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t-motivic interpretations for special values of Thakur
hypergeometric functions and Kochubei multiple
polylogarithms

Ryotaro Harada

Abstract. In 1995, Thakur invented and studied positive characteristic analogues of hypergeomet-
ric functions. In this paper, we interpret the special values of those functions by rigid analytic
trivializations for some pre-7-motives. As a consequence, we show their transcendence and linear
independence results by using Chang’s refined version of the Anderson—Brownawell-Papanikolas
criterion. Furthermore, we show some linear independence results among the special values of
Kochubei multiple polylogarithms according to our #-motivic interpretation and the corresponding
refined criterion.

1. Introduction

1.1. Thakur hypergeometric functions

Let N be a set of positive integers. Let IF, be a fixed finite field with g elements, where ¢ is
a power of a prime number p. Let P! be a projective line defined over IF, ¢ with a fixed point
at infinity oo € P1(F,). Let A be the ring of regular functions on P! away from oo, with k
as its fraction field. Let ko, be the completion of k at oo, and let C o, be the completion of a
fixed algebraic closure of k. With the variable 6, we can identify A with the polynomial
ring F,[0] and k with the rational function field I, (6). Thakur defined and studied the
positive characteristic analogues of the classical hypergeometric functions (HGFs) in [26].
His definition is motivated by Barns integral representation [26, Section 3.4] of the HGFs.
For D; := [1i_1(89" — 0)?™ (Do := 1) and L; := [[i—;(0 — 67') (Lo := 1) with
i € Z>0, he found the following analogue of the Pochhammer symbols:

—(a—1)
DIl ifa>1,
(@) = l/L‘ir;_n if 0 > a and —a > n,

0 ifn >—a>0.
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Then, based on the characteristic 0 case, he defined the following analogue of HGFs by
using the above symbols: for ay,...,a, € Z and by, ...,bs € N,

(@)n - (@r)n

mzqnecw[[Z]]. (11)

rFs(2) :=  Fy(ar.....ap:by.....bo)(2) := )

n>0

Throughout this paper, we call these analogues of HGFs the Thakur hypergeometric func-
tions (THGFs) and without loss of generality, we assume that ¢; < a; and b; < b; for
i < j. The THGFs , F;(z) have three cases of the convergence domain as follows:

z=0 ifr>s+1,
r F5(z) are defined for { z € Coo ifr<s+1, (1.2)
z € Cqo with |z|oo<qz§:1(bf_l)_zfr':1(“f_l) if r=s+1.

Here, | - | is the absolute value on Co such that |f|e = ¢. Thakur also showed that
THGFs satisfy an analogue of the hypergeometric differential equation by using the Car-
litz differential operator A, and the Carlitz derivative dr. The case of A is originated
in [5]. They are IF,-linear operators defined on F,-linear functions f(z) by

Aa(f(2)):= f(02) = 07" f(z)fora € Z, dr(f(2)):= Ao(f(z))l/q.

We can consider operator A, and df to be the positive characteristic analogue of
z(d/dz) + a and d/dz respectively. For more details and studies, see [26, Section 3.1]
and [27].

Then, Thakur demonstrated the following differential equation [26, (10)] which is seen
to be an analogue of the hypergeometric differential equation:

dpolAg 0---0 Aar(rFs(Z)) = Ap,—10---0 Abs—l(rFs(Z))-

Furthermore, he discovered several properties of , F5(z), including the analogue of con-
tiguous relations, the summation formula, specializations to exponential functions as well
as the Bessel functions, the Jacobi/Legendre polynomials in positive characteristic, and
the connection to the tensor powers of the Carlitz modules in [26].

The second analogue of the HGF is also defined in [26] by using the positive char-
acteristic analogue of the binomial coefficients. In this paper, we discuss only the first
analogue recalled in (1.1).

Later, Thakur, Wen, Yao, and Zhao [28] obtained a sufficient condition for the special
values of  F5(z) (r < s + 1) and an equivalent condition for the special values of , F5(z)
(r =s+1) to be transcendental over k. These transcendence results were the consequence
of their Diophantine criterion for transcendence in positive characteristic, which general-
ized [31, Theorem 1]. Moreover, there are some approaches for solving transcendence/
linear independence problems via certain pre-f-motives (see Definition 2.4), as developed
by Anderson, Brownawell, and Papanikolas [1], namely, the so-called ABP criterion. For



Thakur hypergeometric functions and Kochubei multiple polylogarithms 675

example, Carlitz multiple polylogarithms are firstly defined in [7] as follows: for s =
(51.....5) EN" andz=(z1.....2,) €{(z1.....2,) €CL | |21 /0T |2 -]z, /0T |2 —
Oas0<i, <---<i] = o0},
q't q'r
Lics@:= Y o eCu.

i1>>ip>0 1 Iy
and we can have a f-motivic interpretation of their special values at algebraic points by
[7,23], that is, the values appear in entries of a matrix so-called rigid analytic trivializa-
tion (see Definition 2.5) associated to certain pre-z-motives after specialization t = 6. For
each index s € N” (r > 0), we set the weight as wt(s) := 51 + --- + s, and the depth as
dep(s) := r. Analogous to the classical case, the Carlitz multiple polylogarithm Lic (z)
includes the Carlitz polylogarithm introduced in [2] and the Carlitz logarithm introduced
in [5] as dep(s) = 1 case and dep(s) = wt(s) = 1 case respectively. The ABP criterion
is applied to the linear independence of the Carlitz multiple polylogarithms at algebraic
points with different weights in [7], and the criterion for Eulerian Carlitz multiple poly-
logarithms at algebraic points in [11].

Our motivation in this paper is to develop a z-motivic interpretation for the special
values of ;41 Fg(z) with some g-th powers and to provide linear independence results
among these values by using Chang’s refined version of ABP criterion (see Theorem 4.2).
Moreover, we present a ¢-motivic interpretation and the linear independence results for
the special values of Kochubei multiple polylogarithms (KMPLs).

1.2. Main results

In the characteristic O case, it is known that the HGFs can be given by periods of algebraic
varieties in some cases, particularly with rational parameters. For example, the special val-
ues of 5 Fy(1/2,1/2;1)(z) and /=1, F;(1/2,1/2; 1)(1 — z) are known to be periods
related to the elliptic curve y2 = x(x — 1)(x — z) (cf. [20, Section 2.2]). These observa-
tions give rise to the connection between HGFs of ;4 F case and certain pure motives
over Q which are called hypergeometric motives. For the details, see the survey [24].
There is also the study about the transcendence of special values of HGFs. For exam-
ple, Schwarz determined the list of HGFs of , F; cases, which are algebraic functions in
[25] later generalized to the 541 F case by Beukers and Heckman [4]. Furthermore, there
are studies about the linear independence of the special values of HGFs. For the recent
works, Fischler, Rivoal [14] and David, Hirata-Kohno, Kawashima [13] proved the linear
independence among the values of HGFs with some different algebraic points or some
different rational parameters.

Our main results include a #-motivic interpretation of the special values of the THGFs
(Theorem 3.4), the transcendence and linear independence results of some special val-
ues of the THGFs (Theorems 4.6, 4.7 and 4.9) and the linear independence results of
the KMPLs at algebraic points (Theorems 4.11-4.12). These independence results are
addressed by using Chang’s remarkable works, in particular, the refined ABP criterion
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(Theorem 4.2) invented in [6] and the techniques of computing Frobenius difference equa-
tions described in [7, Sections 4.1 and 4.2]. We note that our Theorem 4.6 gives equivalent
conditions for the special values of ;41 F5(z) to be transcendental over k, and it is also
proved by [28, Theorem 4] but proofs are different. Indeed we use a f-motivic interpre-
tation for the special values of the THGFs. About our linear independence results among
the special values of ;11 Fg(z), which are not discussed in [28].

We can show that the g-th power of the THGFs at algebraic points are related to a
rigid analytic trivialization coming from a specific pre-f-motive M,y 4 defined by (3.8).
We set

— BT~ +1
Q= (~6)7 ]:[1(1 = W> € koo(071)[1]
where we fix a (¢ — 1)-th root of —f. The Carlitz period 7 is defined by (2|,—)"".

Letd > max{by,b,,...,bs} for given by, b,,...,bs € N. We further set the following

power series:

l(b —l)qd 1L oo s g2 ;N y g%
Puai= ) 11_[11_[1{( g (gm) (=)
b=2
—2 d—2—h+i i
% b
l_[ 1_[1—1 _ 1_[ Q1" ¢ koo(equ)[[t}].
j=1 Dp;— - Dle)q (1.3)

Here, we setD,, := ]_[l'-‘zl(qu — t)q"_i forn >0and DD, := 1 forn <0.
Remark 1.1. Whenall b; (i =1,2,...,s)and d are equal to 2, we obtain P, 4 = Q°.

Then, our 7-motivic interpretation for the special values of the THGFs is stated as
follows (stated again as Theorem 3.4).

Theorem 1.2. Leta,,b eN(A<i<s+1, 1</ <s).Then, fora € k with |at|so <
Z/ 16 =D-Yi5 @D gug d e 7, wzth d > max; j{a;i, bj}, the special value of THGF
S_HFs(al,...,as+1,b1,...,bs)(oz)q multzplzedby

d—2—h+i bj

1_[_ eq i
Pb,d|t=9=1_[ =t 7 [[7

j=1 (Db]'—Z"'DZ 1)(] - =2

is an entry of a rigid analytic trivialization at t = 0, which is related to the pre-t-motive
Map.d.-

Remark 1.3. We also give a t-motivic interpretation of the special values of the THGFs
without Py, 4|;=¢ in Remark 3.7.

According to Theorem 1.2 and the refined ABP criterion, we obtain the following
linear independence results, each of which is restated later in Theorems 4.6, 4.7 and 4.9.
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For the definition of ¢(-) and the necessity of its conditions in Theorem 1.4, we explain
later by Proposition 4.3 and Remark 4.5 respectively.

Theorem 1.4. We denote all m satisfying d > m > 0bym; (i = 1,...,n) where d =

maxi<i<s+11a;,bj}.
1<j=<s

i) Weseta=(aj,...,as41) € Nt b= (b1,...,bs) e N* and o € k* with

0o < gZi=1 G D=XIL1@=D Then  Fi(ar, ... ass1ibis ... bs)(@) is
transcendental over k if and only if b; > a; 1 for some j.

(il) Fixas; = (al, e ,as+1) € Ns+1, b, = (bl, .. ,bs) € N¥ such that by > Agy1.
We take m, satisfying by — 1 > m,. Letay = (ay,...,apy1), by = (b1,...,bp)

(h=1,...,5) and ay, € k> with |2 loo < qzﬁ:l(bf_l)_zgll(”"_l). Then, if
miny<i<n, i (COm)g? ™} > c(m)g? ™™, iy Fu(an: bp)(@p) (1 < h <)
are k-linearly independent.

(iii) Foranya=(ai,...,a511)EN*Tandb=(by,...,bs)eN® such thatb; >aj 41
for some j and that min <; <p, i¢u{c(mi)qd_mi}>c(mu)qd_’"" for some u, let
o €KX (i=1,...,r)with|tj|eo < q25=1(b"_1)_zfill(“"_l). Ifay,...,a arek-
linearly independent, then s41 Fy(a;b)(ct1), . . . .s4+1 Fs(a;b)(ay) are k-linearly
independent.

The first result (Theorem 4.6) is already proved in [28, Theorem 4]. However, in this
paper, we prove it by different tools, pre-f-motive and refined ABP criterion, while [28]
use Diophantus approximation.

One may think that the conditions of Theorem 1.4 are restrictive due to c(-). These
are required to complete our computations in the proofs, as explained in Remark 4.5. We
will try to weaken them in the future. Moreover, several analogues of HGFs are developed
after THGFs [26]. For example, the definition (1.1) of THGF is extended by using frac-
tional parameters in Q [28]. Later, Yao [32] proved that transcendence results of THGFs
in [28] are generalized to the case of these fractional THGFs. On the other hand, gen-
eralizing Theorems 1.2 and 1.4 to the fractional THGFs is an open problem. Also, HGF
with characteristic p parameters [19,26] and Hasegawa’s exponential (logarithmic) type
HGFs [17] are invented as positive characteristic analogues of HGFs. One can consider
the transcendence/linear independence problems about special values of these analogues
via f-motivic interpretations. We hope to address these issues in the future.

By Propositions 2.2 and 2.3, the above results can be applied to the case of Kochubei
polylogarithms (KPLs), which were defined and studied by Kochubei [18] as follows:

i
z4

LiK’(S)(Z) = Z m S

i>1

o0

for z € Coo with |z|eo < ¢*. The case of s = z = 1 was discussed by Wade [29], who
found that Zizl 1/(67° — 0) is transcendental over k. The KPLs are considered to be
another positive characteristic analogue of the polylogarithms, with a different motivation
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from that of the Carlitz polylogarithms. On the one hand, the Carlitz polylogarithms are
generalizations of the Carlitz logarithm which is defined by the formal inverse of the
Carlitz exponential; on the other hand, Kochubei’s idea was to obtain the analogue of the
classical polylogarithm Lis(z) := > ,_,z"/n® by finding a function that satisfies the
analogue of the differential equation zd /dz Lis(z) = Lis—1(z). Notably, our definition of
the KPLs is given in the co-adic case, while Kochubei [ 18] defined them in the v-adic case
(v is a monic irreducible polynomial in [F,[6]). In [18], he also defined the analogues of
the Riemann zeta values by (g (0™") := Lik (1) which we call the Kochubei zeta values
in this paper.

Based on the following setting, we can define the KMPLs as s := (s1,...,5,) € N”
and z := (z1,...,z,) € C such that |z; | < g
g’ q'r
Z ...Z
Li = : 1 L € Coo.
iKs(2) . Z (9‘1” —G)s1 ... (99" — ) 00
i1>>1>0

In this paper, we denote the 1-variable case by
74"

Ligs(z) = Z (09" — @)s1 .- (097 — 0)sr

i1>+>0>0

Similar to the cases of classical multiple polylogarithm [30] and the Carlitz multiple poly-
logarithm [7, Section 5.2], the KMPLs also satisfy the sum-shuffle relation by their series
expressions. We can describe the relation in the same way of the Carlitz case [7, Sec-
tion 5.2]. For a given s; € N'! and s, € N'2 it is described by

Lig s (21)Liks,(22) = Y Likyv,(23). (1.4)

(v1,v2)

Here, vy, v € Z2, satisfying v; + v, € N”3 with max{ri, 72} <r3 <ry +r and v;
(i =1,2) is obtained by inserting (r3 — r;) zeros into &; in all possible ways, including
in front and the end of ;. The pair (vy, v2) runs over all such expressions for all 73 with
max{ry, r2} < r3 <ry + rp. For every such vi 4+ v, € N3, the m-th component z3,, of
Z3 is zj, if the m-th component of v; is s;,, while the m-th component of v; (i # j)is 0
Of Z3p, 1S Z1p 2y if the m-th component of both vy and v, are z;, and z,;. For example,
we have

Lig (s))(21)LiK (55)(22) = Likg (5,4s2)(2122) + Lik (51,5,)(Z1. 22) + Lik (55.51) (22, Z1).

While there is an algebraic dependence result of the special values of KMPLs such
as the sum-shuffle relation, in this paper we will also obtain linear independence results
among them. Precisely, those results are stated as follows (each of them is described again
later in Theorems 4.11-4.14).

Theorem 1.5. The following statements (1)—(iv) hold:

(i)  For indices s = (s1,52) € N2 with wt(s) = w and a € k> with |o|oo < g°1,
Lig s(c) are k-linearly independent.
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(i) For givenn € N, let a, B € k* such that ||so < ¢", |Bloo € ™94~V Then,
Lig m)(@), Lic,m)(B) are k-linearly independent.

(i) Lers = (s1,...,sr) € N withwt(s) = w and & = (a1, ..., ) € (k*)" with
|tiloo < g (i =1,....r), such that Lig s(at) # 0. Then Lik s(et) and 7% are
k-linearly independent.

@iv) Fors = (s1,...,5r) € N7 such that wt(s)_: w, leta = (a1, ....a) € (KX)
with |otiloo < ¢% (i =1,....r)and B € k> with |Bleo < q¥. Then, Lik o (o)
and Lig 4, (B) are k-linearly independent.

As noted before, there are Carlitz” analogue of polylogarithms. Theorem 1.5 (i) implies
that KMPLs may not satisfy k-linear relations as much as Carlitz multiple polylogarithms
case, in particular, comparing to the results of [8] and [22]. Theorem 1.5 (ii) says that
we may not easily apply the linear/algebraic independence results of Carlitz polylog-
arithms to KPLs. We can define Kochubei multizeta values by (g (0751, ...,07°) :=
Ligs,,..s (1,...,1), as generalizations of Kochubei zeta values. According to the Thakur
multizeta values case [21], we can also define Eulerian/zeta-like indices for Kochubei mul-
tizeta values, but Theorem 1.5 (iii) and (iv) imply the non-existence of such indices.

As a future project, we can study linear/algebraic independence among KMPLs in
more generality, based on previous studies of Carlitz multiple polylogarithms. For instance,
we can try to prove that non-zero values as specializations of KMPLs at algebraic points
with distinct weights are lg—linearly independent. This is already proven in the Carlitz
multiple polylogarithm case by [7, Theorem 5.4.3]. Also, we can try to prove that if KPLs
at algebraic points are k-linearly independent, then they are algebraically independent
over k. This is also already shown in the Carlitz polylogarithm case by [12, Corollary 3.2].

Finally, this paper is organized as follows. In Section 2, we recall fundamental nota-
tions and the definition of rigid analytic trivializations together with pre-z-motives. We
also present the relation which shows that s are g-th power of HGFs with certain param-
eters. In Section 3, we consider the deformation of THGFs and KMPLs to obtain The-
orem 1.2 and (3.15), the 7-motivic interpretation of the values of THGFs and KMPLs.
In Section 4, we recall the refined ABP criterion and present (69 — t)-expansion of the
deformation of THGFs. These enable us to prove Theorem 1.4 which is explained in Sec-
tion 4.1. Further, in Section 4.2, we deal with linear independence problems among the
special values of KMPLs and conclude the section with our proof of Theorem 1.5.

2. Preliminaries
2.1. Notations
We fix the following symbols.

N := the set of positive integers.

q
F, -

a power of a prime number p.

a finite field with g elements.
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0,t := independent variables.

A = the polynomial ring [F,[6].

A4+ = the set of monic polynomials in 4.

k := the rational function field I, (6).

koo =T q((%)), the completion of k at infinite place co.
E := a fixed algebraic closure of k.

Coo := the completion of ko at infinity co.

k := a fixed algebraic closure of k in Cq.

| - |oo := afixed absolute value for the completed field Co, such that |0, = ¢.

T = the Tate algebra over Coo, which is the subring of C[#] that consists of

power series convergent on the closed unit disc |¢|c < 1.

L := the fraction field of T.

|-l := the normon T defined as || f|| := max; |a;| for f =); ait' eT.

E = {22 ait’ € Cooft] | limimoo lailsb” =0, [koo(ao, a1, ...) : koo] < 00},
Di = [TZN(UD? € Ay where [j]:= 69" — 6 and Do := 1.

L, = ]_[;=1(—[j]) € Ay and Ly := 1.

For n € Z, we define the following automorphism, which is known as the n-fold Frobe-
nius twist:

Coo((?)) = Coo((1))

f = Zaiti > Zafnti = ™,
i i

Definition 2.1. For s > 0, we set z € Cy with |z]|s < ¢° and define the following power
series:

Lx (@) =) € Coolt].

i>1

zZ
07 1)’

This series is specialized to Lig (o) with ¢ = 6 and satisfies the following Frobenius
difference equation:

_ z
iK,(s)(Z)( D _ =1y + ch’(S)(Z). 2.1

We propose the following relation, inspired by the well-known relation for Lerch tran-
scendents and HGFs in the classical case.

Proposition 2.2. Form € N and z € Co with |z|eo < ¢*T™71, we have

—m+1 m Zq
(st1Fs(Lm, .. om;l+m,. . 1 4m)E? ")) :Z[i—.
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Proof. By using the relation (1 + m); = [i +m]? " (m); introduced in [26, (12)], we
obtain

(s+1Fs(Lm,....m;14+m, ... 1 +m)(zqu+l))q

— Di (m)l T (m)l i-m+1 q™
_(Z(1+m)i“'(1+m),-D,-Zq )

i>0

_ 1 gimm+1 qm
- (Z [i +mma™ z )
i >0

When m = 1, the above proof gives the relation for the KPLs and THGFs, which is
considered to be an analogue of the formula for the HGF 4 Fs(1,...,1;2,...,2)(z) and
the classical polylogarithm Lig(z) as follows:

Z(s+1Fs(1,..., 1;2,...,2)(2)) = Lis(2).

Restricting m = 1, Thakur et al. proved the s = 1,¢ — 1 cases of (2.2) in [28], and
later Nagoya University student Daichi Matsuzuki generalized them to the s > 0 case.

Proposition 2.3 (Matsuzuki and [28, p. 154]). Fors > 0, we have
s1Fs(L,....1;2,...,2)(2)? = Lig (5(2).

2.2. Pre-t-motives and rigid analytic trivializations

We denote k(7)[o, 0~!] by the non-commutative k (¢)-algebra generated by ¢ and 0!,
which is subject to the following relation:

of = fTVa, [ ek@).

Definition 2.4 ([23, Section 3.2.1]). A pre-t-motive is a left & (¢)[o, o~!]-module that is
finite-dimensional over k (¢).

Once we fix a k (1)-vector space M of rank d with a fixed k(t)-basism=(my,...,mg)"
and ® € GL4 (k (1)), we can uniquely determine the pre-z-motive structure on M by setting
om = ®m (cf. [23, Section 3.2.3]). In this case, we call M the pre-t-motive defined by .

The notion of rigid analytically trivial pre-#-motives is defined as follows.

Definition 2.5 ([23, Proposition 3.3.9(a)]). Let M be a pre-r-motive defined by P €
GL; (k(t)). If there exists ¥ € GLg4 (L) such that

vED = oy,

W is called a rigid analytic trivialization of ®.
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3. t-motivic interpretations of the THGFs and the KMPLs

We set )
1
D; := [](6* —0)?" fori > 0and D; := 1 fori <0,

7=t 3.1)

i
L;:= H(t—@qj) fori >0andL; := 1fori <0.
j=1

Further, we set the following symbols for n € Z>¢:

DY) ita > 1,
(@)n =14 1/L%,_, if0>aand —a>n,
0 ifn>—a=>0.

These symbols are specialized to the Pochhammer—Thakur symbols, at 1 = 6. By using
the above symbol, we can define the deformation series of , F5(z) as follows.

Definition 3.1. Fora;,...,a, € Z and by, ...,by € N, we set

P Fs(2) == Fsar,....ar; b1, ..., bs)(2)

=Y Mﬂ” € Coot” M. 2] (3.2)
n>0 ( l)n e (bs>nDn
where d = maxi<i<,{a;,b;}.
1<j<s
We also assume throughout this paper that for a given , F5(ay, ..., a,; by, ..., bs)(2),
its parameters satisfy a; < a; and b; < b; fori < j without loss of generality.
The formal power series ,F;(ay,...,a,;b1,...,bs)(z) at t = 6 is equal to THGFs
+Fs(ay,...,a,;bq,...,bs)(z). Furthermore, we have
a1 (L. 12,0, 2) (@) = Lr (@) (o € k and |a]o < ¢°). (3.3)

This can be solved in the same manner as the proof for Proposition 2.3 by using

2)n = (1), (8" = )14,

We can show that the ¢-th power of this power series is a non-zero element of T'.

Proposition 3.2. Let a;,b; e N (1 <i <s+ 1,1 < j <s). Then, for a € CX with
§ s+1
| oo < qu':‘(b/_l)_zfil(“/_l) andd € Z with d > max; ;{a;,b;},

s1Fs (@) e T\{0}. (3.4)
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d —a
Proof. Since |{a)f || = ||]D a1l = gmta- D" e can compute the value of

each term of ;4 st(a)q " as follows:

d 1 qd—l
” ai)m “{as+1)m ” gm+d=1
qd 1 qd71 qdf] ||Ol ”
_ (q(m+m—1+--~+ax+1+m—1)—(b1+m—1+--~+bx+m—1+m))q’"+d" l gm+d-1
o0
d—
= (D@ DT G ) (3.5)

d- . St —1)-33 —
Therefore, 41 F;(a)4" " converges on |f|eo < 1 since g2i=1@~D=2j=1G;i=Dg) < 1.
. = -1 .
Furthermore, the above computation shows that the largest term of 43 F5(«)? " with
respect to || — || is

-1 d-1
(a1>‘11 . (as+1)q gdti-1
a- d-1__gd- -
(bi){" e ) !T DET
Thus, S+137}(oz)qd_l is not zero. n

. m+d—
Smce|(a)m |(x,— |D} +; oo = e e can show that the largest term
d—1 .
of g1 Fy(a)?"
qd—l qd—l
(al)l "'(as+l)1 aqd

d— d— d—
(b)) DI

for o € Coo with |a|oo < qZ; 16j=D-Yj11( =) by the same calculation as in the above
proof. Then, we obtain

s+1FS(Cl1,...,as+1;b1,...,bs)(01)750. (36)

Next we show that P}, ; defined by (1.3) is an entire function. Later, this helps us to
check that the matrix W belongs to GL,(IL) and thus is the rigid analytic trivialization of
®, b, We will see the details in the paragraph above Theorem 3.4, and in Theorem 3.4.

Proposition 3.3. Forb = (b1, ba,...,bs) € N®, we set d € Z such that
d > max{by, b,,...,bs}.
Then Py 4 € E holds.

Proof. Because [koo(Qq%l) - koo] < 00, it is enough to prove that Py 4 € k[¢] and that
Py, 4 is entire. Based on the definition (1.3), it follows that

s
— s L d—2 d—2
Pb(,dl) — (—1)Z_l=l(bj I)q 1_[ {(9 —1)d Z 5 }Pbd (3.7)
=1
lijZ
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We can expand

K
bf: (b'—l) d—2 d—2 qd_bj
(12t [[1{(9—04 D,
1;./_22
K

= (—1)Zj=1b;=Da"? I1 {(9 — 1" (07 - Ha" L9 ,))qd_bj}

j=1
ijZ

N
=3 fut™ € Al
m=0

by some f,; € A and some N > 0. We can also expand Ppg = ) ;5 aitl e koo(Gq%l)[[t]]
by some g; € koo (0'1%1). Then, (3.7) can be written as

N
Yo Nt = fam Yt
m=0

>0 >0

By comparing the coefficients, we find that

—1
gl( ) = Z Jmi8ms-

mi1+my=I
Nzm;>0, m2>0
Thus, g; € k holds by the induction on / and Pya € lg[[t]]. The entireness of Py, 4 follows
from the Weierstrass factorization theorem introduced in [15, Theorem 2.14]. [

Leta;,b;jeN(1<i<n+1,1<j<n) and o €k with || oo < qz.;'l=1(bf_l)_zgll(‘”_l).
We set M, ), to be the pre-¢-motive defined by

R

s

[T@-0"p5) 0

j=1
bj22
s+1 K

d-2__g4-a; d—2 d—2__g4-bj
[T(@-0""Dg )e [T(E-0""Dj ;)
j=1 j=1
a;j>2 bj>2

€ Mat; (k[r]) N GL, (k()). (3.8)

We also define the following matrix:

Py 0
W= . 441 .
Py g s+1Fs(aib)(@) Pya

Clearly, W € Mat,(T) by using (3.4) and Proposition 3.3.
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Furthermore, since

5 -1(Z5) -
>1

one can show 1/(Dp; 5 ---D2D1) € T\{0} similarly to the proof of Proposition 3.2. Then
W e GL,(L) since det ¥ = P2d € T\{0} by combining 1/(Dp; 5 ---D2D1) € T\{0},
Q e T (cf. [23, Section 3.3.4]), and (1.3).
Theorem 3.4. Leta;,b; € N (1 <i <n+1, 1 <j <n). Then, for a € k with |a|oo <

Z/ 16D @) ynd d e 7 with d > max; j{a;, bj}, W is a rigid analytic trivial-
ization of @y p,4.
Proof. According to the definition (3.1), each element of D; satisfies

Dlg_l):{(e—r)q" i1 ifi >0,

3.9
1 ifi <0. G2

Then, we can obtain the Frobenius difference equation based on (3.9):

(5+1F(a; b)(a)qd_l)(_l)

d-1 d-1 gd-1 d-1 (-1)
_ (al)g . (as+1>q g4 (as+1)q gm+d—1
- gd-1 q9-1 g4~ T + Z qd 1 q9-1 g4 To

(bi)g -+ {bs)y Dy m=1 o (by)E DY

S,tll (6 — 1) ‘Dq_ )

a;> aqd—z
b.
1_[1—1 ((Q_I)qd ”D b 2])
b]ZZ d—a;
+ Hfi_} ((0 — t)qm+al - m+ai—2)q 1 gmtd—2
m+b -2 d— _ d—1
m=1 ([T (6 =) Dy, ) A0 = 08" D)
sz;]lz((e_t)q ]D)Z,_Zi) d+a1 -2° qu+as+l -2 +d—2
_ a; > m-ay— m+tag41— gmtd—
qdz d=bj af +Z]D)db1 qubs qula
]_[é_l((O—t) b 2) mz1 Yyt by — m+bs—2-"m—1
>2

s+1 q —aj
-1 (66— ]D)
C;l >12(( ) —2 ) d—2 d—1

a? T+ 1 Fs(ab)(a)?

e (@ -0

bj>2

Thus, we obtain
(-1 F@b)@ )T
d— d—a;
mtll (6 -0"7"DIS)

a;>2

e (@ -0 )

bj>2

@t 4 Fe@b) @) (3.10)
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Finally, we have

(Poa s1F(ab)(@? ™)
Yo (bj—1)g? 2 T 420 q?74  q?2
= (—)Z= G T — )1 DI 0" Pyg
dizn
s e o d-b; _
+ (==& 10 - DY ) Py i F@b)e) . G
=1
l{jZZ
Therefore, W1 = @, p,q ¥ follows from (3.10). Accordingly, we can obtain the rigid
analytic trivialization W of ®,y, 4 so that

Py.ali=6 0
\IJ|t=9 = d—1 .
Py.ali=6 s+1Fs(a;b)(a)? Prali=6

Remark 3.5. In the above theorem, ®, ) 4 € Matz(lg[l]) and ¥ € Mat,(T) N GL,(LL)
such that det(®|,—¢) # 0 and WV = ®, ;, ;. Then, we get ¥ € Mat,(E) by [1, Propo-
sition 3.1.3].

Theorem 3.4 also presents a f-motivic interpretation of the KPLs with 7.

Example 3.6. Fora=(1,...,1),b=(2,...,2) and d = 2, the pre-t-motive My}, 4 is
more precisely the dual #-motive introduced in [1] defined by the matrix

(=6 0

Then, @, , 4 satisfies the relation v = D, p,qa W, where ¥ := (stliz’s(s) @ sgs) by using
(2.1) and Theorem 3.4. Thus, W is a rigid analytic trivialization of M, ; whose entries
specialized to 7° and Lk (s)(c). We can also obtain the period matrix of M,y 4 as

g1 |t=g (see [9, p. 267]) described by

~s 0
= .. T 2.
=6 (—nSLiK,(S)(a) JTS)

Remark 3.7. Aslong as we focus on only the 7-motivic interpretation of the THGFs, we
do not need to consider the power series Py, 4. Indeed,

1 0
s+1

d— d—a;
[Te-0"Di_,

=1 )
;,b,d = ‘1]./'22 ) € GL, (k(t))

s
d—1__g4-bj
1_[ (9 - t)q DZ]’—ZI
j=1

b;>2
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defines a pre-t-motive. According to the equation (3.10), it satisfies ¥ = @/ ab,d ¥
with
v ! 0 GL,(T)
= _ S .
1 Fs@b) @ 1 ’

Thus, we can obtain a simpler 7-motivic interpretation of the THGFs:

w| 1 0
=T\ B@b)@r T 1)

However, for our proof of the transcendence/linear independence results, we should assign
the representation matrix to be in Mat,, (k[¢]) to apply Chang’s refined ABP criterion (The-
orem 4.2, [6, Theorem 1.2]). Thus, we modify the interpretation with Py, 4 as Theorem 3.4.

Remark 3.8. The pre-z-motive M,y 4 in Example 3.6 was also considered by Taelman
and the group of Angles, Ngo Dac, Tavares Ribeiro to develop a counterexample to Tael-
man’s conjecture. See [3] for more details.

We can extend Example 3.6 to the KMPL case as follows, which is similar to the
Carlitz multiple polylogarithm case.

Definition 3.9. Sets:=(s1,...,5,)eN".Then, forz=(zy,...,z,)€CL with |z;|e <g*,
we define the following power series:

i1 gia ir
9" .4 Zq

. Zl 22 e Zp
fK,g(Z) = Z (eqil _[)Sl(eqiz —t)sl ”'(qur — 1)

i1>0ip>>1,>0
which belong to T since [|z4" 247 .. 24" /(99" —1)51(09 —1)%2---(§9" —1)* | - O as
1 <i, <--- <iy — oo. The following holds according to the definition of the Frobenius
(—1)-fold twist and the above series expression:
Zr

La@ " = G LRG0 Gl Zr1) + Lis(0). (3.12)

We also define the series
i1 i ir
q' _q -4

Z Z oo
Lk (z) = - L2 - . eT
K’g( ) Z -0 (09" —1)51(092 —1)52... (097 —1)sr

i1 =i >>ir

which is specialized to the star-version of the KMPLs at + = 6. The star-version of the
KMPL is defined by

q'1 _q"2 q'r

Z Z -..Z
Lig (2) 1= Z i 4

i1 20> >ip>0 (i)t fia]s2 - [ir ]
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Then, in the same way as the proof for the star-versions of the Carlitz multiple poly-
logarithms by [10, 16], we obtain the following equations for 1 <[ < j < r by the
inclusion—exclusion principle:

(—1)’36}‘(’(3]_’“.’51)(0@, 7))

.....

.....

.....

.....

+ (D Er sy @1 t)). (3.14)

Based on (3.12), it follows that

UED = By Vs (3.15)
where
t—-0)yw 0 0 0
=D ra, (e —0)y—r (BN
0 —1)Sr—1lo,_(t — )Y —5r—1
Dyy = (=1)*r=1a,_( ) |
0 . 0
. . (t—0)yw 0
0 0 (=Dt —0)¥ =1 (r—0)”
€ Mat, 41 (k[1]) N GL, 41 (k(1))
and
Qv 0 0 0
QUL (sr) (@r) Qv
\I/S,u _ QwiK,(s,,l,.xr)(arflsar) szK,(s,.,l)(otrfl)
0
. : Qv 0
QU Lk () QUEK (51,sy—1) @15+ Q1) e QU ER () QY
S GLr_H (]L)

We remark that W o € Mat,1(E) by [1, Proposition 3.1.3], thatis, W5 4 € GL,4+1(L) N
Matr+1 (E)
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Furthermore, by using (3.13) and (3.14), \IJ; (lx can be written as follows:

-1 —w
"ps,ot =Q r+1

1 0 0 0
=Lk o (@) 1
(_1)2$;(,(xr.sr_1)(ar’a"*l) _x;(,(xr_l)(arfl)
. . .
: : 1 0
ey (&) O TN E sy @rtss@) e —E (@)1
€ GL, 41 (HJ)
Here, we set 1,41 the identity matrix of size r + 1, and set s = (Sr,Sr—1s...,51), * =
(otr, 0tp—1, ..., 01). The matrix &g o defines a pre-f-motive M and thus W 4 is its rigid

analytic trivialization. Then W L l¢=¢ is a period matrix of M whose entries are expressed
by 7% and

4. Linear independence results of the THGFs and the KMPLs

In this section, we discuss the transcendence and linear independence results derived by
using a refined version of the Anderson—Brownawell-Papanikolas’ linear independence
criterion. The original version is given in the following statement.

Theorem 4.1 ([1, Theorem 3.1.1]). Fix ® € Maty (lg[t]) such that det ® = c(t — 6)° for
some ¢ € k* and some s € Z>¢. Suppose that there exists a vector ¥ € Matyx (E) that
satisfies

y = oy
For every p € Matxq (k) such that pY(0) =0, there existsa P € Matlxd(lg[t]) such that
P@)=pand Py = 0.

By the definition, det(®, j, 4) is a polynomial in k[¢] but generally it cannot be written
by some powers of (¢t — ) multiplied with a non-zero constant in k. Therefore, we need
to employ the following refined version of Theorem 4.1.

Theorem 4.2 ([6, Theorem 1.2]). We fix a matrix ® = ®(t) € Mat; (k[t]) such that det ®
is a polynomial in t that satisfies det ®(0) # 0. Fix a vector ¥ = [Y1(1), ..., Vi 0] e
Mat; . (E) that satisfies the functional equation WV = ®y. Let £ € kX\EX satisfy

det®(ETD) £ 0 foralli =1,2,....

Then the following properties hold.
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(1) For every vector p € Mat,; (k) such that pyr(§) = 0, there exists a vector P =
P(t) € Maty; (k[t]) such that P(§) = p and Py =0,

2) trdegz kOW1 (). Y1 (1)) = trdeggk (W1 (). ... Y1 (§)).

Furthermore, for our proof, we use the following (9‘1i — t)-expansion of 5 («), which
follows from the method described in [28, p. 143]. We again remark that for a given
Fs(ay,...,ar;b1,....bs) (o), we assume throughout this paper that its parameters satisfy
a; <ajandb; < b; fori < j without loss of generality.

Proposition 4.3. For a given ,¥5(a) = ,F(ay,...,a,;b1,...,bs)(x) witha € k satis-
fying (1.2) and for j € Z, we define

a(j)=r—u+1 ifay—1 <j <ay—1,

b(j):s—v+1 ifbv—l fj Sbv_ly

c(j)=a(j)=b()

by setting by = 1, ag = b—; = —oco and a,+1 = bsy1 = +00. Then, we have
oo [(n+d—1 y .
( J's(a) — Z( l_[ (911 t)c(m—n)qn+ m)aanr @1
n=0
where d = max{ay,...,ar,by1,...,bg}.

Remark 4.4. For | > maxi<j<r{a;.b;},
1<j<s

c)y=al)—b(l)=0-0=0

holds according to the definition. Especially when r = s + 1, for [ < 0, we again obtain
c)=al)—b()=s+1—-(s+1)=0.

Later, in our proofs of Theorems 4.7 and 4.9, we need to assume some conditions for
¢(j) due to the following observation.

Remark 4.5. Let N > 0. For each a9 (N >n>N —d + 1)in (4.1), the coefficient

n+d—1

1—[ (qu - t)c(m_n)anrd—m

m=1

of a7 hasa pole or zero at t = 94" with order le(N —n)|q"t4=N By the definition,
the range of the quantity c¢(j) depends on the parameters ay, . ..,a, and by, ..., bs and we
do not have c¢(j;) > c(j) for ji > j, or j, > j; in general. Thus for some large enough
r and s, there may exist distinct nq,no,...,n; with N > ny,ny,...,np > N —d 4+ 1so
that

¢(N — nl)qn1+d—N =...=c¢(N — nl)qn1+d—N.
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By the expression (4.1),

J oo [n+d-1 e v
(+Fs (@) =Z< (69" — pyclm=—ma" ’”)aq”

n=N-d+1 \ m=1
N—d (n+d-1
+ Z( [T —t)‘f('"—")q””’")aq”d. (4.2)
n=0 m=1
By multiplying (GqN — Z)C(N_"‘)q"1+d_N on both side of (4.2) and substituting t = ga"
we get
((QQN _ t)c(N7n1)qn1+di (r-rﬂ(a))qd) |t=9qN
I ni+d-1
= Z l_[ (" — g™ yelm=ni)gnitiTm [ qritd
=k

Thus we obtain the k-linear combination of o with some distinct powers. If we do not
assign the conditions to ¢(j), / may not be equal to 1 in general. Then the right-hand side
of the above equation cause problems in our proofs of Theorems 4.7 and 4.9, in showing
contradictions to k-linear independence of ¢y, ..., 0, € k and non-vanishing of o € k.

4.1. Applications to the special values of the THGF's

In this section, we describe the equivalent conditions for the transcendence of the THGFs,
which is already given by Thakur et al. in [28]. We reprove it via the 7-motivic interpre-
tation of the values of the THGFs and Chang’s refined ABP criterion. Furthermore, we
show the linear independence of some THGFs at algebraic points, which are specialized
to the results of the KPLs.

Here we again recall our assumptions in Sections 1.1 and 2.1. We assume through-
out this paper that for a given THGF , Fs(ay,...,a,;b1,...,bs)(z) (resp. » F5 case), its
parameters satisfy a; < a; and b; < b; fori < j without loss of generality.

Theorem 4.6. Leta;,b; € N (1 <i <s+1,1<j <s)andleta € k* satisfying that

|2t oo < qzjzl(bj—l)—25;r}(ai—1).

Then, s11Fs(ar,....asy1;01,....b5)() is transcendental over k if and only if b; > a; 1
for some j.
Proof. First, we prove the transcendence of 1 Fs(ai,...,as+1:b1,...,bs) () with b; >

aj11 for some j. Suppose on the contrary that

S+ st Fs(ar, ... a5415b1, ..., bs)(a) =0
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for some f € k*. This is equivalent to saying

d d
Poali=o f*" + Pyali=6s+1Fs(ar,...,as41:b1,....bs)(@)? =0
Then, by Theorem 3.4 and 4.2, we can lift this to the relation

Py g

, =0 4.3
(81.82) <Ph,d s+1Fs(ar, ... as413b1,. .., bs)(a)qd) *3)

where g; (1) € k[t] i =1,2) such that g1(6) = fqd and g,(0) = 1. This is written without
Py as

g1(t) + g2()s+1Fs(ar,....as41: b1, ... ,bs)(a)qd =0. 4.4)

Let N € N such that g, (67 N) # 0. With the expansion (4.1), Remark 4.4 and changing a
variable from m to [ + n, we have

oo (n+d—1 ) )
(S+1$(a) = Z( l_[ (9(] [)c(m_n)qn+ 7maqn+ )
.- o d-1 d
Z( 6 — iy e ) 4.5)
n=0 1

=

Because b; > a; 4 forsomes + 1> j > 0, there existsd — 1>/ > 1 suchthatb; > [ >
ajy1.Thenay, —1>m > ay_y forsomes +3 >u > j+2andb, —1>1> b, for
some j > v > 1. Here, we assume that by = 1, a9 = b—1 = —oo0 and @543 = bs11 = +00
as in Proposition 4.3. Thus, we obtain c¢(/) < 0 for these j. Indeed, c(/) = a(l) —b(l) =
s—u+2)—@—v+l)=v4+1l—-u<j+1-u 5—1.Wedecomposes+1ff7s(a)qd
as follows:

(517 (@)" Z(f[(eq — 1y g )
N

n=

N—-1 /d—1
+ Z (1—[ )c(l)qd IO[ n+d)
n=0

oo [d—1
( t)c(l)qd la n+d>
n= 1=

—d [d—1
+ ( (9‘1 )c(l)qd -l n+d>

n=0 \/=1

- a1 ql C(l)qd l n+d
+ > (\[Tev " -0 .

n=N+1-d \I=1



Thakur hypergeometric functions and Kochubei multiple polylogarithms 693

Then, we denote all [ € Z suchthatd —1>1[>1landc¢(l) <Oby/; (i =1,...,r)and
decompose the above as

e ¢]

d—1 N—-d (d—1
_ Z (l—[(eqlJrn —I)C(l)qdl(){qn+d) + Z (H(qu )c(l)qd IO{ n+d>
=1 n=0 \/=1

N-1 d—1
+ Z <1_[(9ql [)c(l)qd la n+d)
d

n=N+1— =1
n;éN—ll ..... N—lr

n Z (1—[(6(] )c(l)qd la n+d).

n= Nll, ,N lr

Thus, (4.4) can be rewritten as

oo [d—1
g1(t) + g2(t) Z (H(Qq t)c(l)qd la n+d>

n=N \[=1
N—d /d—1
+ &) ( (01" — peDa ga )
n=0 \/=1
N-—1 d—1
IO (1‘[(9‘1’ —1)ea* g )
n=N+1—-d =1

d—1
_ gz([) Z (1—[(9‘11 )C(I)qd —1 n+d).
N-—I,

=1

Att = GqN, the left-hand side of the above equation is regular, while

a1 1+ d—l d
v (o)
N—I,

n=N-Iy,..., - =1

. . . . — I+N-1
(this sum is non-zero because the largest term with respect to || - || is 1—[;1=11 CA b

t)c(l)qd "ol Nln+d where [, = min{/q, ..., [,}) on the right-hand side has a pole. Indeed,
on the left-hand side, the 1st term g1 (¢) is a polynomial, the 2nd sum
o0

d—1
Z (H(qu )C(l)qd la n+d)
=1

N
is (S+1Fs(oz)qd)q at? = 67", and c(l) for | = N — n are not negative in both the 3rd

sum
N—-d /d—1
Z (H(qu )c(l)qd - n+d)
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and 4th sum

N-1 d—1
Z <l—[(9ql+n —[)c(l)qdlaanrd),

n=N+1-d =1
n#N—Iy,....N—I,
Thus, g»(¢) must have a zero at t = ga" , SO we obtain a contradiction.

Next, we prove that 51 Fy(c) is algebraic when b; < a; 4 forall j. Due to the former
part of the proof, in this case, c¢(/) > 0 for any /. Indeed, if there exists i > 0 such that
c(i)<0,weobtaina(i)—b(i)=G+1—-u+1)—(s—v+1)=1—u+v<0for
somel <u<s+1,1<v<s.Then,wehaveb,_1 <i <b,—1landay,_; <i <a,—1
thus, in particular we have a,—; < b,. However, this contradicts 1 —u + v < 0, that is,
by < ay-_1.

By using the expression (4.5), we have

g it gnra\ TP
SO — oy ®a g )

n>0]=1

(s+1F: (@ b)(@)?") Y

d d—l 1 1

T p)ee + s Fs(@b) @

d—
oa?

Thus, by setting

1 0
d—1 _
Dy bad = l—l(eqd—l B t)c(l)qd—laqd—l 1 € Mat, (k[t]),
=1

1
(m&a(a; b)(a)‘f’) € Matera ()

we have ¥ (1 = ®, b4V and then, Y € Matyx (E) by [1, Proposition 3.1.3]. This allows
us to apply Theorem 4.2 without Py, 4.

By expanding ]_[;1;11 (9‘1n+d — tqd_j)"(j)ocqnw, we obtain the finite [F,;[¢]-linear com-
bination ) g+ f;; (z)thn+d a?"* with Jn(t) €F4[t]. Thus we can write 51 ,‘F}(a)qd €
T\{0} (see (3.4)) by

1 FH@T =33 e e

n>0 H>h>1
= > K> e g (4.6)
H>h>1 n=0

Then we have the algebraic relation

(Z ehanrdaanrd)q _ ZehanrdO[anrd . ehqdaqd

n>0 n>0
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n+d n+d

which implies that the sum >, . 0ha"" 4" is in k. Thus the expression (4.6) shows

that g4 ﬁ(a)qd € k[t] and Theorem 4.2 (2) yields
- d - d
0 = tr.degg k(O] s4+1Fs(a;b) (@) } = tr.deggh {1, s41Fs(@b)(@)? }.
Therefore, 541 Fs(a; b)(«) is algebraic over k. ]

In the following, we set

dp = max {a;,bj} (h=1,...,s)
1<i<h+1
1<j<h

and we denote all m satisfyingdg > m > 0bym; (i = 1,...,n) where n := ds + 1.

Theorem 4.7. Fixas = (a1,...,a541) € N7 by = (b1,...,bs) € NS such that by >
as+1. Wetaken >r > 1such_thatb1 —1>m,. Letap, = (ay,...,ap4+1), by = (b1,...,bp)
(h=1,...,5)and let ay, € k™ with

| loo < gZim1G=D=Eik @ =)

If miny<i<pigrfe(mi)g? =™} > c(my)q? =™, then jyy Fp(ap; bp)(en) (1 < h < 5) are
k-linearly independent.

Proof. Suppose on the contrary that

ds ds
So+ fizFi(ai:by)(a)? + -+ fisr1Fs(agibg)(as)? =0

for some f; € k (i =0,1,...,s) which are not all zero. Without loss of generality, we
assume that f; # 0. We consider

D, ¥
%) Y2
b = . and 1// = .
O Vs
where
S a1 (bj—1)g92 : =1 g9s i
@, = (—1)&==r+10i714 1_[ ) Dbj—z Dy, by,
j=h+1
bjzz
€ Mat, (lg[l]) N GL, (];(l‘))
and

Py, d,
Wh = < ) S MatZXl(IE).

[rod ds
Py, nr1Fn(an: bp)(ap)?
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According to Theorem 3.4, 1//,(1_1) = @Yy is true for each /1; thus we have YD = .
Then, by using Theorem 4.2, we have the following k[¢]-linear relation:

d
Py,.a,80(t) + Po,.a,81(t) 2F1(ar; by)(01)?
d
+ ot Pp, 85 (1) s+1F5(assbs) (o) =0 4.7)

for g; (1) € k[t] such that g; () = f; (i = 1,...,s). In particular, gs(r) # 0 since gs(6) =
fs # 0. We can rewrite the above as follows by using (4.1):

oo (di—1
P, dy {gO(I) +g1(1) (Z(H 04" - l)cl(l)qd_la‘fnw))
I=1

oo [ds—1
44 gs(n) (Z(H (9q1+” . t)Cs(l)qd—laSqn+d)>} —o.
=1

Here each ¢y, () is associated to 5,41 F5(az; by ) (o) and thus cg(+) is nothing but ¢ (-).
We note that ¢j,(m,) = —h foreachh = 1,...,s.Indeed, by — 1 > m, > a5y implies
b1 — 1> m, > apyq and then,

cp(my) = ap(my) —bp(my) =h+1—-h+2)+1—-(h—-1+1)=—h.

We set N to be a positive integer such that g (OqN) # 0. Then, by multiplying

(Po.a, (87" — 1)csma®™my !

on both sides of (4.7) and we have

N m

(gq _ t)—cs('nr)qd_ r gO(Z)

o0 d]*l
(07— g ) ( Z( [T - mam“af”d))
I

n=0 =1

oo [ds—1—1
—mr n — n+d
+ (OqN _t)ch(mr)qd gS—l(t)( E ( | | (9q1+ _I)Csfl(l)qd lag_t ))
n=0 I=1

fee) ds—1
+ (9(11" _ t)—cs(mr)qd””’ gs(t)( Z (1_[ (Qq”" _ t)cs(l)qdlag"”))

n=0 =1
n#N—m,

ds—1
N-—mp+d

+ (QqN _ t)—cs(mr)qd_’"’ gs(t) 1_[ (qu+N""’ _ [)cs(l)qd_laél =0.
=1
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Since we assume the condition minlsifn,#,{c(m,-)qd*mi} > c(m,)q? ™", by sub-
stituting t = 64" into the above equation, we obtain

ds—1
(gq"’ _ l)—cs(mr)qd‘”” 25 (1) H (Qq’“‘"”” _ t)Cs(l)qd"a;IN‘m”d|t=9qN
I=1
ds_l I+N d—1 N d
+N—mp - —mr+
=g.(t) [] (®7 — 1) D1 | —ga"
I=1
l#m,
= g,(07")a?" =0.
Therefore, we obtain a contradiction g 7 0 and then, the desired result holds. [
Remark 4.8. For a given s > 0, if we specialize ag = (1,...,1) € N**! and by =
(2,...,2) € N¥ in the above theorem, it shows that 1, LiK,S(oc_S), Ligs—1(0ts—1), ...,

Lig,1(ay) are lg-linearly independent. Accordingly, there are no k-linear relations among
1 and the KPLs at algebraic points with different weights.

In the following, we denote all m satisfying d > m > 0bym; (i = 1,...,n) where
n:=d+1.

Theorem 4.9. For anya = (ay,....as4+1) € N*Tlandb = (b, ..., bs) € N® satisfy-
ing that b; > ajy1 for some j, and that minlsisn,i#u{c(mi)qd_mi} > c(my)q?® ™ for

someu, leta; €k* (i =1,...,r)with |t oo < q25=1(bf_1)_zf;rll(”i_1). Ifoy,...,0p are
k-linearly independent, then 51 Fs(a;b)(a1), ..., s+1Fs(a;b)(ay) are k-linearly inde-
pendent.

Proof. We assume on the contrary that there exists a non-trivial k-linear relation:

f1 o1 Fs@b) (@) + -+ + frs+1Fs(a; b)(e,)?" = 0.

We define the matrices ® and v as

K

d-1__g47bj
1_[(9 - Z)q DZ]‘—Z
j=1

s+1 i dea: den s i Py

q®- q J g q%- q J

[Te-07"Df ol " [Te-0 D,
Q=)= j=1

s+1 d-a
d—1 —aj d—
_ \4 q q
[T0 -0 "D ] o
j=1

2

N
d—1__g4bj
[Te-n""Dj _,
j=1

€ Mat, 4 (lg[l]) N GL; 41 (lg(l))
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and
Pya

| Poa s+137s(3;b)(061)qd

€ Mat( 1 1)x1(E).

Py s+1F5(a; b) (e, )4

According to Theorem 3.4, #(~1 = ®1; then, we can apply Theorem 4.2 and obtain the
following:

g1() s1F @ b) (@) + -+ (1) 511 F(@;b) (@)’ =0 (4.8)

where g; (1) € k[t] with g;(8) = f;. We assume g, (¢) # 0 without loss of generality and
set g/ (1) = gi(t)/gr(t). Next, we transform (4.8). We divide both sides of (4.8) by g, (1)
and obtain

d d
g1(0) st1Fs@b)()? + -+ g,.(t) s+1Fs(asb) ()T = 0. (4.9)
Then, based on Theorem 3.10 and (4.5), the (—1)-fold Frobenius twist of (4.9) is

2OV s Fr@ b)) + - + gL ()T 141 F (@ b) (@)

d—1 d—1
+g (,)(—1)H(gq’_t)C(j)qd’fa‘lld_i_ e g;(t)(—l)l_[(gq’_I)C(j)qd’-’agd:(). (4.10)
j=1 ji=1

According to (4.9) and (4.10), we have the following:
lrod d d
hi(t) s1Fs@b)(a)? + -+ b1 () s+1Fs(@asb)(@,—1)? + R =0
where
hi(1) = gi(t) — gi (),
d—1 . 4 B J
R:=—JT@" =™ (i) Vaf” +--+ g/, ()Tl + ).

m=1

The j-th repetition of this transformation gives the following equation:

d d
hl,j(t) s+137s(a§b)(al)q +---+ hr—j,j (t) s+1~(f"s(a; b)(ar—j)q + Rj =0

where

- - =D
() = 2O (O ) e o,

he—j (@) \hr—jj(0)
R: R: -n
Riyi = J ( J ) € k(t
il hr—j; () hr—j,;(t) ©
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with h; 1(t) = hi(¢), R1 = R. We repeat the above transformation until (i) j = r — 1 and
hir-1(t) # 0or (ii) j is equal to some j’ such that

hl,j/ = . = hr—j/,j/ = 0
For the case (i), we have
d
hir—1(t) s+1Fs(@:b)(e)? + Ry—1 = 0. 4.11)

We set N > O such that h; 4 (OqN) # 0and R,_q isregular atz = ga" . Multiplying by

d—my
(6 —t)—ctma’ and then substituting t = 64 ¥ on both sides of (4.11), we obtain the
equation

N—my+d

hie(07) T 07" — a0y’ =0.
d—1>j>1
J#Emy
This contradicts to «; 7 0. For the case (ii), first we set N > n + d such that
N
hy—ji1,—1(077) #0

is non-zero and Rj/_ is regular at t = 64 ¥ Due to our assumption of the minimality of
¢(my)q?=™, multiplying by (69" — £)¢ma’™™ on both sides of

d . d
hi,jr—1(t) s41Fs@b) () + -+ hp—jrg1,jr—1(0) s+1 Fs(@b) (op—jr41)? +Rjr—1=0

gives the following at t = 07 N

d—1
hl’j/_l(QqN)( l—[ (eqlJermu _ eqN)C(l)qdlacllnﬂi)

=1

l#my,
N g I+N N d-l +d
+N—my — n
oot By o1 (67 )( [T @™ 69"y ai’_jf+1) =0. (“4.12)
iy
Since hy,jr =+ = h,_j1 ;7 = 0, we get

hijr1(t)) hr—jry1,j—1(t) € Fg(t) (1 <i <r—j').

Thus they belong to I, (QqN) at? = 69" . Therefore by dividing with /1, _ /41 ;71 (GqN)
and taking ¢"T?-th root of both sides of the relation (4.12), it gives a k-linear relation
between o, ..., o, and we obtain a contradiction. n

Remark 4.10._ Whena = (1,...,1)and b = (2,...,2), the above theorem shows that if
o1,....0 € k> with |aj|eo < g° are k-linearly independent, Lik (1), ..., Lik.s(ctr)
are k-linearly independent.
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4.2. Linear independence results of the KMPLs

As applications of Theorem 4.2 and our z-motivic interpretation of the KMPLs in (3.15),
we discuss a linear independence result among the depth 2 KMPLs. Furthermore, we
compare the KMPLs with other quantities and show that the Kochubei multizeta values
do not have Eulerian/zeta-like indices with Kochubei zeta values and Carlitz periods.

For the depth 2 KMPLs, we have the following linear independence result.

Theorem 4.11. For o € k™ with |ot|oo < g and w € N, the following set
{LiK,g(a) | s € N2 with wt(s) = w}
is linearly independent over k.

Proof. We assume on the contrary that among Lig s, (@) (i = 1,...,7) with 3; = (841, 5i2)
(i # s; fori # j), there exists a k-linear relation:

fiLligs, (@) + -+ frLiks, (@) =0 (4.13)

for some f; € k*. We define

() 0 0
®; = | (—=1)%i2(r — )% (t — 0w 0 € Mats (k[t]) N GL3 (k(1))
0 (=DSita(t — 0)5i2 (t — O)¥
and
Qw
Yi = ch(ﬁ[(’(sil)((x) € Mat3X1(E),
QwiK,gi (Ot)

put

[oX wl

2] V2

o = . and ¢y =1 .
CDr w'r

Then, we can apply Theorem 4.2 (1) to (4.13) and obtain the following k [t]-linear relation
G Lks, (@) + -+ g (D Lk, (@) =0

with g; (¢) € k[t] such that g; (8) = f;. We set
s=max{s;; |i =1,...,rand j =1,2}.

For some i, there are indices ; = (w —s,5) or (s, w —s) withs > w —s. Whens = w —s,
the equation (4.13) becomes f;Lik s, () = 0; however, this contradicts Theorem 4.6.
When s # w — s, we have three cases and again get contradictions as follows.
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Casel. If s; = (w —s,s) forsome i and s; # (s, w —s) with j # i, we set N > 0 such
that g; (QqN) # 0. Then, we can set i = 1 without loss of generality and obtain

07" — 1) (§1() Lk s, (@) + - + g () Lk s, (@)

ol
— 0 oy (gl(z) ,~ |
i1=NX>:iz>0 (Qq T t)S(Qq 2 _ ryw=s
ol
+g1(1) : :
i1>§:>0 (qu — l)s(qu _ t)w—s
i1#N

+ gz(f)fK,sz(Ol) +--+ gr(t)iK,sr (CU)) =0.

By substituting ¢ = 94", we obtain gl(GqN) D N>ir=0 o:‘fN/(qu2 — QqN)w_S = 0. This
contradicts the assumption that g; (GqN )#0andthateand } - - oqu/(qu2 —GqN)w_S
are non-zero.

Case 2. If s; = (s, w —s) for some i and s; # (w — s,5) with j # i, in the same way
of Case 1, we obtain a contradiction from g (GqN) D N=iy>0 at” /(097 — Q‘IN)“’_S =0.

Case3. Ifs; = (s,w —s)ands; = (w—s,s) forsomei and j, wecanseti =1, =2
without loss of generality and set N > 0 such that both g, (69 N), g2(604 N) are non-zero.
We have

07" — 1) (21() x5, (@) + - + 8- () Lk s, (@)

g’
= 01" —¢ S( t . “
( ) gl( )i1=NZ>iz>0 (qul - t)s(eqlz - t)w—s
ad"
+ t - -
90 2. G e
i1#N )
o
+ t - -
gZ( )i1>N2=:iz>0 (qul - t)w—s(@q’Z - t)s
ad"
+ t - .
ol )i1>%:>0 (09" —1)w=s(092 — 1)
i2#N

() ERn @)+ + 20 () Exs, (a)) —o.

By substituting t = 94" into the above equation, we obtain

TN P——

in Nyw—
N>ir>0 (Qq — 04 )w :

N

N_ . . N
+g2(9q )LlK,(w—s)(a)q = 0.

This contradicts to the transcendence of Lik (y—s)(r) shown by Theorem 4.6.
Thus, we obtain the desired result. [
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By this theorem, the dimension of the k-linear space
Spang{Lis(e) | dep(s) = 2 and wt(s) = w}

for fixed w € N and fixed & € k with |a|eo < g%, is 2L,
Furthermore, we can compare Carlitz polylogarithms and KPLs at algebraic points as
follows.

Theorem 4.12. Givenn € N, leta, B € k* such that |ot|oo < ¢", |Bloo < "4/ and
Lic,m)(B) # 0. Then Lig ) (), Lic,m)(B) are k-linearly independent.

Proof. For the pre-t-motive defined by
t—-o" 0 0
o= (=)« (t —6)" 0| e Mats (k[t]) N GL3 (k(2)),
BEV( —6)" 0 1
we have D = ®vy for

Qn
v = | Q"Lk,m () | € Matzx;1(E)
QrELc,m(B)

where £c,(B) = B+ Y i-o ,qu/]L? that satisfies

Lc,m(B)
(=06

We assume on the contrary that fi Lig n)(et) + faLic,m)(8) = 0 for some f; € k*
(i =1,2). Then, we have 7 ™" (fi Lik,(n) (@) + f2Lic,mu)(B8)) =0. Based on Theorem 4.1,
this relation can be extended as follows:

LemB)TY =Y +

g1(OQ" Lg ) (@) + g2()R" L, (ny(B) =0 (4.14)

for some g; (1) € k[t] with g;(6) = f; (i = 1,2). Let N € N such that g;(64" ) # 0. By
multiplying by IL’t, 27" on both sides, we can rewrite (4.14) as follows:

N-1 q
gl(t){l";\’z(eq?—_) (—D"LY, laq + L% Z(qu }
i=1

i>N

N-1

+ gz(z){a—eq)"---(z—eq”)"m(t—e‘f)---(t—eq”)"ﬂq o (=07 ) B

BT _
+ Z _eqN-H)n”‘(t_eqi)n} =0. (415)

i>N (t
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We have

= Licm(B)? —p7".

ﬂq
Z (t — 02"y (1 — 9"y

i>N

t=04"

Therefore, by substituting t = ga" , the equation (4.15) becomes
(07 )((07" 69" - (87" =6 )")a?" + g2(09" ) Lic.a (@) —g2(64" )BT =0.

This forces Licx(B) = g2(04")71/4" {g1 (809" ) 7" — g2(69")}1/4" e k while Lic (B)
is transcendgntal over k by [7, Theorem 5.4.3]. Therefore, we obtain a contradiction and
the desired k-linear independence result is proven. ]

We conclude this section with the following two theorems and their proofs. Then we
get the linear independence results among the KMPLs, Carlitz period, and KPLs, as intro-
duced in Theorem 1.5 (iii)—(iv).

Theorem 4.13. Given w € N, let 5 = (s1,...,5) € N” with wt(s) = w and =
(@1,...,0p) € (KX) with |ati|loo < gq* (i =1,...,1). Then, Lig s(at) and T are k-
linearly independent.

Proof. We assume on the contrary that there exists a non-trivial k-linear equation f; 7% +
foLig.s(a) = 0. With (3.15), we have ¥~ = &y, where

o= et

and
Qw
QY Lk (s, (r)
QwiKs(sr—lssr) (ar—l ’ ar)

V= : € Mat, 251 (E).

QYEk s (a)
1

Then, by using Theorem 4.1, we can obtain the following lg[t]—linear relation
§1()Q Lk s() +82(1) - 1=0 (4.16)
for some g;(t) € lg[t] (i = 1,2) such that g; () = f;. By taking the (—1)-fold Frobenius
twist of (4.16), we obtain
SOV D)t —0) ™ QY Lk 515y ) (@1 - A1)
+ &1V -0V L@ + 520V = 0. (@417)
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We set N €N such that g, (£)" is non-zero at r = ga”. By definition, 2" has a zero att =
09" with an order w, while the terms of both £x s,,....5,_1) (21, ..., Zr—1) and Lk s(z)
have poles at # = 64" with orders strictly less than w. Thus, QYL (s1,sr)(Z15 -0 Zr1)
and Q¥ £k 5(z) vanish att = 64" . Then, by substituting t = 4" on both sides of 4.17),
we obtain the contradiction

() V] v =0.

Therefore, we obtain the desired result. [
Theorem 4.14. Given w € N, let 5 = (s1,...,sr) € N" such that wt(s) = w. For
o= (ar,....ar) € (k)" and B € k™ with |ai|eo < ¢% and |Bloc < g%, Lig () and

Lig w(B) are k-linearly independent.

Proof. We assume on the contrary that there exists a non-trivial k-linear relation for some
fiek(i=12):
flLiK,s(“) + fZLiK,(w)(/g) =0.

We define the matrices

d = Poe Mat, 45 (k[t]) N GL, 42 (k(t
= 8 (t — ) € ar+2([]) r+2(())

where B = (B.0,...,0) € Mat;, (k) and
Qw
chziK,(sr)(O‘r)

QUEK (5,15, (@r—1,0r)
V= ; € Mat, 421 (E).

Qwch,g(o‘)
chrK,(w)(:B)

By using Theorem 4.1, we obtain a k-linear equation

1R Lk s () + 2R Lk, w)(B) = 0,

and then we have
g1(t) Lk s(a) + g2(t) Lk, w)(B) = 0.
By taking the (—1)-fold Frobenius twist, we obtain

g1()V6 - D7 L (synsr) @1, 0r—1) + gl(f)(_l)«fK,s(a)
+ 20O -1)""B+ &)V Ex w)(B) =0. (4.18)
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We set N > 0 such that gz(t)(_1)|t:9q1v = 0. After multiplying by (OqN — )" on both
sides of (4.18), we obtain

4" —n)® (g1()TVO =)y L (s1,sr) (@1, 1) + 1) TV Lk s (@)

B

+ 07" =" O -0+ O 1) e Y 07 — 1y

i
— N 14
+ g0V = 0.

By substituting ¢ = 6" , we obtain a relation 22() V] r—paV ,BqN = 0. This contradicts
22 ()] —gaV # 0and B # 0. Therefore we obtain the desired result. |
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