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Distortion for multifactor bimodules and representations
of multifusion categories

Marcel Bischoff, lan Charlesworth, Samuel Evington, Luca Giorgetti, and
David Penneys

Abstract. We call a von Neumann algebra with finite-dimensional center a multifactor. We intro-
duce an invariant of bimodules over II; multifactors that we call modular distortion, and use it to
formulate two classification results.

We first classify finite depth finite index connected hyperfinite II; multifactor inclusions 4 C
B in terms of the standard invariant (a unitary planar algebra), together with the restriction to A
of the unique Markov trace on B. The latter determines the modular distortion of the associated
bimodule. Three crucial ingredients are Popa’s uniqueness theorem for such inclusions which are
also homogeneous, for which the standard invariant is a complete invariant, a generalized version of
the Ocneanu Compactness Theorem, and the notion of Morita equivalence for inclusions.

Second, we classify fully faithful representations of unitary multifusion categories into bimod-
ules over hyperfinite II; multifactors in terms of the modular distortion. Every possible distortion
arises from a representation, and we characterize the proper subset of distortions that arise from
connected II; multifactor inclusions.

Contents
L. IntroducCtion . . . ..ot e e 498
2. Background. . .. ... e 501
3. Distortion and extremality . ... ... .. ... 522
4. Modular distortion and the Jones tower/tunnel . .............. ... . ... .. ..., 535
5. Classification of finite depth hyperfinite multifactor inclusions . ................. 545
6. Representations of unitary multifusion categories .. ........... ... ... 558
A. Commuting squares of finite index finite multifactors . ....................... 563
B. Popa’s theorem for homogeneous connected finite depth hyperfinite 111 multifactor inclu-

SIONS & ettt e 571
C. OCneanu COMPACLNESS « ¢ . v v v vt v ettt e e e et e e e e e e e e e 575
References . . . ... i e 583

Mathematics Subject Classification 2020: 46L37 (primary); 18M20, 18M30, 18N10 (secondary).
Keywords: subfactors, planar algebras, modular distortion, unitary fusion categories.


https://creativecommons.org/licenses/by/4.0/

M. Bischoff, I. Charlesworth, S. Evington, L. Giorgetti, and D. Penneys 498
1. Introduction

By a deep theorem of Popa [54], a finite depth finite index hyperfinite II; subfactor
A C B is completely determined by its standard invariant. This standard invariant has
many equivalent axiomatizations, including Ocneanu’s paragroups/bi-unitary connections
[14,48], Popa’s canonical commuting square [54], Popa’s A-lattices [56], and Jones’ pla-
nar algebras [40]. Popa’s classification theorem can be bootstrapped to show that every
unitary fusion category admits an essentially unique fully faithful unitary tensor functor
into Bim(R), where R is the hyperfinite II; factor [26, §3.2]; see [31] for the analogous
statement for embedding into endomorphisms of the hyperfinite III; factor based on [57].

In this article, we extend these results to multifactor inclusions and unitary multifusion
categories. A unitary multifusion category is a semisimple rigid C* tensor category with
finitely many isomorphism classes of simple objects (unlike fusion categories the unit need
not be simple). A multifactor is a von Neumann algebra with finite-dimensional center. A
(unital) inclusion of finite multifactors A C B is called connected if Z(A) N Z(B) = C,
finite index if the standard bimodule 4L?Bp is dualizable, and finite depth if 4L?>Bp
generates a unitary multifusion subcategory of Bim(A & B).

Our first main theorem gives a complete classification of finite depth finite index con-
nected hyperfinite II; multifactor inclusions. In [54], Popa shows that a finite depth finite
index hyperfinite II; subfactor is completely classified by its standard invariant. This result
is no longer true for connected II; multifactors; an additional datum is needed. The stan-
dard invariant is only a complete invariant up to Morita equivalence of inclusions, which
we define after Theorem A below.

We now need to recall some terminology before we state the first main theorem. By [20,
Thm. 3.7.3], a finite index connected inclusion of finite multifactors A C B has a unique
Markov trace tr%[a‘k‘)", which is characterized by a certain Frobenius—Perron condition
(see (2.9) below), and by [20, Thm. 3.6.4 ()], B4 is finitely generated and projective as a
right A-module, so there is a finite Pimsner—Popa basis for B over A [51]. The inclusion
A C (B, trlf*™) is said to be strongly Markov following [41], and the standard invariant
PACE is a 2-shaded unitary (i.e., C* with finite-dimensional box spaces) planar algebra.

Theorem A. The map which takes A C B to the pair (PAE, tr%[‘“k"" | z(4)) descends to
a bijection

Finite depth finite index con- Pairs (P, 7) with P, a finite depth
nected hyperfinite II; multi- indecomposable unitary 2-shaded planar
factor inclusions A C B __ \algebra and 7 a faithful state on P, +

¢: By = B, taking A; onto A, B @o: PL > P2 such that 12 0 go 1 = 7!

The map which takes A C B to PA<8B descends to a bijection

Finite depth finite index connected hyperfi- Finite depth indecomposable uni-
nite IT; multifactor inclusions A C B tary 2-shaded planar algebras 7,

Morita equivalence " Planar x-algebra isomorphism
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Importantly, the standard invariant PA<Z is only a complete invariant up to Morita
equivalence and not isomorphism of inclusions. Here, two inclusions A; C B; and A, C
B, are said to be Morita equivalent if there is an invertible bimodule 4,Y 4, and a *-
isomorphism

V: By — (BY") N B(Y Ry, L*By)

that restricts to the identity on A,:

B, ——~— (B®) N B(Y R4, L2B)).
As > Ay

ida,

We prove Theorem A in two parts: the first part in Theorem 5.13, preceded by the
second part in Theorem 5.12. The other main tool we use, besides Morita equivalence, is
Popa’s uniqueness theorem for finite depth finite index homogeneous connected hyperfi-
nite II; multifactor inclusions, i.e., those such inclusions which admit a generating Jones
tunnel. See Section 4.3 for other characterizations of homogeneity. For completeness and
convenience of the reader, we provide a complete proof of Popa’s theorem in the multi-
factor setting in Appendix B.

When the inclusion A C B is not homogeneous, we may no longer have any Jones
downward basic construction, let alone a generating tunnel. An easy example is A9 ® R C
By ® R where Ay C By is any finite-dimensional inclusion with Bratteli diagram A4 [57,
Ex. 1.2.8]. We treat this example in detail as Example 4.19 below. Nevertheless, we prove
in Theorem 5.6 that any finite depth II; inclusion is Morita equivalent to a homogeneous
one.

To measure/quantify how an inclusion might fail to be homogeneous, and give further
characterizations of homogeneity, we introduce André Henriques’ notion of the modular
distortion for 1I; multifactor bimodules. Suppose that 4 and B are hyperfinite II; mul-
tifactors with minimal central projections pq, ..., p, and ¢, ..., gp, respectively, and
define 4; := p; A and B; := ¢; B. Given a connected dualizable A-B bimodule X, we
write X;; := p; Xq;. The modular distortion of X is the partially defined function

§=6(X):{1,...,a}x{l,...,b} > Ry

given by
L VNdimL(AiXij)
Yo (VNdimR (Xiij )
We analyze the behavior of the distortion under the Jones basic construction and the Jones
downward basic construction. This expands on [57, Cor. 1.2.10] to give a quantitative
answer to when one can perform a downward basic construction.

1/2
) whenever X;; # (0).

Remark. The notion of modular distortion for a II; multifactor bimodule is closely related
to [zumi’s notion of Connes—Takesaki module for an endomorphism of a properly infinite
factor; we explain the connection in Remark 3.10 below.
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In Lemma 3.18, we characterize those situations when § extends (uniquely) to an
everywhere defined function {1,...,a} x {1,...,b} — R satisfying

8,‘]'5,'/]'/ = 5,']'/5,‘/]‘ Vi,i/ <a, j,j/ <b. (1.1)

In those cases, there exist 1;, §; € R~ (well defined up to global rescaling) such that
8;j = &;/n;. When in addition the statistical dimension D;; of each X;; is equal to its
Jones dimension (the square root of the Jones index), we call the bimodule 4 X p extremal;
these two conditions together are the multifactor analog of the notion of extremality for
II; factor bimodules from [12,49]. In Corollary 3.22, we show that any finite depth bimod-
ule (i.e., which generates a unitary multifusion category under taking finite direct sums,
Connes fusion tensor products, subobjects, and contragredients) is automatically extremal.
In Section 3.3, when A C B is a finite index connected inclusion of finite multifactors, we
connect our definition of extremality for 4 L2 B g with the minimality of the Markov trace-
preserving conditional expectation E : B — A.

Theorem A tells us that not every distortion function satisfying (1.1) can arise from a
finite depth inclusion. Indeed, by Corollary 5.9, if A C B is a finite depth finite index con-
nected inclusion of finite multifactors, then the distortion is determined by try = tr%IaIIkOV l4,
the restriction to A of the unique Markov trace on B:

o N (tra(pn)
8ij = Dy;. 1.2
’ (trA(pi)),;( a ) " (2

Here, oy, . . ., o, are the first a coordinates of a Frobenius—Perron eigenvector of ( DOT 13 )
The space of possible distortion functions satisfying (1.1) is parameterized by R‘fgb -1

whereas the space of distortion functions realizable by an inclusion A C B is parameter-
ized by the space of faithful traces on A, which is homeomorphic to Rigl.

As an application of the modular distortion, we give a complete classification of
representations of unitary multifusion categories into bimodules over hyperfinite I1; multi-
factors. If € is an indecomposable unitary multifusion category with dim(Ende (le)) = n,
then we call € an n x n unitary multifusion category. A representation of an n x n uni-
tary multifusion category consists of a hyperfinite II; multifactor 4 = @;_; 4; (where
each A; is a hyperfinite II; factor), together with a fully faithful unitary tensor functor
o: € — Bim(A). The modular distortion of o (an idea due to André Henriques) is the
matrix § € M, (Rxo) given by 87 := 8(4,(c)4;) for ¢ € €;; — this is independent of
the choice of object ¢ € €;; (see Definition 6.3 below). The modular distortion of « is a
groupoid homomorphism §%*: 8, — R~ from the groupoid &, with n objects and a unique
isomorphism between any two objects to the group(oid) R, namely &7 8;?‘ = &7 forall
i,j,k <n.

An isomorphism between two representations o: € — Bim(4) and 8: € — Bim(B)
consists of an invertible bimodule p ®4 together with a family of unitary natural isomor-
phisms

¢ ={pP X a(c)s — pf(c) Rp P4}
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satisfying a certain coherence axiom (6.1). We say that an isomorphism (®, ¢) is induced
by an algebra isomorphism

¢:A— B if ® = pL*B,y

where the right A-action is transported by ¢ (and ¢ is arbitrary).
Our second main theorem is as follows.

Theorem B. Let € be an n x n unitary multifusion category. Then the map o +— §% which
assigns to a representation « its modular distortion descends to a bijection

{Representations o: € — Bim(R®")}
Iso (®, ¢) induced by ¢ € Aut(R®")

=~ {Groupoid homomorphsims §: G, — R~}.

Moreover, there is a unique representation € — Bim(R®") up to isomorphism:

{Representations o€ — Bim(R®")}
Isomorphism (P, ¢)

>~ {x}.

We prove the first part of Theorem B in Theorem 6.11, and the second part in Theo-
rem 6.12.

2. Background

2.1. Unitary multitensor categories

We refer the reader to [25, §2.1], [33, §2.1 and §2.2], and [26, §2.1 and §2.2] for a rapid
introduction to C* and W* tensor categories. More references on (C* and W*) tensor
categories include [13, 15, 63]. We refer the reader to [17] for a background on C* and
W* 2-categories. It is well known that 2-categories with exactly one object are monoidal
categories [3, Periodic table in §2.1 and §5.6]; a similar statement holds for C* and W*
2-categories.

There is a powerful graphical calculus of string diagrams for 2-categories where ob-
jects correspond to shaded regions, 1-morphisms correspond to strands, and 2-morphisms
correspond to coupons [28, §8.1.2]. As monoidal categories can be viewed as 2-categories
with one object, there is only one shading for regions in string diagrams for monoidal
categories, where we denote objects by strands and morphisms by coupons [42, 63]. In
the graphical calculus, all associator and unitor isomorphisms in our 2-category/monoidal
category are left implicit.

Definition 2.1. Let € be a 2-category and let a, b € € be two objects. A 1-morphism
X € €(a — b) is called dualizable if there is a dual 1-morphism XV € € (b — a) together
with 2-morphisms

evy EC(XV ®X = 1), coevy €C€(l, = X ® XY)
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satisfying the zig-zag or snake equations:

b'¢
XV = X (idy ® evy) o (coevy ® idy) = idy, 2.1)
b'¢
XV
X = XV (evy ®idyv) o (idyv ® coevy) = idyv. 2.2)
XV
Here, the shaded regions denote the two objects =a, = b, and we represent the

evaluation and coevaluation morphisms by a cap and cup, respectively:

=€V XUXV = CO¢eV
vax - X - X-

We also require that the 1-morphism X admits a predual I-morphism X, such that (X/)"
~ X.

We call € rigid if every 1-morphism in € is dualizable. Similarly, we call a monoidal
category rigid if every object is dualizable.'

Definition 2.2. A unitary multitensor category is a semisimple rigid monoidal C* cate-
gory. We call such a category indecomposable if it is not the direct sum of two unitary
multitensor categories. An r X r unitary multitensor category is an indecomposable uni-
tary multitensor category such that dim(Ende (1)) = r. A unitary multifusion category is
a unitary multitensor category with finitely many isomorphism classes of simple objects.

In this article, we focus mainly on unitary multifusion categories. The main difference
between these and unitary fusion categories is that 1 need not be simple. This leads to a
direct sum decomposition of our category as follows.

Notation 2.3. We let le = @D;_, 1; be a decomposition into simples, and write p; €
Ende (1e) for the minimal projection onto 1;.

We write €;; := 1; ® € ® 1;, so that € = P €;;. We may view € as a rigid C*/ W*
2-category with r objects 1y, ..., 1,, and hom categories Hom(1; — 1;) := &;;. In our
graphical calculus for €, we may choose to use different shaded regions to denote various
summands of le.

Suppose € is a unitary multitensor category. A choice of triple (¢V, ev,, coev,) for
every object ¢ € € gives rise to a monoidal dual functor

Vi€ = E™P:c > ¢V,

"When one views a monoidal category as a 2-category with one object, the objects in the monoidal
category are thought of as 1-morphisms in the 2-category, and dualizability is the same notion as in (2.1)
and (2.2) above.
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(Here, €™°P denotes the category with the opposite monoidal structure and opposite ar-
rows.) At the level of arrows, the dual functor is given by

a\/

Cla—>b)>fr

b\/

. (evp ®idgv) o (idpv ® f ® idgv)
B o (idpv ® coevy) € €Y — aY)

and the tensorator v, 5:a¥ ® b¥ — (b @ a)" is given by

(b®a)V
_ (evg ®id(b®a)v) o (idgv ® evp ®id,; ® id(b®a)v)

Vab := .
o (idgvgpv ® coevpgq).

av bV

If v is a dagger functor, and the morphism v, p is unitary for all a, b € €, then we call
(V,ev, coev) a unitary dual functor. Following [63, Lem. 7.5], given a unitary dual functor
(v, ev, coev), we get a unitary monoidal natural isomorphism ¢:ide = V o Vv by

@c 1= (coev) ® idevv) o (ide ® coevev).
We call such a ¢ (coming from a unitary dual functor) a unitary pivotal structure.
Definition 2.4. Given a morphism f € €(c — c¢), the matrix-valued left and right pivotal
traces Tr) (/) and Try () are determined respectively by
TrZ(f)ijidli = COCVZ< o ((pl Rf® pj) ® idcv) o coeve,
Tr\Ig(f)ijidlj = eVe O(idcv ®RpPi®f® pj)) © eV: :

When ¢ € € is homogeneous of degree e;; (namely when ¢ € €;;), the only possibly
non-zero entry of Tr) /R (f) is the (i, j)-th one. In that case, we set

trZ/R(f) = TrZ/R(f)ij-
Similarly, we define the left and right matrix-valued dimensions by

Dimj . (c) := Tt} p(idc).
When ¢ € €;;, the matrix Dim)/ /R (c) has exactly one non-zero entry, which we denote by
dim; . (c).

Let §, be the groupoid with r objects Ob(§,) = {1, ..., r}, and a single isomor-
phisme;j:i — j between any two objects (analogous to a system of matrix units (e;;) for
M, (C)). An r xr unitary multitensor category € is naturally graded by (the arrows of) §,..

We recall the following classification theorem for unitary dual functors.
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Theorem 2.5 ([50, Thm. A]). Let € be a unitary multitensor category and let U be its
universal grading groupoid. Then for v a unitary dual functor on €, and ¢ € € a non-zero
object graded by g € U, the quantity

_ dimy/(c)
~ dim}(c)

m(g):

is independent of the choice of object c.

The map sending V to w establishes a bijection between unitary dual functors on €
up to unitary equivalence and groupoid homomorphisms U — Rx.

If € is an r X r unitary multifusion, then (since U is finite) unitary equivalence classes
of unitary dual functors are in canonical bijection with groupoid homomorphisms §, —
R-o.

The inverse map sends w: U — R to a unitary dual functor characterized by the
so-called ‘w-balanced’ solutions to the conjugate equations, and the case & = 1 gives the
unique unitary spherical structure on €. We refer the reader to [50] for more details.

2.1.1. 2-shadings. Of particular importance to this article are 2-shaded r x r unitary
multitensor categories.

Definition 2.6. A 2-shading on an r x r unitary multitensor category € is an orthogonal
decomposition le = 17 @ 17 of the unit object of € into two non-zero objects (the objects
1T and 1™ are not assumed to be simple).

Let a := dim(Ende(17)) and b := dim(Ende(17)) so that r = a + b, let 17 =
@1 and 1~ = @?:1 17" be orthogonal decompositions into simples, and let p; €
Ende (17) be the minimal projection onto lf and g; € Ende(17) the minimal projection
onto lj_. We denote the objects 1+ and 1~ by the following two shadings:

=17, =1".

An object X € €t~ := 1T ® € ® 1™ is said to generate € if € is Cauchy tensor
generated by X and XV (the dual object XV is well defined up to isomorphism), i.e.,
every simple object of € is a subobject of an object of the form ¥; ® - -+ ® Y, where each
Y; is either X or XV.% In this setting, we write X; =1 l+ ® X ® 15 for the homogeneous
components of X of degree e;;. In the graphical calculus, we denote X by a strand with
the two shaded regions for 1% on either side, and X; ; is denoted by tensoring with p; and
¢q; on the left and right

X = ’ . Xy = (1) ’li'].

2For this definition of Cauchy tensor generated, we have assumed that € is a priori multitensor, and
thus semisimple.
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Observe that since X generates €, and the latter is indecomposable:

(1) we have inclusions of finite-dimensional von Neumann algebras Ende(17) <
End(X) and Ende (17) < Endge(X) given by

-0l @0- |

(2) X is connected, that is, the intersection of the images of Ende (1) and Ende (17)
in Ende (X) is Cidy. Equivalently, the bipartite graph with a even vertices b odd
vertices and an edge from i to j whenever X;; # 0 is connected.

Let Dim(X) = (8 %X ) be the dimension matrix for X with respect to the unique unitary
spherical structure on €. It is block upper triangular, and its upper right corner Dy an
a x b matrix. Let dy := |Dim(X)| = || Dx| be the Frobenius—Perron eigenvalue. By
Frobenius—Perron theory applied to the matrix ( DO T OX ), there are unique vectors o € R

and 8 € Rl;o with strictly positive entries satisfying
Dxp = dxa, D)?a =dxfB, and J|a|2=1=|B]--

The object X induces a standard unitary dual functor on €, as follows.

Definition 2.7 ([17, Def. 8.29], [50, §4.2]). Let € be a 2-shaded multitensor category, and
let Dy = (D;;) and dx be as above. The standard unitary dual functor associated to X is
determined by the following identities:

=Da_ﬂ =Dﬁ_ o L

It satisfies the property that the two loop parameters for X are both equal to the scalar dy:

O := coevy o coevy = dyid+, Q = evy oevy = dxid;-.

When € is in addition multifusion, we will see in Theorem 2.22 below that this property
uniquely characterizes the standard unitary dual functor.

Taking the ratio of the scalars for the left and right dimensions in (2.3) above gives the
formula for a groupoid homomorphism 7: g, 5 — R~ describing the standard unitary
dual functor associated to X:

Dijai/Bj _ of
DijBj/ei B}

This last formula appears in [50, Lem. 4.5 and (27)]. By universality of the grading
groupoid U, we get a groupoid homomorphism U — G, — Ry.

w(e;j) = Vli<i<agandVI <j <b. 2.4)
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2.2. Bimodules over multifactors

In this section, A, B, C, M, N denote von Neumann algebras, and H, K, L denote separa-
ble Hilbert spaces. All von Neumann algebras are assumed to have separable preduals.

Definition 2.8. An A-B bimodule is a Hilbert space H together with normal unital *-
algebra homomorphisms A: A — B(H) and p: B> — B(H) such that [A(a), p(b)] = 0
for all @ € A and b € B. For notational simplicity, we suppress A, p, and write aéb :=
AMa)p(b)§.

The collection vNAlg of von Neumann algebras with separable preduals, bimodules,
and intertwiners forms a W* 2-category, where composition of 1-morphisms is the Connes
fusion relative tensor product [59], [11, Appendix B.§], [61]. The tensor product H Kp K
of 4 H p and g K ¢ is the completion of the complex vector space

Hom_p(L*B — H) ®p L?B ®p Homp_(L*B — K),
under the sesquilinear form given by (the linear extension of)

(i®&i®e, L®6®g) = ((fy o fi)ki(g; 0g1).62)128.

Here, f,* o fi € End_g(L?B) =~ B where the identification is via the left action map, and
g5 o g1 € Endg_(L?B) = B where the identification is via the right action map.

Here above, L2 B is the canonical Haagerup L? space [22] which can be defined
state-independently [5]. For every faithful normal state ¢ on B, there is a canonical B-
B bimodule unitary isomorphism L?(B, ¢) = L*B. We write /¢ € L?B for the image
of the canonical cyclic vector Q, € L*(B, ¢).

Given an A-B bimodule 4 Hp, the conjugate bimodule g H4 is the complex conjugate
Hilbert space H of H (whose elements we denote by gfor & € H), equipped with the B-A
bimodule structure given by bEa := a*£b*. Given an intertwiner f € Homy_p(H — K),
we define f € Homp_4(H — K) by f(£) := f(). It is straightforward to verify that
f*= f*and f o g = f o g.Hence, vNAlg is a bi-involutive W* 2-category in the sense
of [25, Def. 2.3] and [26, §4.2 and §5.2].

Given a fixed von Neumann algebra A, we denote by Bim(A) the full bi-involutive W*
2-subcategory of vNAlg whose only object is A. In other words, Bim(A) is a bi-involutive
W* tensor category.

Recall that a factor is a von Neumann with trivial center. Factors are the fundamental
building blocks of the theory of von Neumann algebras. Indeed any von Neumann can be
decomposed as a direct integral of factors. In particular, a von Neumann algebra A with
finite-dimensional center Z(A4) = C* decomposes as a finite direct sum of factors A =
@le pi Api, where py, ..., pi are the minimal central projections (and p; Ap; = p; A).

Definition 2.9. A multifactor is a finite direct sum of factors. A multifactor is called finite
if every summand is a finite von Neumann algebra. A multifactor is called a II; multifactor
if every summand is a II; factor.
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Example 2.10. Every finite-dimensional von Neumann algebra is a multifactor.

Example 2.11. Consider the group von Neumann algebra L G of an infinite discrete group
G, which is infinite-dimensional with faithful normal tracial state tr(x) = (x§e, 8.) where
8e € £2G is the indicator function at the identity. Writing x = ) geG XgUg for the Fourier
expansion of x € LG it is easily seen that x € Z(LG) if and only if x, depends only on
the conjugacy class of g. Since the sequence (xz) € {2G, the dimension of the center is
the number of finite conjugacy classes. Hence Z(LG) is finite-dimensional if and only
if there are finitely many finite conjugacy classes. (When only the trivial conjugacy class
is finite, the group is called /CC and the group von Neumann algebra is a II; factor.)
In this case, let {z1, ..., z,} denote the minimal central projections of LG. Then each
z; LG 1is a finite factor. Any type I,, summand of LG would also be a finite-dimensional
invariant subspace of £2G for the left regular action, which can only exist when G is finite.
Indeed, the left regular representation Ag: G — B(£?(G)) of an infinite discrete group
G satisfies both ||Ag(g)v| = |v|l and limg—oo{Ag(g)v, w) = O for all v, w € £*(G).
However, both equations cannot hold for a finite-dimensional representation, since weak
and strong convergence coincide on finite-dimensional Hilbert spaces. Explicit examples
of such groups include SL(2, Z) and G; x G, where G is ICC and G, is finite.

Notation 2.12. For the remainder of this article, unless stated otherwise, M and N are
finite factors, a7 H y is an M -N bimodule, A and B are finite multifactors, and 4 X g is
an A-B bimodule. We let {p; }1<i<s denote the minimal central projections of A, and
{g; }1<j<p the minimal central projections of B. We define A; := p; A and B; := ¢, B,
and we let X;; := p; Xq;, which is an 4;-B; bimodule.

From the M-N bimodule p H y, we can define subfactors M C (N°) and N°P C
M’ Let vNdimy, (H) and vNdimg (H ) denote the left and right von Neumann dimensions
of H.

Definition 2.13. The Jones dimension of 3y H j is

A(H) := /vNdimz (H) vNdimg(H).

The Jones dimension matrix of 4 X g is the a x b matrix A = A(X) whose (i, j)-th entry is
given by A;; := A(Xj;). Note that we always have A(H)=A(H)and A(X) = AX)T.

Remark 2.14. When both vNdimy, (3s H) < oo and vNdimg (Hy) < oo, recall from [37,
(2.1.2) and Prop. 2.1.7] that

vNdimy, (3s H) . .
NOPY - M1 = = vNd H) vNd H
[(N°) ] NG (vry H) vNdimy, (s H) vNdimg (H )
_ VNdimg (N H) [M': N°P.

~ VvNdimz (v H)

Taking square roots, A(H) = [(NP) : M]Y/2 = [M' : N°P]'/2,
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Definition 2.15. The statistical dimension of py H y is
D(H) :=min {y/Ind(E) | E : (N®®)" — M is a conditional expectation}

where Ind(E) > 1 is the Kosaki index of the faithful normal expectation E [44, Def. 2.1].
For subfactors, this number is finite for every E as long as there exists one expectation
with finite index. We define the statistical dimension matrix of 4 X g to be the a x b matrix
D(X) with (i, j)-th entry D;; := D(X;;). Observe that D(H) = D(H) and D(X) =
D(X)T [5, Cor. 5.17], [17, Cor. 6.8].

Note that we always have D(H)<A(H ), as A(H)? is the index of the trace-preserving
conditional expectation. Moreover, if H is simple (i.e., if Endy_p (H) = C), then D(H)
= A(H) because an irreducible subfactor admits at most one normal faithful conditional
expectation.

Lemma 2.16. For an A-B bimodule 4 X B, the following are equivalent:
(1) X is dualizable.
(2) Xij is dualizable for all i, j.
(3) Every entry of D(X) is finite.
(4) Every entry of A(X) is finite.
(5) X is finitely generated as both a left A-module and a right B-module.

Proof. (1)¢(2): Immediate from the fact that X is the orthogonal direct sum of the X;.

(2)¢(3): By [5, Props. 7.3 and 7.5], X;; is dualizable if and only if there exists a
conditional expectation E : (B;p)’ — A; whose index is finite.

(3)<(4): By [4, Cor. 3.19], if either D(X) or A(X) is finite, then the relative commu-
tant A} N (B_;’p)’ is finite-dimensional. It then follows by [23, Thm. 6.6] that the existence
of a conditional expectation (B_;’p)’ — A; of finite index implies that all conditional expec-
tations have finite index.

(4)4<>(5): This follows by [1, Prop. 9.3.2], as the conditions (i)—(iii) of that proposition
are equivalent for multifactors. |

Remark 2.17. Given a dualizable multifactor bimodule 4 X g and any unitary dual functor
V on the unitary multitensor category Bim(A & B), there is a canonical unitary isomor-
phism

B(XY)a = X4
by [5, Cor. 6.12] and [50, Cor. B].

2.3. Connected multifactor inclusions

We now consider the special case of X = 4L?Bp where A C B is a unital inclusion of
finite multifactors. We call A C B finite index if 4L?Bp is dualizable (cf. Lemma 2.16),
and connected if 4L?Bp is connected as an object Bim(4 @ B) equivalently, if Z(A) N
Z(B) =Cl.
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Let A C B be a finite index connected inclusion of finite multifactors. Let trg be a
faithful normal trace on B, and let E4 : B — A be the unique trace-preserving conditional
expectation. By [20, Prop. 3.5.2 (ii)], tr4 := trp |4 is characterized by the formula

b

ta(p) =Y Tijtrg(qy) Y1<i=<a 25)
j=1

where T € M,xp(Rx¢) is the trace matrix
Tij := trp;(piq;) = VNdimg ((pi (L*>B)q;)s;) (2.6)

(the second equality in (2.6) follows by [20, Proof of Lem. 3.6.7 and Prop. 3.2.5 (h)]). We
call (trg(p;))¢=, and (trp (q_,-))j?=1 the trace vectors.

The Jones projection e € B(L?(B, trg)) is the orthogonal projection onto L2(A, try).
It satisfies e4bQ2 = E4(b)2, where Q € L2(A,trq) C L?(B,trp) is theimage of 1 € A C
B. The Jones basic construction [37, §3] is the von Neumann algebra generated by B and
by the Jones projection:

(B, A) := (B,eq) = JA'J C B(L*(B,trp)).
By setting Ag := A, A; := B, and e; := ey, and inductively A4, := (A,—1,ep—1) =
JA,_,J C B(L?A,_1), we get the Jones tower
el ez
A= ACB=A, CA; CA3C---. 2.7

Definition 2.18. Let A C B be a finite index connected inclusion of finite multifactors.
A faithful normal trace trg on B is called Markov if there exists a number d > 0 and an
extension tr(p 4) of trp to (B, A) that satisfies

tr(p, 4) (xeq) = d™2 trp (x)

for all x € B. We call an inclusion A C (B, trg) equipped with a Markov trace a Markov
inclusion.

By [20, §2.7 and §3.7], the Markov trace exists and is unique. The number d 2 is
called the Markov index of the inclusion. It is equal to the spectral radius of 7T, where
T € Mpxqa(R>o) is given by

Fo._ )AL/ if pig; #0
" 0 if piq; = 0

} = VNdimy, (4, (pi L* Bg;)). (2.8)
By [20, Proof of Thm. 3.7.3], the Markov trace is completely determined by the equation

d*tg(q;) = Y Tjitralpi). (2.9)

i=1
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By definition, the minimal central projections of (B, A) are the Jp; J fori =1,...,a.
By [20, (3.7.3.1)], the trace vector (tr(p, 4)(Jp; J)){_, is given by
A2
trip.a)(Jpi]) =dZua(p)) Y, = (2.10)
1<k<b !
Piqr 70
and by [20, Prop. 3.6.8], the trace matrix TBC(B.A) ¢ Mpyxq(Rx) for the inclusion B C
(B, A) is given by

BC(B,A) _ Tji
T = @2.11)
Ziskst T
idk

From here on, trp is the unique Markov trace on B. By [20, Thm. 3.6.4 ()] (see also
[51]), there is a finite Pimsner—Popa basis {b} for B over A satisfying

D bEg(b*x)=xVxeB and Y bb*=d* <[l 00).
b b

This means E4 is of index finite type in the sense of [64], and the Markov index d? =
>, bb* is equal to the Watatani index. Hence a Markov connected inclusion A C (B, trp)
of finite multifactors is strongly Markov in the sense of [41, Def. 2.8] (Markov with a finite
Pimsner—Popa basis).

Iterating Jones’ basic construction, we get a Jones tower

Ao=ACB=4AC A CAsC---
abbreviated (A4,, tr,, e,+1)n>0, Where each inclusion is strongly Markov.

Example 2.19 ([37, §3.2]). An inclusion of finite-dimensional von Neumann algebras
A C B equipped with a faithful trace trp is Markov if and only if the trace vectors A B
for B and A 4 for A (whose k-th entry is the trace of a minimal projection in the k-th
summand) satisfy ATAXp = d?Xp and AATAy = d2)4 where d > 0 such that d2 =
IAAT| = ||[ATA|. Here, A is the bipartite adjacency matrix for the Bratteli diagram of
the inclusion A C B, whose (7, j)-th entry A; ; is the number of edges between the i-th
even vertex/simple summand of A4 and j-th odd vertex/simple summand of B.

Facts 2.20. We have the following facts concerning the Jones tower.

* (Multistep basic construction [41, Prop. 2.20]) For every n € N and 0 < k < n, the
inclusion A, C (An, try) C (An+k, Unvk, [, ;) is standard in the sense of [41,
Def. 2.14], i.e., isomorphic to a basic construction. Here, f" , is proportional to the
unique word in the Jones projections ey, . . ., €,k +1 of maximal length [52].

* (Conjugation by J [41, Rem. 2.21]) Under the multistep basic construction isomor-
phisms above, on L2(A,.tr,), (JuAn_iJn) = Apik.
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* (Centralizer algebras as endomorphisms [41, Prop. 2.20, Rem. 2.26]) Using the multi-
step basic construction together with the bimodule isomorphisms L2 4, =~ L?>B%4",
we get the following isomorphisms between centralizer and endomorphism algebras:

AN Ay =Endg_4(L?B¥"),  A{NAp,y1 ~Endp_p(L2B¥4"+1),

(2.12)
AN Agpy1 =Endg_p(L2BBA"TY) A\ NAzy i =Endp_4 (L2 BT,

2.4. Planar algebras

Suppose we have a unitary multitensor category € together with a chosen unitary dual
functor Vv, a 2-shading le = 17 @ 17, and a generator X € €1, Using [12, §5] and
[50, §4], we can construct a unitary 2-shaded planar algebra, i.e., a 2-shaded C*-planar
algebra [40, Def. 1.37] o = P (€, X, V)o with finite-dimensional box spaces

Pan,+ = Ende (X ® X)®"), Pan,— = Ende (X ® X)®"),
:7)2"4_1’4_ = Endf ((X ® )?)®n ® X), ?2n+1,— = Endg (()? ® X)®n X )?)

Given such a unitary 2-shaded planar algebra ., one can recover the tuple (€, Vv, X)
by taking its category of projections (see [46, §4.1], [8, §2.3], [50, §4], and [26, §3.3]).
Moreover, these two constructions are mutually inverse.

Theorem 2.21. There is an equivalence of categories’

Triples (€, v, X) with € a unitary multitensor
=~ { category, V a unitary dual functor, le = 17 @ 1~

{unitary 2-shaded planar}
a 2-shading, and a generator X € €1~

algebras P,

Using the language of strongly Markov inclusions of finite-dimensional von Neumann
algebras, we now prove that the standard unitary dual functor Vgndara With respect to a
chosen generator X as in Definition 2.7 in a 2-shaded unitary multifusion category is
the unique unitary dual functor whose loop parameters for X are the same scalar. As
a corollary, if we add scalar loop parameter to the left-hand side of the equivalence in
Theorem 2.21, we may remove the unitary dual functor from the right-hand side as it is
uniquely determined by the other data.

Theorem 2.22. Suppose € is a 2-shaded indecomposable unitary multifusion category
and X € €1~ generates €. If V is a unitary dual functor on € whose loop parameters for
X are scalars

O = coevy o coevy = Aid;+, Q = evy oevy = Aid-,

then A = dx, and V is unitarily equivalent to the standard unitary dual functor with
respect to X.

3The collection of triples (€, Vv, X) forms a 2-category which is equivalent to a 1-category [27,
Lem. 3.5].
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Proof. Since € is unitary multifusion, generated by X, there is an n € N such that every
simple object in €T = 1T @ € ® 1T and €t~ = 1T ® € ® 1~ appears as a sum-
mand of (X ® X)®” or (X ® X)®" ® X. We define the following finite-dimensional von
Neumann algebras

A =Ende (X ® X)®") and B = Ende (X ® X)®" ® X),

and we observe there is an obvious inclusion map A < B by — ® idy, under which the
inclusion A C B is connected. In fact, this connected inclusion is independent of V! What
is not independent of V is the choice of conditional expectation E: B — A given by

By [50, Thm. D], there exists a state ¥ on Ende(1l¢) such that for every ¢ € € and

fic—ec,
(o)

(Observe that these pictures are not shaded as [50, Thm. D] only applies to the unshaded
case!) Consider the tracial states on A and B given by

1 1

(Y otrg), trp:

=y VO

and observe that £: B — A is the unique trace-preserving conditional expectation.
Since € is multifusion, by the Recognition Lemma [36, Lem. 5.3.1] for the basic
construction in finite dimensions, the von Neumann algebra

C :=Ende (X @ X)®"*1), e4:=—- ¢

AN

is isomorphic to the basic construction algebra (A, B) with Jones projection e4, where the
inclusion is given by y — y ® id and conditional expectation F': C — B given by

2n+1
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Moreover, there exists a trace on C given by

1
tre

= wE g VO

Since tr¢ |gp = trg and F(eq) = A~!, we see that trc is a (A, B)-trace on C [37, Def. on
p- 8]. By [37, Thm. 3.3.2], we have that A C (B, trp) is a connected Markov inclusion.
Thus trp is the unique Markov trace for the inclusion A C B. From the existence of the
Giorgetti-Longo unitary dual functor and induced Markov trace from [17], we immedi-
ately have that A = dy and

v (pi)
¥ (id;+)

w,(qj) , Yi=j,..
¥ (idy+)
Finally, since € is indecomposable multifusion, the relevant classifying grading groupoid

for unitary dual functors is the matrix unit groupoid §,;. We have that for all i, j, the
classifying groupoid homomorphism

Oli2 = tl"A(pi (4 id(X@f)@n) =

b

/3]2 =g (id(X@;)?)@n@X ®qj) =

w846 —> Rso

v /¥(g))
dimj (Xij) 2

JT(B,']') = = 22

dim}(X;;)
v /¥ (pi)

which is exactly the formula (2.4). Thus, V is exactly the Giorgetti—-Longo standard unitary
dual functor by Theorem 2.5. ]

is given by

Corollary 2.23. There is an equivalence of categories (see Footnote 3)

Pairs (€, X) with € an indecompos-
able unitary multifusion category, le =
1T @ 1~ a 2-shading, and a generator
Xeet™

Warning 2.24. While the unitary 2-shaded planar algebra J#, has scalar loop moduli
which are the same for both shadings, 5, is not necessarily spherical. Indeed, there can be
endomorphisms of X which have distinct left and right traces with respect to the standard
unitary dual functor. A typical example of this behavior is the planar algebra of a bipartite
graph [38].

Indecomposable finite depth uni-
tary 2-shaded planar algebras J ¢ =~
with equal scalar loop moduli
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2.5. Standard invariants

Definition 2.25. Given multifactors A, B and a dualizable bimodule 4 X g, the standard
invariant of 4 X p is the abstract 2-shaded unitary multitensor category €(X ) C Bim(A® B)
generated by X together with the choice of generating object X and the standard unitary
dual functor with respect to X, whose loop moduli are both the scalar dy as in Definition
2.7. Here, we forget the existence of the forgetful fiber functor €(X) — Bim(A & B).
Observe that € is 2-shaded with 1t = 41244 and 1~ = gL?Bg. We say that 4 X p has
finite depth if €(X) is a unitary multifusion category.

An equivalence of standard invariants (F,u): €(X) — D(Y) is a unitary tensor equiv-
alence F:€ — D together with a unitary isomorphism u € D(Y — F(X)).

The standard invariant of a finite index connected inclusion A C B of finite multifac-
tors is the standard invariant € (4 L2 B g). We say that the inclusion A C B has finite depth
if 4 L2 B p has finite depth, i.e., €(4 L% Bp) is multifusion.

By Theorem 2.21, the standard invariant € (X) of 4 X p may also be viewed as a unitary
2-shaded planar algebra & (X )o with equal scalar loop moduli.

Suppose now A C (B, trp) is a finite index connected inclusion of finite multifactors
equipped with the unique Markov trace. In addition to the unitary 2-shaded planar algebra
P(4L?Bpg), one can construct another unitary 2-shaded planar algebra PAE using the
construction from [41, §3] whose box spaces are the higher centralizer algebras of the
Jones tower:

PAE = Ay N Ay, P = AN Ay, Yn=o.

In fact, the two unitary planar algebras P (4 L?Bp)e and PAE are %-isomorphic by [12,
Proof of Thm. 5.4 and Rem. 5.5], which do not rely in any substantial way on factoriality
and can be adapted to our situation using (2.12) from Facts 2.20 in place of the results

from [6]. Hence we have a commutative diagram

—— 3 planar algebras Po with equal
scalar loop moduli

l (12] Thm. 2.211; (2.13)

Dualizable connected multi- TrlplZ; (., }2’ ;z) ;vz)t(h S gl fe_cohm—
factor bimodules 4 X p posavre Suc “ as

equal scalar loop values

Ind ble unitary 2-shaded
Finite index connected mul-|  [41] naecomposasie unitary 2-shade
tifactor inclusions A C B

By [56, Thm. 3.1], as explained in [40, Proof of Thm. 4.3.1], given a spherical unitary
2-shaded planar algebra &, which is connected ($p .+ are 1-dimensional), there is a II;
subfactor A C B which is extremal (the traces try and trg agree on A’ N B) whose stan-
dard invariant is x-isomorphic to $,. If moreover P, is finite depth, A and B can be taken
to be hyperfinite.
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Hence in the case of connected spherical unitary 2-shaded planar algebras, the top hor-
izontal map in (2.13) above is surjective. We conjecture that this map is always surjective;
we expect the techniques of [21,35,58] will be useful towards verification.

Conjecture 2.26. Given a unitary 2-shaded planar algebra P., there is a finite index

homogeneous connected 111 multifactor inclusion A C B whose standard invariant is *-
isomorphic to P.

We discuss homogeneous inclusions in Section 4.3 below cf. [57, Def. 1.2.11]. In Sec-
tion 5.1 below, we prove Conjecture 2.26 for finite depth unitary 2-shaded planar algebras,
in which case A, B can be taken to be hyperfinite.

The commutative diagram (2.13) is functorial for isomorphisms; this statement must
be interpreted with the subtlety that the top line in (2.13) consists of two 1-groupoids,
while the second line consists of two 2-groupoids (the second is 1-truncated and equiv-
alent to a 1-groupoid by Theorem 2.21, see also [27, Lem. 3.5]). We now discuss the
functoriality of these arrows in more detail.

An isomorphism of two finite index multifactor inclusions A C B and ACBisa
x-isomorphism ¢: B — B taking A onto A. Given such an isomorphism ¢ of inclusions,
there is a unique extension of ¢ taking the Jones tower of A C B onto the Jones tower of
AcB preserving the Jones projections, i.e., e,fCB — eACB for all k. This gives us an
induced planar algebra isomorphism

((p). ACB N Q(P'ATCE

on the centralizer algebras.
To describe 1-isomorphisms between dualizable bimodules, we must introduce the
notion of Morita equivalence.

Definition 2.27. A Morita equivalence between von Neumann algebras M and N is an
invertible bimodule js H y, i.e.,an M — N bimodule H equipped with two unitary bimod-
ule isomorphisms 37 H Xy Har =~y L?M g and v H Ky H y = yL2N x which satisfy
the zig-zag relations (2.1), (2.2). The unitarity of these cups and caps is exactly the reca-
bling relations:

H H H H
N\

- O - = idgay,
/2
H H H H

(2.14)

H H H H
\_/

= , Q = = idp2py.
N
H g H g

By [60, Prop. 3.1], these unitary solutions to the conjugate equations are unique up to
unique M — N bilinear unitary isomorphism of s H .
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As an example, given a von Neumann algebra N, any faithful right N-module Hy
is canonically an N’ — N Morita equivalence bimodule by [60, Prop. 3.1] where N’ is
the commutant of the right N-action. When A is a finite multifactor, such faithful right
A-modules Y4 are parameterized up to right A-linear unitary isomorphism by R¢ ; via the
map Y4 = (VNdimg(Ypia,))i_;.

Suppose now N C M is a unital inclusion of von Neumann algebras. A faithful right
N-module H y induces a faithful right M -module K7 := H Xy L2M . Setting N/ :=
(N°?)Y' N B(H) and M’ := (M°P) N B(K), the induced left N’-action on K commutes
with the right M -action and is thus contained in M. The inclusion N’ C M’ is called the
Morita equivalent inclusion induced by Hp . (We warn the reader that the commutants N’
and M’ are taken in different representations, and thus M’ is not contained in N’ even
though N C M.)

A l-isomorphism between two dualizable bimodules 4 X 1o and 4 X2p consists of a
triple (4/Y 4, B Z p, ) where oY 4 and p/Z g are Morita equivalence bimodules (which
always come equipped with two distinguished unitary isomorphisms satisfying the zig-zag
axioms) and an A’ — B bilinear unitary isomorphism ¥: /Y K4 X'p — 4 X% Xp Zp. A
2-isomorphism between triples (4/Y 14, prZ'5,v1) and (oY 24, B Z?p, V) consists of
an A’ — A bilinear unitary u: ¥4 — 4Y?4 and a B’ — B bilinear unitary v: g Z'p —
B Z? p satisfying the relation

X2 z? X2 z?
Yoo (uKidy1) = (v Kidy2) o ¥y, y?2 = (2.15)
y! x! y! x!

where we denote the four von Neumann algebras A, B, A’, B’ by the shaded regions

o _3 — i @-".

By uniqueness of the unitary solutions to the zig-zag equations for Y1, Y2 and Z!, Z?2
respectively, u, v will automatically satisfy the relations

— . (2.16)

We leave it to the reader to define composition of 1-morphisms and the associator isomor-
phisms in this 2-groupoid.
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Suppose now that ¢: (A C B) — (Ac B)isan isomorphism of finite index connected
inclusions of finite multifactors. Denote these four von Neumann algebras A4, B, A, B by
the shaded regions

-4 =B =i @-=F

and the standard and Morita equivalence bimodules by
= 4L’Bsp. ' =iL*Bg. | =LAy, l = 5L*Bys).-

We denote the conjugate bimodules by the horizontal reflection, and the restriction to
A, /Trespectively by changing the shading. The map L?¢: 3 L?Bp — (p(B)LZE(p(B) is the
isomorphism x ,/trg > (p(x)\/@ where trp, trz are the unique Markov traces respec-
tively. We may and do view L?¢ as the canonical B — B bimodule isomorphism L2 B —
oL>B Rz L?B, from [59, Prop. 3.1] denoted by a cup:

- ~ L?B L%B
¢ 4
JL2B L2B,

¥ -l
L?’B
L?’B

We can restrict L2¢ to an A — B bimodule map still denoted L?¢ by restricting the left
A-action using the canonical isomorphism 4L?Bg Rp ,L?Bp = ,4)L*Bp, which we
denote by a trivalent vertex:

oL?B L?B,
L2 = ﬂ AL?Bg — oayL*B Rz L?By(p).
L’B

We get an invertible 1-morphism (L2 Ay, L? By, V) : 4L?> Bp — 7L?B 5 in the bimodule
2-groupoid where ¥, is the isomorphism

L?B 1B,

MERRN

: 7L2A, Ry L?Bp — 7L?B Rz L?B,p). (2.17)

Vo
L24, L*B

The assignment (A C B) > 4L2Bp and [¢p: (A C B) — (A C B)] — (L?4,.L*B,.V,)
can be endowed with the structure of a 2-functor; we leave the details to the reader.
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Suppose now that (Y, Z,¥): 4X'p — 4 X?ps is a l-isomorphism between dualiz-
able multifactor bimodules. Denote these four von Neumann algebras A, B, A’, B’ by the
shaded regions

=4, =B, =4, =8B,

and the standard and Morita equivalence bimodules by
_ 72 R SN %
=aLl*Bp, - po=a4L"Bp, | =a¥a o =pZp

We denote the conjugate bimodules by the horizontal reflection, and the restriction to
A A respectively by changing the shading. We get a planar algebra *-isomorphism by
‘encircling’ the box spaces of P (4 X !5)e using ¥, ¥*, ¥, ¥*, and the standard cups and
caps. For example, abbreviating isomorphisms ¥, ¥, ¥ *¥* by 4-valent vertices

given x € P(4X'p)3 +, we define

PEZ = ((x )= .

One verifies this ‘encircling’ action gives a planar algebra isomorphism using the reca-
bling relation (2.14). It is a straightforward exercise using (2.15) and (2.16) that if there
exists a 2-isomorphism (u,v): (Y!, Z1, 1) = (Y2, Z2,v,), the planar algebra *-isomor-
phisms P (Y1, Z!, ¢1)e and P (Y2, Z2,¥2)e from P (4 X' B)e — P (4 X?p)e are equal.
Using this ‘encircling action’, we also get an equivalence of the non-idempotent complete
full subcategories €(4 X '5) C €(4X ') and €(4 X2p/) C € (4 X2p') whose objects are
the alternating tensor powers of X/ and X7 for j =1, 2 respectively, which descends to
an equivalence of the idempotent completions €(4 X ') ~ € (4 X?p).

Hence the construction [12] actually gives a 1-functor from the 1-truncation of the
2-groupoid of bimodules to the 1-groupoid of unitary 2-shaded planar algebras. More-
over, the result [12, Proof of Thm. 5.4 and Rem. 5.5] can then be reinterpreted as the
statement that the 1-functor from the 1-groupoid of inclusions to the 1-groupoid of planar
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algebras is naturally isomorphic to the composite of the 2-functor from the 1-groupoid of
inclusions to 2-groupoid of bimodules followed and this 1-functor from the 1-truncation
of the 2-groupoid of bimodules to the 1-groupoid of planar algebras. That is, given a *-
isomorphism ¢: (4 C B) — (A C B), we have the following commutative diagram:

PAB «—=— P(4L*Bp).

|7@- |PurFo 2B (2.18)
PAE = P(7L*Bjp).

We now collect some important results on Morita equivalent inclusions and their stan-
dard invariants.

Lemma 2.28. Suppose A C B is a finite index connected inclusion of finite multifactors
and Y4 is a faithful right A-module. The induced Morita equivalent inclusion A” C B' is a
connected inclusion of finite multifactors with the same Jones dimension matrix. Moreover,
(4Ya, B Zp, V) is an invertible 1-morphism from AL?Bg — 4 L*B’p where Y is the
composite

4Y Ky LzBB =4/p = A/LZB/ Xp Zp.

In particular, Morita equivalent inclusions have canonically isomorphic standard invari-
ants.

Proof. By construction, A’, B’ are clearly finite multifactors with the same centers as
A, B respectively. By [59, Prop. 3.1], there is a canonical B’ — B’ bimodule isomorphism
L?B’ =~ Z Kp Z, which restricts to an A’ — B’ bimodule isomorphism

wL?>B'p =~ 4Y Ry L2BKXp Zp. (2.19)

Since left and right von Neumann dimension are multiplicative, we see A(4/L2B’p/) =
A(4L*Bp), so A’ C B’ is finite index and connected. The rest is straightforward and left
to the reader. ]

Proposition 2.29. Let ¢: (A C B) — (,Zf C E) be an isomorphism of finite index connected
inclusions of finite multifactors, and Y4, 7; two faithful right modules. Let A' C B’ and
A’ C B’ be the induced Morita equivalent inclusions, where Z :=Y R4 L?>B and Z:=
Y Rz L2B.

For every right A-linear unitary w:Y4 — ?W(A) (if one exists), there is an isomorphism
¢':(A' € B') — (A C B') such that ¢' |4 = Ad(w). Moreover, there exists an invertible
2-morphism

Y,Z,

41L2Bg % wL2B'g

(sz‘i’(p sLZE(osz)l z%( ) l(Lz;f;,/:ng;/,W(ﬁ/)
u,v

~L2§~ ——=== ”/LZE/ B
A B F.2.9) A B
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which only depends on w, ¢. In particular, the following square commutes:
P(4L?Bp)e +—— P(4L*B'p).
PUT L2 Byl |Pa2d, 125, 0,0, (2.20)
f(A'LZEE). = ?(A‘;ng/g/)o
Proof. We denote the von Neumann algebras A, A’, A A.B.B.B.B by the shaded
regions
C=A  =4A =4 =4
—3 O =3, @=5 @ -7

the standard bimodules 4L2Bg, 4 L>B'p:, 7L*B, 7 L*B'5 by

— A/LZB/B’, . — /ILZBIE, . — ~/L2§/§/,

and the Morita equivalences Y, Z, Y.Z by the colored strands

‘ =aYa, ‘ =pZB, ‘ =115 .ZE/ZB"

We denote the conjugates of these bimodules by taking horizontal reflections. We denote
the restrictions of B, B, B, B'-actions to A, A’, A, A’ by changing the shading on the
appropriate side. For example, when we restrict the left B, B’-action on Z, Z to A’, A,
we have obvious identification isomorphisms

aZp =Y Ry L*Bp \T/ 7Z25=7Y R;L?Bj \‘

We now define a right B-linear unitary x: Zp — Z o(B) by

‘ =4L*Bg,

2 wRL%2p ~ ~ P ~
Zp=Y Ry L*Bp —— Y, Wy yL?B oy = ¥ Rz L2Byi) = Z y(8)-

This right B-linear unitary induces an isomorphism of right B-commutants

¢’ = Ad(x): B’ — B’
By construction, ¢’| 4 = Ad(w). We denote the Morita equivalences Lzlsz, L2B o L24 o'
L?B', by

: 2 25
= 7L Apa). . = gL By(s).

; 27 27
‘.: = “',L A/(p/(A/), . = ‘B’,L B/(p’(B’)
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their conjugates by again taking horizontal reflection, and restrictions by changing the
shading. Using ¢, ¢’, we view w as an A’ — A bilinear unitary and x as a B’ — B bilinear

unitary

cp LA By Y4~ 7V B L2 Ay,

: 5 L*Bl, ®p Zp — 5Z Rz L*Byp).

Applying isotopy and composing with obvious trivalent vertex isomorphisms, the above
equation is equivalent to the following equation:

Finally, this equation holds by definition of the morphism x when restricted to an A’ — B
bimodule map. ]
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3. Distortion and extremality

In this section, we introduce the notion of the modular distortion for bimodules over finite
multifactors. The notion of distortion for bimodules over a II; factor N is closely related
with the notion of Connes—Takesaki module for an endomorphism of B(£2) ® N ; we refer
the reader to Remark 3.10 for a detailed discussion.

Using the notion of distortion, we introduce the notion of extremality for multifactor
bimodules, and we give many equivalent characterizations. We reconcile our definition
based on [49] and the definition for a II; factor bimodule from [12, p. 51] in Corollary 3.21
below.

We connect our definition to extremality of a finite index connected inclusion of finite
multifactors A C (B, trg) with its Markov trace and trace-preserving conditional expecta-
tion in Section 3.3 below.

3.1. Distortion and extremality for II; factor bimodules

In this section, M, N, P will denote II; factors, unless stated otherwise.

Definition 3.1. The modular distortion of a dualizable M — N bimodule H is defined to

be
8§ =46(H) := —\/WL(H)
VVNdimg (H)
Observe that
A(H)

vNdimy (i H) = §(H)A(H), vNdimg(Hy) = S

3.1

where A(H) is the Jones dimension. Moreover, distortion is multiplicative, i.e., if 3 H 5
and y K p are dualizable bimodules, then

S(H By K) = §(H)S(K). (3.2)

We say H has constant distortion § if for every M — N sub-bimodule K C H, we have
3(K) =6(H).

Remark 3.2. If H, K are both M — N bimodules, the distortion

vNdimyz, (H ) + vNdimy, (K)
vNdimg (H) + vNdimg (K)

8(H€BK)=\/

cannot be computed from the distortions §( H') and §(K) alone. In particular, distortion is

not additive.

Proposition 3.3. For a dualizable M — N bimodule H, the following are equivalent.
(1) H has constant distortion, and

(2) A(H) = D(H), i.e., the Jones dimension is equal to the statistical dimension.
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Proof. Since H is dualizable, we may write H as a finite direct sum of simple M — N
bimodules H = @?:1 K;. On the one hand, we have

Z D(K;) = Z A(K;) = Z V/VNdimz (K;) vNdimg (K;)

i=1 i=1 i=1

D(H)

Z 8(K;) vNdimg (K;),

i=1

using the fact that D is additive and the Jones dimension of each simple summand agrees
with the statistical dimension. On the other hand, we have

A(H) = ( > " vNdimy (K; )) ( > " VNdimg(K; ))

i=1 i=1

n n
= (Z 8(K;)? vNdimg (K; )) ( > vNdimg (K; )).
\ ti=l1 i=1
Therefore, it is immediate that D(H) = A(H) when H has constant distortion.
The reverse implication follows by recognizing the expressions for D(H) and A(H)
computed above as related by the Cauchy—Schwarz inequality in R”. Indeed, if e; € R”
denotes the i -th standard basis vector, setting

n n
x:= Y §(K;)vNdim (K;)"?e;. y:= ) vNdim (K;)'"?e;.

i=1 i=1

we have D(H) = (x,y) and A(H) = ||x||||y||. Suppose now that D(H) = A(H). Then
we have (x,y) = |x]|/|ly]l, and so x = Ay for some A > 0. Hence, §(K;) = A is constant
independent of i. Since § is constant on all simple summands of H, it follows (since
vNdim;, and vNdimg are additive) that § is constant on all sub-bimodules of H . [

Corollary 3.4. If y Hy and y Kp are dualizable 111 factor bimodules with constant
distortion, then so is H Xy K.

Proof. Apply Proposition 3.3 to the equality
A(H By K) = A(H)A(K) = D(H)D(K) = D(H Xy K). |

Remark 3.5. Given a II; factor N, the modular distortion § induces a grading on the
unitary tensor category Bimg (N ) of dualizable N — N bimodules by

Bimg(N) = 57" (r)

r>0

where §71(r) is the semisimple subcategory of Bim, (H) whose simple objects have dis-
tortion r. (Observe that § ! (r) may contain only the zero object, so this R ¢-grading may
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not be faithful.) By combining (3.2) and Corollary 3.4, we see that
TN ®871(s) C 57 (rs).

By universality, we thus get a surjective homomorphism § : U — R from the univer-
sal grading group U of Bimy (V) onto R~.¢, which is the modular distortion up to a square
root convention. By Theorem 2.5 [50], this homomorphism corresponds to a canonical
unitary dual functor on Bimg (N) called the tracial or von Neumann unitary dual functor
[34, §2.4]* (see also [9, 12,43]), as it is induced by the trace on N, which is used to com-
pute the left and right von Neumann dimension of bimodules. Indeed, if (H, ev, coev) is
a dual for H using the tracial unitary dual functor, then

vNdimz (H)id;2y = evoev® and vNdimg(H)id;2y = coev® o coev.

We can thus view the modular distortion as a measure of how far the tracial unitary dual
functor differs from the canonical spherical unitary dual functor.

Definition 3.6 ([49]). An N — N bimodule H is called extremal if for all N — N sub-
bimodules K C H, we have vNdimz, (K) = vNdimg(K). When H is dualizable, H is
extremal if and only if H has constant distortion equal to 1.

Corollary 3.7. If H is an extremal dualizable N — N bimodule, then D(H) = A(H).

Remark 3.8. Notice that the converse of Corollary 3.7 is not true, as any simple non-
distortion 1 bimodule is a counterexample.

Using the universal grading group, we get an extremely short proof of the following
result, which can also be deduced from [54, §3.7.1].

Proposition 3.9. If y H y is finite depth, then y H y is extremal.

Proof. Since the unitary tensor category € (H ) is fusion, its universal grading group U is
finite [13, §4.14]. Since § induces a grading on €(H ), § descends to a group homomor-
phism U — R by universality. Hence §(U) C R~ is a finite group, so it must be {1}.

[

Remark 3.10. Given a Il factor M, in [30, Rem. 4.6], Izumi introduces the notion of
a scalar-valued module Mod(p) for every dualizable endomorphism p € End(M) deter-
mined by the formula

Trar op = dp, - Mod(p) - Trps 3.3)

where Tryy is any faithful semifinite normal trace on M. When M = B({?) ® N forall;
factor N, there is a well-known equivalence of rigid C* tensor categories End(M) U {0} =
Bim(M) [26, §3.2] and an equivalence Bim(M) = Bim(N) afforded by the Morita equiv-
alence invertible M — N bimodule 37 (> ® L?N)y. Using the composite equivalence

End(M) U {0} = Bim(N),

4We warn the reader there is a typo in [34, (10)].
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we can relate Mod(p) to the modular distortion §(y H x) where H € Bim(N) is any dual-
izable bimodule corresponding to the dualizable endomorphism p € End(M).

Fix a dualizable y H y € Bim(N), and let Tryy = Tr ® try. We get a dualizable endo-
morphism p € End(M) as follows. First choose any right N -linear unitary u : {> @ H —
2 ® L?N, and observe that for any x € M, uxu* commutes with the right N -action on
€2 ® L2N and thus lies in M. Hence p := Ad(u) € End(M ). Moreover, given any other
right N-linear unitary v : 2 ® H — {> ® L?>N, we have

(uxu®)(uv*) = uxv* = (uv*)vxv*,

so Ad(v) is equivalent to Ad(u) in End(M) via the unitary intertwiner uv™*.

Recall now that for any right N-linear isometry u : Hy — ({> ® L?>N)y, we have
Trap (uu™) = vNdimg (H y) [39, Prop. 10.1.3 and Def. 10.1.4]. This implies that for the
projection e1; ® 1y € M, we may view u(e;; ® ly):ey ® H — £> ® L>N as an N-
linear isometry, and thus

Tra (p(err @ 1n)) = Tryr (u(err @ 1y)u™) = vNdimg(H n).

By (3.3), we conclude that

VNdimR(HN) _ VNdimR(HN)

Mod(p) = =4 D(H)

When D(H) = A(H), by (3.1), we have
Mod(p) = §(H)™ L. (3.4)

Now again by [30, Rem. 4.6], p has a Connes—Tuakesaki module mod(p) € Aut(Z (1\71 )
where M := M X,y R if and only if the minimal conditional expectation E, : M —
(M) is Trps-preserving. In this case, letting AT™ (¢) € M be the unitary implementing
o™, mod(p) is determined by the formula

mod(p)(A™ (1)) = Mod(p) ™" - 2™ (1).

We claim that
* phas a Connes—Takesaki module if and only if A has constant distortion, and
* in this case, mod(p) is multiplication by §(H )**.

Indeed, by [30, Prop. 4.2 (2) and Rem. 4.6], it suffices to consider the case when H and
p are simple. Since H simple implies constant distortion, we have D(H) = A(H), and
Mod(p) = §(H)~! by (3.4).

3.2. Distortion and extremality for II; multifactor bimodules

We now extend the notions of distortion and extremality to bimodules over II; multifac-
tors. Let 4 X p be a connected dualizable bimodule, where we assume Notation 2.12.
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Definition 3.11. The modular distortion of X, denoted § = §(X), is the partially defined
a x b matrix whose i -th entry is given by

Ndi (Xij
5,']' = \/V lmL(Al( U)) when Xij 75 0.

vNdimg ((X;;)B;)

Remark 3.12. Similar to Remark 3.5, distortion for bimodules over a II; multifactor 4
induces a M, (R)-grading on Bimg (A4). Here, M, (R ) is the groupoid with a objects
such that the arrows ini — j withi, j € {l,...,a} are a R--torsor. We will be interested
in a notion of extremality for multifactor bimodules for which this M, (R¢)-grading
descends to a §,-grading where §, is the groupoid with a objects and a unique arrow
between any two objects.

The following corollary follows immediately from Proposition 3.3.
Corollary 3.13. The following are equivalent for a dualizable connected A — B bimod-
ule X.

(1) Forevery i, j, the bimodule X;j has constant distortion (which may depend on i
and j ).

) D(X) = A(X).

Definition 3.14. We call 4 X p extremal if forall 1 <i <aand1 < j <b, all A; — A;
and Bj — B; bimodules generated by X and X are extremal in the sense of Definition 3.6.

Remark 3.15. An immediate consequence of Definition 3.14 is that extremality of one
of yuXp, 4X Kp X4, pX4, or pX Ky Xp is equivalent to extremality of all of these
bimodules.

Lemma 3.16. Suppose 4 X p is extremal. For any A — B bimodules Y, Z generated by X
and X such that Yij == piYq; #0 # piZq; =: Z;j, we have
VNdimL (Ai (Y,])) _ VNdimL (Ai (Zij))

_ , 35
vNdimg ((Yi;)s;,)  vNdimg ((Zij)8,) (3.5)

Proof. Notice that (3.5) above is equivalent to
vNdimy, (Ai (Y,-j)) vNdimpg ((Zij)B,-) = vNdimy, (Ai (Z,-j)) vNdimpg ((Y,-j)Bj),
which is equivalent to
VNdimyz (4, (Y;j)) vNdimg (3;(Z;:)) = vNdimg ((Y;);) vNdimg ((Z;:)4,)
which is equivalent to
VNdimg, (4, (Yij R, Z;i)) = vNdimg ((Yi; Rp; Zji)4;).

which follows by extremality of X . ]
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When 4 X p is extremal, Lemma 3.16 allows us to uniquely extend the definition of §;;
when p;q; = 0 by defining

s vNdimy, (A,(Yl]))
Y\ vNdimg ((Yi)s,)

for any A — B bimodule Y generated by X and X such that ¥; i = piYq; #0.

Corollary 3.17. Suppose 4 X p is extremal. The extension of the distortion function § sat-
isfies

5,']'8,'/1'/ = (Sijl(g,'/j V1 < i,i/ <aandl < j,j/ <b. (1.1)
Proof. Pick A — B bimodules U, V, Y, Z generated by X and X such that Uij, Virjr, Yijr,
and Z;/; are all non-zero. By Lemma 3.16, §;;8;/ ;7 = 8;;+8;+; if and only if

vNdimy, (Ai (Uij)) vNdimy, (Ai/(Vi/j/)) _ vNdimy, (Ai(Yij/)) vNdimy, (Ai/(Zi/j))
VNdimR ((Uij)Bj) VNdimR ((Vi’j’)Bj/) deimR ((Yij’)Bj/) deimR ((Zi’j)Bj)

which holds if and only if
4;Uij ®p; Zji’ Ny, Vqirjr Vg, Yj’iA,-
has the same left and right von Neumann dimension, by extremality of X . ]

Lemma 3.18. Suppose we have a connected bipartite graph T with a even vertices and
b odd vertices and no multiple edges. Suppose we have a weighting §;; € R for each
edge (i, j) € I'. The following conditions are equivalent for .
(1) Forany cycle (i1, j1,i2, j2,---»in, jn) in ' we have
n

n
[ T8 =TT 8ii (3.6)
k=1

k=1

where indices are taken modulo n.

(2) Thereis aweighting 1;,&§; €R¢ for each even vertex i and odd vertex j of I such
that 8;; = &; /ni. Moreover this weighting is unique up to simultaneous uniform
scaling of all n;, §;.

(3) There is an extension of 8 to the complete bipartite graph K, which satisfies
Condition (1.1) above. Moreover, any such extension is unique.

(4) There is an extension of § to a groupoid homomorphism 8,1, — R~ where §,1
is the groupoid consisting of a + b objects and a unique isomorphism between any
two objects. Moreover, any such extension is unique.

Proof. (1)=(2): Suppose (1) holds. Fix an arbitrary even vertex i; of I', and set n;, := 1.
For an arbitrary odd vertex j of I, pick an arbitrary path (i1, ji, ..., in, jn) from i to
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Jjn = j (one exists as I' is connected), and define

. HZ:] Sig ji

. HZ;1 8il+1jl{ .

By (3.6), £; is independent of the choice of path. Similarly, for an arbitrary even vertex i
of ', we pick an arbitrary path (i1, ji,...,in, jn,int+1) fromiy toi,+1 =i, and we define

. HZ:I Sig ji
. HZ:I 5iz+1jz
which is again independent of the choice of path by (3.6). It is clear that §;; = §;/n; for
all (i, j) € T by construction.

Now suppose 1; and EJ’- is another choice of vertex weighting such that §;; = EJ/. /n; for
all (7, j) € I'. Setting A := 7; , we claim that ; = An; and §; = A§; for all i, j. Indeed,
fixing a path (i1, j1,...,in, ju) fromi to j on I", we have

3

Ni

&
n Tk
n I—[ —1 =~ / ’
g =g = o= 8ise _ "% tm & &
J T 5 T n—1 P 1 & T 2
£=1Yi41J¢ HZ /. UM

=17
rl'l+l

and thus £} = A§; as claimed. Similarly, n; = An;.

(2)=(3): Suppose (2) holds. Setting 6;; := &;/n; for all (i, j) € K, p is an extension
of § to K, 5 which clearly satisfies (1.1) as

8ijbirjr = S8 _ & 8ijrirj
ni nir ni nir

forall i,i’, j, j'.

Now suppose 4’ is another weighting on the edges of K, ; satisfying (1.1) such that
8ij = §&;; for every (i, j) € I'. We claim that §; = &;/n; for all (i, j) € Kq,p. Indeed,
picking an arbitrary path (iy, ji,...,in, jn) fromi =i to j = j, in [, we see

E,
n / [ e
Hk=15ikjk . [Tez1 Sicic _ [t mi _ & _i

5 =

R N == W 1§ . :
[Me=18,,,5,  Tle=18iic  [T52) "izfr] My i

as claimed.

(3)=(4): Suppose (3) holds. Setting §;;+ := J;;/8;; for any odd vertex j in indepen-
dent of the choice of j by (1.1). We define §;;+ analogously. It is straightforward to verify
this is the only possible extension of § to §, satisfying 8,585 = 8§,; forall r, s, t.

(4)=(1): Suppose § extends to a groupoid homomorphism. For any cycle (i1, ji,-- -,
in, jn) in ', we have

n
[ 8uibinina =1 3.7)
k=1
where indices are taken modulo n. Since §;; = 81.; 1 the equation (3.7) is equivalent to
(3.6). .
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Similar techniques prove the following useful corollary.

Corollary 3.19. The following are equivalent for a matrix § € M,(Rxy).
(1) & gives a groupoid homomorphism §, —Rxq, i.e., 8;;8;x =8; forall 1<i, j, k<n.

(2) Thereare (A;)7_, € RZ suchthat 8;; = Aj/A;. Moreover this weighting is unique
up to simultaneous uniform scaling of all A;.

Proof. Obviously (2)=>(1). Suppose (1) holds. Setting A; := 8;;, we have §;; = §;161; =
81;/81; as desired. If (1;) € RZ is any other such vector such that §;; = n; /n; = A; /A,
then clearly A; /n; = A;/n; forall 1, <i, j < n.Hence (2) holds. [

Theorem 3.20. The following are equivalent for a connected dualizable bimodule 4 X p.
(1) X is extremal.
(2) Xi; has constant distortion §;; whenever X;; # 0, and § satisfies (3.6) above.
(3) D(X) = A(X) and § satisfies (3.6) above.

Proof. (1)=(2): Suppose X is extremal. That X;; has constant distortion follows imme-
diately from Lemma 3.16. Define a bipartite graph I' = I'(X) with a even vertices and
b odd vertices, where (i, j) € I' if and only if X;; # 0. By Corollary 3.17, the extension
of § to K, satisfies (1.1). Finally, we may apply Lemma 3.18 to see (3.6) holds for &
restricted back to I'.

(2)=(1): Suppose (2) holds. Then as ¢ satisfies condition (3.6), by Lemma 3.18,
d extends uniquely to a groupoid homomorphism §,45 — R~g, so §;; = 1 = §;; for
all 1 <i <aand 1 < j <bh. Now since X has constant distortion, given any loop
(i1, j1,.--,in, jn) withiy =i in T, the A; — A; bimodule

Xiijy BB, Xjiip My, - Wy, Xi,j, W, X,

has constant distortion equal to §;; = 1 by Corollary 3.4.
Moreover this constant distortion must be equal to 1 independent of the choice of loop
of length 2n starting at i by (3.6). Hence

P(XRp X)) pi= B X, B, Xjiiy By, - By, Xij, B, X,
loops of length 2n
based at i
has constant distortion equal to 1 for all n €N and 1 <i <a. Similarly, g, (XK X )&B"qj
has constant distortion 1 foralln € N and 1 < j < b. Thus X is extremal.
(2)=-(3) This follows immediately by Corollary 3.13. ]

As a corollary, our definition of extremality agrees with that from [12, p. 51] in the
case of a dualizable bimodule over II; factors.

Corollary 3.21. Suppose M, N are 111 factors and pp H y is a dualizable M — N bimod-
ule. The following are equivalent.
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* ym H N is extremal in the sense of Definition 3.14.

* umHp is extremal in the sense of [12, p. 51], i.e., the traces try+ and try agree on
N ' NnM’'n B(H).

Proof. First, we note that (3.6) is always satisfied when M, N are factors, so H is extremal
in the sense of Definition 3.14 if and only if it has constant distortion. Second, we note
that trys = trper on N’ N M’ if and only if they agree on projections. Now observe that
for every projection p € N’ N M’, we have

S(pH) = (VNdimL (M<pH)))”2 _ (trM/(p) VNdimy, (y H) )”2
vNdimg ((pH) ) trys(p) vNdimg (H n)
_ S(H)(trN’(p ))1/2.
trp (p)
Thus §(pH) = 8(H) if and only if try/(p) = trpe(p). We conclude that H has constant
distortion if and only if trys = trpy. [

Corollary 3.22. Every finite depth connected dualizable bimodule 4 X p is extremal.

Proof. We may apply Proposition 3.9 to the diagonal component unitary fusion categories
C(X)gx of the standard invariant €(X) C Bim(A & B) to see that every A; — A; and
B; — B; bimodule generated by X is extremal. ]

3.3. Distortion and extremality for multifactor inclusions

In this section, we study the special case of the bimodule X = 4L2Bp for a finite index
connected inclusion A C B of finite multifactors. Our main goal for this section is to char-
acterize extremality of 4 L2 Bp in terms of the Markov and minimal conditional expecta-
tions.

Notation 3.23. For this section, fix a connected finite index inclusion A C B of finite
multifactors. In addition to assuming Notation 2.12, we fix the following notation. We
write A = A(X) for the Jones dimension matrix and D = D(X) for the statistical dimen-
sion matrix. Since DT D has positive entries and is irreducible, by the Frobenius—Perron
Theorem, there are unique row vectors & € R and B € IRI;O with @l = 1 = ||B||2

such that @ D = dXB and BDT = dya where d} is the largest eigenvalue of DT D [17].

Fact 3.24. We can now express the trace matrices in terms of the modular distortion.
First, observe that p;q; = p;Jq;J, so p;q; # 0if and only if Jp;q;J = Jp;Jq; # 0.
Combining (2.6), (2.8), and (2.11) respectively with (3.1), whenever p;q; # 0,

Aij

~ it A
8_» T = 8,']' Ajj, and TBC(B’A) =__ Y7y
ij

7t ZZ: 10k Aik
Definition 3.25. Given a conditional expectation E : B — A, we define A;; = Ag €[0,00)
by the formula

Ty = (3.8)

Aijpi = E(pig;).
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The conditional expectation £ induces conditional expectations Ej; : p;qj Bpiq; — piq; A
whenever p;q; # 0 by

Eij(piqjbpiqj) := A E(bg;) pig;-

We will be most interested in the unique Markov trace-preserving conditional expectation
EMakov - B A and the unique minimal expectation E° : B — A [17,29,45]. By [24,
Lem. 3.4], the Markov trace-preserving expectation is uniquely determined by E ff*‘rk"" is
trace-preserving whenever p;q; # 0, and

Markov __ . . trB(Qj)) _ (ﬁ)(trB(QJ)) o
Aij - Tl] (U‘A(pi) (370 Sij trA(p,-) Vplq] 75 0 3.9)

where trp is the unique Markov trace and trgy = trp |4. By [17, Thm. 2.6] and [16,
Thm. 2.3], the minimal expectation is uniquely determined by

Ind(E}) = Dij and A, = %‘?’ Vi, j. (3.10)
Theorem 3.26. Suppose A C B is a finite index connected inclusion of finite multifactors.
The following are equivalent:

(E1) EMakov — O ;o A C B is extremal in the sense of [17, Def. 4.1].

(E2) D = A and the Markov trace trg on B and its restriction try := trg |4 satisfy

o trB(Qj))( a; ) o
5, d( i) Yrai %o G.11)

(E3) 4L?Bp is extremal.

Proof. (E1)=>(E2): Suppose that EM&*V i5 minimal. By (3.10), Ind(E;j) = Aiyj = Djj
foralli, j,so A = D.Combining (3.10) and (3.9), whenever p;q; # 0,

Dijﬂj — pMarkov _ & tI'B(C]j)
do; ¢10) Y 6o\ 8 ) \tra(pi) )

Solving for §;; gives (3.11).
(E2)=(E1): Since D = A, Ind(E;;) = A;; = D;; forall i, j. Now combining (3.9),
(3.11),and D = A, we see that

gMakov _ (Dij ) (@) _ Dijh;
ij 69\ 8 tra(p;) ) ¢y do;

By (3.10), EM&*V i the unique minimal expectation.
(E2)=(E3): By Lemma 3.18, § satisfies (3.6). The result now follows by Theorem 3.20.
(E3)=>(E2): Suppose 4L2?Bp is extremal. By Theorem 3.20, D = A and § satisfies
(3.6). By Lemma 3.18, there are vectors n € R%, and § € R’;O, unique up to uniformly
scaling both 7, § by the same positive scalar, such that §;; = &;/n; forall 1 <i < a and
l<j=<b
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Now choose the unique trace trg on B such that trp(q;) = &;8;/d, where we have
replaced 7, § with the unique uniform scaling such that Z_,b'=1 trp(gj) = 1. Set try :=
trp |4. We now calculate that

b D, b
tI'A(pl)—ZTz] trp(q;) (48)2(5'1) Z ( )gjﬁ]
ij i=1

j=1

Ni >

j Z DijB; = nia;
j=1

which implies that 1; = trq(p;)/a;. Hence we have

_E (trB(Qj))( o )
2 ni d Bj tra(pi) )

To see that trp is the Markov trace, we verify (2.9):

ZT,, ra(pi) = Z&JD,, twa(pi) = d(trB;?f)) Y Dija; =d’trp(g;). =
J

i=1 i=1

In light of Theorem 3.26, we make the following definition.

Definition 3.27. A connected finite index multifactor inclusion is called extremal if either
of the equivalent conditions of Theorem 3.26 holds.

Corollary 3.28. The connected dualizable multifactor bimodule 4 X g is extremal if and
only if the finite index connected inclusion of finite multifactors A C M := (B°?)’ N B(X)
is extremal.

Proof. By [59, Prop. 3.1], we have a canonical M — M bimodule isomorphism X Xp
X =~ L2M, which restricts to an A — M bimodule isomorphism. By Remark 3.15, 4 X p
is extremal if and only if 4 X Xp XX 4 is extremal if and only if AL*M 4 is extremal if
and only if 4 L2M Xy L?M 4 is extremal if and only if 4 L2 M py is extremal. n

3.4. Categorical explanation of distortion and extremality

We now give a completely tensor categorical explanation of the notions of distortion and
extremality for a unitary multitensor category € equipped with a chosen unitary dual
functor V. The results in Section 3.2 above are the special case of € = Bim;(A4) for a
multifactor A = @¢_, A; equipped with the canonical fracial unitary dual functor with
respect to try = €P; tra;, ie., tra(p;) = a~! foralli.

We begin with the case 1 is simple, i.e., € is a unitary tensor category equipped with
a fixed unitary dual functor V. For ¢ € €, we define
dimj (c)

8(c) :=

dim}(c)”
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We say ¢ has constant distortion § € R if for every summand a C ¢, §(a) = 6. As in
the case of bimodules, we can define a Jones dimension of ¢ € € by

A(c) := 4/dim} (c) dim}(c).

Observe that the formulas in (3.1) now become

A(c)

8(c)

The statistical dimension of ¢ € € is D(c) := dim*(c), where dim*? is the dimension
with respect to the unique spherical unitary dual functor.

dim (c) = 8(c)A(c). dim}(c) =

Lemma 3.29. The following are equivalent for ¢ € €:
(1) ¢ has constant distortion,
(2) A(e) = D(o),
(3) thereis a § > 0 such that

V f € Ende(c). (3.12)

Proof. (1)< (2): The proof follows mutatis mutandis from the proof of Proposition 3.3.

(1)=-(3): Suppose ¢ has constant distortion §. Since € is orthogonal projection com-
plete, for every orthogonal projection p : ¢ — ¢, there is ana € € and an isometry v :a — ¢
such that p = vv*. Since dim) (a) = §2 dim}(a), then suppressing the pivotal structure
¢ in the diagrams below,

Since every f : ¢ — c is a linear combination of orthogonal projections, (3.12) holds.
(3)=(1): Assume (3.12) and suppose v : a — c is an isometry. Then, suppressing the
pivotal structure ¢ in the diagrams below,
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Corollary 3.30. Ifa,b € € have constant distortion 84,8y € R~, then a @ b has constant
distortion 8,0p.

Proof. Forall f € Ende(a ® b),

The result now follows from (3.12). [

By Corollary 3.30 above, we get a (non-faithful, in general) R~ ¢-grading on € given
by € = @reR>0 €, where €, is the full subcategory of € whose objects have constant
distortion 7. Observe €, ® € C €,¢, and if ¢ € €,, then ¢¥ € €,-1. Denote by G the
subgroup of R~ ¢ such that €, # 0 so that € is faithfully graded by G. By [50, Rem. 3.17],
there is a surjective group homomorphism from the universal grading group Ue — G.
Composing with the inclusion map G — R+ gives a group homomorphism Ue — R~.
This is one way to see that V restricted to €, is spherical where e € U is the unit.

We say ¢ € € is extremal if ¢ has constant distortion §(c) = 1, which is equivalent to
saying that V restricted to (c¢) C €, the full tensor subcategory generated by c, is spherical.

Now when € is a unitary multitensor category, we let le = @D;_; 1; be a decom-
position into simples and €;; := 1; ® € ® 1; as in Notation 2.3. For ¢ € €, we write
cij =1; ® ¢ ® 1 so that ¢ = P ¢;j. We define distortion for objects ¢ € € which is
partially defined with value in M, (R¢) given by

L dimZ(Cij)
MO G

We say ¢ € € has constant distortion if for every summand a C c, §(a);; = 6(c);j for
every i, j where 8(a);; is defined. Again we can define the Jones matrix dimension of
c € €by

A(e)ij = \/dim} (cij) dim} (ciy)
and the statistical matrix dimension of ¢ € € by D(c);j := dim*(c;;), where dim™ is the
dimension with respect to the unique spherical unitary dual functor. As in Proposition 3.3
above, ¢ € € has constant distortion if and only if A(c) = D(c).

Similar to Corollary 3.30 above, if @ € €;; and b € €;; have constant distortion, so
does a ® b € €;x. Thus we get a (non-faithful, in general) §, x R~ ¢-grading on € given
by € = @(€;j),, where §, is the groupoid with n objects and a unique isomorphism
between any two objects, and (C;;), is the full subcategory of €;; whose objects have
constant distortion r. Observe that (€j;), ® (€jix)s C (Cik)rs, and if ¢ € (C;5),, then
¢V e (\eji)r*l-
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Denote by § the subgroupoid of §, x R such that € is faithfully graded by §.
Observe that the map
(‘6,-,-), Scr>reRyy

descends to a well-defined groupoid homomorphism § — R~ . By [50, Rem. 3.17], there
is a surjective groupoid homomorphism from the universal grading groupoid Ue — §.
Composing these two homomorphisms gives a groupoid homomorphism Ue — R~ . In
summary, the map 6 : Irr(€) — R~ given by ¢ + §(¢) gives a groupoid homomorphism
from the universal grading groupoid Ue — R~ ¢. In particular, for any idempotent e €
Ue, €, is spherical.

Up to square roots, § is the classifying groupoid homomorphism 7 for Vv as in Theo-
rem 2.5.°> However, we warn the reader that § does not yield a homomorphism §, — R
unless all objects of € have constant distortion.

We now say an object ¢ € € is extremal if ¢ has constant distortion and its distortion
satisfies (1.1), namely

8(c)ij8(c)jk = 8(c)ix Vi, j, k.
Extremality ensures that the distortion matrix from our unitary dual functor V restricted
to {(¢) C €, the full unitary multitensor subcategory generated by c, gives a groupoid
homomorphism g, — R~¢. Thus V on {c¢) comes from a groupoid homomorphism §,, —
R~ ¢, which in turn allows us to ‘correct’ the distortion using a spherical state.

4. Modular distortion and the Jones tower/tunnel

Let A C B be a connected finite index inclusion of finite multifactors, and assume Nota-
tions 2.12 and 3.23. In Sections 4.1 and 4.2, respectively, we characterize the behavior of
the modular distortion under basic construction and downward basic construction. We then
make connections to Popa’s homogeneity [57, Def. 1.2.11] in Section 4.3, and we show
that the notion of super-extremality [17, Def. 4.1] for a finite index extremal connected
Markov inclusion A C (B, trp) of finite multifactors is exactly Popa’s homogeneity.

Popa’s homogeneity is a crucial ingredient in the proof of Theorem A, namely that the
standard invariant is a complete invariant for a finite depth finite index connected hyper-
finite II; multifactor inclusion which is homogeneous. Homogeneity allows us to find a
generating Jones tunnel by iterating the downward Jones basic construction, analogous to
the technique in [54]. An interesting new element of this section is a quantitative analysis,
rather that qualitative, of when a downward basic construction exists.

4.1. The distortion dynamical system for Jones’ basic construction

We now compute the behavior of the distortion under taking Jones’ basic construction.
Recall that p;g; # 0 if and only if Jp; Jg; # 0, and that the Jones dimension matrix for

SWe did not use a square root in [50] as our results there also classify pivotal structures (when one
exists) on a general multitensor category which is not necessarily unitary. Positivity allows us to take a
unique positive square root, which is no longer possible in the non-unitary setting.
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B C (B, A)is AT, where A is the Jones dimension matrix of 4 C B [20, Prop. 3.6.6] and
(B, A) is the Jones basic construction.

Proposition 4.1. The distortion
§B<BA) = §(5L*(B. A)(p.4))

is related to § = §(4L?>Bp) by

b
1
A)
Sﬁc . 8_2 SikNix  Vpiq; #0 & JpiJg; #0. “.1)

Proof. Whenever p;q; # 0 < Jp;Jq; # 0, by using (3.8) twice, we have

AT,
BC(B,A) __ _ 1
8ji = —5cma =% Z&kAlk =

Ur

Assumption 4.2. We assume for the remainder of this section that A C B is extremal, i.e.,
4L?Bp is extremal so that A = D and § satisfies the equivalent conditions of Lemma 3.18.
In particular, there are row vectors 77 = (1;)?_; € R%, and § = (é,-)j;l € R’;o, unique
up to uniform scaling both 7, £ by the same positive scalar, such that §;; = &;/»; for all
l<i<agandl<j <b.

We now iterate the basic construction one more time to get the first 4 algebras of the
Jones tower: A = Ag C B = A; C A, C As.

Corollary 4.3. The distortions §41<42 = §(4, L2 Apa,) and §42<43 = §(4, L% A34,) are
related to § = 8§(4L?>Bp) by

smicd _ EDT)i  aica, _ EDTD);

, =, & (4.2)
’ (€); ’ (EDT),;

(Observe that the above formulas are independent of the choice of § up to uniform positive
scaling.)

Proof. The first equality is proven by substituting 8;; = &; /n; in (4.1):

i k
et = 2 Z;Di s Zslek V pig; # 0 < JpiJg; #0
T k=1 " J

and then extending SﬁICAZ for every j,i as in Lemma 3.18. The second equality follows
by iteration with
DT = D(4,L*A24,)

in place of D = D(4L?Bpg) and gDT in place ofg. |
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Theorem 4.4. Consider the topological space
{(5ij) € Mat,xp(R-0) | 5ij8i/j/ = Sij/(si’j V1<i,i'<a, VI < j,j/ <b} x~ Ri-gb_l.

The distortion dynamical system

(§DTD)1') (4.3)

D
8ij -
i) H( EDT),

where E S ]R{l;o is as in Lemma 3.18(2) for 8, has a unique fixed point ¢ given by 0;; =
dx Bj/wi, where &, B, dx are as in Notation 3.23.

Proof. Arguing by induction, we see that iterating this dynamical system » times starting
with Sij = Ej/ni yields

P DTD ny .

o) - (- E27 D0 )
(E(DTD)»=1DT),

Since §;; > Oforall 1 <i <aand1 < j < b, itis well known that
dg?"E(DT DY 122 B

for some ¢ > 0 as the matrix dy 2n(DT D)" tends to the projection onto ]R{E . This means
that given any input § to the dynamical system, iterating yields

n—o0o C(BDTD)]‘ _ d)%ﬁ] _ dX:Bj

v DTy dxar o

Hence there is at most one fixed point given by o;; := dx f; /a;. One immediately sees
that this o is indeed a fixed point under the dynamical system &. ]

Definition 4.5. Given a connected, extremal A— B bimodule 4 X p we say that X has stan-
dard distortion if § = o, the unique fixed point under the distortion dynamical system
(4.3).

4.2. Distortion and the downward basic construction

We now compare the various notions of downward basic construction for a finite index
connected finite multifactor inclusion A C B that appear in the literature.

Definition 4.6. Suppose A C B is a finite index connected finite multifactor inclusion.
Let trp be the unique Markov trace on B and d? the Markov index.

e A trace independent downward basic construction consists of a von Neumann sub-
algebra C C A and a unital *-algebra isomorphism ¥ : B — JC'J N B(L?A) such
that ¢|4 = id4.
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* A Jones downward basic construction cf. [37, Lem. 3.1.8] consists of a projection
f € B with central support 1 together with a left A-module unitary u : L>4 — L2Bf.

* A Popa downward basic construction cf. [57, Prop. 1.2.7] consists of a projection
e € B with E4(e) = d 2 such that setting C := {e}’ N 4, C C (A,trq) C (B, trg,e)
is the Jones basic construction, i.e., the map aecb +— aeb for a,b € A extends to
a trace-preserving isomorphism (A4, C) =~ B. Observe that in this case, Ec(a) :=
d?E4(eae) is the unique Markov trace-preserving conditional expectation; indeed,
setting tr¢ :=trq |c,foralla € Aand c € C,

trc (Ec(a)c) = tra (d*E4(eae)c) = d* trg(eaec)
= d?trg(eac) = d*trp (EA(e)ac) = try(ac). “4.4)

It is relatively straightforward to show that a Popa downward basic construction is a
Jones downward basic construction which, in turn, is a trace independent basic construc-
tion. The main result of this section builds on [57, Prop. 1.2.7] to prove the equivalence of
all these notions and further quantifies the existence of a downward basic construction in
terms of the distortion §.

Lemma 4.7. Suppose A C B is a finite index connected inclusion of finite multifactors.
For any projection f € B,

vNdimy, (Ai (piLzqu]')) = JT]'(Y,']‘A,‘]‘ Vi<i<a
where T = trg(f), ie, wj = trg;(fq;).

Proof. Fix 1 <i < a, and recall that §;; A;; = vNdimg (4, (p; L> Bg;)) by (3.1). Thus by
[37, (2.1.3)],

VNdimg (4, (pi L Bfq;)) = tra (Jfq; I)8ij Dij = tya,5(fq7)81 Aij.
But since B; C JA;J is aII; subfactor (whose unit is also ¢;), we must have that
trya7(fqj) = tg;(fq;) = ;
by the uniqueness of the trace on B;. The result follows. |

Fact 4.8. Since the minimal central projections of the basic construction (B, A) are the
JpiJ, by (2.10), the center-valued trace of e4 € (B, A) has i-th component

tr(p,ay(eatpiJ) _ tr(p ay(eapi)
trgay(JpiJ)  trpay(JpilJ)

_drua(p) 1

- tr(B,A)(in-]) 2.10) Z?:l 8,‘]‘ Ajj .

tr(g,a); (eaJpiJ) =

Proposition 4.9. Let A C B be a finite index connected inclusion of finite multifactors,
and let trg be the unique Markov trace. For a projection f € B, the following are equiv-
alent.
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(1) L?A = L?Bf as left A-modules.

539

(2) the vector w := trB (f) € [0,1]? satisfies Z =178 A =1foralll <i <a.

() f isequivalent to eq in (B, A) C B(L*(B, trp)).
Proof. (1)&(2): This follows immediately from Lemma 4.7:

b
i (4, £281)) = wNaims (@ a (L7854
Jj=1
b

= ZVNdimL (Ai (p,‘Lzquj)) = ZN]‘(SUAU.

J=1

Hence L?Bf = L* A as left A-modules if and only if Z]b'=1 w;8;jAjj =1forall1 <i <a.

(2)=(3): Whenever ¢q; Jp; J # 0, by uniqueness of the trace on B;, forall b € B,

tr(g,4), (bq; JpiJ) _ tr(p .4y, (bq;JIpiJ)

tr(p,a), (4 IpiJ) TlfC(B“”

trp; (bq;) =

Hence for our projection f € B,

b
B (B,A)
gy (fIpid) = D tpay, (fa;Ipid) = Zn] e
j=1 j=1
X sy 1

fy—" = b '
GO Y k1 SikAik Y k=1 0ikAik

By Fact 4.8, tr(ZBjA)(f) = tr(ZB’A)(eA).

(3)=(1): Recall that two projections in a finite multifactor are equivalent if and only
if they are unitarily conjugate. Suppose ' € B andu € U({B, A)) such thateq = ufu*.
Since the commutant of the left A-action on L?B is the right-(A4, B) action, and since

[/, e4q] = 0[20, Prop. 3.6.1 (ii)], we have isomorphisms of left A-modules

L?A =~ eqL?B = L?Bey = L?Bufu* = (L*Bf)u* = L?Be.

Theorem 4.10 (cf. [57, Prop. 1.2.7]). Suppose A C B is a finite index connected inclusion

of finite multifactors. The following are equivalent.

(D1) A C B admits a trace independent downward basic construction.

(D2) A C B admits a Jones downward basic construction, i.e., there is a projection

f € B with central support 1 such that L> A =~ L?Bf as left A-modules.

(D3) There exists a projection f € B wzth central support 1 such that the vector

bid —trB(f) € (0,117 satzsﬁesz —1 76 Aij = 1foreveryl <i <a.

(D4) There is a projection [ € B with central support 1 which is equivalent to eq €

(B, A) C B(L?(B.trp)) where trp is the unique Markov trace.
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(DS) A C B admits a Popa downward basic construction, i.e., there is a projection e €
B with E4(e) = d 2 such that setting C := {e}' N A, C C (A,tr4) C (B,e,trp)
is the Jones basic construction and Eé (a) := d?E4(eae) is the Markov trace-
preserving conditional expectation.

Proof. (D1)=(D5): Suppose C C A C B is an independent downward basic construction,
and suppose there is a x-isomorphism B = (A, C) on L?A. Identify L2A = L?(A, try)
where try is the unique Markov trace for C C A, and identify B = (4, C) = (4, ec)
where ec is the orthogonal projection onto L?(C, tr¢) and tr¢ := trq |c. Then by [37,
Props. 3.1.4 and 3.4.1], Eq(ec) = d™2,C = {ec} N A, and Ec(a)ec = ecaec for all
a € A. Taking E4, we get Ec(a) = d 2E4(ecaec).

(D5)=(D2): We set f = e, which we may identify with the Jones projection ec for
C C (A, trq). By [37, Prop. 3.1.5 (iv)], the central support of ec is 1. We then have the
following isomorphisms of left A-modules:

L?Bec =~ L?AR¢ L?*Aec =~ L?ARc L*C ~ L*A.

(D2)=(D1): This follows from the argument in [37, Lem. 3.1.8]. Using the isomor-
phism L2 A =~ L% Be as left A-modules, we get a normal left B-action on L2 A extending
the left A-action. Now define C := (J4BJ4) on L% A, which is manifestly a downward
basic construction.

(D2)4<(D3)<(D4): This follows by Proposition 4.9 together with the assumption that
the central support of f is 1. ]

Remark 4.11. Suppose A C B is a finite index connected inclusion of finite multifactors.
The Jones tower (Ay, try, €n+1)n>0 iS @ Markov tower in the sense of [10, Def. 3.1].
Suppose f € B is a projection satisfying the equivalent conditions of Proposition 4.9
such that E4(f) = d 2, except the central support z of f in B is possibly not 1. We
can perform a one step downward Markov tunnel by defining A_; :={f} N A, tr—; :=
trq |4_,,and eg := f.Observe that E_;(a) := d? E4(epaey) still defines the unique trace-
preserving conditional expectation by (4.4). Note, however, that zBz (which is possibly
not B) is the basic construction of A_; C (4, try).

For (non-)examples, we refer the reader to Examples 4.18 and 4.19 below.

Corollary 4.12. Suppose A C B is a finite index connected 11} multifactor inclusion such
that (D3) holds. The distortion y of the inclusion C C A corresponding to projection

. . _ 1
f € B isgiven by yj; = 6
Proof. To compute y;;, we compute

. 1/2
vNdimg ((pi L2Arj)cj)
VNdimL (Ai (p,-LZArj))

where the r; are the minimal central projections of C. To define C, we transported the
left B action on 4L2Bf to 4L?A under the left A-module isomorphism. This means
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the left A-module isomorphism extends to an A — B’ bimodule isomorphism, where the
right action of B’ is exactly the right action of C. Hence we may identify 4L?A¢c =
AL?Bf spr. Since Z(fBf) = fZ(B), we may identify the r; with fg;.

First, by Lemma 4.7,

VNdimL (Ai (p,-LZArj)) = VNdimL (Ai (piLzquj')) = ﬂjSiinj.
Second, by [37, (2.1.4)] and (3.1),
vNdimg ((pi L*Arj)c;) = vNdimg (4; (pi L*Bfq;) 5B, f)

. A.‘
vNdimpg (Ai (pi LzBC].i)Bj) = —

j8ij

1
g (fq))
We conclude that y;; = ﬁ as claimed. ]

Remark 4.13. Under the hypotheses of Corollary 4.12, observe that § and y satisfy (4.1):

a a

1 Agi
A =6y X
7'[]5](]' ki Y

-
— D VKD = w58y )
Vii 2 = k=1

8kj

a
= 8;; Y _ vNdim ((pxL*Bq;)s;)
k=1
= §;; vNdim ((L?>Bgq;)s,) = ;.

Moreover, we can easily see that forall 1 <i <a,

b b T
an&inj = Z —% = yNdim ((L*A4pi)4,) = 1.
j=1 =1 Vi

Corollary 4.14. Suppose A C B is a finite index connected inclusion of finite multifactors
and suppose ey, ey € B satisfy (D5), with Cy := {e1} N A and C, := {e2} N A. The
following are equivalent.

(1) Thereis au € A such that uequ™ = e,.
(2) Thereisau € A such that uCiu™ = C,.
(3) trg (e1) = g (e2).
Proof. (1)=(2): Suppose u € A such that ue;u* = e,. Then for all ¢ € Cy,

ucu*e, = uc(u*eu)u® = uceu™ = uejcu® = uequtucu* = eyucu®,

soucu™® € C,. Similarly, for all ¢ € Cp, u*cu € C;. Hence uCiu* = C,.
(2)=(3): We prove the contrapositive. If trg (e1) # trg (e2), then by Corollary 4.12,
the distortions §€1<4 and §€2<4 will not agree. We conclude no such unitary can exist.
(3)=(1): The proof is similar to [51, Prop. 1.7 (i) and Cor. 1.8 (ii)].
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First, a similar argument to [51, Prop. 1.7 (i)] proves that for any finite index connected
inclusion A C B of finite multifactors, the map u — uequ™ descends to a bijection from
U(B)/U(A) to the set of projections

{f € P((B.A)) | Eg(f) =d?and trfy 4, (f) = tr{p 4 (ea)}.

Now suppose e, e, € B with E4(e1) = E4(e2) =d 2 and trg (e1) = trg (e2). Similar
to the proof of [51, Cor. 1.8 (ii)], it follows from the above bijection applied to C; C A
with (Cy, A) = B that there is a unitary u € A such that ue u™ = e,. |

4.3. Popa’s homogeneity

We now study Popa’s notion of homogeneity for finite index connected inclusions A C B
of finite multifactors. We obtained the following definition by combining [57, Def. 1.2.11]
and [32, Ex. 2.7 and Prop. 3.1 (1)].

Definition 4.15. We say A C B is homogeneous of index A if vNdimy (4, pi L>B) = A
foralll <i <a.

Theorem 4.16. Suppose that A C B is a finite index extremal connected inclusion of finite
multifactors. Let trg be the unique Markov trace, try = trg |4, E the unique Markov/mini-
mal conditional expectation, and ey € B(L?(B, trg)) the Jones projection. The following
are equivalent.

(H1) A C B is homogeneous of index d>.

(H2) Y0_, 8iDij = d*forall 1 <i <a.

(H3) ©(8) =6, i.e., 8 is a fixed point of the dynamical system (4.3) (which is unique
by Theorem 4.4).

(H4) 6;; = dB;/a;.

(H5) tr(ZB’ A)(el) € C, where tr(ZB’ A) is the canonical center-valued trace;

(H6) tra(p;i) = tryp ay(JpiJ) foralli.

(H7) A C B is super-extremal in the sense of [17, Def. 4.1, Lem. 4.2]: try(p;) = oziz
where & € R% is the eigenvector for DDT with eigenvalue d? normalized so
that Y {_ a? = 1.

In addition, if A and B are of type 111, the above are equivalent to:

(H8) The inclusion A C B admits an infinite Jones tunnel, i.e., we can iterate the
downward basic construction infinitely many times.

Proof. (H1)<(H2): Observe that

b b
VNdimL(AipiLzB) = ZVNdimL(AipiLquij) = ZSijDij.
j=1 j=1
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(H2)=>(H3): Combining (H2) and (4.1), we have 5ﬁC<B’A> = d?/8;;. Applying (4.1)
again with §8<{8-4) in place of § and DT in place of D, we have

8ij ~— d?

D©0)ij =5 ) —
d i 8¢j

a a
Dy :
Dﬁ = 8,‘]' S = 8,’_/ ZVNdlmR(Al (PZLZBCI_/)BJ-) = 8,’_/.
=1

(3.1
— 5(] 3.1)

Hence § is the unique fixed point under the dynamical system (4.3).
(H3)=(H4): This follows from Theorem 4.4.
(H4)=(H2): If 8,']' = dﬂj/ai, then for all i, Zj?:l (SijDij = Z]b-zl d%Dij =dZ2.
(H2)<>(H5): By Fact 4.8, the i-th component of the center-valued trace of e; is given
by
1
<
> j=10ijAij

Hence e; has scalar central trace if and only if Zjb'=1 8;j A;j is the same scalar for all
1 <i <a.Sincetrp 4y(e1) = d ™2, this scalar must be equal to d~2.
(H6)<(H2): By (2.10) (cf. [20, (3.7.3.D)]),

trip 4y, (e1JpiJ) =

b
d” tr(p,a)(ri) = tra(pi) Y _ Dijbij.
j=1
Hence trq(p;) = tr(p,4y(r;) forall 1 <i < a if and only if (H2) holds.
(H4)<(H7): Since A C B is extremal by Theorem 3.26, we have D = A and

trB(qj))( o ) . .
8,~~=d( Vi<i<aVl<j<bh,
/ Bj tra(pi)

where trp is the unique Markov trace and try = trp |4. By uniqueness in Lemma 3.18 (2),

8;j = dpj/a; if and only if trp(g;) = ,612 and trg(p;) = o forall i, j.
(H5)<(H8): This is [57, Cor. 1.2.10]. (]

Corollary 4.17. Let A C B be extremal and fulfill the equivalent conditions of Theo-
rem 4.16. Denote by (An)n>o the Jones tower for A = Ay C B = Ay. Then
da,’

A2nCAop+1 dﬁ] Azn+1CA2n42 __
i J

i.e., the distortion matrices oscillate between two fixed matrices depending on the parity
of n.

Proof. Immediate by (H4) (§;; = df; /o) and (4.2). [ ]
Example 4.18. Suppose A C B is a connected inclusion of finite-dimensional von Neu-

mann algebras. Denote by ji = (i;)?_; € N* and v = (vj)j?zl € N? the row vectors with
M,-2 and v]? equal to the algebraic dimensions of the full matrix algebras A; and B;. In this
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case, the inclusion is always extremal [17, Cor. 3.2], and the Bratteli diagram (bipartite
adjacency matrix) of the inclusion is equal to A = D. The equality ;iD = v corresponds
to unitality of the inclusion A C B.

By [17, Prop. 4.4], A C B is super-extremal if and only if VDT = d?ji, so that (dji v)
is a Frobenius—Perron eigenvector for right multiplication by

(5 2)

In particular, d = ||V]|2/||ji]2 and the normalized Frobenius—Perron eigenvectors in this
case are @ = ji/| ji|2 and B = v/||V||». We then calculate from (4.5) the distortion matri-
ces for the Jones tower:

ApnCAgpyr __ Vi Any1CA2nta _ M
Hi Vj

Example 4.19 ([57, Ex. 1.2.8]). Consider the finite-dimensional (and hence extremal)
inclusion P =C @ C C M»(C) & C = Q whose bipartite adjacency matrix and distortion

matrices are given by
1 0 2 1)\,
A—D—(1 1) and 8—(2 1).

The inclusion A = P ® R C QO ® R = B does not admit any downward basic construc-
tion. Indeed, using Theorem 4.10, one easily verifies there is no strictly positive solution

to
1 _ (7{1811A11 + m20812A12 — 2 0) 7T1) — ( 2
1 1821021 + 12022A22 2 1) \m 2m+m2)

Taking the next two steps in the Jones tower A9 C A; C A, C A3, we get a Morita
equivalent inclusion A, C A3 with the same standard invariant which manifestly admits
two downward basic constructions. One quickly observes these inclusions have different
distortions:

5(A°L2A1A1)=5(PL2QQ)=G i) 5(A2L2A3A3)=(2ﬁ 3{2).

One calculates that for the Jones tower (4,)n>0,

F. F. F. F. — 2
5(A2nL2A2n+1A2,,+1)=( 2n+2/ Fan 2n+1/ 2n) n—00 (¢ ¢),

Fanta/ Fanta 1 ¢ 1

where F, is the n-th Fibonacci number (Fy = F; = 1) and ¢ is the golden ratio.

STnitially, the (1,2)-entry of § is not defined as Aj, = 0. This § is the unique extension afforded by
Lemma 3.18 (3).
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Remark 4.20. In the previous example, although there is no downward basic construc-
tion, there is a two-step downward Markov tunnel as discussed in Remark 4.11. The
projection e;; € M,(C) @ C has central support (1, 0), center-valued trace (y, 72) =
(1/2,0), and trace-preserving expectation Ep(e11) = d ~2, giving a solution to

2
anSiinj =1 fori = 1,2.
j=1

Setting N :={e;;Y N P = C and Ey(x) :=d 2Ep(ej1xer;), the inclusion N C P has
bipartite adjacency matrix and distortion matrix given by

ANCP _ pNcP _ 1 1)= gNcP
There is again no strictly positive solution to
L=uf(p)-80 T ANT +uB(p)2- ST AL = uf (P + uE(p)2

as the center-valued trace tr% (p) € Z(P) of a projection p € P = C? can only have entries
in {0, 1}. Only p := (1, 0) satisfies Ey(p) = d 2 (one verifies Ex ((0, 1)) = 0), which
gives a further one-step Markov tunnel M :={p} NN =C and Ep (x) :=d 2En(pxp).
Experts will identify M C N C P C Q as exactly the first 4 algebras in the Temperley—
Lieb-Jones A4 subfactor planar algebra with d = ¢.

5. Classification of finite depth hyperfinite multifactor inclusions

In Section 5.1, we show that given an indecomposable unitary 2-shaded planar algebra
P. with scalar loop parameters, there is a finite index homogeneous connected hyperfinite
II; multifactor inclusion A C B whose standard invariant is *-isomorphic to $. Then
in Section 5.2, we determine how distortion varies under Morita equivalence of bimod-
ules, and we use this to characterize all finite depth finite index connected hyperfinite II;
multifactor inclusions.

5.1. Construction of multifactor inclusions

Suppose € is an indecomposable unitary multifusion category. As in Definition 2.6, fix a
2-shading le = 17 & 17, and suppose X = @ X;; € €1~ generates €. Let D = Dy,
d = dyx, a, and B be as in Definition 2.7. Let (X). be the indecomposable unitary
2-shaded planar algebra constructed from (€, X) from Section 2.4.

Theorem 5.1 (Existence of homogeneous inclusions). Suppose €(X) ~ P (X)e is a finite
depth standard invariant. There exists a finite index homogeneous connected hyperfinite
1 multifactor inclusion A C B whose standard invariant is equivalent to € (X) ~ P (X )e.
Hence by Theorem 4.16, the distortion §(4 L? B g) is the standard distortion o with respect
to X.
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Proof. Here, we give an outline of the proof, together with forward references for some
technical lemmas whose proofs appear in Appendix A.

(A) Suppose we are given (€, X) where X = 17 ® X ® 1~ generates € and 1T &
1~ = le, but 11, 1~ are not necessarily simple. Choose the standard unitary dual
functor Vv with respect to X from Definition 2.7. The loop parameters are both
equal to dy times the identities of 1+ or 1~ depending on shading:

Q = coevy o coevy = dxid;+, Q = evy oevy = dxid;-.

Moreover, for all i, j, we have (2.3):

There is a unique spherical state’ ¥ on Ende (1¢) given by
Y(pi) =0l Y(q) =P} .

which satisfies forall c € € and f : ¢ — ¢, Y (tr) (f)) = ¥ (trg(f)).

(B) We now construct a tower of commuting squares of finite-dimensional von Neu-
mann algebras together with a common Markov trace for canonical Jones projec-
tions. To do this, we define an alternating tensor product to the left by

XX® - ®@X QX = xuen (2n tensorands),
XIX®X® - X ®X =: X®2n+l (5, 4 | tensorands)

We define X2'®* similarly. By convention, we define X*'®% = |~ and X*'®0 .=
1+,

For n > 0, we now define
@n.+ := Ende(X"®") @, _ := Ende(X"'®"),
and observe we get a tower of commuting squares

D @31+ DO @24y DO @iy DO Qo
U U U (5.2)
D) @2,_ D) @1’_ D) @0,_.

7Observe that the spherical state is normalized so that ¥ (id1,.) = 2. However, this is the correct nor-
malization so that ¥ (idywen) = 1 = ¥ (id gues) for all n.
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Above, horizontal inclusions are given by tensoring by the appropriate identity
morphisms on the left, and vertical inclusions are given by tensoring by idy to
the right. Expanding the definitions, we have (5.2) is exactly

- D Ende(X®X ® X) D Ende(X®X) O Ende(X) D Ende(17)
U U U (5.3)
--+D Ende(X®X) D Ende(X) D Ende(1h).

The Markov trace tr is given by the inductive limit of dy” (Y o tr)) on @, 4
where ¥ is the spherical state from (5.1). The Jones projections e, + € @p41,+
which implement the canonical trace-preserving conditional expectations @, +
— @y—1,+ are given by

. _1 L 2 = d '(evhoevy) ®id
2k+1,+ = 4 m = = CVy oevy 1dyan®2k ,
1 U S —1 * :
€2k+2,+ = E ' /Y = d™ " (coevy o coevy) ® idyamek+1,
— 1 - p = g1 * ids

€rht1,— 1= 7 o R o= (coevy o coevy) ® id gueak »
e ._ l . N & d(evs ide

2k+2,— = 4 ~ + = Cvy oevy) ®1i Falt®2k+1-

Since € is multifusion and X generates €, by Lemma A.8 (see Example A.9)
below, eventually these commuting squares are nondegenerate in the sense of
Definition A.3 in Appendix A. We truncate the sequence of commuting squares
(5.2) so that the first commuting square is nondegenerate.

My = Qaky2,+ DO Mo = Qogt1,+
U U (5.4)
Ni=Qpy1,—- D No=Qy .

Moreover, by Lemma A.8 (see Example A.9), the sequence of commuting squares
after this point is isomorphic to the basic construction commuting square at each
level. (Observe that it does not matter where we truncate as we will take inductive
limits.)

The GNS construction with respect to trg gives an inductive limit inclusion
A:=1im@,_ —1lim@ =: B,
o, oy et

of II; multifactors. By Lemma A.13 below, Z(A) = Nj N No = End(1") acting
on the left, and Z(B) = Mj N My = End(17) acting on the right.
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By the Ocneanu Compactness Theorem C.1, A’ N B = N{ N My inside M; =
Ende (X2'®2k+2) By Corollary A.11 below, we see that

Nll N Mo = id gaear+1 @ Ende (X) = Ende(X).

Under this identification, the inclusions Z(A4), Z(B) — N{ N My = Ende(X)
are given respectively by

|—> and @I—)@

It follows that Z(A) N Z(B) = C, and the inclusion is connected.

(E) Observe now that the sequence of commuting squares (5.3) fits into a doubly
infinite lattice of commuting squares by alternately tensoring on the right by X
and X to obtain new rows above those in (5.3).

U U U U
--D Ende(X™®%) O Ende(X'®*) O Ende(X¥'®3) D Ende(X®X)
U @] U @]
.- Ende (X*®*) > Ende(X"'®3) SEnde(X ® X) D> Ende(X) ©°)
U U U U
-+D Ende(X¥®3) CEnde(X ® X) D Ende(X) D Ende(17)
U U U

--DEnde(X ® X)D Ende(X) D Ende(17).

Moreover, truncating this lattice as in (5.4), by Lemma A.8 (see Example A.9),
all the commuting squares on the left are nondegenerate, and obtained by iterated
basic constructions.

U U U U U

Az D - D Qokye+ DO Qokys+ DO Qogyar DO Qogys s
U U U U U
(5.6)
Az D o+ D Qopts— D Qokta— D Qopt3— D Qojia—
U U U U U
B=A41 D -+ D Qokta+ O Qopy3+ O Qokto+ O Qokesr+
@] @] @] U U

A=A40 D - D @oky3— DO Qogqo— D Qopy1— DO Qo .
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Again by Lemma A.13 below, the inductive limit A; of the j-th row of (5.6) is
a finite direct sum of II; factors whose centers are isomorphic to Ende (17) or
Ende (17) depending on the parity. Moreover, they come equipped with inductive
limit traces tr; coming from the normalized left traces on € composed with the
spherical state 1. By the basic construction recognition lemma [41, Lem. 2.15],
the tracial von Neumann algebras (A4;, trj);>o form a Jones tower where the
Jones projections f; € A; 1 such that A; 11 = (4;, f;) are given by

L ¥ e
f2€+1 = E : %’ /_\ = 1 Xalt®(2k+2£)®(coeVX OCOCVx)E 2k+26+2,—
C Aai4a,
1 3|\
. & —1:
freq2 = 7 : :“t —~ = d " idyawek+t2en @ (CV; oevy) € @okt2643,+

C Azpys.

For each j > 2, we can look at the composite sequence of commuting squares
consisting of the 0-th and j-th rows of (5.6). Again by Lemma A.8 (see Exam-
ple A.9), the first composite square is nondegenerate, and all subsequent com-
muting squares are obtained by iterating the basic construction.

Again by the Ocneanu Compactness Theorem C.1, we have that

PACB .__ 47 Y,
Pant = Ao N A2n = Qg - N Dogion,—

ACB Al Y
Ponii+ = Ao N Azny1 = Qg N Qogyont1,+

Similarly, looking at composite sequence of commuting squares consisting of the
1-st and j-th rows of (5.6) and applying the Ocneanu Compactness Theorem C.1,
we have

ACB ._ g Y
Pon= = A1 N Azng1 = Qo 4 N Qakyont1,+,

ACB ._ 4/ Y
‘7)2n+1,— = A1 N Aopyr = Q2k+2,+ N Qok42nt2,-

By Corollary A.11, the map ¢, 4 := id(y g gyex ® — which adds 2k strands to
the left is a unital x-algebra isomorphism

e7)()()2n,+ := Ende ((X®X)®n)_>(Q,2k+1,_m(22k+2n,— = ozéff’

P(X)2nt1,+ = Ende (X ®X)®"®X) = Qi1 NQokyon+1,+ ==7)2‘3,E£,+

which maps the Jones projections f, € Ay N Apt1 = !P,fff , from (F)to e, + €

P (X)n+1,+ and is compatible with the right inclusion and the partial trace (con-
ditional expectation).

Similarly, the map ¢p,— = id x g 5)ekgx ® — Which adds 2k + 1 strands to the
left is a unital *-algebra isomorphism:
P(X)2n— :=Ende (X ®X)®") > @y 15  NQoproni1+=Ponl.

P(X)ant1,- = Ende (X@X)®"QX) > Q@ . NQotonia—=Ph5
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which is compatible with the right inclusion and the left inclusion. Indeed, for all
P(X)n,-
pACB

Pni1,+(dx ® ¥) = idygpyokgx ® ¥ = ¢n—(y) € PAE c PAE,

as A/l NAy+1 C A6 NAy+1.

To see that the ¢, assemble into a planar *-algebra isomorphism, by [41, Proof of
Lem. 2.49], it suffices to check that capping on the left is compatible with ¢, 4.
This argument (and indeed this entire part of the proof) is identical to [41, Proof
of Thm. 4. 1(111)] For n > 1, the left capping map PA¢% — J’ACB is given
by x = d~1Y", bxb* [41, Thm. 250]. By non- degeneracy of the composite
commuting squares of (5.6) and Proposition A.15, there is a Pimsner—Popa basis
{b} for Qo 41,+ C B over @,k — C A which is also a Pimsner—Popa basis for B
over A. We now employ Vaughan Jones’ diagrammatic trick from [41, Proof of
Thm. 4.1 (iii)]. For all y € P (X)p, + withn > 1,

Zb n, 4 (y) - b*
2k+1 n—1 n—1
- (@ e | Q)
2k+1 n—1 n—1
Hence @o : P(X)e — PAB is a planar s-algebra isomorphism.

We claim the distortion for 4L?Bp is the standard distortion oi; = dxBj/a;.
Indeed, since 4 L2 Bp is finite depth and thus extremal, it suffices to prove this
formula holds when p;g; #0. In this case, by (2.6) above, we have §;; = D;; / T;;.

Now by (2.3) and (5.1),

trg(pig;)
Tij = trg; (piq;) = trB(cl]-; = 52
J J
Dl 1
. Xm ja w( l) Dl‘j()li
5,2  dxB;

But combining (2.6), (3.1), and extremality of 4L?Bpg, we also have T =
Al‘j/&'j = D,‘j/(g,‘j. The result follows. | ]
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Remark 5.2. Observe that the inclusion A C B constructed above in the proof of The-
orem 5.1 admits an infinite Jones tunnel. Indeed, By removing a copy of X on the right,
we can add another row below the doubly infinite lattice of commuting squares (5.5). The
argument from step (F) above in the proof of Theorem 5.1 can be repeated for this new
row to obtain a multifactor A_; C Ay such that A; is isomorphic to the basic construc-
tion algebra (Ag, A_1). As one can keep removing tensor factors from the right, a simple
induction argument shows that we may continue in this fashion to obtain an infinite Jones
tunnel

C A, C A, C Ay C Ay C A4, C

5.2. Distortions realizable by multifactor inclusions

For this section, we assume both Notations 2.12 and 3.23 for a finite index inclusion
A C B of finite multifactors. Recall from Definition 2.27 in Section 2.5 that given an
invertible A’ — A bimodule 4/Y 4 (so that A" = (A°?)’ N B(Y)), the Morita equivalent
inclusion is A’ C B’ where B’ := (B°?)' N B(Z) and Zp := Y4 X L? Bp. Remember
that the commutants of 4 and B are taken in different representations, so A” C B’ instead
of the reverse inclusion.

Proposition 5.3. Suppose A C B is a finite index connected inclusion of finite multifac-
tors, 4'Y 4 is a Morita equivalence bimodule, and A’ C B’ is the induced Morita equivalent
inclusion. Denote § = §(4L?>Bp), and A = A(4L?*Bp). The distortion §' of A' C B' is
given by
a
8 =8 Y pnlnsy}
h=1
where p; 1= VNdimg (Y p; 4,).
Proof. For 1 <i < a,let p; € Z(A’) be the minimal central projection corresponding
to pi € A, and for 1 < j < b, let q; € Z(B’) be the minimal central projection in B’
corresponding to ¢; € B. We calculate that

vNdimy, (4 p; L>B'q}) VNdimy, (4 p;Y K4 L?B Ry ?q;.BJ/_)

(59, Plfp. 3.1]
= VNdimy (4 Ypi) VNdimp (4, pi L B R4 Y q})
= p; ' VNdimg(q;Y Ry L*Bpis,)
= pi_1 vNdimpg (Y X4 LZBQjPiAi)

a
=p; ' Y VNdimg(Ypy, B4, paL?Bq; pia;)
h=1

a
=p;! Z vNdimg (Ypy,) vNdimg (py L Bq; pia;)
h=1

a
=pi" Y pw VNdimg(py L> Bg; ®p; q;L* Bpia,)
h=1



M. Bischoff, I. Charlesworth, S. Evington, L. Giorgetti, and D. Penneys 552

a
=p; Z pn VNdimg (py L Bq; ;) vNdimg (¢ L> Bp; 4;)
h=1

a
- Apj .
=p;! Z ,Ohﬁ vNdimy, (4, pi L*Bq;) (3.1)
h=1 g
a
_ Ny
=o' ph8_15iinj (3.1
h=1 M

a

_ Apj
= p; '8ij Aij th#-
h=1

hj

By a similar calculation, we have

a -1
. - Apj
VNdlmR(P;LzB/CIJ/‘B;) = Pigileij ( Z Ph ﬁ) .
h=1 4

We conclude that the distortion §}; for A" C B’ is given by

vNdimg (4, p; L* B'q})

a
8” = = 8 ._1 A _8—.1
ij VNdimR(plszB’qJ’.B}) ij Pi };ph hjOpj

as claimed. u

Corollary 5.4. Suppose A C B and A’ C B’ are as in the hypotheses of Proposition 5.3.
If A C B is extremal, then sois A’ C B'.

Proof. By Theorem 3.20, we must show 4 L?B’p has constant distortion and that §’
satisfies (3.6). Observe that each of 4/ Y4, 4L?Bpg, and p'Zp have constant distortion, so
4 L? B’ has constant distortion by (2.19) and Corollary 3.4. Now to prove §' satisfies
(3.6), we use Lemma 3.18. Since A C B is extremal, there are n € R% and § € R’;O
(unique up to a simultaneous uniform scaling) such that §;; = §;/n;. By Proposition 5.3,

we have 5 .
a & Apiby ’
_ _ j 2.h=1PhBhjOy 3
SI{j = i p; ! thAhjShjl = L= _j/
= i pi n;
Thus by Lemma 3.18 (2) again, §’ satisfies (3.6). ]

The next corollary follows immediately.

Corollary 5.5. Suppose AC B and A’ C B’ are as in the hypotheses of Proposition 5.3.
Moreover, assume A C B is extremal and X = 4L? B g has the standard distortion o; =
dx Bj/a;i. Then A" C B’ is extremal, and the distortion §' is given by

a

! -1 -1

8 =a; p; thDhjah.
h=1
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Theorem 5.6. Suppose A C B is a finite index extremal connected 111 multifactor inclu-
sion. Then there is a Morita equivalence 4'Y4 such that the induced Morita equivalent
inclusion A’ C B’ is homogeneous. That is, A* C B’ has the standard distortion o with
respect to 4L*Bp.

Proof. Let§ := §(4L?Bp). Since §/0 satisfies (1.1), by Lemma 3.18 (2), there are (1;) €
R4, and (£;) € R2 such that

& G

There exists a Morita equivalence 4/Yy4 such that VNdimg(Ypi4,) = 77,-_1- By Proposi-
tion 5.3, the distortion of the induced Morita equivalent inclusion A" C B’ is given by

a a a
S e N, ole-lpy e N“el 1y 15
8y = 8iymi ) ny" 84 Duj = 5015 ) & ‘04 Diy = 03 ) 03 D
h=1 h=1 h=1

a a
ap Oij Z 9ij
7 i dx By M dxp; he1 PN dy By xPi = i

We conclude that A’ C B’ has the standard distortion with respect to X = 4L?Bp, and
thus this inclusion is homogeneous by Theorem 4.16. ]

Remark 5.7. Observe that Theorem 5.6 does not hold for A C B finite-dimensional.
Indeed, no inclusion of finite-dimensional von Neumann algebras with Bratteli diagram
the A4 Coxeter—Dynkin diagram can be homogeneous, since § will always have rational
entries, but the standard distortion function o has irrational entries cf. Example 4.19.

Using Theorem 5.6, given a 2-shaded indecomposable unitary multifusion category
€ and a generator X € €1, we can say exactly which distortions of X arise from real-
izations of €(X) as a standard invariant of a finite index connected inclusion of finite
multifactors A C B.

Proposition 5.8. Let € be a 2-shaded indecomposable unitary multifusion category with
generator X € €1~ as in Definition 2.6, and let D = Dy, d = dx, and o be as in Defi-
nition 2.7. Suppose § : {1,...,a} x{1,...,b} — Rsq is an arbitrary function satisfying
(1.1), i.e.,

8ijbirjr = 8ijs8ir; V1< i,i'<a,and1 < j,j <b.

The following are equivalent.

(1) There is a finite index connected inclusion of hyperfinite 11} multifactors A C B
with standard invariant equivalent to '€ such that § = §(4L?Bp).

(2) There exists (p;) € R%,, such that 8;; = ozi_lpi_1 ZZ:l prDpjay.

(3) Writing 6;; = &; /n; (which is unique up to uniformly scaling all §;, n; by Lemma
3.18(2)), we have & =Y 5 _1 nn D
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Proof. (1)=(2): Suppose § = §(4 L% B g) for some finite index connected inclusion A C B
of hyperfinite finite multifactors. By Corollary 3.22, A C B is extremal, and by Theo-
rem 5.6, it is Morita equivalent to an inclusion with standard distortion. Hence (2) follows
by Corollary 5.5.

(2)=(1): By Theorem 5.1, there exists a finite index connected homogeneous hyper-
finite II; multifactor inclusion A C B with standard distortion. Let Y4 be any faithful
right A-module such that p; = vNdimg(Yp;4,), and let A’ C B’ be the induced Morita
equivalent hyperfinite inclusion. By Corollary 5.5,

a
8 =o' p' Y puDijon
h=1
as desired.
(2)=(3): Setting &; := ZZZI pnDpjop and n; = a;p;, we clearly have

a
& =Y nuDuj.
h=1

(3)=(2): Setting p; := n; /a; gives the desired formula for §;;. [

Corollary 5.9. Suppose A C B is a finite depth finite index connected inclusion of finite
multifactors and trp is the unique Markov trace on B. The distortion § of 4L? Bp is given

by
(07} th(Ph)
% = (trAm))Z( o ) - (-2

Proof. By Corollary 3.22, A C B is extremal, so by Theorem 3.26,

o trB(‘]j))( o )
& d( Bj tea(pi) )

d(trB(q, ) Z(trA(Ph))

By Proposition 5.8 (3),

The result follows. u

5.3. Classification of finite depth connected hyperfinite multifactor inclusions

We now recall Popa’s theorem for finite index finite depth homogeneous connected hyper-
finite II; multifactor inclusions. We provide a proof here and in Appendix B for complete-
ness and convenience of the reader.

Theorem 5.10. Suppose A C B and A C B are two finite index homogeneous connected
hyperfinite 11y multifactor inclusions with isomorphic finite depth standard invariants.
For every isomorphism @o : PAE — J’ACB there exists a (non-unique) *-isomorphism
¢:B — B taking A onto A which induces the original *-isomorphism @e of standard
invariants.
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Proof. By Theorem B.9, there are generating tunnels (A_,),eNn and (g_n)neN. By tun-
nel/tower duality (see Fact B.1),* ¢, induces isomorphisms

o AL, NA—>A,  NA @ :A,NB—>A,NB

for all n € N which are compatible with the inclusions, conditional expectations, and
unique Markov traces. By the generating property, given this fixed generating tunnel, there
is a unique unitary isomorphism

up: L2({J AL, N Bw) = 178 —>L2(U/T/_n mE,tr) ~ 128

which intertwines the right A", N B and /T’ N B actions and the left A_,_,NAand
A a1 N A actions. We conclude that Ad(u,,) is the desired isomorphism. Slnce @ restricts
to the isomorphisms (pn . on the relative commutants of the Jones tunnel, again by tun-

nel/tower duality, ¢ induces the original *x-isomorphism @. on the standard invariant. m

Given two finite index extremal inclusions of finite multifactors A C B and A C B
together with isomorphisms ¢g 4 : Z(A) — Z(A) and ¢o— : Z(B) — Z(B), we say that
@o,+ preserves distortion if

AcB 8AcB

©0,+(P)wo,— (@) —
for all minimal projections p € Z(A) and ¢ € Z(B). Here, we view §4<8 and §ACE o
matrices indexed by minimal projections rather than some enumerations of these projec-
tions.

Corollary 5.11. Suppose A C B and A C B are two finite depth finite index connected
hyperfinite Il;_ multifactor inclusions. For every x-isomorphism of standard invariants @.
PACB 5 PACB \which preserves distortion, there exists a (non-unique) *-isomorphism
¢:B — B taking A onto A which induces the original x-isomorphism @e of standard

invariants.

Proof. Since ¢, preserves distortion, using Theorem 5.6, there exist faithful right modules
Y4 and Y such that:

e vNdimg(Yp) = deimR(?(p(p)) for every minimal projection p € Z(A), and

* the induced Morita equivalent inclusions A’ C B’ and A’ C B’ have the standard distor-
tion, and are thus homogeneous by Theorem 4.16. (Recall that A" := (A°?)’ N B(Y),
Z =Y Xy L?B, B’ := (B®)' N B(Z), and similarly for A, Z, B'.)

8We warn the reader that there are two numbering conventions for the Jones tunnel. If one sets B = A
and A = Ay as we do in the main body of this article, then the box spaces of standard invariant !PAiB
are given by "’,;‘EB = Ay N A, and PASE := A} N A,41, which are anti-isomorphic to A", _, N 4o
and A”, N Ay respectlvely However, in Fact B 1, weset B = By and A = B_;, under which we get that
By N By, is anti-isomorphic to By N B_,. Thus while the first convention is more practical for discussing
the standard invariant, this second convention is more practical for discussing tunnel/tower duality.
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By the first bullet point above, there exists a right A-linear unitary w : Y4 — )7(/,( 4)- By

Lemma 2.28, we have an isomorphism of standard invariants ¢, : ?f/CB/ — ?,A/CB/
given by the following commutative diagram:

o~ PY,Z,Y)e o~ ’ ’
PACB =\ p(,12Bp)e "LV B (128 g)e =y PACB

Lo

-~ = ~ ~ e{P ~,~,~ L] D = A B
PAE = p12B IR p (1125 ). «Es PAH

(2

By the second bullet point above and Theorem 5.10, there exists an isomorphism
¢ (A CcB)> (A cChB)

such that P (¢’)e = ¢.. By (2.18), the isomorphism ?(LZZ;/, LZE(;,, Yor)e fits in the
following commutative diagram:

>~ P Y,Z, . =
PAB = 4 p(,12Bp). LIV (L 12B p)e —Es PACE

on |pard, 25, . |26
- ~ ~ P i;, sV )e D = AcB
PAE = p(;12B 5 LEN P (1128 5, =y PICE

Now since A is the commutant of the right A’-action on 4Y 4 and B is the commutant
of the right B’ action on ¥ X/ LZB%, >~ Zp/, we may invoke Proposition 2.29 with
the roles of A, B. A, B.Y.Z swapped with A’, B, A B.Y.Z to get an isomorphism
¢:(ACB)— (fT C E) such that the following diagram commutes:

o~ PY,Z,Y)e ~ ’ ’
PAE = 4 P(L2Bp) LIV Py L2B p). Ey PACE

lrp- lmm(ﬁ,mg{,,,w. lﬂﬁﬂ;/,ﬁﬁ;/,wo- L‘P(w')-w:
1R o~ ~ P ?,Z,~ . ~ ~ AR
PAE =, p;12B 5 IR P (1125 5)e Es PAE

Finally, by (2.18), the isomorphisms (L2 A,., L2B,.¥,)e and (@) satisfy a commu-
tative square, and we conclude that  (¢)e = @e as desired. |

We now prove Theorem A in two parts.

Theorem 5.12 (Theorem A, Part I). The map A C B +— (PACE, tr%‘aﬂ“’V | z(4)) descends
to a well-defined bijection

Finite depth finite index connected Pairs (P, 7) with P, a finite depth
hyperfinite II; multifactor inclu- indecomposable unitary 2-shaded planar
sions A C B algebra and t a faithful state on &

¢ : By — B, taking A onto A, go: PL S P2suchthat 120 gp 1 = 1!



Distortion for multifactor bimodules and representations of multifusion categories 557

Proof. Well-defined: Suppose A C B and A C B are finite index finite depth connected
hyperfinite II; multifactor inclusions. Let trg and trz denote the unique respective Markov
traces, and denote by 74 and 7 their restrictions to Z(A) and Z(A) respectively.
Suppose there is a *-isomorphism ¢ : B — B taking A onto A. Then ¢ induces an
isomorphism s
Qo 1 PACE . PACE.

Moreover, by uniqueness of the Markov trace, we must have trz op = trp, s0 T70 @, + =
T4 On [P(f_fB = Z(A).

Injective: Now suppose A C B and A C B have isomorphic pairs, i.e., there is a planar
*-algebra isomorphism o
Qe : PACE . pACE
such that 74 o ¢o,+ = 7;. Since the distortions and are determined by 74
and 77 respectively by (1.2), we see the isomorphism ¢e preserves distortion. By Corol-

lary 5.11, there is a x-isomorphism ¢ : B — B which maps A onto A

Surjective: Suppose P, is a finite depth unitary 2-shaded planar algebra and 7 is some
faithful state on $p 4. By Theorem 5.1, there is a finite index homogeneous connected
hyperfinite II; multifactor inclusion A9 C By whose standard invariant is *-isomorphic
to &P.. Taking n; := t(p;)/a;, by Proposition 5.8, there is a finite index connected hyper-
finite II; inclusion A C B with standard invariant *-isomorphic to & with distortion
8ij = n;' Y_p—1 nnDnj. By Proposition 5.8(3) and (1.2), the Markov trace trg on B
restricts to T on Z(A4) = Po,+. |

8ACB 8ZC§

Theorem 5.13 (Theorem A, Part IT). The map A C B — PAE descends to a well-defined
bijection

Finite depth finite index connected Finite depth indecomposable
hyperfinite IT1; multifactor inclusions unitary 2-shaded planar alge-
ACB . \bras P

Morita equivalence ~  Planar *-algebra isomorphism

Proof. Well-defined: Morita equivalent multifactor inclusions have isomorphic standard
invariants by Lemma 2.28.

Injective: Suppose A C B and A C B are two finite depth finite index connected
hyperfinite II; multifactor inclusions with isomorphic standard invariants. By Theorem 5.6
above, both A C B and A C B are Morita equivalent to homogeneous hyperfinite inclu-
sions A’ ¢ B'and A’ C B’ respectively. By Popa’s uniqueness theorem (Theorem 5.10),
there is a x-algebra isomorphism ¢’ : B’ — B’ taking A’ onto A’ and inducing an isomor-
phism ¢ of standard invariants. Thus L2A’, is a Morita equivalence A’ — A’ bimodule
witnessing the Morita equivalence of the inclusions A" C B’ and A" C B'. We get our
desired Morita equivalence by composing Morita equivalences:

(ACB)~(A' CB)~ (A Cc B')~ (AC B).

Surjective: Surjectivity is immediate from the Existence Theorem 5.1. ]
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6. Representations of unitary multifusion categories

For this section, € denotes a unitary multitensor category, and R denotes the hyperfinite
II; factor.

Definition 6.1 ([26, Def. 3.1]). A representation of € is a tensor dagger functor « : € —
Bim(M') for some von Neumann algebra M . Given two representations o : € — Bim(M)
and B : € — Bim(N), a morphism from « to B consists of an N — M bimodule y ®ys
together with a family of unitary natural isomorphisms

{(,bc ) IZM O{(C) - IB(C) |ZN q>}ce‘€

satisfying the following coherence axiom:

® Ry a(c) Rpr a(d)? 2 B(0) By @ Ryr a(d) "8 B(c) Ry (d) Ky @
lid&luﬂ‘,d lﬂf’ ,Rid (6.1)
® Ky a(c ® d) Peed s Blc®d) Ry @

We call such a morphism an isomorphism if x5 @ is an invertible N — M bimodule.

Remark 6.2. As discussed further in [26, §5.4], there are additional structures for rep-
resentations, like bi-involutivity and positivity, when € has the corresponding structure.
In the presence of such structures, one can ask for an additional coherence for repre-
sentations. Since we are only interested in the case € multifusion in this article, by [26,
Thm. Al], it suffices to restrict our attention to representations of unitary multitensor cate-
gories in the absence of any additional structures and coherences.

Definition 6.3. Suppose € is an n x n unitary multitensor category, Irr(€) a set of rep-
resentatives of simple objects of €, and & : € — Bim(R®") is a representation where R
is a finite factor. The modular distortion of « is the function §% : Irr(€) — R~ given by
8%(c) := 8(ra(c)r)-

Since the distortion is multiplicative for finite factor bimodules by (3.2), 6% induces
a grading on €, and thus 6% descends to a groupoid homomorphism §% : U — R~ by
universality.

When € is unitary multifusion, U is finite. Thus all groupoid homomorphisms U —
R factor uniquely through &, similar to Theorem 2.5. Hence we may identify §* with
a groupoid homomorphism §, — R+.

Example 6.4. Suppose « : € — Bim(R®") is a representation with distortion §%. Since
the fundamental group ¥ (R) of the hyperfinite II; factor is R~ [47], for any vector
(A;) € R, there is an invertible Morita equivalence R®" — R®" bimodule ® with A; :=
vNdimg, (p; ) = §(p; D). Since distortion is multiplicative for II; factor bimodules by
(3.2),forall c € €5,

S(piCID Ra(c) X EDpj) = §(p; @)S(a(C'))S(pj CTJ) = )LiS;"j)&j_l.
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Then conjugating o by @ yields a representation Ad(®) o : ¢ > ® K a(c) ¥ & with
distortion given by

5@ = 28825 (6.2)
Indeed, since ® is invertible, by [60, Prop. 3.1] and [65, Thm. 4.7] (see also [5, §4] and
[50, Cor. 3.34]), there is an R®" — R®" bilinear unitary ug : ® Mgen ® — LZR®",
unique up to unique unitary automorphism of ®, such that (®, ug,ug ") exhibits ® as the

unitary spherical dual of ®. Denoting ug by a cap, the tensorator

pAD  pR (@) RPN O Ra(h) XD — dRa(@®b) R
is given by
d «(a®db) P
o
Mj,db(q))oa = = ld‘b X (/’Lg,b © (ida(a) X ue X id(x(b))) X ldcT>
2

P a@)d P abkd) @
Moreover, ® induces a canonical isomorphism (®, ¢) : @ — Ad(P) o « by defining
¢ al) @ @

N
= ide M idg() R uly: DR a(c) > dRa(c) X DK .

@c :

® a(c)

6.1. Existence of representations of unitary multifusion categories

Let € be an n x n unitary multifusion category, let R be a hyperfinite II; factor, and
denote the minimal central projections of R®" by {p1, ..., p,}. It follows directly from
Theorem 5.1 that representations of unitary multifusion categories exist.

Proposition 6.5. Let € be an n x n unitary multifusion category. There exists a represen-
tation o 1 € — Bim(R®").

Proof. We may reduce to the case that n > 2 by replacing € with Mat,(€) if n = 1.
Let le = 17 @ 1~ be a non-trivial 2-shading of €, where a = dim(Ende(17)) > 1,
b = dim(Ende(17)) > 1, and n = a + b. Pick an arbitrary generator X € €1~ (e.g., we
may take X = @celrr(-@%) ¢). By Theorem 5.1, there is a finite index homogeneous con-
nected hyperfinite II; multifactor inclusion 4 = R®* ¢ R® = B such that € (4 L?>Bp) is
equivalent to € (X). The equivalence « : €(X) < €(4 L% Bp) is such a representation. m

Proposition 6.6. Suppose € is an nxn unitary multifusion category and o : '€ — Bim(R®™)
is a representation. For any groupoid homomorphism § : G, — R, there is an invertible
bimodule ® inducing an isomorphism (®, ¢) : a — Ad(®P) o « such that §A4P)°* = §.
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Proof. Since §* and § are groupoid homomorphisms g, — R, so is the ratio §%/§. By
Corollary 3.19, there exists (;) € R, unique up to uniform scaling, such that 67} /8;; =
Aj/A;foralll <i,j <n.Asdiscussed in Example 6.4, there is an invertible RO®" _ ROn

bimodule ® with A; = §(p; ®) for all 1 <i < n. By (6.2), the representation
Ad(®) o : € — Bim(R®")
has distortion § as desired. ]
The next corollary now follows immediately by combining Propositions 6.5 and 6.6.

Corollary 6.7. Suppose € is an n x n unitary multifusion category. For any groupoid
homomorphism § : §, — R™, there is a unitary tensor functor o : '€ — Bim(R®") with
distortion §% = §.

Remark 6.8. The realization result for unitary multifusion categories obtained in Propo-
sition 6.5 appears also in [19, Cor. 3.10]. The proof in [19] follows different ideas and
techniques, namely it is shown that every unitary multifusion category € is equivalent
to the category of special bimodules over a fixed standard C*-Frobenius algebra A4 in
a unitary fusion category, the latter can be realized in Bim(R), and the realization of €
into Bim(R®") is obtained by considering the non-factorial extension of R given by A4,
cf. Theorem 5.1. In [19] it is also shown that every unitary multitensor category, with no
restriction on the cardinality of the set of isomorphism classes of simple objects by [18],
and every rigid C* 2-category with finitely decomposable horizontal units can be realized
as well into Bim(N ®") where N is a II; factor, not necessarily hyperfinite.

6.2. Uniqueness of representations of unitary multifusion categories

In [31, Thm. 2.2], Izumi adapts Popa’s uniqueness theorem for finite depth hyperfinite I1I;
subfactors [57, Cor. 6.11] to prove uniqueness of representations of unitary fusion cate-
gories as endomorphisms of the hyperfinite III; factor. We now adapt Izumi’s proof using
Corollary 5.11 to the setting of representations of an n X n unitary multifusion category
€ into Bim(R®") where R is the hyperfinite II; factor.

Definition 6.9. Suppose € be an n x n unitary multifusion category, A4 is a II; multifactor
with n-dimensional center, & : € — Bim(A) is a representation, and ¢ : A — B is a *-
isomorphism. Consider the B — A bimodule Lsz with right A-action transported via the
isomorphism ¢. The representation induced by ¢ is Ad(L?>B,) o o : € — Bim(B), and
we call L?B,, the isomorphism induced by ¢ from « to Ad(L?B,,) o a. Since §(L*B,,)
is the n x n identity matrix, we see that Ad(LzB¢,) o o and « have the same distortion by
(6.2). Hence an isomorphism induced by a *-algebra isomorphism can never change the
distortion.

Theorem 6.10. Suppose « : € — Bim(A) and B : € — Bim(B) are two representations
with 8% = 8B, where A and B are both hyperfinite type Iy multifactors with n-dimensional
centers. Then there is an isomorphism (®, ¢) from a to B which is induced by a *-algebra
isomorphism ¢ : B — A.
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Proof. Fix an arbitrary generator X € € such that every object of € is isomorphic to a
direct sum of summands of tensor powers of X ® X (e.g., we may take X = P. clrr(e) €)-

Consider the full subcategory € C € whose objects are the tensor powers of X ® X. To
construct an equivalence from « to B, it suffices to construct an equivalence (®, ¢) from
|z to B|g. The result will then follow by idempotent completion.

Define M to be the commutant of the right A-action on «(X), and define N to be
the commutant of the right B-action on B(X). By [60, Prop. 3.1], @(X) is an invertible
M — A bimodule, and B(X) is an invertible N — B bimodule. Since «(X) and 8(X)
are dualizable, we immediately have that A C M and B C N are finite index multifactor
inclusions. Since X generates €, both these inclusions are connected.

Consider the amplification Mat, (€) with generator X1, corresponding to X in the
component €1y, i.e.,

Matz(‘é) = (g g) X2 = (8 )0()

Denote by €(X;2) the abstract standard invariant and & (X12)e the associated unitary
2-shaded planar algebra.

We now construct a distinguished isomorphism between the standard invariants of the
two multifactor inclusions € (4 L2M ps) and €(p L% N y) which passes through €(X1,).
First, observe that amplifying «, 8 gives representations

Mat; () : €(X12) —> Bim(A ® A) and Maty(B) : €(X12) — Bim(B @ B)

whose ++ corners may be identified with o and f respectively. Moreover, §M22(@) —
§Ma2(B) by construction. We now compose these representations with Ad(L2A4 & «(X))
and Ad(L?B @ B(X)) respectively to get representations & : €(X12) — Bim(4 & M)
and § : €(X12) — Bim(B & N). That is,

&,(a b) ,:( a(a) ab) By aXy )e Bimid & M)
¢ d ma(X) Wy ale) pmo(X) Xy a(d) Rga(X)y

and similarly for B. Since §% = §# and §M22(®) = §Ma2(B) e also have §% = §F . Observe
now that &(X) = 4a(X) Ry a(X)y which is canonically isomorphic to 4L2M ys by
[60, Prop. 3.1]; similarly, 5 (X) = pL?N y. We thus have the following zig-zag of iso-
morphisms of standard invariants:

CULEM ) < €(X1a) B € L2N y).

Inverting & on its essential image € (4 L?M j7) and passing to planar algebras gives us
a distinguished isomorphism @, : PAM — PEN which preserves distortion. Since
@e came from a zig-zag of isomorphisms, we have ¢, 1+ (G(f)) = ,6~ (f) for every f €
P (X )n,+. Looking at the principal even part, we have @, 4+ (x(f)) = B(f) forall f €

Endg((X ® X)®").
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By Corollary 5.11, there is a x-isomorphism ¢ : M — N taking A onto B which
induces the above isomorphism of standard invariants LAM =~ PBCN _Since the func-
tor from the 1-groupoid of inclusions to the 1-groupoid of standard invariants factors
through the 2-groupoid of standard bimodules as in (2.13), the invertible 1-morphism
(L?By,L?N 4, Yy) : aL?N y — g L*M s produces the isomorphism of standard invari-
ants @ by the ‘encircling’ action. Here, the isomorphism v, : gL?B, K4 L>M py —
BL?*N Ky L2N¢ is asin (2.17).

In more detail, denote the four von Neumann algebras A, B, M, N by the shaded
regions

=4, =M, =8. =N
and the standard and Morita equivalence bimodules by
— 72 _ 72 2 _ 2
=aL"Mpy, .—BL Ny, ’ = BL " By(a), l = NL Nyu)-
We denote the conjugate bimodules by the horizontal reflection, and the restriction to A, A

respectively by changing the shading. We abbreviate the isomorphisms v/, ¥y, Vgs W_«J*
by 4-valent vertices:

Oy a(X @ X) 4 — g B(X @ X)RpDy.
S—— S———

AL*M 4 BL?Np
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For n > 2, we define ¢, = ¢y g x)en by concatenating n copies of ¢ along the blue string,
e.g.,

¢3 = L3P Ry a((X ® X)®%) 4 = pA((X @ X)®%) Rp dy.

Now since (X ® X)® ® (X ® X)®" = (X ® X)®*+" suppressing associators, the
coherence axiom (6.1) automatically holds. Naturality immediately follows by the reca-
bling relations (2.14). [

We now prove Theorem B in two parts.

Theorem 6.11 (Theorem B, Part I). Let R be either the hyperfinite 111 or Il factor. The
map o — §% descends to a bijection

{Representations a:€C— Bim(R@”)}
Iso (®, ¢) induced by ¢ € Aut(R®")

=~ {Groupoid homomorphsims § : §, — R~¢}.

Proof. Well-defined: As discussed in Definition 6.9 above, isomorphisms induced by -
algebra isomorphisms must preserve the distortion.

Injective: This follows immediately from Theorem 6.10.

Surjective: This follows immediately from Corollary 6.7. ]

Theorem 6.12 (Theorem B, Part II). Let R be either the hyperfinite 111 or Il factor.
Suppose o, B : € — Bim(R®") are two arbitrary representations. Then there is an iso-
morphism (®, ¢) from a to B.

Proof. First, since R and B({?) ® R are Morita equivalent, Bim(R®") and Bim((B({?) ®
R)®") are equivalent. Hence we may assume A and B are both II; multifactors. Second,
by Proposition 6.6, by conjugating o and § by appropriate invertible A — A and B — B
bimodules respectively, we may assume that 8% = §#. The result now follows by Theo-
rem 6.10. ]

A. Commuting squares of finite index finite multifactors

Consider a quadrilateral of unital finite index inclusions of finite multifactors

N Cc M
U U (A.1)
Q0 cCc P

together with a faithful tracial state tr on M. Let E 11\‘,’1 M — N, E },‘,’I M — P, and
E g : M — Q be the canonical trace-preserving conditional expectations, where N and
P are considered as subalgebras of M.
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Definition A.1. The quadrilateral (A.1) is called a commuting square if
ENEY =EYEN =E}.

A.1. Nondegeneracy

Recall that by [20, Thm. 3.6.4 ()], given a finite index inclusion of finite multifactors
N C M together with a faithful normal trace tr on M and the unique trace-preserving
conditional expectation, there exists a (finite) Pimsner—Popa basis for M over N.

Lemma A.2 (cf. [55, Prop. in §1.1.5]). For a commuting square of finite index inclusions
of finite multifactors (A.1) the following are equivalent:

(N1) Every Pimsner—Popa basis for P over Q is also a Pimsner—Popa basis for M
over N.

(N2) Every Pimsner—Popa basis for N over Q is also a Pimsner—Popa basis for M
over P.

(N3) There is a Pimsner—Popa basis for P over Q which is a Pimsner—Popa basis for
M over N.

(N4) There is a Pimsner—Popa basis for N over Q which is a Pimsner—Popa basis for
M over P.

(N5) M = span PN.
(N6) M = span NP.
Proof. Clearly (N1)=(N3)=(N5) and (N2)=-(N4)=-(N6), and obviously (N5)< (N6).

(N5)=(N1): Suppose {b} is a Pimsner—Popa basis for P over Q, and let x € M. Since
M = span PN, we can write x = Y ;_; p;n;. We then calculate

Y bEN(D*x) =) BEN(b*pini) =Y Y bEN(b*pin;
b

b i=l1 b i=1
n n
=>"N bEg®*piyni = Y pini = x.
i=1 b i=1
(N6)=(N2): This follows by an argument similar to the above swapping the roles of
Pand N. u

Definition A.3 (cf. [55, §1.1.5]). A commuting square of finite index finite multifactors
(A.1) is called nondegenerate if the equivalent conditions of Lemma A.2 hold.

Lemma A .4 (cf. [54, Proof of Lem. 6.1]). Suppose we have a commuting square of finite
index inclusions of finite multifactors as in (A.1) above such that N C (M, tr) is Markov
with index d?. In this setting, nondegeneracy of (A.1) is equivalent to

(N7) The inclusion Q C (P,tr|p) is also Markov with index d*.
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Proof. The canonical map (P, Q) = PeSP — (M, N) = Me¥ M by aeSb > aeM b
is a well-defined (possibly non-unital) *-homomorphism by the commuting square con-
dition. This homomorphism preserves the canonical commutant trace on (P, Q) given by
aegb > tr(ab). Hence the inclusion Q C (P, tr|p) is always Markov. However, it may
be the case that the Markov index of Q C (P, tr|p) is strictly less than d2. The image of
1 € (P, Q) in (M, N) under the canonical map is an orthogonal projection in (M, N'). We
see that this projection is equal to 1 € (M, N) if and only if (N3) holds. But we also have
that this projection is equal to 1 € (M, N) if and only if the Markov index of Q C (P,tr|p)
is equal to d2. The result follows. ]

Facts A.5. We have the following facts concerning commuting squares.

* (Basic construction of commuting squares cf. [54] and [55, §1.1.6]) Suppose we have
a nondegenerate commuting square of finite index finite multifactors as in (A.1),
equipped with the unique Markov trace tras for the inclusion N C M. Consider the
basic construction commuting square

M C (M,N)
U U (A.2)
P C (P,Q)

with the canonical Markov trace tr(y, 5y on (M, N) where the inclusion (P, Q) —
(M, N) is given by the canonical map

aegb > aeMb.

By nondegeneracy, there is a Pimsner—Popa basis for P over O which is also a
Pimsner—Popa basis for M over N, which implies the inclusion (P, Q) — (M, N)
is unital. Viewing all algebras as subalgebras of (M, N) thus identifies e 5 with e% .
Thus (P, Q) = span Pe%P, SO

span M (P, Q) = spanMPe%P = spanMe%NP = spanMe%M = (M,N),

and the commuting square (A.2) is also nondegenerate by (N6).

If in addition all the algebras in (A.1) are finite-dimensional, then the Bratteli diagram
for (P, Q) < (M, N) is the same as the Bratteli diagram for the inclusion Q C N by
[54, Lem. 6.1] or [36, Lem. 5.3.3].

e (Composite commuting squares cf. [55, Cor. in §1.1.5]) A composite of two commut-
ing squares of finite index finite multifactors
T ¢ 9 ¢ M
U U U
S ¢ P C N

is again a commuting square. The composite square is nondegenerate if and only if the
two component commuting squares are nondegenerate.
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A.2. Nondegenerate commuting squares from unitary multifusion categories

In this section, we study some nondegenerate commuting squares which arise from a
unitary multifusion category €. The results in this section are technical lemmas used in
the proof of Theorem 5.1.

Definition A.6. For ¢ € €, we denote by 1) and 1) are the source and target sum-
mands of 1¢ for ¢ € €, i.e., the minimal subobjects of 1 such that ¢ = I5) ® ¢ ® 14(c).

Assumption A.7. Fix objects a, b, ¢ € €. Suppose there is a unitary dual functor v on €
such that

* evioevy=A4id; , and coev. o coevy = p.id; () for some positive scalars A4, o, and

s(a)
* there is a faithful spherical state ¥ on Ende (1) satisfying i o tr/ = v o try on hom
categories of €.

Under the above assumptions, we have a commuting square of finite-dimensional von

Neumann algebras
:
a''b a

Ende(a®b) C Ende(a®b®c)
b

c

Q

U U 1 (A3)

1
Ende (b) C Ende (b ® ¢)
b p'lec

where we equip Ende(a¢ ® b ® ¢) with the faithful trace tr := ¢ o tr) = v o tr}. The
canonical trace-preserving conditional expectations are given by the partial trace on the
left/right and dividing by A4, p. respectively, which obviously commute.

a a

Lemma A.8. Suppose that the set of isomorphism classes of simple summands of b and
b ®c ®cY agree. Then the commuting square (A.3) is nondegenerate. Moreover, the
basic construction commuting square is given by

Ende(a ® b ®c¢) C Ende(@a®b®c®cY)
U U (A4)
Ende (b ® ¢) C Ende( @ c ® ¢V)

A similar statement holds if the set of isomorphism classes of simple summands of a¥ &
a ® b and b agree.

Proof. We prove (A.3) is nondegenerate under the condition (N3), and the second is simi-
lar. Let S be a set of representatives for the common set of isomorphism classes of simple
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summands of b and b ® ¢ ® ¢. For each s € 8, pick a basis {vs} of €(s > b ® ¢ ® ¢V)
consisting of isometries with orthogonal ranges so that

idpgegey = szs ovy and vjovy=1idy VseS.
SES Vs
For every s € §, pick a single isometry wy € €(s — b) so that
idpgegey = ZZUS ovy = ZZI)S ow; owsov;.
SES Vs SES Vs

Now using isotopy, for each s € § and isometry basis element vy, we set

b c

(A.5)

where [ := pi -idp ® (coev, o coevy), which immediately implies the inclusion

% (idp ® (coeve ocoevy))

Ende(b) C Ende(h ®¢) " C Ende(b ® ¢ ® ¢)
is standard, i.e., a Jones basic construction by [36, Lem. 5.3.1, Cor. 5.3.2]. The only inter-
esting part in checking the hypotheses for this recognition lemma is checking Ende (b ®
¢ ® ¢Y)is generated by Ende (b ® ¢) and f, which follows from (A.5) using the following
graphical argument:

JEFD3D3

=3
Pe S,LES Us, Ut
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Under this identification with the Jones basic construction, L cg{us} forms a Pimsner—

Popa basis for Ende (b ® ¢) over Ende (b). By tensoring with a on the left, we immedi-
ately get

idgv@agbec = =

It follows that

% idy @b ®(coeveocoevy)

Ende(a ® b) C Ende(a ® b ®c) " C Ende(@®b®c ®cY)

is standard and Lles{id; ® us} is a Pimsner—Popa basis for Ende(a ® b ® ¢) over
Ende(a ® b). Hence (N3) holds, and (A.3) is nondegenerate. It is immediate that (A.4) is
the basic construction commuting square. ]

Example A.9. Suppose € has chosen generator X and is equipped with the standard uni-
tary dual functor with respect to X. By (A) in the proof of Theorem 5.1, there is a spherical
state ¥ on Ende (1) such that ¢ o try = ¢ o tr)y. Taking a = X3®2n—1 p = X al®@2%k+/
¢ = X or X depending on parity of j, and reflecting about the y-axis, Lemma A.8 tells
us there is a k € N such that for every n € N and j > 0, the commuting squares

Ende (Xalt®2k+2n+j+1) O  Ende (Xalt®2k+2n+j) ») Ende(Xalt®2k+2n+j_l)
U U U

Ende (Yalt®2k+j+2) O  Ende (Ya1t®2k+j+l) ») Ende ()?alt®2k+j)

are nondegenerate, and the left commuting square is the basic construction commuting
square of the right commuting square. A similar result holds for the other 3 types of
composite commuting squares from the lattice (5.6).

Lemma A.10. Under Assumption A.7, consider the commuting square

Ende(¢ ® ) C Ende(ad¥ ®a ® b)
U U
Ende (a) C  Ende(@Y ® a).

The subalgebra
(Ende(a” ® a®)idp)’ N (idyv ® Ende(a ® b)) C Ende(a¥ ® a ® b)
is exactly idgvgq ® Ende (D).

Proof. Observe that the projection

1\

1
eq 1= . = —-(evioev,) ®idp € Ende(¢” ® a) ® idp

e N
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is an orthogonal projection. Suppose that x € Ende (a ® b) such that
id;v ® x € (Ende (¢ ® a) ® idp)’ N (idyv ® Ende(a ® b)).

Then since e, € Ende(¢¥ ® a) ® idp, id,v ® x and e, commute. Hence

1 .
E . [ €id, ®Ende(c).

4
1
1
A
4
1
1
A

The result follows. |
Corollary A.11. Under the hypotheses of Lemma A.10, for the commuting square
Ende (aalt®2k ® b) C  Ende (av ® aah®2k ® b)
U U
Ende (aalt®2k) C Ende (Clv ® aalt®2k)’
(Ende (@V ® a™'®%%) ® idy)' N (idgv ® Ende (a™'®2% @ b)) = id,vggue2x ® Ende(b).

Proof. The proof follows from Lemma A.10 by a simple induction argument. ]

A.3. Inductive limits of nondegenerate commuting squares

For this section, we fix a nondegenerate commuting square of finite-dimensional von Neu-
mann algebras

My, C M,
U u (A.6)
No C N;

such that the inclusion My C (M1, try) is Markov with index d 2, By Lemma A.4 above,
No C (Ny, try |n,) is also Markov with index d2. Iterating the basic construction, we
get an increasing sequence of nondegenerate commuting squares. Define M, := l_u_)n M,,
Noo := lim Ny, and tro, := limtr, on M. Notice that tro, is faithful on M, since try, is
faithful on M,, for all n by nondegeneracy.

It is straightforward to verify that M, acts on H := L?(Me, trs,) by bounded opera-
tors, where ||x*x || gy < [|[x*x||p, forx € M. Let M := M/, C B(H)and N := N/, C
B(H). Define tr on M by tr(x) := (xQ2, Q) where Q € H is the image of | € M.

Lemma A.12. The normal state tr on M is a faithful trace.
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Proof. Traciality follows by normality of tr, SOT density of M, in M, and the Kaplansky
density theorem. To show tr is faithful, we use the proof in [39, §6.2], which we include
for completeness and convenience.

Suppose tr(x*x) = 0. Then for all m € My,

IxmQ3 = [xRm Q135 = I1Rmx Q13 < [Rml? X213 = | Rm||” tr(x*x) = 0

where for a,m € Moo, Rya$2 =am<2 is the bounded right action as tre, is a trace on M.
We conclude x = 0. [

We thus have an increasing sequence of finite-dimensional nondegenerate commut-
ing squares with an inductive limit inclusion of finite von Neumann algebras with the
canonical inductive limit faithful normal tracial state tr on M. Notice that at each itera-
tion, identifying N, 41 with a subalgebra of M, 4 identifies the Jones projection f; for
N,—1 C N, with the Jones projection e, for M,, C M,_;.

el e e3

My Cc My C M, C M3 C --- C M

U U U U U (A7)
el [} es

N Cc Ny C N, C N3 C --- C N

Lemma A.13. The finite von Neumann algebras M and N are finite direct sums of 11;
factors with Z(M) = Z(My) N Z(M1) and Z(N) = Z(Ny) N Z(Ny).

Proof. We prove the result for M and the result for N is similar. The Bratteli diagram for
the inclusion My C M; is a disjoint union of dim(Z(My) N Z(M;)) connected graphs.
Denote the minimal projections of Z(My) N Z(M7) by {p}. Then the Bratteli diagram
of each inclusion pMy C pM; is connected with Markov trace x — trj(px)/ tr1(p).
Iterating the basic construction, we have M, = € pM,, for all n, and the von Neu-
mann algebra generated by h_n)l pM,, in the GNS representation with respect to the unique
Markov trace is clearly isomorphic to pM, as multiplication by p is SOT continuous.
We know that each pM is a II; factor as the unique trace is faithful by an argument
similar to Lemma A.12. Thus M = P, pM is a finite direct sum of II; factors with
Z(M) = span{p} = Z(My) N Z(M,). ]

Proposition A.14. The Watatani index of the inductive limit hyperfinite type 11; inclusion
N C M from (A7) is equal to the Watatani index )_, bb* of the inclusion No C M,
where {b} is any (left) Pimsner—Popa basis for My over Nj.

Proof. The proof is identical to [36, Cor. 5.7.4]. By nondegeneracy and Facts A.5, there is
a Pimsner—Popa basis {b} for M, over Ny which is also a Pimsner—Popa basis for M,, over
N,, for every n. This means for every x € | J,~o Mn, we have x = ) ", bEy(b*x). This
equation clearly varies ultraweakly continuougly in x, and thus {b} is a right Pimsner—
Popa basis for M over N. We conclude that the Watatani index of N C M is equal to
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Remark A.15. If the commuting square (A.1) is nondegenerate and horizontally con-
nected, i.e., Z(My) N Z(M,) = C and Z(Nyg) N Z(N1) = C, then N C M is a II;
subfactor whose Jones index [M : N] is equal to the Watatani index ), bb*, which by
[36, Lem. 5.3.3] or [54, Cor. 6.2], is necessarily equal to || T'7 || where T is the bipartite
adjacency matrix for the Bratteli diagram of the inclusion Ny C M.

B. Popa’s theorem for homogeneous connected finite depth
hyperfinite II; multifactor inclusions

In this section, for completeness and convenience of the reader, we give a proof of Popa’s
theorem that a homogeneous finite index finite depth connected hyperfinite II; multifac-
tor inclusion is completely determined by its standard invariant. We adapt the proof for
subfactors from [54].

Suppose A C (B, trg) is a finite index connected II; multifactor inclusion with its
unique Markov trace. As in Definition 2.18, A C (B, trp) is strongly Markov.

Fact B.1 (Tunnel-tower duality cf. [55, §1.3.2]). Suppose B_; = A C B = By is a homo-
geneous connected II; multifactor inclusion of index d2. Consider the Jones tower of
length n together with any Jones tunnel of length n:

B,C---CB_{CByCB, C--CB,.

Identifying the tower with the multistep basic construction from Facts 2.20 on L?(By, trg),
we have that B, = (JB—,J) for all n > 0, and conjugation by J = Jy moves the Jones
projections as Je_, J = e, as in [54, §3.2]. In particular, we have conjugation by J is an
anti-isomorphism between the centralizer algebras:
B',NBy =~ J(B_,NBy)J =JB_,J NJByJ = B, N By.
anfti

Lemma B.2 (cf. [7, Lem. 4.5]). Suppose A C B is finite index with standard invariant
(€, X). Suppose p € A’ N B is a minimal projection. Then the standard invariant of the
reduced subfactor pA C pBp is equivalent to some 2 x 2 unitary multifusion category
generated by a single simple object of €.

Proof. Let p; € Z(A) be the minimal projection such that pp; = p, and let ¢; € Z(B)
be the minimal projection such that pg; = p. Consider the bimodules 4, pL?B; B, and
paL*(pBp)ypp. Their dual Q-systems are isomorphic. Indeed, since pBp = pB; p and
pA = pA;, observe that

pBpL?(PBp) Wap L*(PBP)pBp = pppL?(pBj ) Bpa; L*(pB; p)psp
= ,ppL>B Kp, L>B;p Rp4, pL>B; Rp, L*Bp,p)
= ,pppL*B R, L?B;p Ry, pL*>B; Rp, L*Bp,p)
and ,p, pL*Bjp; is an invertible bimodule. We conclude that the standard invariant of

pA C pBp is equivalent to the 2 x 2 unitary multifusion subcategory of € generated by
the simple object 4, pL>B; g, € €;;. "
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Corollary B.3 (cf. [54, Thm. 3.8]). Suppose A C B is finite index and finite depth with
standard invariant (€, X). Define M := max{dim(c)? | ¢ € Irr(€)} < .

(1) If (An)neN is the Jones tower of A9 = A C B = Ay, then for every n € N and
any minimal projection p € Ay N Ap, we have [pA,p : pAo] < M.

(2) If moreover A C B is homogeneous, then for any homogeneous tunnel (A_,)yeN,
Sforany n>0 and any minimal projection pe A, N\ B, we have [pBp : pA_,] <M.

Proof. By tunnel-tower duality from Fact B.1, it suffices to prove the first statement. This
is immediate by Lemma B.2. ]

Lemma B.4 (cf. [54, Thm. 4.3]). Suppose A C B has finite depth. There is a A > 0
such that for any homogeneous tunnel (A—p)nen, we have E4_ 4, n)(X) > Ax for all
x€ Bt neN.

Proof. The proof of [54, Thm. 4.3] applies verbatim with Corollary B.3 in place of
[54, Thm. 3.8]. (The proof of [54, Lem. 4.2] also applies verbatim when M is a II; multi-
factor.) u

Lemma B.5 (cf. [54, Lem. 4.4]). Suppose A C B is hyperfinite. Suppose we have a choice
of finite homogeneous tunnel (A—n)£=1' For any ¢ > 0 and any finite set F C A_; Vv
(A’_j N B), there is a k > j and a homogeneous continuation of the tunnel (A_n)l;:l
such that f € A", N B forall f € F.

Proof. Since A" ;N Bc A « N B whenever k > j, it suffices to consider the case where
F C A_j.

Fix an isomorphism A_; =~ R®¢ for ¢ € {a,b}, and consider the diagonal embedding
t: R R® >~ A4_; Letz,...,z. be the minimal central projections in A—_;. Then every
x € A_j can be uniquely expressed in the form x = Y 7 _, ¢(x;)z; for some x,...,x. € R.
Sinceeachz; € A" N B whenever k > j, it suffices to consider the case where F' C ((R).

The proof now proceeds as in [54, Lem. 4.4]. View R as generated by a sequence
(ei)$2, of Jones projections with A the Markov index of A C B. Given ¢ > 0 and a finite
subset F C ((R), thereis N € N such that F C, Alg{1,t(e1),...,t(en—1)}.

Let (AQ,%),{:;VH be any homogeneous continuation of the tunnel and let (e(_o,z _H),{ :,]'V+1
be the corresponding Jones projections, which have constant center-valued trace by homo-
geneity. There exists a Z(A—;)-valued trace-preserving isomorphism between the finite-
dimensional algebras Alg{1,t(e1),...,t(exn—1)} and Alg{l, e(fol).fl, e ’e(—o}—N+1}- Thus
there exists a unitary u € A_; such that ((e;) = ue_O}_iu* for each i. Setting A_,, :=
uA(_OZM* for j + 1 <n < j 4+ N gives a homogeneous continuation of the tunnel with
the desired property. ]

Corollary B.6 (cf. [54, Cor. 4.5]). Suppose A C B has finite depth and is hyperfinite.
There is a choice of homogeneous tunnel (A—_p)peN such that C := (| A_,, N B)” has
finite (Pimsner—Popa) index in B.
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Proof. The proof of [54, Cor. 4.5] with Lemma B.4 in place of [54, Thm. 4.3] and Lemma
B.5 in place of [54, Lem. 4.4] applies verbatim, up to the final sentence. We obtain that
there isa A > 0 such that

|Ec@)|3 = Alxl3 vxe BT (B.1)

Observe now that by construction, Z(C) = Z(B), so C C B is a finite direct sum of II;
subfactors. Now each of these component II; subfactors satisfies (B.1), and thus each has
Jones index at most A~! by [51, Thm. 2.2]. We conclude that Ec : B — C has finite
Pimsner—Popa index. ]

The following lemma is well known to experts. We include a proof for the reader’s
convenience.

Lemma B.7. Suppose C is a von Neumann algebra with a faithful normal tracial state tr,
and (Cy)n>0 is an increasing sequence of unital x-subalgebras whose union is strongly
dense in C. Let E, : C — C, be the unique trace-preserving conditional expectation.
Then forall x € C, ||xQ — Ep(x)2||2 = 0asn — oo.

Proof. Fix x € C, and consider the unital *-subalgebra C° := | J,.,Cn C C. Let X
be the || - [|co-closed ball of C of radius ||x| . Recall from [39, Pr(;p. 9.1.1] that X is
a complete metric space in || - ||z, and the | - || topology on X agrees with the strong
operator topology. Fix & > 0, and let B.(x) denote the open ball of radius ¢ in || - ||2
about x. Pick an open neighborhood U C C for the strong operator topology such that
UNX =B.(x)NX.

By the Kaplansky density theorem, thereisan y € C° N X with y € B.(x).Let N e N
such that y € Cy. Then since E, (x) € C, is the unique element in C,, closest to x in || - ||,
foralln > N, |xQ — E, ()22 < [|xQ — yQ2|2 < e. |

Proposition B.8. Suppose A C B has finite depth and (A—y)neN is a homogeneous tun-
nel for A C B such that C := (U AL, N B)” has finite Pimsner—Popa index in B as in
Corollary B.6.
(1) For everyn > k € N, the following are commuting squares when equipped with
the Markov trace-preserving conditional expectations:

A_,NB C C C B
U U U (B.2)
A/—n NA_xy C CNA_x C A_k.

(2) For n sufficiently large, there is a Pimsner—Popa basis for A, N B over A", N
A_y which is also a Pimsner—Popa basis for both C over C N A_y and for B
over A_y.

(3) There is a Pimsner—Popa basis for C over C N A_y which is also a Pimsner—Popa
basis for B over A_y.
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Proof. (1) By [53, Lem. 1.2.2], for every inclusion of von Neumann algebras N C M C
P with P type II; with a faithful normal trace, the unique trace-preserving conditional
expectations Eynp and Ep commute. Hence Ey np and E4_, commute whenever
n > k. This means the large composite square commutes.
Observe
Eg,np = Eg g0 Ec (B.3)

by uniqueness of the trace-preserving conditional expectation. By Lemma B.7, for every
X € B,

HEC(X)Q - EA’_]_QB(X)QHZ = ”Ec(x)Q — E,g_ij(EC(X))Q”z Jj—>00 0

Since EALJ_QB and £4_, commute for all j > k, Ec and E4_, commute, so the square
on the right of (B.2) commutes.

Now since EAC’_,, AB
on the right of (B.2) commutes, the square on the left of (B.2) commutes.

(2) Since A_x C B = Ay has finite depth, we can choose n large so that both

= E4 ,nplc by (B.3) and EgmA_k = E4_,|c since the square

f f
A_p CAg CAr and A ,NA_, C A ,NAyC A, NA

are multi-step basic constructions as in Facts 2.20 with the same Jones projection f.
Hence there is a finite subset {b} C A", N A such that } , bfb* = 14 4, = l4,.
Then for all x € B = Ag, we have x = ), bE4 , (b*x). Since E4_, and Ec commute
by statement (1), we see that r = >, bEf_kmC (b*r) for all r € C. Hence {b} is the
desired Pimsner—Popa basis.

(3) Observe that every inclusion in the commuting square of finite multifactors on
the right of (B.2) has finite index. Indeed, C C B was assumed to have finite index, and
A_g C B has finite index as a composite of finite index submultifactors in the Jones tunnel.
By statement (2), we see C N A_; C C has the same (finite) Watatani index as A_; C B.
We conclude that C N A_; C B has finite index.

The result now follows immediately by statement (2) and Lemma A.2. ]

Theorem B.9 (cf. [54, Thm. 4.9]). Suppose A C B is a homogeneous connected hyper-
finite 11 multifactor inclusion with finite depth. There is a choice of homogeneous tunnel
(A—p)nen such that B = ((JA_, N B) and A = ((J AL, N A)".

Proof. Suppose for contradiction that there is no such choice of generating homogeneous
tunnel. By Corollary B.6, we can pick a homogeneous tunnel (A_,),en for A C B such
that C := (|J A_, N B)” has finite Pimsner-Popa index in B. Then by [54, Cor. 4.8],
which apply verbatim to the multifactor setting, there exist a free ultrafilter v on N, an
x € B® with ||x||2 = 1, and an increasing sequence (k;) C N such that

x L (];[A_kj)cw(];[/l_kj).
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We now proceed exactly as in the proof of [54, Thm. 4.9]. For each k € N, we use 3
of Proposition B.8 to pick a Pimsner—Popa basis {blk }f"=1 for A_j over C N A_; which is
also a Pimsner—Popa basis for B over C.

We may arrange so that £; = £ is independent of k € N. Indeed, the Watatani indices
of C N A_y C A_r and C C B are both given by

Ln

Y bEBN* € Z(A) N Z(B) = C,

i=1
i.e., they are both the same scalar d2. Since Z(C) = Z(B) and Z(C N A_y) = Z(A_y),
both of the inclusions C N A_p C A_; and C C B are finite direct sums of II; subfactors
with the same Jones index. Hence each Pimsner—Popa basis {blk } for A_ over C N Ay
can be chosen to have cardinality [d?] by [51].

Thus for each n € N, Zf=1 b'C = B. Setting b; := (bfj) € [1, A—;» we have

Zle biC® = B®.But B > x L Zle biC® € ([, A-k;)C*, a contradiction. L]

C. Ocneanu compactness

We now prove a more general version of the Ocneanu compactness theorem than that
which appears in the literature. Here, we adapt the proof that appears in [36, Thm. 5.7.1]
to apply to a more general class of commuting squares. This result was certainly known
to Asaeda—Haagerup [2], Schou [62], and Popa [54] among other experts.

Theorem C.1 (Ocneanu compactness). Suppose we have a nondegenerate commuting
square of finite-dimensional von Neumann algebras as in (A.6) such that the inclusion
My C (Mq,try) is Markov. Let N C M be the inductive limit hyperfinite type 11; inclusion.
Then the relative commutant N' N M is equal to N| N My considered inside M.

Proof. The outline of the proof follows [36, Thm. 5.7.1] closely. We postpone our modi-
fied proofs of the technical lemmas, which appear below.

(A) The same argument from [36, Thm. 5.7.1] shows that forall 1 < p < ¢, Né N
M, = N{ N My. This immediately implies that N N My C N' N M.

(B) Let E, : M — M, be the canonical trace-preserving conditional expectation,
and let Q be the image of 1y in LZM. Let x € M and set x,, = E,(x). By
Lemma B.7, |xQ2 — x, Q|| = 0asn — oo.

(C) Starting with an x € N’ N M, we want to show that the sequence (x;),>0 from
(B) is getting arbitrarily close to the finite-dimensional subspace N N My in
| - ll2. We could then conclude by (B) that x € N N M. We break this step up
as follows.

(i)  For k > 0, we have a map @y : N; N My — N; N My, which sends
N]f N My, to N;+20Mk+2 and N;ﬂNk to NJ(HﬂNkH forall0<j <k.



(ii)

(iii)

(iv)

)

(vi)
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We define this map explicitly in Definition C.2 below, and we prove many
properties about it in Proposition C.3. Of particular importance are:

e each @y is a x-algebra map, and

» forally € NgN My, O (En, (¥)) = Eng,, (Pr(1)).

In general, the maps ®,, do not preserve the Markov trace, and thus the ®,,
are not isometries on (Nj N M,)Q. However, ®, gets closer to being an
isometry as n — oo. Indeed, for n € N, we consider the composites W, :=
®,_10---0 ® o ®g which map N]f N M, — N2’n+j N My, 44 for all
0 < j <k.By(i), ¥, maps the subalgebra Njf N N — N2/n+j N Noptk-
Now setting j =k = 0, ¥, maps Z(No) = Ny N Ng to Z(N2,) = N3, N
N>, , which is a canonically isomorphic algebra as Ny is Morita equivalent
to N,, via N, and the multistep basic construction (see Facts 2.20). Thus
starting with the trace tp = tro on Z(Ny), we obtain a sequence of traces
on Z(Ny) by setting t, = trp, o¥,. We show that each 7, on Z(Ny) is
faithful, and that (z,),>¢ converges to a faithful trace 7o, on Z(Ny). We
prove this result in Proposition C.7 below in the language of densities with
respect to the trace trg on Z(Nj).

Now since all faithful traces on a finite-dimensional algebra are compara-
ble, for every n € N, there is a C;, > 0 such that Cn_1 tro < 1, < C, trg on
Z(No) = N§j N Ny. Since {1, | n € N} U {100} is compact by (ii), there is
a C > 0 independent of n such that C ' trg < 1, < Ctrp foralln € N.

Forall y € Ny N Mo,

|2 (1), = tran (Y (¥)* Wa(y)) = tr2n (Y (™))

= 20 (Ena, (Y (7" 9))) = tran (Un (Ewe 07 1)))
= 1 (En,(y*)).
Thus for all n € N and all y € Nj N Mo, by (iii) we have
CyQlz < ¥ (2], = ClyQ2.

It is a simple algebraic calculation that x, € N, N M, C Ny N M, for all
n > 0. We use the notation H, = (N,, N M,)<2 for this finite-dimensional
Hilbert space, and we see from (A) that for alln € N,

Hy N Hyp1 = (N, " My) N (N, 1y N Mpi1) =N, N My, =N{N M.

Given a Hilbert space X with closed subspaces Y, Z, we can define two
norms on X /(Y N Z) by

€l 1= € + Y.+ Z)] gy, 572 = distE, ¥) + dist(&, 2),
€l = 1§ + Y N Zlx/wnz) = distE. ¥ N 2),.
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When X /(Y N Z) is finite-dimensional, these two norms are equivalent.
Setting X = (NgNM1)Q,Y = Hy= (NN Mp)Qand Z = H; = (N{ N
M,)<2, there is a K > 0 such that for all y € Nj N M;,
dist(y2, Ho N Hy) < K(dist(yQ, Ho) + dist(y 2, Hy)).
In particular, for all y € Hy = N§ N Mo,
dist(y 2, Hy N Hy) < K dist(y2, Hy).

(vii) Finally, we calculate for each x2, = E»,(x) € Ny, N M>,, since W, (Hy)

= Hop+tk,
dist (x2, 92, (N N MO)Q)
= dist(x2,€2, H2p N Hapy1) v)
< Cdist (¥, ' (x22)Q, Ho N Hy) (iv)
< CK dist (¥, (x2,)Q, Hy) (vi)
< C2K dist(x2,Q, Han11) (iv)
< C2K dist(x2, 2, X2n412) (v)
— 0asn — oo. B)
This completes the outline of the proof. ]

The rest of the appendix consists of the technical details of the above proof.

C.1. The maps @,
We now define the maps ®,, which were the main tool for the difficult part of Theorem C.1.

Definition C.2. Let {b} be a Pimsner—Popa basis for N; over Ny. Since the commuting
square (A.1) is horizontally Markov, {b} is also a basis for M; over M. We define ®,, on
N§{ N M, by @,(x) = d2n Y pberer---eppixe, -+ eze1b™ (compare with the formula
in [6, Thm. 2.13]). Note that ®,, on N(; N M, is independent of the choice of basis as in
[41, Rem. 2.30]. Whenever z € Ny N M,

> b®b* > Y bzb*
b b

is well defined, and the left-hand side is independent of the choice of {b}. Since for every
u € U(Ny), {ub} is another Pimsner—Popa basis, we see that ®,(x) € Nj N M, 4.
Proposition C.3. The maps ®, on Ny N My, enjoy the following properties:

(1) Forallx € Ny N Ny, ®,(x) € NN Nyp.

(2) Pply, = O forall0 <k <n.
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(3) @, is a x-algebra map.
(4) Forall0 <k <n,ifx € N, N My, then ®,(x) € N]é+2 N M,is.
(5) Forallx € NyN My, En, ,(Pn(x)) = ®u(En, (x)).

Proof. We prove each statement in order.
(1) Since {b} C Ny,if x € Ny N Ny, then ®,(x) € Ny N Ny .
(2) If x € My, then [x,e;] =0forallk +1 < j <n+ 1. Thus

O, (x) = d*" Zbelez ceeepy1Xey---eye1h*
b
=Jd* Zbelez e lpCkylenlhi1€n - Chy1Xeg -ere1h”
b
= deZbelez---ekaek---ezelb*
b
= CIDk(x).
(3) Forall x,y € Nj N M,, we have
Dy (x) Dy (y)
= Jd* Zaelez ceeepy1Xey---egera*berey---eyy1yen, ---exe b
a,b
=Jd* Zaelez coeepy1Xey - c-exe1 Eng(a*h)eren---eny1yen - exe1b”
a,b
= Jd*" ZaENO(a*b)elez ceelpy1Xey--€ne1€3Cpr1yen--ererh”
a,b
=Jd™ Zbelez---en+1xyen---ezelb*
b
= q)n(xy)-
(4) Suppose x € N/ N M, for 0 < k < n, and suppose y € Ny _,. We calculate
pp k pp y +
\I’n(-x)y = lI;n(x)lek_,_z
= (d2” Zaelez ceeepy1Xen ---ezela*)y
a

x (dzk Zbelez ceeepery1€r --ezelb*)
b

2 k
= d*"O N (aerer - enxention - eria)
a,b

X (epy1---ezera*yberes---epiq)(eg - exe1b™).

Za,b€k+1
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Since egy1 Nit26k+1 = Niregyi, forall a € {a} and b € {b}, there is a z, €
Nk such that (eg4; -+~ exeja*ybeies -+ ex41) = Zgpek+1, as indicated in the
underbrace above. Continuing the above calculation, we obtain

W, (x)y = d>"0 N (aerey - enxentien - exy2) (Zapers) (e - e2e1h”)
a,b

= g2tk Zaelez e epXZgplntien---exerb™. (C.1D
a,b

Starting with y®,,(x), a similar calculation shows
yWh(x) = 1Nk+2y\pn (x)

= ¢2(n+k) Z aeiez - enZg pXepiiep---e2e1b*. (C.2)
a,b

Since each z;, € Ny and x € N,é N M,, (C.1) is equal to (C.2), and we are fin-
ished.

(5) Suppose x € Nj N M,. Since

M, C Mn+2
U U
Ny C Npy2

is a commuting square, Ey,,,(x) = En, (x). Since Ey,, ., is Nyy2 — Ny bilin-
ear, we have

ENpir (Pn(x)) = EN, s (a’z” Zbelez---en+1xen ---ezelb*)
b
=d* Zbelez cenp1En,,(X)ey - -ezeb*
b
=d* Zbele2"'en+1ENn (x)ep ---exe1b*
b

=P, (ENn (x)). ]
C.2. Behavior of the traces 7,

For n € N, we define ¥,, = &, 0--- 0 ®; o ®y. We now observe the behavior of the
sequence of traces 1, := tra, oW, on Z(Ng) = Nj N Ny, with 1o = trop by convention.
The following lemma is a straightforward calculation.

Lemma C4. Forall x € Z(Ny) andn € N,

T (x) = d 2" Z tro (x - Eng (b} Eng (D5 -+ Eng(byyby) -+ b2)by))
by,....b,€B

where B is any Pimsner—Popa basis for N1 over Ny.
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There is a unique k € N such that Z(Ny) 2 C*. For x € Z(Ny), we denote by X the
vector in C¥ corresponding to x. We define:

* A is the bipartite adjacency matrix of the Bratteli diagram for the inclusion Ny C Ny,
i.e.,, A; j is the number of times the i-th simple summand of Ny is contained in the
Jj -th simple summand of Nj.

* A; is the Markov trace column vector for N;, whose j-th entry A; () is the trace of a
minimal projection in the j-th simple summand of N;. This means AAT 1y = d?A,
and AT AL, = d?X,. Observe that since try is a faithful Markov trace for the inclusion
Ny C Nj, the matrices AAT and AT A are both direct sums of primitive symmetric
non-negative integer matrices, all of which have the same Frobenius—Perron eigen-
value d2.

* m; is the dimension (row) vector for N;, i.e., the j-th simple summand of N; is a full
matrix algebra of size m; (j). Notice that m;A; = 1 fori =0, 1.

e A= diag(rrzo(i))f.‘=1 is the diagonal k x k matrix whose (i, i)-th entry is mg(i).

Example C.5. For the A4 inclusion Ny = C & M,(C) C M3(C) & M>(C) = Ny we

have:
|10 _ 1 1 _ 1 ¢
A_[l 1]’ A°_1+2<z!>[¢]’ x1_2+3¢[1],

mo=[1 2]. m=[3 2]. and A=|:1 0].

0 2

Proposition C.6. There is a Pimsner—Popa basis B for Ny over Ny such that for every
x € Z(No), Y_pep Eny(b*xb) € Z(No). Moreover, under the isomorphism Z(Nog) = Ck,
we have

> Eny(b*xb) = AT AAT A

beB
Proof. We use the loop basis for Ny C N, afforded by [41, §3.1 and §3.2]. We label the
edges of A by ¢, with source s(g) an even vertex corresponding to a simple summand of
Ny, and target ¢ (¢) an odd vertex corresponding to a simple summand of N;. We introduce
a new vertex = with edges 7, with each source s(17) = %, and target #(n) an even vertex
corresponding to a simple summand of Ny. The number of edges 1 from x to the i -th even
vertex is equal to mg (i ). We denote by ¢* and n* the edge with the reverse orientation.

We give an explicit basis for Ny by loops of length 2 starting at », where adjoint is

given by the conjugate linear extension of [7; 77;-k * = [n;n7], and multiplication is given by
(071 [mkny] = 8j=k[niny]. We give an explicit basis for Ny by loops of length 4 starting
at », where adjoint is given by the conjugate linear extension of [n; &; e ny1* = [neexe; 0}l
and multiplication is given by

[mEjSZUZ] : [UmSnS;ﬂZ] = 8€=m5k=n[77i8j‘9;7];]~
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The trace tr; on N is given by
try ([niejepng]) = Spimn,Oej=e A (1(e5)),

and the trace trg on Ny is given by tro([n; n]*]) = Op;=y;A0(¢(7;)). The unital inclusion
No C N is given by
(il 32 Imee™nj),
s(e)=t(m)
and the unique trace-preserving conditional expectation is given by

A1(t(gf))
Eny([nicjein;]) = 8¢, = (—)[Uiﬁ*]-
0( JCk"E ) J k AO(S(SJ)) 4
For example, the inclusion Ny = C & M, (C) C M3(C) & M,(C) = N; from Exam-

ple C.5 could be represented in the loop basis as follows:

M3(C) M>(C)
N N
C M>(C)

Now by [41, Prop. 3.22] and [41, Rem. 3.23], a Pimsner—Popa basis for N; over N is
given by B = B; I B, where

A 1/2
B, = {(d)t)l(z;(s_jj)))) n:t(n)zq(ﬂ)[rlswzn*] | s(e1) = s(e2) and (g1) = [(52)},

= A0(‘5‘(82)) 12 * %
b= {(mO(S(SZ))dll(t(gz))) [me1eans] [ s(er) # s(e2) ¢

Here, the sum in B is over 7 such that [ne;e3n*] forms a loop.
Now the minimal central projection in Ny corresponding to the i-th simple summand
isequal to p; =} _,..,)=; [11*]. One calculates that

D Eng(*pib) =) A7 pi,
J

beB;

while (i)
moll
D Em® pib) =) )" mo—(l-/) AijAirjpir-
beB, it oj 0

Hence we have that Y, p En,(b* p;ib) is in Z(Ny) with corresponding vector in Ck
equal to AT'AAT Aé;. Now since every element of Z(Np) is a linear combination of
the p;, the result follows. n
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Equipped with this explicit Pimsner—Popa basis, we are prepared to analyze the traces
7,,. Note that an arbitrary tracial state t on Z(Np) is always of the form t(y) = tro(y - h)
for some positive operator i € Z(Ng) with trg(h) = 1 called the density of t. Let T
be the topological space of traces on Z(Np), and note that we may identify the pointed
topological space (77, tro) with ({h € Z(No) | h > 0 and tr(h) = 1}, 1 z(np))-

We see from Lemma C.4, using the Pimsner—Popa basis B from Proposition C.6, that
the densities i, € Z(Ny) of the 7, are given inductively by

hp=d ™2 Eny(b*hy_1b) foralln € N.
beB

Letting h € C* be the vector corresponding to /i, € Z(Ny), Proposition C.6 tells us that
h =d 2N 1AATAh _1 for all n € N. Since the density /¢ of 79 = trg is 1z(n,), for
alln € N,

hy = d 2" AN (AATY AL (C.3)
where 1 € CF is the vector whose entries are all 1.
Proposition C.7. The traces t, are faithful and converge to a faithful trace to, on Z(Ny).

Proof. The density vector /i, = d 2" A~ (AAT)"AT from (C.3) has strictly positive
entries, and thus 1, is faithful for all . Second, the limit of d 72" A~} (AAT)" Alasn —
oo is well known to be A‘li, where 1 is a suitably normalized Frobenius—Perron eigen-
vector for AAT . Since 11 had all entries strictly positive, X has all entries strictly positive.
(This follows by looking at the direct sum decomposition of AAT into its primitive sym-
metric blocks, all which have the same Frobemus—Perron elgenvalue by the existence of
a Markov trace try on N9 C N;.) Hence the densities h converge to hoo = A~ lk which
gives a faithful trace 75, on Z(Ny). (Note that 7o, is not trg even if A = I, since its
density with respect to trg is 1, which is in general not T.) ]
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