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On n-ADC integral quadratic lattices over algebraic
number fields

Zilong He

Abstract. In the paper, we extend the ADC property to the representation of quadratic lattices
by quadratic lattices, which we define as n-ADC-ness. We explore the relationship between n-
ADC-ness, n-regularity, and n-universality for integral quadratic lattices. Also, for n > 2, we give
necessary and sufficient conditions for an integral quadratic lattice over arbitrary non-archimedean
local fields to be n-ADC. Moreover, we show that over any algebraic number field F, an integral
O F-lattice with rank n + 1 is n-ADC if and only if it is @ f-maximal of class number one.

1. Introduction

The problem of representing quadratic forms by quadratic forms was first studied by
Mordell. In [27], he proved that the sum of five squares represents all binary quadratic
forms. Building on this work, B. M. Kim, M.-H. Kim, and S. Raghavan [22] defined a
positive definite classic integral quadratic form (i.e., a form with even cross terms) to
be n-universal if it represents all n-ary classic integral quadratic forms. When n = 1,
this notion agrees with the concept of universal quadratic forms, which dates back to
Lagrange’s four-square theorem and has been extensively studied by mathematicians such
as Ramanujan, Dickson and so on. Among the most famous are the 15-theorem by Conway
and Schneeberger for classic integral quadratic forms and the 290-theorem by Bhargava
and Hanke for quadratic forms with integer coefficients. Similar results have also been
shown for n-universal quadratic forms in [8, 21]. Another important topic is the study
of regular quadratic forms, which represent all integers represented by their genus. This
concept was first introduced and systematically studied by Dickson in [11]. Since then,
a significant amount of research has been devoted to classifying them in the ternary case
(cf. [18,20,25,29]). Similarly, Earnest [12] introduced n-regular quadratic forms and
showed that there are only finitely many primitive quaternary 2-regular quadratic forms
up to equivalence, which were partly classified by Oh [28]. For n > 2, Chan and Oh [7]
extended Earnest’s result to (n 4 2)-ary (resp. (n 4 3)-ary) n-regular quadratic forms.

A classical theorem, due to Aubry, Davenport and Cassels, states: if Q(x) is a pos-
itive definite classic n-ary quadratic form such that for all x € Q" there exists y € Z"
such that Q(x — y) < 1, then Q(x) satisfies the property: for all ¢ € Z, if the equation
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Q(x) = ¢ has a solution in Q, then it has a solution in Z. Based on this result, Clark
[9] introduced the concept of ADC quadratic forms, which satisfy the property “solvable
over rationals implies solvable over integers”. In general, he defined ADC and Euclidean
quadratic forms over normed ring, and investigated their relationship. In [10], Clark and
Jagy further determined all ADC forms in non-dyadic local fields and obtained some par-
tial results in 2-adic local fields. Additionally, they completely enumerated all n-ary ADC
integral forms for 1 < n < 4 and all Euclidean integral forms.

As for universality and regularity, studying higher-dimensional analogues of the ADC
property is a natural generalization, which motivates the introduction of n-ADC lattices
(defined in Definitions 1.1 and 1.2) in this paper. Also, we find that such notion plays an
important role between n-universality and n-regularity (Theorems 1.3 and 1.4 (iii)). We
will investigate n-ADC-ness from local fields to global fields. Precisely, we characterize n-
ADC lattices of rank > n over arbitrary non-archimedean local fields for n > 2 (Theorems
1.4 (1)—(ii), 1.5 and 1.9), and give a counting formula (Theorem 1.10). The case n = 1
requires a different approach than that for n > 3 odd, as discussed in Section 7, and it
will be treated in a future paper. Due to the complexity of Jordan splittings, we will use
a non-classical but effective theory, developed by Beli [2—4], to treat higher dimensional
representations of quadratic lattices over general dyadic local fields (see [14, 15] for recent
progress). By virtue of these local classifications, we establish the equivalent condition on
n-ADC lattices of rank n 4 1 over algebraic number fields (Theorem 1.7). Based on the
work of previous researchers [13,23,28], we determine all positive definite n-ADC lattices
of rank n + 1 over totally real number fields (Corollary 1.8), and partially classify 2-ADC
lattices over Q (Theorem 1.11).

First of all, we briefly introduce the arithmetic theory of quadratic forms. Any unex-
plained notations or definitions can be found in [31]. For short, by local fields, we always
mean non-archimedean local fields (cf. [31, §32:1 Definition]).

General settings. Let F' be an algebraic number field or a local field with char F # 2,
OF the ring of integers of F and O the group of units. Let V' be a non-degenerate
quadratic space over F together with the symmetric bilinear form B: V' x V' — F and set
Q(x) := B(x,x) forall x € V. We call L an Of-lattice in V if it is a finitely generated
O r-submodule of V, and say that L ison V if V = FL,i.e., V is spanned by L over F.
For an O f-lattice L, we denote by s(L) (resp. n(L), v(L)) the scale (resp. the norm,
the volume) of L as usual. We call L integral if n(L) € Q. For a non-zero fractional
ideal a in F, we also call L a-maximal if n(L) C a and there is no @ p-lattice L’ on
FL with n(L’) € a such that L & L’. We denote by £, the set of all integral O -
lattices of rank n and by M, the set of all @ r-maximal lattices of rank n. When F' is an
algebraic number field, we also denote by Q2 (resp. cor) the set of all primes (resp. all
archimedean primes) of F.

Local settings. When F is a local field, write p for the maximal ideal of O, w € p
for a uniformizer and N p for the number of elements in the residue class field of F. Set
p® = OF for convention. For ¢ € F*,letc = ek with e € O and k € Z. We denote by
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ord(c) = k the order of ¢ and formally put ord(0) = oco. Put e := ord(2). For a fractional
or zero ideal ¢ of F, we put ord(c) = min{ord(c) | ¢ € c}. We fix A € O such that
F («/Z) / F is quadratic unramified. If F is non-dyadic, then A is an arbitrary non-square
unit; if F is dyadic, then A is a non-square unit of the form A = 1 — 4p, with p € O5.

If F is dyadic, we define the quadratic defect of ¢ by d(c) := (Nyep(c — x*)OF
and the order of relative quadratic defect by the map d from F*/F*? to N U {oo}:
d(c) := ord(c™1'd(c)). Recall some properties of the map d:

(i) Theimageofd is{0,1,3,...,2e —1,2e, co}.
(il) Forc € F*, d(c) = 0 if and only if ord(c) is odd, d(c) = 2e if and only if
c € AF*2 and d(c) = oo if and only if ¢ € F*2.

(iii) The domination principle: d(ab) > min{d(a),d(b)} foralla,b € F*.

Also, we denote by U a complete system of representatives of O /@ 5> such that d(§) =
ord(6 — 1) forall§ € U,and by V:= U U xU = {6, 76 | § € U} a set of representatives
of F*/F*2 If F is non-dyadic, we put U = {I,A}and V = {I,A, 7, Ax}.

We write V = [aq,...,a,] (resp. L = (ay,...,a,))if V = Fx; L--- L Fx, (resp.
L=0px;y L1 Opx,) with Q(x;) = a;. Fory € F* and £, u € F, we denote by
yA(&, u) the binary O f-lattice associated with the Gram matrix y(% ;IL)- Write H =
2714(0,0) and A = 271 4(2,2p). When F is non-dyadic, we have H = (1, —1) and
A = (1, —A). Let H denote the usual hyperbolic plane. Clearly, H = FH. We further
denote by HF (resp. H¥) the orthogonal sum of k copies of H (resp. H) for any positive
integer k.

If instead of a given local field F we talk about the localization Fj, of an algebraic

number field F at the finite prime p, then we will add the subscript p to the notations 7,
ord, e, d,d, U and V.

Definition 1.1. Let n be a positive integer. Let M be an integral O r-lattice over a local
field F. Then

(i) M is called n-universal if it represents all lattices N in £ .

(i) M is called n-ADC if it represents every lattice N in £r, for which FM
represents F'N.

In the rest of this section, we assume that F is an algebraic number field, V is a
quadratic space over F, and M is an integral O r-lattice on V. For p € QF, let F;, be
the completion of F at p. Then write My, := OF, ® M when p € QF\ooF, and set
M, := F, ® M = V), for convention when p € cog. Thus M, is always n-ADC for
p € oor. Then we say that M is locally n-ADC (resp. locally n-universal) if My, is n-
ADC (resp. n-universal) for all p € Qp\ocoF.

Definition 1.2. Let n be a positive integer. Then

(i) M is called globally n-universal, or simply n-universal, if it represents all lat-
tices N in £, with compatible signatures, i.e., with N, —— M, at all real
primes p € coOF.
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(i) M is called globally n-ADC, or simply n-ADC, if it represents every lattice N
in £, for which FM represents FN.

Recall that an O f-lattice M (that may not be integral) is called n-regular if it rep-
resents every lattice N in £, for which M, represents N, for each p € Q. The
n-ADC property can be viewed as a transition between n-universality and n-regularity.
More specifically, an O -lattice that is n-universal must be n-ADC from definition, and
an n-ADC O -lattice is n-regular. In fact, we have the following equivalent condition for
n-ADC O f-lattices, which is a generalization of [9, Theorem 25] with R = OF.

Theorem 1.3. Let n be a positive integer. Then M is globally n-ADC if and only if it is
locally n-ADC and n-regular.

Theorem 1.4. Suppose rank M > n + 3 > 4. Let p € QF\oor. Then
(1) M, is n-ADC if and only if it is n-universal.
(i) M is locally n-ADC if and only if it is locally n-universal.
(iil) M is globally n-ADC if and only if it is globally n-universal.

For n > 1, all n-universal lattices over non-dyadic/dyadic local fields have been com-
pletely determined in [6,15,16,33]. Hence, from Theorems 1.3 and 1.4 (i), determining the
n-regularity for a given O g-lattice M is crucial for its n-ADC-ness when rank M > n + 3.
Although it was shown in [16, Theorem 1.1 (1)] that local-global principle holds for indef-
inite n-universality' with n > 3, it is difficult to verify n-regularity of a quadratic lattice
in general for definite cases.

Theorem 1.5. Supposerank M =n >2orrank M =n+ 1> 3. Let p € Qp\oor. Then
(i) M, is n-ADC if and only if it is O, -maximal.
(i) M is locally n-ADC if and only if it is O p-maximal.

Remark 1.6. For @ F,-maximal lattices, we note that

(i)  All OF,-maximal lattices have been explicitly listed in [15, 16]. See Lemmas
4.7 () and 4.9 (i) (or [15, Proposition 3.7] described in terms of minimal norm
splittings).

(ii) Theorem 19 of [9] states that M, is @ r,-maximal if and only if it is Euclidean
with respect to the canonical norm (see [9, §4.2] for Euclidean property over
local fields). Therefore, in Theorems 1.5 and 1.9, the term “@ g,-maximal” can
be smoothly replaced with “Euclidean”.

For n > 2, the class number of an n-regular @ -lattice M may not be equal to one
in general, but it is exactly one when the rank is n + 1, as proved by Kitaoka in [24,
Corollary 6.4.1] for F = Q and M is positive definite, which was extended by Meyer

'In the indefinite case, the notion of n-universal defined in this paper does not coincide with that of
indefinite n-universal introduced in [16, Definition 1.4 (3)] forn > 2.
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[26, Corollary 5.3] to the case when F is totally real and M is definite. This is also true
for indefinite cases (Corollary 8.3). Based on these and Theorem 1.5, we provide more
explicit equivalent conditions on n-ADC O -lattices with rank n + 1.

Theorem 1.7. Ifrank M =n + 1 > 3, then M is n-ADC if and only if it is O f -maximal
of class number one.

When F is totally real, all positive definite @ r-maximal lattices with rank > 3 of class
number one were enumerated by Hanke [13] for F = Q (115 in total) and by Kirschmer
[23] for F # Q (471 in total), respectively. Thus, from Theorem 1.7, we have the following
finiteness result.

Corollary 1.8. Up to isometry, there are 586 positive definite n-ADC integral O f -lattices
of rank n + 1 > 3 in total, when F varies through all totally real number fields.

Theorem 1.9. Supposerank M =n 4+ 2 > 4. Let p € Qp\ooF.
(i)  If'p is non-dyadic, then My, is n-ADC if and only if it is O f,-maximal.
(i) If'p is dyadic and n is even, then My, is n-ADC if and only if it is either O F,-
maximal or isometric to the non O f,-maximal lattice

H L 27w AQr, 2p,mp).

(iii) If'p is dyadic and n is odd, then My, is n-ADC if and only if it is either OF,-
maximal or isometric to

HZ L n;l“A(n,{,",—(ép — l)n;I“) 1 (eprr,l,f")

or
n=1 -l 1 -l k
HZ L&m, PA(my . —6p — Dy °) L (epmp”),

with
Op € Up\{1, Ap}, 21, =dp(8p) —1 <2ep—2, 8y € Up and ky € {0, 1},

where 8§ =1+ 4py(8p —1)"L.
Moreover, if My, is simultaneously O f,-maximal and has the described orthog-
onal splitting, then it is isometric to

H'Z 127 ', A(2.20p) L (Apey).
with g5 € Uy,

If m > n + 3, then from Theorem 1.4, the notions of n-ADC-ness and n-universality
coincide. Because the n-universality was treated in [15], in this paper we deal with the
remaining cases, with n < m < n + 2. In these cases the number of n-ADC lattices is
finite and it can be calculated as follows.
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Theorem 1.10. Let n > 2. Denote by B(m, n) the number of n-ADC OF-lattices with
rankm € {n,n + 1,n + 2} over a local field F. Then B(m,n) is given by

8(Np)¢—1+0 ifm=n=2,

8(Np)¢ +1 ifm=n+2=4ande > 1,
8(Np)¢ + (8e —2)(Np)¢ ifm=n+2>5withoddnande > 1,
8(Np)¢ +0 otherwise,

where the second addend counts the number of those lattices that are n-ADC, but not
O g -maximal.

From Theorem 1.3, one can determine whether an n-regular @ g -lattice with rank n +
2 is n-ADC by virtue of Theorem 1.9. In particular, we classify the case O = Z and
n = 2 based on Oh’s classification for stable 2-regular quaternary Z-lattices [28].

Theorem 1.11. There are exactly 21 quaternary positive definite 2-ADC Z-lattices up
to isometry, which are enumerated in Table 2. Each 2-ADC Z-lattice L; in the table is
obtained by scaling some lattice £; in Table 1 by 1/2.

Moreover, all of the lattices have class number one, and all except for Lig are Z-
maximal.

Remark 1.12. All of the ternary 2-ADC lattices have been determined by Theorem 1.7.
For the quinary case, Theorem 1.4 (iii) indicates that the 2-ADC property is equivalent to
2-universality. However, currently it is only known from [19, Theorem 2.4] that there are
at most 55 quinary 2-universal Z-lattices M with 2s(M) = Z, of which the 2-universality
has not been completely confirmed yet.

The rest of the paper is organized as follows. We first prove Theorems 1.3 and 1.4 in
Section 2. Then, we review Beli’s BONGs theory of quadratic forms in Section 3. In Sec-
tion 4, we study some basic notions including quadratic spaces and maximal lattices, and
the related results in local fields. In Sections 5, 6 and 7, we establish equivalent conditions
on n-ADC lattices in non-dyadic local fields, and in dyadic local fields for even and odd »,
respectively. In the last section, we will prove our main results, including Theorems 1.5,
1.7,1.9,1.10 and 1.11.

Here and subsequently, all lattices under consideration are assumed to be integral.

2. Proof of Theorems 1.3 and 1.4

To show Theorems 1.3 and 1.4, we need some lemmas.

Lemma 2.1. Suppose that F is an algebraic number field or a local field. Let M be an
O F-lattice. Then M is n-ADC if and only if M represents every lattice N in M, for which
FM represents FN.
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Proof. Necessity is trivial. Suppose that F'M represents N . By [31, 82:18], there exists
some lattice N’ inside M, on FN such that N C N’. Since FM represents FN =~ FN’,
by the n-ADC-ness, M represents N’, and therefore represents N . ]

Lemma 2.2. Suppose that F is an algebraic number field. Let V be a quadratic space
over F and p € Qr\oof. Given a subspace U(p) C Vy, there exists a subspace U C V
such that Uy = U(p).

Proof. We prove the statement by induction on dim U(p). When dim U(p) = 1, then
U(p) = Fpu(p) for some u(p) € Vy. Recall from [31, 63:1b Corollary, 21:1] that prz is
open in F;, and V is dense in V;. Then there exists u € V such that Q(u) € Q(u (p))FpX2.
Thus, Q(u) = c2Q(u(p)) = O(cu(p)) for some ¢ € Ff. Take U := Fu.ThenU C V
and F,U = Fyu = Fy(cu(p)) = Fyu(p) = U(p).

FordimU(p) > 1, we may let U(p) = W(p) L Fou(p). Then, by inductive assumption,
there exists W C V such that W,, = W(p). Since U(p) is non-degenerate, and so is W(p).
Thus W is also non-degenerate. It follows that V = W L W+, where Wt := {v € V |
B(v, W) = 0}. This yields V,, = W,, L F,W+. We also have V,, = W(p) L W(p)*. By
Witt’s cancellation theorem, Fle = W(p)=L. Thus one can find u’ € Wl,L ~ W(p)t ~
FpWJ- such that Q(u’) = Q(u(p)). By the one-dimensional case of the lemma, there
exists u € W+ such that Fyu = Fpu' = Fyu(p). Now take U = W L Fu, as desired. =

Proof of Theorem 1.3. For sufficiency, suppose that FFM represents FN for some N €
£ Fn. By [31, 66:3 Theorem], F'M,, represents F'Ny, for all p € QF, so M}, represents Ny
by the n-ADC-ness of M,,. Hence M represents N by the n-regularity of M.

For necessity, we will first prove that M is locally n-ADC, i.e., M is n-ADC for
each p € QF\oor. By Lemma 2.1, it is sufficient to show that M}, represents every O f, -
maximal lattice N(p) for which F'M,, represents F'N(p).

We may assume FN(p) € FM,. By Lemma 2.2, there exists a subspace U € FM
such that U, = FN(p). Hence, by [31, 82:18], FM represents FL for some @ r-maximal
lattice L on U. So M represents L from the n-ADC-ness of M. Thus M,, represents L.
Note from [31, §82K] that L, is (9Fp—maximal, so L, = N(p) by [31, 91:2 Theorem].
Hence M, represents N(p), as desired.

To show the n-regularity of M, let N € £F ;. Suppose that M, represents N, for all
p € QF.Then FM, represents F'N,, for all p € Q. Hence, by [31, 66:3 Theorem], FM
represents FN. So M represents N from the n-ADC-ness of M. ]

Proof of Theorem 1.4. (i) Let p € Qg \oor. Since dim FM, =rank M, > n + 3, by [16,
Theorem 2.3 (1)], F'M,, represents all n-dimensional quadratic spaces. Hence for every
lattice Ny in £ F, n, F M, represents F'Ny, so M, represents N, by the n-ADC-ness of
My, i.e., My is n-universal, as desired.

(i1) This is clear from the definition and (i).

(iii) Note that M is locally n-ADC (resp. locally n-universal) if and only if it is
globally n-ADC (resp. globally n-universal) when M is n-regular. Then we are done by
Theorem 1.3 and (ii). ]
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3. Lattices in terms of BONGs

In this section, following Beli’s work [1-6], we use bases of norm generators (abbr.
BONGsS) to describe the lattices in arbitrary dyadic local fields instead of Jordan split-
tings. Let us first review his BONGs theory and recent development [14, 15].

Unless otherwise stated, we always assume F to be dyadic, i.e., ¢ > 1. We write
(A, k]E (resp. [h, k]O) for the set of all even (resp. odd) integers i such that h <i < k. For
ci € F*, we also write ¢; ; = ¢; -+ ¢; for short and put ¢; j—1 = 1.

The vectors x1, ..., X, of FM is called a BONG for M if u(M) = Q(x1)OF and
X2,...,Xm is a BONG for prxllM, and it is said to be good if ord(Q(x;)) < ord(Q(xi+2))
forl1 <i <m—2.Wedenoteby M =~ < ay,...,a, >if x1,..., X, forms a BONG for
M with Q(x;) = a;.

Lemma 3.1 ([15, Lemma 2.2]). Let x1,...,Xn be pairwise orthogonal vectors in V with
0(x;) = a; and R; = ord(a;). Then x1, ..., Xy forms a good BONG for some lattice is
equivalent to the conditions

Ri <Rjyp foralll <i<m-2 3.1
and
Rit1— R +d(—ajaj4+1) >0 and Rijy1—R;i>—-2e foralll<i<m-—1. (3.2)

Corollary 3.2 ([15, Corollary 2.3]). Suppose 1 <i <m — 1.
(i)  If Riy1 — R; is odd, then R; 11 — R; must be positive.
(11) ]fRi+1 — R,’ = —26, then d(—a,-a,-+1) > 2e and < a;,ajy] >= 2_17TRiA(O, 0)
or 27\ Ri A(2,2p). Consequently, [a;,a;+1] = H or nRi[1, —A].

Let M =~ < ay,...,a, > be an OF-lattice relative to some good BONG. Define the
R;-invariants R; (M) := ord(a;) for 1 <i < m and the «;-invariants

ai(M) := min ({(Rit1 — Ri)/2+ e} U{Rit1 — R; + d(—ajaj+1) | 1 < j <i}
U {Rj+1 —R; + d(—ajaH_l) | i<j<m- 1})

for 1<i<m—1. Both are independent of the choice of the good BONG (cf. [2, Lemma 4.7],
[4, §2]).

We give some useful properties for R; and «; without proof (cf. [15] or [6]).
Proposition 3.3. Suppose 1 <i <m — 1.

(i) Rit+1— R; > 2e (resp. = 2e, < 2e) if and only if a; > 2e (resp. = 2e, < 2e).

(i) IfRj+1—R;>2eor Riy1—R; €{—2e,2—2¢,2¢—2}, then a; = (R +1—R;)/2

+e.

(i) If Riy1 — R; <2e, then ®; > Rij+1 — R;. Also, the equality holds if and only if
Riy1 — R;i =2eor Ri+1 — R is odd.
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Proposition 3.4. Suppose 1 <i <m — 1.
(i)  Either0 <o; <2eanda; € Z, or2e < aj < o0 and 20; € 7, thus a; > 0.
(i) «a; =0ifandonlyif Ri+1 — R; = —2e.
(iii) o; = 1ifand only ifeither Ri 1 — Ri € {2—2e,1}, or Ri;1 — R; € [4—2e,0]F
and d[—aji+1] = Ri — Ri+1 + 1.
@iv) Ifa; =0, ie, Riy1 — Ri = —2e, then d[—aj i+1] > 2e.
) Ifa; =1, thend[—aji+1] = Ri — Ri+1 + 1. Also, the equality holds if Rj+1 —
Ri 75 2 —2e.
Proposition 3.5. Suppose that M is integral.
(i) Wehave R; > R; > 0 for all odd integers i, j with j > i and R; > R; > —2e
for all even integers i, j with j > i.
(i) IfR; = 0forsome j € [1,m]°, then R; = 0 foralli € [1, j1° and R; is even
foralll <i <j.
(iii) If Rj = —2e for some j € [1,m)E, then for eachi € [1, j1E, we have Ri_; =0,
R; = —2e and d(—a;j—1a;) > d[—a;i—1 ;] > 2e. Consequently, d[(—1)"?a; ;]
> De.
(iv) If R; = —2e for some j € [I,m]E, then [ay, ..., a;] = H//2 or HU=2/2 |
[1,—A), according as d((—l)j/2a1,j) = oo or 2e.
(v) If Rj = —2e and Rj41 is even for some j € [I,m)E, then [ay, ..., aj+1] =
H//2 L [e] for some & € OF with e € aj11F*? U Aaj1q F*%

Let N =~ < by,...,b, > be another O -lattice relative to some good BONG, S; =
R;(N)and f; = a;(N).For0 <i <mand0 < j < n, we define
d[cal,,-bl,j] := min {d(cal,ibl,j),ozi, ﬂj}, (S FX,
where o; is ignored if i € {0,m} and B; is ignored if j € {0, n}. In particular, if M = N
and0 <i —1 < j < m, then we define
dlcai ;] := d[cayi—1ay,;] = min{d(ca; ;). i1, 0}

Here we ignore o;_; if i € {1, m 4 1} and we ignore «; if j € {0, m}. Recall that the
invariants d[cai,;b1,;] satisfy the same domination principles as their d(ca,;b1,;) cor-
respondents. (See [6, §1.4].) With this notation, the invariant «; can be neatly expressed
as

ai =min{(Ri11 — Ri)/2+ e, Rit1 — Ri +d[—aii1]} (3.3)

(cf. [4, Corollary 2.5 (i)]). For any 1 <i < min{m — 1, n}, we define
Ai = Aj(M,N) :=min{(Ri11 — Si)/2 + e, Riy1 — Si + d[—ar,it1b1,i-1].
Riy1 + Riyz2 — Si—1 — Si + dlar,it2b1,i—2]}.

where the term R; 41 + Rij42 — Si—1 — Si +d[ai1,i+2b1,i—2] isignored ifi = 1orm — 1.
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Our main tool is the representation theorem due to Beli [6, Theorem 1.2 and Remarks 1]
(see [4, Theorem 4.5] and [5] for more details).

Theorem 3.6. Suppose n < m. Then N — M if and only if FN — FM and the fol-
lowing conditions hold:
(i) Forany 1 <i <n, we have either R; < S;, or 1 <i <m and R; + Ri+1 <
Si—1+ 8.
(ii)) Foranyl <i <min{m — 1,n}, we have dla1 ;b1 ;] > A;.

(iii)) Forany 1l <i <min{m — 1,n + 1}, if

Rit1>8i-1 and d[—aiibyi2]+d[—aiit1bri—1]>2e+ Si—1 — Riy1,

then [by,...,bi—1] > [a1,...,a;].
(iv) Foranyl <i <min{m —2,n + 1} suchthat S; > Rj1> > S;_1+2e > R;j11 +
2e, we have [by,...,bi—1] > [a1,...,ai+1]. (Ifi =n + 1, the condition S; >

Ri 4o is ignored.)

4. Preliminaries over local fields

Unless otherwise stated, we always assume that F is a local field and # is a positive integer
in this section. Clearly, e = 0 if F is non-dyadic and e > 1 if F is dyadic.

First, we extend [15, Definitions 3.4 and 3.6, and Proposition 3.5] to the non-dyadic
case, includingn = 1.

Definition 4.1. Let n> 1. For ¢ € V, we define the n-dimensional quadratic space over F':

H"Z L [1,—c] ifniseven,

Wl(c) := e
1) {HZIJ_[C] if n is odd,

and define the n-dimensional quadratic space W,'(c) with det WJ'(c¢) = det W]"(c) and
W(c) & Wi (c)if n # 1 and (n,c) # (2, 1). We further define the ¢ r-maximal lattice
on W' (c) by N*(c) provided that W (c) is defined.

From Definition 4.1, the notations W, (c) and N (c) are defined only if

(n,v) #(1,2) and (n,v,c) # (2,2,1), 4.1

which is in essential due to [31, 63:22 Theorem]. Hereafter, we always assume that the
conditions (4.1) hold when a quadratic space W} (c) or an O r-maximal lattice N (c) is
discussed.

If F is dyadic, for ¢ € V\{1, A}, we let cr =€) = £2(1 + pun?©) with &, u € Or
when ord(c) is even. To describe W, (c) and N} (c) explicitly, we put

4.2)

P A if ord(c) is odd,
1+ 4pu~'n=4© if ord(c) is even,



On n-ADC integral quadratic lattices over algebraic number fields 991
as in [15, Definition 3.1]. From [15, Proposition 3.2], we also have the properties for ¢*:
d(c*y =2e —d(c) and (c#,c)p =—1. 4.3)

Proposition 4.2. Letrn > 1, v e {1,2}andc € V.
(i)  The quadratic space W, (c) is given by the following table,

n c W (c) Wi (c)
1 H3 H"Z" L[1,-A, 7w —An]
. Hi TN Hi L [r,—Ax]
§.8€ U\{I,LA} H"" L[1,—8§ H"Z L [§* -5
§m,8 € U H*2 L[lI,-87] H" L[A,—ASn]
ong LBEU Hi L8] Hi L [, —Am, A§)
§m.8 € U H"z" L [§7] H"2 L[l,-A, Asx]

where the third case is ignored when e = 0. (If e = 0, then U\{1, A} = @.)
(i)  Every n-dimensional quadratic space over F is isometric to one of the spaces

in the table above.

(iii) For every n-dimensional quadratic space W, up to isometry, there is exactly one
(n+2)-dimensional quadratic spaceV representing all n-dimensional quadratic
spaces except for W. Precisely, if W =W (c) with (n,v)#(1,2) and (n,v,c) #
(2,2,1), then V = W 2(c).

Remark 4.3. All n-dimensional quadratic spaces have been exhausted by the above table
from Proposition 4.2 (ii). Also, on each space W,'(c), by [31, 91:2 Theorem], there is
exactly one O -maximal lattice, up to isometry. Hence M, consists of all the O -maximal
lattices N, (c) for v € {1,2} and ¢ € V such that (n,v) # (1,2) and (n,v,c) # (2,2, 1). So,
by Proposition 4.2 (i) and [31, 63:9], one can count the number of @ r-maximal lattices

with rank n:
8(Np)¢ ifn >3,

IMn| =1 8(Np)¢—1 ifn=2, 4.4)
4(Np)¢ ifn =1.

Next we show Lemma 4.4, which refines [31, 63:21 Theorem] slightly and provides
an alternative proof for Proposition 4.2 (ii) and (iii), covering the case n = 1.
Lemmad4.4. Letn > 1, v,v € {l,2}andc,c’ € V.

(i) WJ(c') represents W' (c), i.e., W] (c") = W} (c) if and only if (V',c") = (v, ¢).

(i) Wv'f'H (¢') represents W (c) if and only if (¢', ¢)p = (=1)”" .

(i) WZH2(c’) represents W (c) if and only if ¢’ # ¢ or (V',¢) = (v, ¢).
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Proof. (1) This is clear from Definition 4.1.

(ii) Let D = det W]'"!(c’) det W' (c). Then D = det W/ (c’) det W*(c) for any
v,v" € {1,2}. By [31, 63:21 Theorem], W/ (c) —— W/ ! (c’) if and only if W/ (c’) =~
W (c) L [D]. Since det W;}'H(c’) = det(WJ(c) L [D]), this is equivalent to

Sp(WEtH (")) = Sp (W (c) L [D]).

Consider the case v = v = 1. If n is even, then W/*(c) = H?/2-1 | [1, —c] and
Wl (c") = H"? L [¢'], so W['(c) —— Wt (¢’) if and only if [1, —¢] —— H L [¢] =
[c,—c, '], which is equivalent to 1 —— [c,c], i.e., (c,c¢’)p = 1. If n is odd, then W}*(c) =
H®=D/2 | [¢]and W' (") = H®=D/2 1 [1,—¢'], s0 W]*(c) —— W{*t1(c") if and only
if ¢ & [1, —¢’], which is equivalent to (c, ¢’), = 1. Hence, regardless of the parity of n,
we have

Sv(WlnH(C,)) = SP(Wln(C) 1 [D]) = Wi(c) > W1n+1(c/) & (c,c)p =1
It follows that
Sp (W) = (. ¢)pSp (Wi (c) L [D]). 4.5)
Also, we have
Sp(W(c) L [D]) = (=1)" 'Sy (W) (c) L [D]). (4.6)

Indeed, if v = 1, this is trivial. And if v = 2, then det(W/*(c) L [D]) = det(W;'(c) L [D]),
but W' (c) L [D] & W) (c) L [D], so Sp(W/*(c) L [D]) = =Sp(W,'(c) L [D]).
Similarly, S, (W*T1(c")) = —Sp(W2'T1(c")), so for v’ € {1,2}, we have

Se(WITL(e)) = (1) 7Ls, (WhH(c)). 4.7
Plugging (4.6) and (4.7) into (4.5), we deduce that
Sp(Wi () = (1) (e, )pSp (Wi () L [D]).
Hence
W (c) = Wiy <= Sp (W) = Sp (W (c) L [D]) <= (=1)" ¥ (c,c)p=1.

(iii) If V' and W are two quadratic spaces such that dim V —dim W = 2, then W ——
V if and only if either det V # —det W = det(W L H) or V = W L H. In our case,
since W (c) L H = W/2(c), we have that W//2(c’) represents W, (c) if and only if
either det W/ t2(c’) # det W2 (c), ie., ¢’ # c,or W2 (c') = W2 (c), e, (V' ) =
(v, ). |

Lemma 4.5. Let V be a quadratic space over F. Let Wi and W, be n-dimensional
quadratic spaces over F such that det Wy = det W, = D and Wy % W.

(i)  Forn > 2, suppose either dimV =n + 1, ordimV =n + 2 withdetV = —D.
Then V represents precisely one of Wy and W5.
In particular, for every ¢, V represents exactly one of W' (c) and W' (c).
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(i) Forn > 3, suppose either dmV =n —1, ordimV =n —2withdetV = —D.
Then V is represented by precisely one of Wy and W5.
In particular, for every c, V is represented by exactly one of W (c) and W} (c).

Proof. (i) See [15, Lemma 3.13].

(ii) Let dim V' = n — 1. Recall from [31, 63:21 Theorem] that V' —— W if and only if
W =V 1 [det W det V]. Since W; and W, are the exactly non-isometric n-dimensional
spaces with the same determinant D, we see that V' L [D det V] = W; or W, but not
both. Hence V is represented by precisely one of W and W,.

IfdimV =n —2anddetV = —D, then, by [31, 63:21 Theorem], V —— W if and
only if W = V' L H. Similar to the previous case, we see that V' L H =~ W; or W5, but
not both, as desired. [

Under the n-ADC assumption, we also have the lattice versions of Lemma 4.5 (i) and
Proposition 4.2 (iii).
Lemma 4.6. Letn >2,v € {1,2}and c € V. Let M be an n-ADC O g-lattice.
(i) Ifeitherrank M =n + 1, orrank M =n + 2 and det FM = —det W} (c), then
M represents exactly one of N{'(c) and N} (c).
(i) If FM =~ W/"2(c), then M represents every lattice N in L, with FN %
Wi (c). In particular, M represents every N in M, with N % Nj_ (c).

Proof. This follows from Lemma 4.5 (i), Proposition 4.2 (iii) and the n-ADC-ness
of M. ]

We treat the non-dyadic and dyadic case separately.

Case 1. F is non-dyadic. Recall from [31, 92:2 Theorem] that a lattice L over F has a
unique Jordan splitting. Hence we may denote by Ji (L) the Jordan component of L, with
possible zero rank and scale p¥, and write Jij(L)y:=Ji(L) LJiza(L) L.+ L J;(L)
for integersi < j.

We reformulate [16, Proposition 3.2] as below.

Lemmad4.7. Letn > 1,ve{l,2}andc € V.
(1)  The Of-maximal lattice N (c) is given by the following table.

n ¢ N{(c) N3 (c)
1 H? HZ' 1 (1,-A, 7, —An)

Even A H'Z L (1,-A) H"Z L1 (r,—An)
§m.8eU={1,A} H'Z L(1,-87) H"Z L (A,—ASx)

oy BEEU=1.4) Hi 1 (8) Hi L (7, —Am, AS)
§m.8eU={1,A} H'Z L (§n) H'Z 1 (1.—A, A7)

(ii)  The set M, is a minimal testing set for n-universality.
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Lemma4.8. Let N = N[ (c) be an O f-maximal lattice of rank n. Then Jo,1(N) = N.
Thus, an O -lattice M represents N if and only if FJo(M) represents FJo(N) and
FJo,1(M) represents FN.

Proof. Recall that H = (1, —1) is unimodular, and so is H*. For each N = N’ (c) in
Lemma 4.7 (i), one may obtain the Jordan splittings by collecting or reordering the com-
ponents according to their scales. From these splittings, it follows that Jo ; (N) = N for
each N = N/*(c). Furthermore, the second assertion holds by [30, Theorem 1]. [ ]

Case II. F is dyadic. We rephrase [15, Theorem 1.2] in terms of BONGs by virtue of
[15, Remark 3.9, Lemmas 3.10 and 3.11].

Lemmad4.9. Letn > 1,ve{l,2}andc €V.
(i) The O F-maximal lattice N} (c) is given by the following table,

n c N{(c) NJ(c)
1 H? H'Z' 1<1,—An~2¢ 7, —Axl=2¢ »
A H'Z 1<1,-An"2¢> H"Z Ll<x —Axl=2¢s

Even = s cu\(1.A} H'Z L<1.—871-4®) » H'3 1< §F —stsp1—d@®
§t.6eU H'Z" 1< 1,—61 > H'2" 1< A, —AS7 >~

gy 2B Hi 1<8> Hi 1< 8ic*, —Sicten?2€ Sk =
S, 8 €U Hz2 1<8r > Hz 1<1,—-An"2¢ ASm >

where K is a fixed unit with d (k) =2e —1 and H== < 1, —7~2¢ > (cf. [15, Lemma 3.9 (i)]).

(ii) The set My, is a minimal testing set for n-universality.

Remark 4.10. Each O f-maximal lattice N (c) can be written as the form HF 1 [ ~
<1,—m72¢,...,1,—mw72¢ ¢q,...,c¢ > relative to a good BONG, where k, £ are non-
negative integers and L =~ < ¢y, ..., ¢y > relative to a good BONG. Hence the above table
gives the values of the invariants R; (N (c)) (cf. [15, Lemma 3.11]).

The next two lemmas indicate that the invariants R;(N) (1 <i < n) and the space
F N determine whether an O f-lattice N of rank n is () p-maximal or not. The proofs are
the same as that of [15, Proposition 3.7]. (See also [15, Lemma 3.11].)

Lemma 4.11. Let N be an OF -lattice of even rank n > 2 and put S; = R;(N).
(i) If FN = W' (c) with c € {1, A}, then N = N{'(c) if and only if S; = 0 for
i €[l,n]°and S; = —2e fori € [1,n]E.
(i) If FN = W) (c) with ¢ € {1, A}, then N = N} (c) if and only if S; = 0 for
ie[l,n=2]9 8 =—2eforie[l,n—2]% S,y =1and S, =1 —2e.
Gii) IfFN = W] (c), withv € {1,2} and c € V\{1, A}, then N = N](c) if and only
ifSi =0fori e[l,n—1]9,8; =—=2eforie[l,n—1F and S, =1—d(c).
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Lemma 4.12. Let N be an O g -lattice of odd rank n > 1 and put S; = R;(N).
(i) IfFN =W (@) with§ € U, then N = N{'(8) ifand only if S; =0 fori € [1,n]°
and S; = —2e fori € [1,n]E.
(i) IfFN =W (§)withd €U, then N = N3 (8) ifand only if S; =0 fori [1,n]°,
S; = 2efori e[l,n—2]F and S,_, =2 —2e.
(i) IfFN = W] (n), withv € {1,2} and § € U, then N = NJ (8) if and only if
S; =0fori e[l,n—1]° 8; = 2eforie[l,n—1]F and S, = 1.
Proposition 4.13. Let N =~ < by, ..., b, > be an O -maximal lattice of odd rank n > 3.
Put S; = R;(N) and B; = a;(N). Then
i Si=0forie[l,n— 2]0, S;=—2eforie[l,n— Z]E and Sy—1 €{—2e,2 — 2e}.
(ii) IfSp—1 = —2e, then S, € {Oa 1}, ,Bn—Z = 0 and ﬂn—l = d[_bn—Z,n—l] > 2e.
(i) IfSp—1 =2—2e,then S, =0, Bp—z =land d[—bp—2n—1] = Bn—1 =2 — 1.

Proof. (i) It is clear from Lemma 4.12.

(i) If S,—; = —2e, then S, € {0, 1} by Lemma 4.12. Since S,,—1 — S,—> = —2e, by
Proposition 3.4 (ii) and (iv), we have 8,—> = 0 and 8,—1 > d[—bp—2,n—1] > 2e.

(iii) If S,—1 = 2 — 2e, then S,, = 0 by Lemma 4.12. Since S,—1 — Sp—2 =2 — 2e
and S, — S,—1 = 2e — 2, by Proposition 3.3 (ii), we have 8,—, = 1 and 8,—1 = 2e¢ — 1.
Hence

2e—1=Qe—=2)+1=81-2—8i—1+ Bn2 =d[-bp—2n-1] < Bn-1=2e—1
by (3.3), as desired. [

We return to the case where F is a local field. The following lemma shows that, over
local fields, maximality implies n-ADC-ness.

Lemma 4.14. Let M be an O -maximal lattice. If FM represents FN, then M repre-
sents N; thus M is n-ADC for 1 <n <rank M.

Proof. 1f FM represents F'N, by [30, Proposition 1], FM =~ FN L V for some quadratic
space. Take an integral lattice L on V. Then n(N L L) € Of. By [31, 82:18] and [31,
91:2 Theorem], there must be an @ g-maximal lattice M’ of rank n on FM such that
NCNL1LLCM =~ M.Thus M represents N. n

The following proposition characterizes n-ADC O g -lattices of rank n, thereby prov-
ing the simple case of Theorem 1.5 (i).

Proposition 4.15. Let M be an OF -lattice of rank n > 2. Then M is n-ADC if and only
if M is O -maximal.

Proof. Sufficiency is clear from Lemma 4.14. From Remark 4.3, we may choose an O g -
maximal lattice N of rank n such that FN = FM. Then FN — FM by [31, 63:21 The-
orem]. Since M is n-ADC, we have N —— M, so M =~ N by the maximality of N. m
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Using Lemmas 4.7 (i) and 4.9 (i) with n = 4, one can easily prove the following propo-
sition for quaternary maximal lattices, which will be used in the proof of Theorem 1.11.

Proposition 4.16. Let N be a quaternary Of-maximal lattice. Then N represents H
except when N = N24(1). In the exceptional case, N = A 1. A", where A" denotes the
lattice A scaled by 7.

5. n-ADC lattices over non-dyadic local fields

Throughout this section, let n be an integer with n > 2. We assume that F' is a non-
dyadic local field and M is an O F-lattice. In this case, we have U = {l1, A} and V =
{1, A, 7, Ar}.

Theorem 5.1. Ifrank M =n + 1 orn + 2, then M is n-ADC if and only if M is OF-
maximal.

Lemma 5.2. Suppose that M = Jo,1 (M) and rank J1 (M) < 1. Then M is O g -maximal;
thus it is n-ADC.
In particular, if M is unimodular, then it is O f -maximal and n-ADC.

Proof. By the hypothesis, we have n(M) = s(M) = Of and v(M) 2 p. It follows from
[31, 82:19] that M is O r-maximal. Hence it is n-ADC from Lemma 4.14.

If M is unimodular, then M = Jo(M) and rank J;(M) = 0, so the first assertion
applies. ]
Lemma 5.3. We have the following statements:

()  If for every § € U there is some vs € {1,2} such that M represents Ny (§1),
then rank Jo(M) > n — 1 and rank Jo 1 (M) > n + 1.

(ii) If M represents N{ (8) for some § € U, then rank Jo(M) > n.
(iil) If M represents N (8) for all § € U, then rank Jo(M) > n + 1.
(iv) If M represents both N{ (c) and N3 (c) for some ¢ € 'V, then rank Jo 1 (M) >
n+2.
Proof. (i) By Lemma 4.8, FJo(M) represents FJo (N, (§7)), which implies that
rank Jo(M) > rank Jo(N,, (7)) = n — 1.
Also, FJo,1 (M) represents F N (§mr) =W (§x) for §=1, A. Since Wy () £ W, (Am)
by Lemma 4.4 (i), this implies that
rankJo,l(M) = dim FJ(),l(M) >n+1.

(ii) Observe from Lemma 4.7 (i) that N’ (¢) is unimodular for any & € U, so Jo(N{' (¢))
= N (¢). By Lemma 4.8, FJo(M) represents FJo(N{ (8)) = FN{'(§) = W(§), which
implies that

rank Jo(M) > rank N{'(8) = n.
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(iii) By Lemma 4.8, FJo(M) represents FJo(N{'(8)) = W]*(8) for 6 = 1, A. Since
W (1) 2 W/'(A) by Lemma 4.4 (i), this implies that

rank Jo(M) = dim FJo(M) > n + 1.

(iv) By Lemma 4.8, FJy,1 (M) represents FN' (c) = W) (c) for v = 1,2. This con-
tradicts Lemma 4.5 (i) if dim FJy,1 (M) = n + 1. Hence

rank Jo,1 (M) = dim FJo,1 (M) > n + 2. |

Lemma 5.4. Suppose that M is n-ADC of rankn + 1 orn + 2. Then M = Jo,1 (M) and
rank J; (M) < 2.

Proof. Letrank M = n + 1. For each § € {1, A}, by Lemma 4.6 (i), there is some vg €
{1.2} such that M represents N, (§7). Hence, by Lemma 5.3 (i), we have

rank Jo(M) >n—1 and rankJo (M) >n+ 1.

Sorank Jo,1 (M) =n + 1. Thus Jo 1 (M) = M and rank J, (M) < 2.
Letrank M =n + 2 and FM = W/ *2(c). Since |U| =2 and | V| = 4, we have U\ {c}
# @and V\{l,c} #@.Let§ € U\{c} and ¢’ € V\{1,c}. Since § # ¢, by Lemma 4.4 (iii),
FM represents W (8). Since ¢’ # 1, both W]*(c) and W, (c’) are defined (including the
case n = 2) and, since ¢’ # ¢, by Lemma 4.4 (iii), FM represents both of them. Then,
since M is n-ADC, it represents N'(§), N{'(c’) and N} (c¢’). By Lemma 5.3 (ii) and (iv),
we get
rank Jo(M) >n and rankJo (M) >n+ 2.

Sorank Jo,1 (M) = n + 2. Thus Jo,1 (M) = M and rank J; (M) < 2. |

Proof of Theorem 5.1. Sufficiency is clear from Lemma 4.14. Let m =rank M € {n+1,
n+2}. By Lemma 5.4, M = Jo,1 (M) and rank J1 (M) < 2. If rank J; (M) < 1, then we
are done by Lemma 5.2.

Assume rank Jy (M) =2 and let M = Jo(M) L M'™ where M’ is unimodular of
rank 2. Since Jo(M) and M’ are unimodular, both are O p-maximal from Lemma 5.2.
Hence, by Lemma 4.7 (i),

Jo(M) = N"2(1) or N"2(A), and M’ =Hor (l,—A).
If M" = (1,—A), then M = NJ'(1) or Nj*(A), as desired. Assume M’ = H. Then
FM =~ W"(n') forsomen € {1, A}.

Hence FM represents W' (n) with n € {1, A}, by Lemma 4.4 (ii), for m = n + 1 (we
have (1,1')p, = 1) and, by Lemma 4.4 (iii), for m = n + 2, so M represents both of N{*(1)
and N['(A) by n-ADC-ness of M. By Lemma 5.3 (iii), we have rank Jo(M) > n + 1, a
contradiction. ]
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6. n-ADC lattices over dyadic local fields I

In this section, let n be an even integer with n > 2. We assume that F is a dyadic local field

and M =~ < ay,...,an, > is an O F-lattice of rank m > n, relative to some good BONG.
Let R = Ri(M) for1 <i <mand oy = o;(M) for 1 <i <m — 1. We also suppose
that N =~ < by,...,b, > is an OF-lattice of rank n, relative to some good BONG, and

denote its associated invariants by S; = R;(N) and B; = «;(N) when an O g-lattice N
with rank 7 is discussed.

Theorem 6.1. Ifrank M = n + 1, then M is n-ADC if and only if M is O p-maximal.

Theorem 6.2. If rank M = n + 2, then M is n-ADC if and only if either M is OF-
maximal, orn = 2 and

M~HL<1,-An?>2¢ > >~H 12 '74Qx" ", 2p7),
which is not O g-maximal.

Remark 6.3. When e = 1, by [2, Corollary 3.4 (ii)] and [15, Lemma 3.10], we also have
H1<1,—-An?72¢ >>~H 1 (I,-A).

Lemma 6.4. We have the following statements:

(i)  If M represents N{'(A) (resp. N{'(1)), then R;_1 = R; +2e =0fori € [1,n]E.
If moreover R, +1 > 0, then d((—l)”/zal,n) = 2e (resp. d((—l)”/zal,n) = 00).

(ii) If M represents N{*'(1) and N{'(A), then R;_1 = R; +2e =0 fori € [1,n]E
and Rn+1 =0.

(iii) If M represents N3 (A) (resp. N} (1), withn > 4), then R;_y = R; +2e =0
fori € [1,n — 2] and either R,_y = 0 and R, € {—2e,2 —2e} or R,_; =
R, +2e = 1.

(iv) If M represents one of N{'(1), N{'(A) and N} (A), and one of Ni (k) and
N} (k), then Ry € {0, 1,2}. (Here « is the unit with d(k) = 2e — 1 from
Lemma 4.9 (i).)

Proof. (i) Let N = N{'(A) or NJ'(1). Then S,,—1 = S, + 2e = 0 by Lemma 4.11 (i). By
Proposition 3.5 (i), we have R,—; > 0 and R, > —2e. If M represents N, then

—2¢e <Ry <Ry 1+ Ry <Su—1+ Sy =-2e

by [3, Lemma 4.6 (i)]. So R, = —2e¢ and hence R;_; = R; +2e = 0fori € [1,n]%, by
Proposition 3.5 (iii).

If Ry41 > 0, then R,4+1 — Sy > 2e. By [5, Corollary 2.10], we have ay b1, €
F*? and thus a;, = by, in F*/F*2. So (—1)”/2a1,n = (—1)”/2b1’,, = Aorl,ie.,
d((—1)"2ay ) = 2e or 0o, according as N = N'(A) or N = NI'(1).

(i1) The first statement is clear from (i). By Proposition 3.5 (i), we have R,1; > 0.
Assume R,1 > 0. If M represents Ni*(1) and Ni'(A), then d((—l)”/zal,n) = oo and
d((=1)"2a; ) = 2e by (i). This is impossible.



On n-ADC integral quadratic lattices over algebraic number fields 999

(iii) Let N = N (A), or N} (1), withn > 4. Then S,,_3 = Sy,—> +2e =0and S,—; =
Su + 2e = 1 by Lemma 4.11 (ii). Similar to (i), we have R;_; = R; + 2e = 0 for i €
[1,n —2]%. Applying [3, Lemma 4.6 (i)], we see that
—2e+ Ry 1 =Ry 2+ Ry 1 <Sp2+Sp—1 =1-2e, (6.1
Ryi i+ Ry <Sp1+ S =2-2e. (6.2)
Hence R,—; € {0,1} by (6.1). If R,—; = 0, then —2¢ < R,, <2 —2e by (3.2) and (6.2),
so R, € {—2e,2 — 2e} by Corollary 3.2 (i). If R,—; = 1, then R,, = 1 — 2e similarly.
(iv) Assume R, 11 > 2. If N = N]'(¢) is any of the five lattices under consideration,
then, by Lemma 4.11 (i) and (iii), we have S, <2 —2e, so R,4+1 — S, > 2e. Then, same
as in the proof of (i), we get d((—1)"/2ay ,) = d((—1)"/?by ) = d(e).
Since M represents N (1), N{'(A) or NJ(A), we have d((—l)”/zal,n) = 00 or 2e.
Since M also represents N{' (k) or N} (k), we have

d((=1)"?ay,) = d(k) = 2¢ -1,
a contradiction. [

Lemma 6.5. Suppose m =n + 1 and Ri_; = R; +2e =0 foralli € [1,n —2]E. Let
N = NJ(em), withv € {1,2} and ¢ € U.

i) IfR,—1 =0, R, € {—2¢,2—2¢}and R,+1 > 2, then Theorem 3.6 (ii) fails at

i =n.

(i) If Ry—1 = R, + 2e =1, then Theorem 3.6 (ii) fails ati = n — 1.
Proof. By Lemma 4.11 (iii), we have S; = S;41 +2e = 0fori € [I,n —2]9,8,_1 =0
and S, = 1.

(i) If R,—1 =0and R, € {—2e,2 —2e}, then ord(a; ,b1,,) is odd and thus d [a; ,, b1 ]
=0.Also, Ry+1 — Sp > 2—1=1and d[—a1+1b1,n—1] > 0. Hence

Ap = min{(Rug1— Sp)/2 + €, Rup1 — Sp + d[—a1,n41b1,n-1]} = min{1/2 + ¢, 1}
=1>0= d[al,nbl,n].
(ii) If R,—1 =1, then ord(ai,n—1b1,n—1) is odd and so d[a; ,—1b1,,—1] = 0. Since

R, — R,—1 = —2e, by Proposition 3.4 (iv), we have d[—an—1.,] > 2e. Since R,—» =
Sn—» = —2e, by Proposition 3.5 (iii), we have

d[(—l)("_z)/zal,n_z] >2e and d[(—l)("_z)/zbl,n_z] > 2e.
So, by the domination principle, we see that
d[—aynbin-2] > 2e.
Also, R, — Sp—1 = (1 —2e) —0=1—2e¢, and

Rup1—Snoa+dlainr1brnsl>Rus1—Sn2>Ru1—Sp2=1—(-2e)=2e+1
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from (3.1). Hence

Ap—y =min{(Ry, — Sp—1)/2+ €. Ry — Sp—1 + d[—a1nb1 n2].
Ry —Sp—1 + Ruy1 — Sn—a +dlarny1b1,n-31}
> min {(1 —2e)/2 + e, (1 —2¢) + 2e, (1 — 2¢) + (2¢ + 1)}
—1/2> 0 = d[a1n1bini]. .

Proof of Theorem 6.1. Sufficiency follows from Lemma 4.14. We claim that R;_; = R; +
2e=0forie[l,n—2]F, Ry =0, R, € {~2e,2 —2¢} and R,4+; € {0, 1}. By
Lemma 4.6 (i), M represents either N{'(A) or NJ(A). In both cases, by Lemma 6.4 (i)
and (iii), we have R,_; = R; +2e = 0 for i € [I,n — 2]F and either R,_; = 0 and
R, €{2—2e,—2e}orRy_1 = R, +2e =1.

Next, take ¢ € U. By Lemma 4.6 (i), M represents N/ (exr) for some v € {1,2}. Hence
M and N (err) satisfy the conditions (i)—(iv) of Theorem 3.6. Then, by Lemma 6.5 (i) and
(ii), we cannot have R, =0, R, € {2—2e¢,—2e}and R, 41 >20r R,_1 =R, +2e =1,
because Theorem 3.6 (ii) would fail at i = n or n — 1. Hence we are left with the case when
R,—1=0,R, € {2—2¢,—2¢} and R,,+; < 1. The claim is proved.

If R, = —2e, then [ay,...,a,] = W] (n) with n € {1, A} by Proposition 3.5 (iv). For
any ¢ € U, since (1, €)p = 1 # —1, by Lemma 4.4 (ii),

[ar,....an) = W' (n) —+ Wit (e).

Hence FM % Wzn"’1 (e), so F'M is isometric to one of the remaining three types: WI""’1 ),
W't (8xr) and Wy (87), with § € U (cf. Proposition 4.2 (i)).

Recall that R, 41 € {0, 1}.If FM = WI"'H(S), then ord(a; ,+1) is even, so R, 41 =0
and hence M is @ p-maximal by Lemma 4.12 (i); if FM =~ W't (§x) or WS (),
then ord(a; »+1) is odd, so R,+1 = 1 and hence M is O r-maximal by Lemma 4.12 (iii).

If R, =2—2e, let FM = W/"t1(c). Assume that W}*(n) —— FM for some 7 €
{1, A}. Then, by n-ADC-ness, N{'(n) —— M, which, by Lemma 6.4 (i), implies R, =
—2e. Contradiction. Hence for n € {1, A}, we have W[* () =/ FM =~ W*1(c), which,
by Lemma 6.4 (ii), is equivalent to (1,¢)p = (A, ¢)p = —(=D!*V ie, 1 = (A, ¢)p =
(—1)". But this happens precisely when v = 2 and ¢ = § for some § € U. Thus FM =
W2"+1(8). Recall that R, 4+, € {0, 1} from the claim. Hence R,+; = 0 by the parity of
ord(ai,n+1) and so M is O r-maximal by Lemma 4.12 (ii). [ ]

Lemma 6.6. Supposem =n+2, Ri_; = R; +2e =O0foralli €[1,n]E, Ry4p>2—2¢
and d[—ap41n+2] > 1 — Ryyo.
(i) Forn =2, if Ry4+1isevenor d((—l)”/Zal,n) = 2e, then Theorem 3.6 (iii) fails
ati =n+ 1 for M and N} (A).
(i) Forn >4, if R,+1 is even or d((—l)”/zal’n) = 00, then Theorem 3.6 (iii) fails
ati =n+ 1 for M and N} (1).
Proof. Let N = NJ(n), withn € {1, A}. Then S,_; = S, + 2e = 1, by Lemma 4.11 (ii).
Thus Ry42 > 2 —2e > S,.
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Since S, — Sy—1 = —2e, by Proposition 3.4 (iv), we have d[—b,_1,] > 2e. Since
R, = S,—» = —2e, by Proposition 3.5 (iii), we have

d[(—l)"/2a1,n] >2e¢ and d[(—l)(”_z)/zbl’n_z] > 2e.

Hence d[ai nb1,n] > 2¢ > 1 — R,42 by the domination principle. Combining with the
assumption d [—a@n+1,n+2] > 1 — Ry 42, we deduce that

d[—ayn+2b1,n] > 1 = Ryt
by the domination principle again. This, combined with d [—a1 »+1b1,,—1] > 0, shows that

d[—ains1b1p—1] + d[—a1,n42b14] >0+ (1 — Ryy2) =2e + (1 —2¢) — Rpy2
=2e + Sn — Rn+2.

Now it remains to show that [aq, ..., a,+1] fails to represent [by,...,b,] = FN,
which, under hypothesis (i) (resp. (ii)), is isometric to W' (A) (resp. WJ(1)). Equivalently,
by Lemma 4.5 (i), we must show that [a1, ..., a,1] represents W' (A) (resp. W' (1)).

If R,,+1 = ord(an+1) is even, then, by Proposition 3.5 (v), [ay, ..., an+1] = H"/2 |
le] = W1”+1(8) for some ¢ € OF. For n € {1, A}, since (1, &), = 1, by Lemma 4.4 (ii),
Wl () —— W' (e), as required.

If d((—1)"/?ay ») = 2e, then, by Proposition 3.5 (iv),

WH(A) = [ar,...,an] > a1, ..., ant1),

so (i) holds. And if d((—l)”/zal,n) = 00, then, by Proposition 3.5 (iv) again, W/"(1) =
lay,...,an] &> [a1,...,an+1], so (ii) holds. n

Lemma 6.7. Supposem =n +2, Ri_y = R; +2e =0 foralli € [1,n]F and R, 4> >
2 —2e.
(i)  Suppose that either R, +1 is even or d((—l)"/zal,n) =2e. If M represents N}'(M),
then either apy1 = 0, or apy1 = 1 and d(—ap41an42) = d[—Ant1,042] =
1 — Rp4o.
(i) Suppose that n > 4 and either R, 41 is even, or d((—l)”/zal,n) =o0 If M
represents N3 (1), then either oy 11 = 0, or 0py1 = 1 and d(—au1an42) =
d[—ant+1,n+2] =1 — Ry,

Proof. (i) Assume d[—ap+1,n+2] > 1 — Ry42. Then Theorem 3.6 (iii) fails ati = n + 1
for N = Nj(A) by Lemma 6.6 (i). But this contradicts the fact that M represents N (A).
Thus d[—a,+1,n+2] < 1 — Rp42. By Proposition 3.5 (i), we have R, > 0. Hence, by
(3.3), we deduce that

Unt1 < Rpy2— Rup1 +d[—ant1042] £ Rugo +d[—ant1042] <1,

which implies that o, 1 € {0, 1} by Proposition 3.4 (i), and d [—an+1,n+2] = 1 — Ry42 if
an4+1 = L.
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Since R,+1 — R, > 2e, by Proposition 3.3 (i) and the hypothesis that R, 4, > 2 — 2e,
wehave o, >2e > 1 — Ry o =d[—an+t1,n42] = min{d(—an41,n+2), 0 }. (Wehave n +
2 = m, SO ty 42 is ignored.) It follows that d(—an+1,n+2) = d[—an+1n+2] = 1 — Ry42.

(i1) Similar to (i). [

Lemma 6.8. Suppose thatm = n + 2 and M is n-ADC.
() IfFM = W/t?(1), then M = NI'""2(1).
(i) Ifn>4and FM = W]'t?(A), then M = N'T2(A).
(i) If FM = W]'t2(1), then M = NJT2(1).
(v) IfFM = W}t2(A), then M = NIT2(A).
) Ifc e V\{1,A}and FM = W]'*?(c), then M = N'""(c).
(i) Ifc € V\{1,A}and FM = W}t2(c), then M = N} 2(c).

Proof. (i) If n = 2, then FM is 2-universal by [16, Theorem 2.3] and so M is 2-universal
by 2-ADC-ness. So M =~ H? = N}(1) by [15, Remark 6.4]. Suppose n > 4. Then, by
Lemma 4.6 (ii), M represents every N in M, with N % NJ(1). Since M represents
N[ (1) and N{'(A), by Lemma 6.4 (ii), we have

R; =0fori €[1,n+1]° and R; = —2efori € [1,n]F. (6.3)

If Ry42=Ry42 — Ry+1>2—2e,then o, 41 # 0, by Proposition 3.4 (ii). Since R, +1 =0
is even and M represents N3 (A), we have ay+1 = 1 and d[—ant1n42] =1 — Rug2
by Lemma 6.7 (i). Since R, = —2e, we also have d[(—1)"/2a; ] > 2e by Proposition
3.5 (iii). So

d((=)"*272q,, ) = d[(~D) P24y 0] =1 — Rygr < 2e

by the domination principle. However, FM =~ W1"+2(1) and so d((—l)("+2)/2a1,n+2)
= 00, a contradiction. Hence R+ — Ry+1 <2 — 2e.

Note that R,y — R, +1 # 1—2e by Corollary 3.2 (i). Hence R, 4+2 = Ry42— Ry4+1 =
—2e by (3.2). Combining with (6.3), we conclude that N = N'*2(1) by Lemma 4.11 (i).

(ii) If n > 4, then N} (1) is defined. By Lemma 4.6 (ii), M represents every N in Mj,
with N 2 NJ'(A). In particular, it represents N{'(1), N{'(A) and NJ'(1). We repeat the
reasoning from (i), but in this case we use Lemma 6.7 (ii) instead of Lemma 6.7 (i). Again
we see that M satisfies (6.3) and R, 4> = —2e. Since FM =~ W1”+2(A), we deduce that
N = NJ"*2(A) by Lemma 4.11 (i).

(iii)—(iv) First, M represents every N in M, with N 2 N{'(1) (resp. N % N (A)) by
Lemma 4.6 (ii). Since M represents N{'(A) (resp. N{'(1)) and N7 («), we see that

R; =0fori €[1,n]° and R; = —2efori €[1,n]f 6.4)

by Lemma 6.4 (i) and R, +; € {0, 1,2} by Lemma 6.4 (iv).
By Proposition 3.5 (i), we have R, 1, > —2e. We assert R4, = 1 — 2e.
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If Ryin = —2e, then FM = W/""2(1) or W/**?(A) by Proposition 3.5 (iv). This
contradicts FM = WJ'2(1) (resp. FM = W' 2(A)).
If R,42 > 2 —2e, by Lemma 6.4 (i), we have either R, € {0, 2}, or

Ruy1 =1 and d((=1)"2ay,) = 2e

(resp. Ry4+1 = 1and d((—l)”/zal’n) = 00). Hence the hypothesis of Lemma 6.7 (i) (resp.
Lemma 6.7 (ii)) is satisfied. Since M represents N;'(A) (resp. N;'(1) withn > 4), we see
that either a1 = 0, or o471 = 1 and d(—ay+1an+2) = 1 — Ry4+2 by Lemma 6.7 (i)
(resp. Lemma 6.7 (ii)).

Case I: oy, +1 = 0. By Proposition 3.4 (ii), R,4+2 — Ry,+1 = —2e. Since R,4+1 < 2 and,
by our assumption, R,4» > 2 — 2e, we must have R,+1 = 2 and R, 4+, = 2 — 2e. This
combined with (6.4) shows that for every i € [I,n + 1], we have R;+; — R; = —2e and
R; is even. So, by Corollary 3.2 (ii), [a;, a;+1] = H or [1, —A]. It follows that FM =
H"/2 L [1,—n] = W""2(n) for n = 1 or A. This contradicts FM == WJ'"2(1) (resp.
FM = W] (A)).

Casell: 0,1 =1. Since R, =—2e, we have d((—l)”/zal,n) >2e by Proposition 3.5 (iii).
Hence
d((—l)(n+2)/2611,n+2) =d(—ap+1ap+2) = 1 — Ry42 < 2e

by the domination principle. This contradicts FM = WJ'2(1) (resp. FM = WJ2(A))
again.

With above discussion, the assertion is proved and thus R, 4, = 1 — 2e.

Recall that R,4q € {0, 1,2} and so R,4+; = 1 by Corollary 3.2 (i). Combining with
(6.4), we deduce that M == N2*2(1) (resp. N2 T2(A)) by Lemma 4.11 (ii).

(v) LetceV\{l, A}. By Lemma 4.6 (ii), M represents every N in M, with N 2 N;'(c).
In particular, M represents N{'(1) and N{*(A), so it satisfies (6.3) by Lemma 6.4 (ii).

By Proposition 3.5 (i), we have R, > —2e.If R, 4, = —2e,then FM =~ WI”+2(1) or
W1"+2(A) by Proposition 3.5 (iv), which contradicts FM = W1"+2(c). Thus Ry 45 > —2e.
Since R, 4+1 = 0, Corollary 3.2 (i) implies R,+, # 1 — 2e. Hence R,45 > 2 — 2e and so
an+1 7 0 by Proposition 3.4 (ii).

Now, we see that R,+1 = 0 is even, M represents N} (A) and a,41 # 0, s0 1 —
Ryt = d(—ap+1an42) by Lemma 6.7 (i). Since R, = —2e, we also have

d((_l)n/zal,n) > d[(_l)n/zal,n] = 2e

by Proposition 3.5 (iii). On the other hand, FM =~ WI"H(C), so in F*/F*2 we have
a1 pt2 = det FM = (—1)"+2/2¢ Tt follows that

d((=1)"22q, ,10) = d(c) < 2e = d((=1)"?ay,).

By the domination principle, this implies 1 — R, 42 = d(—a,+1a,n+2) = d(c). Combining
with (6.3), we conclude M =~ NI’H'2 (¢) by Lemma 4.11 (iii).
(vi) Similar to (v). ]
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Lemma 6.9. Suppose m = 4 and Ry = Rz = R, +2e =0. If FM =~ W14(A) and M
represents both N (k) and N2 (), then Ry € {—2e,2 — 2e}.

Proof. Let N = N2(k), v € {1,2}. Then S; = 0 and S, = 2 — 2e by Lemma 4.11 (iii).
Suppose R4 > 2 — 2e. Then R4 > S,. Since R4 — R3 = R4 > 2 —2e > —2e and S, —
S1 = 2 —2e, we have a3 > 1 = 1 by Proposition 3.4 (ii) and (iii). Since ord(a,3b;) is
even, we also have d(—a; 3b1) > 1. Combining these, we see that

d[—ay3b] = min {d(—ay; 3b1). 3.1} = 1.

Also, d[—a1,4b12] = d(—ai,4b12) = d(Ak) = d(k) = 2e — 1 by the domination prin-
ciple. So

d[—a1,3b1] + d[—a1,4b1,2] =14+QRe—1)>2e+(2—2e)— Ry =2e+ S, — Ry.

By definition, [b1,by] = FN =~ W2 (k) or Wi (k). But, by Lemma 4.5 (i), [a1, a2, a3] rep-
resents exactly one of W2 (k) and W,*(«). Hence Theorem 3.6 (iii) fails at i = 3 for either
N = N{(k) or Nj(x). This contradicts the hypothesis that M represents both N7 (k) and
N3 (k). Hence Ry <2 —2e.

By Proposition 3.5 (i), we have R4 > —2e. Recall that R3 = 0 and so R4 # 1 —2e by
Corollary 3.2 (i). Hence R4 € {—2¢,2 — 2e}. ]

Lemma 6.10. If FM = W2(A) and Ry = R3 = Ry + 2¢ = Ry + 2¢ — 2 = 0, then
M>~HL1l<1,—Arg?2e

Proof Let N =H L <1,—An272¢ », By [15, Lemma 3.10], N = < 1,—m772¢ 1,
—An?2¢ s S, =83=0,5, = —2eand S4 =2 —2e.

To show M =~ N, we only need to verify that conditions (i)—(iv) in [3, Theorem 3.2]
are satisfied. We have R, — R; = —2e¢, R3 — R, = 2e¢ and R4 — R3 = 2 — 2e. Hence
(o1, a2, 3) = (0, 2e, 1) by Proposition 3.3 (ii). Since R; = §; for 1 <i < 4, we have
(B1, B2, B3) = (0, 2e, 1) similarly. Hence conditions (i) and (ii) hold. For i = 1, 3, since
ord(ay,;b1,) is even, we have d(a1,b1,;) > 1 > «;. Since R, — Ry = —2e, we have
d(—aiaz) > 2e by Corollary 3.2 (ii). Similarly, d(—b1b2) > 2e. Hence d(a1,2b12) >
2e > oy by the domination principle. Thus condition (iii) is checked. Since o1 + ap = 2e
and oy + a3 = 2e + 1, we only need to show that [b, by] = [a1, az, as] for condition
(iv). By definition, [b1, by] = WZ(1). By Proposition 3.5 (v), [a1, az, as] = W (¢) for
some ¢ € U. Hence [by, by] = [a1, az,as] by Lemma 4.4 (ii). ]

Lemma 6.11. Suppose that M is 2-ADC of rank 4. If FM =~ W*(A), then M = N}(A)
orH 1< 1,—An?2¢

Proof. By Lemma 4.6 (i), M represents every N in M with N 2 N7 (A). Since M
represents NZ(1) and N7 (A), we have Ry = R3 = R, + 2¢ = 0 by Lemma 6.4 (ii).
Since M represents N7 (x) and N (k), we also have Ry € {—2e,2 — 2¢} by Lemma 6.9.
If R4 = —2e, then M =~ Nl“(A) by Lemma 4.11(i). If R4y =2 —2e,then M =~ H L
< 1,—Am?72¢ > by Lemma 6.10. n
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Lemma 6.12. Let M ~H 1< 1,—An?72¢ = Then
(i) M is 2-ADC, but not O g -maximal.
(i) M is not 3-ADC.

Proof. (i) We have FM =~ W,*(A) and R4(M) = 2 — 2e. Hence M is not O p-maximal
from Lemma 4.11 (i).

By Proposition 4.2 (iii), FM represents FN for every N in M, with N % N3 (A). So,
by Lemma 2.1, it suffices to show that M represents all N in M, except for N = N7 (A).
To do so, we will verify conditions (i)—(iv) in Theorem 3.6 for those N. Note that their
invariants S; are clear from Lemma 4.11.

Letv e{l,2},ne{l,A}and c € V\{1,A}. Then d(c) < 2e. For condition (i), we have
R =0<S;and R, = —2e < S, forevery N in M. Since S; +2e >2¢ >2—2e = Ry,
condition (iv) is verified.

To verify condition (ii), for every N in M5, we have

<R2—S1 e=—2€—S1
- 2 2
Thus condition (ii) holds at i = 1 for these N.

For N = le(n), since R, = S, = —2e, by Proposition 3.5 (iii), we have d[—a; 2] >
2e and d[—b; 2] > 2e.So d[a1,2b1,2] > 2e by the domination principle. Hence

S
Ay +e=71§0§d[a1b1].

R3—S 0—(=2
RS, 0K e)+e=2e§d[al,2b1,2]-

A
=" 2

For N = N2(c), by the domination principle, we have d [a1,2b1,2] = d[—b1 2] = d(—b1b2)
=d(c) <2e.Since S; =0and S, = 1 —d(c), (3.3) gives B1 = 1. Hence

Ay <R3 — Sy +d[—a13b1] <R3 — S+ 1 =0—(1—-d(c)) + 1 =d(c) =d[ar 2b1 2].

Hence condition (ii) also holds at i = 2 for every N in M. Thus condition (ii) is verified.

To verify condition (iii), we have R3 = 0 < S; for every N in M,. Thus condition
(iii) holds at i = 2 for these N.

For N = N{(n), we have [by, by] == WZ(1) or W2(A). Also, [ay,az, az] = W3 (e)
for some ¢ € U by Proposition 3.5 (v). Hence [b;, b2] —— [a1, a2, a3] by Lemma 4.4 (ii).
For N = N2(c),in F*/F*? we have a4 = det FM = A and by, = det FN = —c.
Since d(A) = 2e > d(c), by the domination principle, we have d(—aj,4b1,2) = d(Ac) =
d(c) = 1— §,.Hence

d[—a13b1] +d[—a1,4b12] < B1 +d(—aiab12) =1+ (1 —=52) <2e+ S — Ry,

where the last inequality holds from 2 — 2e < S, and R4 = 2 — 2e. Hence condition (iii)
also holds at i = 3 for every N in M. Thus condition (iii) is verified.

(ii) Suppose that M is 3-ADC. Let ¢ € U. By Lemma 4.6 (i), M represents N (e7)
for some v € {1,2}. Then S; = S> + 2e = 0 and S3 = 1 by Lemma 4.12 (iii). Since



Z.He 1006

ord(ay,3b1,3) is odd, d[a1,3b;1 3] = 0. By definition, we have d(a1,4) = d(A) = 2e. Since
S, — 81 = —2e, we also have d(—b1b,) > 2e by Corollary 3.2. Hence d(—aj,4b12) > 2e
by the domination principle. Since S3 — S» = 2e + 1, Proposition 3.3 (ii) implies B, =
2e +1/2.So d[—a1,4b1 2] = min{d(—a;,4b1), P2} = 2e. Also, Ry — S3 = (2—2¢) —
1 =1-—2e. Hence
A3 = min {(R4 — S3)/2 +e, R4 — S3 + d[—a1,4b1,2]}
> min {(1 —2e)/2+e,(1—2e)+ 2e} =1/2>0=d[a1,3Db1,3].

Thus Theorem 3.6 (ii) fails at i = 3, which contradicts the fact that M represents N. =
Proof of Theorem 6.2. Sufficiency follows by Lemmas 4.14 and 6.12 (i). Suppose that M
is n-ADC. Then, by Proposition 4.2 (ii), FM = W,'(c) for some v € {1,2} and c € V. So,

by Lemmas 6.8 and 6.11, M = N/"(c) or H L< 1,—An272¢ > Also, < 1, —An272¢ >~
2717 A@2n =1, 2pm) by [2, Corollary 3.4 (iii)] and [31, 93:17 Example]. n

7. n-ADC lattices over dyadic local fields I1

In this section, we keep the setting as the previous section, but let # be an odd integer with
n>3.

Theorem 7.1. Ifrank M = n + 1, then M is n-ADC if and only if M is O g -maximal.

Proof. Sufficiency is clear from Lemma 4.14. Suppose that M is n-ADC. Then it is
(n — 1)-ADC. Since n — 1 is even, M is O -maximal except forn — 1 = 2 and M =~
H 1 <1,—An?72¢ » by Theorem 6.2. However, H L < 1, —An?72¢ > is not 3-ADC
by Lemma 6.12 (ii). So the exceptional case cannot happen. ]

Theorem 7.2. If rank M = n + 2, then M is n-ADC if and only if either M is OF-
maximal, or
M = N"1(8) L (en¥),

withv € {1,2}, 8 € U\{l,A}, e € Uand k € {0, 1}.
Also, if M is simultaneously O F -maximal and isometric to the described orthogonal
splitting, then M = N}+2(e) with e € U.

Remark 7.3. For the lattice N/"*1(§) given in Theorem 7.2, we see from Lemma 4.9 and
[15, Remark 3.8, Lemma 3.9] that

N1n+1(5) — g-n/2 | N12(5) ~ H»-D/2 | JT_IA(JTI, —(8 — 1)71_1) and
N2n+1(5) _ H(nfl)/z L N22(5) ~ H(nfl)/Z L S#ﬂilA(Jtl, _(8 — 1)7‘[*1)7

with § € U\{1, A} and 2/ = d(§) — 1 < 2e — 2, where §* = 1 + 4p(§ — 1)~!. Similarly,
we also see that

NJ*2(e) = HOD/2 L N3 () = HD/2 1L 27w A(2,2p) L (Ae),

with ¢ € U.
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Before showing Theorem 7.2, we first prove the following theorem, which character-
izes the n-ADC lattices with odd 7. In the remainder of this section, we assume rank M =
n—+2.

Theorem 7.4. M is n-ADC if and only if R; = 0 fori € [1,n]°, R; = —2e fori € [1,n]E,
Rui1 € [2e,01F and Ry 42,0, € {0, 1}.

Proof. We will show that the theorem is equivalent to Lemma 7.5 below.

For necessity, by Proposition 3.4 (ii), o, = 0 if and only if R, = —2e < 0. Hence
the conditions follows from Lemma 7.5 (i), (ii) and (iv).

For sufficiency, from the hypothesis, we have R,+; > —2e and R, 4+, < l. It fol-
lows that R, 4> — Ry4+1 < 2e + 1, and the equality holds if and only if R,+; = —2e
and R, 4, = 1. This shows Lemma 7.5 (iii). If o, = 1, then R,41 = Ry41 — Ry €
[2 — 2e,0]F U {1} by Proposition 3.4 (iii), but R,4+; < 0 and so R, € [2 — 2e,0]%.
Hence Lemma 7.5 (i), (ii) and (iv) follow from the hypothesis except for the condition
Ryt1 +d[—anni1] = 1.

Since o, = 1, by Proposition 3.4 (v), we see that d[—ap, n+1] > 1 — R,41 and the
equality holds when R, 41 # 2 — 2e. Assume R,4+1; = 2 — 2e. Since Ry,42 — Ry41 <
1 — (2 —2e) = 2e — 1, Proposition 3.3 (i) implies that

d[—ann+1] < any1 <2e—1=1—Ryq1.
Hence d[—au n+1] = 1 — Ry 41, as desired. L]

Lemma 7.5. M is n-ADC if and only if the following conditions hold:
(i) Ri =0fori €[l,n]° and R; = —2e fori € [1,n]E.
(ii) Eitheroy, = 0oray = Rpy1 +d[—annti1] = 1.
(i) If Ry42 — Rpy1 > 2e, then R, = —2e and Ry4» = 1.
(v) Ifa, =1, then Ry41 € [2—2e,0]F and R, 1, € {0,1}.

To establish Lemma 7.5, we need a series of lemmas. First, we review the invariants
S; = R;(N) from Proposition 4.13 for N in M,,. Precisely, we have

Si=0 forie[l,n—29 8 =-2e foriell,n—-2]°,

(7.1)
Sy—1 € {—2e,2—-2¢} and S, €{0,1},

which will be repeatedly used for the argument in Lemmas 7.6, 7.7 and 7.8.

Lemma 7.6. Suppose that R; = 0 fori € [1,n]° and R; = —2e fori € [1,n]E. For any
N in My, the following statements hold:

() dlayib1i] > 2efori €[1,n—2]E.

(1)) If Sp—1 = 2e, then d[ai n—1b1,n—1] > 2e; if Su—1 = 2 — 2e, then

dlain—1b1,n—1] =2e — 1.
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(iil) Ifon = 1, then d[ay nbin] = 1 — Sp.
@iv) IfSn_l = —2e, then d[—al,nbl’n_z] =0, l'fSn_l =2 —2e, then

d[_al,nbl,n—z] <1
(V) Ifan = Ryt1 +d[—annt1] = 1, then d[—a1 n+1D01,n-1] = 1 — Ry41.

Proof. (i) For i € [1,n — 2], since R; = S; = —2e, Proposition 3.5 (iii) implies that
d[(—=1)"?a, ;] > 2e and d[(—1)!/?b; ;] > 2e. Hence d[a; ;b1 ;] > 2e by the domination
principle.

(ii) Since R,—; = S,—3 = —2e, by Proposition 3.5 (iii), we have

d[(=1)"V2a,, 1] >2e and d[(-1)"32b;, 3] > 2e.

If S,—1 = —2e, then d[—b,—2 ,—1] > 2e by Proposition 4.13 (ii). If S,—; = 2 — 2e, then
d[—by—24—1] = 2e — 1 by Proposition 4.13 (iii). Hence

> 2e if 1 = 2e,

dlay n—1b1,n—
[ 1,n—101,n 1]{:26—1 if S,_1 =2 —2e,

by the domination principle.

(iii) First, ord(ay,,) is even from hypothesis and ord(b; ,—1) is also even from (7.1).
If S, = 1, then d[a1,,b1,4]) = d(a1,nb1,n) = 0;if S, = 0, then d(a1,,b1,,) = 1 = oy, sO
dlay1nb1,n] = min{d(ai,,b1,),0tn} = 1. In both cases, d[a1,,b1,,] =1 — Sp.

@iv) If S,—1 = —2e, then B,_» = 0, by Proposition 4.13 (ii); if S;,—; = 2 — 2e, then
Bn—2 = 1, by Proposition 4.13 (iii). Note that 0 < d[—ay ,b1,,—2] < Bn—2 and we are
done.

W) Ifay, = Ryy1 +d[—ann+1] = 1, then Ry 1 = Ryy1 — Ry = 2 — 2e, by Propo-
sition 3.4 (iii).

By (ii), we have d[a1 n—1b1,n—1] = 2¢ — 1 > 1 — R, ;1. Moreover, the first inequality
is strict unless S,—; = 2 — 2e and the second is strict unless R, +1 = 2 — 2e. Therefore,

dlayn-1b1,n—1]1 > 1 — Rpy1 = d[—ap n+t1].

unless S,—1 = Ru+1 = 2 — 2e. Hence, by the domination principle, d [—a1,n+1b1,n—1] =
1 — R, 41 holds except for S,—1 = Ry4+1 = 2 — 2e.
In the exceptional case S,—1 = Ry+1 = 2 — 2e, we have

dlain—1bin—1]>2e—1=1—=Ry41 =d[—annt1].

sod[—a1n+1b1,n—1] > 2e — 1, by the domination principle. But, by Proposition 4.13 (iii),
we have
d[—ains1b1,n-1] = Pn—1 =2¢ — 1.

Hence d[—a13n+1b1,n_1] =2e—1=1-— Rn+1. |
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Lemma 7.7. Suppose that R; = 0 fori € [1,n]° and R; = —2e fori € [1,n]E. Then
(i)  Theorem 3.6 (i) holds for every N in My.
(i) Ifoap, =0o0roy = Ry + d[—anns1] = 1, then Theorem 3.6 (ii) holds for
every N in M.
(i) Ifoa, €{0,1} and Ry4+2 — Ry4+1 < 2e, then Theorem 3.6 (iv) holds for every N
in M.

Proof. (i) By Proposition 3.5 (i), if i is odd, then R; = 0 < S, and if i is even, then
R; = —2e < ;. Hence Theorem 3.6 (i) holds for 1 <i < n.
(i) Fori € [1,n — 2]0, note that S; = R;4+1 + 2e = 0 and so

Rl‘+1 —Si _ —2e—0

A; ST-H?— 3 +e=0=<dlai;bi,]
Fori € [1,n —2)E, since Rjy1 = S; + 2e = 0, we have
Ris1—Si 0— (=2
A; < % +e = (TE) +e=2e< d[al’ibl’i]

by Lemma 7.6 (i). Fori = n — 1, by Lemma 7.6 (ii), we have

z 2€ if Sn_l = _26»

dlain—1b1.n—
1810161 1]{=Ze—1 if S,y =2 —2e.

By Lemma 7.6 (iv), we also have

=0 if S,_1 = —2e,

d[—ainbin-
a1nbis 2]{51 if Sy = 2 2e.

So
An—l =< Rn - Sn—l + d[_al,nbl,n—2]

=0—(—2e)+0=2e < d[al,nflbl,nfl] if ;1 = 2e,
<0-— (2 — 28) +1=2e—-1= d[al,n_lbl,n_l] if §p,—1 =2 —2e.

Fori = n,if o, = 0, then R,4+; = —2e by Proposition 3.4 (ii) and so

Rn+1 - Sn _Sn

A, < e = — <0 < d[aynb1.n]

- 2
Ifoy, = Rpy1 +d[—anpn+1] = 1, thend[—a1 p41b1,n—1] = 1 — Rp41 by Lemma 7.6 (v).
Also, d[a1 nb1,n] = 1— S, by Lemma 7.6 (iii). So

Apn SRn+1_Sn +d[_a1,n+1b1,n71] =Rn+1_Sn+(1_Rn+l)= 1-S, Zd[al,nbl,n]~

Hence Theorem 3.6 (ii) holds for 1 <i < n.
(iii) Since o, < 1, Proposition 3.3 (i) implies R,+1 — R, < 2e. Combining with the
hypothesis, forevery 2 <i <n,wehave R; 1, — Rj+1 <2e, so Theorem 3.6 (iv) holds. m
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Lemma 7.8. Suppose that R; = 0 fori € [1,n]°, R; = —2e fori € [1,n]¥ and Ry —
Ryt1 < 2e. Ifeither ay = 0, or oy = Ryt1 + d[~anpni1] = 1, Ryt1 € [2 —2¢,0]F and
Ry +2 € {0, 1}, then Theorem 3.6 (iii) holds for every N in M.

Proof. By (7.1), wehave R;1; =0=S;_; fori € [2,n—1]F and R; 4| = —2¢ = S;_;
fori € [2,n — 1]9, Theorem 3.6 (iii) holds trivially for2 <i <n — 1.

Fori =n,if ¢, =0, then R,y = —2¢ < Sp—1. lf oy = Ry1 +d[—anpn+1] = 1,
when S;,_1 = 2 — 2e, we have

d[—ainbip—2] +d[—ainr1b1,0-1] <1+ (1= Rpt1) =2 + Sp—1 — Ryp1

by Lemma 7.6 (iv) and (v); when S,_; = —2e, note that [by,...,b,—1] = Wl”_l(l) or
W~1(A) from Proposition 3.5 (iv), and [ay, . . ., a,] = W}'(¢) with & € @ from Propo-
sition 3.5 (v). Hence [by,...,by—1] = [a1,...,a,] by Lemma 4.4 (ii).

Fori = n + 1, we may assume R,y > S, > 0. If R,,4+; = —2e, then, by hypothesis,
Ryt < Ryy1 + 2e = 0, a contradiction. Hence R, 41 # —2e, i.e., a, # 0. So

tn = Ryy1 +d[—ann+1] = 1.

Hence R, 41 € [2—2e,0]F and R,,4» = 1. Now, we have 1 = R, 4> > S, > 0,50 S, = 0.
It follows that ord(a1,n42b1,,) is odd and so d[—a1 ,+2b1,,] = 0. Since R, <2 —2e,
we have

d[-ain+1b1,n-1] + d[—a1n+2b1,n] = (1 = Ryy1) + 0 < 2e¢ — 1 = 2e + S — Ruy2,
by Lemma 7.6 (v). Hence Theorem 3.6 (iii) holds for 2 <i <n + 1. [ ]

Now, we are ready to show the sufficiency of Lemma 7.5.

Proof of sufficiency of Lemma 7.5. If Ry4»— Ry +1>2e,then R,+1=—2¢ and R, 4, =1.
Then det FM has an odd order and so FM =~ W"2(§x) for some § € U and v € {1,2}.
Then, by Lemma 4.12 (iii), we have M = N"*2(§x). So M is O p-maximal and thus is
n-ADC by Lemma 4.14.

Assume R, 4+ — R,41 < 2e. By Lemma 2.1, it is sufficient to show that for every N
in My, if FM represents FN, then M represents N. To do so, we need to verify that
Theorem 3.6 (i)—(iv) hold for M and N . But this follows from Lemmas 7.7 and 7.8. ]

Lemma 7.9. If M is n-ADC, then it is (n — 1)-universal.

Proof. Let N be an @ F-lattice of rank n — 1. We take a non-zero element ¢ € QF such
that ¢ # —det FM det FN, i.e., cdet FN # —det FM. Define N’ := N L (c). Then
N’ is integral and det FN' = cdet FN # —det FM. Since dim FM — dim FN' = 2,
it follows from [31, 63:21 Theorem] that FN' —— FM . Since M is n-ADC, we have
N’ — M. Since also N - N’, we have N —— M. Thus M is (n — 1)-universal by the
arbitrariness of N. [
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In view of Lemma 7.9 and the classification for (n — 1)-universality in [15, Theo-
rem 4.1], we further have the lemma.
Lemma 7.10. Suppose that M is n-ADC. Then
(i) R;i =0fori €[l,n]° and R; = =2e fori € [1,n]E.
(i) Eitheray = 0o0ray = Ryy1 +d[—anpt1] = 1.
(i) If Ru42 — Rpy+1 > 2e, then R,,+1 = —2e; and if moreover n > 5, orn = 3 and
d(a1,4) = 2e, then Ry4» = 1.

Lemma 7.11. Supposen = 3, d(a1,4) =00, Ri = R3 = Ry +2e = R4 +2e = 0and
Rs > 1. Then Theorem 3.6 (iii) fails ati = 4 forall N = N23 (c)withc € V.

Proof. Since R4 — R3 = —2e, we have d [—a3 4] > 2e by Proposition 3.4 (iv).

We have ¢ = ¢ or ez forsome ¢ € U.For N = N23(s), we have S; =0, S, =2 —2¢
and S3 = 0 by Lemma 4.12 (ii), so d[a1,2b1,2] = 2e — 1 by Lemma 7.6 (ii). For N =
Nj(em), we have S; = 0, S, = —2¢ and S3 = 1 by Lemma 4.12 (iii), so d[ay 2b1 2] >
2e by Lemma 7.6 (ii). Since also d[—as3,4] > 2e, by the domination principle, we have
d[—ai,4b1,2] = 2e — 1 or > 2e, according as S3 = 0 or 1. So, in both cases,

d[—a1,4b1,2] >2e—1+483.
So we conclude that Rs > 1 > S5 and
d[—ayi,4b12] +d[—ays5b13] = 2e — 1+ 83) + 0> 2e + 53 — Rs. (7.2)

It remains to show that [a;, a2, az, a4] fails to represent [by, b, b3]. Since a; 4 € F*2,
l[a1,az,a3,a4] = W14(1) = H? by Proposition 3.5 (iv). Also, [b1, by, b3] = W23 (c). Hence
[b1,b2,b3] =F [a1, a2, a3, a4] by Lemma 4.4 (ii). [ ]

If M is n-ADC, then itis (n — 1)-universal by Lemma 7.9 (iii) and thus M satisfies the
hypothesis of [15, Lemma 5.8] from Lemma 7.10. Hence we have the following lemma.

Lemma 7.12. Suppose that M is n-ADC. If o, = 1 and either Ry,4+1 = 1 or R4 > 1,
then
d((_l)(n+1)/zal,n+l) =1-Ry41 <2e,

(=)@ +D2a, ¥ is a unit and d((—1) "D 2ay , )¥) = 2¢ + Ryyy — 1.
Lemma 7.13. Suppose that M is n-ADC and FM =~ W *2(c). Thus

¢ = (=1)rtD2q, .

Leté = (=1)#+V/2q, 1 and let N = N (c) or NI (c&*).
If o, = 1 and either Ry+1 = 1 or R4 > 1, then
() Rut2 > Spand d[—ayp+1b1,n—1] + d[—a1n+2b1,n] > 2€ + Sp — Ruo.
(i) [ai,...,an+1] fails to represent FN = [by, ..., by].

Thus, Theorem 3.6 (iii) fails at i = n + 1.
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Proof. (i) First, ord(a1 ) is even from Lemma 7.10 (i) and ¢* is a unit from Lemma 7.12.
Hence ord(c) = ord(cé*) = R,42 — Ry (mod 2). Therefore, by Lemma 4.12, both
when N = N/ (c¢) or N (cc*) we have

=

B {1 if Ryto — Rpgq is odd,

0 if Ry42 — Ry41 is even.

Note that R, +» > 0 by Proposition 3.5 (i). If R,,4+» = 0, then R, 4+; = 1 by the hypothesis.
This contradicts Corollary 3.2 (i). Thus R4 > 1. If R4, = 1, then R, = 1 by the
hypothesis. Then R,4, — R,+ is even, so S, = 0 and thus R4, =1 > 0= §,. If
R, 42 > 1,then Ry45 > 1 > §,. So, in all cases, R, 12 > Sy.

Secondly, from the hypothesis, we have

Alpt2 = (=)@ +D/2¢ and by, = (=D)@=D26 o (=1)PD2ca*,
By Lemma 7.12, we also have d(¢¥) = 2e¢ + R, 11 — 1. Hence

d(c?) = 0o it N = NJ(c).

d—dn bnzd_a,n b,n=
[ 1,n+2 1,] ( 1,n+2%1 ) {d(czé#)=2e+Rn+1—1 ifNZN;l(CE#).

Also, by Lemma 7.6 (v), d[—a1,4+1b1,n—1] = 1 — Ry+1. Thus

dl—aint1b1,n—1] +d[—a1n42b10] = (1 — Ruy1) + 2e + Ryy1 — 1) =2e
>2e+ S, — Ry+z.

(Recall that we have shown R,1, > S;.)

(i) Let V = [a1,...,an41]- ThendetV = ay pi1 = (=1)@TD/2¢ 50 V = W1 (0),
with v’ € {1,2}. Assume that V represents b1, ...,b,] = FN for N = N]'(¢)and N =
NI (cc*), ie., WiT!(C) represents both W/(c) and W (cc*). Then, by Lemma 4.4 (ii),
we have

(c.8)p = (D" = (c&".&)p = (¢, D) (@ O,

which implies (¢*, ¢),, = 1. This contradicts (4.3). |

Proof of necessity of Lemma 7.5. Let FM =~ W/"*2(c), where v € {1,2} and ¢ € V. Sup-
pose that M is n-ADC. Then (i) and (ii) coincide with Lemma 7.10 (i)—(ii).

For (iii), assume that R, 4> — R,+1 > 2e. Then, by Lemma 7.10 (iii), R,4+; = —2e.
If, moreover, either n > 5 orn = 3 and d(a;,4) = 2e, then also R, = 1. So (iii) holds.

Suppose now that in the remaining case, n = 3 and d(a,4) # 2e, and (iii) fails, i.e.,
Rs # 1. Again, by Lemma 7.10 (i) and (iii), R; = R3 = Ry +2e = R4 + 2e = 0. Since
d(ay,4) # 2e, Proposition 3.5 (iv) implies d(a1,4) = co. Also from Rs — R4 > 2e we see
that Rs > R4 4+ 2e = 0, s0 R5 # 1 implies R5 > 1.

Let ¢/ € V\{c} and let N = N, (c’). Since ¢’ = ¢, we have N % N3_ (c). So, by
Lemma 4.6 (ii), M represents N. But, by Lemma 7.11, Theorem 3.6 (iii) fails for M and
N, so M cannot represent N . Contradiction. Hence Rs = 1 and (iii) is proved.
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For (iv), suppose o, = 1 and either R,+; = 1 or R,4+» > 1. By Lemma 4.4 (i),
N['(c) # N}_, (c) and N/"(cé*) 2 N} (c), so, by Lemma 4.6 (ii), M represents N, (c)
and N/"(cé*). But, by Lemma 7.13, Theorem 3.6 (iii) fails for either N = N/"(c) or
N = N["(cc*). Hence R, 41 = Ry+1 — Ry # 1. Since a,, = 1, Proposition 3.4 (iii) implies
Ryy1 €2 —2e, O]E. Also, R,45 < 1,ie., Ry45 € {0, 1}. Thus (iv) is proved. n

Unlike in the even case, there are many n-ADC lattices that are not @ r-maximal when
n is odd. Thus, to complete the proof of Theorem 7.2, we need to determine the structures
of n-ADC lattices explicitly, as presented in Lemma 7.20.

First, recall from Theorem 7.4 that M is n-ADC of rank n + 2 if and only if

(@) R =0fori € [1,n]°® and R; = —2efori € [1,n]F;
(7.3)
(b) Ryt1 € [-2¢,00%; () an €{0.1};  (d) Rugz € {0, 1}
Lemma 7.14. Letv € {1,2} and ¢ € U. Suppose that M is n-ADC.
() IfFM = W!t2(e), then Ry42 = 0.
(i) If FM =~ W!*2(exr), then Ry4p = 1.
Proof. Clearly, ord(ay ,+2) is even or odd, according as FM = W *2(g) or W/+2(er).
By (7.3) (a)—(b), we have

n+2
ord(ai n4+2) = Z R; = R,4+> (mod 2).

i=1

By (d), we further have

0 if ord(a; n+2) is even,
Ryto =

1 if ord(aj n+2) is odd,
as desired. u

Lemma 7.15. Let M, M’ be two n-ADC O g -lattices of rank n + 2. Then M = M' if and
only if FM =~ FM' and Rn+1(M) = Rn+1(M/).

Proof. We only need to show the sufficiency. Let M =~ < ay,...,ay42 >, Ry = R;(M)
and o; = o;(M). Since M is n-ADC, the conditions (a)—(d) in (7.3) hold. Let M’ =~
<bi,....bps2 >, Si = Ri(M’) and B; = «;(M’). The same conditions (a’)—(d”) hold
for the corresponding invariants S; and 8; of M’.

By (7.3)(a) and (a’), we have R; = S; for 1 <i < n. By hypothesis, R,+1 = Sy+1.
And, by Lemma 7.14, Ry 42 = Sy+2 = O or 1, according as FM =~ FM' =~ W/"*2(¢) or
W2 (gxr) for some & € U. Thus

R; = S; (7.4)

for 1 <i <n + 2,i.e., the condition (i) of [4, Theorem 3.1] is fulfilled.
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Suppose R,y = —2e.If FM ~ FM' ~ W1"+2(8) with ¢ € U, by Lemma 7.14 (i),
we have R, 1> = 0. Hence, by Lemma 4.12 (i), M = M’ = N'""%(¢). If FM =~ FM' =~
Wv"+2(£71), with v € {1,2} and ¢ € U, by Lemma 7.14 (ii), we have R, 4, = 1. Hence,
by Lemma 4.12 (iii), M =~ M’ =~ N2 (ex).

Now, assume that R, +; # —2e, i.e., &, 7# 0. By (7.4), M and M’ satisfy the condition
(1) of [4, Theorem 3.1], so we are left to verify that the conditions (ii)-(iv) are fulfilled.

By (c), we have o, = 1. By (a) and Proposition 3.3 (i)—(ii), we have

0 ifi e[l,n—1]9,
o = (7.5)

2e ifie[l,n—1]F.

If R4+ = 1, then R,4» — R, 41 is odd, so Proposition 3.3 (iii) implies &, +1 = Ry42 —
Rn+1 =1- Rn+1; if Rn+2 = O, then Rn = Rn+2, SO Rn+1 + Op+1 = Rn + o, = 1 by
[4, Corollary 2.3(1)], i.e., &y+1 = 1 — R,41. Hence, in both cases, we have

nt+1 = 1— Rpt1.

The same argument combined with (7.4) gives the values of §8;’s. Thus a; = B; for 1 <
i <n+ 1andso [4, Theorem 3.1 (ii)] holds for M and M'.

Fori € [1,n]?, wehaveo; <1 (o; = O0fori € [1,n —1]° and o, = 1). Since R; =
Si, ord(ay,ib1,;) = ZZ:l(Rk + Sk) is even, so d(ai1,ib1,;) > 1 > «;. Fori € [1, nl®,
since R; = —2e, by Proposition 3.5 (iii), we have d((—1)"/2ay ;) > d[(—1)"/?a; ;] > 2e.
Similarly, d((—1)/2b; ;) > 2e. Hence, by the domination principle, d(a; ;b1 ;) > 2e =
a;. For i =n + 1, by Proposition 3.4 (v), we have d(—anan+1) = d[—ann+1] =1 —
Ry+1. Since d((—1)"~V/2a, ,_;) > 2e, by the domination principle, we see that

d((=D"*D2ay,11) = min {d (D)"Y ?a1,-1), d(~anan+1)}

> min{2e,1 — Ry41} =1— Ry+1.

Similarly, d((—l)(”+1)/2b1,n+1) > 1— R, +1- So, by the domination principle again, we
conclude that d(a1 n+161,n+1) = 1 — Ry4+1 = tp+1. Thus [4, Theorem 3.1 (iii)] holds for
M and M'.

By (7.5), we have o; + o+ = 2e for 1 <i <n — 2. Recall that o, = 1, o4 =
1 —Ryypand Ryqq € [2—2e,0]F. Wealsohave apy + py =14+ (1 — Rpqp) =2 —
R,4+1 <2e.Fori =n—1, since oy—1 + @, = 2e + 1 > 2e, we need to prove that
(b1.....bp—1]—>—lai,...,a,]. By Proposition 3.5 (iv) and (v), [b1,. . ., bp—1] = W]~ (n),
withn € {1, A}, and [ay,...,a,] = W]*(§) for some § € OF. Then Wt (n) —— W ()
follows from Lemma 4.4 (ii). (Both when n =1 or A, we have (7, §), = 1.) Thus [4,
Theorem 3.1 (iv)] holds for M and M. n

Definition 7.16. Let v € {1,2}, r € {0,... e} and ¢ € V. We denote by M >(c) the

only n-ADC lattice M with FM =~ W"*2(c) and R,4+1(M) = —2r, provided that such
lattice exists.
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Remark 7.17. By Lemma 7.15, such lattice is unique up to isometry, if it exists.

If M is n-ADC of rank n + 2, from (7.3) (b) we have R,. (M) € [-2¢,0]%, i.e.,
Ry11(M) = —2r for some 0 < r < e. Hence M = M‘f’,fz(c), where FM =~ W'*2(c).
Thus every n-ADC lattice of rank n + 2 is isometric to M,f”:rz(c) for some, v € {1,2},
ref0,...,efandc € V.

Lemma 7.18. Suppose that M is n-ADC. If FM = W2”+2(8) for some ¢ € U, then
Ry 41 # —2e. Equivalently, Mz",jz(s) is not defined.

Proof. Assume that R,, 11 = —2e. Since FM =~ W2"+2(s), by Lemma 7.14 (i), R4+ = 0.
Proposition 3.5 (v), with j = n + 1, implies that

FM =H®D2 | ['] = W2 ()
for some &’ € U, a contradiction. [

Lemma7.19. Letv €{1,2},c € Vand§ € U, withd(§) < 2e. Then M = NI'*1(8) L (c)
is n-ADC and R,+1(M) = 1 —d(§) € [2—2e,0]F.

Proof. By Lemma 4.9 and Remark 4.10, we have N"T1(§) =~ < ay,...,ay4+1 > relative
to a good BONG, with (ay,....an,—1) = (1, —772¢, ..., 1,—772¢) and (a,.an+1) =
(1, =87 1=4®) or (§*, —5*67179®), according as v = 1 or 2. Put R; = R;(N*1(5)).
Then, by Lemma 4.11 (iii), R; = 0fori € [l,n]o, R, = 2efori e [l,n]E and R,+1 =
1 —d(8). Since c €V, we have ord(c) €{0, 1}. Hence if a, 4+ :=c and R, 4, :=ord(a,+2),
then R,4, € {0, 1}.

Since Ry,4+2 > 0= R, and R,42 > 0> 1—d(§) = Ry+1, by [2, Corollary 4.4 (v)],
we have

M =< ai,...,dp+1 1< Ap42 >=<d1,...,Ap+1,0p+2 >

relative to a good BONG and R; (M) = R;. In particular, since § € U\{1, A}, we have
d(@) e[l,2¢ — 112,50 Ryp1(M) =1—d(8) € [2—2e,0]F.

Write «,, = o, (M). Since R,+1 — R, = R,+1 > —2e, Proposition 3.4 (ii) implies
that oz, > 1. On the other hand, for v € {1,2}, in F*/F*? we have —ana,+1 = §, so

on < Ryy1 — Ry + d(—anany1) = (1 - d((g)) —0+d@) =1

Hence o, = 1.
With above discussion, we have shown the conditions (a)—(d) in (7.3). By Theorem 7.4,
M is n-ADC. [

Let ¢ € F*. For convenience, we also write ¢ = U (resp. ¢ # U) for ¢ € U (resp.
¢ € U) temporarily.

Lemma 7.20. Letv € {1,2}, r € {0,...,e} and c € V. Then M'}*(c) is defined except
for (v.r.c) = (2,e,U).
() Ifr =eand (v,c) # (2, W), then M"}2(c) = NI'*2(c).

v,
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(i) Ifr=e—1land(v.c) = (2, U), then M} T2, (c) = N2 (c).
(i) IfO<r <e—1, then MI'}*(c) = N}, (w,) L (wrc), where w, € U is arbi-
trary such that d(wy) =2r + 1 and v’ € {1,2} satisfies (- = (=1)"(@r,€)p.”

Proof. First, by Lemma 7.18, MZ"IZ (c) is undefined for every ¢ € U. Next, we will
show the assertions (i)—(iii), thereby confirming that the lattice M,f’jz(c) is defined for
(v,r,c) # (2,e,U).

For (i) and (ii), by Lemma 4.14, N"*2(c) is O p-maximal and thus is n-ADC. We
also have FN"2(c) == W'+2(c). If (v, ¢) # (2, U), then, by Lemma 4.12 (i) and (iii),
Rp1(NJ12(c)) = —2e. So, by Definition 7.16, NJ'*2(c) = M 2 (c). If (v,¢) = (2, U),
then, by Lemma 4.12 (ii), Ry+1(N31?(c)) = 2 — 2e. So, by Definition 7.16, N2 2(c) =
Mz”jfl(c)

For (iii), let M = le‘,+1 (wr) L {wyc)and 0 <r <e—1.Since (w,,c)p = (=) by
Lemma 4.4 (i), we have W/ (w,) —— W *+2(c). Since det W/ (w,) det W/ 2(c) =
wyc, we get FM =~ Wv’f+1(wr) 1 [wrc] = Wv”+2(c). Also, by Lemma 7.19, M is n-ADC
and R,+1(M) = 1 — d(w,) = —2r. Then, by Definition 7.16, M = M]f”fz(c). ]

Corollary 7.21. Up to isometry, there are (8¢ + 6)(Np)¢ n-ADC lattices of rank n + 2
with odd n > 3, of which (8¢ — 2)(Np)¢ are not O f -maximal.

Proof. If M is n-ADC of the form (i) in Lemma 7.20, then M = N/"*2(c) with (v, c) #
(2, U), and the number of these @ r-maximal lattices is given by

3|U| = 3[0F : OF*] = 6(Np)°

from (4.4) and [31, 63:9]. If M is n-ADC of the form (iii) in Lemma 7.20, then the number
of such lattices is given by

4e|U| = 4e[OF : OF*] = 8e(Np)°.

Then excluding out the O -maximal lattices of the form (ii) in Lemma 7.20, i.e., Ny *2(e)
with ¢ € U, gives the number for the non O r-maximal lattices: 4e|U| — |U| = 8e(Np)¢ —

2(Np)¢, as desired. [ ]
Proof of Theorem 7.2. This follows from Definition 7.16, Remark 7.17 and Lemma 7.20.
|
8. Proof of Theorems 1.5,1.7,1.9,1.10 and 1.11
We first prove Theorems 1.5, 1.9 and 1.10.
Proof of Theorem 1.5. (i) Combine Proposition 4.15 and Theorems 5.1, 6.1 and 7.1.
(ii) This follows from (i) and [31, §82K]. [ ]

2T am thankful to the referee for suggesting this improved version for the case a, = 1, which refines
the original version of Theorem 7.2.
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Proof of Theorem 1.9. Combine Theorems 5.1, 6.2 and 7.2 and Remark 7.3. ]

Proof of Theorem 1.10. Let M be an integral @ -lattice of rank m over a local field F.
Ifme{n,n+1},orm =n+ 2 and F is non-dyadic, then, by Theorems 1.5 (i) and
1.9 (i), M is n-ADC if and only if it is @ r-maximal. Hence, by (4.4), B(m,n) = |M,,| =
8(Np)¢ or 8(Np)¢ — 1, according as m > 3 or m = 2, as required.
Assume that m =n+2 and F is dyadic. If n is odd, then we are done by Corollary 7.21.
If n is even, then, by Theorem 1.9 (ii), M is n-ADC if and only if M is @ f-maximal or
n = 2 and it is not @ f-maximal. Consequently, B(m,n) = 8(Np)¢ or 8(Np)¢ +1. =m

In the rest of the paper, we always assume that F' is an algebraic number field and M
is an O g-lattice. To show Theorem 1.7, we need some results on the class number of M.

Lemma 8.1. Suppose that M has class number one.
(i)  If M is locally n-ADC, then it is globally n-ADC.
(1) If M is OF-maximal, then it is globally n-ADC.

Proof. Since the class number of M is one, M is n-regular.

(1) If M is locally n-ADC, then it is globally n-ADC by Theorem 1.3.

(ii) If M is O fF-maximal, then for each p € QFr\oor, M, is O F,-maximal by [31,
§82K] and so it is n-ADC by Lemma 4.14. Hence M is locally n-ADC, so it is globally
n-ADC by (i). [

Based on Xu’s work [32, §1], we extend [26, Theorem 5.2 and Corollary 5.3] to the
indefinite case. (Also see [17, §4].)

Theorem 8.2. Suppose rank M = n + 1 > 3. Then there exists an O -lattice N of rank
n such that

i N-—->—M;

(ii) if N > M’ for some lattice M’ in gen (M), then M' =~ M.
Proof. This is clear from [26, Theorem 5.2] when M is definite. Assume that M is indefi-

nite. Let V = FM and take H = O4(M)O(V)O0/, (V) in [32, Theorem 1.5°]. Then there
exists an @ g-lattice N € M with rank n such that

Xu/nO(V) 04 (V) = 04(M)O(V)O4(V).

From the one-to-one correspondence in [32, p. 181], there is only one spinor genus in
gen(M) representing N. Since M is indefinite, by [31, 104:5 Theorem], there is exactly
one class in gen(M) representing N . |

Corollary 8.3. Supposerank M =n + 1> 3. If M is n-regular, then M has class number
one.

Proof. Let M’ be a lattice in gen(M). Then there exists some lattice N of rank n such
that N —— M’ and if N —— M for some lattice M in gen(M'), then M = M’.
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Since N —— M’, we see that Ny —— M, = M, for all p € Q. Since M is n-regular,
it follows that N —— M. So M =~ M’ and thus the class number of M is one. [

Proof of Theorem 1.7. Sufficiency is clear from Lemma 8.1 (ii). To show necessity, sup-
pose that M is n-ADC of rank n + 1. Then, by Theorem 1.3, it is locally n-ADC. So, by
Theorem 1.5 (ii), M is O f-maximal. Again by Theorem 1.3, M is n-regular. Hence, by
Corollary 8.3, the class number of M is one. [

Now, we consider the case F' = Q and n = 2. Let p be a prime number. For y € Q,
denote by N ) the Z-lattice (resp. Zp-lattice) N scaled by y (cf. [31, §82J]). Assume that
M is a positive definite quaternary Z-lattice. Following [28], a lattice is called primitive
if (M) = Z. Also note that if p = 2, then H and A from [28] are A(0,0) and A(2, 2), so
they coincide with our H® and A®. (We have H = 271 4(0,0) and A = 271 4(2,2).) If
p > 2, they are the same as our H and A. But 2 is a unit in Qp, so (1, —1) = (2, —2) and
(I,—A) = (2,-2A),ie., H=H® and A = A®_ So again H and A from [28] coincide
with H® and A®. Then as defined in [28], we call £ stable at p if n(£,) = 27, and
H® — £, or £, = A® | ACP) Moreover, we call £ stable if it is stable at every
prime p.

Lemma 8.4. If M is 2-ADC, then M® is 2-regular and stable.

Proof. It M is 2-ADC, then n(M,) = Z,, so n(Mf)) = 2Z,. By Theorem 1.3, we see
that M is 2-regular and locally 2-ADC. Clearly, M ® is 2-regular because 2-regularity
is invariant under scaling. For any prime p, since M, is 2-ADC, by Theorem 6.2 and
Proposition 4.16, H —— M, or M, =~ A L A®. This implies that H® —— M® or
MP =A@ | ACP) 50 M is p-stable. Thus M @ is stable. .

By Theorem 1.3 and Lemma 8.4, we have the following corollary.

Corollary 8.5. M is 2-ADC if and only if it is locally 2-ADC and isometric to £1/? for
some stable 2-regular lattice £.

Asin [28], weput £ = [a,b,c.d, f1. f>. f3. fa. f5. fo] if

a fi f2 fa
¢~ fi b f3 fs
2 f3 ¢ fs
Ja fs fe d

Table | adopted from [28, §4] enumerates all primitive stable 2-regular quaternary Z-
lattices, where we list all the primes for which (i;l/ 2 )p is not 2-ADC in the last column.
Then, we relabel these lattices éﬁ;l/ 2), as shown in the first two columns of Table 2. The
third and fourth columns provide the local structures of each L; for the primes p, where
(L;)p is not unimodular.
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£ la,b,c.d, f1, f2, f3, f4, f5, fel d¥ The primes p where :f;,l/z) is not 2-ADC
£ [2,2,2,2,0,0,0,1,1,1] 22 None
L2 [2,2,2,2,1,0,0,1,0,1] 5 None
£3 [2,2,2,2,0,0,0,1,1,0] 23 None
L4 [2,2,2,2,1,0,0,0,0,1] 32 None
L5 [2,2,2,4,1,1,0,1,0,0] 22.3 None
L6 [2,2,2,2,1,0,0,0,0,0] 22.3 None
£7 [2,2,2,4,1,1,0,0,1,0] 13 None
L3 [2,2,2,4,1,0,0,1,0,1] 17 None
Lo [2,2,2,4,0,0,0,1,1,1] 22.5 None
L10 [2,2,2,4,1,0,0,1,0,0] 22.5 None
£11 [2,2,2,4,1,0,0,0,0,1] 3.7 None
£L12 [2,2,2,6,1,1,0,0,1,0] 3-7 None
£13 [2,2,2,4,0,0,0,1,1,0] 23.3 None
L4 [2,2,4,4,1,1,0,1,1,2] 52 None
£L15 [2,2,4,4,1,1,0,0,1,1] 22.7 None
£L16 [2,2,2,6,1,0,0,1,0,0] 25 2
£17 [2,2,4,4,0,0,0,1,1,2] 25 2
£18 [2,2,4,4,1,1,0,1,0,0] 25 2
£L19 [2,2,4,4,0,1,1,1,0,2] 3-11 None
£20 [2,2,2,10,1,1,0,1,0,0] 22.32 3
£21 [2,2,2,6,0,0,0,1,1,1] 22.32 3
L2 [2,2,2,6,1,0,0,0,0,0] 22.32 2
£23 [2,2,4,4,1,0,0,0,0,2] 22.32 3
L4 [2,2,4,4,0,1,1,1,1,1] 22.32 2
£a5 [2,2,4,4,1,0,0,0,0,1] 32.5 None
£Lo6 [2,2,4,4,0,1,0,0,1,1] 32.5 3
£27 [2,2,4,6,1,1,0,0,1,1] 24.3 P
L8 [2,2,4,4,0,1,1,0,0,0] 24.3 2
£29 [2,4,4,4,0,0,0,1,2,2] 24.3 2
£L30 [2,2,4,4,0,1,0,0,1,0] 72 None
£31 [2,4,4,4,1,0,2,0,1,2] 22.3.5 None
£32 [2,2,4,6,0,1,0,1,1,0] 3.23 None
L33 [2,4,4,4,1,1,0,1,0,0] 24.5 2
L34 [2,2,4,8,0,1,0,0,0,2] 25.3 >
L35 [2,4,4,4,0,0,0,1,1,1] 25.3 2
£L36 [2,2,6,6,0,1,1,1,1,1] 22.52 5
£L£37 [2,4,4,6,1,0,2,0,1,2] 22.52 2
L33 [2,4,4,6,0,0,2,—1,1,—1] 22.33 3
£39 [2,4,4,6,1,0,2,0,1,0] 24.7 2
£L40 [2,2,6,8,0,1,1,1,0,3] 53 5
La1 [2,4,4,8,1,0,2,0,2,0] 27 2
L1 [2,4,4,6,1,1,0,0,1,1] 27 2
L43 [2,4,4,8,1,1,0,1,2,2] 24.32 P
Las [2,4,4,8,1,0,1,1,1,2] 132 None
£Las [2,4,6,6,0,1,1,1,2,1] 33.7 3
La6 [2,4,6,6,1,0,1,0,—1,2] 26.3 2
L47 [2,4,6,10,0,1,2,0,2,1] 22.34 3
Lag [2,4,6,12,0,1,0,0,2,0] 22.112 11

Table 1. Quaternary positive definite stable 2-regular integral Z-lattices &£;.
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Lp is not unimodular

L 22 Z-maximal
p=2 p>2

Ly 2{? NEQ) True

L2 2572 N}(5) N}, p=5 True

Ls 2§/ N @) True

L {7 N N p=3 True

Ls £ NEG) NG p=3 True

Le {2 NEG3) NG p=3 True

Ly 24 N S) NE(13).p =13 True

Lsg {2 NE(1) N2(1T), p =17 True

Lo £§/? N3 5) N}GS).p=5 True

Ly 2P HL(,-5 NiG)p=5 False

L1 22 NEG) N}(3).,p=3 e
N}(TA7). p =7

L1z étiglz/z) N{(5) NiG).p =3 True
N} (TA7), p =17

Lis Fave N3(6) Ni(3A3),p=3 True

Lig Fave) NA(1) Ni(),p=5 True

Lis 2Y? N3 (7) N, p=7 True

Lis :8(1'9/2) NA(D) N€(3A3), p=3 e
Ni(D, p=11

Lyy :C(zls/z) Nf(S) sz(S)’ p=3 True

Ni(5),p=5

Lis :Eglo/Z) N NiQ).p=7 True

Lyo :6511/2) NF () N3GA).p =3 True
N3} (505).,p=5

Lao :Cglz/z) NA(S) N%(3A3), p=3 e
N{(23),p=23

Loy z{? NEQ) Ni(1). p=13 True

Table 2. Quaternary positive definite 2-ADC integral Z-lattices L;.

Proof of Theorem 1.11. As mentioned before, Table 1 lists all stable 2-regular quaternary
Z-lattices. Hence, by Corollary 8.5, the lattices éﬁgl/z) (i =1,...,48) in Table 1 are all
possible candidates, and it suffices to determine which of them are locally 2-ADC. For
each prime p > 2 with p { d £, L, is unimodular and so Z,-maximal. Thus it is 2-ADC.
Therefore, one only needs to check if L, is 2-ADC for p = 2 and the primes p > 2 with
p | d £, and we complete the verification by hand. |
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