifold is isomorphic to one that is split.

Remark 3.10 (Submanifolds). By means of the geometrization functor, one obtains a
description of submanifolds of a given n-manifold M D F .E ! M; �/ as admissible
coalgebra subbundles .F! N; �/ ,! .E!M;�/. Alternatively, by taking annihilators,
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one can describe submanifolds of M as graded subbundles .K! N/ � .E� ! M/ sat-
isfying

K \ ��.E� ˝ E�/jN D ��.K˝ E�
jN /:

At the graded geometric level, such subbundle K! N codifies the subsheaf of regular
ideals in CM defining the submanifold; see [10, Section 2.3] for a discussion of the case
n D 2.

3.3. Examples

Example 3.11. As we saw in Example 2.11, 1-CoAlg is isomorphic to Vect , the category
of vector bundles. Theorem 3.8 boils down to the well-known fact that

F W Vect ! 1-Man; F .E !M/ D .M; �^�E�/ D EŒ1�

is an equivalence of categories.

Example 3.12 (1-manifolds as n-manifolds). For a vector bundle E ! M , define the
admissible n-coalgebra bundle .E!M;�E / given by E�i D ^iE for 1 � i � n and �E

the coalgebra structure dual to the algebra structure on E� defined by the wedge product.
Then, F .E!M;�E / D EŒ1�, where EŒ1� is viewed as an n-manifold.

Example 3.13. We saw in Example 2.12 a characterization of admissible 2-coalgebra
bundles as triples .E�1 !M;E�2 !M;� W E�2 � E�1 ^ E�1/. The geometrization
functor

F W 2-CoAlg! 2-Man; F .E!M;�/ D

�
M;

�^�E�1˝S�E�2

he ^ e0 ˝ 1 � 1˝ ��.e; e0/i

�
recovers the vector-bundle description of 2-manifolds used in [10, Section 2.2].

Example 3.14 (2-manifolds as 3-manifolds). Let .E�2 ˚ E�1; ��2 W E�2 ! E�1 ˝

E�1/ be an admissible 2-coalgebra bundle, and denote by M the corresponding degree
2-manifold under F . Then, we can define an admissible 3-coalgebra bundle .E D E�3 ˚
E�2 ˚E�1; �/, where ��2 is as before and

E�3 D K
�
�3 and ��3 W K

�
�3 ! E�1 ˝E�2;

where K��3 is given as in (2.8) and ��3 is the natural inclusion. One can directly check
that this 3-coalgebra is admissible and, under Theorem 3.8, F .E!M;�/ DM, seen as
a 3-manifold (i.e., without local coordinates of degree 3).

The previous examples provided geometric characterizations of n-manifolds in low
degrees. We now give a class of examples of admissible n-coalgebra bundles in arbitrary
degrees and describe the corresponding n-manifolds via the geometrization functor.

In order to construct n-coalgebra bundles, we will take as input exact sequences of the
form

0! C ! �
'
! A˝ B ! 0; (3.7)
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where A, B , C , and � are vector bundles over M , and the maps are over the identity
map. We will refer to such exact sequences as dbv-sequences, since, as shown in [17], the
natural category they form is equivalent to the category of double vector bundles; more
concretely, a double vector bundle

D

��

// B

��

A // M

(3.8)

with core C gives rise to a dvb-sequence (3.7) where �! M is the dual of the vector
bundle whose space of sections are the double linear functions onD (see [22,33]), and this
sequence fully recovers D, up to isomorphism (see also [12] for a detailed discussion).

For the double vector bundles given by tangent and cotangent prolongations of a given
vector bundle A!M ,

TA

��

// TM

��

A // M

and

T �A

��

// A�

��

A // M;

(3.9)

the corresponding dvb-sequences are the dual sequences of

0! Hom.TM;A�/! J 1A�! A�! 0 and 0! End.A/! Der.A/! TM ! 0;

(3.10)
where J 1A� is the first jet prolongation of A� and Der.A/ is the vector bundle whose
sections are derivations of A (see Section 4.3).

Example 3.15 (n-coalgebra bundles from double vector bundles). For D a double vector
bundle (as in (3.8)) with corresponding dvb-sequence (3.7), we define, for each n � 2, an
admissible n-coalgebra bundle .ED !M;�D/ as follows. For n D 2, we set

ED�1 D A˚ B; ED�2 D ^
2A˚�˚^2B;

�D�2.� C ! C �/ D �
A
�2.�/C '.!/C �

B
�2.�/;

where � 2 ^2A;! 2 �; � 2 ^2B , and �A; �B are as in Example 3.12. For n > 2, we set

ED�i D

8̂̂<̂
:̂
^iA; i D 1; : : : ; n�2;

^n�1A˚ B; i D n�1;

^nA˚�; i D n;

and �D�i D

´
�A
�i ; i D 1; : : : ; n�1

�A�n C '; i D n:

Note that one can directly check that .ED ! M; �D/ is admissible by realizing that a
splitting of the exact sequence (3.7) gives an isomorphism with the split coalgebra bundle
.ED !M;�s/, where D!M is given by D�1 D A, D1�n D B , and D�n D C .
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For a geometric description of the n-manifolds

MD
WD F .ED !M;�D/;

we consider the 1-manifolds AŒ1� and DŒ1� corresponding to the vector bundles A!M

andD! B . The additional vector bundle structure ofD over AmakesDŒ1�! AŒ1� into
a vector bundle in the category of 1-manifolds. Denoting by R! AŒ1� the trivial vector
bundle with just one fiber coordinate of degree n � 1, i.e., R D R0j���j0jdn�1 � AŒ1� with
dn�1 D 1, the n-manifold MD can be regarded as the total space of the graded vector
bundle DŒ1�˝R! AŒ1�.

When D is the tangent or cotangent prolongation of A! M (see (3.9) and (3.10)),
one can check that

MTA
D T Œn � 1�AŒ1� and MT �A

D T �Œn�AŒ1�;

as defined in Example 2.5.

We will discuss more general cotangent bundles in Example 4.16
One can also use coalgebra bundles to give more explicit descriptions of morphisms

between N-graded manifolds, see, e.g., Remark 4.11.

4. Vector fields and tangent vectors

In this section, we review the notion of vector fields on N-graded manifolds and charac-
terize them in terms of admissible coalgebra bundles.

4.1. Vector fields

Let MD .M;CM/ be an n-manifold of dimensionm0j � � � jmn. For an open subsetU �M ,
a vector field of degree k on MjU is a degree k derivation X of CM.U /, i.e., an R-
linear map X W CM.U /! CM.U / with the property that, for all f; g 2 CM.U / with f
homogeneous, jX.f /j D jf j C k and

X.fg/ D X.f /g C .�1/jf jkfX.g/: (4.1)

Vector fields give rise to a sheaf of CM-modules over M . The sheaf of degree k vector
fields is denoted by T k

M
, and the sheaf of all vector fields by T �

M
D
L
k2Z T k

M
. The graded

commutator of vector fields, defined for homogeneous vector fields X; Y by

ŒX; Y � D XY � .�1/jX jjY jYX;

makes T �
M

into a sheaf of graded Lie algebras.
Let U � M be a chart of M with coordinates ¹x˛; eˇii º. Define the vector fields

@
@x˛
; @

@e
ˇi
i

as the derivations acting on coordinates by

@

@x˛
.x˛

0

/ D ı˛˛0 ;
@

@x˛
.e
ˇi
i / D 0;

@

@e
ˇi
i

.x˛/ D 0;
@

@e
ˇi
i

�
e
ˇ 0j
j

�
D ıij ıˇiˇ 0j :
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This definition implies thatˇ̌̌̌
@

@x˛

ˇ̌̌̌
D 0 and

ˇ̌̌̌
@

@e
ˇi
i

ˇ̌̌̌
D �je

ˇi
i j D �i:

Proposition 4.1. LetU be a chart of M with coordinates ¹x˛; eˇii º. Then, T �
M
.U / is freely

generated by
®
@
@x˛
; @

@e
ˇi
i

¯
as a CM.U /-module.

Proof. Let X be a vector field on MjU , and consider the vector field

X 0 D X �

m0X
˛D0

X.x˛/
@

@x˛
�

nX
iD1

miX
ˇiD1

X.e
ˇi
i /

@

@e
ˇi
i

:

It is clear that X 0 acts by zero on the coordinates, hence on arbitrary functions, and there-
fore, X can be written as a CM.U /-linear combination of

®
@
@x˛
; @

@e
ˇi
i

¯
.

Remark 4.2. By considering vector bundles in the realm of graded manifolds, one can
equivalently view vector fields on M as sections of tangent bundles [31].

Example 4.3 (Q-manifolds). A degree 1 vector field Q on an n-manifold M such that
ŒQ;Q� D 2Q2 D 0 is called a homological vector field (aka a Q-structure), since in this
case .CM; Q/ is a differential complex. The pair .M; Q/ is called a Q-manifold. A 1-
manifold with a homological vector field is the same as a Lie algebroid [42]; in general,
Q-manifolds codify Ln-algebroids, see [7].

4.2. Tangent vectors at a point

Let M D .M;CM/ be an n-manifold of dimension m0j � � � jmn. Given x 2M , we denote
by CMjx the stalk of CM at x, and given f 2 CM.U / with x 2 U , we denote by f its
class in CMjx . A homogeneous tangent vector of degree k at a point x 2 M is a linear
map v W CMjx ! R satisfying

v.fg/ D v.f/g0.x/C .�1/kjf jf 0.x/v.g/;

where f 0 and g0 denote the degree zero components of f and g, respectively. We denote
by TxM the space of tangent vectors at a point x 2M , noticing that it is a graded vector
space over R with dim.TxM/�i D mi for i D 0; : : : ; n, and zero otherwise.

For each open subset U � M , any vector field X 2 T �
M
.U / defines a tangent vector

Xx at each point x 2 U by
Xx.f/ D X.f /0.x/: (4.2)

Definition 4.4. We say that two vector fields X; Y 2 T �
M
.U / are linearly independent if

Xx and Yx are linearly independent for all x 2 U .
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For N-graded manifolds, it is clear that only vector fields of non-positive degrees can
generate nonzero tangent vectors. Therefore, in this setting, unlike the case of smooth
manifolds, vector fields are not determined by their corresponding tangent vectors.

Example 4.5 (Two different vector fields with the same tangent vectors at all points).
Consider the 1-manifold R1j1 WD ¹x; eº, where jxj D 0 and jej D 1. Then, the vector
fields

X D
@

@x
and Y D

@

@x
C e

@

@e

have the same tangent vectors at all points.

Proposition 4.6. LetU �M be an open subset, and consider vector fieldsX ik
k
2 T �k

M
.U /

for k D 0; : : : ; n, ik D 1; : : : ; dk . If they are linearly independent (in the sense of Defini-
tion 4.4), then the set ¹X ik

k
º is linearly independent over CM.U /.

The proof is a direct extension of the argument in [10, Proposition 2.17] for n D 2.

4.3. Geometrization of vector fields

We will now describe vector fields in non-positive degrees on N-graded manifolds in
terms of coalgebra bundles.

Let E D
Ll
iDk Ei ! M be a graded vector bundle for k; l 2 Z. For an open subset

U � M , a derivation of EjU is a pair .D;X/, where X is a vector field on U , called the
symbol of the derivation, and D W �E.U /! �E.U / satisfies

D.fe/ D X.f /e C fD.e/ 8f 2 C1.U /; e 2 �E.U /:

Note that if .D; X/ is homogeneous of nonzero degree, then X D 0. The corresponding
sheaf of derivations of E! M is a sheaf of (graded) C1M -modules and also a sheaf of
graded Lie algebras with respect to the graded commutator bracket

ŒD;D0� D D ıD0 � .�1/jDjjD
0jD0 ıD:

Since, as a sheaf of C1M -modules, the sheaf of derivations is locally finitely generated and
free, it can be realized as the sheaf of sections of a (graded) vector bundle

Der.E/!M;

fitting into the following short exact sequence:

0! End.E/! Der.E/
�
�! TM ! 0; (4.3)

where � is the symbol map. Note that Der.E/ D j̊ Der.E/j , where

Der.E/j D

´
Der.Ek/ �TM � � � �TM Der.El / for j D 0;L
bDaCj Hom.Ea; Eb/ for j ¤ 0:

(4.4)



A geometric characterization of N-graded manifolds and the Frobenius theorem 19

Remark 4.7. The bundle Der.E/, also called the Atiyah algebroid of E! M , was pre-
viously considered in [32], where representations, up to homotopy, of a Lie algebroid
.A! M; Œ�; ��; �/ on a graded vector bundle E! M are understood as L1-morphisms
from A to Der.E/.

We will use such derivations to describe vector fields of non-positive degrees on N-
graded manifolds. Given an n-coalgebra bundle .E ! M; �/, we define the associated
extended n-algebra bundle as the pair .E�R ! M;m/, where E�R D

Ln
iD0.E�R/i is the

graded vector bundle with

.E�R/i D

´
RM ; i D 0;

E�
�i ; 1 � i � n;

(4.5)

and the multiplication m W E�R ˝ E�R ! E�R is defined by �� and scalar multiplication
RM � E�j ! E�j ; here RM D R �M ! M . For an open subset U � M , a degree k
derivation .D;X/ of E�RjU is said to be compatible with m if

D.m.e; e0// D m.D.e/; e0/C .�1/kjejm.e;D.e0//: (4.6)

One can directly verify that the sheaf of compatible derivations of .E�R ! M;m/ is a
subsheaf of graded Lie algebras of the sheaf of derivations of E�R.

Lemma 4.8. Let .E! M;�/ be an admissible n-coalgebra bundle and M D F .E!
M;�/ be the corresponding n-manifold. For each non-positive integer k, there is a natural
inclusion

‡k W T k
M ,! �Der.E�R/k ;

given, for each open subset U �M , by

‡k.X/.e/ D X.e/; ‡k.X/.f / D X.f /;

where X 2 T k
M
.U /, e 2 �.E�R/i .U / D �E�

�i
.U / D C i

M
.U /, for i D 1; : : : ; n, and f 2

�RM .U / D C
1.U /, with the following properties:

(1) ‡k.T k
M
.U // D ¹D 2 �Der.E�R/k .U / compatible with mº;

(2) ‡kCl .ŒX; Y �/ D Œ‡k.X/;‡ l .Y /�.

Proof. The n-manifold M D .M; CM/ is such that C i
M
D �.E�R/i for i D 0; : : : ; n, and

the multiplication of functions in C i
M

and C j
M

, with i C j � n, agrees with m. Since CM

is generated as a sheaf of algebras by the homogeneous functions of degree � n, for any
open subset U �M , a vector field X 2 T k

M
.U / is completely determined by the maps

X i W C iM.U /! C iCk
M

.U / for i D 0; : : : ; n:

Thus, for k � 0, we see that X gives rise to, and is completely determined by, a map
D W �E�R.U /! �E�R.U /, which is a degree k derivation. Hence, ‡k is well defined and
injective. The bracket preserving property (b) follows directly from the definitions.



H. Bursztyn, M. Cueca, and R. A. Mehta 20

It remains to verify (a). Since m agrees with the multiplication of functions on CM, it
is clear that any derivation in the image of‡k satisfies (4.6), so we obtain one inclusion in
(b). For the other inclusion observe that any degree k derivationD of E�R can be extended
to yD W �S� E� ! �S� E� as a degree k derivation. IfD satisfies (4.6), then yD.	�/ � 	�, so
it descends to a derivation X of C �

M
D �S� E�=	�, in such a way that ‡k.X/ D D.

Since T k
M

is locally finitely generated and free as a sheaf of C1M -modules, a conse-
quence of Theorem 4.8 is that the sheaf of compatible derivations of .E�R; m/ of degree k
is the sheaf of sections of a subbundle

Der.E�R; m/k � Der.E�R/

for k D �n; : : : ; 0. This subbundle has a simple description when k D �n. From (4.4),
note that Der.E�R/�n D Hom.E��n;R/ D E�n, while from (4.6) we see that � 2 E�n is a
compatible derivation if and only if �j.K��n/� D 0 (see (3.6)), which implies that

Der.E�R; m/�n D ker��n � E�n:

Theorem 4.9. For each k D �n; : : : ; 0, we have

T k
M D �Der.E�R;m/k :

In particular, T �n
M
D �ker��n .

By means of the identification in Theorem 4.9, the natural CM-module structure of
TM translates into vector bundle maps

‚i;k W E
�
�i ˝ Der.E�R; m/k ! Der.E�R; m/kCi ; (4.7)

given on sections by ‚i;k.e ˝D/ D m.e; D.�//, for i D 1; : : : ; n, k D �n; : : : ; 0, and
k C i � 0.

Example 4.10 (Vector fields on 1-manifolds). Let MDEŒ1� be a 1-manifold. As recalled
in Example 2.11, the associated coalgebra bundle is E D E�1 D E, with zero comultipli-
cation. By (4.4) and Theorem 4.9, we have

Der.E�R; m/0 D Der.E�/ Š Der.E/; Der.E�R/�1 D E;

where the isomorphism on the left-hand side is via dualization of derivations. Therefore,

T 0
EŒ1� D �Der.E�/ Š �Der.E/ and T �1EŒ1� D �E I

see [46]. The only nontrivial map in the collection (4.7) occurs when i D 1 and k D �1,
and it is the natural inclusion

E� ˝E D End.E/ ,! Der.E/I

see (4.3).
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We will discuss vector fields on 2-manifolds in Example 4.15.

Remark 4.11 (Positive-degree vector fields on 1-manifolds). One can describe positive-
degree vector fields on EŒ1�. For k > 0, since a degree k vector field Q is a degree k
derivation of �^�E� , it is completely described by maps

ı0 W C
1
M ! �^kE� and ı1 W �E� ! �^kC1E� I

satisfying ı0.fg/ D ı0.f /g C f ı0.g/ and ı1.fe/ D ı0.f / ^ e C f ı1.f /. Such pairs
.ı0; ı1/ are called almost .k C 1/-differentials in [25], where they are shown to be equiv-
alent to linear .k C 1/-vector fields on E�. For k D 1 and Q2 D 0, this recovers the
correspondence between Q-structures on EŒ1�, Lie-algebroid structures on E (see Exam-
ple 4.3) and linear Poisson structures on E�.

From another viewpoint, following Remark 4.2, a degree k vector fieldQ, with k > 0,
may be seen as a sectionQ W EŒ1�! T Œk�EŒ1� of the shifted tangent bundle of EŒ1� (here
Q is regarded a morphism of .k C 1/-manifolds). Using the geometrization functor in
Examples 3.12 and 3.15, one can view Q as a morphism Q W .E; �E /! .ETE ; �TE / of
.k C 1/-coalgebra bundles satisfying IdE D � ıQ, where � W .ETE ; �TE /! .E; �E / is
the natural projection. We conclude that, for k � 1, there is a natural identification

degree k vector field Q•

8̂̂<̂
:̂

Pairs of vector bundle maps

� W ^kE ! TM and ‚ W ^kC1E ! .J 1E�/�

such that ' ı‚ D � ^ Id :

By means of the canonical splitting �J 1E� D �E� ˚ .�1M ˝ �E�/, the previous descrip-
tion of vector fields in positive degrees can be alternatively expressed in terms of multi-
brackets,

degree k vector field Q•

8̂̂̂̂
<̂
ˆ̂̂:

A vector bundle map � W ^kE ! TM;

and a bracket Œ�; : : : ; �� W �^kC1E ! �E such that

Œe1; : : : ; fekC1� D f Œe1; : : : ; ekC1�

C�.e1 ^ � � � ^ ek/.f /ekC1:

The fact that the objects on the right-hand side are equivalent to almost differentials on
E� !M is verified in [25, Section 3.2].

4.4. An inductive description

Recall (see (2.3)) that an n-manifold M gives rise to a tower of N-graded manifolds

M DM0  M1 � � �  Mn�1  Mn DM;

where Mr is an r-manifold defined by the subsheaf of algebras of CM locally generated
by functions of degree � r . We will use this tower to obtain a more explicit description of
vector fields in non-positive degrees on M following Theorem 4.8.



H. Bursztyn, M. Cueca, and R. A. Mehta 22

For k � 0, any section of T k
M

preserves the subsheaf CMr
� CM, and hence restricts

to a section of T k
Mr

, so we have restriction maps

resr W T k
M ! T k

Mr
; r D 0; : : : ; n:

Remark 4.12. Let M correspond to the admissible n-coalgebra bundle .E; �/. When
k D 0, r D 0, the restriction map T 0

M
! T 0

M D X1M corresponds to the symbol map

Der.E�R; m/0 � Der.E�R/
�
! TM:

Let X be a vector field on M of degree k � 0. Since a vector field on M is completely
specified by how it acts on C i

M
, for i D 1; : : : ; n, and

C iM D C
i
Mn�1

for i D 1; : : : ; n � 1;

it follows that X is completely determined by the degree k vector field resn�1.X/ on
Mn�1 together with the map

pn.X/ WD XjCn
M
W C nM ! C nCk

M
:

Note that resn�1.X/ and pn.X/ are related by the fact that they coincide on C n
Mn�1

� C n
M

.
In fact, we have the following lemma.

Lemma 4.13. A vector field on an n-manifold M of degree k � 0 is equivalent to a
pair .Y; Z/, where Y is a degree k vector field on Mn�1, Z W C n

M
! C nCk

M
satisfies

Z.fe/ D Z.f /e C f Z.e/ for f and e sections of C1M and C n
M

, respectively, and such
that

ZjCn
Mn�1

D YjCn
Mn�1

:

Let .E!M;�/ be an admissible .nC 1/-coalgebra bundle, let M D F .E; �/ be the
corresponding .nC 1/-manifold, take k � 0, and recall that

T k
M D �Der.E�R;m/k ;

and that
T k

Mn
D �Der..E�n/�R;m

�n/k
and C nC1

Mn
D �.K�

�.nC1/
/� I

see Remarks 3.4 (b) and 3.5. The next result is a reformulation of the previous lemma in
terms of coalgebra bundles using the identification above.

Proposition 4.14. The vector bundle Der.E�R;m/0 is given by the following pullback dia-
gram:

Der.E�R; m/0

resn

��

pnC1
// Der.E�

�.nC1/
/

��

Der..E�n/�R; m
�n/0 // Der..K�

�.nC1/
/�/

(4.8)
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Analogously, for k < 0, the vector bundles Der.E�R; m/k are given by the pullback dia-
grams

Der.E�R; m/k

resn

��

pnC1
// Hom.E�

�.nC1/
; E�
�.nC1/Ck

/

��

Der..E�n/�R; m
�n/k // Hom..K�

�.nC1/
/�; E�

�.nC1/Ck
/

(4.9)

Following the notation above, the maps resn and pnC1 are given by the natural restric-
tions. Recalling the exact sequence

0! ker��.nC1/ ! E�.nC1/
��.nC1/
�����! im��.nC1/ D K

�

�.nC1/
! 0;

the right vertical maps in the diagrams are given by restrictions with respect to the inclu-
sions ��

�.nC1/
W .K

�

�.nC1/
/� ,! E�

�.nC1/
. The bottom maps are defined by means of (4.6).

As an illustration of the previous proposition, we give a description of non-positive
degree vector fields on 2-manifolds using the description of vector fields on 1-manifolds
given in Example 4.10.

Example 4.15 (Vector fields on 2-manifolds). Let .E D E�2 ˚E�1; � W E�2 ! E�1 ˝

E�1/ be an admissible 2-coalgebra bundle and denote by M the associated degree 2-
manifold. Then, putting together Examples 2.12 and 4.10, we get thatK��2 D E�1 ^E�1,
M1 D E�1Œ1�, and

T �2M1
D 0; T �1M1

D �E�1 ; T 0
M1
D �Der.E��1/:

Thus, for k D 0;�1;�2, the vector bundles Der.E�R; m/k are defined by the following
pullback diagrams:

Der.E�R; m/�2

res1
��

p2
// E�2

�

��

0
0 // E�1 ^E�1

Der.E�R; m/�1

res1

��

p2
// Hom.E��2; E

�
�1/

�˝IdE�
�1

��

E�1 // Hom.E��1 ^E
�
�1; E

�
�1/

Der.E�R; m/0

res1
��

p2
// Der.E��2/

��

Der.E��1/ // Der.E��1 ^E
�
�1/

with the bottom maps given by

�.e ^ e0/ D �.e/e0 � �.e0/e and D.e ^ e0/ D D.e/ ^ e0 C e ^D.e0/;

for � 2 �E�1 ;D 2 �Der.E��1/ and e; e0 2 �E��1 . In other words,

Der.E�R; m/�2 D ker.�/;

Der.E�R; m/�1 D
®
.�; '/ 2 E�1 � Hom.E��2; E

�
�1/ j '.e ^ e

0/ D �.e/e0 � �.e0/e
¯
;
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and Der.E�R; m/0 is such that

�Der.E�R;m/0

D
®
.D1;D2/ 2 �Der.E��1/�TMDer.E��2/ j D

2.e ^ e0/ D D1.e/ ^ e0 C e ^D1.e0/
¯
:

This recovers the geometric description of vector fields in degrees 0, �1, and �2 in [12].

We now use the geometrization of vector fields to describe 3-coalgebra bundles corre-
sponding to certain cotangent bundles introduced in Example 2.5.

Example 4.16. Let us assume that .E D E�2 ˚ E�1; � W E�2 ! E�1 ˝ E�1/ is an
admissible 2-coalgebra bundle. Denote by M the associated degree 2-manifold, and let
Vk D .Der.E�R; m/k/

�, for k D �2;�1; 0, where Der.E�R; m/k are the vector bundles
introduced in Example 4.15. Following (4.7), we have maps

‚�1;�2 W V�1 ! E�1 ˝ V�2 and ‚�2;�2 C‚
�
1;�1 W V0 ! E�2 ˝ V�2 ˚E�1 ˝ V�1:

We obtain a new 3-coalgebra bundle .F!M; �/ by setting

F�1 D E�1 ˚ V�2; F�2 D E�2 ˚ V�1 ˚^
2V�2;

F�3 D E�3 ˚ V0 ˚ V�2 ^ V�1 ˚^
3V�2;

��2 D �˚‚
�
1;�2 ˚ i^ and ��3 D ��3 ˚‚

�
2�2 C‚1;�1 ˚ j ˚ i^;

where E�3 and ��3 are as in Example 3.14, V�1 ^ V�2 denotes the subbundle of V�1 ˝
V�2 fitting into the exact sequence

0! E��1 ! V�1 ^ V�2
j
�! E�1 ˝^

2V�2 ! 0;

and i^ is the natural coalgebra structure given by the wedge product on ^�V�2.
One can check that .F!M;�/ is indeed admissible and the corresponding 3-manifold

is F .F!M; �/ D T �Œ3�M, as defined in Example 2.5.

5. Distributions

Let M D .M;CM/ be an n-manifold of dimension m0j � � � jmn.

Definition 5.1. A distribution on M of rank d0j � � � jdn is a graded2 subsheaf

D � T �M

of CM-modules such that any point in M admits an open neighborhood U with the prop-
erty that D.U / is generated by vector fields ¹X ik

k
º, where kD 0; : : : ; n and ik D 1; : : : ; dk ,

such that jX ik
k
j D �k and which are linearly independent (at each point in U ).

We say that a distribution D is involutive if it is closed under the Lie bracket on T �
M

.

2By graded we mean that if X is a section of D over U , then so are its homogeneous components.
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For n D 0, such distributions are just the usual (regular) distributions on manifolds.

Remark 5.2. Distributions on supermanifolds have been considered, e.g., in [11, 18, 20]
as subsheaves of the tangent sheaf which are locally direct factors. Our formulation of the
local triviality property is closer to the one in [5].

Example 5.3 (The tangent vectors of a distribution do not determine its involutivity). In
R0j1j1, described by coordinates ¹e;pºwith jej D 1 and jpj D 2, consider the distributions

D D

�
@

@e

�
and D 0 D

�
@

@e
C e

@

@p

�
:

These two distributions have the same tangent vectors at all points, but D is involutive
while D 0 is not.

Lemma 5.4. For each l D 0; : : : ; n, the sheaf of C1M -modules D \ T �l
M

is locally free
and finitely generated.

Proof. For a small open subset U � M , let ¹X ik
k
º be linearly independent vector fields

generating D.U / (as in the definition), and, for each r D 1; : : : ; n, let ¹wqrr º be a basis of
C r

M
.U / as a C1.U /-module. Then, as a C1.U /-module,

D \ T �lM .U / D spanC1.U /
®
X
il
l
; wqrr X

ilCr
lCr
j r D 1; : : : ; n � l

¯
: (5.1)

The fact that the generating set above is linearly independent over C1.U / is a direct
consequence of the linear independence of the vector fields ¹X ik

k
º over CM.U /, which

follows from Proposition 4.6.

Suppose now that M D F .E; �/ for an admissible n-coalgebra bundle .E! M;�/.
Recall that, by Theorem 4.9,

T �kM D �Der.E�R;m/�k for k D 0; : : : ; n:

By the previous lemma, there are vector subbundles .Ck!M/� .Der.E�R;m/!M/

such that
�Ck D D \ T �kM ; k D 0; : : : ; n: (5.2)

Recall the maps ‚i;j in (4.7) and resr (see Proposition 4.14).

Theorem 5.5. Let us assume that .E! M;�/ be an admissible n-coalgebra bundle. A
distribution in M D F .E; �/ is equivalent to a collection of vector subbundles .Ck !
M/ � Der.E�R; m/�k , for k D 0; : : : ; n, satisfying

‚1;�.kC1/.E
�
�1 ˝ CkC1/C � � � C‚n�k;�n.E

�
k�n ˝ Cn/ D ker.resk/ \ Ck : (5.3)

Moreover, for such a collection ¹Ckº, the intersections ker.resk/\Ck have constant rank,
and local generators of the distribution are identified with the union of local frames of
Ck=.ker.resk/ \ Ck/, for k D 0; : : : ; n. (Note that (5.3) is trivial for k D n since resn is
the identity map.)
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Proof. Given a distribution D in M, condition (5.3) is a direct consequence of (5.2) and
(5.1).

On the other hand, consider subbundles Ck � Der.E�R; m/�k , for k D 0; : : : ; n, sat-
isfying (5.3). Using that �Ck � �Der.E�R;m/�k D T �k

M
, we consider the subsheaf of CM-

modules of TM given by

D D CM � �C0 C � � � C CM � �Cn :

We must check that it is a distribution, in the sense of Definition 5.1.
Note that, as a sheaf of C1M -modules, C 1

M
� �CkC1 C � � � C C

n�k
M
� �Cn is locally free.

By (5.3), ker.resk/ \ Ck is a vector subbundle of Ck so that

C 1M � �CkC1 C � � � C C
n�k
M � �Cn D �ker.resk/\Ck :

In particular, the fact that C 1
M
� �CkC1 C � � � C C

n�k
M
� �Cn � �Ck implies that

D \ T �kM D �Ck :

With the choice of splittings, we write Ck D .ker.resk/ \ Ck/˚ .Ck=.ker.resk/ \ Ck//,
and consider local frames of Ck=.ker.resk/ \ Ck/ as given by local vector fields ¹X ik

k
º,

ik D 1; : : : ; dk , of degree �k. The union of these vector fields for k D 0; : : : ; n on any
small open subset U �M generates D.U /, as in Definition 5.1.

Remark 5.6 (Restrictions). For an n-manifold M, recall the tower of N-graded mani-
folds,

M DM0  M1 � � �  Mn�1  Mn DM:

Given a distribution D on M of rank d0j � � � jdn, there is a distribution Dr on each Mr , of
rank d0j � � � jdr , characterized by the condition

Dr \ T �kMr
D resr .D \ T �kM /

for k D 0; : : : ; r . This can be shown directly using local generators, or the viewpoint of
Theorem 5.5. Moreover, if D is involutive, so is each Dr .

Example 5.7 (Distributions on 1-manifolds). Any 1-manifold is of the form EŒ1� for a
vector bundle E !M , and, as seen in Example 4.10,

T 0
EŒ1� D �Der.E�/ and T �1EŒ1� D �E :

It follows from Theorem 5.5 that distributions on EŒ1� are described by vector subbundles
C0 � Der.E�/ and C1 � E, satisfying

C1 ˝E
�
D C0 \ ker.res0/ D C0 \ ker �;

where � W Der.E�/! TM is the symbol map (see Remark 4.12). Hence, for n D 1, we
recover the geometric characterization of distributions in [46, Lemma 3.1].



A geometric characterization of N-graded manifolds and the Frobenius theorem 27

A distribution represented by C0 and C1 is involutive if and only if C0 is a Lie subal-
gebroid of Der.E�/ Š Der.E/ and C1 � E is invariant under C0. In this case, as shown
in [46, Lemma 3.2], C0 is equivalent to the data of an involutive distribution F � TM and
a flat F -connection r on E=C1: indeed, given C0, we set F D �.C0/, and

rX Œe� D ŒD
�.e/� for X 2 �F ; Œe� 2 �E=C1 ;

and D� the dual of D 2 �.C0/ with �.D/ D X ; given F and r, we define C0 such that

�C0 D
®
D 2 �Der.E�/ j �.D/ 2 �F ;D

�.�C1/ � �C1 ; ŒD
�� D r�.D/

¯
; (5.4)

where ŒD��2�Der.E=C1/ is given by ŒD��Œe�D ŒD�.e/� for Œe� denoting the class of e 2�E
in �E=C1 .

The next example is a particular instance of the previous one.

Example 5.8 (Lie algebroids). A Lie algebroid structure on A! M , with anchor � and
bracket Œ�; ��, is equivalent to a degree �1 Poisson structure … on the manifold A�Œ1� that
can be written in local coordinates ¹xi ; e˛º as

… D �i˛.x/
@

@xi
^

@

@e˛
C c




ˇ˛
.x/e


@

@eˇ
^

@

@e˛
:

We have the subsheaf of hamiltonian vector fields AHam� TA�Œ1�, defined on open subsets
U �M by

AHam.U / D
®
….df / 2 TA�Œ1�.U / j f 2 CA�Œ1�.U /

¯
;

that is locally generated by the vector fields

X˛ D �i˛.x/
@

@xi
C c




ˇ˛
.x/e


@

@eˇ
and Y i D �i˛.x/

@

@e˛
:

Then, AHam defines a distribution (in the sense of Definition 5.1) if and only if � W A!
TM has constant rank and ker.�/ is a bundle of abelian Lie algebras. The corresponding
triple .C1; F;r/ as in Example 5.7 is given by C1 D im.�t / � A�, F D im �, and r the
dual of the F -connection given by

r
�
W �im.�/ � �ker.�/ ! �ker.�/; r

�
Xe D Œ Oe; e�;

where Oe 2 �A is such that �. Oe/ D X , noticing that ker.�/� D A�= im.�t / D A�=C1.

A source of examples of N-graded manifolds carrying distributions in degree 2 is given
by coisotropic submanifolds of symplectic 2-manifolds, as discussed in [10, Section 4].

It follows from Example 5.7 that a distribution on a 1-manifold EŒ1� of rank d0j0 is
specified by an involutive subbundle F � TM and a flat F -connection on E (or, dually,
on E�). For later use, we will need the extension of this result to N-graded manifolds of
arbitrary degrees.
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Proposition 5.9. Let .E!M;�/ be an admissible n-coalgebra bundle and MDF .E;�/
the associated n-manifold. An involutive distribution D on M of rank d0j0j � � � j0 is equiv-
alent to the following data: an involutive subbundle F � TM and flat F -connections ri

on E�
�i , i D 1; : : : ; n, satisfying

r
iCj
X .��.e; e0// D ��.riXe; e

0/C ��.e;r
j
Xe
0/ (5.5)

for all e 2 �.E�
�i /, e

0 2 �.E�
�j /, and X 2 �.F /.

Proof. According to Theorem 5.5, a distribution D with rank d0j0j � � � j0 is equivalent to
a vector subbundle C0 � Der.E�R;m/0 such that ker.�/ \ C0 D 0. Recall that sections of
Der.E�R; m/0 are given by derivations Di of E�

�i , all with the same symbol X D �.Di /,
such that

DiCj .��.e; e0// D ��.Die; e0/C ��.e;Dj e0/:

The symbol map � projects C0 isomorphically onto its image F WD �.C0/, so C0 is the
image of r D .� jC0/

�1 W F ! Der.E�R;m/0. The distribution D is involutive if and only
if C0 is a subalgebroid, which amounts to F being involutive and r being determined by
F -connections ri on E�

�i , satisfying (5.5), which are flat.

6. The Frobenius theorem

In this section, we will prove the Frobenius theorem for n-manifolds, asserting that any
involutive distribution is locally generated by coordinate vector fields.

As a warm-up, we start by proving the Frobenius theorem for 1-manifolds. Let E !
M be a vector bundle with m0 D dim.M/ and m1 D rank.E/.

Proposition 6.1. Let D be an involutive distribution on EŒ1� of rank d0jd1. Then, any
point in M admits a neighborhood U with coordinates ¹x˛; eˇ º, ˛ D 1; : : : ; m0 and
ˇ D 1; : : : ; m1, on EŒ1�jU such that

D.U / D

�
@

@x1
; : : : ;

@

@xd0
;
@

@e1
; : : : ;

@

@ed1

�
: (6.1)

Proof. Any point in M admits a neighborhood U such that

D.U / D hX1; : : : ; Xd0 ; Y 1; : : : ; Y d1i; (6.2)

where X i 2 T 0
EŒ1�

.U /; Y j 2 T �1
EŒ1�

.U / are linearly independent. As recalled in Exam-
ple 5.7, D is described by a triple .C1; F;r/, where C1 � E is a subbundle, F � TM
is an involutive subbundle, and r is a flat F -connection on E=C1. With respect to these
data, picking local generators of D as in (6.2) amounts to choosing a frame ¹�1; � � � �d1º
of C1jU and local sections ¹D1; : : : ;Dd0º of C0jU , following the notation in (5.4), so that
the symbols �.Dj /, j D 1; : : : ; d0, form a frame for FjU .
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Showing that one can find local generators of D as in (6.1) translates into showing
that there exist local coordinates ¹x˛ºm0˛D1 on U and a frame ¹eˇ ºm1

ˇD1
of E�

jU
, as well as a

frame ¹�1; � � � �d1º of C1jU and sections ¹D1; : : : ;Dd0º of C0jU as above satisfying

�.Da/.x
˛/ D ıa˛; Da.e

ˇ / D 0; �b.e
ˇ / D ıbˇ (6.3)

for a D 1; : : : ; d0, ˛ D 1; : : : ; m0, b D 1; : : : ; d1, ˇ D 1; : : : ; m1.
We construct the above data ¹x˛º, ¹eˇ º, ¹�bº, and ¹Daº as follows. Shrinking U if

necessary, the usual Frobenius theorem implies the existence of local coordinates ¹x˛ºm0˛D1
on U such that3 FjU D h@xa j a D 1; : : : ; d0i, we can assume that EjU and C1jU are trivial
and, writing EjU D C1jU ˚ .E=C1/jU (with the choice of a splitting), we define a flat
F -connection on EjU by

yr D r
triv
˚r;

wherer triv denotes the trivial F -connection onC1jU . Let yr� be the dual flat F -connection
onE�

jU
, and let ¹eˇ ºm1

ˇD1
be a frame of flat sections ofE�

jU
such that ¹e1; � � �ed1º is a frame

of flat section of C �1 jU . Take ¹�bº
d1
bD1

to be the dual frame on C1jU and

Da WD yr
�

@xa
; a D 1; : : : ; d0:

These data satisfy (6.3).

We will now generalize the previous proposition to n-manifolds of arbitrary degree;
for that, we will first consider the special cases of distributions of ranks d0j0j � � � j0 and
0jd1j � � � jdn.

Lemma 6.2. Let M be an n-manifold of dimension m0j � � � jmn with an involutive dis-
tribution D of rank d0j0j � � � j0. Then, any point in M admits a neighborhood U with
coordinates ¹x˛; e ǰ

j º on MjU such that

D.U / D

�
@

@x1
; : : : ;

@

@xd0

�
: (6.4)

Proof. Let .E! M;�/ be an n-coalgebra bundle such that M D F .E; �/. As seen in
Proposition 5.9, the distribution D is equivalent to an involutive subbundle F � TM
and flat F -connections rj on E�

�j for j D 1; : : : ; n, satisfying (5.5); with respect to
this geometric description, the statement of the lemma translates into the existence of a
neighborhood U of any point inM admitting coordinates ¹x˛ºm0˛D1, together with a frame

¹Z1; : : : ;Zd0º of FjU and frames ¹e ǰ

j º
mj

ǰD1
of .ker��j /� for j D 1; : : : ; n, satisfying the

following properties:
Za.x

˛/ D ıa˛; r
j
Za
.e

ǰ

j / D 0:

3For local coordinates ¹x˛º on U �M , we denote the corresponding coordinate vector fields on U by
@x˛ ; when ¹x˛º is part of a coordinate system ¹x˛ ; eˇ º on MjU

D EŒ1�jU , we use the notation @
@x˛

for the
corresponding degree 0 vector field (which is a derivation of E�jU with symbol @x˛ ).
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In the equation on the right-hand side, we regard e ǰ

j , ǰ D 1; : : : ;mj , as sections ofE�
�j jU

by means of suitable splittings of the exact sequences

0! .K
�
�j /
�
! E��j ! ker.��j /� ! 0

for j D 1; : : : ; n; see Remark 3.5.
The desired data ¹x˛º, ¹Zaº, ¹e

ǰ

j º is constructed as follows. Taking U small enough,
the usual Frobenius theorem implies the existence of local coordinates ¹x˛ºm0˛D1 onU such
that ¹Za WD @xaº

d0
aD1 is a frame for FjU . It follows from condition (5.5) that .K�

�j /
� �

E�
�j is rj -invariant, and this ensures the existence of linearly independent flat sections

¹e
ǰ

j º
mj

ǰD1
of E�

�j jU
spanning a subbundle complementary to .K�

�j /
�.

Lemma 6.3. Let M be an n-manifold of dimension m0j � � � jmn and D an involutive
distribution of rank 0jd1j � � � jdn. Then, any point in M admits a neighborhood U with
coordinates ¹x˛; e ǰ

j º on MjU such that

D.U / D

�
@

@e11
; : : : ;

@

@e
d1
1

; : : : ;
@

@e1n
; : : : ;

@

@e
dn
n

�
:

Proof. We proceed by induction on n. For n D 1, the statement is a particular case of
Proposition 6.1. Assuming that the lemma holds for N-graded manifolds of degree n� 1,
we will prove it for degree n. For simplicity, we will use the notation

p
 D e
n

for degree n coordinates.
Following Remark 5.6, D defines a distribution Dn�1 on the truncation Mn�1. The

explicit local picture is as follows: in an open U with coordinates ¹x˛; e ǰ

j ; p

º, for j D

1; : : : ; n � 1, on MjU , and such that D.U / is generated by linearly independent vector

fields Y bjj andZc , where j D 1; : : : ; n� 1, bj D 1; : : : ; dj , c D 1; : : : ; dn, Y bjj has degree

�j andZc has degree�n, the truncation Mn�1jU has coordinates ¹x˛; e ǰ

j º and Dn�1.U /

is generated by the restrictions of Y bjj to Mn�1jU .
By the induction hypothesis, shrinking U if necessary, we may assume that

Dn�1.U / D

�
@

@e1j
; : : : ;

@

@e
dj
j

j j D 1; : : : ; n � 1

�
;

and that the vector fields Y bjj and Zc satisfy

resn�1.Yj bj / D
@

@e
bj
j

and resn�1.Zc/ D 0: (6.5)

The vector fields Zc form a local frame for the subbundle Cn � ker��n � E�n (see
Theorems 4.9 and 5.5). Passing to a smaller neighborhood if necessary, we can extend
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this frame to a local frame of ker��n, and the dual frame of .ker��n/� defines degree n
coordinates

¹p1; : : : pdn ; OpdnC1; : : : ; Opmnº

that complete ¹x˛; e ǰ

j º to a set of local coordinates of MjU in such a way that Zc D @
@pc

and, by (6.5),

Y
bj
j D

@

@e
bj
j

C

dnX
lD1

Y
bj
j .pl /

@

@pl
C

mnX
lDdnC1

Y
bj
j . Opl /

@

@ Opl
;

cf. Proposition 4.1. By considering linear combinations, we may redefine

Y
bj
j WD

@

@e
bj
j

C

mnX
lDdnC1

Y
bj
j . Opl /

@

@ Opl

and conclude that

D.U / D

�
Y
bj
j ;

@

@pc

�
for j D 1; : : : n� 1, bj D 1; : : : ; dj ; and c D 1; : : : ; dn. We will now implement successive
changes of coordinates just involving the variables Opl that will turn each Y bjj into @

@e
bj
j

.

We will simplify the notation and denote the coordinates ebjj by eb . Suppose that we
have already brought s � 1 vector fields (note that s � 1 could be zero) to the desired form,
so we are in the situation

D.U / D

�
@

@e1
; : : : ;

@

@es�1
; Y s; : : : ; Y k ;

@

@p1
; : : : ;

@

@pdn

�
; (6.6)

where Y b D @

@eb
C
Pmn
lDdnC1

gbl @

@ Opl
. Note that since each coefficient gbl has degree

n � jebj < n, we have that

@

@pc
gbl D 0;

@

@ Opi
gbl D 0; (6.7)

for c D 1; : : : ; dn and i D dn C 1; : : : ; mn.
We will now define a change of variables turning Y s into @

@es
. The following is a key

observation.

Claim. For each l with gsl ¤ 0, there is a (unique) degree n function Gsl on MjU such
that @

@es
Gsl D gsl .

Let us verify this claim. Since gsl depends polynomially on es , we may write it as

gsl D

rX
tD0

.es/taslt (6.8)
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(note that this sum must have finitely many terms), and we simply set

Gsl D

rX
tD0

1

1C t
.es/tC1aslt : (6.9)

Such Gsj satisfies the condition in the claim provided it is nonzero. This is clearly the
case when jesj is even. To check that this also holds when jesj is odd, we will make use
of the involutivity condition of D . Using the second condition in (6.7), we see that (recall
that jY sj D �jesj is odd)

ŒY s; Y s� D 2

mnX
lDdnC1

@gsl

@es
@

@ Opl
;

and this vector can only be in D.U / if

@gsl

@es
D 0: (6.10)

Note that Gsl D esgsl when jesj is odd, and (6.10) ensures that this is nonzero. This
concludes the proof of the claim.

Consider the change of coordinates that only modifies the coordinates Opl according to

Opl 7! Opl �Gsl ; l D dn C 1; : : : ; mn;

while keeping all the other coordinates unchanged (here we set Gsl to be zero if gsl is
zero).

To verify how this transforms the generators of D.U / in (6.6), we first observe that

@gsl

@eb
D 0; b D 1; : : : ; s � 1; (6.11)

which is a consequence of �
@

@eb
; Y s

�
D

mnX
lDdnC1

@gsl

@eb
@

@ Opl
;

and the involutivity of D . Note that conditions (6.7) and (6.11) hold for aslt in (6.8), and
hence (see (6.9)),

@Gsl

@pc
D 0;

@Gsl

@ Opi
D 0; and

@Gsl

@eb
D 0 (6.12)

for b D 1; : : : ; s � 1. It then follows, by the usual transformation rule for vector fields
under change of coordinates, that

@

@pc
;

@

@ Opi
; and

@

@eb
;
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for b D 1; : : : ; s � 1, remain unchanged. For b � s, we have that @

@eb
transforms to

@

@eb
�

mnX
lDdnC1

@Gsl

@eb
@

@ Opl

in the new coordinates. In particular, the fact that @
@es
Gsl D gsl implies that Y s agrees

with @
@es

after the change of coordinates.
We conclude that, in the new coordinates, we can write

D.U / D

�
@

@e1
; : : : ;

@

@es
; Y sC1; : : : ; Y k ;

@

@p1
; : : : ;

@

@pdn

�
;

where Y b D @

@eb
C
Pmn
lDdnC1

Qgbl @

@ Opl
. The proof of the lemma follows from a successive

repetition of the argument.

We now prove our main theorem.

Theorem 6.4 (Frobenius theorem for N-graded manifolds). Let M be an n-manifold of
dimension m0j � � � jmn and D an involutive distribution on M of rank d0j � � � jdn. Then,
any point in M has a neighborhood U with coordinates ¹x˛; e ǰ

j º on MjU such that

D.U / D

�
@

@x1
; : : : ;

@

@xd0
;
@

@e11
; : : : ;

@

@e
d1
1

; : : : ;
@

@e1n
; : : : ;

@

@e
dn
n

�
:

Proof. Let U be a neighborhood where D.U / is generated by vector fields ¹X ik
k
º, k D

0; : : : ; n, as in Definition 5.1. By applying Lemma 6.3 to the distribution generated by
¹X

ik
k
º for k >0, we conclude that (by shrinkingU if necessary) that there exist coordinates

¹x˛; e
ǰ

j º on MjU such that

D.U / D

�
yX1; : : : ; yXd0 ;

@

@e11
; : : : ;

@

@e
d1
1

; : : : ;
@

@e1n
; : : : ;

@

@e
dn
n

�
;

where yX1; : : : ; yXd0 are linearly independent, degree 0 vector fields. In the above coordi-
nates,

yXa D

m0X
˛D0

ga˛
@

@x˛
C

nX
jD1

mjX
ǰD1

f
aj

ǰ

@

@e
ǰ

j

with ga˛ 2 C
1.U / D C 0

M
.U / and f aj

ǰ
2 C

j

M
.U /: Hence, by taking linear combinations,

we can write

D.U / D

�
X1; : : : ; Xd0 ;

@

@e11
; : : : ;

@

@e
d1
1

; : : : ;
@

@e1n
; : : : ;

@

@e
dn
n

�
;
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where Xa is of the form

Xa D

m0X
˛D0

ga˛
@

@xa
C

nX
jD1

mjX
bjDdjC1

f
aj

bj

@

@e
bj
j

:

Note that, for i D 1; : : : ; n and ˇi D 1; : : : ; di ,�
@

@e
ˇi
i

; Xa
�
D

nX
jD1

mjX
bjDdjC1

@f
aj

bj

@e
ˇi
i

@

@e
bj
j

:

So, it follows from the involutivity of D that

@f
aj

bj

@e
ˇi
i

D 0: (6.13)

By splitting the local coordinates on MjU as ¹x˛; ebjj º and ¹e ǰ

j º, for j D 1; : : : ; n,
bj D dj C 1; : : : ; mj , and ǰ D 1; : : : ; dj , we write

MjU D Rm0jm1�d1j���jmn�dn
jU

�R0jd1j���jdn

in such a way that, by (6.13), D is identified with the direct product of the involutive
distributions

D1 D hX
1; : : : Xd0i

on Rm0jm1�d1j���jmn�dn
jU

of rank d0j0j � � � j0 and D2 D h
@

@e1j
; : : : ; @

@e
dj
j

jj D 1; : : : ; ni on

R0jd1j���jdn . We conclude the proof by applying Lemma 6.2 to D1.

The following is a simple instance of the Frobenius theorem.

Corollary 6.5. LetX be a vector field of degree �k on an n-manifold M for k D 1; : : : ; n
(resp., k D 0) such that Xx ¤ 0 for x 2 M and ŒX; X� D �X , where � is a degree k
function on M. Then, there is a neighborhood of x with coordinates ¹x˛; e ǰ

j º such that
X D @

@e1
k

(resp., X D @
@x1

).

This last result follows from the observation that the vector field X generates an invo-
lutive distribution in a neighborhood of x. Analogous local normal forms for vector fields
on supermanifolds can be found in [38] (cf. [43, Lemmas 4.7.5, 4.7.6]); see also [36].

Remark 6.6 (Normal forms ofQ-structures). Since vector fields of positive degree vanish
when evaluated at points in the body, they do not generate distributions and hence do
not fit into the framework of the Frobenius theorem. For homological vector fields (see
Example 4.3), the study of local normal forms is motivated by several results in geometry;
e.g., local splitting theorems for Lie algebroids as well as similar results for Courant and
higher Lie algebroids (see [6]) can be viewed as local normal forms for Q-structures on
N-graded manifolds (see [41] for results on supermanifolds).
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Remark 6.7 (Integrability and foliations). We say that a distribution D of rank d0j � � � jdn
on an n-manifold M of dimensionm0j � � � jmn is integrable if there exist, around any point
in M , a neighborhood U , neighborhoods V1 and V2 of the origin in Rd0 and Rm0�d0 ,
respectively, and an isomorphism

‰ WMjU ! Rd0j���jdn jV1 �Rm0�d0j���jmn�dn jV2 (6.14)

identifying D with the distribution TRd0 j���jdn � 0. As in the classical case, Theorem 6.4 is
equivalent to saying that a distribution D is integrable if and only if it is involutive.

A foliation atlas on M is a collection of charts as in (6.14) such that the transition
maps preserve the distribution TRd0 j���jdn � 0. As in classical geometry (see, e.g., [35]), one
can define foliations on N-graded manifolds by means of foliation atlases and establish
an equivalence between foliations and involutive distributions.
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