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On strictly elliptic K3 surfaces and del Pezzo surfaces
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Abstract. This article primarily aims at classifying, on certain K3 surfaces, the
elliptic fibrations induced by conic bundles on smooth del Pezzo surfaces. The key
geometric tool employed is the Alexeev—Nikulin correspondence between del Pezzo
surfaces with log-terminal singularities of Gorenstein index two and K3 surfaces with
non-symplectic involutions of elliptic type: the latter surfaces are realized as appro-
priate double covers obtained from the former ones. The main application of this
correspondence is in the study of linear systems that induce elliptic fibrations on K3
surfaces admitting a strictly elliptic non-symplectic involution, i.e., whose fixed locus
consists of a single curve of genus g > 2. The obtained results are similar to those
achieved by Garbagnati and Salgado for jacobian elliptic fibrations.

1. Introduction

We work over the field of complex numbers C.

One of the principal algebraic invariants of a projective algebraic variety X is its group
of biregular automorphisms, denoted as Aut(X). In many cases, this group can be used
to discover geometric properties of the underlying algebraic variety and its projective
models. Furthermore, as we will explore, the mere existence of suitable involutions has
non-trivial consequences regarding special linear systems on the corresponding variety.

One of the main successful approaches to study the automorphism group of a smooth
projective variety X is to consider the natural induced action on cohomology lattices.
Indeed, a classical result by Lieberman [26] states that the neutral component Aut®(X)
has finite index in the kernel of the linear representation Aut(X) — GL(H?(X,Z)), i.e.,
Aut(X) splits into its neutral component Aut®(X) and its discrete image in GL(H?(X, Z))
(see, e.g., [9] for further details).

The aforementioned strategy has been classically employed to investigate the auto-
morphism groups of smooth del Pezzo surfaces, which are projective algebraic surfaces Z
such that the anti-canonical divisor — Kz is ample. In cases where these groups are finite,
they are realized as subgroups of the Weyl group of an appropriate lattice (see Chapters 8-9
of [17] for details and a historical account). Another remarkable class of algebraic varieties
for which this method is commonly used are projective K3 surfaces, i.e., simply connected
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smooth projective surfaces X with trivial canonical bundle Ky ~ 0. Indeed, for these
surfaces the relevance of the study of automorphisms is a consequence of the celebrated
Torelli theorem due to Pyatetskii-Shapiro and Shafarevich [35], and general lattice theor-
etic results by Nikulin [31,32].

Remarkably, these two classes of surfaces are naturally related thanks to the work
of Alexeev and Nikulin [2] (see also [30, 43]) on the classification of del Pezzo sur-
faces Z of Gorenstein index 2, i.e., the Weil divisor —2K 7z is an ample Cartier divisor.
More precisely, let us recall that in any K3 surface X, there is a holomorphic and non-
vanishing (i.e., symplectic) 2-form wy such that H’(X, Q)Zf) = C- wy, and thus we say that
o € Aut(X) is symplectic if 0*(wx) = wy, and that is non-symplectic otherwise. In this
terms, the correspondence [2] between K3 surfaces X and (possibly) singular del Pezzo
surfaces Z of Gorenstein index 2 goes as follows: the so-called smooth divisor theorem
(see Theorem 1.5 in [2]) ensures that, given such a del Pezzo surface, there is a smooth
irreducible curve C in the linear system | — 2K z|. Subsequently, a double cover W — Z
can be constructed, branched over both C and Sing(Z). The crucial observation lies in the
fact that the minimal resolution X — W is a K3 surface, and the involution ¢: X — X asso-
ciated with the covering is such that t*wy = —wy, i.e., t is a non-symplectic involution.
Through an analysis of X and the quotient surface X /(t), the authors in [2] reduce the
classification problem for Z to the study of K3 surfaces with non-symplectic involutions.

It is worth mentioning that the above construction is a vast generalization of the fact
that the double cover of P? branched over a smooth sextic curve C is a K3 surface with
a non-symplectic involution. This classical construction (revisited by Dolgachev [16] and
Reid [36] using modern methods) was considered by Enriques and Campedelli (see [8]),
who investigated double coverings of P? that are birational to a K3 surface. Another
remarkable recent construction in birational geometry, closely related to our context, is
the work of Peters and Sterk [34] where they consider nodal Enriques surfaces constructed
from a K3 surface obtained as a double cover of a smooth del Pezzo surface of degree 6.

Even in the simplest case where the quotient del Pezzo surfaces are smooth (which will
be our case of interest), the correspondence by Alexeev and Nikulin enables a connection
between the geometric properties of the del Pezzo surface Z = X/(t) and the lattice-
theoretic properties of the invariant lattice NS(X)"" associated with the non-symplectic
involution ¢ on the K3 surface (see Section 2.2 for details). For instance, it follows from
results by Nikulin in [32] that the topology of the fixed locus X* is determined by suit-
able discrete invariants (r, a, §) of the lattice NS(X )‘* which, in turn, can be interpreted
through Z (e.g., the genus of the fixed curve X* = C, will be given by g = K% + D).

After understanding the topology of the fixed locus, a natural next step is to describe
the possible linear systems on these K3 surfaces, following the work initiated by Saint-
Donat in [38]. Notably, linear systems inducing elliptic fibrations (see Definition 2.11,
and note that we do not require the existence of a section) are of special interest, as they
can be characterized numerically thanks to the results in Section 3 of [35] and since they
have important arithmetic applications (see, e.g., [40]). Significant progress has been made
in this direction, particularly in the case where the K3 surface is generic among those
admitting a non-symplectic automorphism with a given fixed locus (see Convention 2.15).
More precisely, in [13, 19,20, 23, 32, 33], the authors classify elliptic fibrations on K3
surfaces with a non-symplectic involution in many cases, using the fact that the fixed locus
of the involution is either empty, the disjoint union of two elliptic curves or contains at least
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arational curve (we refer the reader to Remark 3.4 for further details). In order to complete
the classification of elliptic fibrations on such generic surfaces, it remains to study the case
when X* = C, consists of a single smooth irreducible curve of genus g > 2. In regard of
the previous discussion,

the main purpose of this article is to address, through the Alexeev—Nikulin cor-
respondence, the remaining case in the classification of (not necessarily jacobian)
elliptic fibrations on generic K3 surfaces (in the sense of Convention 2.15) that
admit a non-symplectic involution ¢: X — X.

To achieve this, we will restrict ourselves to the case where X* = Cy is a smooth
irreducible curve of genus g > 2, and we will say that «: X — X is a strictly elliptic
involution (see Definition 3.1). As we will observe in Proposition 3.5, the main feature of
the pair (X, ¢) is that the Alexeev—Nikulin correspondence results in a smooth del Pezzo
surface Z = X /(t). In this context, our main result (see Theorem 3.10) establishes that
the quotient projection 7: X — Z = X /(1) induces a correspondence between elliptic
fibrations §: X — P! and conic bundles (see Definition 2.4) fizZ— P!, and moreover,
& = f om. It is worth noting that analogous results have been obtained for other K3
surfaces with non-symplectic involutions, provided the fixed locus X* contains rational
curves (see, e.g., Section 5 of [19], Section 7.1 of [20] and Section 5.10 of [13]). In con-
trast, the main advantage of our approach using del Pezzo surfaces, as opposed to previous
works relying on lattice-theoretic methods (where the existence of a section of the elliptic
fibration or the presence of a rational curve in the fixed locus X* is important), is its com-
patibility with standard tools from Mori theory (see, e.g., Chapter 6 of [14]). Notably, in
our case, we can classify the effective classes of curves inducing conic bundles on the sur-
face Z (see Proposition 2.9), following a similar approach as in the case of (—1)-curves in
Section 26 of [27], and use them to describe all admissible singular fibers of the induced
elliptic fibrations on the corresponding K3 surface X (see Section 5).

Finally, it is noteworthy that, as a consequence of recent work [12] by Clingher and
Malmendier, the considered elliptic fibrations are not jacobian, i.e., they do not admit
sections. However, it is not difficult to observe (see Section 5) that they admit bisec-
tions which can be induced by the (—1)-curves in the associated del Pezzo surface (see
Example 3.11). Despite the absence of jacobian elliptic fibrations, and consequently the
inability to consider Weierstrass models, these K3 surfaces are quite special due to the
fact that by Section 2.8 in [2], they have finite automorphism groups. Remarkably, they
fall within the recent work by Roulleau [37], where some explicit projective models are
studied and where the full lattice NS(X) is described (see Section 4).

2. Background and preliminaries

2.1. Conic bundles and smooth del Pezzo surfaces

Let us recall that a smooth projective surface Z is called a del Pezzo surface if the anti-
canonical divisor —K 7 is ample. The positive integer d(Z) = (—Kz)? is called the degree
of Z: it is the main invariant that allows for their classification. More precisely, we have
the following classical result (see, e.g., Section 24 of [27] and Proposition 8.1.25 in [17]).
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Theorem 2.1. Let Z be a smooth del Pezzo surface of degree d. Then, 1 <d < 9 and we
have that:
() Ifd =09, then Z ~ P2,
(i) If d =8, then Z is isomorphic to either P! x P! or to the blow-up of P? at one
point (i.e., the Hirzebruch surface Fy).
(iii) If 1 <d <7, then Z is isomorphic to the blow-up of P? at 9 — d points in general
position.
Here, we say that the points are in general position if the following hold:
(1) no three points are on a line;
(2) no six points are on a conic;
(3) no nodal or cuspidal cubic passes through eight points with one of them being the
singular point.
Conversely, any blow-up of i points in general position, i = 1,...,8, is a smooth del
Pezzo surface.

Convention 2.2. We will denote by Z an arbitrary smooth del Pezzo surface. Addition-
ally, we will denote by Z; the del Pezzo surface of degree d € {1, ..., 8} obtained as the
blow-up of 9 — d points in general position in P2, and by E1, ..., E9_g the corresponding
exceptional divisors.

It is worth mentioning that the geometry of exceptional curves on del Pezzo surfaces is
completely understood. For instance, it is known that every irreducible curve with negative
self-intersection on a smooth del Pezzo surface Z is a (—1)-curve (see, e.g., Theorem 24.3
in [27]). More precisely, we have the following result (see Section 26 of [27] and Sec-
tion 8.2.6 of [17]).

Theorem 2.3. Let Z 4 be a smooth del Pezzo surface of degree 1 <d <8 and let s: Z 5 — P?
be its representation as the blow-up of 9 — d points p; € P2, i €{1,...,9—d}, in gen-
eral position. Let T' € Zg be a (—1)-curve. Then the image £(I') C P? is of one of the
following types:
(1) one of the points p;;
(2) a line passing through two of the points p;;
(3) a conic passing through five of the points p;;
(4) a cubic passing through seven of the points p; such that one of them is a double point;
(5) a quartic passing through eight of the points p; such that three of them are double
points;
(6) a quintic passing through eight of the points p; such that six of them are double
points;
(7) a sextic passing through eight of the points p; such that seven of them are double
points and one is a triple point.

Moreover, the number n of (—1)-curves on Z g is given by the following table:

6 5 4 3 2 1
6 10 16 27 56 240

d| 8 7
nil 3




On strictly elliptic K3 surfaces and del Pezzo surfaces 1493

Following the same line of ideas that allow the classification of the images of (—1)-
curves in the above result, we can describe the possible conic bundles on smooth del Pezzo
surfaces. For the reader’s benefit, we recall the relevant notions about conic bundles below.

Definition 2.4 (Section 1 of [39]). A conic bundle on a smooth projective surface Z is
a surjective morphism onto a smooth curve f:Z — C whose general fiber is a smooth,
irreducible curve of genus 0.

Remark 2.5. According to Liiroth’s theorem, if Z is a rational surface (e.g., a smooth del
Pezzo surface), then the curve C must be isomorphic to P!

Definition 2.6. Let Z be a smooth projective surface. We say that an element [D] € NS(Z)
is a conic class if D is nef, D2 = 0,and D - Kz = —2.

Lemma 2.7. Let Z be smooth rational surface. Then there exists a correspondence be-
tween the set of conic bundles on Z and the set of conic classes of NS(Z).

Proof. First, let [D] € NS(Z) be a conic class. Then, by the Riemman—Roch theorem and
Theorem II1.1. (a) in [21], the associated map ¢|p|: Z — P! is a well-defined morphism,
and since every fiber is linearly equivalent to D it is a conic bundle on Z. On the other
hand, let f: Z — P! be a conic bundle, then it is clear that the class of any fiber of f,
say F, is a conic class. [

Remark 2.8. The number of singular fibers of a conic bundle is a numerical invariant. For
instance, for a conic bundle f:Z; — P! on the del Pezzo surface Zg, it is well known
that the number of singular fibers is 8§ — K %d = 8 — d, as seen in Section 1 of [24].

Proposition 2.9. Let Z; be a del Pezzo surface of degree d < 8 obtained as the blow-up
of 9 — d points in general position in P2. Then the conic classes are listed in Table 1.
Moreover, the number N of conic bundles on Z ; is given by the following table:

d || 8

7 4 3 2 1
N |1l 2

10 27 126 2160

6 5
35

Proof. This is a classical fact that can be found in Section 2 of [15] (see also Table 2
in [41]). For the reader’s convenience, we give a self-contained proof.

Lemma 2.7 allows us to classify for each Z4, with 1 < d < 8, the conic classes [D] €
NS(Z,) that produce conic bundles. Indeed, since Z is the blow-up of P? in 9 — d points

in general position, then
9—d

Pic(Zq) = ZL & (P ZE;.
i=1
where L is the class of pull-back of a line and each E; is an exceptional divisor. Thus,
Kz, =-3L+Ei+--+E9_gand D =LL+a1E;+---+ag_qE9_g, so the numer-
ical conditions that impose Lemma 2.7 are

52=a%+"'+a§_d»
-3 +2=a1+-+a9—g4.
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For each d, one gets the possibilities for D of Table 1 solving the Diophantine equa-
tion system. A straightforward combinatorial computation gives the total number of conic
bundles N for each d depending on n. ]

Remark 2.10. If Z ~ P! x P!, the only conic bundles are the two different projections
onto P!,

In what follows, we will relate the presence of conic bundles and elliptic fibration,
therefore we recall the definition of the latter.

Definition 2.11. An elliptic fibration on a smooth projective surface X is a surjective
morphism 7: X — T, where T is a smooth algebraic curve, the fiber 7~ (¢) is a curve of
genus 1 for all but finitely many ¢ € T', and r is relatively minimal.

Remark 2.12. Observe that following Definition 1.3.1 in [28], and contrary to other
works, e.g., [20], we do not ask for the presence of a section in the definition of elliptic
fibration. When a section exists, we will refer to the elliptic fibration as jacobian.

2.2. Non-symplectic involutions on K3 surfaces

We refer the reader to [22,25] for the notation and preliminaries on K3 surfaces and elliptic
fibrations (e.g., we consider the ADE lattices to be definite negative).

Let X be a projective K3 surface and let ¢: X — X be an automorphism of finite
order n. Let us recall that ¢ is symplectic (respectively, purely non-symplectic) if p*w = @
(respectively, ¢*w = Aw for some A a primitive n-rooth of the unity), where w is a non-
degenerate holomorphic 2-form on X (i.e., HO (X, 52?() = C . w). Given a K3 surface X
and a non-symplectic involution ¢ on X, we denote X* the fixed locus of the involution
and NS(X )‘* the invariant lattice, i.e.,

NS(X)" = {x € NS(X) : *x = x}.

Classical results on non-symplectic involutions on K3 surfaces allow us to classify
their fixed loci and invariant lattices. It is an elementary but very useful observation that
H2(X,Z)" c NS(X) as lattices for any non-symplectic involution :.

Proposition 2.13 (Theorem 4.2.2 in [32]). Let X be a K3 surface and let  be a non-
symplectic involution with a non-empty fixed locus. The fixed locus of t can be either the
disjoint union of two elliptic curves, X' = E1 U E,, or the disjoint union

X'=CqURiU---URg,

where Cq is a smooth curve of genus g and the R;’s are rational curves. Moreover, g =
(22—r—a)/2andk = (r —a)/2, where r = tkNS(X)"" and a is the length of NS(X)"",
ie, 2% = [NS(X)"|.

Remark 2.14. In the case X' = @, it follows from Theorem 4.2.2 in [32] that necessarily
(r,a,8) = (10,10, 0). Moreover, in that case, Theorem 4.2.4 and Proposition 4.2.5 in [32]
imply that NS(X)"" ~ U(2) @ Es(2) and the group Aut(X) is infinite. Since X* = @, we
have that X /(t) is an Enriques surface.
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L—Y e Ej,J C{l,....8),|J]| =4

L—2E Y e Epiefl,..8,J = {8 \{i}.lJ|=5

d=8|D=L-E
d=7|D=L-E;.i=1.>2
d=6|D=L-E;,i=123
d=5|D=L—E;i=1234
D=2l S
d=4|D=L-E;i=12345
D=2L-Y,E.JcC{l..5./]=4
d=3|D=L—-E;,i=1234,56.
D=2L-Y,,E.JC{l..6.J =4
D=3L-2E Yo, E.ic{l.....6), ] ={l.....6}\ {i}
d=2|D=L-E.i=1,...17
D=2L-Y,,E.JC{l..T.|/|=4
D=3L-2E Y, Enic{l.... 7] ={L.. T)\{i}.[J|[=5
D=4L-2Y ;B —~Ypex B J C{L... T/ =4 K={l.... )\ J
D=5L—E—2Y ., E.ic{l.... 7} J={l... T)\{i}
d=1|D=L-E.i=1,...8
D
D
D

Il
v

L—ZZJ-EJEJ—ZkeKEk,J,KC{l....,8},|J\:4,|K|:3,J|’1K=®

D=4L-3E —Y o, B ie{l....8, J={L...8\{i}

D =5L-3E —2Yc; Ej — Ypex Eigi €41.....8},
JKC{,. . . 8\{i}.|J|=3.K|=4,JNK=0

D=5L—E 2%, ,E.ie{l....8). JC{l... .8 \{i}. /]| =6

D :6L_3ZjeJ E]'_ZZkeKEk_ZreREr’
J,K,RC{1,....8},|J|=2,|K|=4,|R|=2,JNK=JNR=KNR=9

D=7L—4E; —3E; =2 icx Ex. i €{1.....8}, j €{l.....8)\ {i},
K={1,....8\{ij}

D=TL—E—2Y;c; Ej —3 Y kex Ex i €{1.....8}, J.K C{l.....8}\ {i}.
|J|=3, |K|l=4, JNK=0

D =8L—4E; —2Y ey Ej =3 yex Ex. i €{1.....8}, J.K C{l.....8}\ {i},
|J|=3, |K|=4, JNK=0

D=8L—E 3%, E.ic{l...8), J={l..8\{i)

D =9L—2E;—4Y ;c; Ej —3Y yeg Ex. 1€4l.....8). JK C{I.....8}\{i}.
[J|=2, |K|=5 JNK=20

D=10L-3Y;c, Ei—4Y e, I.JC{l.....8). [J|=|K|=4, JNK =0

D=11L=3E—4Y ., E. ie{l....8}, J ={I.....8) \ {i}

Table 1. Conic classes on the del Pezzo surface Z ;.

Convention 2.15. In what follows, we will assume that X is generic among the K3 sur-
faces admitting a non-symplectic involution with a given fixed locus. This is equivalent to
the condition the action of ¢* is trivial on NS(X).
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Figure 1. All possible invariants (r, a, §).

As observed in [32], the invariants (r, a) allow to recover the topological invariants
(g, k) of the fixed locus X*. Viceversa, if the pair (g, k) is known, a third invariant § is
needed to identify uniquely NS(X)"": § = 0 if and only if X* ~ 0 mod 2 in H»(X,Z),
otherwise § = 1. The picture of all possible invariant (7, a, §) is presented in Figure 1
of [1]. For completeness, we include it in Figure 1.

The following result characterizes the quotient of a K3 surfaces by a non-symplectic
automorphism.

Proposition 2.16. Let X be a projective K3 surface and let ¢ be a non-symplectic auto-
morphism of finite order. Then,

(1) the quotient X /(@) is a rational surface or birational to an Enriques surface;

(i) if @ is an involution, then the fixed locus of ¢ is empty if and only if X /{p) is an
Enriques surface.

Proof. See Lemma 4.8 in [22] for (i). For (ii), the “only if” part is proven in Lemma 1.2
of [43]. Suppose that ¢ is an involution. We know that if the fixed locus is non-empty, then
X% = D has codimension one and it is a disjoint union of smooth curves. Furthermore,
the canonical divisor of cyclic coverings implies that D ~ 2K (,) and so the quotient is
not an Enriques surface. Suppose that the fixed locus X ¢ is empty. Then,

27" Kx /() ~ Kx ~ 0,
implying that X /() is an Enriques surface. |

Remark 2.17. It is a classical fact that K3 surfaces admitting a non-symplectic auto-
morphism of finite order are projective and the Néron—Severi lattice is hyperbolic. See
Corollary 1.10 in Chapter 15 of [22] and Theorem 3.1 in [31], for instance.
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3. Strictly elliptic involutions

Let X be a K3 surface and ¢ a non-symplectic involution on X . According to the notation
in Section 2.8 of [2], it is natural to classify ¢ into three categories: ¢ is of elliptic type if X*
contains a curve of genus g > 2. This is equivalent to r 4+ a < 18, (r,a, §) # (10,8, 0).
The involution ¢ is of parabolic type if X* contains a genus 1 curve, which is equivalent
tor +a = 20or (r,a,8) = (10,8, 0). Finally, ¢ is of hyperbolic type if X* = @ or if X*
only contains rational curves, which is equivalent to r 4+ a = 22 or (r,a,§) = (10, 10, 0).

In this work, we specifically focus on the case of elliptic type, and in particular, we
consider K3 surfaces that admit a non-symplectic involution with no rational curves in the
fixed locus.

Definition 3.1. Let X be a K3 surface and let ¢ be a non-symplectic involution on X. We
say that ¢ is of strictly elliptic type if its fixed locus is given by X* = C,, where Cy is a
smooth irreducible curve of genus g > 2.

Remark 3.2. Looking at Figure 1, one can observe that the Néron—Severi groups of the
strictly elliptic type K3 surfaces correspond to points on the line r = a with r < 9, and
they all have § = 1 except for the case r = 2, where both § = 0 and § = 1 are possible.
As a consequence of [32], possibilities for NS(X) are as follows: if » = 2,§ = 0, then
NS(X) = U(2); otherwise, if 6 = 1, one has

(2), ifr=1,
NS(X) = { (2) ® Ay, if r =2,
UR) @ A% 2, ifr > 3.

Observe that by Section 2.8 of [2], the automorphism group of a K3 surface with a non-
symplectic involution of elliptic type is finite. Moreover, in Section 2 of [20], the authors
consider a non-symplectic involutions t: X — X such that X satisfies the Convention 2.15
and divide the possible elliptic fibrations &: X — P! into two types:

e Type 1: ¢ maps each fiber of & to itself.
* Type 2: ¢ maps at least one fiber of & to another fiber of &.
The next statement follows from the proof of Proposition 2.5 in [20].

Lemma 3.3 (Garbagnati—Salgado). Let X be a K3 surface and let 1: X — X be a non-
symplectic involution of strictly elliptic type satisfying Convention 2.15. Then, X only
admits elliptic fibrations of Type 1 with respect to L.

Remark 3.4. As mentioned in the introduction, our methods rely on the correspond-
ence between strictly elliptic K3 surfaces and smooth del Pezzo surfaces, as established
in [2]. This correspondence allows us to analize the case where the fixed locus corres-
ponds to a single smooth irreducible curve Cy of genus g > 2. Additionally, prior works
[13,19,20,23,33] are devoted to describe all (jacobian) elliptic fibrations in Figure 1 except
for the cases (r,a,§) = (10, 10,0) and (r,a,8) = (10, 10, 1). The former case corresponds
precisely to the situation X* = @ (see Remark 2.14) and thus X/{¢) is an Enriques sur-
face, while the latter case arises when the fixed locus is given by a single smooth elliptic
curve E.
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It is noteworthy that the case (r,a, §) = (10, 10, 1) falls beyond our analysis, and it
should be noted that, by Lemma 3.3, the nature of the corresponding elliptic fibrations is
necessarily different from the strictly elliptic case.

On the other hand, in the case (r,a,8) = (10, 10, 1) we have that the quotient Z = X/ {t)
is a smooth rational surface with K % =0and —2Kz ~ E, where X' ~ E is an elliptic
curve (cf. the proof of Proposition 3.5 below). In particular, it follows from Proposition 2.2
in [10] that there exist an irreducible pencil of sextics in P2 with 9 nodes Pls---, Do as
base points such that Z = Bl ,,(P?), and that the elliptic fibration ¢|g|: Z — P! is
the proper transform of this pencil.

Finally, observe that by Corollary 3.3 in [12], the case (r,a, §) = (6,4, 0) does not
admit jacobian elliptic fibrations and therefore it is not considered in the analysis of [20]
despite the presence of a rational curve in X*‘. On the other hand, by Table 9 in [30],
Z = Proj @m0 H*(X, Ox (mCy))" is a singular del Pezzo surface of Gorenstein index
two that can be realized via a Sarkisov link starting from P(1, 1, 4) or as a hypersurface of
degree 5in P(1, 1, 1, 4) (see Propositions 7.4 and 7.11 in [30]).

Proposition 3.5. Let X be a K3 surface admitting an involution of strictly elliptic type.
Suppose that Cg is the smooth irreducible curve of genus 2 < g < 10 fixed by .

(1) If 8§ = 0, then the K3 surface X can be realized as the double cover of P! x P! over
a smooth irreducible curve B € |Opiyp1(4,4)| of genus 9.

(2) If § = 1, then the K3 surface X can be realized as the double cover of a del Pezzo
surface Z 4 of degree d = g — 1 ramified over a smooth irreducible curve B belong-
ing to the linear system | — 2Kz, |.

Moreover, in the case § = 1, the image of B in P? is a nodal sextic curve Ty that
passes through 9 — d points corresponding to the points where the blow-up of P? is done
to obtain Z ;.

Proof. By Proposition 2.16 and the fact that X* is of pure codimension 1 (see Proposi-
tion 2.13), the quotient X /(t) is a smooth rational surface. Furthermore, since the fixed
locus of ¢ is an irreducible curve C, of genus g > 2, the quotient X /(t) is a del Pezzo
surface of degree d = KJZ(/(L) = g — 1. Denote by Z = X/(t) and by B the image under
the quotient map of the curve C,. We have that B € | — 2Kz|, and by the genus for-
mula, g(B) = g(Cg) = K% + 1 =d + 1. According to the classification of strictly
involutions of elliptic type, we know that g is an integer number at most 10, hence the
degree of Z; satisfies 1 < d < 9. Consequently, either Z ~ P! x P! (and d = 8) or
Z ~ Z, is obtained as the blow-up of P? at some generic points p1, ..., po_q. In the lat-
ter case, let  be the blow-up map and E/s be the corresponding exceptional divisors, then
Be|-2Kz,|=|6L—-2 Z?;f E;|, where L is the pull-back of a line in P? via 8. This
implies that B can be considered as the strict transform of an irreducible curve I'y C P2
of degree 6 passing with multiplicity two at each point pq, ..., pg—g. It is worth noting
that curves with these properties can always be found; see, e.g., Theorem 1 in Section 5.2,
Chapter 5, of [18].

Finally, the fact that § = 0 corresponds precisely to double covers of P! x P! follows
from Proposition 2.13, Table 1, and the topological condition (see formula (38) on page 32
of [2]) imposing that %[B] is an integral homology class in Hy(X/(t),Z). |
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Remark 3.6. It is worth noticing that the case where X* consist of a curve of genus 10 fits
in the framework of the previous proposition when considering d = 9, i.e., the rational
surface is Zo9 ~ P2. In this case, as we will see in Theorem 3.10, there are no elliptic
fibrations on X, therefore our analysis will focus on d < 8.

Following the construction presented in Proposition 3.5, if we take the double cover of
the plane P? branched at a nodal sextic curve I'; we get a singular surface Y, with ADE
singularities, such that its minimal resolution X is a K3 surface, and the strict transform
of I'y is a smooth curve Cy on X. So, we have a diagram as below.

Cg c X min. res Y
11:1 2:ll lll
B C Za _F ., p2 oIy

Figure 2. Strictly elliptic K3 surfaces and smooth del Pezzo surfaces as in Proposition 3.5 (2).

Remark 3.7. It is worth mentioning that in Section 7 of [20], the authors consider a K3
surface X together with a non-symplectic involution : X — X as in Convention 2.15
and such that X* = C, U Ry U --- LU Ry consists of a smooth irreducible curve Cg of
genus g > 2 and k > 1 rational curves. In this setting, some of these K3 surfaces are
such that X /(1) ~ P2, and it is observed that in such instances, X can be realized as the
double covering of P? along a reducible sextic curve. We refer the reader to the Table in
Section 7.1 of [20] for further details (see also Section 5 of [19] and Section 5.10 of [13]).

Lemma 3.8. Let Z be a del Pezzo surface of degree d and let f:Z — P! be a conic
bundle on Z with Fy the fiber over a point x € PL. If E is an irreducible curve such
that E C Supp(Fy), then E?> € {—1,0} and g(E) = 0. Let' B €| —2Kz| be a smooth
irreducible curve, then

£ {—1 ifE-B =2,

0 ifE-B=4
Proof. By the correspondence in Lemma 2.7, to any conic bundle f:Z — P!, we can
associate a conic class, i.e., an effective class [D]€NS(Z) such that D>=0,Kz-D = —2,
and f = ¢|p| is corresponding the induced map. Furthermore, if £ is an irreducible com-
ponent of Supp(Fyx), we have that E - F, = E - D = 0. Suppose that E2 > 0. By the
Hodge index theorem, D is numerically trivial. However, this contradicts Kz - D = —2.
Thus, E2 < 0.
By the genus formula, we have that

2pa(E)—2=E*>+Kz-E <0,

IThe existence of such a curve can be deduced from the smooth divisor theorem (see Theorem 1.5 in [2]), or
simply from the classification of smooth del Pezzo surfaces. Indeed, the divisor —2Kz, is very ample for d > 2
and it defines a double cover ¢|_»x,|: Z — Q ford = 1, where Q C P3 is a quadric cone. See Chapter IV
of [6] for details.
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and thus
2pq(E)—2 <0,

since E2 <0 and —Kz - E > 0 by the Nakai-Moishezon ampleness criterion. Hence,
pa(E) = 0, and thus E ~ P!. Finally, for a smooth irreducible curve B € Z such that
—2K7 ~ B, we have that E - B = 2E? + 4, from which the last statement of the lemma
follows thoroughly. |

Remark 3.9. Note that the smooth fibers of any such conic bundle over del Pezzo surfaces
are rational curves intersecting the curve B € | — 2K 7| at four points, taking multipli-
cities into account. Additionally, the singular fibers consist of two rational curves with
self-intersection —1 that intersect at a single point and each component intersects B at
two points.

We can now state our main theorem concerning the correspondence between conic
bundles on Z and elliptic fibrations on X.

Theorem 3.10. Let X be a K3 surface and 1: X — X a non-symplectic involution of
strictly elliptic type. Let Z = X /(1) be the quotient smooth del Pezzo surface as in Pro-
position 3.5, and let w: X — Z be the quotient map.

If d = 9and g = 10, the K3 surface X does not admit any elliptic fibration. If d <8,
there is a correspondence

Conic bundles ~ Elliptic fibrations
{f:Z—>P1 } { €:X - P! } S fom

Moreover, the fixed curve X' = C is a bisection of &, i.e., E -C = 2 for the general
fiber E of &: X — P,

Proof. The case Z ~ P! x P! is treated in Proposition 2.4 of [16] and in Section 3 of [36]:
observe that the composition of the projection 7 with the projection p; on P! x P! (and
similarly for p,) defines an elliptic fibration on X, as a consequence of the genus for-
mula for the double cover. Hence, X admits at least two distinct elliptic fibrations. Now
assume & is an elliptic fibration on X ; this induces a pencil on P! x P!, but the only conic
bundles are the projections (see Remark 2.10). Therefore, the elliptic fibration & must be
of the form 7 o f, where f is either p; or p,.

In what follows, we will assume that Z ~ Z is the blow-up of 9 — d points in P2 in
general position (cf. Theorem 3.2 in [36], where the case of Zg ~ F; is also considered).

We first observe that when g = 10, the K3 surface X does not admit elliptic fibrations.
Indeed, as observed in Remark 3.2, in this case NS(X) =~ (2), i.e., it is generated by a
class of square 2. Thus there are no classes D £ 0 with D? = 0, and therefore no elliptic
fibrations.

First, let us consider &: X — P! an arbitrary elliptic fibration. Since ¢ is strictly elliptic,
we know that ¢ must map each fiber of & to itself (see Lemma 3.3), and thus & factors
through a fibration f: X /(1) ~ Z4; — P'. Since Z is a smooth del Pezzo surface and f
has connected fibers, it follows that f is a K z,-negative contraction with one-dimensional
fibers and thus is a conic bundle by Theorem 3.1 (ii) in [3].
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x —&., pt

g%

Figure 3. Elliptic fibrations on strictly elliptic K3 surfaces and conic bundles on del Pezzo surfaces.

Conversely, consider a conic bundle f: Z; — P! and define &:= f om: X — PL.
Here, we have that B := n(C) € | —2Kz,|. In particular, if we denote by F' the general
fiber of f:Z; — P!, we have that B - F = 4 and then it follows from the Riemann—
Hurwitz formula that &: X — P! is an elliptic fibration. The induced conic bundle is
precisely f:Z; — P! and thus we get the desired correspondence. Finally, the fact that C
is a bisection of &: X — P! follows directly from the projection formula. ]

Example 3.11. Let Z; be a del Pezzo surface of degree d < 8 obtained as the blow-up
of 9 — d points in general position in P2. Now fix a conic bundle f: Z; — P! and let
&: X — P! be the corresponding elliptic fibration.

Let F be the general fiber of &: X — P!, let I" be the general fiber of f: Z; — P!,
and let £ € Z4 be a (—1)-curve. By the projection formula,

F-n*(E) =deg(m)(I'-E) =deg(r) =2 aslongasT-E =1,

and hence these (—1)-curves on Z, induce bisections of &: X — P!. The condition
I' - E =1 can be explicitly verified by means of Theorem 2.3 and Proposition 2.9. For
instance, following Convention 2.2, in Z4 we can consider

E=2L—-FE,—E,—E;—E4—Es
and we can check that
e f’'=L—E{,thenE-T =1;
e fI’'=2L—FE;—E;—FE3—E4,thenE-T =0.

4. Examples and Néron—-Severi lattices

We will now present some examples.
Example 4.1. Let X be the smooth quartic surface given by the equation
{xg + X7 4+ x5 + x5 +6(x3x] —xTx3 +x7xF + x5 x5 —x3x5 +x5x3) =0} C P2
We consider the automorphism
t: X > X, [x0:x1:x2:x3] > [x0:X1:x2: —Xx3],

which is a non-symplectic involution on X, and the fixed locus of ¢ is the smooth quartic
curve

C = {xg +x7 + x5 +6(xgx? —xIx2+x3x3) =0} C {xo = 0} = P?

of genus g(C) = 3.
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The quotient X /(1) = Z is a smooth rational surface, and by the formula of the
canonical divisor of double coverings (see Section 22 in Chapter V of [7]), we have
that B := 7(C) ~ —2Kz. Therefore, the bi-anticanonical divisor —2Kz is ample and
K % = 2,i.e., Z >~ Z, adel Pezzo surface of degree two. Conversely, a del Pezzo surface
of degree 2 is isomorphic to a double cover of P? branched at a smooth quartic curve (see,
e.g., Chapter IV of [6]).

More generally, Section 5.3 of [11] gives a correspondence between plane sextic
curves with 7 nodes in general position and smooth planar quartic curves. In particular, the
smooth quartic curve C C P? corresponds a sextic curve I' € P? with 7 nodes in general
position. By considering the blow-up of P? at the 7 nodes of T, followed by taking the
double cover ramified at the strict transform of I', we obtain the K3 surface X.

The surface X has Néron—Severi lattice U(2) & A?G, as outlined in Section 8.4 of [37].
It is noteworthy, in accordance with Theorem 8.2 in [5], that X is projectively equivalent to
Burnside’s quartic surface. Specifically, its group of projective automorphisms is Z5 - Gs.

As we observed, K3 surfaces of strictly elliptic type have finite automorphism group
(see Section 2.8 of [2]) and thus they are related with the works of Roulleau, Artebani and
Correa Deisler [4,37].

For instance, if d = 7, the corresponding K3 surface has Picard rank 3 and is obtained
as double cover of P? branched over a sextic curve with two nodes p; and p,. By Propos-
ition 3.4 in [37], the surface admits three (—2)-curves. Two of them are contracted to p;
and p,, while the image of the third is the line through the two nodal points.

Similar descriptions and properties regarding the configuration of the (—2)-curves for
1 < d < 6 are provided in [4,37]. We have summarized the references for each case in
Table 2, where r = rk NS(X).

NS(X)

S1,1,2 =~ U(2) & Ay, Section 3.4 of [37]
U(2) ® A®2, Proposition 2.11 in [4]
U(2) ® A%, Section 5.2 of [37]

U(2) ® A®*, Section 6.7 of [37]

U(2) ® A®?, Section 7.3 of [37]

U(2) ® A%, Section 8.4 of [37]

U(2) ® A®7, Section 9.4 of [37]

Oolo|w|la|n|s~|w]|=
—|o|lwir|n|o| s

Table 2. Néron—Severi group of strictly elliptic K3 surfaces with r > 3.

In the case d = 8 (and subsequently r = 2), we distinguish between the cases § = 0
and § = 1, where Z ~ P! x P! and Z ~ F respectively. In the § = 0 case, the Néron—
Severi lattice NS(X) is generated by the pull-back via 7: X — Z of the two fibers of the
canonical projections, and thus NS(X) ~ U(2). In the § = 1 case, NS(X) is generated by
the pull-back via 7: X — Z of the unique (—1)-curve in F; and the class in F; obtained
by the pull-back of a line in P? via the contraction F; — P2, yielding NS(X) ~ (2) @ 4,
(cf. Remark 3.2).
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Example 4.2. Let X be the double cover of P! x P! branched at a smooth bi-quartic
curve B = { fa.4([x, y], [s,t]) = O}, i.e.,

X = {w? = faa(lx, y][s, 1)}

We will exhibit an elliptic fibration &: X — P! that admits fibers of types Io, I, I, II
and II1. Let B be the smooth bi-quartic curve in P! x P! given by the equation

B = {X4S4 _ %x3ys3t + %X3yS2t2 —X2y2S4 _ %x2y2s3t + %x2y2s2t2

- x2y2t4 + %xy3s2t2 + y4z4 — 2y4s2t2 + y4t4 = 0}.
We consider the elliptic fibration &: X — P! obtained composing with the first pro-
jection onto P!. In the affine chart t = 1, the fiber over a generic point [a : b] € P! is
given by

1 1
w? = (a* —a®b* + b*)s* + 5 (—a®b + a*b?)s3 + 3 (@®b + 3a%b* + ab® — 4b*) s?
+ (—a?b? + b*).

Using classical Weierstrass’ methods (see, e.g., Theorem 2 in Chapter 10 of [29]), we can
see that the generic fiber can be written as w? = f3(z,a, b), where f3(z) is a polynomial
of degree three in z such that for generic [a : b] € P! the corresponding curve is irreducible.
If we denote by L,.p) the line {[a : b]} x P!, we have the following:
(1) B N L.o) = {s* = 0}, so the fiber over [1 : 0] is w? = s*, of type I1L
(2) BN L) = {s* — 53t = 0}, so the fiber over [1 : 1] is w? = s3(s — 1), of type IL.
(3) BN Ljg:) = {s* —25%1% 4+ t* = 0}, so the fiber over [0: 1] is w? = (s — 1)*(s +1)2,
of type I,.
(4) BN L.y = {s* — 522 = 0}, so the fiber over [1 : —1] is w? = s?(s* —1?), of
type I;.
As mentioned in the introduction, the analysis of double covers of P! x P! branched
over curves of bi-degree (4, 4) was undertaken in [16, 36], where the authors already
observed that the corresponding K3 surface X admits an elliptic fibration (see Theorem 4.4

in [16] and Section 3 of [36]). This study builds upon classical works by Enriques and
Campedelli.

5. Singular fibers and bisections

Let (X,v) andlet 7: X — Z = X/(t) be as in Theorem 3.10. It is a well-known fact that
if there exists a primitive embedding of the lattice U < NS(X), then the K3 surface X
admits a jacobian elliptic fibration (see, e.g., Remark 1.4 in Section 11 of [22]). However,
according to Corollary 3.3 in [12], K3 surfaces of strictly elliptic type do not possess
such embeddings, and consequently, they do not admit jacobian elliptic fibrations. On
the other hand, since there is an embedding of the lattice U(2) in NS(X), these surfaces
admit bisections. More precisely, one can choose a class L in U(2) with L? = 0 and
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assume that L is nef modulo the action of the Weyl group. By Remark 2.13 in Section 8
of [22], X admits an elliptic fibration. Furthermore, since the divisibility of L is either 1
or 2, the elliptic fibration admits either sections or bisections. In our specific context,
where elliptic fibrations do not admit sections, we can therefore conclude the existence of
bisections.

Proposition 5.1. Let f: Z — P! be a conic bundle on the smooth del Pezzo surface Z
and let &: X — P! be the induced elliptic fibration on X. If B € | —2Kz| is the branching
locus of m: X — Z, then the following statements hold:

(1) If F is a smooth fiber of f, then the corresponding fiber of & can be of one of the
following types (see Table 3):

e lo, if B meets F in four distinct points;

e Iy, if B meets F in two simple points and a double point;

e I, if B meets F in two double points;

o 1L, if B meets F in two points: a simple one and a point with multiplicity 3;
o IIL, if B meets F in a single point with multiplicity 4.

2) If F = F1 + F, is a singular fiber of f, let P = F1 N F,. Then the corresponding
fiber of & can be of one of the following types (see Table 4):

e I, if B meets each F; in two simple points, distinct from P

e I3, if B meets F5 in two simple points, and B meets F; in a double point, distinct
from P;

e 4, if B meets each F; in a double point, distinct from P
o IIL if P € B and B meets each F; = 2 in two simple points;
o IV, if B meets Fy in two simple points, while B meets F in P with multiplicity 2.

T
_r OX= ><><_ﬂ, >li ><_ﬂ.
11 [3.1]

Iy [1,1,1,1] L 2,1,1] I [2,2] 111 [4]

Table 3. Singular fibers of the elliptic fibration induced by smooth fibers of the conic bundle.

oizd |=g|Soe g s

L [L1],[1.1] L .01 L [2.[2 o [LAL[L 1] IV 2]

Table 4. Singular fibers of the elliptic fibration induced by singular fibers of the conic bundle.
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Proof. Let F be a smooth fiber of f. By the previous construction, the branching locus
of w: X — Z is a smooth irreducible curve B (in red in Table 3) and by Remark 3.9, F
meets B in 4 points (with multiplicity). We study each case separately.

If B meets F in four distinct point, then the corresponding fiber of & is a double
cover of P! with four ramification points. In Table 3, we show the possible multiplicities
of the points. Then by Riemann—-Hurwitz formula, the fiber of & is a smooth curve of
genus 1, i.e., a curve of type Iy. If B meets F in two simple points and a double point p,
the preimage of p is a nodal point of the fiber, thus the fiber is of type I;. Similarly, one
obtains a fiber of type I, when B N F consists of two double points. If B meets F in
a triple point and a simple one, then the fiber of & has a singular point which is a cusp:
the triple point in the double cover gives a singular point of the fiber where the equation
is locally given by y? = x3, thus a cusp. Similarly, if B meets F in a single point with
multiplicity 4, the induced fiber of & is of type II1.

Now let F be a singular fiber of f. According to Remark 3.9, singular fibers of a
conic bundle on Z are union of two (—1)-curves F; and F, that intersect at one point
P = F; N F,. Furthermore, the branch curve B of the 2-cover X — Z (in red in Table 4)
intersects each rational curve F; at two points (with multiplicity). In Table 4, we show
the possible multiplicities of the points. If B meets each F; in two simple points, distinct
from P, this defines a fiber of type I, of &, since the preimage of each F; defines a
rational curve and 7 ~!(P) consists of two points. If B meets F, in two simple points
and F; in a double point, distinct from P, this defines a singular fiber of & of type I3: the
double cover of F; gives two components of the fiber I3, while F> contributes with one
component and 77~} (P) consist of two points. Similarly, if B meets each F; in a double
point, distinct from P, the fiber is of type I4. The last case to study is when B meets F;
in two simple points F, in P with multiplicity 2. In this case, the fiber 7! (F) has three
components and they all meet in 7~ !(P). Three concurrent rational curves form a fiber
of type I'V. ]

Now we want to classify which types of fibers are compatible in each case with the
classification given in Proposition 2.9. Note that in the case Z ~ P! x P! all types of
singular fibers in Proposition 5.1 (1) can be realized, as Example 4.2 shows. Now, given
a del Pezzo surface Z; (see Convention 2.2), Theorem 3.10 establishes a correspondence
between conic bundles on Z; and elliptic fibrations on the K3 surface X. Proposition 2.9
then classifies conic bundles on Z ;. Given the potential fibers outlined in Proposition 5.1,
our goal is to determine which ones are admissible for each Z; and to establish their
connection with the geometry of the sextic curve I'; introduced in Proposition 3.5.

Proposition 5.2. Let (X, 1) be a pair of strictly elliptic type and let Z; = X /(1) be the
quotient smooth del Pezzo surface as in Proposition 3.5(2). If d <5, all types of singular
fibers in Proposition 5.1 are admissible. If d = 6,7 (respectively, 8), then the fiber 14
and 1V (respectively, 13, 14 and IV) are not admissible.

In other words, the admissible fibers for the elliptic fibration &: X — P! are described
in Table 5.

Proof. Let d = 8. By Proposition 2.9, the only conic class on Zg is D = L — Ey,
where E is the exceptional divisor of the blow-up. In this case the conic bundle has no
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d | Singular fibers

8 Io, I, Ip, 11, 111
7,6 | Io,11,1p, 15, 1L 111
Io, I1, I, 15, Iy, IL IIL, IV

Table 5. Admissible singular fibers of the elliptic fibration &: X — P! induced by a conic bundle
f:Zg — Pl

singular fibers, thus I'j meets the fiber in the nodal point and four more points. According
to possibilities given in Table 3, one can have singular fiber of the elliptic fibrations of
types I, 11, I, IT or I1I.

If d = 7, the curve I'y is a sextic curve with 2 nodes and by Proposition 2.9, conic
classes on Z7 are D = L — E;, where E; is the exceptional divisor over one of the two
nodal points p;, p». We take i = 1 without loss of generality. If the conic bundle has no
singular fibers, then as before the possible fibers of the elliptic fibration are of types I,
Ii, L, Tor IIL. If F = F; + F, reducible, which corresponds to the case when L passes
through the other nodal point p,, we observe that each component F; and F, meets B,
the strict transform of I'y, in 2 points. If they are distinct for both Fj, F,, one has again
a fiber of type I, while if one of the two components meets B with multiplicity 2, one
obtains a fiber of type I3 (see case [1, 1], [1, 1] and case [2], [1, 1] of Table 4). Observe
that the strict transform always meets one of the two components in two distinct points
(coming from the blow-up of the nodal points). Thus the only cases of Table 4 that appear
are [1, 1], [1, 1] and [2], [1, 1], giving raise to fibers I and I3. One concludes that fibers of
type I4 and IV are not possible, since otherwise the sextic curve would have singularities
worse than nodes (cf. Table 2). The case d = 6 is analogous.

When d = 5, according to Proposition 2.9, one can have the conic class D = 2L —
Z?:l E;. In this case, we distinguish if conics of the bundle are irreducible or reducible.
The first case will give fibers of type o, 1, I, Il and I1I as in Table 3. In the case of conics
reduced as the union of two lines L; U L,, one observes that this allows the cases of
Table 4: each line passes through 2 of the 5 nodal points of the sextic I's, thus meeting I's
in two more points (with multiplicity). According to the distribution of these points, one
obtain all cases of Table 4.

The remaining cases with d < 4 can be treated in the same way, and thus admit all
types of fibers listed in Proposition 5.1. ]

Remark 5.3. The proof of the previous result, along with Table 1, not only allows for
the determination of admissible singular fibers in the induced elliptic fibration but also
the complete configuration of these fibers. In fact, given a del Pezzo surface of degree d
and a conic bundle, Table 5 tells which are possible types of singular fibers on the elliptic
fibration induced on the K3 surface X. Moreover, they can be computed explicitly, as we
show in the following example.

Example 5.4 (Wiman sextic). We describe the configuration of singular fibers of the
strictly elliptic K3 surface associated to the classical Wiman sextic [42]. More precisely,
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we consider
By ={x:y:z] € P2, W(x,y,z) =0},

where
W(x,y,z) =x8 + 0 + 28 + (x% + y? + 25 (x* + y* + z%) — 12x%y%22.

Wiman observed that By  P? has exactly four nodes py, p2, p3, p4 € By as singularit-
ies, with

pr=[1:1:1], pa=[1:—-1:1], ps=[-1:1:1] and pg=1[1:1:-1].

The blow-up &: Zw := Bly, p,.ps.p.(P?) — P? produces a smooth quintic del Pezzo
surface, with exactly ten exceptional (—1)-curves. Explicitly, these curves are given by
the exceptional divisors Eq, E», E3, E4 and the strict transforms Z,- j © Zw of the lines
Lij = pip; C P2, where

Li;=V(x—2z), Liz=V(y—z2), Lu=V(y-x), La=Vx+y),
Loy =V(y+z) and Lzs =V(x+2)
(see Figure 4). In particular, we observe that each intersection By N L;; is given by p;

and p; as double points and by two other simple points® ¢;; and g;; (not depicted in
Figure 4).

La3
Lyg
L3q
Lia
Figure 4. Conic bundle associated to the Wiman sextic.
Following Table 1, we study the conic bundle induced by the linear system
~ pl
2L — E| — E; — Ez — E4| = P[ML],
*Explicitly, Bw N Lij = {pi, pj.4ij.qij} where g2 = [1i~/3, 1], q13 = [iv/3,1,1], 14 = [i.i, /3],
g23 = [i,—i,—/3], q24 = [-~/3.i.—i], q34 = [i, +/3.i], and where gi;j is obtained by applying to each coordin-

ate of g;; € P2(Q(i, +/3)) the automorphism t € Gal(Q(i, +/3)/Q) given by 7(i) = i and 7(+/3) = —/3 (e.g.,
g1z = [-i+/3.1,1]).
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i.e., induced by the pencil of conics in P? passing through the points p1, p2., p3. ps € Bw.
Explicitly, this is given by the conics

Cpp i =1x:y:z]e P2 | A(y?> —x?) 4+ u(z2—x?) =0}, [A: u] € PL.

By Theorem 3.10, the fibers of the induced elliptic fibration &y : Xy — P! come from
fibers of the conic bundle. We first observe that for a general point [A : u] € P!, the
conic €[y, meets the sextic By in py, p2, p3 and ps, and in four more simple points by
Bezout’s theorem. Therefore the general fiber of the induced fibrations &y is of type Io.

Denote by xr the number of singular fibers of type F, which is a non-negative integer.
Observe that, since & : X — P! is an elliptic fibration on a K3 surface, we expect that
> F x(F) = 24 (see Remark 11.1.12 in [22]) and then

(51) X14 + 2X12 + 3X13 + 4X14 + 2XH + 3)61[[ + 4X1v =24.

Singular fibers of &y are obtained from
(1) either singular fiber of the conic bundle, i.e., reduced conics of the pencil, or
(2) conics €y.,) meeting By in less than 4 points.

We now study the two cases separately.

Case (1). The pencil of conics €Jy., has exactly three reducible conics: V/( y? — x2),
V(y? — z2), and V(22 — x?), corresponding to the points [A, u] given by [1 : 0], [1 : —1],
and [0 : 1], respectively. Consequently, the induced conic bundle f: Z — P! has three
singular fibers:

F1 = Z14 U Z23, F2 = Z13 U Z24, and F3 = le U Z34.

Each L; ; intersects the strict transform B € Zy of the Wiman sextic By C P? in pre-
cisely two simple points, and hence the corresponding three singular fibers of the associ-
ated elliptic fibration &y : Xy — P! are of type I,.

Case (2). Now consider smooth conics of the pencil such that the intersection with
the sextic is not four simple points (out of nodes). According to Table 3, the multiplicities
of the intersection points will determine the type of fibers of &y, . Since the case A = 0
corresponds to a reducible conic, we can assume A = 1 and thus conics the pencil have
equation

y?=x?—pu(z?—x?). peC\{0,-1}.

As observed in Proposition 5.1, the singular fibers of the elliptic fibration associated
with smooth fibers of the conic bundle €[,.,,) are induced by tangency conditions between
the strict transform of conics of the pencil and the strict transform B € Zy of the Wiman
sextic By € P2. Computation shows that there are nine values of 1 such that the conic and
the sextic meet in the four double points py, p», p3, p4 and in two additional points ¢, ¢»,
in each of them with multiplicity 2. Thus this corresponds to case I, of Table 3. The nine
values of [A : u], as well as the equations of the conics, are shown in Table 6. Observe that
everything is invariant applying a permutation of coordinates: this is due to the symmetric
form of the sextic polynomial W'.

Finally, one gets from Table 6 that x;, = 12 and xz = O for other types of fibers.
therefore (5.1) is satisfied.
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(A u] ‘ conic fiber type
[0:1] z—=x)z+x)=0 reducible, L1, U L3g | I
[1:0] y—-x)y+x)=0 reducible, L4 U L3 I,
[1:-1] +2)(y—2)=0 reducible, L3 U Log I
[1:-2] x24+y2-222=0 smooth, bitangent L
[1:1] y24+z2-2x2=0 smooth, bitangent I
2:-1] 224 x2-2y2=0 smooth, bitangent I
[4:—1+iV15] | 23 + @) — Y2+ 22(+5 - @) =0 | smooth, bitangent I,
[6: =3 +i/15] yz(% + @) —z22 4 x2(+% — @) =0 smooth, bitangent 1,
[4:-3+iV15] | 223 + @) —x2+ y2(+5 — @) =0 | smooth, bitangent I,
[4:—-1—-i15] xz(% — #) —y2+ 22(+% + @) =0 smooth, bitangent I,
[6:—3—iV15] | y2(3 - #) — 22+ x2 (45 + @) =0 | smooth, bitangent I
[4:-3—i17] 22(% - #) —x2+ yz(—i—% —+ @) =0 smooth, bitangent I,

Table 6. Singular fibers of &y .

Acknowledgements. The authors would like to sincerely thank Michela Artebani, Giac-
omo Mezzedemi, Cecilia Salgado, and Giancarlo Urzda for various fruitful discussions
regarding the constructions used in this article. Special thanks go to Cinzia Casagrande,
who informed us about reference [15] and allowed us to correct errors in the counting of
conic classes at low degree. The authors express their gratitude to Cecilia Salgado for her
generous hospitality extended to S. Troncoso during his visit to the Bernoulli Institute at
the University of Groningen. This project began while the author Y. Prieto was visiting
ICTP, and she would like to thank the institute for its warm hospitality and stimulating
environment. P. Comparin is member of INAAM-GNSAGA.

Funding. P. Comparin has been partially funded by Universidad de La Frontera, Proyecto
DIM23-0001 and Fondecyt ANID Project 1240360. P. Montero has been partially funded
by Fondecyt ANID Projects 1231214 and 1240101. S. Troncoso was partially supported
by Fondecyt ANID Project 3210518 and PRIN project “Multilinear Algebraic Geometry”
of MUR (2022ZRRLA4C).

References

[1] Alekseev, V. A. and Nikulin, V. V.: Classification of del Pezzo surfaces with log-terminal sin-
gularities of index < 2 and involutions on K3 surfaces. Dokl. Akad. Nauk SSSR 306 (1989),
no. 3, 525-528; translation in Soviet Math. Dokl. 39 (1989), no. 3, 507-511. Zbl 0705.14038
MR 1009466

[2] Alexeev, V. A. and Nikulin, V. V.: Del Pezzo and K3 surfaces. MSJ Mem. 15, Mathematical
Society of Japan, Tokyo, 2006. Zbl 1097.14001 MR 2227002


https://zbmath.org/?q=an:0705.14038
https://mathscinet.ams.org/mathscinet-getitem?mr=1009466
https://doi.org/10.1142/e002
https://zbmath.org/?q=an:1097.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=2227002

P. Comparin, P. Montero, Y. Prieto-Montaiiez and S. Troncoso 1510

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

[13]

(14]

[15]
[16]

(17]

(18]

(19]

(20]

(21]

Ando, T.: On extremal rays of the higher-dimensional varieties. Invent. Math. 81 (1985), no. 2,
347-357. Zbl 0554.14001 MR 0799271

Artebani, M., Correa Deisler, C. and Roulleau, X.: Mori dream K3 surfaces of Picard number
four: projective models and Cox rings. Israel J. Math. 258 (2023), no. 1, 81-135.
7Zbl 1546.14065 MR 4682933

Avila, J., Ortiz, G. and Troncoso, S.: Invariant smooth quartic surfaces by all finite primitive
subgroups of PGL4(C). J. Pure Appl. Algebra 228 (2024), no. 4, article no. 107534, 24 pp.
Zbl 1537.14001 MR 4649345

Barth, P. and Hulek, K. and Peters, C. and Van de Ven, A.: Compact complex surfaces. Ergeb.
Math. Grenzgeb. (3) 4, Springer, Berlin, 2004. Zbl 1036.14016 MR 2030225

Beauville, A.: Complex algebraic surfaces. Second edition. London Math. Soc. Stud. Texts 34,
Cambridge University Press, Cambridge, 1996. Zbl 0849.14014 MR 1406314

Campedelli, L.: Sopra i piani doppi con tutti i generi uguali all’unita. Rend. Sem. Mat. Univ.
Padova 11 (1940), 1-27. Zbl 66.0799.01 MR 0017979

Cantat, S.: Automorphisms and dynamics: a list of open problems. In Proceedings of the
International Congress of Mathematicians —Rio de Janeiro 2018. Vol. II. Invited lectures,
pp- 619-634. World Sci. Publ., Hackensack, NJ, 2018. Zbl 1441.14139 MR 3966782

Cantat, S. and Dolgacheyv, I.: Rational surfaces with a large group of automorphisms. J. Amer.
Math. Soc. 25 (2012), no. 3, 863-905. Zbl 1268.14011 MR 2904576

Ciliberto, C. and Dedieu, T.: Double covers and extensions. Kyoto J. Math. 64 (2024), no. 1,
75-94. 7Zbl 1532.14034 MR 4677748

Clingher, A. and Malmendier, A.: On Néron—Severi lattices of Jacobian elliptic K3 surfaces.
Manuscripta Math. 173 (2024), no. 3-4, 847-866. Zbl 1533.14026 MR 4704757

Comparin, P. and Garbagnati, A.: Van Geemen—Sarti involutions and elliptic fibrations on K3
surfaces double cover of P2. J. Math. Soc. Japan 66 (2014), no. 2, 479-522.
Zbl 1298.14038 MR 3201823

Debarre, O.: Higher-dimensional algebraic geometry. Universitext, Springer, New York, 2001.
Zbl 0978.14001 MR 1841091

Derenthal, U.: On the Cox ring of Del Pezzo surfaces. Preprint 2006, arXiv:math/0603111v1.

Dolgacev, 1. V.: Special algebraic K3-surfaces. I. Izv. Akad. Nauk SSSR Ser. Mat. 37 (1973),
833-847; English traslation Math. USSR-Izv. 7 (1973), no. 4, 833-846. Zbl 0284.14016
MR 0332798

Dolgachev, 1. V.: Classical algebraic geometry. Cambridge University Press, Cambridge,
2012. Zbl 1252.14001 MR 2964027

Fulton, W.: Algebraic curves. Advanced Book Classics, Addison-Wesley Publishing Company,
Advanced Book Program, Redwood City, CA, 1989. Zbl 0681.14011 MR 1042981

Garbagnati, A. and Salgado, C.: Linear systems on rational elliptic surfaces and elliptic fibra-
tions on K3 surfaces. J. Pure Appl. Algebra 223 (2019), no. 1, 277-300. Zbl 1443.14041
MR 3833460

Garbagnati, A. and Salgado, C.: Elliptic fibrations on K3 surfaces with a non-symplectic invol-
ution fixing rational curves and a curve of positive genus. Rev. Mat. Iberoam. 36 (2020), no. 4,
1167-1206. Zbl 1457.14081 MR 4130832

Harbourne, B.: Anticanonical rational surfaces. Trans. Amer. Math. Soc. 349 (1997), no. 3,
1191-1208. Zbl 0860.14006 MR 1373636


https://doi.org/10.1007/BF01389057
https://zbmath.org/?q=an:0554.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=0799271
https://doi.org/10.1007/s11856-023-2469-9
https://doi.org/10.1007/s11856-023-2469-9
https://zbmath.org/?q=an:1546.14065
https://mathscinet.ams.org/mathscinet-getitem?mr=4682933
https://doi.org/10.1016/j.jpaa.2023.107534
https://doi.org/10.1016/j.jpaa.2023.107534
https://zbmath.org/?q=an:1537.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=4649345
https://doi.org/10.1007/978-3-642-57739-0
https://zbmath.org/?q=an:1036.14016
https://mathscinet.ams.org/mathscinet-getitem?mr=2030225
https://doi.org/10.1017/CBO9780511623936
https://zbmath.org/?q=an:0849.14014
https://mathscinet.ams.org/mathscinet-getitem?mr=1406314
https://zbmath.org/?q=an:66.0799.01
https://mathscinet.ams.org/mathscinet-getitem?mr=0017979
https://doi.org/10.1142/9789813272880_0070
https://zbmath.org/?q=an:1441.14139
https://mathscinet.ams.org/mathscinet-getitem?mr=3966782
https://doi.org/10.1090/S0894-0347-2012-00732-2
https://zbmath.org/?q=an:1268.14011
https://mathscinet.ams.org/mathscinet-getitem?mr=2904576
https://doi.org/10.1215/21562261-2023-0012
https://zbmath.org/?q=an:1532.14034
https://mathscinet.ams.org/mathscinet-getitem?mr=4677748
https://doi.org/10.1007/s00229-023-01486-3
https://zbmath.org/?q=an:1533.14026
https://mathscinet.ams.org/mathscinet-getitem?mr=4704757
https://doi.org/10.2969/jmsj/06620479
https://doi.org/10.2969/jmsj/06620479
https://zbmath.org/?q=an:1298.14038
https://mathscinet.ams.org/mathscinet-getitem?mr=3201823
https://doi.org/10.1007/978-1-4757-5406-3
https://zbmath.org/?q=an:0978.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=1841091
https://arxiv.org/abs/math/0603111v1
https://doi.org/10.1070/im1973v007n04abeh001977
https://zbmath.org/?q=an:0284.14016
https://mathscinet.ams.org/mathscinet-getitem?mr=0332798
https://doi.org/10.1017/CBO9781139084437
https://zbmath.org/?q=an:1252.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=2964027
https://zbmath.org/?q=an:0681.14011
https://mathscinet.ams.org/mathscinet-getitem?mr=1042981
https://doi.org/10.1016/j.jpaa.2018.03.010
https://doi.org/10.1016/j.jpaa.2018.03.010
https://zbmath.org/?q=an:1443.14041
https://mathscinet.ams.org/mathscinet-getitem?mr=3833460
https://doi.org/10.4171/rmi/1163
https://doi.org/10.4171/rmi/1163
https://zbmath.org/?q=an:1457.14081
https://mathscinet.ams.org/mathscinet-getitem?mr=4130832
https://doi.org/10.1090/S0002-9947-97-01722-4
https://zbmath.org/?q=an:0860.14006
https://mathscinet.ams.org/mathscinet-getitem?mr=1373636

On strictly elliptic K3 surfaces and del Pezzo surfaces 1511

(22]

(23]

[24]

[25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

[35]

(36]

(37]

(38]

(39]

[40]

Huybrechts, D.: Lectures on K3 surfaces. Cambridge Stud. Adv. Math. 158, Cambridge Uni-
versity Press, Cambridge, 2016. Zbl 1360.14099 MR 3586372

Kloosterman, R.: Classification of all Jacobian elliptic fibrations on certain K3 surfaces.
J. Math. Soc. Japan 58 (2006), no. 3, 665-680. Zbl 1105.14055 MR 2254405

Kolldr, J. and Mella, M.: Quadratic families of elliptic curves and unirationality of degree 1
conic bundles. Amer. J. Math. 139 (2017), no. 4, 915-936. Zbl 1388.14096 MR 3689320

Kondo, S.: K3 surfaces. EMS Tracts Math. 32, EMS Publishing House, Berlin, 2020.
7Zbl 1453.14095 MR 4321993

Lieberman, D.I.: Compactness of the Chow scheme: applications to automorphisms and
deformations of Kihler manifolds. In Fonctions de plusieurs variables complexes, 111 (Sém.
Frangois Norguet, 1975-1977), pp. 140-186. Lecture Notes in Math. 670, Springer, Berlin,
1978. Zb1 0391.32018 MR 0521918

Manin, Y.1.: Cubic forms. Second edition. North-Holland Mathematical Library 4, North-
Holland Publishing Co., Amsterdam, 1986. Zbl 0582.14010 MR 0833513

Miranda, R.: The basic theory of elliptic surfaces. Dottorato di Ricerca in Matematica, ETS
Editrice, Pisa, 1989. Zbl 0744.14026 MR 1078016

Mordell, L.J.: Diophantine equations. Pure Appl. Math. 30, Academic Press, London-New
York, 1969. Zbl 0188.34503 MR 0249355

Nakayama, N.: Classification of log del Pezzo surfaces of index two. J. Math. Sci. Univ. Tokyo
14 (2007), no. 3,293-498. Zbl 1175.14029 MR 2372472

Nikulin, V. V.: Finite groups of automorphisms of Kéhlerian K3 surfaces. Trudy Moskov. Mat.
Obshch. 38 (1979), 75-137. Zbl 0433.14024 MR 0544937

Nikulin, V. V.: Quotient-groups of groups of automorphisms of hyperbolic forms by sub-
groups generated by 2-reflections. Algebro-geometric applications. J. Sov. Math. 22 (1983),
1401-1475. Zbl 0508.10020 MR 0633160

Oguiso, K.: On Jacobian fibrations on the Kummer surfaces of the product of nonisogenous
elliptic curves. J. Math. Soc. Japan 41 (1989), no. 4, 651-680. Zbl 0703.14024
MR 1013073

Peters, C. and Sterk, H.: On K3 double planes covering Enriques surfaces. Math. Ann. 376
(2020), no. 3-4, 1599-1628. Zbl 1436.14070 MR 4081124

Pjateckii-Sapiro, I. I. and Safarevig, 1. R.: Torelli’s theorem for algebraic surfaces of type K3.
Izv. Akad. Nauk SSSR Ser. Mat. 35 (1971), 530-572. Zbl 0219.14021 MR 0284440

Reid, M.: Hyperelliptic linear systems on a K3 surface. J. London Math. Soc. (2) 13 (1976),
no. 3, 427-437. Zbl 0338.14009 MR 0435082

Roulleau, X.: An atlas of K3 surfaces with finite automorphism group. Epijournal Géom.
Algébrique 6 (2022), article no. 19, 95 pp. Zbl 1507.14055 MR 4526267

Saint-Donat, B.: Projective models of K-3 surfaces. Amer. J. Math. 96 (1974), 602—-639.
Zbl 0301.14011 MR 0364263

Sarkisov, V. G.: Birational automorphisms of three-dimensional algebraic varieties represent-
able as a conic bundle. Uspekhi Mat. Nauk 34 (1979), no. 4 (208), 207-208. Zbl 0464.14004
MR 0548438

Schiitt, M.: Arithmetic of K3 surfaces. Jahresber. Deutsch. Math.-Verein. 111 (2009), no. 1,
23-41. Zbl 1172.14024 MR 2508556


https://doi.org/10.1017/CBO9781316594193
https://zbmath.org/?q=an:1360.14099
https://mathscinet.ams.org/mathscinet-getitem?mr=3586372
https://doi.org/10.2969/jmsj/1156342032
https://zbmath.org/?q=an:1105.14055
https://mathscinet.ams.org/mathscinet-getitem?mr=2254405
https://doi.org/10.1353/ajm.2017.0024
https://doi.org/10.1353/ajm.2017.0024
https://zbmath.org/?q=an:1388.14096
https://mathscinet.ams.org/mathscinet-getitem?mr=3689320
https://doi.org/10.4171/208
https://zbmath.org/?q=an:1453.14095
https://mathscinet.ams.org/mathscinet-getitem?mr=4321993
https://doi.org/10.1007/bfb0064399
https://doi.org/10.1007/bfb0064399
https://zbmath.org/?q=an:0391.32018
https://mathscinet.ams.org/mathscinet-getitem?mr=0521918
https://zbmath.org/?q=an:0582.14010
https://mathscinet.ams.org/mathscinet-getitem?mr=0833513
https://zbmath.org/?q=an:0744.14026
https://mathscinet.ams.org/mathscinet-getitem?mr=1078016
https://zbmath.org/?q=an:0188.34503
https://mathscinet.ams.org/mathscinet-getitem?mr=0249355
https://zbmath.org/?q=an:1175.14029
https://mathscinet.ams.org/mathscinet-getitem?mr=2372472
https://zbmath.org/?q=an:0433.14024
https://mathscinet.ams.org/mathscinet-getitem?mr=0544937
https://doi.org/10.1007/BF01094757
https://doi.org/10.1007/BF01094757
https://zbmath.org/?q=an:0508.10020
https://mathscinet.ams.org/mathscinet-getitem?mr=0633160
https://doi.org/10.2969/jmsj/04140651
https://doi.org/10.2969/jmsj/04140651
https://zbmath.org/?q=an:0703.14024
https://mathscinet.ams.org/mathscinet-getitem?mr=1013073
https://doi.org/10.1007/s00208-018-1718-4
https://zbmath.org/?q=an:1436.14070
https://mathscinet.ams.org/mathscinet-getitem?mr=4081124
https://zbmath.org/?q=an:0219.14021
https://mathscinet.ams.org/mathscinet-getitem?mr=0284440
https://doi.org/10.1112/jlms/s2-13.3.427
https://zbmath.org/?q=an:0338.14009
https://mathscinet.ams.org/mathscinet-getitem?mr=0435082
https://doi.org/10.46298/epiga.2022.6286
https://zbmath.org/?q=an:1507.14055
https://mathscinet.ams.org/mathscinet-getitem?mr=4526267
https://doi.org/10.2307/2373709
https://zbmath.org/?q=an:0301.14011
https://mathscinet.ams.org/mathscinet-getitem?mr=0364263
https://doi.org/10.1070/rm1979v034n04abeh003256
https://doi.org/10.1070/rm1979v034n04abeh003256
https://zbmath.org/?q=an:0464.14004
https://mathscinet.ams.org/mathscinet-getitem?mr=0548438
https://zbmath.org/?q=an:1172.14024
https://mathscinet.ams.org/mathscinet-getitem?mr=2508556

P. Comparin, P. Montero, Y. Prieto-Montaiiez and S. Troncoso 1512

[41] Testa, D., Varilly-Alvarado, A. and Velasco, M.: Cox rings of degree one del Pezzo surfaces.
Algebra Number Theory 3 (2009), no. 7, 729-761. Zbl 1191.14047 MR 2579393

[42] Wiman, A.: Zur Theorie der endlichen Gruppen von birationalen Transformationen in der
Ebene. Math. Ann. 48 (1896), no. 1-2, 195-240. Zbl 30.0600.01 MR 1510931

[43] Zhang, D.-Q.: Quotients of K3 surfaces modulo involutions. Japan. J. Math. (N.S.) 24 (1998),
no. 2, 335-366. Zbl 0958.14027 MR 1661951

Received April 12, 2024; revised November 18, 2024.

Paola Comparin

Departamento de Matematica y Estadistica, Universidad de La Frontera
Av. Francisco Salazar 1145, Temuco, Chile;

paola.comparin @ufrontera.cl

Pedro Montero

Departamento de Matematica, Universidad Técnica Federico Santa Marfa
Av. Espafia 1680, Valparaiso, Chile;

pedro.montero @usm.cl

Yulieth Prieto-Montaiez

Facultad de Matematicas, Universidad Catdlica de Chile

Av. Vicuila Mackenna 4860, 7820436 Macul, Regién Metropolitana, Santiago de Chile, Chile;
yulieth.prieto @uc.cl

Sergio Troncoso

Dipartimento di Scienze Matematiche “Giuseppe Luigi Lagrange”, Politecnico di Torino
Corso Duca degli Abruzzi, 24, Torino, Italy;

sergio.troncoso @polito.it


https://doi.org/10.2140/ant.2009.3.729
https://zbmath.org/?q=an:1191.14047
https://mathscinet.ams.org/mathscinet-getitem?mr=2579393
https://doi.org/10.1007/BF01446342
https://doi.org/10.1007/BF01446342
https://zbmath.org/?q=an:30.0600.01
https://mathscinet.ams.org/mathscinet-getitem?mr=1510931
https://doi.org/10.4099/math1924.24.335
https://zbmath.org/?q=an:0958.14027
https://mathscinet.ams.org/mathscinet-getitem?mr=1661951
mailto:paola.comparin@ufrontera.cl
mailto:pedro.montero@usm.cl
mailto: yulieth.prieto@uc.cl 
mailto:sergio.troncoso@polito.it

	1. Introduction
	2. Background and preliminaries
	3. Strictly elliptic involutions
	4. Examples and Néron–Severi lattices
	5. Singular fibers and bisections
	References

