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Higher order Schauder estimates for degenerate
or singular parabolic equations

Alessandro Audrito, Gabriele Fioravanti and Stefano Vita

Abstract. In this paper, we complete the analysis initiated in [Calc. Var. Partial
Differential Equations 63 (2024), article no. 204] establishing some higher order
Ck+2.2 Schauder estimates (k € N) for a class of parabolic equations with weights
that are degenerate/singular on a characteristic hyperplane. The C2-%-estimates are
obtained through a blow-up argument and a Liouville theorem, while the higher order
estimates are obtained by a fine iteration procedure. As a byproduct, we present two
applications. First, we prove similar Schauder estimates when the degeneracy/singu-
larity of the weight occurs on a regular hypersurface of cylindrical type. Second, we
provide an alternative proof of the higher order boundary Harnack principles estab-
lished in [J. Differential Equations 260 (2016), 1801-1829] and [Discrete Contin.
Dyn. Syst. 42 (2022), 2667-2698].

1. Introduction

In this paper we complete the study started in [4], establishing some higher order Schauder
regularity estimates for solutions to a special class of parabolic equations having weights
which degenerate or explode on a characteristic hyperplane ¥ as dist(-, )%, where a > — 1
is a fixed parameter. More precisely, for every k € N, we prove local regularity estimates
in le‘ +2.@ (parabolic Holder) spaces “up to” X for weak solutions to
(L) y@9:u —div(y*AVu) = y* f +div(y*F) in O},
' limy_, o+ y*(AVu + F)-eny41 =0 on °Q7.
Here N > 1, (z,1) = (x,y,1) e RN xR xR, ¥ = {y = 0} and dist(P, X)? = y“.
Further, Q7 := B x I is the unit upper-half cylinder and 3°Q; = Q; N {y = 0},
where Bl+ := B; N{y > 0} (B; C RN+ is the unit ball centered at 0) and I, := (—1, 1),
while the symbols V and div denote the gradient and the divergence with respect to the
spatial variable z, respectively.

The function A: QF — RNTLNF1 js assumed to be symmetric and to satisfy the
following ellipticity condition: There exist 0 < A < A < 400 such that

(1.2) AMEP < Az, 1) - & < AJE],
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forall £ € RV+1and ae. (z,¢) € Q7 , while f: 0 — Rand F: 97 — RN+ are given
functions belonging to some suitable functional spaces. The notion of weak solution is
given in Definition 2.2.

Our theory fits into the context of the regularity theory for linear non-uniformly para-
bolic equations; in particular, second order linear parabolic equations where the lack of
uniform parabolicity is entailed by a weight term. Among all the papers on this topic, we
quote the pioneering works [15,25], where Harnack estimates and local Holder continuity
of solutions have been established when the weight w either comes from quasiconformal
mappings or belongs to the A,-Muckenhoupt class, that is,

s )i o) =

where the supremum is taken over every ball B ¢ RV+1,

The weight term |y|* we are considering here is A,-Muckenhoupt in the range a €
(=1, 1). However, the peculiar geometry of the degeneracy/singularity set of our weight
—the characteristic hyperplane ¥ — allows us to get more information compared to the
general theory quoted above and to deal with the full range a > —1.

In the spirit of the elliptic framework, see [46, 47, 49], one can build a complete
Schauder theory in Cpk"" spaces for weak solutions to (1.1): this is the main issue of
the present paper, together with its first part [4]. Let us remark here that the regularity we
obtain strongly relies on the natural conormal boundary condition

lim y*(AVu+ F)-eny+1 =0
y—>0t

we impose on the characteristic hyperplane X. The reader should keep in mind that the
function y !~ is a solution to the homogeneous equation div(y*V(y!=%)) =0whena < 1
with homogeneous Dirichlet boundary condition on X but, if a € (0, 1), it is no more than
(1 — a)-Holder continuous up to X.

We also mention [20, 29], where Schauder estimates are obtained when data are of
Dini type (elliptic framework), and [23,24], where the authors established some regularity
estimates of Sobolev type for a wide class of parabolic equations including (1.1) (see
also [36-39]).

Moreover, the study of weighted problems like (1.1) is strongly related to the the-
ory of edge operators [34,35] and nonlocal operators. The latter relies in the connection
between a class of fractional heat operators like (3; — A)(1=®/2 _possibly with vari-
able coefficients — and their extension theories [8, 40, 48], which represent the parabolic
counterpart of [13]. Within this context, Schauder estimates for solutions to fractional
parabolic equations involving (3; — divy(A(x)V,))1~®/2 have been established in [10].
With respect to our notation, this corresponds to regularity estimates in the (x, ¢)-variables
on X anda € (—1,1) (see also [11,14,22,42]). Let us also mention that space analyticity
(in the full z variable) and smoothness in (z, ¢) of solutions to equation (1.1) were already
available by [9] when a € (—1, 1) and coefficients are analytic and satisfy suitable extra
assumptions.

It is worth mentioning that the study of such operators is central in numerous papers of
recent years; we quote [3,12] (reaction-diffusion equations), [2,6, 16] (obstacle problems),
[5,45] (nodal set analysis), [28] (nonlocal harmonic maps flow) and the references therein.
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According to [49] (elliptic setting), the Schauder estimates for equations with degen-
erate weights have a remarkable application in the context of the boundary Harnack
principles. Such boundary Harnack principles allow to “compare the regularity” of two
solutions u, v of the same equation (¥ > 0) which vanish on the same portion of a fixed
boundary. In particular, in rough domains such as Lipschitz, NTA or Holder domains, the
ratio w = v/u is bounded up to the boundary where u and v vanish (in the first two cases
w is even Holder continuous). The literature on the topic is extensive; we refer to [18, 19]
for a unified approach (equations in divergence and non-divergence form) and an inter-
esting review of the topic. Then, when the boundary is C52, the higher order boundary
Harnack principle improves the regularity of the quotient w up to C*<, see [17] for the
elliptic case and [7,30] for its parabolic counterpart. We will see that our Schauder estim-
ates for weighted equations provides an alternative proof of some of the results contained
in the last two references.

Notably, the weighted elliptic Schauder theory developed in [46,49] was used in the
recent papers [ 1] and [41] to derive higher regularity of free interfaces for some semilinear
free boundary problems (Alt—Phillips type). We wonder if the parabolic Schauder theory
we develop here, together with [4], may help to address similar results for semilinear free
boundary problems of parabolic type as well.

Main results

This paper is devoted to the higher order Schauder estimates for weak solutions to (1.1).
The statement of our main result follows.

Theorem 1.1. Let N > 1,a > —1,7 € (0,1), «€(0,1) and k € N. Let A € CXk+1-%(QT)
satisfy (1.2), let f € C}""‘(Qf) and F e le‘“’“(Qf), and let u be a weak solution
to (1.1). Then there exists C > 0, depending only on N, a, A, A, r, a and || A| 1o,
such that

(13) ||u||CI£€+2’a(Q;") = C(”””LZ(QT’ya) + ”f”c’lcv“(Ql) + ”F”C,{{_H’a(Ql))'

In our previous work [4], we established le”"‘ and Cpl"" estimates for solutions to (1.1),
under suitable assumptions on coefficients and data, see Theorem 1.1 in [4]. These are
obtained through a regularization of the weight and approximation, that is, by proving
uniform-in-¢ regularity estimates for solutions u, of the equation with the regularized
weight (¢2 + y2)?/2 and then passing to the limit as ¢ — 07. The strategy to prove C}
(or higher order) estimates cannot rely on such e-regularization scheme, since the ¢-stabil-
ity of the sz"" estimate is false in general, even in the elliptic framework, see Remark 5.4
in [46].

Before sketching the main steps of the proof of Theorem 1.1, it is important to high-
light the following facts, which substantially differ our strategy from the existing literat-
ure:

+ In the weighted elliptic framework (see [46,49]), as soon as the C 1% regularity is
available, one can iterate it on derivatives. This is obtained in two steps: first, one
notices that, since the weighted elliptic operator commutes with all but one derivatives,
dx,u is also a solution for any i = 1,..., N (and so dy;u gains regularity); then, the
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operator itself gives the regularity of the last derivative 9, u. Formally, this is because,
in the special case A = I, one can re-write the equation as

a .
—0yyu — 0y F -enyq1 — ;(ayu + F-eny1) = f +divy F + Axu,

and thus if Ayu is smooth, then dyu is smooth by ODE methods (of course, provided
that the data are smooth as well).

e In the non-weighted parabolic framework (see [32]), the idea is roughly the same.
If Axu is smooth, then the equation

dou=f+divF + Axu

yields smoothness of d,u.

* In the present degenerate parabolic setting, the “degenerate” variables are two, y
and ¢, and the above strategies do not apply. In particular, the induction argument
requires, as starting point, the sz’“ regularity of weak solutions (see Proposition 4.2).

Given the above remarks, our approach relies on a priori estimates and a regularization
procedure by convolution with standard mollifiers. More precisely, for the sz’“ regularity:

(i) We establish some a priori sz"" estimates in Proposition 4.2 using a blow-up argu-
ment combined with a Liouville theorem (see Theorem 1.2 below), in the spirit
of [44] (see also [46] in the weighted elliptic setting).

(i) We prove CPZ"" regularity of weak solutions when the data are C*° (see Lemma 4.3).
In this step, the Cpl"" regularity of weak solutions (see Theorem 2.4) is crucial.

(iii) We use an approximation scheme to regularize (1.1) by convolution of the data with
a family of standard mollifiers. Along the approximating sequence, the C I%"" regu-
larity estimate extends to weak solutions with f € C)»® and A4, F € C;**. In other
words, we prove the a posteriori regularity estimate in Theorem 1.1 when k = 0.

For the C*+2: regularity, for every k > 1:

(iv) When the forcing term is zero, i.e., when f = 0, we iterate the regularity estimates
previously obtained —i.e., the Cpl"" and sz”" regularity — on partial derivatives of
solutions, by using the same scheme as in the proof of Lemma 4.3 and Theorem 1.1
follows quite easily.

(v) Inthe case of general forcing terms f € le"“, the argument of (iv) does not apply (at
least for k = 1), and hence we proceed as follows: we use the procedure described
at points (i), (ii) and (iii) at any order k. To be more precise, the le"’z"" a priori
estimates are obtained inductively on k, starting from the sz"" a priori estimates
proved at point (i). This part crucially uses a delicate analysis of a second order
weighted-type derivative of solutions in y (see Lemma 5.3). The Clﬁ‘ +2.% regularity
when the data are smooth (the analogous of point (ii)) is also proved by induction in
Lemma 5.2. Finally, with the same regularization argument in (iii), we finally obtain
Theorem 1.1.

As anticipated above, the proof of the a priori sz’“ estimates strongly relies on the
following Liouville theorem.
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Theorem 1.2. Leta > —1,m € N, y € [0,m + 1), and let u be an entire solution to

(1.4) {y“azu —div(y*Vu) =0 in RIJ\rIH R,

limy 04 y%0yu =0 on 8Ri’+1 x R.
Assume that
(15)  u(0l = CA+ (2P + (D) forae (z.0) e RYT xR

Then u is a polynomial with degree at most m in z and at most |[m/2] in t.

As a consequence of our main theorem, we can treat more general equations with
weights behaving as distance functions to a Ck+2% (k e N) hypersurface I' ¢ RV+!
(curved characteristic manifolds) that we introduce below. The case of weights behaving
as distance functions to a C ** hypersurface is treated in Corollary 1.3 of [4].

Such equations are set in cylindrical domains QT x (=1, 1) of R¥*2 which “live”
on one side of I' x (—1, 1). Specifically, up to rotations and dilations, 0 € I" and there
exist a spacial direction y and a function ¢ € C¥+2%(B; N {y = 0}), with ¢(0) = 0 and
Vx ¢(0) = 0, such that

(1.6) QTNB ={y>¢(x))NB, and T NB, ={y=9¢(x))NB;.

Then the family of weights § = §(z) we consider behave as a distance function to I in the
sense that § € Ck+2:%(Q* N B}), and

§>0 inQ+ﬂB1,
(1.7) V8| >¢co>0 inQt N B,
§=0 onI' N By,

and we consider weighted equations of the form

(1.8) §99,u —div(8°AVu) = 8 f + div(8*F) in (QT N By) x (—1,1),
’ §(AVu +F)-v=0 on (' N By) x (—1,1),

where v is the unit outward normal vector to Q1 on I'. See Definition 7.2 in [4] for the
definition of solutions to (1.8).

Corollary 1.3. Leta > —1, ke N, a € (0, 1) and let u be a weak solution to (1.8). Let ¢ €
Ck+2.2(B, N {y = 0}) be the parametrization defined in (1.6) and § € C¥+22¢(Q*+ N By)
satisfying (1.7). Let also A, F € le+1’“((§2+ N By) x (—1, 1)), with A satisfying (1.2),
and let f € Cpk’“ ((Q™T N By) x (—1,1)). Then there exists a constant C > 0, depending on
N,a, A, A, a, co, | Allcit @+ nByx(-1.1), |9l ck+2e B niy=0}) and ||8]|ck+22@+nB)),

such that
Il g2yt 2.1/ = C (Ilull 2@+ nByyx(=1,1),69)
+ ||f||C’{cv°f((9+mBl)><(71,l))

+ ||F||C’jc+1x°’((sz+r131)><(—1,1)))'
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Finally, following the program of the elliptic setting (see [49]), we provide an altern-
ative proof of some parabolic higher order boundary Harnack principles as in [7, 30].
Such kind of “regularity comparison principle” between two caloric functions u, v (or
solutions to more general parabolic equations), vanishing on the same fixed boundary, can
be viewed as the Schauder regularity of their quotient w = v/u, which in turn satisfies a
parabolic equation with degenerate weight 1?2, see (7.1). After proper diffeomorphic trans-
formations of the domain, the Schauder theory for the ratio w follows as a byproduct of
our main Theorem 1.1.

The “regularity comparison principle” is localized at boundary points which lie on the
lateral parabolic boundary of a space-time domain. In other words, let us consider u, v
solutions of

diu —div(AVu) =g+ Vu+5b-Vu inQnNQy,
;v —div(AVv) = f+Vuv+5b-Vv inQnNQy,
u(z,t) > codp((z,1),02 N Q1) inQnNQ,
u=v=0 ondQ2 N Qq,

(1.9)

where A, V, b, g and f are suitable data (see Theorem 1.4 below). Here, up to rotations,
dilations and translations, 0 belongs to the parabolic lateral boundary of €2; that is, there
exists a parametrization ¢ such that

(1.10) QNQO1={y>e, 1)} and 9QN QO ={y = e(x,1)},

with ¢(0) = 0 and V, ¢(0) = 0. Moreover, the parabolic distance to the boundary is
defined as

dp((2.0.82 N Q) = inf dy((z.0). €. 7)),

and the parabolic distance between points is defined in (2.1).

We will present here the parabolic higher order boundary Harnack principle for equa-
tions in divergence form in le‘“’“ -domains, k € N. However, let us stress the fact that the
regularity assumptions we make on boundaries, coefficients and right-hand sides, always
allows to pass from non-divergence to divergence form equations and vice versa, inter-
changeably. So, we are considering the same conditions set in [7], which are slightly
more general compared to [30], where the assumptions on the drift terms are suboptimal.
Actually, our approach allows us to treat equations with nontrivial forcing terms g in the
right-hand side of the equation of u.

Theorem 1.4. Let k € N, a € (0, 1), and let u and v be solutions to (1.9). Let also ¢ €
CE+29(Q1 N {y = 0}) be the parametrization defined in (1.10). Finally, let A, f, g €
CIZH'I’O‘(Q N Q1), with A satisfying (1.2), and V,b € C;’“(Q N Q1). Then there exists
a constant C > 0, depending on N, A, A, co, @, ||Allct+'*@ng)), 1glck *@no)
IVIick*@noy, Ibllck@non llellck+>*(@,niy=0p and |[ullL2@no,), Such that

b

C’gc+2,a(Qle/2) = C(||v||L2(QﬂQ1) + ”f”C;(_H’a(QﬂQl))'
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2. Preliminaries

In this section, we introduce some preliminary notions from [4] (parabolic Holder spaces,
weak solutions, and so on). Further, we prove some auxiliary/technical results we will
repeatedly use throughout the paper. We begin with the definitions of the parabolic Holder
spaces, see Chapter 4 of [32] and Chapter 1 of [31].

2.1. Parabolic Holder spaces

Let @ C R¥*! x R be an open subset and u:  — R. The parabolic distance d,: Q x Q —
R is defined by

Q.1 dp((z,1), (L, 7)) == (|2 = ¢)* + |t — V2,

for all (z,t), (¢, 1) € Q, where z,¢ € RV¥*! ¢ ¢ € R. For «a € (0, 1], we define the
seminorms

lu(z,1) —u(. o)

[u] o = sup ,

T e (12 =2+ |t —))er?
(z,0)#(¢,7)

[u] o =  sup lu(z,t) —u(z,7)|

GO e [t — ]
t#t
and the norm
”u”C,?’“(sz) = |lullLe(@) + [u]cg,a(m.

If B € NV*1 is a multi-index and k > 1, we define the seminorms

[M]C;’Q(Q) = Z [85 8{ u]Cg’a(Q) + [u]ctkfl,(lJra)/z(Q)v
1Bl +2=k
[M]Ctk,(lJrot)/Z(Q) = Z [35 3{ M]Cto,(ua)/z(m,
|Bl+2j=k

and the norm

lullcragy =" D supl3Z07ul + [u] peq)-
Bl+2j<k ©

We set
le,a(Q) ={u:Q —>R: ||u||cpk,a(m < 4o00}.

Finally, we recall some interpolation inequalities in parabolic Holder spaces.

Lemma 2.1 (Proposition 4.2 in [32]). Let N > 1, and 0 < B < a < 1. Then, for every
& > 0, there exists C > 0 depending on N and ¢ such that

lell o () = Cllullzoe(@) + ellull coe gy
(2.2) IVullreo@) = CllulliLe) + elulcre gy

I D?u |l oo (@) + 10:ull Loy < CllullLo) + elul gz )
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2.2. Weak solutions, energy estimates and Cp1 % regularity

Let r > 0. In what follows, B, C R¥*1 denotes the ball of radius r centered at the origin,
I, :=(—r2,r?) CR, Q,:=B,xI, C RN*2 s the parabolic cylinder of radius r centered
at the originand Q% := Q, N {y > 0}, while 3°Q " := O, N {y = 0} is the flat boundary
of the half cylinder.

We first recall the definition of weak solutions to problem (1.1), see Definition 2.15
in [4]. The weighted energy spaces appearing below, LZ(Q;, y%), L2(Q;}, yH)NT1,
HY(B}Y, y9), L2(I;; HY(B, y)), L°°(I,; L*>(B;}, y)), are defined in Section 2.1
of [4].

Definition 2.2. Leta > —1, N > 1,7 >0, f € L2(Q;}, %), Fe L>(Q;F, y9)N*+1. We
say that u is a weak solution to (1.1) if u € L2(I,; H (B}, y%)) N L®(I,; L*(B;}, y%))
and satisfies

—[ +y"uatcpa’za't + / +y“AVu -Vodzdt = /
o; o;

yi(fp—F-Vo)dzdr,
o

for every ¢ € C°(Q,). We say that u is an entire solution to

yaatu —le(y“AVu) = yaf + le(yaF) in R[_\l_]+1 « R,
lim, o+ y*(AVu + F)-eny+1 =0 OnaRﬁ_Hx]R,

if, for every r > 0, u is a weak solution to (1.1).
Weak solutions satisfy the following local energy inequality. We state the version we

obtained in [4] in the spirit of [8].

Lemma 2.3 (Lemma3.21in [4]). Let N > 1, a € R, and let the function A satisfy (1.2). Let
feL?>(QF,y%), FeL2(0Q1, y)N !, and let u be a weak solution to (1.1). Then there
exists C > 0 depending only on N, a, A and A such that, for every 1/2 <r’ <r <1,

(2.3) ess sup / y”u2+/ y4|Vul?
B o)

te(—r2,r'2)
1
< a,?2 2 2 ]
- C[(r _ r/)2 /;f yu + ”f”Lz(Q;r,y”) + ”F”LZ(QT,y“) .
Finally, we state the main theorem in [4].

Theorem 2.4 (Theorem 1.11in [4]). Let N > 1,a > —1,r € (0,1), p> N +3 +a* and
ae(0,1)N (0, 1= (N +3+at)/pl Let A € Cy*(Q7) satisfy (1.2), f € LP(QF,y%),
Fe CI?’a(QT), and let u be a weak solution to (1.1). Then there exists C > 0, depending
onlyon N,a, A, A, r, p, a and ||A||cp°'a(Q;r), such that

”u”C;»O‘(Q;*') = C(”“”[}(Qi*',ya) + ”f”LP(Qi",y“) + ”F”C’?!D‘(Ql))-
Moreover, u satisfies the conormal boundary condition

(AVu+F)-eyy1 =0 ond®Q;f.
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2.3. Technical results

In what follows, we prove some auxiliary results that we will use throughout the paper.
We begin with a local L2 bound for difference quotients of weak solutions with respect to
the time variable.

Lemma 2.5. Let N > 1, a > —1 and let A satisfying (1.2) be such that ;A € L°°(Qi")

Let also f € Lz(QI", y%) and F € LZ(QT, YN+ be such that 9, f € LZ(QT, y%) and

0, Fe LZ(QT, YONHL and let u be a weak solution to (1.1). Consider the difference

quotient of u with respect to t:

u(z,t +h)—u(z,t)
h ’

Then there exists C > 0, depending only on N, a, A and A, such that, for everyr’,r € R
satisfying 1/2 <r’ <r <landh > 0,

1
hy2 a 2 2 2
5) / v = (= [V 1 g oy + 1P o e

(2.4) ul(z,1) = h>0.

1A g, [Q VU0 S g sy H 10 F I ot )

Proof. Fixr,r’ suchthat 1/2 <r’ <r < 1.For h > 0, with r < 1 — A, let us consider the
Steklov average of u:

1 t+h
up(z,t) = E/ u(z,s)dz,
t

h

which, by definition, satisfies d,u; = u” a.e. in Q and the equation

0o [ s+ @Yoo = |3 i~ B Vo dzdr

for all ¢ € Ccf’o(er). Now, for simplicity of the exposition, we assume f =0, F = 0,
and we discuss how t0 treat the general case in a second step.

Let us take ¢ = n?u” as test function in (2.6), where 7 is a smooth cut-off function
which will define later. Using the Holder and Young inequalities, the properties of Steklov
averages and (1.2), we obtain

en [yt = [y avi, v+ 2 (49, - Vi)
[ o

1

1/2 1/2
= ([ yriavne) ([ o)
of of
1/2 1/2
w2( [ yera?) ([ savinrivae)
oY ot
C
—[ y|w|2+8f YR |Vl 2
5 Q+
1
1
+1 [ VP 4 C / YOIV Va2,
2 Jot ot
1 1
for any fixed § > 0 and C > 0 depending only on N, a, A and A.
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In the spirit of Lemma 3.3 in [21], we set

n + rnsa
and Sn:%7 HEN,

ro=r,

and notice that r, and s, are increasing sequences satisfying r, < §, < I'n4+1, 'n —> I
and s, —r.
For a given n € N, taking a cut-off function 1, € C, C"O(Qf) in (2.7) such that

n

sptn C O, ma=1 inQf, 0<p,<1 and |V”"|5Cr—w

we deduce

e o[ vt s [ emerec( e ) [ e
’ 2 Qrt; o Qst; (r—r’)2 8 o '

Now, noticing that u” is a weak solution to
Yo, u — div(y* AVu") = div(y®4"Vu) in QF

we may apply the Caccioppoli inequality (2.3) to u” to obtain

C22n
2.9) [ v < S22 f Y@y + ¢’ / Vel 4h VP,
o oF

N2
n (7’ /) ’n+1
for some C’ > 0 independent of /1, ,7’. Then, setting § = 1 £ r—r? i (2.8) and using (2.9),
9 C
we have
1
hy\2 a/, h\2
¥ (") s—/ ¥ (")
/Q,t, 2 Jor .,
Cc22n Cl18;A]|2 00+
M- /Q+ YAVUP + ——5—= (Ql)/ e Vul.

Now, multiplying both sides by 372" and summing over 1, we see that

23—2}1/ y (uh)Z < 23—2}1 2/+ ya(uh)Z
n=0

n=0 n+1

C 2 2\2n
o (3) [, v

X Clla; Al w00+
+Z Q) /Q+ ytllvul27

62n
n=0

which implies that

C
ac,h\2 ~ a 2 2 a 2
[ e = oS [ v il gy, [ eIl

for some new C > 0, which is exactly (2.5) in the case f = 0 and F = 0.
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For non-trivial f and F in the right-hand side, we have two additional terms: one
in (2.7) and one in (2.9). Both of them can be estimated using the arguments above,
namely,

[, G+ - Vet
1

I
= CI Wi yoy + Col F a0 0y + 5 /Q+ Yy + 8 /Q+ Y| Vu P,
1 1

for every § > 0, where we have implicitly used that
LG ir ey < [ 2 s,
1 1

for every h € (0, 1). With such estimate at hand, the argument above can be slightly adap-
ted to obtain (2.5) in the general case. [

An immediate consequence of the above estimates is that, under suitable regularity
assumptions on the data, derivatives (with respect to ¢ and x) of weak solutions to (1.1)
are still weak solutions (of a suitable problem of the class (1.1)).

Lemma 2.6. Leta > —1, N > 1, r € (0, 1) and let A satisfying (1.2) be such that 9; A €
L®(Q1). Let f e L2(QF,y%) and F € L*(Q7 ,y%) be such that 3, f,3, F € L2(Q7, y%),
and let u be a weak solution to (1.1). Then v := 0;u is a weak solution to

2.10) y49,v — div(y? AVv) = y99, f + div(y*(0:AVu + 9, F)) in O},
' limy, o+ y*(AVv + 0, AVu + 0;F) -en+1 =0 on BOQ;".
Proof. Letus fix0 <r <r’ <r” < 1andh > 0such that " < 1 — h. Let u” be the dif-

ference quotient of u with respect to to 7 defined in (2.4). By Lemma 2.5, ||u” ||L2(Q;,,ya)
is bounded independently of & > 0. Further, since u” is a weak solution to

(2.11) Yt —div(y? AVuly = y? f1 4 div(y?(F* + A"Vu)) in 0},

we may use Lemma 2.3 to deduce that ||uh||L°°(1,,,L2(Bj,,ya)) and ||uh||L2(1r,,H1(B:;,ya))
are bounded independently of & > 0 as well.

Now, let § € C2°(B,) be a cut-off function such that 0 < £ < 1and £ = 1in B, and
set vl := Euh € L2(1,, HL (B}, y%)). Arguing as in Lemma 4.2 and Remark 2.16 of [4],
we obtain that v is a weak solution to

y23,0" — div(y?AVe") = y¢ f + div(y*F) in o,

where
fo=fre—(F'+A4"Vu) - VE— AVU" . VE and F := (F"+ A"Vu)e —u" AVE,

satisfying also ||Blvh||L2(1r,,H—1(B:;,ya)) < C, for some C > 0 independent of & > 0.
Consequently,

h h
W L2, 1y 8 yay + 1000 |2, 1087 yay) = €
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for some C > 0 independent of & > 0. Consequently, the Aubin—-Lion lemma (see, e.g.,
Corollary 8 in [43]) yields the existence of v € L2(1,, H]} (Br"?, y9)) such that v# — v in
L2(Q, y%) and Vu" — Vv in L2(Q}, y%). Since £ = 1 in Q;F, one has that u* — 9,u
in L2(Q;, y%) and Vu" — V(d,u) in L2(Q;, y*). Furthermore, by the (H=W) property
(see [50,51]), one has d,u € L2(I,, H'(B;}, y*)) and d,u € L®(1,, L*(B,", y*)) by
Fatou’s lemma.

Finally, let us fix a test function ¢ € C°(Q,) ifa € (—1,1)or¢p € CX(Q;))ifa > 1.
By the same argument of Lemma 4.2 in [4], we can take the limit as 4 — 07 in the weak
formulation of (2.11), to deduce

0= [ 3%utgy + AV V4~ fhg + (F' 4 4"Vu) - V)

r

o [ 30+ AVO V= 01+ QuF + 0,4V V)
o

as h — 0%, that s, d,u is a weak solution to (2.10). [

Analogously, we obtain the equations of the partial derivatives with respect to x.

Lemma 2.7. Leta > —1, N > 1, r € (0,1),i € {l,..., N} and let A satisfying (1.2)
be such that dx; A € L°°(Qi"). Let f € LZ(QT, y*) and F € LZ(QI", v%) be such that
Ox, [, 0x, F € Lz(Q1+, %), and let u be a weak solution to (1.1). Then v; := 0x,u is a
weak solution to

(2.12) y40,v; —div(y?AVv;) = y90y, f + div(y?(0x; AVu + 0y, F)) in O},
’ limy, o+ y*(AVv; + 0y, AVu + 0y, F) - en41 = 0 ond®Q;F.
The proof closely follows the above one and we skip it.
The following two auxiliary results are in the spirit of Lemma 2.3 in [49] and The-

orem 7.5 in [46] (see also Lemma 2.4 and Remark 2.5 in [49]) in the elliptic setting, and
turn out to be crucial in rest of the paper.

Lemma 2.8. Let k € N and v € CK1%(Q7) be such that v(x,0,t) = 0. Then v/y €
Cy*(Q7) and [v/ylct=o7) < Vlcf+=(07)-

The proof follows its elliptic counterpart and we skip it.

Lemma2.9. Leta > —1,keN,aec(0,1)andlet g € le"“(Q}L). Then the function

1 y
o(x,y,t) = F/O s%g(x,s,t)ds

belongs to C;‘""(QT) and [p]cke (o) < Clglck+1«(ot), for some C > 0 depending only
on a. Moreover, the function

1 >
v(x,y,t)= y—afo s%g(x,s,t)ds

satisfies dy Y € CF*(QF) and [0y ¥]cke o) < Clglck+' (o), for some C > 0 depend-
ing only on a.
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Proof. First, notice that the second statement follows immediately from the first since
0¥ = —ap + g.

We prove the first statement by induction. Let k =0 and g € Cl?"" (QT). The parabolic
Holder continuity in x and ¢ is trivially verified. Indeed, let P = (x1, y,#1) and P, =
(x2,¥,t2). Then

[glcieot)

lp(P2) —@(P1)] < T+a

1 y
y1+a/(; s40g(x1,5,t1)—g(x2,5,12)|ds < dp(Py, P1)*.

For § > 0, let us consider

S1:={(1.¥2) : 0 < y; <yz <landy; —y; > 8ys},
Sy :={(y1.¥2) : 0 < y; <y <1landy, —y <8ys}.

Taking yi1, y2 € S1, one has

1 Y2 1 1
o2 = el = | [ stgtesnds = o [T st ds)
Vs 0 J1 0
1 2
:‘ +1/ s*(g(x,s,1) — g(x,0,1))ds
0

V5

1 1
T T a+1 / Sa(g(xvsat)_g(xvoat))ds‘
Y1 0

< [glep=ot) /y2 sata g o lelepeoh /yl gate go
0 0

yst! yitt
glct o), o o _ 2l8lcte o)
= - < —_ «
a+a+1(y2 )= atatl 2
2[glct o)
S (2= )~
a+a+1)
Let now y1, y2 € S». Then
lp(x, y2,t) — @(x, y1,1)|
1 »
a+l/ s?(g(x,s,t) —g(x,0,1)) ds
Vs 0
1 Y1
- | st g0 ds
1 0
1 »
< a+1/ s%g(x,s,t) —g(x,0,1)|ds
yz »1
1 1 »1 a
+ (F — F) | s%g(x,s,t) —g(x,0,1)|ds

- [g]c,‘,"“<Q1+)<y§+““—yi”"‘“ _|_( 1 )ya+a+1>
S dta+l yg_H yil_H yg+l 1
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[g]C,?‘"(QJf) o a+1 o V1 a+1
: )
a+a+1<y y1< ) +y1( y2> )

_ lelep=on o (2 a+1
T ata+l (y +y 1(;) )
_ lelep=oh y1\a+l
= 2i(1-(5) )
a+a+l <y ot y2 )
c,9“<Q+)( 1
teai(-2)
Satatl W Cani yz)

where C, > 0 is a constant which depends only on a. Consequently, since by definition
y1/y2 > 1 — 6, we have

lp(x.y2.0) —p(x.y1.0| _ [8lepecoh) ( s =% y¥ (2 —y1) )
(2 —y1)® T ata+1\(y2—y)* “y2(y2 — y1)®
0, +
_ lElgmen @0 (1 4 51,

T a+ta+l
and hence, the case k = 0 follows.
Next, let us assume that the our claim is true for some k € N and let us prove it for
k + 1. We assume g € CA+19(Q7) and show that ¢ € CXKH1:%(Q7).
Since
y

1 y 1
Oy, 0 = ST / §s%0y,g(x,8,0)ds, i =1,...,N, 0,9 = m/ s%0;g(x,s,t)ds,
0 0

we immediately have that ¢ is CK*1 in x and . Moreover, the boundedness of the
C(1+9/2_seminorm of the mixed-derivatives follows as the case k = 0.
We are left to prove that d,¢ € le"“(Qf). To do this, we can rewrite ¢ as

g(x,0,1)
a—+1 '

1 y
o0 =~ [ o0 =g 0.0y ds +

and observe that

a+1 7 g(x,s,t) —g(x,0,1) glx,y,t)—g(x,0,1)
Iyplx, y,1) = — J2ta / ot - ds + 5 :

By Lemma 2.8, one has that

glx,y, 1) —gx,0,0)
y
and our claim follows by the inductive assumption. ]

e Cy (o).

3. Liouville theorem

This section is devoted to the proof of the Liouville-type Theorem 1.2. We remark that,
in the case a € (—1, 1), entire solutions to (1.4) satisfy the smoothness estimates in The-
orem 1.1 of [9], hence, the proof of the Liouville theorem follows by a standard rescaling
argument (for example, see Proposition 1.19 in [26]).
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Proof of Theorem 1.2. Let us fix R > 1 and define
pi=at +2y + N +3.
Step 1. Choosing ¥’ = R and r = 2R in (2.3) and using (1.5), we get

+
R

C _
(3.1) / vl < — [yt < R,
o% R 9,

for some C > 0 depending only on N and a. On the other hand, choosing r’ = R and
r = 2R in (2.5) and combining (3.1) and (1.5), we obtain

+
4R

C _
(3.2) / y4(@u)* < -7 y*u® < CR"™*,
0% R* Jo

for some new C > 0.

Step 2. In this step, we prove that u is a polynomial in x. By Lemma 2.7, for every
multi-index 8 € NV, 8£u is a weak solution to (1.4). Then, by iterating (3.1), one has

[yt < [ yevep < e
Or Or

Consequently, taking 8 such that ¥ — 2|8| < 0 and passing to the limit as R — +o0, it
follows that 8£u = 0 and therefore u is a polynomial in the variable x, with degree less
than or equal to m (the bound on the degree immediately follows by (1.5)).

Step 3. A slight modification of the above argument, which uses (3.2) instead of (3.1),
shows that u is a polynomial in the variable ¢, with degree less or equal than |m/2].

Step 4. The last step is to prove that u is polynomial in y. By Remark 4.4 in [4], we
notice that the even extension of u with respect to y is an entire solution to

(3.3) ly|[*0,u —div(|y|*Vu) =0 inRVT! x R.
Further, by Lemma 5.2 in [4], v := |y|?d,u is an entire solution to

[y[7®9,u — div(|y|*Vu) =0 inRV*! xR,
while

d
(3.4) wy = |y|"*0yv = dyyu —a 2,
y

is an entire solution to (3.3). Now, applying (2.3) twice, we deduce

_ C -
[ et < [ el = o5 [ e
Or Or Q2R
c ¢ ~
< Y 1IVul? < ylou? < CRY,

R? O2r TR Q4R
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Setting

dywj

(3.5) Wjt1 = 0yywj +a ,
and noticing that w; 4 is an entire solution to (3.3) for j € N, we may iterate the argu-
ment above to show the existence of k € N such that y — 4k < 0 and

/ |y|“wp < CRY~*k,
ORr

Hence, taking the limit as R — +o00, we obtain wy = 0, that is,

dyWr—1

ayyU)k_l +a =0.

The above ODE can be explicitly solved:

Wi—1 = Cok—1(x, ) Y|y|7* + cak—2(x,1),

where cox—1(x,t) and cpx—p(x, t) are polynomials. Now, iteratively solving the ODEs
in (3.5) and (3.4), we obtain an explicit formula for u:

(3.6) u =co(x,t) + ZyZiczl- (x,t) + ZyZi_1|y|_“62i_1(x, 1),

i>1 i1

where c;(x,t) are polynomial. All solutions to (3.3) satisfying a polynomial growth con-
dition (without imposing any symmetry condition) have the form (3.6). Since u is an even
solution (which comes from the conormal condition at the hyperplane), c;;—; = 0 for
every i > 1. Therefore, our statement follows from the growth assumption (1.5). ]

In the following remark, we also provide a classification of the entire solutions to (1.4)
satisfying the growth condition (1.5). Such classification was already obtained in Lem-
ma 3.2 of [6] in the range a € (—1, 1) (see also Lemma 5.2 in [27] in the elliptic setting).
We present the proof for completeness.

Remark 3.1. Leta > —1 and let g, = g, (x,t) be a polynomial of parabolic degree x in
RV x R. Then there exists a unique polynomial §, = G, (x, y,t) of parabolic degree k
in RY x R4 x R such that §, satisfies (1.4) and §,(x,0,1) = g, (x,t) for every (x,t) €
RN x R. Moreover,

3.7
li/2] )2 _ oo
Gue(x,y.1) =qe(x.1) + ; ECZi(at —Ax)'qe(x,1), where c¢p; 21.1:[1 5 ita
Proof of (3.7). We denote with Ay, ) the Laplacian in the variables (x, y), Ay the Lapla-
cian in the variable x and (d; — Ay)* the heat operator applied i times. Let M := |k/2].
If such a polynomial g, exists and satisfies the Neumann boundary condition, that is,

y909yGe — 0asy — 0T, then

M
Ge(x.y.0) = qe(x.t) + Y y*qi(x.1),

i=1
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where ¢; (x, t) are polynomials such that y?’¢;(x,¢) have parabolic degree at most «.
Indeed, according to Theorem 2.4, gj satisfies the stronger Neumann boundary condition
dygx = 0 on y = 0. This implies that g, cannot contain a nontrivial term yq; (x,¢). As in
the proof of Theorem 1.2, we may iterate this argument to show that any term of the form
y2i*t1g;(x,t) is identically zero.

Notice that

~ a ~
(3.8) 0= (3, — A(x,y))%c — ; 8yqK

M M M
=0 —A) g+ Y vy O—A)gi—Y 2iQi-1)y* 2g—a) 2iy* g,
i=1

i=1 i=1
M—-1

= (080 qe—Q2+2a) g1+ Y y* (0 —Ax) gi —(2i +2)2i + 14a) gi+1)
i=1

+ 2@~ Ax)qm.
Now, by iteratively solving the equation in (3.8), we obtain
(at B Ax)qlc
2(1+a)

_ (0 — Ax)q1 _ (dr — Ax)ZCIlc ,
B9 1774370 " 1B+a2(0+a)

q1 =

i i i .
i 1 (0r — Ax)'qx 2j —1

=0 — Mg [ ] = [] :

4 = (O X)qKJ,ZIZj(zj—1+a) 2i! 2j—1+a

j=1

fori € {1,..., M }. By construction, the function g, defined in (3.7) satisfies our statement.
The uniqueness of g, immediately follows by the explicit formula (3.9) and the linearity
of the differential operator. |

4. Cp2 " regularity

The goal of this section is to prove Theorem 1.1 when k = 0.

Theorem 4.1. Let N > 1,a > —1,r € (0,1),x€(0,1). Let A Cpl’“(QfL) satisfy (1.2),
let fe le”“(Qf) and F € CI}’”(Q;F), and let u be a weak solution to (1.1). Then there
exists C > 0, depending only on N, a, A, A, r, a and ||A||cpl=a(er), such that

@D e < Cllullpagr oy + 1/ lcooior + 1Flgtecon):
The proof is based on some a priori estimates and an approximation argument we

present below.

4.1. A priori sz "* estimates

We begin by showing the a priori CPZ"" estimates, stated in the following.
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Proposition 4.2. Let N > 1, a > —1, € (0, 1) andr € (0, 1). Let A € C}*(Q7) sat-
isfy (1.2), let f e CI?""(QT), Fe CI}’“(QI") and let u € CPZ’“(QT) be a weak solution
to (1.1). Then there exists C > 0, depending only on N, a, A, A, r, a, || Allc}*(@}), such
that (4.1) holds.

Proof. The proof is divided in several steps as follows.

Step 1. Without loss of generality, we prove the statement for r = 1/2. To sim-
plify the notation, let xy 41 =y, 9; := 0y, fori =1,..., N 4+ 1, and 0;; := 9;0; for
i,j =1,...,N + 1. In the following, we will refer to the variable y as either y or x4
depending on what seems more convenient. We begin with some preliminary observations.

By the regularity assumptions and Theorem 2.4, one has that u satisfies the equation
pointwise in QI” and so

N+1 a N+1 u
(4.2) (8,u — Z A,',ja,'ju —_ — Z AN+1,j8ju) = (g + _FN-H) in Qii_,
i,j=1 y j=1 y
where
N+1 N+1
g= Y 0idijou+f+ > FeCr O}
i,j=1 i=1
satisfies

(4.3) ”g”CS’“(QT) = 3||A||C;’°‘(er)”u”CPI’“(er) + ”f”(;}?’“(QD + ”F”cl}’a(Q;r)
= C(”””Loo(gfr) + ||D2u||Loo(Ql+) + ”f”cg""(gr) + ”F”CPI’D((QT))’
for some C > 0 depending on || A| ¢} (o}), thanks to the interpolation inequality (2.2).
By the regularity assumptions on the data and u, and using the conormal boundary

condition in (1.1) (which is satisfied pointwise by Theorem 2.4), we can take the limit as
y — 07 in (4.2) to get

a( X7 An g 0u + Fyg)(x,p.0)

44) lim
y—>0t y
N+1
= aay( Z AN, Bju+FN+1)(x,0,t) = (B,M—Z Ai,jaiju—g)(x,O,t),
j=1 iJ

for every (x,0,7) € °Q7.
It is enough to prove that for every § > 0 sufficiently small,

(4.5) [u]CPZ’a(Q;r/z) = S[M]CPZ»O‘(QD + C8(”D2u”L00(QT) + ||”||L°0(Q1+)
1S lepaopy + 1F Iciacory)-

for some Cs > 0 depending only on 8, N, a, A, A, «, || Allc}(o}). We will show later
how (4.1) follows by (4.5).
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Step 2. Contradiction argument and blow-up sequences.

By contradiction, we assume that there exist & € (0, 1), A®), F() ¢ CI}’“(Q;F), Jfr €
C;)’“(Qi") with ||A(k)||c]}s”(Ql+) <C and uy € sz""(Qi") such that

Y 9ug —div(y* AP Vug) = y° fi + div(y*F®) in OF,
limy o+ y*(A®Vur + F®) ey =0 on 3°Q7,

and there exists a small §o > 0 such that
2
(4.6) [uk]Cﬁ’“(Q;r/z) > So[uk]cpz’“(grr) + k(”D ”k”Loo(QlJr) + ”uk”LOO(QT)
+ fellcgecory +1Fllcieop)-
Let us define
Ly := max{{[a,juk]COa(Ql/z) i,j=1,...,N 4+ 1}, [atuk]cl()),a(QT/Z),
{[aiuk]C,(1+“)/2(Q?'/2) i=1,....,N + l}},

and distinguish two cases: first, we assume that there exist i, j € {1,..., N 4+ 1} such that
(4.7) Lk = [8ijuk]C£’“(Q1+/2)'

Later we will deal with the second case, when Ly = [d;ux]c{'+*/2(g},). The case L =
[B,uk]cga(QJr y is very similar to (4.7) and we skip it.
Now, we consider two sequences of points Py (z, tx), Pk (Ex. k) € Q1 /2 such that

|9ijuk (Pr) — 0ijur (Py)|
dp(ka Pk)a

- L
-2

and define ry = dp( Pk, Py). Notice that it must be ry — 0 as k — 400, since

|0;ur (Px) — 3,]uk(Pk)| ”aijuk ”L°°(er/2) <9 [uk]sz’u(QT/Z) <o Lk L
dp(Pr, Pr)® B e - ritk =Tk

Lk _
5 =

where we have used (4.6) and the definition of L.

Let Zx = (X, k) € B1 /5 10 be specified below. For k large, let us define

fr—fk (= 1—tk,1—tk)
Ik

o) := 2

e
and set Q% = limg_ 1o Q(k), along an appropriate subsequence. For (z,t) € Q(k),
consider the blow-up sequence

ug(rez + 2, T 2t 4 t) — Tk(Z l)

4.8) wg(z,t) =
[uklczeor ™
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where T}, is the quadratic parabolic polynomial

N+1
Te(z.0) = ug G te) + 1 Y, dvr G )X

i=1

2 N+1
+ % Z 8,-juk(2k,tk)xixj + I’]?azuk(fk,tk)l.
ij=1
Notice that wy satisfies
(4.9) we (0) = [Vwg (0)] = | D*wy (0)] = 9, w (0) = 0.
At this point we distinguish two cases:
e Case 1:
y—k=M—>+oo as k — oo.
Tk Tk
In this case, we set Z; = zj, and we have 0 = RV 12,
e Case 2:

y_k — dP(Pk7 E) <
T Tk B
for some C > 0 independent of k. In this case, we set Zy = (xg, 0), and we have
oo _ pN+1
0 =RI" xR

Ca

Step 3. Holder estimates and convergence of the blow-up sequences.

Let us fix a compact set K C Q. Then K C Q(k) for any k large enough. By
definition of the C;** seminorm and the parabolic scaling, for every P = (z,1), 0 =
(§,7)eKandi,je{l,...,N + 1}, we have

19;wi (P) — 85 wi (0)] < |0ijur (rez + Zi, rt + 1) — 0iju (reé + Ze. rEt + 1)
1 17) =

[elcz=oi i
< dy(P,0)%,
and thus
.. P)—9::
(4.10) sup |9 wi (P) — 0 wi (Q)| <1
P,Qck dp(P, Q)*
P70

In a similar way, it is not difficult to obtain

190wk (P) — 9w (Q)] _

sup <
P,0eK dy(P, Q)"
P#Q

Further, for every (z,¢),(z,t) e Kandi €{1,...,N + 1},

4.11) 1.

|up (riez + Zx, 1}t + 1) — Qg (rez + 2, rZt + )|

1+a

|0; we (2, 1) — dwe(z, 7)| <
[urlcze o e

< |t _ T|(1+a)/2,
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which implies
0; 1) —0; ,
(4.12) sup |0; wi (2, 1) iwg (z,7)| <1

(z.0).(z,0)€K |t — r|(+ae)/2 =
t#t

Combining (4.10), (4.11) and (4.12), we deduce that [wg]c2?< (k) is uniformly bounded
in k, for every compact set K C O (notice that the estimates above are valid in both
case 1 and case 2, by the definition of Q°°). Consequently, in light of (4.9), [[wg [[c2* (k) is
uniformly bounded as well, and so we may apply the Arzela—Ascoli theorem to conclude
that wg — w in C3*Y(K), for every y € (0, ). Finally, a standard diagonal argument,
combined with (4.10), (4.11) and (4.12), shows that

wy —> W in C2V(K), for every K CC 0,
up to passing to a suitable subsequence, and
(4.13) [U_J]sz,a(Qoo) <Cy.

for some Cy > 0 which depends only on N, by the definition of the C** seminorm.
Step 4. The next step is to prove that d;; w is not constant, where i, j are the indexes
fixed in (4.7). To do this, we consider two sequences of points in Q (k), defined as
Ek — 2k T — Ik
Som (B2 Bl
'k rk

Zk — Zg

) and §k:=( ,0), k eN.

Tk
_ Incase 1, one has Z; = zi, then S — S € O°°, up to passing to a subsequence and
Sk = 0 for every k. Then, using the definition of Ly and (4.6), it follows that

— — Lk
101w (Sk) = dijwe (S| = 19311 (Pe) = dijur(Pie)| = == = Clo,
[uklcz<oh

for some C > 0 independent on k and thus, passing to the limit as k — +o00, we obtain
[0;;w(S) — 9;;w(0)| = Cdy, that is, d;; w is not constant.

In case 2, we can argue in a similar way. We have Z; = (xx,0) and th_erefore, S'k =
f—: en+1- Recalling that yi /rg is uniformly bounded by definition, S — S, for some S,
up to passing to a subsequence. On the other hand, the sequence Sy can be written as

€k —Zk Tk — Ik Yk
Sk :( ’ 2 >+_8N+1.
143 T 'k

Therefore, Sy — S as k — +oo, for some S € Q°°, up to passing to a subsequence and
so, as above, we have |9;; w(S) — d;;w(S)| = Cdp, which shows our claim.

Step 5. The equation of the limit w.

In this step, we derive the equation of w: as in the steps above, we divide the proof in
two additional steps (case 1 and case 2).
In case 1, we have ri/yr — 0 as k — 400 and Z; = z. Further, if

A_(k)(Z, t) = AP (rpz + 2, r,fl + t),
ok (y) = rky + Vi,
.1 := lim (Z.0),
k—+o00
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then, by the regularity assumptions on A%, one has A®) — A4 as k — +o0, where A :=
limg_, 100 A® (Z,7) is a symmetric matrix with constant coefficients satisfying (1.2).
We claim that w is an entire solution to

(4.14) 3w —div(AVw) =0 inRV*2,

Let us fix a compact set K C Q°. By (4.2) and using estimates in parabolic Holder
spaces, wy satisfies

N+1
(k
drwe = 3 (A4
ij=1
{ N+1
= |0up(rez + zp rit + 1) — (A(k.)a'uk)(rkz + zp, r2t + 1)
[uklczohr k l-,jX::l b k
N+1
k
— ez i) + Y AN iz + 2z rPt + lk)aijuk(Zk,tk))
ij=1
! (rez + zi, rét + 1)
= ———— |8k (rez + zk, T k
[uklcz*ehri k

k k
N a(zjl-vjll Ag\,ll’jajuk + Fﬁ,}rl)(rkz + zk, r,?t + 1)

— 0rup (2. ty)

Tky + Vi
N+1 N+1
k k k
+ 3 AN e ) + Y (AR ez + zie 00 = AR e 10) i e 1)
i,j=1 i,j=1

g (rkz + zg 1t + 1)

B B y—~]
[urlc2 i

N k k
N a(zj:ll Agvl_l,_~3juk + Flf,ll)(rkz + zk PR+ 1)

! a— — 8k (Zk, k)
()5 AN 0k + P3Gt | 1D2uleco)
- Vi ‘ - [uklcze o)
ez + zi rft + 1) — gr(zx, )| N ClID*uk oot
[urlcze o ry [urlc2=of)
a Hk(rkZ-i-Zk,r,ft-i-tk) 3 Hy(zx, tx) 144 L
[urlczhH kY + Yk Yk

where C > 0 is a new constant independent of k (here and below the constant C > 0
depends on K; we omit this dependence to simplify the exposition) and

N+1
k k
Hi(z.t) = Y (AR, 0ju)(z.0) + Fy (z.0),
j=1
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which satisfies Hy (xx,0,7,) = 0, VHi (xk,0,2) = 0y Hr (X, 0, tx)en 11, Hi(z,1)/y €
C%%(Q7) by Lemma 2.8 and [Hy/y]co=(o}) < C[VHilcre(o}) < Clurlcz i), by
the assumption (4.6).

Now, by (4.6) and (4.3), we can estimate I as follows:

[ gk (rkz + zie 2t + 1) — g (Zk . 1) | _ leegeep _ 1 =0

[uklcze oy T luklczeoh Tk

as k — +o00. The term II vanishes as well as k — 400, by similar considerations. Finally,
let us prove that III vanishes as k — +oo. First,

‘Hk(”kz +zi rft + 1) Hi(zg, t)

ey + Vi Yk
_ ‘Hk(rkz +aerpt+ i) Hy(Grote) ey Hi (o ty)
B ey + Yk Ty + Yk Y TkY + Vi
- ‘Hk(rkz + Zk,";?l + %) _ Hy (zx, tr) _ V Hy(zg, ty) ~rk2)
- Tky + Yk ey + Yk TkY + Yk
‘VHk(Zk,lk) Rz ey Hi(ze ) | _ L + 1L,
kY + Yk Y TkY + Yk

By using the parabolic first order expansion of Hy, (4.6) and ry + yx > yx/2, one has
that

[Hilcteoryry ™

(4.15) L) < C
ey + Yk

14a ,,—1
"

< o .
= C[uk]cpz» (Qi*') Vi

Instead, we estimate the term III;; in the following way:

VH, ) - VH ,0,86) -
4.16) L | < ‘ k(i) -rez VHE(xp, 0.1) ”kZ‘
kY + Vi kY + Vi
n )VHk(xkvO, i) iz kY Hi(zk, )
kY + Vi Ve Tky + Vi

—1 -1
= C[Hk]cpl,a(Q?—) Tk y;: = C[uk]cgva(Qi*') Tk yl(: )

where, in order to estimate the second term in the previous inequality, we have used the
properties of Hy stated above. Hence, combining (4.15) and (4.16), we have that

Tk

m| <c % 4 C(
Vi Vi

1—a
) —0 ask — +oo,

since in case 1, ri /yx — 0,

N+1 N+1
0wy — Z (/Il(kj) 0jjwg) — 0w — Z ffi,j d;jw locally uniformly in RN+2,
i,j=1 i,j=1

as k — 400, and hence, passing to the limit as k — 400 into the equation of wy above,
(4.14) follows.
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In case 2, we have Z; = (x,0) and ri /yx < C for some C > 0 independent of k. We
claim that w is a entire solution to

17 y40,w —div(y*AViw) =0  inRYT' xR,
' lim, o+ Y9 AV -eny11 =0 on dRYT! xR.

Let us fix a compact set K C Q. By using (4.2), (4.4) and the fact that (2, ;) belongs
to 80QT, wy satisfies

N+1 a N+1
T(k T(k
Ewp = dowe — Y (A 0w — = > (AP, 05we)
i,j=1 Y j=1
1 N+1
A k A
= W[atuk(rkZ-FZk,r]?[-F[k) — Z (Al(’j)aijuk)(rkZ-FZk,r§[+[k)
P 1)k

Q=1
N+1
a k ~ a
_ E Z (Agvl_l,jajuk)(rkz + Zg, r,ft + 1) — Opup Cr, ty)
=1

N+1
_ Z Algjkj)(rkz + Bp, 12t + 1) i uk i, tr)
i,j=1
+LNX+:IAU€) (rkz + 2. gt + 1) Gr, 1)
3 N+1,j\'k k> Tk k)0 Uk (Zk, e
q Nt © o A
+ a ”Z=1 AN+1,j(l’kZ + Zg, it + tk)aijuk(zk,tk)rkxi]
_ (8r(z + 2 gt + ) — 8k G )
- { [uklczehrg
X At(,kj)(rkz + 2 TRt + 1) — A,(?(Ek,tk))aijuk(ék,tk)
) [uklc2*ehri }
a FIEka)rl(VkZ + 2kt + 1)
[uklczehry { ey
N+1
_ 3y< Z Any1,;0u + FN+1)(fk,tk)
j=1

N+1
1 k R R
+ oy E Agvirl,j(rkz + Z gt + 15) djup (B, 1)
=1

N+1
1 k . .
+ @ Z Ag\l?l—l,j(rkz + Zk,r,?l + lk)aijuk(zk,tk)rkxi} =T+
Q=1

Similar to case 1, J vanishes as k — 400 (see the proof for I and II above). We are left
to treat JJ. By Lemma 2.7 and Theorem 2.4, we may differentiate u; with respect to x;
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(i =1,...,N) and 0;u satisfies the following conormal boundary condition:
N+1
. k k
(4.18) Jim, 0i( 2 AW 0+ L) =0,

and thus, recalling the conormal boundary condition of u, we deduce

N+1
1 +

k A k A
1= = [ 3 (A0 G )+ B G te)
j=1

N+1

N
k k ~
+ Zai( Z A;,Zrl,ja,-uk + Fji,_?_l)(zk,tk)rkxi:l =0.
i=1 j=1

Adding JJ and JJJ, expanding F®) and A% at order one and using the estimates in para-
bolic Holder spaces, we obtain

k) n 2 N+1
Faol (riz + 2x, 12t + 1) 5
‘ N+1 - k _ay(§ AN+1,jajU+FN+1>(Zk’tk)
j=1
N+1

1 k . .
+ ey AL Okz + Ferft + 150)0ur G 1)
=1

N+1

1 & . R
+ ey ) Ag\/?‘rl,j(rkz + Z gt + 1) Bijur G )i Xi
ij=1
k . 6 s N k) |
= ‘ Fl(v}rl(rkz Tk r,fz +i)— Fl(\'ll(zkv f) — Zi:ﬁl di (Fz(\ll1)(2k,tk)rkxi
Tky
N+1

. k . k .
+ o E ajuk(zkatk)(Ag\]:_l,j(rkZ + Bk TR+ 1) — Aﬁvll,,-(Zk,tk)
j=1

N+1
k A
= 3 %AW, Cro i)
i=1
1 N+1
k . K s .
* ey > (Agvll,j (rez + 2k, rgt + 1x) — Agv:.l’j(zkvtk))ai,juk(zk,tk)rkxi

i,j=1
= CI‘]?([F(k)]CI},a(Q?—) + [A(k)]CI}’O‘(Qi*') [ Vug ”Loo(Qi*') + [A(k)]cggl(gi*') ||D2uk ”LOO(QI*'))

- Criluklceoty
- k

Consequently,
|Lwi| = o0(1) ask — +4o0.
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As in case 1, by step 3, one has

N+1 N+1
_ a -

Lwe > 00— Y ApjOjw—— Y Ayy1,;0;0 locally uniformly in RY 1,

i,j=1 Yo

as k — 400, and so w satisfies the equation in (4.17) in the classical sense. It remains to

prove that w satisfies the conormal boundary condition in (4.17). Since uy satisfies (4.18)

and following the arguments above, we find

‘IVX—F:l(I‘I(k) djw )) = ; NX—F:I(A(]() diur)(rez + 2k, 12t + tr)
j=1 N+ [uk]Cﬁ’“(er)rliJra =1 Nk B ol §
N+1
=3 A kz + Fert + 1) Gr. 1)
=1
;V+l

k ~ 2 ~
-y Aﬁvll,,-(rkz + Zk, it + 1) ijug G, i) Xi
j=1

1 (k) s 2
= ————————— | — Fy  (rgz + Zg, 1t + 1)
N k
[uklczeoryri ™ i
N+1
. k . k .
— Z Bjuk(zk,tk)(Aﬁvll’j(rkz + Zg, r,ft + tk) — Ag\l:—l,j(zk’tk)
j=1
N+1 N+1
k . k .
=3 A DG X)) — Y (AR 051 Gre. 1)
i=1 j=1
N+1 N+1
k . k .
= Y @AY, ) G e — Y (AL 5871 G )i
ij=1 ij=1
N+1
(k) 2 2 (k) ~ A
- Z (AN, iz + Zirct + 1) — AyZy 5 G, ) 03w (Zie, i) TeeXi
ij=1
1 (k) s 2 ®) s
< ——————|—Fy rkz + Zp,rit + ) + Fy Cr, te)
N k N
[urlczeoiyri i i
N+1 N+1
& 0 .
+ Y U FNT Crtidrexi — Y 0 Fa Gie i) e
i=1 i=1
N+1
k .
— 3 0 (AGh 1 05uk) Cr i riex:| + o(1)
ij=1
N+1 (k) &) sz
10y (D=1 A Ojur + Fyo ) Cr, ti)rey|
< b (2= N+1,;9) N+1 +o(1) = 0(1),

[uklczeyri ™
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as k — +o0. Thus, passing to the limit as y — 0, we obtain

N+1
: [ 5
yl—l’%1+ ; (ANHJ ajwk)‘ =00

and thus, taking the limit as k — +o0, it follows that

lim AV -ey41 = 0.
y—>0+

Combining this with the fact that w € CPZ"" by (4.13) and recalling that a > —1, we have

: o . . AV ey
lim y9AV - ey = lim y'™® lim 217 TN
y—>0t y—0t y—>0t y

=0, (AV - en41)ly=0 - lim y'** =0,
y—>0t

and so the proof of (4.17) is completed.
Step 6. Liouville theorems.
Since w € CI,Z’“(QOO), see (4.13), it satisfies the growth condition

[W(z, 1) < C(1 + (> + [¢])*T*)1/2.

Moreover, w has at least one non-constant second derivative and is an entire solution
to (4.14) or (4.17). Then in case 1, we can invoke the Liouville theorem for the heat
equation (see Remark 5.3 in [4]), and in case 2, we can invoke the Liouville Theorem 1.2
to reach the desired contradiction.

Step 7. We complete the analysis, considering the case when
Ly = [ai“]c,‘)’“*“)/z(gf/z)’

for somei € {1,..., N + 1}. We give a short sketch, pointing out the main differences in
comparison to the preceding discussion.
We take two sequences of points Py = (zg, ), Px = (zx, ) € QT/z such that

|0iur (2, ) — diwrc(zi, w)| _ L
|t — sie| (1 +e)/2 -2

and set B
ri = dp(Pr. Pr) = |t — |2
We define the blow-up sequence wy as in (4.8), centered in P.

The steps 3, 5, 6 are the same as above. The only crucial difference is in step 4: In this
case, one has that d; w is non-constant in ¢. Indeed,

tk — Tk L
0w (0, —=—) — ;wg (0,0)| > ————— > Cpnp.
! ( rlf ) iwi(0,0) Z[Uk]Cg’“(Qf') 0
Taking the limit as k — +o0, we obtain that |d;w(0, 7) — 9;w(0, 0)| > Cn 6o, where
f = limgsqoo(te — )/ r,f. This allows as to conclude the proof of (4.5) by applying
Theorem 1.2.
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Step 8. Conclusion.

Finally, we briefly explain why (4.5) implies (4.1) (see Theorem 2.20 and Lemma 2.27
in [26] in the elliptic setting). First, by using a covering argument and the interpolation
inequalities in (2.2), we have that (4.5) is satisfied in every Q;f(PO) C er, that is,

(4.19) < 8[u]

Cr(QF (Po))

+ CB(”u”Loo(Qi") + ”f”C,?’a(QT) + ”F”C;“(Qi*'))

[z o, poy

Now, let us define the seminorm

(4.20) Wi = sup  pPTul2epr (poy)-

2,0,07 03 (PO} p" (2,5 (Po))
By using the sub-additivity of the Holder seminorms with respect to unions of convex sets,
one can prove that

4.21) [u]} oF = C sup p*te

= [M]CZ,Ot + (Po))’
o, 1 Q;F(PQ)CQT D (Qp/4( 0))

for some constant C > 0 depending only on N and «. Then, by (4.19) and (4.20), we
obtain

2+a[

*
1Y u]C,?’a(Q:M(Po)) =< S[M]z,a,QT + CS(”””LOO(QI*') + ”f”c[?’“(QlJr) + ”F”C,}’O‘(QT))'

Taking the supremum over Q/‘)"(PO) C er and recalling (4.21) yields

l *
ol g or =81, or + Cslulleiopy + 11 lgpeop) + I1F N cieor)-

Hence, our statement follows by taking § > 0 small enough and using the interpolation
inequality (2.2). ]

4.2. A regularization scheme

In this second step, we proceed with a regularization argument. This allows to apply the a
priori estimates above and prove Theorem 4.1.

Lemmad3. Let N > 1,a > —1,7 € (0,1), « €(0,1). Let A € C*®(Q7) satisfy (1.2),
let f,F € C°°(Qi"), and let u be a weak solution to (1.1). Then u € CF*(Q;").

Proof. WefixO<r<r'<I1.Foreveryi =1,...,N,Dby the regularity assumption on 4, f
and F, and Lemma 2.7, we have that d,u solves (2.12) in Q:ﬁ and, by Theorem 2.4, we
deduce that dy,u € Cy**(Q;). Analogously, by Lemma 2.6, d,u solves (2.10) in Q};
and, by Theorem 2.4, we deduce that d,u € C,**(Q;). To conclude, we need to prove
that dyu € C)*(Q;).

Using the regularity of Vu and d,u obtained above, we may rewrite the equation
of u as

N
(4.22) 8y (Y (AVU + F)-ens1 =y [0 — f = Y 0 (AVu + F) - ) | = g,

i=1
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in the weak sense, where g € C»%(Q;}). Then, integrating in y and using that

lim (AVu + F) ceN41 = 0,

y—0t

see Theorem 2.4, one has
1 rY
Y(x,y,t):=(AVu + F)-en+1(x, y,1) = y_"/ s%g(x,s,t)ds.
0

Since dx,u, d,u € Cp*(Q;F), we have dy, ¥ € C*(Q;F) by definition, for every i =
l,...,N,and 3,y € C)*(Q;). Consequently, ¥ € C-U+®/2(QF). Now, since g €
C¥(Q;"), Lemma 2.9 yields 8,y € C2*(Q;") and thus ¢ € C,**(Q;"). Noticing that,
by (1.2), we have

Y- Y0l AN+, 05U — Fy

ANt1,N+1

(4.23) dyu

and it follows that d,u € C*(Q;") and thus u € CF%(Q;"). n
We are now ready to show Theorem 4.1.

Proof of Theorem 4.1. Letus fix 0 <r < R < 1 and let u be a weak solution to (1.1). Let
us consider a smooth cut-off function § € C°(Bg) suchthat0 < £ <1land & = 1in B,.
Then v := &u is a weak solution to

y99;v — div(y?AVv) = y%g + div(y*G) in QF,

limy_, o+ y*(AVv + G) -en4+1 =0 on 3°07%,
v =0 on B} x I,
v =nu on B; x {—R?},

where
g =§f —F -VE—AVy-V§ and G :=EF —uAVE.

Let us denote with A, f and F the even extensions of A, f and F with respect to y,
respectively, and let

Ag:=Axp,, foi=f%pe and Fy:=F % p,,

where {p;}e>0 is a family of smooth mollifiers. Then, up to choosing & small enough,
Ag, fe, Fe € Cc°°(Q1+a)’ and A, satisfies (1.2). For every ¢ € (0, 1), let v, be the weak
solution to

y49:ve — div(y? AeVve) = y?ge + div(y*Ge) in QF,

limy,_,o+ y*(AeVve + Ge) -en+1 =0 on 80Q;,

ve =0 onaB;xIR,
Ve =V on B x {—R?},
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where

ge i =Efe — Fe - VE— A Vu - V& Gp 1= EF, —uA,V§.
By the same compactness argument of Lemma 2.6 (or, equivalently, Lemma 4.3 and
Remark 4.4 in [4]), and by the classical theory of the Cauchy—Dirichlet problem in abstract
Hilbert spaces, see [33], we have that v, — v in L2(Q;, y%), which implies that v; — u
in LZ(Q:r , ¥%) by the definition of v. On the other hand, since £ = 1 in B, one has that v,
is a weak solution to

y40,ve — div(y? DeVug) = y@ f, + div(y?Fe) in O},
limy o+ y*(DsVve + Fp) -eny1 =0 ond°Q;t.

So, up to rescaling, Lemma 4.3 yields that v, € C7* (er). On the other hand, by Propos-
ition 4.2, we deduce that v, satisfies the desired estimate (4.1) in Qj’ , uniformly in & > 0.
By the Arzela—Ascoli theorem, we may thus take the limit as ¢ — 0" and complete the
proof of (4.1). [

5. C;‘ +2: regularity

In this section, we prove Theorem 1.1 for any & > 1 by combining some a priori estimates
and an approximation argument. As anticipated in the introduction, we first deal with
the case of a zero forcing term in the equation (1.1), i.e., f = 0. In this case, the main
result follows by a simple iteration of the Cpl"" and Cp2’°‘ estimates on partial derivatives.
Secondly, we treat forcing terms f € le"“. In this case, the strategy is more involved and
requires some additional and delicate steps (see Lemma 5.3).

5.1. Higher order Schauder estimates when f = 0
We begin by treating the simpler case f = 0.

Proof of Theorem 1.1 when f = 0. We proceed by induction. The initial step k = 0 fol-
lows by Theorem 4.1. .

Letus fix 0 < 7 < 7’ < 1 and assume that A, F € CJ/ *>%(Q;") imply that (1.3) holds
for j =0,...,k and prove it for k 4+ 1. By Lemma 2.7 and the induction step we may
differentiate the equation of u with respect to x; to obtain dy,u € le +t2.2(Q ) for every
i=1,...,N and

(51) ||axtul|clgc+2,a(Q;¢_) < C(”axtu”Lz(Q’t,y“) + ”aiF”C’{H—l’a(Q?—))
= Cllullz2qof yay + 1F [ chroaory)-

for some C > 0 which depends on N, a, A, A, r, « and [|A]|c}+>(o}). On the other
hand, By Lemma 2.6 and the induction step (noticing that in the case k = 0, we use

Theorem 2.4), we may differentiate the equation of u with respect to ¢ to obtain d,u €
CA1(0;F) and

(5.2) l8:ull ey < CUIBrullL2ig yay + 10 Fll chagr)
= C(”u”LZ(Qi*',ya) + ||F||C;)<+2,a(Ql+)),
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for some C > 0 which depends on N, a, A, A, r, @ and || A||c}+>(o}). Repeating exactly
the same argument of Lemma 4.3, we obtain that the function g defined in (4.22) belongs
to CFH12(Q;F) and thus dyu € CF2%(Q;F), which in turn implies u € CX+3%(Q;F).
Moreover, by using (4.23), (5.1) and (5.2), one has

53) 18yl g2 gty = CUltl 2o oy + I Fllpraa o)

for some C > 0 which depends on N, a, A, A, r, @ and ||A||C§+2:a(Q;r). Then, combin-
ing (5.1), (5.2) and (5.3), our statement follows. ]

5.2. Higher order Schauder estimates

Now, we consider the case f € le""‘. As remarked in the introduction, when k = 1, we
cannot use the same argument of the case f = 0, since the function d; f is not well
defined. In order to overcome this problem, we prove a priori Cp3 *“_estimates and combin-
ing these with Lemma 5.2 and Lemma 5.3, we obtain our statement in the case k = 1. For
the general case k > 2, one could possibly iterate the estimates obtained to prove the main
result, as done in the case f = 0. However, in order to keep the presentation uniform, we
choose to iterate the full procedure (a priori estimates plus approximation) at any step.

Proposition5.1. Let N >1,a>—1,a € (0,1), 7 €(0,1) andk € N. Let AcCkT12(QT)
satisfy (1.2), let f€ CF*(QF) and Fe CEk1*(QF), and let u € CKT2%(Q}) be a
weak solution to (1.1). Then there exists C > 0, depending on N, a, A, A, r, o and
| Allci*e (o), such that

549 ”u”C’gCJrZ,a(Q:r) = C(||u”L2(Q1+’ya) + ”f”cpg"“(Q;r) + ||F||C177<+1,a(Q1+))'

The proof of Proposition 5.1 crucially uses Lemma 5.3 below. In turn, in the proof of
Lemma 5.3, we exploit an approximation argument which relies on the following auxiliary
result.

Lemma5.2. Let N > 1,a > —1,r € (0,1), k € N. Let A € CFt2%(Q7) satisfy (1.2),
let fe C°°(Q+) Fe Ck+2°‘(Q+) and let u be a weak solution to (1.1). Then we have
that u eck+3a(Q,+)

Proof. 1t is enough to slightly modify the arguments of the proof of Theorem 1.1 in the
case f = 0. |

Lemma5.3. Let N > 1,a>—1,a€(0,1)andk € N. Let D € Ck+2°‘(Q+) be a diag-
onal matrix satisfying (1.2), fECk"'1 O‘(Q"') andFECk"’2 "‘(Q+) Let w:=DN41,N+1
and g ;= Fyy1. Letu € Ck+3°‘(Q+) be a weak solutzon to

5.5) y49,u —div(y?*DVu) = y* f +div(y*F) in QF,
) lim, o+ y*(udyu +g) =0 ond°Q7.

Then the function

w = y_“8y<y“<8yu + %)) e Cyr (o)
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is a weak solution to

5.6) y23,w — div(y*DVw) = div(y?F) in Q;,
' lim,, _, o+ y4(DVw + F)-enyy1 =0 ond° *,
where
o= g F a g
5.7) F =0, DV (,u + M) +[7+ i (0 + M)]eNH
and

;o . . &\ . g
(5.8)  fi=0,f +0,divg + div(d, DVu) + a,(M) dlv(DV(M».
Moreover,
(59) ||F||CI£‘:“(Q;F) S C(”f”c}f-#l,ot(Q?—) + ||F||Cpk+2,0t(Qi¢—) + ||u||cpk+2,ot(Q;¢—))s

for some C > 0 depending only on N, a, A, A, r, a and || A||ck+>= o).

Proof. Step 1. First, we prove that
. ,—a a g _ 5 g § k+1,a +
w =y, (v (dyu + u)) =y (yu + u) + y(ayu + u> e ckie o},
By (1.2), we have £ > A > 0 and so
dyu + % e Ckr2eoh,

thanks to the regularity assumptions on u, g and w. By Theorem 2.4, u satisfies the conor-
mal boundary condition

(5.10) lim wd,u+ g =0,

y—>0+

and hence, by Lemma 2.8, we deduce that %(Byu + %) € CIfH’“(Qf), which implies
that w € CXT19(Q7) by definition of w.

By similar considerations, it follows that f* € C,f"“(QfL), where f is defined in (5.8).
Consequently, F' € le"“(QT) (defined in (5.7)) and (5.9) directly follows by definition.

Step 2. From this point, we distinguish two cases. If k = 0, we assume that D, f, F €
C°°(Qf) and thus, by Lemma 5.2, u € C°°(Qf) as well. We will recover our state-
ment under the weaker assumptions D € CI,Z""(QI"), fe Cpl""(Qi") and F € CPZ’“(QI")
through an approximation argument (see step 3). If k > 1, such an approximation argu-
ment is unnecessary (this is because, when k > 1, the equation of w is satisfied in the
classical sense).

We may rewrite (5.5) as

du — div(DVu) — S (udyu +g) = f +divF in QF.
y
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Differentiating the above equation with respect to y, we obtain
G.11)  3:(Byu) — div(DV(@yu)) — div(dy DVu)— 9, (f(uayu + g))
y
=0y f +0ydivF inQf.
Taking into account (5.11) and setting

vi=y? (Byu + %)

we obtain the equation of v:

y 4 09;v —div(y *DVv)

= 9, (dyu) + a,(%) — div (DV(Byu + %)) - ay(g(uayu + g))
= 9, (dyu) + a,(i) — div(DV(dyu)) — div(DV(%)) —a, (%(Mang))
=3, f + 8, div F + div(d, DVu) + at(%) — div(DV(%))

= f inQf,

and thus, recalling that £ > A > 0 and (5.10), v satisfies

(5.12) {yaat”—div(y“DVv)=y“(y“f) in 07,

— +
v=20 on 3°Q7.
Differentiating (5.12) with respect to y, we get

3,0,v — div(DVd,v) — div(d, DVv) — ay(g(uayv)) =3,(0*f) inO7.

Consequently, w = y~#d,v and
y40;w — div(y* DVw)
= 9,8,v — div(DVdyv) + (f(uayv)) = 3,(y* f) + div(d, DV)
y

= 0, (* /) + div(y“0, DV (dyu + i)) + (y”ayug(ayu + %)) in OF.

We need to establish that w satisfies the boundary condition in (5.6). By the regularity
assumptions and the fact that v = 0 on {y = 0}, we can take the limit as y — 0" in (5.12)
to get

N
lim [/Layyv - %/wyv + dypdyv + y“f] = yl_i)l})1+[3tv — Z 0x; (D;,i0x; v)] =0,

0+
ry= i=1
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which turns out to be the boundary condition
0= lim [y*(udyw+ f)+ 0y udyo]
y—>0+t

- i i i o £) o £

Hence, defining F asin (5.7), it follows that w is solution to (5.6) as claimed.

Step 3. In this final step, we present the approximation argument which allows to
complete the proof when k = 0. First, by Theorem 4.1, we have that

(5.13) ”F”cl"]""(gj) = C(”f”cp‘a“(g?') + ”F”C;’u(Qf') + ”u“CPZ""(Q;F))
=< C(”f”Cpla(Q?') + ”F”CI?“(QIF) + ||u||L2(Qi*—,ya))v

for some C > 0 depending only on N, a, A, A, r, @ and || D|c2*(o})-

The proof follows the approximation scheme done in the proof of Theorem 4.1. It
is enough to replace the matrix A with the matrix D. Indeed, after regularizing the data
(which we call f;, F;, A; € C°°(QT)), and using Lemma 5.2, we can find a family of
smooth solutions v, € CX(Q;') to

49,0 — div(y? D Vv,) = y¢ fe + div(y?F,) in Q),
lim, o+ y*(DgVve + Fe) -ent1 =0 ond°Q;t.

which converges to the original solution u as ¢ — 07. Consequently, step 2 yields that
W i=y %0y (y“ (Byvg + é))
He

is a solution to (5.6) (with D and F replaced by D, and F;) and F,, defined analogously
to (5.7), satisfies (5.13). By Proposition 4.2 and the Arzela—Ascoli theorem, one has that
ve = u in CZ*(Q;}), which implies that w, — w in C**(Q;}). Then a slight modific-
ation of the argument in Lemma 4.2 of [4] shows that w, converges to w in the energy
spaces and that w is a weak solution to (5.6), as claimed. [

Proof of Proposition 5.1. Let 0; := 0y, fori = 1,..., N. We proceed with an induction
argument. The step k = 0 has been proved in Proposition 4.2. Let us assume that (5.4)
holds for j = 1,...,k € N, and let us prove that it is valid for k + 1. So, let u €
CE32(Q1), A, FeCF2(Qf) and feCiT1e(0).

Let us fix 0 < r < r’ < 1. First, for every i = 1,..., N, by Lemma 2.7, one has
that u; := d;u solves (2.12) in Q,}. Noticing that u; € CXK¥2%(Q), A € CF+2*(QT),
3 f€CF*(QT)and 9; F,9; AVu € CX¥+1-%(Q), we can use the inductive step to obtain

(5.14) ”ui”CII;‘*'Z»O‘(Q;F) = C(”ui”LZ(Q:;,ya) + ”alf”C;ca(QT) + ||8iF||C;C+1s0‘(QiF))
= Cllullaor yoy + 1 Igperagpy + I1F g o)),
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where C > 0 depends only on N, a, a, A, A, || Al|cf+>%(o7)- It remains to prove that
[uyyy]c’g"“(Q;*') + [uyy]clk,(lw)/z(Q;r) + [uty]clé‘a“(Q;F) + [ut]ctk,(l+ot)/2(Qr+)
S C(”””LZ(QT,_V“) + ||f||cpk+1,ot(QT) + ||F||Cpk+2,ot(QT))
Let D := diag(A). It is immediate to check that u solves

{ yad,u — div(y? DVu) = ya f + div(y9F) in Q}F,

limy,_, o+ y*(udyu + g) =0, ond°Q;t,
where
F:=(A—D)Vu-eyt1)ent1 + F
and
N+1
f=r+ Z 0;(A—=D)ijdju)., g=Fyy1 and p=ANfiN+1.
ij=1

Furthermore, by (5.14) and the definition of F and f_ , we have that F ¢ C,f‘“’“(Q:L, ,
feckttet)and

(5.15) ||F||C;+2,a(Q;) + IIf_IIC;ﬂ,a(Q;)
< C(”M”Lz(gfr,ya) + ||f||c§+1,u(Q?.) + ||F||C;€+2,u(Qi%—)),

for some C > 0 depending only on N, a, &, A, A, || Al cf+>*o})-
By Lemma 5.3, the function w := y~%9, (y*(d,u + g/un)) belongs to Cpkﬂ’“(Q;’I)
and is a weak solution to

Y49, w — div(y* DVw) = div(y*F) in Q;t
lim,, o+ y*(DVw + F)-enyt1=0 ond°Qf,

r/?

where F is defined in (5.7), with f and F replaced by f and F, respectively. Furthermore,
F e Clg""‘( Q;’? ), so, by the inductive assumption (noticing that in the case k = 0 we use
Theorem 2.4), (5.9), (5.14) and (5.15), we obtain that w € C¥T1¢(Q;") and

”w”C’ff‘*’l’“(Q;F) = C(”“”LZ(Q?',);E) + ”f”cp{f‘*'l’“(gii') + ||F||C§+2’Q(Qi'-))’

for some C > 0 which depends only on N, a, &, A, A, || A[cf+>*(o}). Now, by the same
arguments of Lemma 4.3 and by Lemma 2.9, it follows that

1 y
(Oyu + g/ (x, y,1) = —/ s*w(x,s,t)ds,
¥4 Jo

satisfies d, (d,u + f /1) € C*¥+1% and, by the regularity of g and y, we deduce
[yyylcpeopy + vlcrarar g
= C(”””LZ(Q?'JII) + ”f”cpl““:a(QiF) + ||F||C,l(+2’a(Qi"))’

for some C > 0 depending only on N, a, «, A, A, ||A||c’{<+2’°t(Q;r).
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To conclude the proof, it is sufficient to observe that
du =y~ div(y*(AVu + F)) + f e CxT1*(Q).
which immediately implies
100l rira gy = CUltll i yoy + 1f lekiracgry + 1Fllgrizagory):

for some C > 0 depending only on N, a, &, A, A, || Allcf+>* (o). |

Proof of Theorem 1.1. Once Proposition 5.1 and Lemma 5.2 are established, our state-
ment follows by approximation as in Theorem 4.1. ]

6. Cilindrically curved characteristic manifolds

In this section, we show how to extend the le‘ +2.@ regularity estimates to weak solutions
of a class of equations having weights vanishing or exploding on curved characteristic
manifolds I', as in (1.8).

Proof of Corollary 1.3. The proof follows the one of Corollary 1.3 in [4]; after composing
with a standard local diffeomorphism, one may apply the main Theorem 1.1.
Indeed, let us consider the classical diffeomorphism

D(x,y) = (x,y + ¢(x)),

which is of class C¥*2% and then le‘ +2.@ extending constantly in the time variable. Up
to a dilation, one has that & := u o (®(x), 7) is a weak solution to

899,11l — div(8? AVii) = 6 f 4+ div(6*F) in QF,
limy g+ 84(AVii + F)-en41 =0 ond°Q7 .
where § = § o @,
f=fo(@x).0), F=Jg"Fo(®(x).1) and A= (Jg") (Ao (P(x).0)(J".

We have that § € Ck+2« (B, 4, F e Cktle(Biyand f € CK*(B;). Moreover, by
using Lemma 2.8, § satisfies

§>0 inBf, §=0 ond°Bf, 9,58>0 ond’B;,
S/yECkH’“(Bl"'), §/y=u>0 in B},

where the last non-degeneracy condition is a consequence of the assumption |V§| > ¢ > 0.
Defining

b(z) ;= (S(y—z))“ e ckrle(piy
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one has

0=/+y“b(—ﬁaz¢+/1va-w_f¢+ﬁ.w,)

Qi

=/ V@ (—iid; (pb) + AVii - V(¢pb)— AVii - Vb — f(¢pb)+ F - V(¢pb)—F - Vb¢),
of

s0, b¢ being an admissible test function, we deduce that # is a weak solution to

y29,ii — div(y? AVii) = y?g + div(y®F) in Q7 ,
lim, o+ y*(AVii + F) - en41 =0 on 3°Q7,

where

~ AVi-Vb F.Vb
g=r+ .

b b

Finally, we apply a recursive argument to prove the le +2.@_regularity of i, which in turn
extends to the same regularity for the original u by composing back with the diffeomorph-
ism.

Let kK = 0. We notice thatu € Cpl’“ by Corollary 1.3 in [4], and hence, after composing
with the sz’“ diffeomorphism, one has Vi € CI?’“, which gives that g € CI?’”‘. Then the
sz’“-regularity of u follows by Theorem 1.1.

Finally, one may iterate this reasoning for any k > 1 by replacing the use of the starting
result Corollary 1.3 in [4] with the present Corollary 1.3 at a lower step. ]

7. Parabolic higher order boundary Harnack principle

This last section, is devoted to the proof of the higher order boundary Harnack principle
in Theorem 1.4.

Proof of Theorem 1.4. First, the regularity assumptions of boundaries, coefficients and
data for the equations in (1.9) do guarantee that u, v € Cll§c+ 24(Q N Qy), by classical
theory of uniformly parabolic equations (for instance, see [32]). Hence, the equations
in (1.9) are satisfied both in the weak sense and pointwisely in 2 N Q1. From this, we
deduce a pointwise equation for the quotient w = v/u in Q2 N Q1, that is,

(7.1) u?d;w — divw?AVw) = uf —vg + u?b - V.
Now, let us define the standard diffeomorphism
P(x, y.1) := (x,y + ¢(x,1).1),
which is of class Cpk+2’°‘. Let us set
i=uo®i=vod [f=fod G=god,

and define 3 ~
A= 5T (A0 @) 4. b=1J 4bod,

where J; ¢ is the square block [c;;]i, =1

.....
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Since w solves (7.1), then, up to dilations, w = w o ® = ¥/ solves
(72) Y20 — div(2 2 AVid) = y(nf - v g) + y2u2h Vib + y*uPe - Vi,
y

pointwisely in Q;“, where u = #i/y and ¢ = 0;¢en+1. Now some remarks on the regu-
larity of the data of the weighted equation above are in order. First, by Lemma 2.8 and the
non-degeneracy condition u(z,¢) > co dp((z,t), 2 N Q1) in (1.9), we can infer that

0<éo<peCrktesBt).

Thanks to the previous information, we can rewrite (7.2) dividing by u? as

(7.3) Y29, — div(y2AVW) = yh + y2b - Vb,
where -
_ % nf—%5g
b=b+c+2dT L ecke and h="2"2" ccktre
% ®

Moreover, since _

v/y

ufy

again by Lemma 2.8 and the C, k+2.¢_regularity of i, ¥, we have W € (@) k1, O‘(Q+) which
has two implications. First, the drift term in (7.3) can be considered as a forcing term, that
is,b- Vi = f € CF*(Q7). Second, W € L2(I;; H (B}, y®) N L=®(I1; L*(B;, y%))
and, by multiplying the equation (7.3) by test functions ¢ € C, C°°(QfL) and integrating by
parts, one gets that w is a weak solution to

Y20, — div(gzzzéfvw) =div(y*H) + y2f in Q7,
limy_, o+ y>(AVW + H) -en4+1 =0 ond°07,

where the field

y
H(x,y,t) = eNH/ sh(x,s,t)ds
2 Jo

belongs to CXT1%(Q) by Lemma 2.9.
Then the regularity Cpk +2.%_regularity of w follows by Theorem 1.1. Finally, the same
regularity is inherited by w by composing back with the diffeomorphism. ]
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