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Locally analytic vectors and rings of periods
Léo Poyeton

Abstract. In this paper, we try to extend Berger’s and Colmez’s point of view, using locally analytic
vectors in order to generalize classical cyclotomic theory, in higher rings of periods. We also explain
how the formalism of locally analytic vectors recovers the ring Bge,, of Colmez, and extends to Sen
theory in the de Rham case, and to classical (¢, I')-modules theory. We explain what happens when
we try to generalize constructions of (¢, I')-modules to arbitrary infinitely ramified p-adic Lie exten-
sions, and provide a conjecture on the structure of the locally analytic vectors in the corresponding
rings. We also highlight the fact that the situation should be very different, depending on whether
the p-adic Lie extension “contains a cyclotomic extension” or not. Finally, we explain how some of
these constructions may be related to the construction of a ring of trianguline periods.

1. Introduction

Let p be a prime, and let K be a finite extension of Q,. We fix Q, = K an algebraic
closure of K, and we let §x = Gal(K/K) be its absolute Galois group.

A classical idea in p-adic Hodge theory in order to study p-adic representations of
gk is to use an intermediate extension K,/ K such that K /K is nice enough but such
that it contains “most of the ramification” of (_)p/ K, so that (_)p /Koo is almost étale in
the sense of Faltings (which is the same as saying that the p-adic completion of K is
perfectoid). The main example of such an extension is the cyclotomic extension K(jipe)
of K, which has been thoroughly used in p-adic Hodge theory, notably in Sen theory and
(¢, T')-modules theory.

In some sense, Kummer extensions are simpler than the cyclotomic extension, and
work from Breuil [9] and Kisin [30] show that Kummer extensions are very useful in order
to study semistable representations. However, Kummer extensions are never Galois and
this implies that we usually have to replace them by their Galois closure which increases
the difficulty of the situation. Lubin—Tate extensions attached to uniformizers of K, of
which the cyclotomic extension when K = Q, is a particular case, trivialize local class
field theory and thus seem particularly useful in order to extend the p-adic Langlands
correspondence to GL,(K) (see for example [5, 26, 31] for work in this direction). More
generally, the interesting framework should be the one of infinitely ramified Galois exten-
sions whose Galois group is a p-adic Lie group, with potential applications in Iwasawa
theory [44].
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Let V be a p-adic representation of §, and let Koo = K(up>), Hx = Gal((_)p/Koo)
and 'y = Gal(K/ K). Recall that th_e cyclotomic character yeye: 'k — Z; identifies I'x
with an open subgroup of Z ;. Since Qp/ Koo is almost étale, (V' ®q, C,) ®r= C, ~
V ®q, Cp, so that the study of the C,-representation V ®q, Cp is reduced to the one
of (V ®q, CP)HK. The idea of Sen to study such a representation [43] is to consider
the subspace Dgen (V') of K-finite vectors, which are elements of (V' ®q, CP)HK which
belong to finite-dimensional sub- K -vector spaces stable by I'x. This is a sub-K,-vector
space of (V ®q, C,) ¥ and Sen proved that Ds., (V) ®k,, Koo =~ (V ®q, C,) k.

If K is any infinitely ramified p-adic Lie extension Koo/K, and if V is a Q-
representation of §x, then since (_)p / Koo is almost étale, we still have an isomorphism
(V ®q, Cp)x ®g- Cp =V ®q, Cp, butif the dimension of 'y = Gal(K/K) as a
p-adic Lie group is greater or equal to 2, then the space of K-finite vectors of this semi-
linear I/(':o-representation of 'k is no longer suitable, as shown by [7, Prop. 1.5].

In order to generalize Sen theory to any infinitely ramified p-adic Lie extension Koo /K,
Berger and Colmez suggested replacing the space of K-finite vectors and the use of nor-
malized Tate’s traces maps (which no longer exist in general [25]) by the space of locally
analytic vectors, which are elements x such that the orbit map g — g(x) is a locally
analytic function on I'x . This gives a decompletion of (V ®q, C,)58@/Ke0) into a Koola-
vector space of dimension dimg, V', but in general Koo' strictly contains K.

Recall that the strategy developed by Fontaine (see [23]) to study p-adic represen-
tations of ¥g is to construct some p-adic rings of periods B, which are topological
Qp-algebras endowed with an action of §x and additional structures such that if V' is a
p-adic representation of §x, then the B¥%-module Dg(V) := (B ®q, V)%K is endowed
with the structures coming from those on B, and such that the functor V' + Dpg(V) gives
some interesting invariants attached to V. For Fontaine’s strategy to work, one requires
that these rings of periods B are §x-regular in the sense of [23, §1.4.1] (this implies in
particular that B¥X is a field). We then say that a p-adic representation V of § of dimen-
sion d is B-admissible if B ®q, V =~ B as B-representations. The strategy of Fontaine
then consists of classifying p-adic representations according to the rings of periods for
which they are admissible. In the case where V' is admissible, Dg (V') can usually be used
to recover V, or at least Vjg, for some finite extension L of K.

Colmez has constructed in [12] a ring of periods Bge, which recovers Sen’s theory in
the cyclotomic setting. Precisely, he defines BZ,, as the set of power series in the vari-
able u over C,, with radius of convergence > p™, and endows it with an action of
Gal(Qp/K(upn)) by g(u) =u+1log xcy1(g) (this makes sense since log ycyei(g) € p" Ok if
g €%k, ). He then shows that (Bg’en)g’““p") = K(upn) and that Koo ®k, (BS,,, ®q, V)g’““p")
is isomorphic to Dge, (V') for n big enough.

One other key ingredient in the study of p-adic representations of §k is the theory of
(¢, 'k )-modules, which provides an equivalence of categories V' +— D(V') between the
category of all p-adic representations of ¥k and the category of étale (¢, I'x)-modules.
In Fontaine’s theory, (¢, I'x)-modules are finite-dimensional vector spaces, defined over
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a 2-dimensional local ring Bx and endowed with semilinear actions of a Frobenius ¢ and
of I'xk which commutes one to another.

One variant of the theory, which has been used with many useful applications, is the
theory of (¢, 'k)-modules over the Robba ring B:ri oK The theorem of Cherbonnier—
Colmez [11] shows that the category of étale (¢, FK)-}nodules over Bk actually embeds
into the category of (¢, I'x)-modules over B;ri oK of slope 0, and the slope filtration theo-
rem of Kedlaya [28] shows that this is an equivalence of categories.

One interesting feature of the Robba ring is that it can be used as a bridge between
the classical theory of (¢, I'x)-modules and p-adic Hodge theory, as its elements can be
embedded inside B(TR. In particular, Berger has shown [2] how to recover the invariants
attached to a p-adic representation V' in p-adic Hodge theory from its (¢, 'y )-module on
the Robba ring.

Kisin and Ren have defined Lubin-Tate (¢4, 'k )-modules [31] and proved that the cat-
egory of Lubin-Tate étale (¢, , I'x)-modules is equivalent to the one of Q,,-representations,
but unfortunately a result from Fourquaux and Xie [26] shows that those (¢, , I'x)-modules
are usually not overconvergent. Results from Berger [3, 5] suggest that the right objects to
consider are once again the locally analytic vectors inside some higher rings of periods.

In this paper, we try to understand what happens if we use the point of view of Berger—
Colmez of locally analytic vectors in “higher rings of periods”.

Our first remark, which follows from the formalism of locally analytic vectors, is that
Colmez’s construction of Bge, can be generalized to construct rings of periods which
“compute the cyclotomic theory”. More precisely, if B is a Q,-Banach (or Fréchet) ring
endowed with an action of §k, such that the functor

V = DB(V)la = (B ®Qp V)Gal((_)p/K(Mpoo)),I‘K—la

gives interesting invariants of V', where V' is a p-adic representation of ¥k, then the ring
€'3(T'x,B)1, the stalk at the identity of the sheaf of locally analytic functions on I'x with
coefficients in B, “computes” the functor V' DB(V)I"‘, in the sense that

(€"(Tk, B); ®q, V)7 ~ (B &g, V)Hx) ™ ™.

In particular, this allows us to provide constructions recovering cyclotomic (¢, I')-
modules and cyclotomic Sen theory for B(‘i’;{-representations in this spirit, which extend to
the F-analytic Lubin—Tate case as remarked by Berger [5, §8, §9, §10] and Porat [37, §3].

In order to generalize (¢, ['x)-modules theory to any infinitely ramified p-adic Lie
extension, one would like to understand the structure of the rings (EI )HK Tk=la where
the rings B’ are some higher rings of periods which are properly defined in Section 2. For
the theory to behave well and indeed generalize, we should expect that (EI YHK Tk =la can
be interpreted as a ring of power series in d variables, where d is the dimension of 'y
as a p-adic Lie group. We expect that if K., contains a twist by an unramified character
of the cyclotomic extension, in which case we say that the extension K.,/K contains
a cyclotomic extension, then the theory does generalize and the rings (ﬁl YHK12 can be
interpreted as rings of power series in d variables.
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Conjecture. If Koo/ K contains a cyclotomic extension, then the rings (ﬁ;()r”_a" can be

interpreted as rings of power series in d variables, with some convergence condition.
More precisely, we expect that, for n > 0, there exist d elements X1, ..., X4, in

(ﬁ;()r"_a" such that (ﬁf()r”_a“ is the set of power series Zi=(il,.

variables (Xi n)ie1,....dy With coefficients in K such that the series Zi:(il,...,id)ENd aile{n

i .
Lig)eNd 4iX;, in the

converge in (]A?;f()r" —an,

It was proven by Berger in [5, Thm. 4.4] that this conjecture holds when Ko, /K is a
Lubin-Tate extension. In the particular case of the cyclotomic extension, Berger’s result
shows that (ﬁ}()rn—an is a ring of power series in one variable with coefficients in K,
such that the series converge on some annulus depending only on n and /. Moreover, this
variable is, up to some power of the Frobenius, exactly the one used in the construction
of cyclotomic (¢, I')-modules. In particular, just as in [7], we notice that locally analytic
vectors applied to the cyclotomic setting recover the classical theory.

In this paper, we are able to generalize Berger’s result and to prove our conjecture in a
particular case.

Theorem. Let Koo/ K be an infinitely ramified p-adic Lie extension which is a succes-
sive extension of ZLy-extensions and contains a cyclotomic extension. Then the conjecture
above is true for Koo/ K.

The fact that we expect the need to contain a cyclotomic extension follows from the
following, which shows that for p-adic Lie extensions which do not contain a cyclotomic
extension, the situation looks different.

Theorem. Let Koo/Qp2 be the anticyclotomic extension, where Qpz is the unramified
extension of Qp of degree 2. Then the rings (l’§1)HK’FK_la are equal to Q2 if 0 € 1.

If W is a Fréchet representation of a p-adic Lie group, the space of locally analytic
vectors W2 can be defined but is too small in general to be able to recover W from W2,
We provide in this paper computations of locally analytic vectors for Robba rings in the F'-
analytic Lubin—-Tate case, which highlights this fact. We also show that taking F-locally
analytic vectors in the (¢4, I'x)-modules on Robba rings recovers modules defined by
Colmez in [16] through different methods.

Theorem. Let V be an F-analytic representation of §g, and let Djig(V) be its attached

(¢4, 'k )-module over the Robba ring B;ri o k- We have the following:
Bl = B0 K = K ()

. D:Lig(V)FK_l‘Jl =Nuso ?" (D;rig(V)) and is a free K ((t;))-module of rank < dimq, V;
where t is the “Lubin-Tate analog of t” and K {(T)) denote the set of power series
in T with coefficients in K and infinite radius of convergence.

This theorem alongside [16, Thm. 3.23] show that in general the rank of DZLig(V)la asa

K {((t))-module is strictly smaller than dimg, V' and is thus too small to recover DEg(V).
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Finally, we highlight the fact that thinking of the rings €'*(I'g, B); as rings of periods
could have applications in order to define rings of periods for trianguline representations:
a trianguline representation is a representation such that its attached (¢, I'x)-module on
the Robba ring is a successive extension of rank 1 (¢, ['x)-modules, but that does not
mean that the corresponding representation itself is a successive extension of rank 1 rep-
resentations, because the (¢, I'x)-modules of rank 1 that appear in the decomposition do
not need to be étale. Trianguline representations are assumed to be related to representa-
tions coming from global geometric objects (see for example [19,29]) and for example the
representations attached to overconvergent modular forms of finite slope are trianguline.

In order to better understand and parametrize trianguline representations, it would
make sense to construct a ring which would be to trianguline representations what B,y is
to crystalline representations, and we try to offer candidate rings for that purpose.

Note that, since unramified representations of §g are crystalline and thus trianguline,
we expect such rings to contain Q),"". Moreover, when we talk about rings of periods B, we
expect that the corresponding modules attached to p-adic representations V' and defined
by Dg(V) = (B ®q, V)¥K satisfy at least the three following properties:

(1) Bis reduced;
(2) for any p-adic representation V of gx, Dg(V) is a free B¥% -module;

(3) the B-linear map ay: B ®gg Dp(V) — B ®q, V' deduced from the inclusion
Dg(V) C B ®q, V by extending the scalars to B, is injective.

The reason why one would have to define several rings is the following.

Proposition. There is no ring of periods B satisfying those three properties and contain-
ing Q" such that for any finite extension K of Qp, B is a trianguline period ring for Gk .

Therefore, our ring of trianguline periods of ¥k has to be dependent on K. In the case
K = Q,, since every rank 1 representation is trianguline, our ring has to contain every
exp(alogt) with a € E, a field of coefficients. In particular, the ring Bi% o, We define is
to ﬁ:g what the ring Bse, introduced in [12] is to Cp LB?Y?’QP is the ring €Tk, ﬁr_:—g)l’
which is also the inductive limit of the rings €*"(I'k,,, Bji'g). Proposition 8.1 shows that

B::'i,Qp)gKn = QP ((t»’

the set of power series in ¢ with infinite radius of convergence. The module Di‘r’il’Qp(V)
is therefore a module over Q, ((¢)) and is also endowed with a Frobenius ¢ coming from
the one on ﬁ:{g and an operator V coming from the action of the Lie algebra of 'y and
commutes with the action of ¢. We then extend these constructions to the F-analytic
case, constructing a ring B';‘r‘: g in the same fashion, and we extend Fontaine’s classical
formalism of admissibility to take this setting into account.

Generalizing the notion of refinements of p-adic representations [1,34] to our setting,

we prove the following.

Theorem. Let V be an F -analytic representation of §x which is Bl x-admissible. Then
V' is trianguline.
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While the ring Bfrr“ k 1s too small to contain the periods of all F-analytic trianguline
representations of g, we could adapt our constructions to “add a log to our ring”, which
would cover the semistable periods, but we would still be missing the “nongeometric”
periods of trianguline representations, which appear in item (ii) of [16, Thm. 3.23]. It is
not yet clear how many periods one would have to add to B - to get a ring of trianguline
periods.

Structure of the paper

The first section of the paper recalls the theory of classical rings of periods and the theory
of (¢, I')-modules and the rings it involves. The second section recalls the theory of locally
and pro-analytic vectors. In Section 4, we recall the main results from [7]. We explain in
Section 5 how this framework recovers classical Sen theory for B;&—representations, and
we compute what (B;IQ)HK 12 Jooks like in some particular cases with emphasis on the
Lubin-Tate one. In Section 6 we explain how (¢, I')-modules theory is recovered through
our framework. In Section 7, we explain what we expect to happen in general when trying
to generalize (¢, I')-modules theory by using locally analytic vectors, prove the particular
case of the conjecture and highlight some problems which may arise in the anticyclotomic
case. The computations of locally analytic vectors in Robba rings is done in Section 8.
Finally, Section 9 is devoted to the applications to trianguline representations and towards
a construction of rings of trianguline periods.

2. Classical p-adic rings of periods and (¢, I')-modules

2.1. Fontaine’s strategy and some rings of periods

Let p be a prime, let K be a finite extension of Q, and let §x = Gal(K /K) be its absolute
Galois group. Let k be the residual field ok K and let F = W(k)[1/p] be the maximal
unramified extension of Q, inside K. Let C,, be the p-adic completion of K.Let Foo =
Q, (up=) be the cyclotomic extension of Q. For n > 11et K, = K(j,n) be the extension
of K generated by the p”-th roots of unity, and let Koo = | > K(itpn) = K - Foo be the
cyclotomic extension of K. Let Hg, = Gal((_)p/Foo) and FQp_z Gal(Foo/Qp). Let Hx =
Gal(K /Ko ) and 'k = Gal(K o/ K). Recall that the cyclotomic character ycyc: §x — Z;
factors through ' and identifies it with an open subset of Z 7. We also let Ko denote the
maximal unramified extension of Q, inside K.

Recall that the strategy developed by Fontaine (see [23]) to study p-adic representa-
tions of §x is to construct some p-adic rings of periods B, which are topological Q,-
algebras endowed with an action of g and additional structures such that if V' is a p-adic
representation of §x, then the B¥% -module Dg(V) := (B ®q, V)%k is endowed with the
structures coming from those on B, and such that the functor B > Dg (1) gives some
interesting invariants attached to V. In Fontaine’s original setting, one requires that these
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rings of periods B are $k-regular in the sense of [23, §1.4.1] (this implies in particular
that B¥X is a field). We then say that a p-adic representation V of §x of dimension d is B-
admissible if B ®q, V =~ B¢ as B-representations. The strategy of Fontaine then consists
of classifying p-adic representations according to the rings of periods for which they are
admissible. In the case where V' is admissible, Dg(V') can usually be used to recover V,
or at least V}g, for some finite extension L of K.

We now recall the construction of some rings of periods.

Let Et = l(in ={x©, .. )e (9N s (xOFDYP = xMY and recall [45,
Thm. 4.1.2] that this 1 rlng is naturally endowed w1th a ring structure which makes it a
perfect ring of characteristic p which is complete for the valuation vg defined by vg(x) =
vp (x ) Let E be its field of fractions and note that it is algebraically closed. We denote
by ¢ the absolute Frobenius x > x? on E* and E. The action of %o, on Oc, induces a
continuous action of g, on E.

Choose a sequence & = (8")neN eE*of compatible p"-th roots of unity (with ¢V #£1).
Leto =¢—1 € E* and let Eq, :=F,((v)) C E.LetE = qug be the separable closure
of Eq, inside E. The field Eq, is left invariant by the action of Hg, so that we have a
morphism Hq, — Gal(E/Eq,). By [45, Thm. 3.2.2], it is actually an isomorphism. We
also let Ex = EfK_ Note that Tk acts on Eg, and that the action of ;'?Qp on v is given by
g(0) = (1 4 U)Xt_ycl(g) 1.

Let A = W(E) and let A* = W(E*). We also let B = Frac(A) = A[1/p] and BT =
At [1/ p]. By functoriality of Witt vectors, the action of &g, extends to an action on A and
B that commutes with the Frobenius @. If L is a finite extension of Q,, we let BL = BHL
and Ay, = AP, where Hy, = Gal(Qp/ L(ppe)).

Note that any element x of AT can be written as x = Zk>0 p¥[xx] where the xg
belong to E* and [] denotes the Teichmiiller lift. Recall [22, §1.5.1] that we have a sur-
jective morphism of rings 6: At > Oc, givenby 0(x) = 3 ;oo P x](co) and whose kernel
is a principal maximal ideal of AT, This morphlsm 6 naturally extends to Bt to a sur-
jective morphism that we still denote by 6: Bt — C,. For m € N, we let B,, be the ring
Bt / ker(6)"B+ and we endow it with the structure of a p-adic Banach ring by taking the
image of AT as its ring of integers. We let B qr = lim N B,, be the completion of Bt
for the ker(8)-adic topology and we endow it with the Fréchet topology of the projective
limit. By construction, 6 extends to a continuous morphism 6: B;i2 — C, and the action
of %q, on BT extends by continuity to a continuous action on B . We let Bgr be the
fraction field of Bj’R. The power series defining log[¢] converges in B r to an element ¢
that generates the maximal ideal ker(6: Bd — Cp) of BdR, so that Bgr = B r[1/1]. Note
that the action of Gq, on ¢ is given by g(7) = ycya(g) - t. We endow Bgr w1th a filtration
by setting Fil'Bgg = 1’ B(TR. We call representations that are Bgr-admissible “de Rham
representations”.

Fontaine has also defined several other rings of periods, among which By, and By,
in order to study p-adic representations. Recall that By is endowed with a Frobenius ¢,
By contains By, is endowed with a Frobenius ¢ and a monodromy operator N such that
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Berys = BQ’ =0 and Bgg is a field endowed with a filtration {Fili Bgr}iez and such that
there is an injective map By — Bgr. Moreover, these rings all contain the element ¢, and

there exist rings BCrys and BY such that Beys = Bégys[l /t] and By = B} [1/¢]. Represen-
tations that are B.ys-admissible and B-admissible are respectively called crystalline and
semistable representations. The relations between those rings imply that crystalline rep-
resentations are semistable and that semistable representations are de Rham. We do not

recall the proper definitions of By and By as they are not needed in this note.

2.2. Cyclotomic (¢, I')-modules

Let us now recall briefly the theory of (¢, I')-modules and some of the rings involved in
the theory. Let v = [¢] — 1. Let Aq, be the p-adic completion of Z,((v)) inside A. This is
a discrete valuation ring with residue field Eq, . Since

W) =(1+v)? =1 and g)=(1+v)%® _1 ifge 9,

the ring Aq, and its field of fractions Bg, = Aq,[1/ p] are both stable by ¢ and &g,
For r > 0, we define BT the subset of overconvergent elements of “radius” r of B, by

BT = {x = Z p"[xn] such that lim vg(xg) + LTy = +oo}
oo k—+o0 p—1

and we let Bt = Ur=0 B’ be the subset of all overconvergent elements of B.
Let Bapr be the subset of Bq, given by

BI); = {Zaivi, a; € Q, such that the a; are bounded

j€Z
' and llm vp(a,)+l pr =+oo},
p—

and note that Bgr =Bq, N NnBh.
94
Let B& =U, 0 Bg' By [33, §2], this is a Henselian field, and its residue ring is still

Eq,. Since BQ is Henselian, there exists a finite unramified extension B} 1% B inside B,
of degree f and whose residue field is Eg. Therefore, there exists r(K) > 0 and elements
X1,..., X7 In BT’ &) such that BT 5 @lf_l BJr *. x; forall s > r(K). We let Bg be the
p-adlc completion of BJr and we let Ag be 1ts r1ng of integers for the p-adic valuation.
One can show that B is a subfield of B stable under the action of ¢ and ' (see for
example [14, Prop. 6.1]). Let A be the p-adic completion of g /Qp Ak, taken over all
the finite extensions K/Q,. Let B = A[1/p]. Note that A is a complete discrete valuation
ring whose field of fractions is B and with residue field E. Once again, both A and B are
stable by ¢ and ﬁQp. Moreover, we have Ak = Ag and Bx = B, so that Ak is a
complete discrete valuation ring with residue field Ex and fraction field Bx = Ag[1/p].
If L is a finite extension of K, then By, /Bg is an unramified extension of degree [L oo
K] and if L/K is Galois then so is By /Bg, and we have the following isomorphisms:
Gal(BL/Bk) = Gal(BL/Bk) = Gal(EL/Ex) = Gal(Loo/Koo) = Hg /HL.
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Definition 2.1. If K is a finite extension of Qp, a (¢, I'r)-module D on Ak (resp. Bg) is
an Ag-module of finite rank (resp. a finite-dimensional Bg-vector space) endowed with
semilinear actions of I'x and ¢ that commute one to another.

It is said to be étale if 1 ® p:@* D — D is an isomorphism (resp. if there exists a basis
of D such that Mat(p) € GL;(Ak)).

If K is a finite extension of Q, and if V' is a p-adic representation of Gk, we set
D(V) = (B ®q, V)"x.

Note that D(V') is a (¢, ['x)-module. Moreover, if V is a p-adic representation of §x,
then D(V) is étale and (B ®g, D(V))?=! is canonically isomorphic to V (see [21,
Prop. 1.2.6]). The functors V + D(V) and D + (B ®g, D)*=! then induce an equiv-
alence of Tannakian categories between p-adic representations of g and étale (¢, 'k)-
modules.

For r > 0, we define a valuation V(-, ) on BT [1/[v]] by setting

Vix,r) = 1nf (k + — ! vE(xk))
forx =) rs_o ¥ xe]. B

For r = 0, we let V(-,0) be the p-adic valuation on B¥[1/[v]].

If 1 is a closed subinterval of [0; +o0[, I # [0,0], welet V(x, 1) =infrcy, r£0 V(x,7)
(one can take a look at [27, Rem. 2.1.9] to understand why we avoid defining V' (-, 0)). We
then define the ring B! as the completion of ]§+[1/[6]] for the valuation V(-, ) if 0 & I,
and as the completion of B for V(-, 1) if I = [0; r]. We will write B}*" for B+l and

rig
f};!'g for BI%-+o°l We also define ﬁjig =Ur=0 B;rlgr

Let / be a subinterval of [0, +o0o[ which is either a subinterval of ]1, 400 or of the
form [0, 7], for some r > 0. Let f(Y) =) ;5 ar Y* be a power series with ax € F and
such that v, (ax) + k/p — 400 when |k| — +oo forall p € I. The series f(v) converges
in B? and we let BI denote the set of all f(;r) with f as above. It is a subring of BI

We also write B;rlg Q for . It is a subring of ng s for all s >r and note that the

setof all f(v)e legrQ such that the sequence (ay)xez is bounded is exactly the ring B&:
T tr
Let BQp =U;so0 BQp'
Recall that, for K a finite extension of Q,, there exists a separable extension Eg / EQp
of degree f = [Koo : Foo] and an attached unramified extension B} /B Q of degree f
with residue field Eg, so that there exists 7(K) > 0 and elements xp,...,xs € B}r(’r(K)

such that
f

BI(’S = @ng -x; forall s > r(K).
i=1
If r(K) < min(/), we let Bf{ be the completion of B;(’r(K) for V(-, I), so that Bf, =
S 1 .
©D;- By, - xi-
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We actually have a better description of the rings B

g, K in general.

Proposition 2.2. Let K be a finite extension of Qp.

(1) There exists vk € AJr r®) \hose i image modulo p is a uniformizer of Ex and such
that, for r > r(K), every element x € B can be written as X =Y ¢z dk v}‘(,
where ay € F' = Q" N Koo, and the power series ) <5 ak T* is holomorphic
and bounded on {p~V/°k" < |T| < 1}.

(2) Let %, (T) be the set of power series Y ey Ak T* where ay, € F'" and such that,
or all p € [o; 1], img—s 100 |ak|pF = 0 and let oy = p~ /K" Then the map
o o K=7P

Hg(T) — Blg x sending f to f(vk) is an isomorphism.

Proof. The first item is proved in [14, Prop. 7.5] and the second one in [14, Prop. 7.6].
Be careful that the notations for the rings and the normalizations of the valuations used in
Colmez’s paper are a bit different from ours. ]

The following theorem is the main result of [11] and shows that every étale (¢, I'k)-
module is the base change to Bx of an overconvergent module.

Theorem 2.3. If D is an étale (¢, I'x)-module, then the set of free sub-B;(-modules of
finite type stable by ¢ and Tk admits a bigger element DT and one has D = Bk Qpt Df
K

In particular, if V' is a p-adic representation of §x, then there exists an étale (¢, I'x)-

module over Bfy which we will denote by DT (V) and such that D(V) = Bk ® ¢ DT(V).
K
We let Djlg(V) Bl «® Bl DT (V).

If E is a finite extensmn fof Q. we can make the following definition.
Definition 2.4. A (¢, 'x)-module over E ®Qp ri oK is a finite module D over £ ®q, BZ oK
equipped with a semilinear Frobenius ¢p and a continuous semilinear action of I'x such
that D is free as a B;rig,K-module, id® ¢p: B:ig,K ® Bzg . D — D is an isomorphism
and that the actions of ¢p and I'x commute.

By [35, Lem. 1.30], a (¢, I'x)-module over E ®q, B::g x is free asan £ ®q, leg K-
module. We say that a (¢, ['x)-module over E®q, I oK is étale if its underlying ¢-module

¥
over B, 0. K is étale.

2.3. Lubin-Tate (¢, I')-modules

We now recall the theory of (¢, I')-modules in the Lubin-Tate setting. We let F' be a finite
extension of Qp, 7 a uniformizer of Of and LT be a Lubin-Tate formal O f-module
attached to the uniformizer & of O . Let g be the cardinal of the residue field of F and let
hbe such that g = p*. Let Fy = F N Q,". We let F,, denote the extension of F* generated
by the points of 77" -torsion of LT forn > 1, and Foo = J,; Fn. Welet I'r = Gal(Foo/ F)
and Hr = Gal(F/F). By Lubin-Tate’s theory [32, Thm. 2], the Lubin—Tate character
X=:8F — OF induces an isomorphism I'r >~ O . Fora € OF, we let [a](T) denote the
power series that corresponds to the multiplication by @ map on LT. Let vy = 0 and for
eachn > 1,letv, € (_)p be such that [7](v,) = vy—1, With v; # 0.
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Recall that we defined rings K, KJF, Al and ]~3, §+, B/ previously, and in what follows
we will keep the same notations for those rings tensored over Fy (resp. O F, in the case of
A and AT), by F (resp. Of). We let g = ¢°" and we let rp = p*" =1 (p — 1) fork > 1.

Recall that by [13, §9.2], there exists v € AT whose image in ET is (vg, v1, . . .), where
};314' = LiLnx'_)xq Oc, /7 (by [10, Prop. 4.3.1], this is the same ring ET as before) and such
that

g() = [xx(I() and ;) = [7](v).
We also let ¢, = log;(v) € ﬁ:g so that

g(ty) = xz(g) -tz and (/)q(lﬂ) = Tly.

Note that when F' = Q,, and = p, this is exactly the classical ¢ of p-adic Hodge theory.

Forp > 0,letp’ =p-e-p/(p—1)-(q — 1)/q, where e is the ramification index of
F/Qp. Let I be a subinterval of [0, +oo[ which is either a subinterval of ]1, +oo[ or of
the form [0, 7], for some r > 0. Let f(Y) = ) 1z ak Y* be a power series with ay € F
and such that v, (ax) + k/p" — +oo when |k| — +oo for all p € I. The series f(v)
converges in B’ and we let B% denote the set of all f(v) with f as above. It is a subring

of ﬁfv. We also write B;E;;F for BB{_;+00[.

We let Ar denote the p-adic completion of OF ((v)) inside A, and we let Bp =
AFr[l/p]. As in the cyclotomic case, to any extension L/F finite, there corresponds
extensions Ay /Ar and By /BF, of degree [Loo @ Fio] Where Lo, = L - Foo, equipped
with actions of ¢, and I'; := Gal(Loo/L). As in the cyclotomic case, we fix once and
for all a finite extension K of F and will apply the theory to p-adic representations of
Gk = Gal((_)p /K). There is also a theory of (¢4, I'x)-modules over Bg, which are finite-
dimensional Bg vector spaces endowed with commuting semilinear actions of I'g and ¢, .
Once again, such a (¢4, I'x)-module is said to be étale if there exists a basis in which
Mat(gp,) belongs to GL; (Ak). By specializing Fontaine’s constructions [21, Prop. A.1.2.6
and Thm. A.3.4.3], Kisin and Ren prove the following, which is [31, Thm. 1.6].

Theorem 2.5. There is a Tannakian equivalence of categories between F-linear repre-
sentations of §x and étale (¢q4, I'x)-modules over Bg.

However, unlike in the cyclotomic case, these (¢g, I'k) modules are rarely overcon-
vergent. Berger showed in [5] that the right subcategory of representations corresponding
to overconvergent (¢4, I'x )-modules was the one of F-analytic representations (note how-
ever that there are representations which are not F'-analytic but whose attached (¢, I'x)-
module is overconvergent). An E-representation V' of §x, where E D F Gal is said to be
F -analytic if for any t € Emb(E, (_)p), T # id, the semilinear Cp-representation C, @ V
is trivial. In that case, [5, Thm. 10.4] shows that one can attach to V' an étale F-analytic
(¢4, I'x)-module D:ig(V) on B;rig’ x> Which means that the operator logl‘)’(g”g( ) is F-linear on
D:i (V). Note that, when F = Q,, every representation of §x is Qp-analytic.

For an F-analytic character §: K* — E*, we let w(d) denote its weight, which is
defined by w(8) = §'(1).

g
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Lemma 2.6. Let D be a rank 1 F-analytic (¢4, I'x)-module over E ®k Bzg,K. Then
there exists § an F-analytic character K>* — E* and a basis e of D in which g(e) =

8(xx(g)) - e and g4(e) = §(x) - e.

Proof. This is the same as in [15, Prop. 3.1], using [5, Thm. 10.4]. [

3. Locally and pro-analytic vectors

Here, we recall some of the theory of locally- and pro-analytic vectors, following the
presentation of Emerton in [20] and of Berger in [5].

Let G be a p-adic Lie group, and let W be a Q,-Banach representation of G. Let H be
an open subgroup of G such that there exists coordinates c1,...,cq: H — Z, giving rise
to an analytic bijection ¢: H — ZZ . We say that w € W is an H -analytic vector if there
exists a sequence {wy }xene such that wi — 0in W and such that g(w) = Y, ena €(g)*wi
for all g € H. We let WH 2 be the space of H -analytic vectors. This space injects into
€C*(H, W), the space of all analytic functions f: H — W. Note that €*"(H, W) is a
Banach space equipped with its usual Banach norm, so that we can endow W~ with
the induced norm, that we will denote by || - || . With this definition, we have |w| g =
supyend |lwi and (WH =2 || || ;) is a Banach space.

The space €*"(H, W) is endowed with an action of H x H x H, given by

((g1.82.83) - [)(g) = g1~ f(g5"gg3)

and one can recover W =" as the closed subspace of € (H, W) of its Ay »(H )-invari-
ants, where Aj »: H — H x H x H denotes the map g — (g, g, 1) (we refer the reader
to [20, §3.3] for more details).

We say that a vector w of W is locally analytic if there exists an open subgroup H
as above such that w € WH—a L et W be the space of such vectors, so that W =
Uy WH=a \where H runs through a sequence of open subgroups of G. The space W'
is naturally endowed with the inductive limit topology, so that it is an LB space.

Lemma 3.1. If W is a ring such that ||xy|| < ||x| - ||y|| for x,y € W, then
(1) WH= is aring, and ||xyllg < |Ix|m - |y|lm if x,y € WH
2) ifw e WXNWW, then 1/w € W, In particular, if W is a field, then W' is also
a field.
Proof. See [7, Lem. 2.5]. [

It is often useful to choose a specific fundamental system of open neighborhoods of
G: let Gy be a compact open subgroup of G which is p-valued and saturated (see [41, §26
and §27] for the definition and proof of existence), with coordinates ¢, and set

G, =G ={g"" :g€Gy) forn=>0.



Locally analytic vectors and rings of periods 851

These are subgroups [41, Rem. 26.9] which have induced coordinates ¢: G, = (p" Zp)d.
The normalization is such that for w € W%~ we can write

gw) = > c(g)wx
keNd

for g € G, and {wx }yene With p"*lwy — 0, and the Banach norm is given by

k
lwllg,—an = sup P wicll.

It is easy to check if w € W%~ then
[wlGp—an < [WGpy1—an form >n and  [|w|G,—an = [w]| form > n

(see [7, Lem. 2.4]).
Let W be a Fréchet space whose topology is defined by a sequence {p;}i>1 of semi-
norms. Let W; be the Hausdorff completion of W at p;, so that

W = lim W;.
<

i>1

The space W2 can be defined but as stated in [5] and as will be explained in Section 8, this
space is too small in general for what we are interested in, and so we make the following
definition, following [5, Def. 2.3].

Definition 3.2. If W = 1<iLn,>1 W; is a Fréchet representation of G, then we say that a
l

vector w € W is pro-analytic if its image 7; (w) in W; is locally analytic for all i. We let
WP denote the set of all pro-analytic vectors of W, so that WP?* = l(iLni>1 Wila.

We extend the definition of W' and WP for LB and LF spaces respectively.

Proposition 3.3. Let G be a p-adic Lie group which is a uniform pro- p-group, let B be a
Banach G-ring and let W be a free B-module of finite rank, equipped with a compatible
G-action. If the B-module W has a basis wy, ..., wg in which g — Mat(g) is a globally
analytic function G — GL4(B) C M4(B), then

(1) whH-a = @}121 BH=a . w; if H is a subgroup of G;
@) W =@7, BY- w.
Let G be a p-adic Lie group, let B be a Fréchet G-ring and let W be a free B-module

of finite rank, equipped with a compatible G-action. If the B-module W has a basis
Wi, ..., Wy in which g — Mat(g) is a pro-analytic function

G — GL4(B) C M4(B),

then

d
pa pa .
wr = P B w;.
j=1
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Proof. The part for Banach ring is proven in [7, Prop. 2.3] and the one for Fréchet rings
is proven in [5, Prop. 2.4]. [

Note that the map log y,: 'x — OF induces isomorphisms I', >~ 7" OFf forn > 0,
and endows 'k with an O g-analytic structure as a p-adic Lie group.

If W is an F-linear Banach representation of 'y = Gal(Ks/K), and if n > 1, we
say that w € W is F-analytic on I', = Gal(K/K,) if there exists a sequence {wg }x>0
of elements of W such that 7"%wy — 0 such that g(w) = D k>0 log xx (g)*wy, for all
g € I',,. This means that w is a [',-analytic vector, with T, viewed as a p-adic Lie group
defined over O instead of Z,,.

If W is a locally analytic representation of I'x, we can define operators Vo: W — W,
fort € ¥ := Emb(F, (_)p) in the following way, as in [5, §2].

Definition 3.4. Let L be a field that contains F%. If 7 € X, then we have the deriva-
tive in the direction 7, which is an element V; € L ®q, Lie(I'r). The L-vector space
Homg, (F, L) is generated by the elements of X . If W is an L-linear Banach represen-
tation of I'r and if w is a Qp-locally analytic element of W and g € I'r, then there exists
elements {V. }rex, of F& ®q, Lie(I'r) such that we can write

logg(w) = Y 7(log xx(g)) - Ve(w).
T€EXF
In particular, there exist m >> 0 and elements {wy},cysF Such that if g € T, then
gw) =D yenzr 108 Xx (g)*wy, where log y.(g)k = Hrezp T o log yx(g)%*. We have
V:(w) = wy, where 1; is the X p-tuple whose entries are 0 except the t-th one which
is 1. If k € N¥%, and if we set VK(w) =[] Vf’ (w), then wy, = V¥(w)/Kk!.

T€EXF

Remark 3.5. If w is an F-analytic element of W, so that there exists a sequence {wg }x>0
of elements of W such that 7K wy — 0 such that

g(w) = Zlog 1x(9)Fwr forall g € T,
k>0

with 7 >> 0, then wy = VE(w)/k!.

The standard notations for the set of F-analytic elements of W is WTn—anF-la fo].
lowing the notations from [5, §2]. These are the [',-analytic vectors when we treat I, as
a p-adic Lie group over OF instead of Z,,. Since in this article we almost always consider
the former case and in order to improve the readability and reduce the need for additional
notations, we will still denote by WI»~2 the set of T, F-analytic vectors of W in the
Lubin-Tate setting. We also let W = { ,_, WTn=a The main advantage of this for-
malism is that the cyclotomic case is exactly_the particular case in the Lubin—Tate setting
where I' = Q, and m = p, so that the statements made in the “F-analytic Lubin—Tate
setting” also contain the statements regarding the cyclotomic case.

In the rare cases where we will consider Qp-locally analytic vectors of W in the
Lubin-Tate setting, we’ll write W@ ~12 for the set of Q,-locally analytic vectors of W.
We also use the same formalism for pro-analytic vectors.
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4. Sen theory by Berger—Colmez

Recall that to a p-adic representation V' of §k, one can attach the Ko-vector space

Dgen (V) which is the set of elements of W = (Cp ®q, V)Hk which belong to some

finite-dimensional K-vector subspace of W which is stable by I'x. The Koo-vector space

Dg., comes equipped with an action of the Lie algebra of I'x and admits a canonical gen-

erator V = limy_; Mz(—_yl)_l which is the operator of Sen, usually denoted by ®g., and

whose eigenvalues are called the generalized Hodge-Tate weights of the representation V.
Colmez has constructed in [12] a ring Bg,,, as follows.

Definition 4.1. Let u be a variable and BZ,, = C,{{u}}, be the set of power series
> k0 axu®* with coefficients in C, such that the series Zkzo(p”)kak converges in C,

and equip it with the natural topology and with an action of Gal(K /K (upn)) by setting
k
g( D axuk) =3 glax) (u + log xeya(8))".
k>0 k>0

Note that this makes sense since log ycyci(g) € p"Z, if g € Gal(E/K(/,Lpn )). Let Bsen =

Uns0 BSen» €ndowed with the inductive limit topology.

We let V,, denote the Cp,-linear operator on Bse, given by V,, = —j—u.

We now recall the following properties (for more details, see [12] and [7, §2.2]).

Proposition 4.2. We have the following:
(1) (BE,)%n = Ky;

(2) if V is a p-adic representation of §x and if n is an integer, let D’Sen,n(V) =
(BSen ®q, V)9 equipped with the operator V, induced by the operator V,

Sen
on B, (meaning that (Vu)ng(V) acts by Vyy ® 1 on By, ®q, V) and let
D5, (V) := U, Dsenn (V). Every element § of D, (V) can be written as

8O 4+ Wy 4 ... where the §© belong to Cp ®q, V. Then the map § — §©
induces an isomorphism of Ko-vector spaces between Dg, (V') and Dsen(V'), and

of Kn-vector spaces between Dy, , (V) and Dsenn (V) for n 3> 0. Moreover, the

Sen,n
image of V,, by this isomorphism is Oge,.

Proof. Ttem (i) is [12, Thm. 2 (1)]. For item (ii), see [12, Thm. 2 (ii)] and [7, Prop. 2.8]. =

When Ko,/ K is any p-adic Lie extension with Galois group 'k (such that dim I'x >
2 or such that K.,/K is almost totally ramified), Berger and Colmez offer to replace
classical Sen theory with the theory of locally analytic vectors, by considering the locally
analytic vectors of semilinear I/(O\o-representations of I'k.

Theorem 4.3. If W is a E;o-semilinear representation of 'k, then the map
1/(0\0 ® Ko wh - w

is an isomorphism. Moreover, if Koo/ K is the cyclotomic extension of K, and if W =
(Cp ®q, V)HE then W™ = Dgep (V).
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Proof. The main claim is [7, Thm. 3.4], and the particular case for the cyclotomic exten-
sion follows from [7, Rem. 3.3]. [

We also have in general a nice description of the structure of I/(O\ola: if Koo/K is a
p-adic Lie extension with Galois group I'x = Gal(K«/K), then by [7, Thm. 6.1 and
Rem. 6.2 (ii)], if L is a subfield of C,, containing Koo (tp=) for m > 0, then L @)Kn
KooTnan g isomorphic to the set L{{X1,..., Xg—1}}, of power series with coefficients
in L and radius of convergence > p~", where K, = Koo N I?;F"_a“.

Note that in the cyclotomic case, the map log xcyc: 'k — Zp, induces isomorphisms
between €*"(I',, C,) and BE, , and by taking the inductive limit, between €Ik, Co,
the stalk at the identity of the sheaf of locally analytic functions on I'x with coefficients in
C, and Bsgy, so that this formalism generalizes the construction of Bs,, of Colmez. More

generally, we make the following definition.

Definition 4.4. For any topological Q,-algebra B which is an LF or LB space, equipped
with a continuous action of §x, we denote by €'3(I'x, B); the stalk at the identity of the
sheaf of locally analytic functions on 'y with coefficients in B, which is the inductive
limit of the rings €*"(I",, B), endowed with the inductive limit topology.

Using the rings €*'(I';, Q,), we can recover Sen theory (and its generalization by
Berger and Colmez).

Proposition 4.5. Let Ko,/ K be a p-adic Lie extension with Galois group

'k = Gal(K/K)
and let V be a p-adic representation of §k. Then we have

k-1 N Gk,

((Cp ®q, V) ) K7 = U (€™ (T, Cp) ®q, V) <",
n>1

where 9k, acts on €"([y, Cp) ®q, V >~ € (I'y, V) through the A1 > map defined in
Section 3.

Note that this proposition is the consequence of the following proposition which is
itself an immediate consequence of the definition of locally analytic vectors, as stated in
[20, §3.3].

Proposition 4.6. Let B be a Qp-algebra which is an LF or LB space, endowed with an
action of §k, and let V be a Qp-representation of §x. Then for any n > 0, we have
~ g _
(ean(rn’Qp) ®Qp B) Kn ~ (BHK)Fn an
an P~ g n ,Ip—an
(€T, Qp) ®q, B) ®q, V) ™" = (B ®q, V)He-Tnm™,
Moreover, we have

U (€. Qp) &g, B)™ = (B5)1x 7,

n>1

L (€™ (T Qp) Rq, B) ®q, V)™ =~ (B ®q, V)HxTk™,

n>1
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Proof. For LB spaces, this is tautological, since Hg acts trivially on €*"(I';, Qp) and
since the set of I',-locally analytic vectors of W := (B ®q, V)Hk is by definition the
subset of elements of €**(I',, W) =€*(I',,Qp) @Qp W which are invariant by the action
given by A , following the notations of Section 3.

For LF spaces, the proof is almost the same because the set of I',,-analytic vectors of
W is still the subset of elements of €*(T',, Qp) @Qp W which are invariant by the action
given by A, by [20, Cor. 3.4.5].

The last two isomorphisms follow by taking the inductive limit. ]

In particular, if B is a topological Qp-algebra which is an LF or LB space, endowed
with an action of gk such that for V' a p-adic representation of g, (B ®q, V)Hx)Tk—la
is related to some module attached to V' which appears in p-adic Hodge theory (e.g. its
(¢, I')-modules), then €*(I';, Qp) @)Qp B can be thought of as a ring of periods that
computes those modules.

5. De Rham computations

In this section we compute locally analytic vectors and pro-analytic vectors in Bjﬁ{, both
in the cyclotomic case and in the Lubin-Tate case, and we explain how to recover the
module Dgif(V) attached to a p-adic representation V thanks to the use of the locally
analytic vectors. The fact that locally analytic vectors are able to recover D]'J"if(l/) has
already been proven in [38, §6.1] but here we will also use Proposition 4.6 to produce a
ring of periods which “computes” the functor Dy

5.1. Computations in BIR

We let B;{2 x and Bar x denote respectively Bg{‘ and BfRK . Recall (cf. [2, §2]) that there
is a natural injective, §g-equivariant map Brlg — B;;Q, which sends ¢, to a generator of
ker(0) in BdR and we still denote the image of ¢, through this map by #,;. For r € ¥, we
have a corresponding element ¢, € B:fg defined in [5, §5] such that g(¢;) = t(x»(g)) - t,
and we still denote the image of 7; through the map Brlg — Bg;{ by t;. Note that #; €

(BdR FGd')X if T # id (see for example item (2) of [8, Prop. 3.4]). We let 0y = Vld

Lemma 5.1. We have 31d((BdR P C (BCIR P

Proof. Letx € (BdR x)P%. Then 0(x) € I?o\ol"‘. Since Vig = 0 on I/(O\ola, we get that Vg o
0(x) =0 =6 o Vijg(x) so that Vi4(x) € an;i- Therefore, diq(x) € BJ;. Since 7, is a pro-
analytic vector of Bgr x and since x € B aR, x )P4, we obtain diq(x) € (Bgr,x)P*. In order
to conclude, we need to prove that (B w7 = Bar,x)™ N B} 4R,k - But this is straightfor-

ward, because if x is a pro-analytic vector of (Bgr,x)P* which belongs to BdR x then the
V.d (x)

belong to BdR x and thus x € (BdR x)P? by Remark 3.5. |
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Lemma 5.2. We have (Bar, k)" = Koo((tz)) and (BdR P = Koo[tz].
Proof. See [37, Prop. 2.6]. ]

We let (B(;"R’ K)E°_pa denote the set of Q,-pro-analytic vectors of B;;’ x Which are
killed by Vid«

Proposition 5.3. We have (BclR xR = {Zk>0 akl”, ay € (BdR K)Eo—pa}.

Proof. Letx € (BdR )P Fori > 0, we let

1 3K (x)
=5 D

" k>0

By Lemma 5.1, we have that for any i,k > 0, 8fd"'k (x) belongs to (BdR x)P? so that the sum

it
3 Zk>0( 1)k % (x)tk converges in (B k)" to an element x; such that dia(x;) = 0.
The sum Zi>0 Xity t1 converges in (B dR, x)P* and a simple computation shows that

X =D isoXily
Conversely, it is easy to check that if (ag)x >0 is a sequence of elements of (B, K)EO pa

the sum ) ;- akt converges to an element of (B 0, ®IP. |
Lemma 5.4. Let x € (BdR K)EO_pa such that t;|x in B;iz- Then x = 0.

Proof. Let x € (B(‘j';2 F)EO_pa such that 7, |x, and assume that x # 0. We can therefore

write x = t,’ﬁa withk > 1,a € B;R and ¢, does not divide o in B;{z. Moreover, since t,
is pro-analytic for the action of I'g, we get that « is pro-analytic for the action of FK

By Proposition 5.3, we can write ¢ =) _ ; i>04j Zn where the a; are elements of ( K)pa
killed by Vj4. The fact that x is killed by Vjq4 translates into

Yk + j)ajiet =o.
j=0

Applying 8{3 to this equality and reducing mod #,, we obtain that a9 = 0 mod 7, and
thus ¢, |, which is not possible. ]

Corollary 5.5. For any N > 1, the map On: (B ()™ 7P — (B x/tN B, )=0 P is
injective.

Note that (BdR x/ B )T = = Koo =071 and that Koo =01 = K @1 by [5,
Prop. 2.10]. Note that this also implies that for any m > 0, the natural map

9: (BdR K)Qp—rm—an,Zo—pa N ]/(O\OQI,—I‘m—an

is injective. By the same argument as in the proof of the surjectivity in [38, Thm. 6.2], the
map 0: (B(TR, )Y > Koo @71 s surjective. In particular, using Proposition 5.3, we get
the following “description” of (B;Iz K)QP_Pa.
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Proposition 5.6. The natural map
xeBh )%™ Z 0(x;)tL,
i>0
where

;= _Z(_ )kalc#_ (x) k7

k>0

induces a I'g-equivariant isomorphism from (BdR K)QP_pa 10 Koo ™[1,].

Proof. We already know from the above that the map x € (B, )@ P > 3", 0(x;)r
is injective. To prove that it is surjective, recall that the map

0: (Bl )Y > K@l

is surjective. If y € Koo@ ™, let x € (B k)% P such that 6(x) = y. One can write
X = Zl>0 xitL with 0i4(x;) = 0 for all i, and thus x, satisfies 8(xp) = (x) = y and
d(x9) =0, so that the map above is injective. |

Remark 5.7. We have B+ KX ~ Koo oo [t ] noncanonically but this isomorphism is not 'k -
equivariant. However, taklng only the Q,-pro-analytic vectors on both sides gives us a
canonical isomorphism which is 'k -equivariant.

+
5.2. The modules D..(V)

When K, /K is the cyclotomic extension of K, Fontaine has proven in [24] that the set
of sub-Kq[t]-modules free of finite type of (B R ®Q, V)Hk and stable by the action
of TK admits a maximal element, usually denoted by Dle(V), and which is such that

Bk ®k.olr1 Dpie(V) = B ®q, V
If y € 'k is close enough to 1, then the power series defining log(y) converges as a

power series of Q,-linear operators of Dle(V), and the operator Vyy = logé?{%% does
not depend on the choice of y and satisfies the Leibniz rule Vi (A - x) = AVy (x§ +V(A)x

forall A € Koo[t] and x € Dgif(V). The map 0: BJ; — C, induces a surjective morphism
of modules with connections (Dle(V) Vi) = (Dsen(V), Oy ) (see for example [2, §5.3]).

The map ¢y: B;rlgr” — B, sends BJr " into K, [t] C BJ; and D" (V) in a sub-K,, []-
module of DDif(V), and we let

D (V) = Kalt] 8, ey 1 (DP (V).

Proposition 5.7 of [2] shows that D..(V) = Koo [] ®k, Il Dle L (V) forn > 0.

The fact that one could retrieve the modules Dle(V) and Dle,n (V) using the theory
of locally analytic vectors had already been noticed by Berger and Colmez [7, Rem. 3.3]
and proven by Porat in [37, Prop. 3.3] and [38, Thm. 6.2] but we now explain how this
incorporates into the setting laid out at the end of Section 4.
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Note that BIR, endowed with its natural topology, is not a Banach ring but a Fréchet
ring, and as Berger points out in [5], locally analytic vectors in the setting of Fréchet
spaces usually have to be replaced with the weaker notion of pro-analytic vectors, because
the resulting objects are too small in general. However, in the setting of B;ﬁ{ and Dgif( V),
locally analytic vectors are actually sufficient to recover the theory.

Lemma 5.8. We have (B, ()™~ = K,[tz], B )" = U, Knltx].

Proof. The second equality follows directly from the first one. For the first equality, take
x € (B x)™" ™. We have 0(x) € KooTn—an = K, by [7, Cor. 4.8], so that we can write
X=x9+1try,withxo € Kyand y € B;;z k- and one checks that y is I';-analytic because
X, Xo and t, are. By induction, x € K, [tz]. Because K,, C (BdR K)F"_an and because 7,
is Tp-analytic, we have K, [t,] C (B} dR, )17, which finishes the proof. [

Proposition 5.9. Forn > 0, we have Dlen(V) = ((B ®q, )HK)Fn—an.

Proof. Since (B K)F" —an — K, [¢]. it suffices to prove that the elements of ,, (D" (V)
are [, -analytic for n > 0.

Let m > 0 be such that DT”'"(V) has the right dimension, and let ey, ..., ez be a
basis of D" (V). We can see the elements of D" (V) as elements of DI'»:"=1(1). By
[31, §2.1], these elements are I',-analytic for n > m big enough. A direct consequence
of [7, Lem. 2.2] shows that if we let u; = ¢" ™ (e;), 1 <i < d, then the u; are I');-
analytic as elements of DI»=1(V), and we know that it is a basis of D¥» (V) (since
qo (DT(V)) ~ DT (V)) and thus of DV»:"21(V). Therefore, (1, (1), ..., tn(1q)) generates

le . (V), and forms a basis of I';-analytic elements of Dle (). L

Proposition 5.10. We have D}.(V) = (B ®q, V) Hr e,

Proof. This is [37, Prop. 3.3] and also follows from the previous proposition: we know
that Df;(V) = Koo[t] ®x, 1] D¢, (V)- Rewriting this using Lemma 5.8 and Proposi-
tion 5.9, we get:

a I'y—an
t(V) = (B K)p ®(B+ g)Tn—m ((B arR ®Q, V)HK)

so that D]J)rlf(V) = ((B ®q, V)Hx P2 by Proposition 3.3. |

We can use this result to generalize the theory to the Lubin—Tate case, as it has been
done in [37, §3]: we define D+t(V) by the formula D7, Dir(V) = ((B ®q, V)Hk ) 50
that our object is indeed the classical D}.. when F = Q,, by Proposition 5.10, and if V is
an F-representation of §x then DD”(V) is a free Koo [tz ]-module of rank dimg (V'), and
the natural map By ®x..[1,] Diyie(V) — Bz ® V is an isomorphism.

Note that when V' is an F-analytic representation of §x, one can define a module

Dn o (V) in the F-analytic Lubin—Tate case using the same arguments as given in the
proof of Proposition 5.9: we can define DDlt L, (V) by DDlt L(V) = ((B ®q, V)Hi)ln—an
for n > 0, and we have DD”(V) = Keo[tx] ®K,[tx] Dle’n(V) forn > 0.
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In particular, the rings €**(I',, B(TR) and €"%(T'k, B )1 allow us to compute the mod-
ules D[‘;f(V) in the spirit of Fontaine’s strategy. Moreover, this shows that every p-adic
representation of gk is “€"%(I'k, B <) 1-admissible”.

In general, when K,/K is any p-adic Lie extension, one could define a module
D]‘;r x (V) in the same manner, taking the pro-analytic vectors of (B(TR) Hk for the action
of I'k. The fact that this module has the same dimension as dimg, V' follows from an
unpublished result of Porat, and one could show in that case that the ring

lim lim (€™ (T, Q) &q, B /1*)
k n

computes the said module.

6. (¢, I')-modules

Computations made by Berger in [5, §4 and §8] show that classical cyclotomic (¢, I')-
modules over the Robba ring B:Li o Kk Can be recovered by using pro-analytic vectors, and
[5, Thm. 10.1] shows that this can be extended to F-analytic representations. If V' is an
F-analytic representation of §x then we can attach a (¢4, I'x)-module which we will

denote ng(V).

Given an F-analytic E-representation V of 9, we let ﬁzr K(V) (Brlg x OF V)HK .
Forr > 0andn > 1 we let Blngn = (pq_”(BEqunKrn) and we let Brlg Koo = Un>1 iy ! K00

g o tr -
in Brlg K’ and Bng K.,n — Ur>0 Bng K,n> r1g K,00 Ur>0 ng K oo*

Proposition 6.1. We have
(1) Bk =B

rig,K, oo’

@) D} x (V)™ =B]

il .
rig, K ,00 ®B;rig,K Drig,K(V)’

(3) ifDis a (¢4, I'x)-module over Bzg’K such that lhj:;g’K(V)pa =Bl

rig, K, 00 ® ¥ D
thenD =D (V).

rlg K

Proof. The first item is item (3) of [5, Thm. 4.4]. The second item is item (2) of [5,
Thm. 8.1] in the cyclotomic setting, or follows from the proof of [5, Thm. 10.1] in the
Lubin-Tate setting. For the last item, let M denote the base change matrix and Py, P>
denote the matrices of ¢ on D, Drlg x (V) respectively. There exists n >> 0 such that M €

GLq(Bf ). and the equation M = P; g, (M)Py implies that M € GLy(Bf, ;). =

In particular, taking the pro-analytic vectors of D;r’ K(V) allows us to recover the
(¢4, I'k)-module Dlgr x (V), either in the cyclotomic setting or in the F-analytic Lubin—
Tate setting.

As in the constructions for Bgg and C,, the rings €'*(T,,,B){, for B an LB or LF space,
are not endowed with an action of 'k but only with an action of its Lie algebra, so that
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if V is a p-adic representation of §x, the module (€'2(T',, B); ® V)X is only endowed
with an operator V coming from the infinitesimal action of 'k, and from the operator
Vid, which we still denote by V, in the Lubin—Tate setting. In particular, the constructions
laid out in this subsection can only allow us to recover the (¢, V)-module (or F-analytic
(¢4, V)-module) attached to a representation V.

Proposition 6.2. Let V be an F-analytic representation of §x and let r > 0. The collec-
tion ({J,, (€™ (Tp. B/) ®q, V) ¥Kn Imin(1)>r equipped with natural transition maps

U (€T B @, V) — | (€T B) 2q, V)™

n

when J C I, and Frobenius maps

(pq: U (Ean(rr“ﬁl) ®Qp V)gKn — U (\€an(Fn’ f;ql) ®Qp V)gKn
n

n

defines a (¢q4, V)-module D over l(iLnI (e (1y, ﬁl))gKn ~ (ﬁ:ig’K)pa, and we have D ~

ﬁ:fgr(V)pa as (¢q, V)-modules.

Moreover; there exists a (¢q4, V)-module D on B;ri oK inside D such that
D =B, )" ® D

and if D is a (¢4, V)-module on Bzg’K such that ﬁjig’K(V)Pa — B! D’ then

rig, K, 00 ®
D = D'. In particular, D ~ D;rig’K(V).

+
Brig,K

Proof. The first part of the proposition follows from the definition of pro-analytic vectors,
Propositions 4.6 and 6.1.
Since (B[ x)» = B[

g, K007 there exist elements vy, ..., vy of D and n > 0 such that

d
D= (DB - ¢" ()

i=1

generates D. The unicity of D follows from the same argument as in the proof of the last
item of Proposition 6.1. ]

7. Generalization to other p-adic Lie extensions

7.1. General results when K, contains a cyclotomic extension

In what follows, K is a finite extension of Q,, K/ K is an infinite Galois p-adic Lie
extension, with dim 'y > 2, and such that K, contains a cyclotomic extension, in the
sense that there exists an unramified character n: §x — Z; such that Ko, N (_)ZXCYCI is
infinitely ramified. We let K7, denote the extension Ko, N (_QZXCYC'.
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Recall that K,/ K is the extens10n of K attached to nycya. Let Tk, = Gal(K&%/K)
and Hg , = Gal(Qp/K" ). Let BKn’ BI, and B:r]g K. be as in [5, §8]. By the same
arguments as in [5, §8], there is an equivalence of categories between étale (¢, 'k ;)-
modules over £ ®q, B (it is also true over £ ®q, B}L(,n) and FE-representations
of ‘gK.

If V is a p-adic representation of Gk, we let D;(V) =Urso Dj,’r(V), where D;’r(V)

(BT’ ®qQ V)HK 1. Let D[ "] and D;rlgrn (V') denote the various completions of D;’r V).

We let DI (V) BU) @q, V)Hkn and DY (V) = B ®q, V)Hkn. By the vari-
ant of the Cherbonnier—Colmez theorem for twisted cyclotomic extensions, we have that

D) =B ® i Dy and DY, (V) = BIY . By, Djlg’Kn(V).

+
rig, K,m

Lemma 7.1. Let r > 0 be such that DT (V) is free of rank dimq, (V') as a Brlg K~
module, and let s > r. Then the elements of D[ (V') are locally analytic for the action
of Gal(K, / K).

Proof. See the proof of [5, Thm. 8.1]. [

Corollary 7.2. Let V be a p-adic representation of §g whlch factors through Tk, and let

r > 0 be such that DJr T (V) is free of rank dimg, (V) as a B/ -module, so that

rig, K n
B ®q, V~B @+ DI (V)
n 2Q 7 =0 Tl T :

Then the coefficients in B;’r of a base change matrix between V and D:g’r(V) belong to
[r:s]y1a

(BKW )2 forany s > r.
Proof. Let V be such a p-adic representation of §x. Since V' factors through I'x and
by Cartan’s theorem (see for example [20, Prop. 3.6.10]), the elements of V' = VHx are
locally analytic vectors for the action of I'x. Now, we have

Rl la _ (Rlrss]

DUrsl(vye = (B ®q, v)"
since V' factors through I'x, and thus

DUrsl(vye = (B2 @q, v (7.1)

by Proposition 3.3.

Since Ko, contains K2, the elements of D (V) are locally analytic for the action
of I'k, as they are locally analytic for the action of I'g , by Lemma 7.1 and invariant by
the actlon of Gal(K o/ KZ,) (which is just an other way of saying that the action of 'y on
DY) (V) factor through a locally analytic action of T'7 )

By Proposition 3.3, this 1mphes that

rs (V)la — ( [Igs])la B[” D[ s] (7.2)
Putting equations (7.1) and (7.2) together, we obtain that

(Bl Bpirs DLl = (Bl ®q, V.
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In particular, this implies that the coefficients of the base change matrix in GL4 (B;r,")
belong to (ﬁ%;f’])la, and thus to (B[I;;Z])la. n

This corollary will prove very useful in order to produce locally analytic vectors for
Ik in the rings (B}().

Remark 7.3. Note that the fact that K contains K2, is crucial for the proof of Corol-
lary 7.2 to work.

7.2. Higher locally analytic vectors

Let V be a Banach representation of a p-adic Lie group G, and assume that G is small in
the sense of [38, §2.1], so that the set of G-analytic vectors of V' is well defined.

The functor V +— VG ig left exact, and following [36, §2.2], [40] and [38, §2.3],
we define right derived functors fori > 0:

iG—an(V) = Hi (G7 V®Qp€an(G’ QP))’

where we consider continuous cohomology on the right-hand side.

If G is a compact p-adic Lie group (without the smallness assumption) with subgroups
{Gp}n>1 asin §2, taking the colimit over 7, there are right derived functors for V > V612
given by

G-u(V) =lmRG, (V) = lim H' (Gn. V®o, €™ (Gn. Qp))-
n n
Following [38, §2.3], we call these groups the higher locally analytic vectors of V.
Note that if
0>V —->W->X->0

is a short exact sequence of G-Banach spaces, we then have a long exact sequence
0— V" Wh o X" 5 RE_.(V) = RE_,(W) > RE_(X) = ---.

The fact that the functor V + V'8 is exact is thus equivalent to the vanishing of the
higher locally analytic vectors Rg_la(V) fori > 1.

‘We now prove several results and recall some results from [38] regarding locally ana-
Iytic vectors attached to p-adic Lie extensions in the rings B’. We let Koo /K be a general
p-adic Lie extension with Galois group 'k, and we let Hx = Gal((_zp/Koo). We let
BL = (BY)#k,

We recall the following result, which is item (ii) of [38, Cor. 5.6].

Proposition 7.4. If I is a compact sutherval of [ﬁ; + 09|, if Koo contains a cyclotomic
extension K2, and if M is a finite free B}{ -semilinear representation of Ik then the higher

analytic vectors Rfa(M ) are zero fori > 1.

Lemma 7.5. Let I = [rg;r¢]. For any m € [k; ] integer; the kernel of 6 o ¢, ™: 115( —
O %= s a principal ideal.
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Proof. The same proof as in [45, Prop. 4.3.7] (we are in the same setting since Koo/K
is strictly arithmetically profinite by the main theorem of [42]) shows that the kernel of
0: A;; —- 0 I?:o is principal, generated by some element y such that vg(y) = v, (7k),
where g is a uniformizer of Og.

The same proof as for item (1) of [5, Lem. 3.2] shows that

of the kernel of 6 o ¢, ™: Zf( — 0. |

wq (y)

is then a generator

Corollary 7.6. Let I = [ry;r¢]. If Koo contains a cyclotomic extension KX, then for any
m € [k; ] integer, the map 6 o ¢™: (Bé)la — Koo' is surjective.

Proof. We have an exact sequence
O—>ker(9:]§}<—>1?o\o)—>]§§(—>l?o\o—>0
which gives rise to the exact sequence
0— (ker(@:fif( — E:o))la — (Bb) — (Koo)® — Rlla(ker(é:ﬁf( — f{o\o)) —

By Lemma 7.5, the kernel of 6 o ¢ ™: AI — (9/\ is a principal ideal so that it gives rise
to a one-dimensional B -semilinear representatlon of 'k, and thus by Proposition 7.4 we
have that R]. (ker(6: BI — Koo)) = 0, so that we get the exact sequence

0 — (ker(8: BL — Koo)' — (BE)"™ — (Koo)™ — 0,
and thus the map 6 o ¢, ™: (ﬁé)la — Kool is surjective. L]

Recall that by [7, Thm. 6.2], Kol is a ring of power series in d — 1 variables.
Since in the case we consider K, contains a cyclotomic extension, Lemma 7.5 shows
that ker(6 o ¢, ™) is a principal ideal generated by a locally analytic vector of BZ, and
Corollary 7.6 shows that the map 6 o ¢, ™: (BI )a - Koo Kool® is surjective. This (and the
computations of Section 7.4) makes us think that the following conjecture should hold.

Conjecture 7.7. If Koo/ K contains a cyclotomic extension, then for n > 0, there exist
d elements X1, ...,Xqp in (B;()F"_zm such that (Bf()r"_an is the set of power series
Zi:(il nig)eNd i x] a i the variables (x, ,,),e{l dy With coefficients in K such that the

.....

.....

7.3. The anticyclotomic case

Berger and Colmez have proven in [7] that the theory of locally analytic vectors is the
right object to consider in order to generalize classical Sen theory to arbitrary p-adic
Lie extensions. With that in mind, and considering the results above that show that in the
cyclotomic (and in the F-analytic Lubin—Tate) case one recovers classical (¢, I')-modules
theory, it seems reasonable to assume that the theory of locally analytic vectors is the right
object to consider in order to generalize (¢, I')-modules to arbitrary p-adic Lie extensions.
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It has already been noticed that, even in the Lubin-Tate case, “one-dimensional
(¢q. I'x)-modules” do not behave well [26] and that the kind of objects one should con-
sider are multivariable Lubin—Tate (¢4, I'x )-modules [3] which arise from locally analytic
vectors [5].

Therefore, in general, one should expect to use that theory for arbitrary p-adic Lie
extensions to get a theory of (¢4, I'x)-modules over (ﬁ;rl o x)P%, and such that the functor
V= ((V ®q, ﬁrig)HK )P is a faithfully exact functor. We now give some insight as to
why such a generalization does not seem to be true in general, using the anticyclotomic
extension as a potential counterexample.

Let F/Q, be the unramified extension of Q, of degree 2. We take m to be equal to
p in our Lubin-Tate setting. We let o denote the Frobenius on F. By [5, §5] the element
Yo = ¢(u) € A™ is such that g(ys) = [X»(8)]% (yo) for g € §p. Since [p)(T) € Z,[T],
the series log; +(7") and exp;(7T") have all their coefficients in Q, so that t; = ¢(t,) =
log; r(yo)-

Let Feya = F(upeo) denote the cyclotomic extension of F. We let F,. be the anti-
cyclotomic extension of F: it is the unique Z, extension of F', Galois over Q,, which
is pro-dihedral: the Frobenius o of Gal(F/Q,) acts on Gal(F,./F) by inversion. It is
linearly disjoint from Fgyq over F', and the compositum Fey - Fyc is equal to the Lubin—
Tate extension FpLT attached to p by local class field theory. The anticyclotomic extension
is then the subfield of Fy, fixed under G, := {g € Gal(Foo/F) : xp(g) = 0(xp(g))}.
and the cyclotomic extension of F is the one fixed by G := {g € Gal(Fo/F) : xp(g) =
(0(xp(g)))~1}. Note that G ~ Gal(F,./F) as Fs/F is abelian, and we still write G for
the Galois group of F,./F. We let HF ,. denote the group Gal((_)p / Fac), and if B is aring
of periods we let BF ,. denote BHFa We write #; for tp and 1, for 7.

Proposition 7.8. We have (B, )™ = Fac[%].

Proof. Clearly, if z € Fac[[;—;]], then the corresponding power series converges to an ele-
ment of ng2 which is invariant by Hf and pro-analytic for the action of ['r.

Nowifz € (B;iz,F,ac)pa’ we have 0(z) € I/'“a\cla = F,c by [7, Thm. 3.2]. We can therefore
write z = 6(z) + 11 - 2/ in B Since & belongs to (B, )" N Fil' Bar, we can write
z=0(z) + %zz with z5 in (Bjﬁz’ F.a)" Now we can do the same thing for z5, and doing
this inductively gives us the result. ]

If I is big enough, so that the corresponding annulus contains a zero of #; and #;,
then the localization map at the zero of #; gives an embedding (ﬁ%,ac)la — (B;l';{’ F’aC)Pa =
Fye ﬂ;—;]], and it seems difficult for an element in Bg,’ac to have an “essential singularity at a
zero of 1,7, even if it is after a localization at a zero of ¢;. Moreover, it is easy to prove that
the image of (B(TR, Fa)b N BCTR does not intersect Koo[;—;] \ F as soon as [ is such that
the corresponding annulus contains a zero of f,. It seems therefore reasonable to expect
that (B;%’ F,Zic)l"j1 = F, even though we do not have a proof of that statement, except for /
a subinterval of [0, co[ containing 0, which we are now going to prove.

Welet P(T) = [p|(T) =T? + pT.
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Lemma 7.9. We have P°F (goq_k (u?)) = yg in At when k — ~+o00 for the p-adic topol-
0gYy.

Proof. Let s := P° ((pq_k (u?)) € A, for all k > 0. We therefore have so = uP, and
Sk1 = @5 (P(sk)).

Let us assume that s — s belongs to pbg"’, with b > 1.

Then we have s;+1 = goq_l (P(sr)), and we can write

q .
P(sg) = P(sx_1) + Z p(j)(sk_l)(sk—J#.

j=1
Since b > 1 and since PU)(T) € pOF[T], this means that

P(si) = P(sk—1) + (Sk — Sg—1) g,

with iz € pAt. But then this means that

Sk41— Sk = @5 (sk — sk—1)@y ' (he)
and thus g4, — s € p?H1AT.
We already know that s; — 59 € pg+ (because 57 = 59 = u? mod p) so that the
sequence (sx) converges in A" to an element that we will denote by s.
Because both ¢ and 6 are continuous for the p-adic topology, we know that 6 o ¢, J (s)
= limg_ 400 P°¥(H o (p;k (uP)) = Pk (u;’+k). Therefore by [4, Lem. 5.3], s is such that

009s”(s) =00, (yo) forall j €N, sothats = y,. .

In particular, in [5, Lem. 5.3], we can actually take x, to be equal to P°¥ (goq_k (u?))
for some k >> 0. In what follows, we let ig(u) := P°e((pq_[ (u?)).

Let I = [0, rp], let m > 0 and let x € (ﬁ%)rm_QP_a“. Then there exists n > 0 such
that |05 (x)||r,, < p"*|x|Ir,,. Moreover, by [7, Lem. 2.4], there exists ko > m such that
llx]lr, = llx|| for all k > ko. There exists £ > ko such that hy(u) — ys € p"gl, and there
exists m’ > £ such that hg(u), ys € (ﬁﬁ,)rkaﬂ*an and such that ||y (u) — yollr, < p™"
forall s > m’.

Then for s > m’, the series x; := ll, Zkzo(—l)kaifk(x)w converges in
(BL)T~@ = and we have

x = xi(ve — he(w)

i>0

in (ﬁ%)FX_QP_a“ (this is the same as the proof of [5, Thm. 5.4]).
Now let

Xey = {x € BRI @™ x = 3" % (v —he@)' and x; € BR)).

i>0

The above shows that any x € (Ihifp)QP_la belongs to some Xy 5, s > £ > 0.
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We denote by F[T;, 7] the set of power series with coefficients in F in two variables
T, and T,, endowed with an F'-linear action of Gal(FI;“T /F) givenby g(T1) = xp(g) - T1

and g(T2) = o (xp(g)) - T2

Proposition 7.10. There is an injective, Galois-equivariant F-linear map 145 : X¢ s —
F[Ty, T3]

Proof. Let x € Xy. We can write x = Zizo Xi (Vo — he(u))?, where x; € (ﬁ})rs_"‘".
Note that (B],)"s™*" C Bf | by [5, Thm. 4.4] so that we can write x; = f; (¢;* (u)), with
fi € Flu]. .

We can write ¢ (x) = Y is0 i) (P (ys) — P (uP))", so that

o) = fiw Z( ,i)(P“(yo))"( S
k=0

i>0

and this is equal to (if everything converges)

S (P 3)) S frak@) (= PPy’

k>0 j=>0

Let Ag := 3 ;5 fi+k@)(—P°(uP))/ € F[u]. This is a well-defined element of F [u]
since P°*(u?) € u - F[u] and since the f;4x(u) belong to F[u]. Since P**(ys) € yo -
F[ys] (because s > £), the sum 3 ;. (P (v5))* Ay defines an element of F[y,,u].
Now because #5 € Yo - F[yo] and t, € F[u], this can be rewritten as an element of
F[Ty, Tz]. It remains to check that the map we have just constructed is well defined
relative to the Galois action, which is straightforward (because ¢, is I'x-equivariant and
then the rest is just rewriting power series in F[Y1, Y2 = F[T1, T2]).

In order to see that the map that we obtain this way is injective, we can see that at
every step the operations we make are injective. To see that we indeed have defined a map
this way, we have to prove that the x; coming from x are uniquely defined, which follows
from the formula given in the proof of [5, Thm. 5.4]. ]

Corollary 7.11. We have (B2 hxela — .

Proof. Let V1, V, denote respectively the maps 77 - dLTl and T, - dLTz on F[[Ty, T,]. Itis
clear from the definition of the Galois action of Gal(F, pLT /F) on F[T, T»] that this action
is locally analytic, and that the corresponding operators Viy and V coincide respectively
with V; and V,.

By the previous proposition, it therefore suffices to prove that F [Ty, T3] VitVa=0 — g
This is straightforward because

(Vi + Vz)( > aiTy T2/> = (i +)ayT{T]
i,j i,J

which is equal to 0 if and only if a;; = 0 for all i, j # 0. ]
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Those results highlight that in general, the rings (ﬁf()la could be really small, even if
we restrict ourselves to the case of p-adic abelian extensions. However, if we assume that
K~ /K contains a cyclotomic extension, then most of those problems should disappear.
Note that the case of the anticyclotomic extension is precisely a case where we removed
the cyclotomic extension contained inside the Lubin—Tate extension.

It would be interesting to know if “containing a cyclotomic extension” is the key com-
ponent for the theory to behave properly.

Question 7.12. Are there Galois p-adic Lie extensions Ko, /K almost totally ramified, not
containing any cyclotomic extension, such that for all compact subinterval I of [0; +o0],
(BL)* #£K?

Note that, if we do not assume that K,/ K is Galois but that its ramification is infi-
nite and its Galois closure Lo := KS is such that Lo/K is a p-adic Lie extension
with Galois group 'y, := Gal(L/K), there is still a way to define locally analytic vec-
tors attached to the extension K /K, in the following way: if W is a p-adic Banach
representation of I'z, we define the “Koo-locally analytic vectors of W by W Keo™la .=
(WTL—layGallLeo/Keo)  Kummer extensions are particular cases of this setting, and in this
case the theory does behave properly [27]. It is therefore not clear what to expect if we
generalize the theory to “non Galois p-adic Lie extensions”.

7.4. A particular case of the conjecture

We now explain how to prove Conjecture 7.7 in a very particular case, which is already
nontrivial and is a generalization of the Kummer case.

In this section, we assume that K,/ K is a p-adic Lie extension which is a successive
extension of Z,-extensions: there exist (Koo,i)iefo,...,4} such that for all i, Koo ;/K is
Galois, Koo = Koo,d, Koo,0 = K, and Gal(Koo,i+1/ Koo,i) = Z,. We also assume that
there exists n: 9x — Z;,‘ an unramified character such that Ko 1 = K. In particular,
this implies that I'x is isomorphic to a semidirect product Z, x --- x Z,. We write g —
(ca(g),...,c1(g)) for the isomorphism 'y ~ Z, X -+ x Zj,, where if 1 < j < d and
g €Tk, (cj(g),...,ci1(g)) denotes the image of g in the quotient

Gal(Koo,j/K) > Zp X+ XN ZLp.

Foranyi € {1,...,d}, weletg;, € Gal(Koo/Kwo,i—1) be such that ¢; (g;) = 1, so that
its image in the quotient Gal(K i/ Kco,i—1) i a topological generator, and we let V; €
Lie(I'x) denote the operator corresponding to log g; . Note that since g; € Gal(Koo/Koo,i—1),
we have ¢j(g;) = 0 for j < i. Since it is clear that the g; generate 'k topologically, the
operators V; define a basis of the Lie algebra of ['x. We also let G; = Gal(Ko,i / K).

Lemma 7.13. If x is a locally analytic vector of a p-adic Banach representation of I'x
such that there exists j > 2, such that for all k > j, Vi(x) = 0, then for all £ < j and
forallk > j, Vi o Vy(x) = Vyo Vi(x) =0.
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Proof. Let W be a p-adic Banach representation of I'. Let x be a locally analytic vector
of W which is killed by Vi, for all k > j. By definition of the V} operators, this implies
that there exist fgz, ..., f; integers such that we have g,f‘ ¢ (x)=xforallk € {j,...,d}.
Therefore, x belongs to W Gal(Koo/M) for some finite extension M of Koo, j, which we
can assume to be Galois over K. But then gy(x) € WS (Keo/M) for a]] £ < j, so that
Vi o Ve(x) =0. ]

Proposition 7.14. For anyi € {2,...,d}, there exists r; > 0 and b; € B;(’Zi such that
(gi — 1)(b;) = 1 and the image of b; in Béwi,for min(/) > r;, is a locally analytic vector
ofBé()o ; for the action of G;.

Proof. We only prove it for i = d, the proof for i < d is the same replacing 'k by G;.
Let V denote the 2-dimensional p-adic representation of §x given by

1 cq(g)
gH(O 1).

By the theorem of Cherbonnier—Colmez, the (¢, I')-module attached to V' is overcon-
vergent, so that it admits a basis on (B'}()T”. If (e1, e2) was the basis of V' giving rise
to the matrix representation above, we see that a basis of the attached (¢, I')-module on
(B2 is given by (e ® 1,e, ® 1 — e ® b) for some b € B”. The fact that this basis
is invariant by the action of Gal((_)p / Ko,1) means that it also is invariant by the action of
Gal((_)p/Koo,d_l) and thus we get that g4 (b) =b+c4(gp) =b+1 by our choice of g;.
The fact that we can find such an element » which is a locally analytic vector of ﬁémi
follows from Corollary 7.2. ]

We let r;, = max(r;) so that the (b;) can all be seen as elements of (ﬁk’r”).
Recall that if M2 is a finite extension of K, then there corresponds a finite unramified
extension BL’n /BIQ7 of degree [MJ, : KX, and there exists (M) > 0 and elements

X1,..., X7 in AL’;M) such that

S
Azf’n = @AI(”S” -x; foralls > r(M).
i=1
Lemma 7.15. Let M, C Koo be a finite extension of K. If r¢ > r(M) then the x;
defined above belong to (B:ri’gr/ZK)lDa and are killed by V; for all i > 1.

Proof. The fact that the x; are pro-analytic is a consequence of the proof of item (2) of
[S, Thm. 4.4]. The second part is straightforward as MJ, / K2, is finite. n

If Mg, is a finite extension of K, and if / is a compact subinterval of [0; 4+oo[ such
that min(/) > r(M), we let Ai,, , be the completion of A;,’Irf]M ) for V(-,I), and we let

Bi ., = Ay l1/p]
Lemma 7.16. If x € A;{’r and if k,n € N then there exists M2, a finite extension of KX,
m>0andy € go_m(A;,;f’:r) suchthatx — y € AT 4 uk AT
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Proof. By reducing mod 7, we obtain that X € Ex. But Ex = | JE) where M goes
through the set of finite extensions of K, ; contained in K. In particular, there exists a
finite extension My of K 1 contained in Ko, and yo € Ay, such that x — yg € pAg,
since Apg,,n C Ag. Since py 0 e Ak, the same arguments show that there exists a finite
extension M; of K 5, contained in K, and y1 € Apy, 5 such that X=Xy e rAk, so
that x — yo — py1 € wAkg, and we can without loss of generality assume that My C M.
By induction, we find yg, y1,..., Y, in AMn »» with M, finite extension of K, ; contained
in Koo, such that x — yg — py; — -+ — p Yn € n”+1AK Letz, = yo +- + 7"y, Let
YisoP I[x;] be the way x is written in Ax = W(Ek). Then x® := Zl _o P'[x;] is such
that x — x™ e n”+1AK and thus x™ — Iy € 71”+1AK In particular, since z, € AMn’,, by
construction, we deduce that the x; all belong to EM,, » fori < n, and thus x™ e AMn,,,

Since x € A}( , we have in particular that x® ¢ AJr ! .By [14, Cor. 8.11], ALr 00,1 is
dense in AT’ for the topology induced by V (-, r), so that we can find

ye AMnaOO n

such that x™ — y ¢ 7" AT 4+ ukA+. We thus have x — y=x—-—xM)+x"—-y)e
" AT 4 uk AT n
Lemma 7.16 shows that for any I = [r;s] with r > rp, and any integer n we can
find elements bf such that by — bf, € p"gl forall £ € {2,...,d}, which by Lemma 7.15
belong to (ﬁ;()l'ﬂl and are killed by V;, forall j € {2,...,d}. Since they are locally analytic
vectors, we let m = m(n, I') be such that all these elements, along with the elements by,
belong to (fg;{)l“m—an.
Proposition 7.17. Let I =[r;s|withr > ry andletm >m(n,1). Let{ €{2,...,d} and let
X € (fif()mfa“ be such that for all k > £, Vi (x) = 0. Then there exist (xj)jeN € (ﬁf{)l—‘mfan
such that ||x; p™ || — 0, for allk > £, V(x;) = 0 and x = > is0%j(be — by,

Proof. Let x € (l”i}()rm_a“. By [7, Lem. 2.6], there exists n > 1 such that for all j > 1,
||Vé’ ™|, < p”j||x|| forall € {2,...,d}. Let

L) P g (),

l
] k>0

Similarly to the proof of [5, Thm. 5.4], the series converges in (ﬁf()rm_a" to an element
x; such that V,(x;) = 0. Moreover, by construction of the by and b%, we have

Vi(be —b%) =0 forallk > ¢,
and thus using Lemma 7.13, the x; are killed by Vg, k > £. L]

Proposition 7.18. Let I = [r, s] and let m > m(I, n). Then there exists M a finite exten-
sion of KX, depending only on m, and k > 0 depending only on s, m and M, such that

nl I'yy—an,Vy=-=V,= _ k]
(Bg) m Y 2=0 Co k(BIICJ,n)'
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Proof. Note that if x € (BI yTm=an and is killed by V; for some i € {2,...,d}, then this
means that the orbit map g > g(x), from the p-adic Lie group G; := g; % 1o B}(, is an
analytic function on G; N I',, which becomes constant on some compact open subgroup
of G; since V;(x) = 0. It is therefore constant on G; N I'y,. It follows that if we let

then x is invariant by Gal(K,/MJ,). Note that since I'g is topologically generated by
the g; fori = 1---d, MZ, is a finite extension of K.

Now we can conclude using the same argument as in the proof of [27, Thm. 4.2.9].
We let f = [Mg, : K] and welet r(M) > O and x1,...,xs in AJr r(M) be such that

f
Azf’n = @Aksﬂ -x; foralls > r(M).
i=1
Note that the proof of item (2) of [5] shows that the x; are locally analytic for the action
of Gal(K o/ K), so that there exists k > m such that the x; are all I',/-analytic. Then we
have

(B}()Fk an,Gal(Koo/ M%) _ (B}u

T (F Jk—
- B,

k1
Bp * Xi,

I @\

where the second equality follows from Proposmon 3.3, and the last inclusion follows
from the specialization of [5, Thm. 4.4] to the twisted cyclotomic case.
Since k > m, we obtain that

f
~ _ k k
(B;()Fm—an,GaI(Kw/Mgo)_l - @wk (BIIQ;) x; C (pk (Bf,[f]),
i=1

which is what we wanted. [

We can now prove the conjecture.

Theorem 7.19. Let Ko/K be a p-adic Lie extension of rank d which is a successive
extension of ZLy-extensions over a cyclotomic extension. Then for n > 0, there exist d
elements X1, ..., X4 in (Bé)r"’_am such that (Bé)rn_am is the set of power series

.....

.....
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Proof. Let I = [r,s] withr > rp andletm > m(n,I). Let x € (ﬁ}()rm_“‘“.

We start by applying Proposition 7.17 with £ = d, so that there is no condition on
the nabla operators. Therefore, there exist (x;);en € (ﬁf()rm_an such that ||x; PV — 0,
Va(xj) =0and x =Y, x;(bg — bf).

Now each x; belongs to (ﬁé)rm_a“, and is such that V4 (x;) = 0 so that we can apply
Proposition 7.17 to each x; with {=d —1, so that there exist (x;z); xeN in (ﬁ}()lﬂm_an such
that [|x; p"U+R)|| — 0, forall k>d — 1, Vi (xjx) = Oand x; =Y 4~ Xjk (ba—1 —bI ).

We thus have x = 3" ox Xjk (ba — bd)7 (ba—y — b1, where |x; p"U+R)|| — 0,
for all k > d — 1, Vi (x;x) = 0. We can now apply Proposition 7.17 to each x;x with
t=d-2.

nli
,,,,, i

d
x= Y x|[[o;-b)y.

ieN{Z AAAAA d} ] =2

‘|| — 0, where [i| = Z]‘-izz ij, for all
k > 1, Vi(xi) = 0and

By Proposition 7.18, the elements x; all belong to ¢ % (BII"Z ;) for some finite extension
ML of KL, depending only on m, and k > 0 depending only on s, m and M.

Proposition 7.5 of [14] and its analog in the twisted cyclotomic case show that the
elements of B1{4, , are power series in one variable over a subfield of K which converge on
some annulus depending on J, and so we are done. ]

8. Locally analytic vectors for Robba rings

In this section we study what happens when we take the locally analytic vectors attached to
Lubin-Tate extensions in the corresponding Robba rings ﬁzg. In particular, we show that
those locally analytic vectors recover objects that were defined by Colmez using com-
pletely different methods in [16]. We then use this result to explain why locally analytic
vectors are usually not the right object to consider when working with Fréchet rings, and
recall some properties satisfied by the corresponding attached modules. Finally, we prove
that if V' is an F-analytic representation of V, then

Hg,I'—la Hg,'—la

Bl ®V)

~ (pt
rig - (B ® V)

rig
8.1. Locally analytic vectors in Robba rings

If T is a variable and L is a finite extension of Q,, we let L{(T")) denote the set of power
series in T with coefficients in L and with infinite radius of convergence.

Proposition 8.1. We have (ﬁjig, = (ﬁ;-rg = K((t,)).

Proof. Letr > 0andletz € (fiji’gr)la. It is therefore I',-analytic for some n > 0, so that
for any s > r, z is a I',- F-analytic vector of BI"S]. By applying enough times @4 to item

(1) of [5, Thm. 4.4], we have that the images of z in Bls] a1l belong to B%;S] as long as
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s is such that 7, < s, where r, = p""*~!(p — 1) was defined in Section 2.3. Taking the
inverse limit, this implies that z € BI’gr K-

Since ¢ commutes with the Ga101s action, the reasoning above also applies to ¢, L(2).
Therefore, for all k > 0, ¢, ~k(z) e Brlg k- This implies that z belongs to the ring K ({t,)).
Indeed, in the cyclotomic case this is [16, Prop. 3.9], and for the general case this follows
from the same arguments, using the dictionary developed by Colmez in the Lubin—Tate
casein [17, §2].

To finish the proof, it suffices to notice that any element of K ({(¢,;)) is indeed F'-locally
analytic (and is actually I'p-analytic). ]

Proposition 8.1 already shows that the set of F- analytlc vectors of B oK is really
small compared with the set of F'-pro-analytic vectors of Bng K-

We now explain what is DT g, x (V)™ and prove that its rank as an E((t,))-module is
too small in general.

Given a (¢, I')-module D over E (in the cyclotomic setting), Colmez has defined
[16, §3.3] a module denoted by D X {0} by (1, ¢" (D), which is a free (¢, I')-module
over E ((t)) of rank < dim(V) by [16, Thm. 3.20].

Proposition 8.2. Let V be an F-analytic representation of k. Then

( rig ®Qp )HK’FK_la rlg K(V)la = ﬂ (pq rig, K(V)

n>0

Proof. Letr > 0 be such that Dr] (V) and all its structures are defined over BJr o k and let
I be a compact subinterval of [r, +oo[ such that I N gl # @. Letx € (DT rK(V))F”_am

Let m > n be such that there exists a basis (b1, ..., bg) of DI(V) of T,-analytic
vectors of DY (V) (this is possible by the same argument as in [31, §2.1]). Then by Propo-
sition 3.3, this implies that

d

(DI(V))mean _ @ (B;()mean . bi-

i=1

Since D:[g(V) is a ¢4-module, the elements @, (b1), . . ., ¢4 (bg) form a basis of D? v,

and are I',,-analytic vectors of D4 (V) since ¢4 commutes with the Galois action. In
particular, we get that

d
(DqI(V))Fm—an _ @ (B%I)Fm—an . (Pq(bi).
i=1

Applying inductively the same argument, we see that for £ >> 0, we have

d
(Dqél(V) m=an _ @ Bq ] T'y—an g(b)

i=1
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But by applying ¢, enough times to item (1) of [5, Thm. 4.4], we see that for £ big
enough,

L+17\ Ty, —an Lr\T)—an
Bk )" T =ea((BK) "),
so that for £ > 0,
(Dqéﬂl(V))I‘m—an =0, (Dqll(V))Fm—an.
Therefore, the image of the element x € (Drlg K(I/))F"_an in (DqHII (V)) is also in
@q(D? I(V)) for £ > 0, and thus x € <,0(Drlg K(V))F"_““. This proves that
1
l’l‘g K(V)la = m ¢Z rig, K(V) a m gDq rig, K(V)

n>0 n>0

Note that
T T
(Brlg ®Qp V) - Bng K (gBJr rig,K(V)'
Using item (3) of [5, Thm. 4.4] and the proof of [5, Thm. 10.4], we know that
F pa __
( rig, K(V) © U g0(1 r1g K(V))
m=>0
Since I',,-analytic vectors are in particular also pro-analytic vectors of I'x, this means
that . -
ST n—an — T n—an
(Drig,K(V)) = U (‘pq " (Drig,K(V))) ?
m=>0

by taking the I',-analytic vectors, and thus
Hg Tg—1 .
( rig ®Qp ) oK - Djlg K(V)h1

since the latter is stable by taking inverse powers of goq
It remains to prove that Dr]g (N> (Mnso0 Py (Dng (V).

If x € (=0 95 (Drlg x(V)), then x belongs to a free K((t;))-module which is I'g-
stable so that for g € Gal(K/K), g(x) = Mat(g) - x where Mat(g) € GL4 (K ((z))), so
that the Galois action on x is locally analytic. This finishes the proof. ]

In particular, the following result of Colmez shows that the module D;rig K(V)l‘“I is too
small in general.

Proposition 8.3. Let V' be a two-dimensional irreducible representation of §q,. If V' is
not trianguline then D:ig (V)R {0} = 0.

Proof. This is item (i) of [16, Thm. 3.23]. ]

Remark 8.4. Theorem 3.23 of [16] also says that if V' is a semistable, noncrystalline
2-dimensional representation, then Djig’ x(V) X {0} is a (¢, I')-module of rank 1 over

E((r)).
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8.2. @p-modules on L {{t,))

By Proposition 8.2, to any E-representation V' of §x we can attach a module on E {(¢,)),
which is endowed with a Frobenius ¢, and an operator V coming from the action of the
Lie algebra of I'x. Note that ¢, and I'x act on E {{t)) by

Oq(tn) = wln, g(tx) = xn(&)lx.

We can also define an operator V on E{{(t;)) by V,, =t ddT,,'

As a matter of fact, ¢-modules on E ((t,)) were already studied by Colmez in [16,
§3.1] and the results proved by Colmez show that ¢-modules on E ({5 )) are not as bad
as one may think. Be careful that what we call E((¢;)) corresponds in the notations of
Colmez to E{{t,;}}. In this section, we recall Colmez’s results on ¢-modules on E {{t,)).

Definition 8.5. A (¢,, I'x)-module on E({f,)) is a finite free E ((t;))-module, endowed
with semilinear actions of ¢, and I'x which commute one to another and such that ¢ is
an isomorphism.

A (pq4, V)-module on E ((t;)) is a finite free E ((t;))-module, endowed with semilinear
actions of ¢, and V which commute one to another and such that ¢, is an isomorphism.

A (¢4, 'k)-module on E((t,)) gives rise to a (¢4, V)-module on E{((t;)) by taking
the same ¢@-structure and taking V to be the operator lolgoiig(?g) for g close enough to 1.

The ring E {{¢;)) can be interpreted via analytic functions, as it is the projective limit
of the rings of analytic functions on the disks v,(x) > —ne for n € N. Those rings are
principal Banach rings and therefore E ({¢;)) is a Fréchet-Stein ring, which in particular
implies that any closed submodule of a free module of rank d is free of rank < d and that
a submodule of finite type of a free finite type module is closed and thus free. Moreover,
Newton polygons theory show that an element f € E ({¢;)) does not vanish if and only if

f € EX, sothat (E{{tz)) = EX.

Lemma 8.6. Let M be a rank d ¢g-module on E{(t;)) and let v € M be such that there
exists & € E* such that ¢4(v) = av. Then there exists k € N such that t-%v e M and
M/ E ((t-)t-%v is free of rank d — 1 on E ({t,)).

Proof. See [16, Lem. 3.4]. [

Let M be a ¢,-module on E{(¢;)) and let M = M/t,M.If P € E[X] is unitary
of degree d and irreducible, then we let Mp (resp. Mp) denote the set of elements v €
M (resp. in M) such that P(¢,)" -v = 0 for n > 0 and if k € N, we let P[k] be the
polynomial %4 P (X /7¥).

Theorem 8.7. If M is a ¢ -module of rank d on E ((ty)), there exists a basis ey, . .., eq
of M in which the matrix of ¢ is A+ N, where A € GL; (L) is semisimple and invertible,
and N is nilpotent and commutes with A. Moreover, N splits into N = No + ty N1 + -+,
where N; € My (L) sends the kernel Mp of P(A) into the one Mp[_;} of P (' A) for all
P (and thus in particular the sum is finite).
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Proof. See [16, Thm. 3.6]. [

Given a (¢4, 'x)-module D on E((t;)), we say that an element v of D is proper for
the action of ¢, and I'k if there exists an F-analytic character §: K* — E such that

@) = 8(w)v and g(v) = 8(x(g))v forall g € T'k.

Lemma 8.8. Given a (¢4, 'x)-module D of rank 1 on E((ty)), F-analytic, with basis e,
then there exists an F-analytic character §: K* — E* such that e is proper for §.

Proof. This just follows from the fact that a rank 1 (¢4, [';)-module on E{((¢;)) has a
unique basis e, up to multiplication by an element of (E ((t;)))* = E*. L]

8.3. Frobenius regularity

We now explain how to use the fact that our rings are embedded with a Frobenius in order
to show some regularity property. This section is in the same spirit as [2, §3.1 and §3.2].

Lemma 8.9. Let h be a positive integer. Then

+o0 +00
m xhSATAT T At and ﬂ ﬂ—hsA:rlgq rc B:g
s=0

Proof. This is [2, Lem. 3.1] when K = Q,. The generalization when K is a finite exten-
sion of Q, is straightforward. m

Proposition 8.10. Letr,v € N, andlet A € var(Bng) If P € GL,(K((tx))) is such that
P € My(K][ir]) and such that A = P, 1(A) then A € var(B ).

rig

Proof. Write A as (a;;) and P as (p;;). Let ho be such that the 7" pix belong to O [tx],
and let n be the highest degree of the p;x as polynomials in 7,. The assumption on the
relation between P and A can be translated as:

pin@ (ay) + -+ pivp Navj) =ai; Vi <v,j<r

Let ¢ > 0 and r > 0 be such that the a;; belong to p—¢ A:;gr Using the relation between P
and A, this implies that the a;; belong to p~"0~ CAT "9 Ok [tx]n, where Ok[tx] denotes
the ring of polynomlals in t; with degree < n. Note that if 1, e ﬂAn , then since

97 ' (tx) = 21z, we getthat 1, € 7' ﬂAT /4 gnd thust, € 7 ﬁAzgr/q for all £ > 0. We
therefore have that the a;; belong to 7 ~ho=c—np AT r/a , and applying the result inductively,
the a;; belong to 7 ~¢ /ot~ ”MAT ™" We can thus apply Lemma 8.9 to the p°a;;, which

shows that they belong to Bn o0 A8 we wanted. m

Proposition 8.11. Let V be an F-analytic E-representation of §k. Then the morphism

Hg ,Tg—1 + Hg,Tg—1
(B, @ V)" S (Bl @ V)T

induced by the inclusion Bt c B!

i g 1S an isomorphism of (¢4, V)-modules on E ({tx)).
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Proof. Let (vy,...,v,) and (dy,...,d,) be respectively an E-basis of V and an E ({15 ))-
basis of (ﬁ:ﬂg ®F V)l“‘ There exists 4 € erv(Bng) such that (d;) = A(v;). Let P €
GL, (E((tz))) be the matrix of ¢, in the basis (d;). By Theorem 8.7, we can assume that
the basis (d;) of (BJr ®E V) is such that P € M, (K|[t,]). We then have (pq (A) =

and thus A = ¢ 1(P)(,o (A). By Proposition 8.10, we have A € erv(Bng) and hence

(B, ® V)" c (B, ®£ V)" -

9. Applications to trianguline representations

We now explain how some of the rings previously introduced provide some results towards
the question of the existence of a ring of periods for trianguline representations. We will
start by recalling the notions of trianguline representations and refinements.

In a previous version of this paper, we claimed that trianguline representations of §q,
were admissible for the ring €'3(I'k, B:g)l but there was a gap in the proof and the claim
is actually not true. We do expect though that if such a ring exists then it has to be some
intermediate ring B between ‘C’la(l"K, rlg)l and the rings € (T, BI)I, but it is not clear
at all “how many periods we have to add” to €'3(I'k, BrTg)l These constructions naturally
extend to the F-analytic Lubin—Tate case.

9.1. Trianguline representations and refinements

We start by recalling the definitions of trianguline representations and some associated
properties. The notion of trianguline representations was introduced by Colmez in [15].
Here we choose to follow Berger’s and Chenevier’s definitions [6] instead of Colmez’s.

Definition 9.1. We say that an E-representation V' of ¥k is split trianguline if D
a successive extension of (¢, I'x)-modules of rank 1 over £ ®q, B rig K

We say that an L-representation V' of §x is trianguline if there exists a finite extension
E of L such that the E-representation E ®p, V is split trianguline.

We say that an E-representation V' of §x is potentially split trianguline (resp. poten-
tially trianguline) if there exists a finite extension K’ of K such that Vjg,, is split triangu-
line (resp. trianguline).

rlg(V) is

Definition 9.1 can be equivalently stated in terms of B-pairs. We quickly recall that
a B-pair is a pair W = (W,, WdR) where W, is a free B, := (B:l'g[l/t])“’:1 -module of
finite rank endowed with a continuous semilinear action of g, and WdR is a Gk -stable
lattice in Wyr := Bgr ®g, We. To a p-adic representation V' of §x one can attach a B-pair
W) by W(V) = (B, ®q, V, B R ®q, V). If E is a finite extension of Qp, one extends
the definition of B-pairs to E- hnear objects, and one gets objects called B‘ % -pairs in [6]
or E — B-pairs of §k in [35]. Those objects are pairs W = (W, WdR) where W, is a free
B. g := E ®q, B.-module of finite rank endowed with a continuous semilinear action

of gk, and Wdf{ is a Yg-stable lattice in Wyr := (E ®q, Bar) ®8, ; We.
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: The category of B?}{E -pairs is equivalent to the one of (¢, I'x)-modules over E ®q,
B

rig, K and thus an E-representation V' of §x is split trianguline if the attached BS(E -pair
is a successive extension of rank 1 BS(E -pairs.

Lemma 9.2. Let V be an F-analytic representation. Then the following are equivalent:
(1) V is split trianguline.
(2) The Lubin-Tate (¢4, I'k)-module D;rig(V) is a successive extension of I'-analytic
Lubin-Tate (¢q4, I'x)-modules of rank 1.

Proof. See [39, Thm. 4.11]. [

For a B, g -representation, we say that it is split triangulable if it is a successive exten-
sion of rank 1 B, g-representations.

Lemma 9.3. An E-representation V of &k is split trianguline if and only if the corre-
sponding B, g -representation is split triangulable as a B, g -representation of Gk.

Proof. See [8, Cor. 3.2]. [

Proposition 9.4. The categories of split trianguline representations and of trianguline
representations are stable by subobjects, quotients, direct sums and tensor products.

Proof. The fact that it is stable by quotients and subobjects follows from [8, Prop. 3.3]. For
direct sums and tensor products it is a straightforward consequence of Definition 9.1. m

Let D be a (¢, I'k)-module of rank d over E ®q, Bji oK and equipped with a strictly
increasing filtration (Fil; (D));=¢..q:

Filo(D) := {0} S Fil; (D) € --- S Fily(D) € --- & Fily_y(D) & Filg(D) := D,

of (¢, 'k )-submodules which are direct summand as £ ®q, B;ri . x-modules. We call such
a D a triangular (¢, ['x)-module over E ®q, B;rig’K, and the filtration 7 := (Fil; (D)) a
triangulation of D over E ®q, By, x-

Let D be a triangular (¢, I'x)-module. By [15, Prop. 3.1], each

gr; (D) := Fil;(D)/Fil;—1(D), 1<i <d,

is isomorphic to the (¢, 'x)-module on £ ®q, Bjig g attached to a character §; for some
unique §;: K* — E*. Following [1, §2.3.2], we define the parameter of the triangulation

to be the continuous homomorphism
8= (8i)izt,.ar K — (E)?.

When K = Q,, the parameter of a triangular (¢, I'x)-module refines the data of its
Sen polynomial.
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Proposition 9.5. Let D be a triangular (¢, I')-module over E ®q, Bjig,Qp and § the
parameter of a triangulation of D. Then the Sen polynomial of D is

1‘[ —w(8)).

i=1
Proof. See [1, Prop. 2.3.3]. ]

We now recall the notion of refinements for crystalline trianguline representations of
ﬁQp asin [1, §2.4]. Let V be finite, d -dimensional, continuous, E-representation of ﬁQp.
We will assume that V' is crystalline and that the crystalline Frobenius ¢ acting on Dy (V)
has all its eigenvalues in E*.

By a refinement of V, using the definition of [34, §3], we mean the data of a full
@-stable E-filtration ¥ = (¥;);=o,...d Of Derys(V):

Fo=0C F1 S S Fg =Dery(V).
Asin [1, §2.4.1], we remark that any refinement F determines two orderings:

(1) It determines an ordering (¢q, ..., ¢g) of the eigenvalues of ¢, defined by the
formula

det(T —gi5) = [ [(T —¢))-
Jj=1

If all these eigenvalues are distinct then such an ordering conversely determines ¥

(2) It also determines an ordering (sy,...,Ss) on the set of Hodge-Tate weights of V,
defined by the property that the jumps of the weight filtration of Dy(V') induced
on %; are (s1,...,5;).

The theory of refinements has a simple interpretation in terms of (¢, I')-modules: let D
be a crystalline (¢, I')-module as above and let ¥ be a refinement of D. We can construct
from ¥ a filtration (Fil; (D));=o....q of D by setting

.....

Fil; (D) := (E ®q, Bl o, [1/11%i) N D,

which is a finite type saturated £ ®q, Bzg’Qp—submodule of D.

Proposition 9.6. The map defined above (¥;) — (Fil; (D)) induces a bijection between
the set of refinements of D and the set of triangulations of D, whose inverse is F; :=
Fil; (D)[1/t]F. In the bijection above, fori =1, ... ,d, the graded piece Fil; (D) /Fil;_; (D)
is isomorphic to the (¢, I")-module on E ®q, Bjingp attached to 8; where §; (p) = @; p~5i
and 8;;r = x ™%, where the @; and s; are defined by items (1) and (2) above.

Proof. See [1, Prop. 2.4.1]. ]

Remark 9.7. In particular, Proposition 9.6 shows that crystalline representations are tri-
anguline, and that the set of their triangulations is in natural bijection with the set of their
refinements.



Locally analytic vectors and rings of periods 879

We now finish this section with a result regarding trianguline representations that we
were not able to find in the literature.

Proposition 9.8. Let V be an L-representation of §g. Then V is trianguline if and only
if the underlying Qp-representation of V' is trianguline.

Proof. LetV be an L-representation of ¥k and let E be a finite extension of L, containing
all the images of the embeddings t: L — K and such that E ®; V is split trianguline.
Then E ®q, V = (E ®q, L) ®L V = @5 (E ®L V), where = = Emb(L, K).

In particular, E®L V' is a subrepresentation of £ ®q, V' and this concludes the first half
of the proof by Proposition 9.4. For the other direction, let W = W,(E ®p V) the corre-
sponding B, g-representation and let Wo =0C W; C--- C Wz = W atriangulation of W.
Fortre X, letBe g =E®p :Beg.ForreXand1 <i <d,letW; =B, g ®s, ; Wi.
By construction

0C Wi C--C Wy,

is a triangulation of W((E ® V).) and thus E ®q, V is trianguline. |

9.2. Discussion on a ring of periods for trianguline representations

By Proposition 9.4, we know that the category of (split) trianguline representations of
Gk is a Tannakian category. Because of this and because of Proposition 9.8, it appears
reasonable to look for a ring B such that trianguline representations are exactly the repre-
sentations which are B-admissible in the sense of Fontaine.

Recall that the notion of admissibility in the sense of Fontaine is defined for what he
called regular rings and is as follows (we only recall the definitions of [23] in the particular
case of Qp-representations because that is all we need here).

Let B be a topological Qp-algebra endowed with an action of a group G. For any Q,-
representation of G, we let Dg(V) := (B ®q, V)G . We let ag (V) denote the B-linear map
B ®pc Dp(V) — B ®q, V deduced from the inclusion Dg(V) C B ®q, V' by extending
the scalars to B. The ring B is said to be G-regular if the following hold:

(1) Bisreduced;

(2) for any p-adic representation V' of G, the map oy is injective;

(3) any element b of B which is nonzero and is such that the Q,-line generated by B

is G-stable is invertible.
The last condition implies in particular that B is a field. If B is G-regular, a representation
V of G is said to be B-admissible if og(}') is an isomorphism, which is equivalent as
saying that dimge Dg(V) = dimq, V.

Unfortunately, it seems to us that in the case we consider, the last condition is too
strong and thus we extend the notion of G-regularity as follows: we say that B is G-
regular if the following conditions are met:

(1) Bisreduced;

(2) for any p-adic representation V of G, Dg(V) is a free B®-module;

(3) the map ay is injective.
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It is clear that G-regular rings in the sense of Fontaine are G-regular for us, but that
the converse does not hold.

In the rest of the paper, G-regularity and admissibility are to be understood in our
sense.

We now explain exactly what we mean by a ring of trianguline periods.

Definition 9.9. A §g-regular ring B is said to be a trianguline periods ring for §x if
trianguline representations of §x are B-admissible, and if B-admissible representations of
Gk are trianguline.

Proposition 9.10. Let B be a Sk -regular ring and let V be an L-representation of §k.
Then V is B-admissible if and only if there exists a finite extension E of L such that
V ®1 E is B-admissible.

Proof. Itis clear that if V is B-admissible, then there exists a finite extension E of L such
that V ®p E is B-admissible. To show the reverse, first note that the admissibility of an
E representation V' does not depend on whether one considers it as a Q,-representation
or as an E-representation (the B8 -module Dg(V) = (V ®q, B)%k is always the same).
Now because the category of B-admissible representations is clearly stable by subobjects,
it suffices to note that V' is a sub-Q,-representation of V' ®p, E. m

Unlike in the crystalline or semistable case, if such a ring exists, it has to depend on K.

Proposition 9.11. There is no ring B satisfying the properties above such that, for any
finite extension K of Qp, B is a trianguline periods ring for §x.

Proposition 9.11 is a consequence of the following result.

Proposition 9.12. Let L/ K be any finite extension. Then there exists a representation V
of §k such that V is trianguline as a representation of §;, but is not trianguline as a
representation of §k.

Proof. Let n:§;, — L be a character such that there exists t; # 1, € Emb(L, (_21,) with
(t1)|x = (72)|k, and such that 7 is 71-de Rham but not 7,-de Rham in the sense of [18].
Our claim is that such a character cannot possibly extend to §x and neither can any of
its conjugate, i.e. there is no character p: §¢ — L™ such that pjg, = (1) for some o €
Emb(L, (_)p). Indeed, if such a p existed, then the dimension of Dgr s (0 (1)) would only
depend on the dimension of Dy ¢, (), Which is not the case because of the assumption
on 71 and 75.

We now let V = indgf n. This is a p-adic representation of ¥k, whose restriction to
Gy is the sum of the conjugates of 7, so that it clearly is trianguline as a representation
of §y,. Let us assume that it also is trianguline as a representation of §x. Let W be the
Bfe}(L -pair attached to V. As a BﬁL -pair, we can write

W = @ W(o(n)).

Since we assumed that W is trianguline as a BS(L -pair, there exists Wi C W a direct
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summand of rank 1. For t € Emb(L, (_)p), we have the following exact sequence

0> P W(m) > W - W(zm)—>0
T#0
so that, since W is a direct summand of rank 1 of W and by [8, Prop. 2.4], we either
have Wi = W(z(n)) or W) C @#U W (o (n)). By induction, W has to be equal to one
of the W(z(n)). Therefore, one of the conjugates of 7 has to extend to x, which we have
proven is not possible. ]

We can now give a proof of Proposition 9.11.

Proof. By the results of Section 6, the periods of any representation live in €'*(I'k, B/ )1,
for I any compact subinterval of [rg; +o0[, and in particular so do the periods of any trian-
guline representation V of , so that we can assume that B C €2(T'k, B! )1. Since every
unramified representation of ¥ is trianguline, we can assume that B D @r. Moreover,
if L/K/Q, are unramified then it is easy to see that

(~€Ia(1—~K,]'§I)1)§L =L ®k (f)la(FK,i;I)l)gK,

and thus we can assume that B = [ ® ¢ B%%.

Assume that B is a ring satisfying the properties, and such that for any finite extension
K/Qp, B is atrianguline periods ring for . Let K be a finite unramified extension of Q,,,
let L be a finite unramified extension of K. Let V be a p-adic representation of §x which
is not trianguline as a representation of §x but becomes trianguline over §y , which exists
by the previous proposition. Let D = (B ® V)%.. It is a B®L-module, endowed with a
semilinear action of Gal(L/K). Let D = DSal(L/K). By Speiser’s lemma, Dy, ~ L ®x D
and thus Dy, = BYL ®gox D. Thus, V' is B-admissible as a representation of bk . [

9.3. F-analytic B{" . -admissible representations

Since we are now thinking of rings of periods for trianguline representations, we let
Bilx = e (Tg, B:{g)l. We now explain why B - is a good starting candidate as a ring
of trianguline periods. Note that by Proposition 8.2 and Remark 8.4 we already know that
there are F-analytic trianguline representations of ¥k which are not B ;-admissible.

To put some emphasis on the point of view of rings of periods, we write Dt (V) for
(D], (V) and D% (V) for (D, (V)T = (€™ (T, BiL) ®q, V)%r.

rig rig rig

Proposition 9.13. The ring Bi: o is Gk -regular for F-analytic representations.

Proof. By Proposition 8.11, it suffices to prove that the ring €#(T'g, ﬁ;rig)l is Gk -regular

for F-analytic representations. But now this follows from Proposition 8.2 and in the cyclo-
tomic case from [16, Lem. 3.19 and Thm. 3.20]. The proof of those results extend to the
Lubin-Tate case verbatim. ]

We now define a notion of refinements for F-analytic representations of §x which are
B} ,-admissible. We let IV be a B! ,-admissible L-representation of dimension d of k.
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By a refinement of V', we mean the data of a full ¢,- and I'g-stable L({t;))-filtration
F = (Fi)izo,...a of DL (V)

370 =0 g 371 g g 37(1' = (Dlg(V))la

Note that, as in the crystalline case studied in [1], the theory of refinements has a sim-
ple interpretation in terms of (¢4, I'x)-modules: let Djig(V) be the triangulable (¢4, I'x)-
module over L Qg B:ig’ x attached to V' and let ¥ be a refinement of D’ (V)X {0}. We

rig
can construct from ¥ a filtration (Fil; (D));—o.... 4 of D;rig(V) by setting

Fil; (Df,(V)) := ((L ®k B, x) @11y F)
which is a finite type saturated £ Qg B;ri o x-submodule of Djig(V).
Proposition 9.14. The map defined above (¥;) — (Fil; (DT (V))) induces a bijection

rig
between the set of refinements of V and the set of triangulations of D _(V'), whose inverse

is Fi := ((Fili (D}, (V))").

rig

Proof. This is exactly as in the crystalline case. ]

Proposition 9.15. Let M be a (¢4, I'x)-module of rank d on L{{tx)). Then, up to extend-
ing the scalars to some finite extension E of L, there exists a filtration

My=0CM C---CM;=M
of M by saturated sub-(¢q, I'k )-modules.

Proof. We prove the result by induction. If d = 1 there is nothing to prove. Assume now
that d > 2 and that the result holds for d — 1.

By Theorem 8.7 and Lemma 8.6, up to replacing L by a finite extension E’ of L, there
exists ey proper for the action of ¢ and 'k such that E’({t;)) - e; is saturated in M. By
induction, M/(E’{{tz)) - e1) admits a full (¢4, I'x)-stable filtration (J’Ti)iz_ll. We let M; 4+,
be a lift of #; containing E’{{t;)) - e; and we put M} = E’{{t;)) - e;. We then have that
(Mi);1=1 is a full (¢4, I'x)-stable filtration of M. |

Theorem 9.16. Let V be a B y-admissible F-analytic p-adic representation V. Then
V' is trianguline.

Proof. By Propositions 9.15 and 9.14, there exists a finite extension L of K such that
D;rig(V ®x L) is a triangulable (¢4, 'k )-module over L @k Bjig’K.

Moreover, we see from Lemma 8.8 that the characters appearing in the triangulation
are F-analytic. ]

Lemma 9.17. Let V be an F-analytic E-representation of §x such that the attached
(¢4, T'x)-module ng(V) is triangulable, and let 8: (K*)¢ — (E*)? be the parameter
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of a triangulation of D;fig(V). Then in an adapted basis for the refinement of Diy (V)
corresponding to § by Proposition 9.14, the matrices of V and ¢4 are respectively of the
form:

w(81) * * 81(m) *
0 w) - * 0 8(m)
: : " : and : : . :
6 0 - w(by) 0 0 cee 8q(m)

Proof. We prove it by induction on d. For d = 1, by [15, Prop. 3.1] there exists a basis
es of Djig(l/) in which g(es) = 8(x=(g))es and ¢, (es) = 8(;r)es, and the action if F-
analaytic, so that e is a basis of Dt';i’f‘ln((V) which satisfies the result of the lemma. To see
that it is unique note that since (L{{t;)))* = L*, the matrices of V and ¢, in an other
basis of D{;;"g (V) would be the same.

Let us assume now that d > 2 is such that the result holds for d — 1 and let
(Fil; (D:rig(V))),-zo ,,,,, 4 be the filtration of Djig(V) corresponding to the triangulation. Since
our constructions are stable by saturated sub-objects, we get by induction that in an
adapted basis for the refinement of Dﬁi’f‘ln((Fild_l(DJr (V))), the matrices of V,, and ¢

rig
are respectively of the form:

w(dy) * * 81(m) *

0w - % 0 &)

. . . . and . . . .
0 0 o w@a) 0 0 o Sga(m)

Since our constructions are also stable by quotients by saturated sub-objects and using the
proof in the rank 1 case, we know that the matrices of V and ¢, in a basis of

D}, (V)/Filg_1 (D}, (V) ~ E ®x Bf_ 1 (64)
are respectively of the form (w(8;)) and (§4(;r)). Therefore, in an adapted basis for
the refinement of D (V) corresponding to 8, the matrices of ¢, and V,, are as we
wanted. ]

In particular, as in the crystalline case, a refinement defines an ordering on both the
eigenvalues of ¢, and on the set of Hodge—Tate weights of V', and encodes the data of the
Hodge—Tate weights of its parameter.

Finally, we just remark that given the construction of our rings of periods, it is quite
obvious that the modules Dzi”aln(( V') attached to F-analytic p-adic representations of g
contain its crystalline periods.

Proposition 9.18. Let V be an F-analytic p-adic representation. Then
(1) DE, (V) C D (V)V=;

crys

(2) Days (V) € (DR x (V)[1/22]) V=0

tri,
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Proof. This just follows from the fact that D:FWS(V) = (ﬁrfg ®q, V)®K and that Derys(V) =

(BL,[1/1x] ®q, V)P by [37, Lem. 3.8]. .
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