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Endpoint estimates
for higher order Marcinkiewicz multipliers

Odysseas Bakas, Valentina Ciccone, loannis Parissis and Marco Vitturi

Abstract. We consider Marcinkiewicz multipliers of any lacunary order defined by
means of uniformly bounded variation on each lacunary Littlewood—Paley interval of
some fixed order T > 1. We prove the optimal endpoint bounds for such multipliers as
a corollary of a more general endpoint estimate for a class of multipliers introduced
by Coifman, Rubio de Francia and Semmes, and further studied by Tao and Wright.
Our methods also yield the best possible endpoint mapping property for higher order
Hormander—Mihlin multipliers, namely, multipliers which are singular on every point
of a lacunary set of order r. These results can be considered as endpoint versions of
corresponding results of Sjogren and Sjolin. Finally, our methods generalize a weak
square function characterization of the space L log 121 interms of a square function
introduced by Tao and Wright: we realize such a weak characterization as the dual of
the Chang—Wilson—Wolft inequality, thus giving corresponding weak square function
characterizations for the spaces L logf/ 2 L for general integer orders 7 > 1.

1. Introduction

Our topic is endpoint estimates for Marcinkiewicz-type multipliers on the real line. We
recall that a Marcinkiewicz multiplier is a bounded function m: R — C which has bounded
variation on each Littlewood—Paley interval

Lk — (_2k+1,_2k] U [2k’2k+1)’

uniformly in k € Z. It is well known that the operator T,, f = (mf )Y is bounded on
L?(R) forall p € (1, 00). Endpoint estimates for Marcinkiewicz multipliers were proved
by Tao and Wright in [17] where the authors prove that they locally map L log'/2 L into
weak L.

A prototypical Marcinkiewicz multiplier is given by the signed sum

ZSlek’ Ek e{_la +1}7
keZ
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while an orthogonality argument provides the link between Marcinkiewicz multipliers and
the classical Littlewood—Paley square function

LP1f<x>:=(Z|Pkf| . (E)Zskpkf] R = )Y,

the expectation being over choices of independent random signs.

In the present paper, we are interested in higher order versions of Marcinkiewicz mul-
tipliers. In order to motivate such a study, it is very natural to consider square functions
that project to Littlewood—Paley intervals given by lacunary sets of order 2 or higher. For
example, letting

Lgemy =16 eR: || € @K 42m71 2k fomy [k +1 —om okl _om=lyy = | 5 g,

denote the family of Littlewood—Paley intervals of second order, we naturally define

LP, f 1=( > IP(k,m)fIZ)l/2

(k,m)eZ?
k>m

2\1/2 ~
= (E‘ Z Ek.m P(k’m)f‘ ) s P(k,m)f = (IL(k!m)f)vs
(k,m)eZ?
k>m
initially for Schwartz functions with compactly supported Fourier transform. This is a
second order Littlewood—Paley square function, while the multiplier

Z e Wiy EGem) € 1—1, +1},
(k,m)eZ?

k>m
can be considered as a prototypical Marcinkiewicz multiplier of order 2. A Littlewood—
Paley partition {L : L € A;} of lacunary order T > 1 is naturally produced by iterating
Whitney decompositions inside each Littlewood—Paley interval of order t — 1. Accord-
ingly, a Marcinkiewicz multiplier of order t is a bounded function which has bounded
variation uniformly on all Littlewood—Paley intervals of order t. Likewise, we define the
Littlewood—Paley square function of order 7 as follows:

2\1/2 ~

Lhef = ( 3 IPLS] ) (E‘ 3 eLPLf‘ ) RS = )Y,
LeA, LeA;

With precise definitions to follow, a punchline result of this paper is the following.

Theorem A. If m is a Marcinkiewicz multiplier of order t € N, then T,, satisfies the
estimate

x €R : [T f(x)] > @} 5/ 11 (1og( + '(xﬂ))r/z, @ > 0.

The same is true for the Littlewood—Paley square function LP; of order t. In both cases,
the endpoint estimates are best possible in the sense that the exponent t/2 in the right-
hand side cannot be replaced by any smaller exponent.
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We will deduce Theorem A as a consequence of the more general Theorem B below
which applies to the wider class of R,  multipliers.

1.1. Lacunary sets of higher order

In order to describe the classes of higher order multipliers we are interested in, it will
be necessary to introduce some notation for lacunary sets of general order. The standard
Littlewood—Paley partition of the real line is the collection of intervals A ; :={=£[2%, 2% *1):
k € Z} and it is a Whitney decomposition of R \ {0}. For a finite dyadic interval / C R the
standard Whitney partition 'W(I) of [ is the collection of the maximal dyadic subintervals
L C I suchthatdist(L,R \ /) = |L|. Now, for any integer t > 1, we set

A, = U W(I)

IeA

and call A; the standard Littlewood—Paley collection of intervals of order r. We denote
by lac, the collection of all endpoints of intervals in A;. Observe that, as in [3], the set
lac, has the explicit representation

lac, = {£2" £2"2 4+ ... £2" 1 ny >ny >--->ng, nj € Lforall j}.

For uniformity in the notation, we also set Ay = {(—00,0), (0, +00)} and lacy := {0}.
It will be useful throughout the paper to truncate the scales of lacunary intervals and
numbers by defining
AV i={LeA,:|L|>n}, ne2L

Accordingly, lac? denotes endpoints of intervals in A”.

We need a smooth way to project to frequency intervals in A ;. For this, we consider a
smooth even function 0 < 1 < 1 such that 5 is identically 1 on [—1/2, 1/2] and vanishes off
[—5/8,5/8]. For a positive integer t and L € A, we define the (rescaled) L-th frequency
component of some multiplier m: R — C as

mp(§) = nE)m(cL +§IL]), §€R,

with ¢;, denoting the center of L.

1.2. Higher order multipliers and endpoint estimates

With this notation at hand we will say that m: R — C is a Hormander—Mihlin multiplier
of order 7 if
Imlle, = sup sup [3%my e < +oo,
le|<M LeA.
for some sufficiently large positive integer M which we will not keep track of. Note that
the higher order Hormander—Mihlin condition is essentially the natural assertion

0%m (&) < dist(§,lac.—1)™%, & € R\ lac,—;.



0. Bakas, V. Ciccone, 1. Parissis and M. Vitturi 1274

Likewise, we will say that a bounded function m: R — C is a Marcinkiewicz multiplier
of order v € N if the components 77, have bounded variation uniformly in L € A;. Here
we use the standard variation norms defined for r € [1, oo] as follows:

swp (Y PG - Fol')

Xo<-<XN 0<k<N

[y, := sup
N

Note that usually Marcinkiewicz multipliers are defined by asking that the pieces m1y
have bounded 1-variation, uniformly in L. One can check that our definition, using the
smooth cutoff 7, is equivalent to the classical one. For one inequality of this equivalence,
we just use that n = 1 on [—1/2, 1/2], while for the converse inequality it suffices to notice
that | FG|v, < || F|lv,l|Gllv, together with the fact that the support of 7 is contained in
three adjacent intervals of length 1. We will actually consider the wider class of R .-
multipliers defined below.

Definition 1.1. Let R to be the space of all functions of the form
m = Z Cr 1 I
I

with I ranging over a family of disjoint arbitrary subintervals in [1, 2) and the coefficients
{cr}1 satisfying
Dol <1

1

Then R is the Banach space of functions m = Y aAamg with )", |A4| < 400, we equip
R with the norm

| 5 = inf{Z|)La| im =3 hama, mg € :R}
a a

For t € N, we say that the bounded function m: R — C is an R, -multiplier if

iR, = sup flmelz < +oo.
LeA;

Note that the class R . contains all Marcinkiewicz multipliers of order 7, as well as
the Hormander—Mihlin multipliers of order r. This follows by the fact that Hérmander
multipliers of order t > 1 are Marcinkiewicz multipliers of the same order and the latter
belong to the class V; ; consisting of functions which have uniformly bounded 1-variation
on each lacunary interval of order t; the inclusion relationship then follows, for example,
by the fact that V; ; C R ., proved in Lemma 2 of [6]. Our main result proves the sharp
endpoint bound for multipliers in the class R; ;.

Theorem B. Let t be a positive integer and m € Ry ;. Then the operator Tp, f = (mf)v
satisfies

Hx € R : [Ty f(x)] > o} SA%(log(e+%))r/2, a > 0.

Furthermore, this estimate is best possible in the sense that the exponent t/2 in the
right-hand side of the estimate cannot be replaced by any smaller exponent. The implicit
constant depends only on t and the Ry -norm of m.
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For t = 1, the local version of the theorem above is contained in [17]. We note that
Theorem B easily implies the following local estimate: For every interval / and m € R,
there holds

Kx el :|Tnf(x)]>a} < é/l|f|(log(e+ﬁ))r/2, a>0,suppf C I,

where (| f]); = |17} | fl1(r)- The global estimate of Theorem B appears to be new
even in the first order case T = 1, although a proof of a global result can be deduced for
the first order case 7 = 1 from the methods in [17] without much additional work.

While Hérmander—Mihlin multipliers are R, . multipliers, they are in general much
better-behaved as the case T = 1 suggests: indeed, for t = 1 Hérmander-Mihlin multi-
pliers map L' to L1, in contrast to the sharpness of the L log!/2 L — L1:%° estimate
for general Marcinkiewicz or R, ; multipliers. In analogy to the Littlewood—Paley square
function LP; of order 7, it is natural to define a smooth version as follows. For C > 0
M € N and L € A, we consider the class of bump functions

5
Op = {gr tsupp(gr) € S L, sup LIl < 101},
4 a<M

Now for some fixed large positive integer M (whose precise value is inconsequential)
suppose that ¢ € ®r, 3s for all L € A, and define, initially for f in the Schwartz class,

/ A~ .
sef = (X 1afP) " Aufw = [ @ F @t xem

LeA;

The following theorem is the sharp endpoint estimate for higher order Hormander—Mihlin
multipliers and corresponding square functions.

Theorem C. Let t be a positive integer and let m € H; be a Hormander—Mihlin multi-
plier of order t. Then

|/] |1\ D72
tr € R: [T 70 > 0l 5 [ (og(e+21))
R & o
The same holds for the smooth Littlewood—Paley square function S; of order t, and these

results are best possible. The implicit constant depends only on T and the H,-norm of m,
and also on M in the case of square functions.

The case T =1 of this theorem is classical. The local version of the case of Hormander—
Mihlin multipliers of order = 2 is implicit in [17] as it can be proved by combining
Proposition 5.1 in [17] with Proposition 4.1 in [17]. All the higher order cases for the
multipliers of the class H; appear to be new.

1.3. The Chang-Wilson-Wolff inequality and a square function for L log’/ L

Throughout this section we work on the probability space ([0, 1], dx) unless otherwise
stated. A central result in the approach in [17] was a weak characterization of the space
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Llog'/? L in terms of an integrable square function, inspired by the analogous and better-
known characterisation of the Hardy space H . More precisely, the authors in [17] prove
that if fe L logl/ 2L and f has mean zero then for each L € A one can construct
nonnegative functions Fr, such that

1/2
(A0 1ALfIS Furgpn foratLenr [ (0 1RR) " S0 Tpuges
LeA;

where Ay is as in Section 1.2 and
or(x) = A""p(x/2) =211+ x/AH T4 xeR.

Here and throughout the paper, we use local Orlicz norms and corresponding notation as
described in Section 2.1.

There is a dyadic version: denoting by Oy the dyadic subintervals of [0, 1] of length
27k ke Np := N U {0}, we consider the conditional expectation and martingale differ-
ences

Eif = ) (flili. Dif =Bif —Exaf, k=1, Dof =Eof, fell.

1eDy

For future reference, we record the definition of the dyadic martingale square function

suf = (X s?)”

k>1

The dyadic analogue of (1.1) is that if f € Llog!/2 L, then for each k € Ny there exist
functions f, such that

N\ 1/2
(1.2)  |Drf| <Egl|fi| forallk e N, /[ ]( > | fil ) SN Nz rogv2 -
0,1

k>0

In fact, the authors in [17] first prove (1.2) by constructing the functions f; through a
rather technical induction scheme, and then deduce (1.1) from (1.2) via a suitable averag-
ing argument.

Several remarks are in order. Firstly, one notices that (1.2) combined with a simple
duality argument based on the fact that exp(L?) = (L log'/2 L)* implies the Chang—
Wilson—Wolff inequality

(1.3) If = Eofllexpr2y < ISa S Nlzoe.

Estimate (1.3) was first proved in [5]; see also the monograph [20] for an in-depth dis-
cussion of exponential square integrability in relation to discrete and continuous square
functions in analysis. Thus, the proof of (1.2) in [17] is of necessity somewhat hard as it
reproves (1.3).

A second observation that goes back to [17], see also [14] for an analogous remark on
the dual side, is that (1.1) implies the weaker estimate

1/2
(1.4) (X IALfI2) " SIS gz

LeAl
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Indeed, (1.4) follows by (1.1) and the Minkowski integral inequality. Alternatively, as
observed in [14], the dual of (1.4) is a —again weaker— consequence of the Chang—
Wilson—Wolff inequality (1.3).

Finally, a consequence of (1.4) is the Zygmund inequality

~ /
(S0P <171 e

Aelac%

See, for example, Theorem 7.6 in Chapter XII of [22]. Indeed, if L, is an interval which
has A as an endpoint, we have |f(/\)| <AL, /)™= <||AL, f L1 for a suitable choice
of symbol in the definition of the Littlewood—Paley projection and Zygmund’s inequality
follows by (1.4).

All the estimates above have a higher order counterpart which plays an important
role in our investigations in this paper. However, our point of view is somewhat different
than in [17]. Firstly, we want to emphasize that the proof of our main theorem, The-
orem B, hinges on a higher order version of the generalized Zygmund inequality (1.4)
which loosely has the form

1/2
(15) (X 1ALs13) " S S g TEN.

LeAl

Estimates of the form (1.5) will be referred to as generalized Zygmund—Bonami inequali-
ties and will be stated precisely and proved in Section 4. The terminology comes from the
fact that they imply the higher order version of Zygmund’s inequality, due to Bonami [3],
and which can be stated as follows:

~ 1/2
(1.6) (X1 WP) " S0 lpwgnr TEN

A€lacl

A novelty in our approach is the realization that the weak square function character-
ization (1.2) of the space L log!/2 L, in the dyadic case, is precisely the dual estimate
of the Chang—Wilson—Wolff inequality (1.3). This relies on a duality argument involv-
ing quotient spaces which is inspired by the work of Bourgain, [4]. We can then use the
Chang—Wilson—Wolff inequality for general order of integrability, see Section 3.1,

(1.7 ||f _E0f||exp(L2/(U+1)) < ”Ser“exp(LNU)y o =0,

to conclude the weak square function characterization of the space L log("+1)/ 2L given
in the following theorem.

Theorem D. If fe L log("H)/ 2L for some o > 0, then for each k € Ny, there exist
functions fi such that

N\ 1/2
Def =Difi foratkeNo. (X IAP) ], ., S 1 lpigernres.
k>0

The implicit constant depends only on o.
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We will prove Theorem D in Section 3 as a consequence of (1.7). While this is a
rather deep implication, as in the case o = 0, it is not hard to see that the conclusion
of Theorem D combined with the fact exp(L?/%) = (L log"/ 2 L)* actually implies the
Chang—Wilson—Wolff inequality (1.7) for the same value of 0. We note that while the
conclusion of Theorem D and of the subsequent corollary below are already in [17] for
the case o = 0; our approach provides an alternative proof even for L log!/2 L. This
approach has the advantage of being able to deal with all spaces L log(®+1/2 L at once,
hence leading to the more general conclusion of Theorem D.

As in the case 0 = 0, Theorem D readily implies the continuous version below.

Corollary E. Let J C R be a finite interval, 0 > 0 and f € L1og@+V/2 L(J). Then, for
each L € Ay with |L| > |J |7, there exists a nonnegative function Fy, such that for every
y=1

AL f < FL *oqr)p-1-

1/2
2 <
H( Xl;l_l |FL| ) HLlog"/zL(yJ,dx/IJI) ~ ”f”Llog(‘7+1)/2L(J,dx/|J|)’
LeAj

with implicit constant depending only on y and o. If, in addition, jJ f =0, then the
conclusion holds for all L € A1 with the summation extending over all L € Ay. With or
without this additional assumption, for |L| > |J |7\, the functions Fy, are supported in 5J.
The implicit constant depends only on y and o, as indicated.

1.4. Background and history

The fact that Marcinkiewicz multipliers are L?”-bounded is classical; see, e.g., Theo-
rem 8.13 in [8].The first endpoint result concerning multiplier operators of Marcinkiewicz-
type is arguably a theorem due to Bourgain [4], which asserts that, in the periodic set-
ting, the classical Littlewood—Paley square function LP; has operator norm |LP; || p—p =~
(p — 1)73/2 as p — 1. Tao and Wright proved in [17] the optimal local endpoint estimate
L logl/ 2 L — LV for the class of Ry = R, ; multipliers, which contains Marcinkiewicz
multipliers. It was later observed in [1] that Bourgain’s estimate follows by the endpoint
bound of [17] combined with a randomization argument and Tao’s converse extrapola-
tion theorem from [16]. Recently, Lerner proved in [10] effective weighted bounds for the
classical Littlewood—Paley square function LP;; these weighted bounds imply the correct
p-growth for the L? — LP? norms of these operators as p — 1. In addition, as observed
in [2], the arguments of [10] can be used to establish weighted A, estimates for LP; that
imply sharp L? — LP? estimates for LP; as p — 17 for any order 7. The class R, con-
tains all multipliers m whose pieces m have bounded g-variation uniformly in L € Ay,
for all 1 < g < 2; see [6], where the authors showed that all R, multipliers are bounded
on L? for p € (1,00).

As already discussed, the authors in [17] rely on the weak square function characteri-
zation of L log!/2 L as in (1.1) for their proof. Our argument here is a bit different, relying
on the weaker generalized Zygmund-Bonami inequality instead; a hint of a different proof
already appears in p. 540 of [17]. The Zygmund inequality first appeared in [21] in its dual
form; see also Theorem 7.6 in Chapter XII of [22]. The higher lacunarity order (1.6) is



Endpoint estimates for higher order Marcinkiewicz multipliers 1279

due to Bonami and it is contained in [3]. We note that our results provide an alternative
proof for the case of finite order lacunary sets. On the other hand, a dual version of the
generalized Zygmund-Bonami inequality in the first order case (that is, inequality (1.4))
appears in [14].

The LP-boundedness of Marcinkiewicz multipliers of order one and higher in the
periodic setting was established by Marcinkiewicz in [11]; see also Gaudry’s paper [9].
Generalized versions of Hormander—Mihlin and Marcinkiewicz multipliers, together with
their square function counterparts of higher order, have been introduced in [15] in a very
broad context. There the authors proved the equivalence of L?-boundedness between dif-
ferent classes of such multipliers. Our setup is focused on the finite order lacunary case
and provides the optimal endpoint bounds for such classes.

1.5. Structure

The general structure of the rest of this paper is as follows. Section 2 contains some basic
facts and properties of Orlicz spaces, together with a small toolbox for dealing with lacu-
nary sets; the reader is encouraged to skip this section on a first reading and only consult
it when necessary. In Section 3 we will prove Theorem D and Corollary E. In Section 4
we will critically use Corollary E in order to conclude the generalized Zygmund—Bonami
inequality of arbitrary order alluded to above. This inequality will be stated and proved
in different versions which can be local or non-local, depending on the type of can-
cellation assumptions we impose. The reader can find the corresponding statements in
Propositions 4.1 and 4.4, see also Corollary 4.6. In Section 5 we present the details
of a Calder6n—Zygmund decomposition for the Orlicz space L log"/ 2 L, adapted to the
needs of this paper. The proof of Theorem B takes up the best part of Section 6, where
the Calderén—Zygmund decomposition of Section 5 is combined with the generalized
Zygmund-Bonami inequality of Section 4. The proofs of Theorem A and Theorem C are
discussed in Section 6.2 as a variation of the proof of Theorem B.

2. Preliminaries and notation

In this section, we collect several background definitions and notations that will be used
throughout the paper.

2.1. Some basic facts for certain classes of Orlicz spaces

We adopt standard nomenclature for Young functions and Orlicz spaces as, for example, in
Chapter 10 of [20]. Given a Young function ®: [0, co] — [0, oo], we will use the following
notation for local L® averages: for a finite interval / C R,

(Do =it o> 05 - [ @50 )ax <1

For the usual local L? averages, we just set

(fNpz = II7V2N flloay forl < p < oo
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For o0 > 0, we use the Young function
By (t) =t (log(e +1))°

to define local L log® L-spaces and we will also write,

(o2
e catanginn = (Do = o [ 17 (tog(e + 12500 )
111 Jr (If D
The last approximate equality can be found in Theorem 10.8 of [20]. For future reference
it is worth noting that the function B, is submultiplicative and thus doubling; see Sec-
tion 5.2 of [7]. We will write instead LZ7 (R) to denote the (global) space of measurable
functions f such that [p Bo (] f|) < +oc.

Note that the dual Young function of B, can be taken to coincide with E,-1(¢) :=
exp(cot/?) — 1 for ¢t > 1; here we insist on the equality only for sufficiently large values
of t. With this function, we define the local exp(L1/9) norms and the Holder inequality
(/g0 <1/ 1)B,.1(|f1)E,-, , holds. We reserve the notation L log® L and exp(L'/?)
for the case I = [0, 1] and the si)ace of functions supported in [0, 1], for which

I/ 1oge L = {|.f 1) By.[0,1] < +00,

I llexp 210y = (S D E,-1,00,11 = sup p~° || flp < +00,
p>
respectively (see Section 2.2.4 of [18] for the last approximate equality); there holds
exp(L'/?) = (Llog® L)*. For o = 0, we adopt the convention that L log® L = L' and
exp(L'/?) = L. The Minkowski-type integral inequality

ISk lziogm L3z = R SaH 2 oo 2

will be used with no particular mention. Its proof can be obtained by a simple duality
argument.

2.2. Some tools for handling lacunary sets

We introduce some useful notions concerning lacunary sets of arbitrary order. Let 7 > 1
and L € A;. We will denote by L the unique interval Le A;—1 such that L C L and
call L the (lacunary) parent of L. Furthermore, we will denote by A(L) the unique ele-
ment A € lac,_; such that dist(L, R \ Z) = dist(L,A) = |L|. We note that A(L) is one of
the endpoints of L. These definitions also make sense in the case T = 1, keeping in mind
the definitions of A and lacg.

If L e Ay, then L*:= L —A(L) € Aq;infact, L* is one of the intervals (—2|L|, —|L|)
or (|L|,2|L]|) depending on the original relative position of L with respect to A(L). The
point of the definitions above is that if L € A, then upon fixing a suitable choice of bump
functions ¢7, € @1, »r, we can write the identity

ALf — eZn’i)L(L)-AL* (e—ZJTiA(L)-Azf) — leri)L(L)-AL* (e—2ﬂiA(L)-f).

This will be crucially used in several parts of the recursive arguments in the paper. We
will also use the intuitive notation A|z| := Ap+y(r+) for the smooth Littlewood—Paley
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projection of first order at frequencies |£| ~ |L|, which takes advantage of the fact that L*
essentially only depends on the length of L. The following notation will be useful to
localize in a certain lacunary parent:

ANL:={LeA?:LCL}, L CR,
similarly we define A;(L’). Note that if L" € A;—1 and L € A(L’), then necessarily
L=1L"
The following simple lemma relies on the fact that lacunary sets are invariant under

dyadic dilations with respect to the origin and will be used to allow rescaling of intervals
of dyadic length to [0, 1].

Lemma 2.1. Lett € N and a € 2Z. Then a™'lac? := {A/a : A € lac?} = lac].

To showcase the typical application of this lemma, let / C R be an interval of dyadic
length and a = {a; } sclac, a finite collection of complex coefficients. By a standard change
of variables,

) p
@D paly) = Z a/\emy’ (lpa|>5,1 - /[1)1 ) Z aAIJI_lelAy dy,

/lelac‘,‘”_1 ' )LEIJ\laclfjl_l
. . S -1
and we crucially note that the sum on the right-hand side is for A € |J |lac|TJ = = laci

because of the lemma. Of course, the same change of variables will be valid for (| p,|)®, 7
for any Young function ®. We will use this rescaling argument in several places in the

paper.

2.3. Other notation

For any function g and A > 0, we write g, (x) := A~!g(x/A) for the L!-rescaling. Two
special kinds of bump functions will appear. Firstly, w(x) := (1 + |x|2)~/2 is the smooth
tailed indicator of [-1/2, 1/2] with N any large positive integer. It will be enough to take
N = 10 for the arguments in this paper, but more decay is available if needed. We will
also write ¢ (x) := (1 + |x|?)~3/4, which is still an L'-bump but has only moderate decay.
In some cases we are restricted to using ¢, most notably in the statement and proof of
Corollary E.

3. A weak square function characterization of L log®’* L

In this section, we provide the proof of Theorem D as a consequence of the Chang—
Wilson—Wolff inequality of general order (1.7). The conclusion of Corollary E will then
follow by a standard averaging argument using almost orthogonality between the contin-
uous Littlewood—Paley projections and martingale differences.

3.1. Proof of Theorem D

We recall that we work on the probability space ([0, 1], dx). It clearly suffices to prove
the theorem for k > 1, as for k = 0, we can set fy := Eo f = Dy f. Our starting point is
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the Chang—Wilson—Wolff inequality of general order of integrability, (1.7). This is pretty
standard, but a quick proof can be produced by using the usual Chang—Wilson—Wolff
inequality (1.3) in the form

PNf —Eoflp S PP 2 Sk fllp. p=2.0 20,
which readily implies

I/ —Eofllp I1S.a fllp
. ~ < ~
I/ = Eo fllexper2ro+vy = e R ISt S lexp(r2/0y-

which is (1.7). Observe that (1.7) has the form

1/2
< 2
G.1) | > oo (D 1)
k>1 k>1

We will write (3.1) as a continuity property for the operator T({gx }x) := Y, gk between
suitable Banach spaces. To that end, let us consider the subspace of L log“/ 2 L([0, 1]; £?)
given by

, =Dy f.
o2y Sk kf-

Y = {{Yx}x € Llog®? L([0,1]: %) : Dgyx = O forall k € N}.

We observe that Y is closed. To see this consider a sequence ("), C Y with ¢" = {y7 }x
converging to some ¥ = {y }x in Llog L°/2L([0, 1]; £?). Clearly the limit 1 belongs to
the space L log L°/2L([0, 1]; £2), the latter being a Banach space and, additionally, v
converges to Y in L log?/? L([0, 1]), and so also in L' ([0, 1]), uniformly in k. Now it
follows by Fatou’s lemma that for each k € N, there holds

[Mim inf [Dg (Vg — ¥l qo.1py < liminf [y — Y lL1 o1 = O,

yielding D ¥/! = D, = 0 a.e., where we also used the uniform boundedness of D on
L' (0. 1)).

Since (L log®? L([0, 1]; £2))* = exp(L2/%)([0, 1]; £2), the annihilator of Y is given
equivalently by

v+ = {lgeh € ewn(@)(0.13:2) ¢ [ (3 gevi) = 0forall (e € ¥).
k

Since Y is a closed subspace of L log?/? L([0, 1]; £2) we have (see Theorem 4.9 in [13])
that (L log®/? L([0,1]; £2)/ Y )* is isometrically isomorphic to ¥ . We equip ¥ + with the
norm appearing on the right-hand side of (3.1). We will use the following fact.

Lemma 3.1. If {gx}x € YL, then D g = gi for every k € N.
Proof. Fix an index ko € N, let € L1og®/? L be arbitrary and let {y/; }x be defined by

= 0 if k # ko,
k= Y — Dy, ¥ otherwise.
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Clearly, {Y; }x €L log”/zL([O, 1]; £2); moreover, D, (Y — D, %) =0, so that {yx }x € Y.
By the definition of YL, we have

0= /;gkl/’k = /gko(llf—Dkow) = /(gko = Dy 8ko) V.

where we have used the fact that Dy is self-adjoint; but this is only possible for arbitrary ¥
if Dk, gky = &k, as claimed. [ ]

Now (3.1) can be written in the form

(3.2) TGk} ) lexpz2/e+0y < I8k Ik llye,  THgk}r) = ng

Let X =L 1og"/2 L([0, 1]; £2) and denote by Xy and Yy the functions in X and Y,
respectively, which are constant on dyadic intervals of length smaller than 2~ . In partic-
ular, such functions f have finite Haar expansion, which implies the a priori qualitative
property that the spaces X and Yy are finite dimensional. We note that (Xy/Yy)* is
isometrically isomorphic to Y, 1\% By the Riesz representation theorem, we then get that

1Dk f el = |/ D abes| = |/
{gk}kEYJ' {gk}keYl
||{gk}k||YJ_<1 ||{gk}k||yJ_<1

where we also used Lemma 3.1 in passing to the equality in the right-hand side above.
Using (3.2) together with Holder’s inequality in Orlicz spaces, it follows that

S NN rogo+0r2 s

{VrlkeY Llog®/2 L

1/2
10 ey = ot (S Desv +vl?) |
k

where fy is the truncation of the Haar series of f € X at scale 2~V . We stress that the
approximate inequality above holds uniformly for all N € N. This inequality extends
to all f e L1log®+V/2 [ by a standard approximation argument, using the fact that the
truncated Haar series of functions f € L 1log®*+1/2 I converge to f in L log@+V/2[
see [12]. The extension of the operator f +> {Dy f}1 is the obvious one given by the same
expression.

In order to conclude the proof of the theorem, we notice that for every {y}r € Y,
there holds Di f = Dg(Dx f + ¥« ), and the last inequality guarantees the existence of a
vector {Yx }x € Y such that the functions f; := Dy f + Yy satisfy the conclusion of the
theorem.

3.2. Proof of Corollary E

The corollary follows from the dyadic case of Theorem D via an averaging argument
which is essentially identical to the one in Section 9 of [17]; see also [19], where the
argument of Section 9 in [17] is explained in detail. We can clearly assume that y > 3 and,
by affine invariance, we can take yJ = [0, 1], so that |J| = y~!, and supp f C [1/3,2/3].
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For all 6 € [—1/3,1/3], we define fy(x) := f(x — ). By Theorem D, for each 6 €
[-1/3,1/3] and k > 0, there exists a function fy x such that D fyp = Dy fg x and

1/2
2
[ 104) ], s S 1ol sgosrz . = 1 Dppgorira..
k>0

Setting, for L € All',

Fuoyi= 3 2wt [ g 0)]0e

Pl [-1/3,1/3]

and arguing as in [17], we see that |Ap f(x)| < FL * ¢z and

( 2 |FL(X)|2)1/2 & /[—1/3,1/3]<Z | fox(x+ 9)|2>1/2 a0

LeAY k>0

By the Minkowski integral inequality for the space L log“/ 2 L, we have

1/2 1/2
S 1) = (000,
| :

and the proof follows for L € A?. Under the additional cancellation assumption f[o 1 =0,
we consider also L € A; with |L| < y, and for these we define Fy, := |Ar f| and note
that [Ag f| < ¢r|-1 * FL. Using the cancellation condition, we have also

IALFI < @1 * (LS Nl djo,1))-

which readily yields the estimate ||||[{ Fz}|L|<y 2]zt < || f |1 and the proof is complete.
Note that we used that since t = 1, there are at most two intervals L € A of any given
length.

4. Generalized Zygmund-Bonami inequalities

In this section, we prove the versions of the generalized Zygmund-Bonami inequality
presented in the introduction, where the Littlewood—Paley projections Ay, for L € A are
replaced by their t-order counterparts Ay for L € A, where 7 is an arbitrary positive
integer. As already discussed, the estimate corresponding to order t = 1 is (1.4) and it
follows rather easily from the case 0 = 0 of Corollary E. For t > 1, we first state the gen-
eralized Zygmund—Bonami inequalities in the case of L € A, with |L| > |J|™!, where J
is an interval in which f is supported; this is the harder and deeper case. In the rest of
the section we will also provide the statements and proofs for the easier case |L| < |J|7!;
the latter will rely on pointwise estimates for Ay f* and recursive arguments, assuming
suitable cancellation conditions for f in the same spirit as Corollary E.
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4.1. The main term in the generalized Zygmund-Bonami inequalities

We encourage the reader to keep in mind the notation of Section 2 for the local Orlicz
norms and the definitions concerning lacunary sets from Section 2.2 for the rest of this sec-
tion. Our first result below gives a version of the generalized Zygmund-Bonami inequality,
in which the intervals L are restricted to those for which |L| > |J|~!, as anticipated above.

Proposition 4.1. Let J C R be a finite interval and let f be a compactly supported
Sfunction with supp( f) C J. Let t be a positive integer, o > 0 and y > 1. There holds

1/2
(X 0ALsD3ps)  Sowr (1 DBeroys

-1
LeA',JI

and
2 2
Y 1AL f I e@yysy Ser I DBy
Leall™

Proof. The proof is by way of induction on t, with the base case t = 1 being an easy con-
sequence of Corollary E, as we shall now illustrate. Indeed, let C; (o, , y) and C,(z, y)
denote the best constants in the first and in the second estimates in the statement, respec-
tively. Corollary E implies that for L € A'lj ‘_1, we have

(1AL f1)By s < leqrisn-1 * FLDByjzys < (IFLI)Byjaiys s

using Young’s convolution inequality and the L!-normalization of each @qr)Jn-1- Now
the proof of the first estimate in the conclusion for t = 1 can be concluded by yet another
application of Minkowski’s inequality, this time to yield that the left-hand side of the first
estimate in the conclusion is bounded by a constant multiple of

1/2 1/2
2 2
(2 0Rbh) ={( X 1RP)T), S U D

[L|=[J]7! [LIz| ]!
by the estimate for the square function of the {Fr}; in Corollary E. It follows that

Ci(o,1,y) < +oo for all nonnegative integers ¢ and y > 1.
For the second estimate, we have, for |[L| > |J|~!and x e R \ yJ,

@D JALf S LI+ [Llx = e DT f D1 S @+ (1 f Dus L)),

with @ -1 as given in Section 2. Using the first approximate inequality above, the square
of the left-hand side of the second estimate in the conclusion of the proposition can be
estimated by a constant multiple of

S UDRALIDALE [ ke
LeA/™ o
1

SN, Do (LD,
LeAq:|L||J|>1

which sums to the desired quantity since, for t = 1, there is exactly one interval L € A
per dyadic scale. This shows that C»(1, y) < oo forall y > 1.
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Consider now the case v > 1 and let @ > 1 be such that y = a*. Recalling the discussion
in Section 2.2, we write

(42 |ALf]

IA

AL (L1 e 22D AL )] 4 | Aps (g1 e 272D AL f)]
= |Ar+ fi,L| + |AL* f2.1].

For clarity, we remind the reader that A(L) is either of the endpoints of L (depending on

the position of L), and therefore we can partition the intervals L into two families such

that fiL, f2 L actually depend only on L, this will be relevant below. Fixing for a moment
e AT we note that for any L € A‘TJF1 (L"), there holds L = L/, and so

-1 >
il =187 f1gr-1y = [(AL f)1ge-1].

As the collection . 1
(L* L e AT L)y c A

1
we can use the conclusion of proposition for T = 1 to estimate, for fixed L’ € A‘J 7

1/2
(X U8 firhhpas) =GO (AL DB ypas

Lea? ™ (L

Thus, we can recursively estimate

/
(X X aehihlw)

rea?lT Leal?™ @
1/2
< Ci(o,1,a) ( > (|AL/f|>§(U+1)/2,aT*1J)
L’EALJJI_I
< Ci(o,1,a)Ci(0c + 1,7 — lyar_l)(|f|)3(1+o)/z,1’

which takes care of the contribution of the f7,7’s. Considering now the f, ;’s, by Holder’s
inequality for Orlicz spaces, we have that (|Apx f2,L1)B, 5,070 =< (|AL* f2,L1)2,as and
therefore, for any fixed L' € Al/IT",

1
2 2 _
) (1AL f2.L1)B, p.0r0 7| /lez,Ll =

-1
LeA?™ (1)

N

a*|J| Jrvar-1s

where we have used the L2 — L? boundedness of the smooth Littlewood—Paley square
function together with the fact remarked above that f, ; depends essentially only on
L = L’. Tt follows that we can bound recursively:

1/2 1/2
(Y X (aehibhes) So(an Z AL /)
Bor2 r|J| R\a*-1J
Liea?I"t LeA (L) AT
! IL\EIJI’1

(Cz(r —1,a™YH

1/2 _
i WU Dhns) Sow (Cale = 1a™ /@) A1 f
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This proves that
Ci(0,1,a%) < Cy(0,1,a)C1(c + 1,7 —1,a" 1) + cor Ca(T — 1,ar71)1/2a*f/2

for some numerical constant c4,; depending only on o, 7.

We move to the proof of the inductive step for the L?-estimate and we use again
the splitting of (4.2). For the term corresponding to the fj 1’s, we can estimate again
recursively:

Z Z ”AL*fl’L”%,Z(]R\aTJ) = G(la)la" | Z (1AL DT ety
Lea’ T Lea T @y LeaT!

< Co(1,a)C1(0, T = 1,a" ) a™ TS DEyy 0y

Finally, for the contribution of the f 1.’s, we use again the L? — L? boundedness of the
smooth Littlewood—Paley square function and the inductive hypothesis to estimate

Z Z ”AL*J{Z,L“iZ(R\arJ) < Z ||AL/f||iZ(R\az—1J)

veal Leal! ™ @) veall!
—1 2
< Co(e—La YIS Dy e,

We have thus shown that for some numerical constant ¢, ,,

Ca(r.a") < C2(1,a)C1 (0,7 —1,a™ a4 ¢, . Co(r —1,a" 7).
This completes the proof of the inductive step and hence the proof of the proposition. =

Remark 4.2. The first estimate in Proposition 4.1 implies the Zygmund-Bonami inequal-
ity of general order. Indeed, assume for a moment that J = [0, 1], and for A € lacl, let
L) € A be an interval that has A as an endpoint. We have

1) = AL, (/YM] < 1AL, (Nl

for a suitable choice of symbol in the definition of Az, and so the first estimate of the
proposition for o = 0 implies

(X 17 ®B)" <1 lygro 1

A€lac}

which is the Zygmund—-Bonami inequality of lacunary order r. Dualizing and rescaling as
in (2.1) tells us that for any finite interval J C R with |J| € 2%, we have

= Y e lalle =1 = (P)Ey.s S 1.
)'Lelacyr1
This formulation of the higher order Zygmund—-Bonami inequality will be used in several
points in the rest of the paper. As it follows from Proposition 4.1 above, this makes the
proofs in the paper somewhat self contained.
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Remark 4.3. One can easily verify that the L2-estimate of Proposition 4.1 can be up-
graded to the following form for “molecules”. Let § be a family of pairwise disjoint
intervals and f =) Jegbs, where supp(by) C J for each J € 4. For every positive
integer 7 and y > 2, there holds

ZH > AL(bJ)lR\yJ‘

LeA: J:J|z|LI!

L2(R) ~ Z | |bJ| B-1)/2,J "

Indeed, an inductive proof is again available. The case t = 1 follows by the same pointwise
estimate (4.1), which implies that

1
Y aGnays Sonqx (3 Wb gris)

J:|JIz|L|7! |J|=|L|~!

which sums using that there are at most two intervals L € A; of any given length. The
inductive step relies again on the identity (4.2), applied to each b in place of f. Then
the contribution of the first term is estimated by an appeal to the case T = 1 followed by
an application of the first estimate in Proposition 4.1. The contribution of the second term
in (4.2) is estimated by the Littlewood—Paley inequalities and the inductive hypothesis.
We omit the details.

We proceed to prove the easier range, corresponding to |L| < |J|~!. As in Corollary E,
we require cancellation conditions, which in the case at hand amount to vanishing Fourier
coefficients of the function at lacunary frequencies corresponding to order t — 1. In this
range, we can prove the stronger L? inequality that follows. For simplicity, we state the
result below for f with support of dyadic length, but it is obvious that this is no real
restriction.

Proposition 4.4. Let J C R be a finite interval of dyadic length and f be a compactly
supported function with supp( f) € J. Let T be a positive integer. We assume that f(1)=0
forall A €lacf ™ U---Ulacl!|[". Then

S IALS oy < 1L Dy

LeA;:
ILI<|J|

Proof. We argue by induction as in the proof of Proposition 4.1. Let us denote by C(7)
the best constant in the inequality we intend to prove. Note that, for r = 1, the assumption
reads [ 7 /= 0and the conclusion C(1) < +oo follows immediately by the pointwise
estimate

4.3) AL S PP+ L] = er DT (1 f D
S ok (LT Ds1s)
for any large positive integer M, where c is the center of J and |L||J| < 1. In order to

see the first estimate above, let' us_take ¢1, € O, m to be the symbol of A;, which can be
written in the form ¢y, (x) = €'27“L¥| L|¢ (| L|x), with ¢, denoting the center of L € A ;.
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We compute, using the cancellation of f and the mean value theorem,
AL/ = /J|¢L(x =) —pr(x—c)lf(»Idy < g IJISHIJ> ¢ (x = DI f ()] dy.
ze

Using that |cz| >~ dist(L,0) >~ |L|, we have, forz € J,

67 (x —2)| S cL|LI(ILI(x —2)) + [LI*¢(L|(x — 2))
SILPA + |L]x —z])™ ~ |LP(1 + |L||x — cs)™™.

The last approximate equality can be checked by considering the cases x € 3J and x ¢ 3J
separately, remembering that |L||J| < 1. The combination of the last two displays yields
the first estimate in (4.3). The second estimate in (4.3) follows by the first since

(I+I|L|x —esD™ = (1 +|L||x —z)™™

for z € J 2 supp(f).
For t > 1, we first do the same reduction as in the proof of Proposition 4.1. For t > 1,
we can estimate

@.4) Yo I8 lm = 2o D 1AL AL ),
LeA; L'eA.—; LeA (L)
i<l LI<lJT!

+ Z Z ”AL*(e_zniA(L).f)”[z‘Z(R)-

[JI71 Le A (L'
veal are

The first summand above is estimated by < C(t — 1)|J|(|f|)23(1_2)/2 , by using the
L2-bound for the smooth Littlewood—Paley square function and the inductive hypothesis.
The second summand above can be estimated by

Z Z Z ”Aﬂ(e—Znil(L)’f)”iz(R)

£:2t<|J| 1 =L LeA (L
<|J| L'en!) (L)

|L|=2¢
—27iA. 2

= Y > Y A N,

ol g1 Tt LeA

L:2t<|J| Aelact!| A(f):i\

|L|=2¢
—2mide 2

S Y Y 1A ),

£:2t<|J|1 Aelacm_l

-1

where, in passing to the last line, we used that for each A € lac,_; there are at most O (1)
intervals L € A of fixed length with A(L) = A. Fixing for a moment 2¢ < |J|~! and
x € R, we write

> 18 NP = |8 (X axe 1)) =1 As (o NP

7171 |71
A€lac;_ A€lac;_;
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where {a;}; = {ax(x, )}, is in the unit ball of ¢2, and p, ¢, implicitly defined above,
is as in (2.1). Using the cancellation assumptions on f, we see that fJ DPxif = 0,s0by
appealing to (4.3), we get

|Age(fPxse)| S @ye % QYT [P 1,010) S 0t % QYT F ) By s 10),

where we used the Holder inequality in Orlicz spaces together with the Zygmund —Bonami
inequality of order T — 1 from Remark 4.2 to control (| px ¢|) £2/(;—1) < 1. Squaring the
estimate in the last display, integrating, and then summing for 2¢ < |J|! ylelds that the
second summand in (4.4) is controlled by a constant multiple of |J |{| f])3 Ble—nyrd - We
have proved that C(t) < (1 + C(tr — 1)) and this concludes the proof of the inductive
step and of the proposition. [ ]

Remark 4.5. Asin Remark 4.3 there is an upgrade of the L?-estimate of Proposition 4.4
from “atoms” to “molecules” f = ) Jed by, where & is a family of pairwise disjoint
dyadic intervals and each b; satisfies the cancellation assumptions of Proposition 4.4,

namely,
> H > AL® J)

LeA, J:|J|<|LI!

<
L2(R) Z 716 B(r v/2:J "

The base case T = 1 is essentially identical to the corresponding step in the proof of
Proposition 4.4, relying on the pointwise estimate

)AL< > bJ)‘sa)|L|—1*<|L| > |J|(|bJ|)1,JlJ)-

J:|L|<|J|71 J:|L|<|J|!

This is a consequence of (4.3) using the cancellation assumption [ by = 0 foreach J € §.
For the inductive step with T > 1, denoting again by C(7) the best constant in the desired
L?-estimate, we clearly have that

3 ” S AL i . Z ” 3 Ajpy(e=2mAD" J)‘

L2(R)
LeA; J:|J|<|L]! Ac i LIt <) |<IL]
—+ C(‘L' — 1) Z |J|(b‘,>%(172)/25-]'
Jeg

Using a linearization trick as in the proof of Proposition 4.4, we have

SIY ane )|

LeAr ji|Li-1<|J|<|L|-

. 2
=X X A X aer )l
LeZ J:|J|<2-¢ LeAAr
|L|=2%, LI~ <|J|

for some collection {ar }rea, = {ar(x,£)}Len, in the unit ball of Zi.
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Fixing for the moment £ € Z and x € R, we have

Pxd = Z ar e 2miAL): _ Z ( Z aL) o—2miAL)

LeA, [JI=1 LeA (L)
2 L'eA v
|L|=2¢,|L|>|J|~! ! |L|2¢
Z ,3/1 6727”/%’
)Leldcm

with [[{Ba}]l¢ = O(1). Here we used that there at most O(1) intervals L € A with fixed

length | L| = 2¢ inside L. Using the cancellation of Dx,¢by, we can estimate pointwise
1800 (Pr,eb )| S 251 [(|px,sba )10 1,

and by Remark 4.2 and Holder’s inequality for Orlicz spaces, we have that

(1Px.bs 1,0 < 1bs 1) B_1y2.d -
With this information the proof of the estimate can now be completed summing over
|J|2¢ < 1 as in the proof of Proposition 4.4.

We conclude this section by recording the generalized Zygmund—Bonami inequality
under cancellation conditions. This is just a combination of Propositions 4.1 and 4.4.

Corollary 4.6. Let o be a nonnegative real number and t a positive integer. Assume that

supp( f) C J for some finite interval J and that f (A)=O0forall A€ lac‘oj Pu...u lac‘,JJII.
Then

/
(AL rs) S A Db

LeA;

5. An L5Z2(R) Calderén-Zygmund decomposition

We describe in this section a Calderén—Zygmund decomposition adapted to the (global)
Orlicz space LBo/2(R) for 0 > 0. Such a Calderén—Zygmund decomposition, which is
influenced by the one appearing in Appendix A of [7], is available to us because of the
specific choice of the Young function B/, and it is adapted to the finite order lacunary
setup.

Recall that for ¢ > 0, we write f € LBo2 (R) if for some (or equivalently all) A > 0,

there holds 0ol
X
/RBU/Z( o )dx<+oo

There is an Orlicz maximal operator associated with B,

Mg, , f(x) = sup(| f])B,..0. X €R,
O>x

with the supremum being over all intervals Q of R containing x. The dyadic version
of Mg, , is defined similarly, with the supremum over all dyadic intervals Q €D, where D
is some dyadic grid. We will write Mp, , o for the dyadic version. Below we denote by
Qe ?‘(]3) a dyadic interval, Q1 its dyadlc parent and set Q**+1) to be the dyadic parent
of O\,
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Remark 5.1 (Existence of stopping intervals). For the Calderén—Zygmund decomposi-
tion, we choose stopping intervals that are maximal under the condition (| f|) s, ,,,1 > A.
The existence of these stopping intervals relies on the following fact: if f € LBo/2(R) for
some ¢ > 0 and / is a dyadic interval in some grid O, then (| f |)BU/2,I(k) —0ask - +oo.
This can be easily proved using, for example, the fact that the Young function B,/ is sub-
multiplicative.

Proposition 5.2. Let o be a fixed nonnegative integer, f € LBe2(R), and a > 0. There
exist a collection & of pairwise disjoint dyadic intervals J and a decomposition of f,

f =g+ bcanc,a + blac,a»
such that the following hold:

()  The function g satisfies ||g|lLom®) < a and ||glLwy S I f |l ®)-
(i) The function beyye ¢ is supported in | Jegd J and, in particular,

beancs = P by, supp(by) € J. bs(X) =0 forall X €laco U+ Ulac,.
Jeg
Furthermore, we have that (|by|)B,,,,; < & forall J € § and
Z |J| S/ Bo/2(|£_|)-
Jeg R

(iii) The function by, is also supported on | J ;. g J and satisfies

/]
o oy 5 2 1061, 0 S 0 [ Baya(21)

Jeg

Proof. We begin by recalling that f € L5o/2(R) implies that [ By/2(] f|/a) < +o00 for
all « > 0. By Remark 5.1 and Theorem 5.5 in [7], we have that the dyadic Orlicz maximal
operator Mg, , o satisfies

|Eqy| = |{xeR:MBU/2,;Df(x)>oz}|§/RBU/2<|(];—|), @ > 0.

Letting ¢ denote the collection of maximal dyadic intervals contained in E,, we have that
forevery J € ¢,

]
o < (1 )5t < 20, J;m S/RB,/Z(T).

The upper bound in the approximate inequality of the leftmost estimate above follows by
the maximality of J and the convexity of the Young function of B,/», which implies that

(1fDBojp.d = PAUSDBojzpss P> 1,

see Proposition A.1 in [7] and equation (5.2) in [7]. One routinely checks that the function
g = flR\U]eg 7 satisfies (i).
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For the “atoms”, we set fy := f1; and define

braee =Y (X B )V e,

— _ /]
p=0 )Lelac‘pj‘ !

and

blac,o = Z bijace and  beane,s = Z by.
Jed Jed

The cancellation conditions of (ii) for bcanc s follow immediately by the definition above.
Furthermore, by the Holder inequality for Orlicz spaces and the Zygmund-Bonami in-
equality of order p € {1,...,0} as in Remark 4.2, one sees that

(161 02¢,0 1) Bejo,d S by ac,ol)2,0 S A f71)Byjns S @

This and the triangle inequality also yield {|bs ) B, ,,7 < (|./71)B,/,,7 < a. thus completing
the proof of the desired conclusions in (ii). Finally, for (iii) we estimate as above:

) 1/
oo oy < 2 111103, 0 S° [ Buya(21).

Jegd

and the proof is complete. ]

6. Proof of Theorem B and corollaries

In the first part of this section, we compile together the results of the previous sections
to conclude the proof of Theorem B. In the second part, we show how to conclude our
corollaries, namely, Theorems A and C.

6.1. Proof of Theorem B

Let us fix a positive integer T and m € R, .. Before entering the heart of the proof, we
note that it suffices to prove the theorem for multipliers m having the form

m = ZC]I],
Ied

where the family of intervals J has overlap at most N, for each I € 4, there exists a unique
L = L; € A;suchthat I C Ly and for each fixed L € A, there holds

> P =N
I:L;=L

See the analysis on p. 533 of [17] for the details of this approximation argument. For m of
this form, we now can write

Tu(f) =Y cPrf= Y. Z cPr(ALf). Prf=f),

Ied LeA; I:L;=

a fact that we will use repeatedly in what follows.
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6.1.1. The upper bound in Theorem B. Let f be a function in L57(R) and let « > 0
be fixed. We decompose f according to the Calderén—Zygmund decomposition in Propo-
sition 5.2 with 0 = t, yielding

f =& + bcanc,‘r + blac,‘r~
We directly estimate g + bjyc ¢ in L? using (i) and (iii) of Proposition 5.2:

1
|{X €R: |Tm(g + blac’f)(x” > Ot}| < ") ”g + blac,r”iz(R) < / Br/z(m).
o R o

The main part of the proof deals with the bad part beane,r = Y ¢ P by, and it suffices to
estimate

[{x e R\ 67 : [Tm(beanc.r)| > e}
Jegd

as the measure | ;¢ 467 | satisfies the desired estimate by (ii) of Proposition 5.2. We will
adopt the splitting

Tm(ZbJ):ZCIPI< > ALI(bJ)lR\3.1>+ZCIPI( > AL,(bJ))
J I J:|J|=|Ly 7 1 J:JI<ILy |t

+Zc1PI( 3 AL,(b,)13,)=:1+H+IH.
I J:|J|=|Ly |7

The main term is ITI. Indeed, we can estimate the term I in L?(R) using Remark 4.3,
while II is also estimated in L?(R) using Remark 4.5 this time. Note that each b; has
the required cancellation by (ii) of Proposition 5.2. Using also (ii) of Proposition 5.2 to

control the averages (|by[)B,_,,s < (|bs1)B,),,7 < @, we have

1
(IRSTEIEFS SN D DIV X 1

Jed Jed R

as desired.

It remains to deal with III, and we make a further splitting. Let k; € Z be such that
2k < 1] < 2ki+1 Of course, we will always have that |L;| > 2’1‘, since I € Lj. We
write

I = ZCIPI( > Ar, (bJ)13J) + ZCIPI( > ALy 131)
1 J:27K 1 >|J|2| Ly | 1 J:|J|z27k1
=: III; + III,.
We first handle the term I11;. Let Ay be the smooth frequency projections on the interval /

as fixed in Section 2.2. Then, in particular, we can write P; Ay = Py, and we have the
familiar pointwise estimate

A7 (AL, (by)13s)| S o1 * (AL, (Ds) ) 1,37 1),
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as | 1|71 ~27% > | J|. We thus get

|{|ml|>a}|<_ SN Z 12 f\wm 1* <|AL<b,)|>1,3J1,)‘2
Lebde Iili= J: \J|>2—k1
s Z > WIALGDTay < D1 </ r/z(lf;')
JEgLeA”‘ ! Jed

where we used the £2-control on the coefficients {c;}z ;=L in passing to the second
line and the generalized Zygmund-Bonami inequality of Proposition 4.1 together with
the properties of the Calderén—Zygmund decomposition in the penultimate approximate
inequality.

The steps required for dealing with the term III, are essentially the same as those
in [17]; however, as here we are dealing with a higher order setup, we include them for
the sake of completeness. We will split the estimate for III, into two parts. In the first,
we keep the part of the multiplier 1; = 1y, ,,] at scale O(|J|™") around its singularities
which are at the endpoints. We make this precise now.

Let 0 < 7.7 < 1 be a smooth bump which is 1 on the (10|J|)~!-neighborhood of
the endpoints {£;, r;} of I and vanishes off the (5| |)~!-neighborhood of the endpoints,
and satisfies |0%Yr,y||Le < |J|® for all « up to some sufficiently large integer M. Let-
ting W7 ;s denote the operator with symbol 7 5, we define

Ebstren) = crPr( D Wrs(AL, ()1s)
I J:|J1z27k1

The following lemma shows that the operator &({b;}eg) can be dealt with, again, by
L?-estimates.

Lemma 6.1. We have the estimate
|/
I8 el < 3 1IIBAE, . 502 [ Ba(LD).
R o
Jeg
Proof. First note that by the overlap assumption on the intervals I, we have
2
I€Gb s oy SN Y Z ler]? / (> ws@estl).
LeAI:L;= J:|J|=27k1
The following pointwise estimate can be routinely verified:
W77 (AL () 137)(x)] S MA)@) O (ALB) 137

Using the Fefferman—Stein inequality and rearranging the sums, we can conclude that

Wb re)ioy SN Y. Y lel® Y (1ALB)DT 1]

k 2k I:Ly=L J|=2-*
Le A2 0 [J]>

<S> ALGD? .

Jegd LeA‘rjl_l
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where we used the £2-control on the coefficients {cy }1,~r in passing to the second line.
An appeal to the generalized Zygmund-Bonami inequality of order 7 in Proposition 4.1
concludes the proof of the lemma. ]

We are left with studying the contribution of the operator

L(brtseg) =Y erPr Y (d—V1 ) (AL, (bs)13y).

I |J1=27k1

For this, we consider the multiplier 7,5 := 17 (1 — ¥y, 7) which is a smooth function with
values in [0, 1], supported in 7, is identically 1 on |x — ¢;| < |I| and drops to 0 with
derivative O(|J|) close to the endpoints of /. More generally, one easily checks that {7 7
satisfies

109Cr.0] < 1" 1)) UlLign(s)  foralle > 1,

where

Len(J) = [l +107YJ Y ¢y +57 I Y T
and

]right(-]) = [7’1 _5_1|J|_1, rr — 10_1|J|_1] cl.

Remembering that we are dealing with the case |/||J| Z 1, we see that the function {7 s
has support of size O(|/|) and a-derivatives of size O(|J|%); thus the function {7, is not
a good kernel. The important observation is however that the derivatives of {7 s of order
o > 1 have support of size |lie(J) U Light(J)| = [J]71.

Given an interval J C R, we will also use an auxiliary function p; defined as follows.
We choose 0 < p < 1 to be a smooth bump function which is identically 1 on [—1, 1] and
vanishes off [—3/2, 3/2], and define

ps(x) = p(x/|J|) forx eR.
Lemma 6.2. Let I and J be intervals and let {1 j and pj be defined as above. If
firg = (—=p)) .
then for any nonnegative integers y and f, there holds
10 1r, )] S 1151+ 1] dist(E, R\ 1)), & €R.

Proof. We begin by noting that since {7, s is a Schwartz function and (1 — p) is a smooth
bounded function, we have we have that (1 — ps) {7,s is a Schwartz function. Furthermore,
by the comments preceding the statement of the lemma, we have that {; s satisfies

|3?§1,J| Vi Vw0 Ligu(ry  foralla > 1.

Note that, by symmetry, it suffices to prove the estimate for £ € R such that dist(§, R\ 1) =
|& — £1|, where we remember that / = [{, r7]. For simplicity, we will write /(J) for
Lier(J). Thus, the conclusion of the lemma reduces to showing

192 11,1 () <p 171P L+ 711§ — 1))
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We will henceforth drop the subindices 7, J in order to simplify the notation. We record
the following standard integration by parts identity: for nonnegative integers y, v, we have

-~ 27i)Y "V )
(0x = 27ilp)7[E(x)] = (=1)" % /R (€ — L)V £ ()] ™7 dt.

In order to make sure that all terms in 8‘5’[(5 — £7)7¢(§)] contain at least one derivative,
we take v > y. Then we have

M~

18515 =€) EON < Y 195 —€n)” 9y [5@)]]

~
Il
o

<Y E— G TRIT TR gy ) S 11T ) (),

M=

x~
Il
o

provided that v > y. Plugging this estimate into our integration by parts identity, we get

|J|v—y—1

6.1) x — 270 €1)” [E()]| < o VT

Using this estimate, for nonnegative integers 8, y, we have
(—=27i)P
Q2ri(§ —£p))Y

Using (6.1) with v large, together with the fact that supp(1 — py) C {|x| = |/ |} and that
supp(dx[ps]) C {|x| >~ |J|}, and combining with the previous identity yields

ATQIE /R (@ = 270 1) [P (1 = p(x/|T ) E ()] 727 dhx.

1 _ . .
EAMGIES =0T / Yo PR (1 —p(x/ 1T 1)(0x =27 1) 3 [ (x)]| dx
I IR b ey tha=y
ki<B
|J|v—k3—1 / Betr—
< —_— |x|B—k1=v ax
k1+2k3:=y 1§ =Lrl” Jixiz1v)
ki1<B
J v—k3—1 J B—vy
+ Z | | / |X|ﬁ_k1_v|J|_k2d.X,§ I | .
k1t+ky+ks=y &=Ll =171 & —&s1
k1<B,k2>1

Combining this estimate for general y with the special case y = 0 yields the conclusion
of the lemma. ]

We can now prove the desired estimate for the remaining term.

Lemma 6.3. There holds

/ |2(bsYse)) S D 1T IBI ) B0
R\U]eg 6J Jegd
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Proof. For convenience, we set
Ly =Pi(Id—Vy ), Frj:=AL,(bs)l3y,
Lbstreg) =Y Y. clri(Fry).
I g:J|>27k1

We immediately note that it will be enough to prove the desired estimate for a single by,
and then sum the estimates. Furthermore, by translation and scale invariance, it will be
enough to assume that J = [—|J|/2, |J|/2]; here we critically use that the operator Ly, y
depends only on the length and not on the position of J. The left-hand side in the conclu-
sion of the lemma for a single such b can be estimated by

Ay i=[ ) > elnsFry =/ ‘ Y @ x Frp)(x)|dx
|x[=3|J] |x|=3|J]

I:2k1>|J|1 I:2k1>|J|1

- 2 1/2
S ([ Bl Y @ e arn)"
|x|>3|J|

I:2kr>1

Now let p be as before. It is then the case that for |[x| > 3 and |y| < 3/2, we have

3
_ >_ > _,
ETLES

—p(x|;|y) =l-pj(x=y)=1

for such pairs (x, ). As Fy,s is supported in [-3|J|/2,3|J|/2], for all |x| > 3|J|, we
have that

G P = [ Fr () B (x = 1)1 = ps(x = ) dy.
[=3171/2,3171/2]
Using this identity and setting i s == (1 — ,OJ)E],‘], we get

. 2 (12
([ X antf©use) )
2k1 >‘J| 1
Using the elementary estimates
I FrgllLe®) = 1F1sllLi@wy and [0 FrullLey < I Fr,u L1 (w)-

together with the estimate of Lemma 6.2, for 8 € {0, 1}, we get, for y a large positive
integer of our choice,

0 [1r,1 (8)) 5

|71 <|JIB
JIF My, . v,
(1 + |J|dlst($ R \ I))y ~ | | ( I]et((J)UInght(J))

Hence, by using the Fefferman—Stein inequality, the Cauchy—Schwarz inequality, and the

N -overlap assumption on the intervals I, we get

1/2
Ar S0 e P IIAL B N e ) U Trgn(D])

2k 2|71
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Here note that we use that [ieq(J) U Iiign(J) & 1, by construction, and hence

Y L@ur) < )11 <N
2k>|7|! 1

Further, using also the control on the £2-norm of the sequence {c;}; yields

1/2
Ar S0 RIALG)D )

LealI™!
, \1/2
= |J|( Z (|AL(bJ)|)1,3J) SIKIbs) B,
Lena/™

by the generalized Zygmund-Bonami inequality of Proposition 4.1. This concludes the
proof of the lemma. u

Using Lemmas 6.1 and 6.3, we complete the estimate for the term III and with that
the proof of the endpoint bound of the theorem.

6.1.2. Optimality in Theorem B. We briefly comment on the optimality of the Young
function ¢ > 7(log(e + 1))™/? in the upper bound of the theorem. Suppose that r > 0
is such that whenever T,, is an R, ; multiplier operator, then the bound of Theorem B
holds with 7 in the place of 7. Since Ty, is L?-bounded, it follows by a Marcinkiewicz
interpolation type of argument that the L” (R)-bounds for the Littlewood—Paley square
function LP; of order 7 can be estimated by

P 1/p
1Pl < (B 32 P )7 = swp ITwlliroer S (p— D7D
LeA;

p=p Imllg, =1

as p — 1T, where the expectation in the display above is over independent choices of ran-
dom signs {¢1 }1.. However, a modification of an example in [4], see Section 3 of [2], shows
that the estimate in the display above does not hold for r < 7/2. This argument also shows
that our theorem implies that the L? bounds for R, . multipliers are O (max(p, p')!+%/2).

Alternatively, sharpness can also be obtained by adapting the corresponding argument
in Section 3.2 of [17] to the higher order case. Let us briefly outline the second order case.
For a smooth function v supported in [—1/2, 1/2], with ¥ (0) = 1, and (k, /) € Z?, with
k > [, we consider the multiplier m ;) given by

__nk
man(®) = mo( ). where mo(®) = Y&~ D1 (©). £ € B,

One then has
i2m2kx

- 1 -
min() = o=+ 0(gro). Wz

For N e N, that will be eventually sent to infinity, we consider the second order £2-valued
multiplier operator

Ty (g) = {Tm(kgl) (g)}1§l<k§N-



0. Bakas, V. Ciccone, 1. Parissis and M. Vitturi 1300

Consider a smooth function f such that f is supported in [—4, 4] and f (&) =1 for all
& € [-2,2]. We then set

fvx) =2Yf2Nx), xeR.

For r > 0, we have

if [x| > 273N/8

N
178 (fN) )2 2 —
x|

and
N

[ |fNa(x)| (tog(e + |fNOfx)|>)rdx <~ (log(e + 2))" fora>0.

Hence, if we choose o = 2°V/8_ then

a'(log(e + a~12N))" ~ 27SNENT

and
x € [=1/2,1/2] I Tn (fn) @)z > @] = 12738 < x < 1/4 2 N/ x| 2 25V8y)
~ Na™ L.
To complete the proof, define gy = fi x[1/2,1/2] 0 that g is supported in [—1/2,1/2]
and ||gn | 1og" L(1=1/2,1/2)) S N”. Moreover, forall 1 </ < k < N, one has
T, (v = gn)()| 2720 forallx € 2738, 1/4],
and hence
TN (gn) ezl Lroo(—1/2,1/21) = N-
It follows from Khintchine’s inequality that there exists a choice of signs ¢ ¢, depending

on g, such that

> N
Lueo([—1/2,1/2]) ~

H Z Sk(ka](gN)‘

1<l<k<N

from which it follows that r > 1 = /2.

6.2. Proof of Theorems A and C

We begin by explaining the modifications needed in order to obtain a proof of the endpoint
bounds in Theorems A and C.

6.2.1. Proof of Theorem A. Since Marcinkiewicz multipliers of order t are contained
in the class R, ., we only need to briefly discuss the conclusion of Theorem A for the
Littlewood—Paley square function. Note that the proof of Theorem B relies on L2(R)
estimates and L!-type estimates. Then we can repeat the proof for the operator

2\ 1/2
LPef~E| 3 erprf| = (] 3 erPrs|)
LeA; LeA;

using the first approximate equality whenever L!-estimates are needed, and the second
one for the L2-estimates. We omit the details. The optimality follows by the discussion in
Section 6.1.2.
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6.2.2. Proof of Theorem C. We proceed now to prove Theorem C concerning endpoint
bounds for higher order Hérmander—Mihlin multipliers and smooth Littlewood—Paley
square functions, which requires just small modifications compared to the proof of Theo-
rem B. Consider a positive integer 7 and f € LB1; we apply the Calderén-Zygmund
decomposition of Proposition 5.2 with 0 = v — 1 at some fixed level « > 0 to write
f = & + beanc,t—1 + biac,z—1, and let & be the collection of stopping intervals. The good
part g + Diac,r—1 is estimated in L2 by the L2-bounds of the operator T,,, using that

|/
I + bl S [ Bania(2)).
R o
by the Calderén-Zygmund decomposition. As before, it remains to estimate the part of the
operator acting on the cancellative atoms. We consider a partition of unity {¢r}reA,,
subordinated to the collection of Littlewood—Paley intervals A._;, with ¢ € &1, pr for
each L. We set _ 5 5
AL(g) = (), ld= > AL
LeAy

With Ay the smooth Littlewood-Paley projections as fixed in Section 2.2, we have that
ApAp = Ar. We have thus the decomposition

TmZ Z TmZLZI Z TLZ Z TLAL,

LeA4 LeA; 4 LeA—1

and let 7, denote the Fourier multiplier of the operator T;. We then estimate

Tm(ZbJ>: > TL( > AL(bJ)IR\sJ)-i- > TL( > AL(bJ))
J LeAr J:|J|=|L|1 LeA— J:|J|<|L|7!

+ 3 TL( 3 AL(bJ)13J)=:I+II+III.
LeAr J:|J|=|L|!

As in the proof of Theorem B, Remarks 4.3 and 4.5 take care of the terms I and II, respec-
tively, by using L2-bounds for each T, and LZ2-orthogonality for smooth Littlewood—
Paley projections of order 7. Once again the main term is III.

We will split III into two parts, which are defined in the same way as the operators
& and £ from the proof of Theorem B, with the role of the interval I being replaced by
an interval L € A,_;. For the first part, consider for each L nand J the function ¥, 5 as
defined before the proof of Lemma 6.1. Defining

eWbsyse) = Y T D Ws(ALn1a).

LeA— J:|J|=|L|1
and following the same steps as in the proof of Lemma 6.1, we get

HIEKbsreg)| > a}| < aiz Z 1| Z (AL(BN2 S, 5/ B(r—l)/z(%),

R
-1
Jed  Leall
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by the generalized Zygmund-Bonami inequality of Proposition 4.1 and the properties of
the Calder6n—Zygmund decomposition. It remains to deal with the operator

Llbstreg) = Y. Y. To(d—WL ;) (AL(bs)1sy).

L&At |J|zILI!

Letting {z,; be the Fourier multiplier of the operator T (Id — Wy, ;) and p; as in the
statement of Lemma 6.2, we set iy, ; = (1 —py){r,7. Lemma 6.2 for ] = L € A4
yields the estimate

6.2) 102 s 1S 1T1P(L+1J]distE R\ L), £eR.
The proof for the operator &£ is then completed in the by now usual way. First, we have

|{|55({b1}1e4)|>a}|§égwrl/zuas( > wesfi)|

LeAll

L2R)

with Fy_; := Ap(by)137. Now (6.2) implies that

9 X s P ) S 1P ML) (BB s,
LeAl,Jr1

where
Ly=1[& + 0" &+ Gl C L.

Thus, the estimates above together with the Fefferman—Stein inequality, the Cauchy-
Schwarz inequality and the generalized Zygmund-Bonami inequality complete the esti-
mate for the operator &£ and with that the upper bound of Theorem C for Hérmander—
Mihlin multipliers of order t. The proof for the smooth Littlewood—Paley square function
of order 7 follows the same randomization argument as the one used in the proof of The-
orem A.

Finally, the optimality of the power (r — 1)/2 on the endpoint inequality can be
checked by testing a local endpoint L log” L — L!** inequality for the smooth Littlewood—
Paley square function of order T on a smooth bump function supported in a small neigh-
borhood of the origin. A routine calculation shows that necessarily » > (r — 1)/2. Note
also that a local Llog" L — L'* bound for Hormander-Mihlin multipliers implies the
corresponding endpoint square function estimate by a randomization argument as in [1].
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