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Abstract. We formulate a dynamical approach to the study of distribution of modular symbols,
motivated by the work of Baladi—Vallée. We introduce the modular partition functions of continued
fractions and observe that the modular symbols are special cases of modular partition functions. We
prove the limit Gaussian distribution and residual equidistribution for modular partition functions
as random variables on the set of rationals whose denominators are up to a fixed positive integer,
by studying the spectral properties of the transfer operator associated to the underlying dynamics.
The approach leads to a few applications. We show an average version of a conjecture of Mazur—
Rubin on statistics for modular symbols of rational elliptic curves. We further observe that the
equidistribution of mod p values of modular symbols leads to a mod p non-vanishing result for
special modular L-values twisted by Dirichlet characters.
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1. Introduction and statements of results

The statistics of continued fractions has been a rich source of research. For instance,
it is a longstanding conjecture that the distribution of the length of continued fractions
over the rational numbers follows the Gaussian distribution. More precisely, for a rational
number 7 € (0, 1), write [0; m1, ..., myg] for the continued fraction expansion of r where
my,...,my_; are integers greater than 0 and my is an integer greater than 1, and £ = £(r)
is the length of the expansion. We consider the set Xps :={a/M |1 <a <M, (a,M)=1}.
One can regard X,y as a probability space with the uniform distribution and £ as a random
variable on X . The unsettled conjecture is that the variable £ follows asymptotically the
Gaussian distribution as M — oo.

The first prominent result goes back to Hensley [16]. He obtained a partial result on
the problem in an average setting; in other words, instead of 27, he proved the conjecture

for a larger probability space
Qu = =

n<M

Later, Baladi—Vallée [3] showed the average version in full generality with an optimal
error based on the dynamical analysis of the Euclidean algorithm.

In this paper, we study the statistics of generalizations of the variable £, so-called
modular partition functions.

1.1. Modular partition functions

Let P;/Q; be the i-th convergent of 7, i.e.,
P;
Qi

For 1 <i </, we define 2 x 2 integral matrices

=[0;m1,...,mi], P():O, Q():l.

gi(r) =[5 (1] €CLa(z) and g(r) := gu(r).

The matrices satisfy the recurrence relation g; +1(r) = g (") { m,,, |-

Let " be a subgroup of SL,(Z). For a right coset u € I'\GL,(Z) and a rational r €
(0, 1), a natural quantity to consideris #{1 <i < £ | I'g;(r) € u}. We observe that it can
be written as Zle I,(Tgi(r)) where I,(v) is 1 if ¥ = v and O otherwise. Extending it

to a function ¥ on I'\GL;(Z), let us define a more general quantity

¢
ay(r) ==Y ¥ (Tgi(r).

i=1

In order to define an SL,-version, let us introduce

b 0]
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In this paper, we assume that
[SLy(Z) : T'] is finite and T is normalized by j.

For g € GL,(Z), we define

N {g if detg =1, - {g if detg =1,
g

jg otherwise, gj otherwise.

For a function ¥ on I'\SL,(Z), we define

L L
by (r):=Y Y(T&i(r) and cy(r):= > Y(TZ(r)).
i=1 i=1
The functions ay,, by, and ¢y, are called the modular partition functions or modular cost
functions.

One of the main goals in the present paper is to determine the moment generating
functions of the random variables by, and cy, on Q. In particular, there are two applic-
ations: the recent conjecture of Mazur—Rubin on the distribution of modular symbols and
the non-vanishing modulo p of special L-values of modular forms.

1.2. Main results
Let I be the interval [0, 1]. For the later applications, we study more general probability
spaces. For a map ¢ on the right cosets of I", denote the functions on I N Q given by
r—>@Tg(r), r—>e@gr). or ri>elgr)
by the same symbol ¢ according to the context, unless any confusion arises. For an open
subinterval J C [ and a non-trivial non-negative function ¢, let
QM0

be the probability space 237 N J with a density function (ZrGQMﬂJ @(r)) "¢ as long
as the denominator is non-zero. For a random variable g on a probability space X, we
denote by P[g | X], E[g | X], and V[g | X] the probability, mean, and variance of g
on X, respectively.

In order to state the main results we also need the following:

Definition 1.1. Let k be an abelian group and ¢ : I'\SL,(Z) — k.
(1) If there exists a k-valued function 8 on I'\SL,(Z) such that

v =g - ([ " o))

for all u € I'\SL2(Z) and integers m > 1, then v is called a b-coboundary over k,
associated with . Let B (T, k) be the abelian group of all b-coboundaries over k.
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(2) If there exists a k-valued function 8 on I'\SL,(Z) such that

wmw(u[_l" é}j)=ﬁ<“)—ﬂ(“[_1n (ﬂ[_fn (I)D

for all u € '\SL,(Z) and integers m,n > 1, then ¥ is called a c-coboundary over k,
associated with B. Let B.(T', k) be the abelian group of all c-coboundaries over k.

Example 1.2. For a prime p and I' = ['y(p), we set

k* ok k* ok
75} =F|:1 01|, u2=F|:O 11| =T.

One can show that I, is neither a b- nor a c-coboundary over R. Observe that
Ly, (ju[ 7" 8]) = Lu,(v) for all v € T\SL»(Z) and m € Z. Hence, ¥ = I,; — L, is
a b-coboundary associated with I,,. As ¥ (u4j) = ¥ (ju) for all u, we can also show that
Y is a c-coboundary associated with I,,,. Hence, ¢ = I, — %]qu is neither a b- nor a
c-coboundary over R. A numerical example is presented in Figure 1.

20000

AN

15000 -

10000

.

5000

N

Il Il Il I}
440 460 480 500 520 540

Fig. 1. Distribution of by in Example 1.2 on the random samples of size 10° chosen from 210000
forT' = T'o(5).

1.2.1. Joint Gaussian distribution. One of our main results is that a vector of modular
partition functions follows the Gaussian distribution asymptotically.

Theorem A. Let J be a non-empty open subinterval of (0, 1), ¢ a non-trivial non-
negative function on U\SL,(Z), and g = b or c.

(1) Let ¢ : T\SLo(Z) — R? with ¢ = (Y1, ..., Va). Set @y = (Gyy» - - Gyy). For
each ¥, there exists Hy € M;(R) (see Section 3.1 for definition) such that:
(a) Hy is non-singular if and only if Y1, . . ., ¥q are R-linearly independent modulo
By (I, R).

(b) When Hy is non-singular, the distribution of gy on Qe j is asymptotically
Gaussian as M — oo. More precisely, there exists [Ly € R4 such that for
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anyx € R4,

<X

p| 8 — Ky logM
Jlog M

QM,(D,J]

1 | P ) ( 1 )
= — exp| —=t" H, 't | dt+ O| —
(27)4/2, /detHy /tsx p( 2 Y Jlog M
where t < xmeanst; < x; forall 1 < j < d and the implicit constant is uniform
in X.
(2) Letd = 1. For ¢y : I'\SL»(Z) — R and Cy, = Hy,, there exists Dy, o, j such that the
variance satisfies

Vigy | Q@mp.s] = CylogM + Dy o5 + O(M™)

for some y > 0. In particular, Cy, = 0 if and only if V¥ is a g-coboundary over R.
(3) Letd = 1and k > 3. There exists a polynomial Q y , x of degree at most k such that

Elg%, | Qum.0.] = Q4 x(log M) + O((log M)*M77).

Example 1.3. For v in Example 1.2, note that
14

by (r) =Y (L, (F&) — L, (T&[ 7% 5 1))
i=1
which is equal to I, (T'g¢) — I, (T'). Since [ 4 5 | € uy if and only if = 0 (mod p), we
conclude that
0 if Q(r) # 0 (mod p),
1 if @(r) =0 (mod p).

In particular, by, does not follow the Gaussian distribution asymptotically.

by (r) =L, (I'gy) = {

Remark 1.4. Numerical evidence suggests that an analogue of Theorem A for the vari-
able a is plausible. However, due to the fact that the relevant transfer operator for a is not
topologically mixing (see Remark 5.2), the arguments in the present paper do not work
for a. The second-named author plans to provide an approach to deal with this problem
in future work.

1.2.2. Residual equidistribution. Another main result is the equidistribution of integer
valued modular partition functions in residue classes of a fixed modulus. Let Q7,5 :=
Qu NJ.

Theorem B. Let g = b or c and Q > 3 be an integer.

(1) Let J be a non-empty open subinterval of (0,1) and ¥ = (Y1, ..., ¥q) :
[\SL2(Z) — Z4. If Y1, ..., ¥4 (mod Q) are 7/ Q Z-linearly independent modulo
B4(T,Z/Q7), then for all g € (Z) QZ)* we have

Plgy =g (mod Q) | a7l = 0% + O(M %)

for some § > 0.
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(2) Let Q be relatively prime to [SLo(Z) : T'] and ¥ : T\SLa(Z) — Z. If there is a
non-empty open subinterval J that

lim Plgy = g (mod Q) | Qum,s] = Q7"
M —o00

for all g € 7] QZ, then ¥ (mod q) is a g-coboundary over Z/qZ for no prime
divisor q of Q.

Remark 1.5. From Example 1.3, we see that the random vectors (by,, )yer\si,(z) and
(c1, Juer\si,(z) are not equidistributed modulo Q for Q > 3.

A specialization d = 1 and ¥ = 1 gives us a new result that the length £ of the
continued fractions on £2y, s is residually equidistributed.

Corollary 1.6. For g € Z/QZ, we have

Pl = g (mod Q) | Qa1 = 07" +o(1).

1.3. Applications of main results

First, we introduce an application of Theorem A.

1.3.1. Conjecture of Mazur—Rubin. In order to understand the growth of the Mordell—
Weil ranks of a rational elliptic curve in large abelian extensions, Mazur and Rubin [29]
described heuristically the behavior of special values of twisted modular L-functions by
presenting the conjecture on statistics for modular symbols based on numerical computa-
tions.

Let o(N) =SL,(Z) N [ NZZ % ] Let f be a newform for I'g(N) and of weight 2 with
Fourier coefficients ay (n). Let y be a Dirichlet character of conductor M. We denote by
L(s, f, x) the twisted modular L-function, which is given as the meromorphic continu-
ation of the Dirichlet series with the coefficients as (n) y(n). Let Qs be the field generated
by the coefficients ay(n) over Q. It is known that Q is real. There are suitable peri-
ods Qjﬂf such that the following normalized special L-values are algebraic:

GOOL, . 0

Ly =—"9gz— < UW

f

where G(y) denotes the Gauss sum and =+ corresponds to the sign y(—1) = £1.
The modular symbols are period integrals of the form

ioco

wy(r) = QL}E{/ f(z)dz + §163) dz} €Qy

-r
for r € Q. We regard m}c as a random variable. Set mf = mfiE for the newform fg
corresponding to an elliptic curve E over Q. The periods Q/ﬂ}E can be chosen as the Néron

periods Qf Mazur—Rubin [28] proposed the following conjecture.
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Conjecture A (Mazur—Rubin). Let E be an elliptic curve over Q of conductor N .

(1) The random variable mf on Xy follows the asymptotic Gaussian distribution as
M — oo.

(2) For a divisor d of N, there exist two constants Cg + and D% 4 called the variance
slope and the variance shift respectively, such that

lim (V[mE | 2y] - CFlogM) = DF ,.
M—o00 ’
(M,N)=d

Petridis—Risager [34] obtained the €2j7-version of statement (1) for general cusp-
forms f of cofinite Fuchsian groups and statement (2) for the congruence subgroup
I'o(N) with a square-free integer N. They gave an explicit formula for the constant C +
as well as DfjE , in terms of special values of a symmetric square L-function of f'. They
further estabhshed an interval version of (1), that is, for any interval J C I, the vari-
able m¥ 7 on Qp N J follows the Gaussian distribution asymptotically. Their approach
is based on the sophisticated theory of non-holomorphic Eisenstein series twisted by
moments of modular symbols. Their work has been generalized to arbitrary weights by
Nordentoft [32].

In this paper, we present another proof of the average version of Conjecture A for
a newform of weight 2 for ['o(/N) and an arbitrary N as a specialization of the result
(Theorem A) on modular partition functions.

Theorem C. Let | be a newform for I'g(N) and of weight 2.

(1) The random variable m/jf on Qu,p,J follows the asymptotic Gaussian distribution as

M — oo. More precisely, there exist O';: and C;': > 0 such that
+ +
[mf —0; log M -

1 * 1 1
QM,(p’J} = —/ exp(——tz) dt + O(—)
/Cfﬂ: 10g M 2w —00 2 lOg M

Here the implicit constant is independent of x.

(2) The variance slope C fi is independent of ¢ and there exists a variance shift Dfi 0.
such that
V[ny | Qups] = Ci logM + D7, ; + O(M 7).

(3) Let k > 3. There exists a polynomial Q j o i of degree at most k such that
E[(m¥)* | Qup.s] = Qupilog M) + O((log M) M77).

Theorem C directly implies the result of Petridis—Risager or the average version of
Conjecture A with specific choices of ¢. For (1), we take ¢ = 1. For a divisor d of N,
we define ¢4 ([j g ]) to be 1 when (8, N) = d and 0 otherwise. Note that ¢g is well-
defined on I'g(N)\SL,(Z). The particular choice ¢ = ¢, shows that the £s-version of
Conjecture A (2) is a special case of our result.
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Theorem C is a specialization of Theorem A: More precisely, there is a function ¥ fi on
['o(N)\SL>(Z) such that it is not a coboundary over R and m;: follows the distributions
of 51//+ and cy - (see Sections 4.3 and 4.4).

r '

Remark 1.7. From the specializations b vt and Cy;, we observe that the asymptotic
f -

normality of modular symbols comes essentially not from the modularity of f, but from
the dynamics of continued fractions. The modularity in our paper plays a role only in
showing that wfi is not a coboundary (see Section 4.3); it is also a crucial ingredient
in calculating the mean (Diamantis et al. [11], Sun [41]), the variance slope and shift
(Petridis—Risager [34], Blomer et al. [5]).

Remark 1.8. One may wonder if bw,—- can be used to study the modular symbols instead
of Cys - In fact, the answer is negative. It is the action of j that prohibits wy from being
expressed in terms of by . We refer to Remarks 4.1 and 4.2.

Remark 1.9. Bettin—Drappeau [4] proved the asymptotic Gaussian distribution of modu-
lar symbols for level 1 and arbitrary higher weights (see Remark 1.12). We speculate that
by adopting their arguments, our work can be extended to arbitrary weights.

Remark 1.10. Even though computable in polynomial time (Lhote [24]), no closed forms
for the variance slope and shift for the length £ are known from the dynamical approach.
It is an interesting question whether the expressions of Petridis—Risager for C fi and D}ip
are hints for this open problem.

In the next section, we discuss an application of Theorem B.

1.3.2. Non-vanishing mod p of modular L-values. Non-vanishing of twisted L-values
seems to genuinely rely on the equidistribution or density results for special
algebraic cycles (see Vatsal [45]). The first prominent example goes back to Ferrero—
Washington [13] and Washington [46] for mod p non-vanishing of special Dirichlet
L-values. A key lemma used in their proof comes precisely from a p-adic analogue of
the classical density result due to Kronecker in ergodic theory. One of the main motiva-
tions of the present paper is to suggest a new dynamical approach towards the study of
modular L-values with Dirichlet twists.

We can choose a suitable period Qf so that the corresponding algebraic parts Lz (x)
are p-integral with minimum p-adic valuation when, for example, the mod p Galois rep-
resentation ﬁﬁ » is irreducible, p does not divide 2N, and N > 3 (see Section 4.2). In these
circumstances, the p-integral L-values are expected to be generically non-vanishing mod-
ulo p. One also obtains the p-integrality of meE when the residual Galois representation
PE,p of E is irreducible, and E has good and ordinary reduction at p.

For a Dirichlet character y of modulus M, we define a variant of the special L-value

Ly () by
A=Y ﬂa)-mjf(%).

ae(Z/MZ)*
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This L-value is closely related to the special L-value: They can differ by an Euler-like
product over the prime divisors of the conductor of y. In particular, when y is primitive,
one has L¢(y) = Ar(x). We obtain a version of the mod p non-vanishing result from
our dynamical setup.

Theorem D. Let N > 3 and p } 2N. Let f be an elliptic newform for I'g(N') such that
Py, p is irreducible. Then

# | (x € @/nZ)* | Ap(x) # 0 (mod p!+o» @)y 5 by

n<M

where p is a prime over p in @p and vy (¢ (n)) is the p-adic valuation of the Euler totient

p(n).

A similar quantitative mod p non-vanishing of Dirichlet L-values was studied by
Burungale—Sun [7]: Let A be a Dirichlet character of modulus N and (p, NM) = 1 with
(N, M) = 1. Removing the condition p } ¢ (M), their result can be formulated as follows:

#{x € (Z/MZ)* | L(0,Ay) # 0 (mod p!Tv>@ M)y 5, pr1/2—

Let us remark that even though Theorem D is not as strong as the result of Burungale—
Sun, as far as we know it is the first result of this type for modular L-values with Dirichlet
twists. In fact, this non-vanishing result is a consequence of one of our main results on
another Mazur—Rubin conjecture [28].

Conjecture B (Mazur-Rubin). Assume that pg, , is irreducible and E has good and
ordinary reduction at p. Then, for any integer a,

1
lim PlmE = d yl=—.
A [z =a (mod p) | Xp] »

Here is our result on the residual equidistribution of modular symbols.
Theorem E. Assume that pg , is irreducible and E has good and ordinary reduction
at p. Then, for any e > 1 and any integer a,

1 _
PlmE = a (mod p€) | Qur.s] = e +0oM™%)

for some § > 0.

This is a specialization of Theorem B. More precisely, there are integer valued func-
tions QiE on I'; (N)\SL,(Z) such that their reductions modulo p€¢ are not coboundaries
over Z/p¢Z and mf (mod p¢) follow the distributions of b ef and ¢ (see Section 4.5).

E

Remark 1.11. Constantinescu—Nordentoft [10] obtained a discrete version of the result
of Petridis—Risager [34], implying Theorem E.
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Mazur, in a private communication, raised the question of whether the Gaussian (or
Archimedean) and residual distributions of the modular symbols are correlated or not. We
answer this question in Theorem 4.7, which is a consequence of a more general discussion
in Section 3.3.

1.4. Dynamics of continued fractions: Work of Baladi—Vallée

We now describe our approach. It is deeply motivated by the work of Baladi—Vallée [3]
on dynamics of continued fractions. Let us briefly outline their result and strategy for the
proof.

Baladi—Vallée established the quasi-power behavior of the moment generating func-
tion E[exp(wf) | 2], which ensures the asymptotic Gaussian distribution of £ (see
Theorem 3.7). More precisely, they studied a Dirichlet series whose coefficients are essen-
tially given by the moment generating function E[exp(w¥) | Z,]:

Lewy = Y wy = 3 expwt(r),

n>1 rex,

for two complex variables s, w with fs > 1 and |w| being sufficiently small. The desired
estimate then follows from the Tauberian argument on L(s, w). To this end, they estab-
lished the analytic properties of the poles of the Dirichlet series L(s, w) and uniform
estimates on its growth in a vertical strip. Their crucial observation is that the weighted
transfer operator plays a central role in ensuring the necessary properties of L(s, w).

Let T : I — I denote the Gauss map given by T(x) = % — L%J for x # 0 and
T(0) = 0. They considered the weighted transfer operator associated with the Gauss
dynamical system (/, T'), defined by

Honf@i= Y S0 £0)
y:T(y)=x

for two complex variables s and w. A key relation they established is that
L(2s,w) = Fy 4 (Id — Hy4,) "1 1(0) (1.1)

where Id is the identity operator and Fj ., is the final operator defined like Hj ,, with
summation restricted to y(x) = m#ﬂ with m > 2. The properties of Dirichlet series that
are crucial for the Tauberian argument thus directly follow from the spectral properties of
the transfer operator. In particular, the estimate on the growth of L (s, w) in a vertical strip
comes from the Dolgopyat-Baladi-Vallée estimate on the operator norm of Hf,,,n > 1.

Our idea is to follow their framework by finding a certain dynamical system and the
corresponding transfer operator that naturally describe the analytic properties of Dirichlet

series associated to modular partition functions.

Remark 1.12. Bettin—Drappeau [4] generalized the work of Baladi—Vallée in a different
direction and obtained distributional results for crucial examples of quantum modular
forms.
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1.5. Dynamical system for modular partition functions

Let us describe the dynamics and transfer operators for modular partition functions.
Let ¢ be a function on the right cosets of I" and J a non-empty open subinterval of /.
To study the moment generating function of gy on Q37,4 7, for w € C4 we set

ca(W) = Y (r)exp(w- gy (r)).

rex,NJ

Obviously,

Elexp(W - gy) | Qu10.5] = %

In order to study c,(w), we consider the generating function, namely a Dirichlet series:
For s € C, set L8(s, w) := an 1 C”n(sw). The strategy is to apply Tauberian arguments
to L9(s, w) using their behaviors in a critical strip of C, which are expected to be con-
sequences of the dynamical analysis of the modular partition functions gy . For y = w- ¢,
we get W- gy = gy . Hence, for the dynamical analysis, we consider the transfer operators

with parameter v instead of w.

1.5.1. Random variable a. Let us define an operator T on I x I'\GL,(Z) by

T(x,v) := (T(x),v|:_mll(x) (l)i|)

where m; (x) denotes the first digit of the continued fraction expansion of x. We call T
the skewed Gauss map.

Let ¥ be a bounded function on the product I x I'\GL,(Z). For s € C and
¥ : T\GL3(Z) — C, we consider the weighted transfer operator associated to the dynam-
ical system (I x I'\GL;(Z), T) defined by

LsypW(x,u) = Z %"P(%U)
(».v)eT~1(x,u) Y

Let ¥5 4 be the final operator defined like £y with summation restricted to (y, v) =
(- u[ 9 L ]) withm > 2. To study the space Q... we also introduce interval operat-
ors i)S{ v (see Section 6.4). Our crucial observation is that the Dirichlet series for a admits
an alternative expression in terms of weighted transfer operators (see Theorem 6.10): The
quasi-inverse (J — £5,4) 7! is well-defined when (R, Riw) is close to (1,0) (See The-

orem 8.5). Then, for an interval J C I, we have

L@2s.w) = B],(1®¢)(0.T) + D, (J = £e9) ' Foy(1®)(O0.T)  (12)
for ¥ = w- ¥ and an auxiliary analytic operator B SJ "

Remark 1.13. When J = (0,1), I' = SL,(Z), and ¢ = 1, the expression (1.1) can be
recovered from the above expression of L% (s, w).
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1.5.2. Random variable b. First of all, note that there is a natural right action of GL;(Z)
on ['\SL,(Z) given by
(TCh)-g:=Thg.

With this right action, we consider the spaces
It := I x T\SLy(Z).

Let us define the skewed Gauss map TonI r by

'i‘(x, v) 1= (T(x), v- |:—m11 ) (1)1|)

As in the case of a, for a function ¢ on I'\SL,(Z) we define the welghted transfer
operator éCs .o associated to the dynamical system (/r, T) the final operator fs 0> and
the interval operator ‘Ds,w (see Section 6.4). We are also able to obtain a version of (1.2),
i.e., an analogous expression for Lf’(s, W) in terms of fs,w.,,,, ‘(f?s’w.w, gﬁs , and SBS W
(see Theorem 6.10), which is partly a consequence of the existence of the rlght action.

Remark 1.14. This type of skew-product Gauss map has already been discussed by
Manin-Marcolli [26] in a different context, to study the Gauss—Kuz’min operator and
the limiting behavior of modular symbols. We refer to Remark 4.2.

1.5.3. Random variable c. Unlike g — g, the map g > g does not induce a right action of
GL2 (Z) on '\SL,(Z). Even though one can easily define c-analogues of Tand £ s,w»> SAY
Tand £ s,w, the Dirichlet series L¢(s, w) no longer admits an expression similar to (1.2),
especially in terms of £ s,w» mainly due to the absence of a suitable right action of GL»(Z).
Instead, we first observe that the maps T2 and T2 are the same as T2 |1r-» whose second
component is now the canonical right action of SLy(Z) on I'\SL,(Z). Then one can
define another weighted transfer operator M , associated to the system (I, Tz) After
defining analogues of the previous operators namely the final operator ¥ ,, the interval
operator J)sj .- and the auxiliary operator B/ 5,0> We are able to express the Dirichlet series
L¢(s,w) in terms of those operators as before (see Theorem 6.10).
Remark 1.15. Note that a function ¢ : I'\SL,(Z) — k is a b-coboundary over k if and
only if there exists a k-valued function 8 on I'\SL,(Z) suchthaty = 8 — f o nz'f. And
Y is a c-coboundary if and only if ¢ + ¢ o T = B — B o m,T? for some B.

1.6. Spectral analysis of transfer operators

For (s, ¥) with real part (Ns, Ryr) close to (1, 0), the transfer operators for b and ¢ act
boundedly on C!(Ir) and admit a spectral gap with dominant eigenvalues Ay . Then
by analogues of the identity (1.2), the poles s of the Dirichlet series with a fixed v in a
certain vertical strip are in a bijection with the values s with A5y = 1. Hence the analytic
properties of L8 (s, w) (Proposition 3.2) that are necessary to apply the Tauberian theorem
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follow from the spectral properties of the transfer operator: For general I', the dominant
eigenvalue of the transfer operator is simple. The topological mixing property of T ensures
the uniqueness of the eigenvalue. See Section 5.1 for more details.

Structure of the paper

In Section 2, we collect several group-theoretic results relevant to topological mixing
of T and the coboundary condition for modular partition functions. In Sections 3 and 4,
a series of number-theoretic results on the distribution of modular partition functions are
deduced by a Tauberian argument from the behaviors of Dirichlet series. Their proofs will
be presented in Section 10. Two transitional sections 5 and 6 are devoted to transforming
the number-theoretic assertions to dynamical ones. In Sections 7-9, dynamical analyses
of the corresponding transfer operators are presented.

2. GL3(Z)-action on I' \SL>(Z)

Throughout, we fix a subgroup I" of SL,(Z) of finite index.

2.1. Right action of GL,(Z)

Set J := (j) and let GI" := (T, j) be the subgroup of GL;,(Z) generated by I' and j.
Both the right cosets GI"\GL,(Z) and the double cosets I'\GL,(Z)/J are identified with
I'\SL;(Z) by the maps

I'\SL,(Z) ~ GI'\GL,(Z), u =Tht+ Gu:=GTIh, (2.1)
M\SL,(Z) ~ T\GL2(Z)/J, v =Tht> v]:=Thl. (2.2)

The right action of GL,(Z) on I'\SL,(Z) discussed in Section 1.5.2 actually comes from
the natural action on GI"\GL,(Z) via the identification (2.1).

Remark 2.1. On the other hand, no right action of GL,(Z) originates from (2.2). We
can still observe that the map I'hJ — T'hglJ is a permutation of I'\GL,(Z)/J for a
g € GL,(Z), in other words, the map ¢, : ['h — Fiz\é is a permutation of I"'\SL,(Z).
Further, for u € T'\SL,(Z), it can be observed that

lg,(tg, (u)) = ugi1g2 if g1 € SL2(2). (2.3)

Let u be a right coset of I in SLy(Z) and g € GL,(Z). It is easy to see that § € u
if and only if GI'g = Gu and that g € u if and only I'gJ = uJ. We extend a function
on I'\SL,(Z) to I'\GL,(Z) such that 1} ‘=9 oG lop andy ;=¥ oJ ' o p, where
pi are the canonical surjections py : '\GL3(Z) — GI'\GL,(Z) and p, : '\GL,(Z) —
I'\GL,(Z)/J. It is easy to see that

¥(Tg) = ¥(g) and ¥ (Tg) =y ().
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Hence, from the definition of by, and ¢y, one obtains

)2 4
by(r) =Y ¥(Tgi(r) and cy(r) =Y ¥ (Tg(r). 2.4)

i=1 i=1

Let us first prove several preliminary results on the special linear group.

2.2. T-mixing

In this section, a matrix of the form [ il iol ] is called a digit matrix. The following lemma
and proposition are useful when we discuss the topological properties of T.

Lemma 2.2, Let ¢ = *1 be fixed.

(1) Forany v € T'\SLy(Z), we have

_ —mp el||l—my ¢ —my € _
st = (o[ 7 o[ ] e oomez)
(2.5)

where the element for £ = 0 corresponds to v.

(2) There exists K > 1 such that for each integer k > K, we can find integers
mi,...,my > 1 such that

—my e||—-my e -mi &
F|:1 O}[l o} [1 0}_F'
Proof. Consider first the case of ¢ = 1. Let us denote the RHS of (2.5) by S. Let
a=[7'5] and b=[7§]

Letu € S. As I is of finite index, there exist integers p,q > 1 such that for all u, we have
u-a?P =uandu-b? = u,and hence u -a=1,u-b~! € S. In sum, we conclude that for
any g € GL,(Z) generated by a and b, we have u - g € S. On the other hand, observe that

ab™ = [31] @b =[10]. aba=[34]

It is well-known that GL,(Z) is generated by these three elements, hence by a and b.
Since '\SL,(Z) = I' - GL,(Z), we obtain statement (1).

For the second statement, observe that ab™'a?b™'a = [} 9] and b7 'a3b™! = .
When applied to a coset, the first product above can be regarded as the product of
2(q — 1) + 4 digit matrices. The second one is the product of 2(q — 1) + 3 digit
matrices. Then there exists a number K such that any integer £ > K can be written as
k=Q2(@—-1)+4)s+ (2(g — 1) + 3)t with s,¢ > 1. Then

T-(ab'a?b a0 'a®h™) =T =T

sincel'-j=T.



Dynamics of continued fractions and distribution of modular symbols 15

For the case of ¢ = —1, set ¢ = [_IQ _01] where Q is an integer > 0 such that

ul§ _IQ] = u for all u. Then uc = u{ ! | for each u. We also set d = [ 1! 3'] and
e=[727"] Thende ' = [} 1]. Since SL»(Z) is generated by [ o' | and [} 1], we
obtain the first statement by a similar argument to the one above. Note that u = uc* and

u = ud? for all u. As before, we obtain the second statement. n

Remark 2.3. A version of (1) can also be found in Manin—-Marcolli [26, Theorem 0.2.1].

Proposition 2.4. Fix ¢ = *1. There exists an M > 0 such that for any u € I'\SL(Z)
and any { > M,

I'\SL,(Z) = {”'[_Tl 8]...[_’1’” 8] ‘m,- € Zzl}.

Proof. Let I'y be the kernel of the homomorphism from SL;(Z) to the permutation group
on I'\SL,(Z) induced from the right action. Then Iy is normal, of finite index, and is
normalized by j. Since the statement for I" follows from one for 'y, we may assume that
I is normal.

First fix representations of I'\SL,(Z) in (2.5), i.e., product representations by digit
matrices. For a right coset ©, we can find a product m(u) of digit matrices such that u =
I' - m(u). Let £(u) be the number of digit matrices that form m(u) and L := max, £(u).
We claim that for any n > L + K and any two right cosets u, v of ', there are n digit
matrices whose product, say m,,,, satisfies u = v - my;.

First of all, we show the claim for v = I'. Let wy be the product of k digit matrices
in Lemma 2.2 (2). For any n > L + K, set m,[u] := w,_g@)m(u). Observe that u =
I' - m,[u] and m,[u] is the product of n digit matrices.

Let v be a general right coset. Set u = 'g and v = T'h for g, h € SLy(Z). Let n
L 4+ K. Then

v

Ig-mu[Tg 'h] = gl -m,[[g~'h] = glg™'h =Th

as I' is normal in SL,(Z). |

2.3. Coboundary functions

Let k be an abelian group. In this section, we characterize all the coboundary functions
over k. We fix § : I'\SL,(Z) — k corresponding to a coboundary ¥, i.e., ¥ (u) = B(u) —

Bu- [T ifg=bandy @) +y [T gli) = B0 - B[ T" o ][ T 6] ifa =c.

Let
1 0
L[]

Since T'\SL,(Z) is a finite set, the natural right action of L on the cosets I'\SL,(Z)
factors through [ 4 9] — [ /07 § | for an integer Q > 1.
We collect several properties of j:
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Proposition 2.5. Let y : ['\SL,(Z) — k be a function.
(1) If ¥ is a g-coboundary, then B is L-invariant. In particular,

Blu-[76]) =B -[14]) foralim.neZ. (2.6)

(2) Let ¢ be a b-coboundary. If ¥(u) = ¥ (—u) and ¥ (uj) = ¥ (ju) for all u, then
B(uj) = B(u) for all u.

Proof. (1) Consider g = b. Then ¥ (u) = B(u) — B(u-[ " 4]) for all m € Z and u.
Observe also that [ £ ] =9 4][ 2 9]. Then the coboundary condition on ¥ implies that
B is invariant under L.

Let ¢ be a c-coboundary. As above, for all m,n € Z, we get ¥ (u) + v (u[ 7" § ]j) =
Bu)—B(u[ 7 L[ 7 &])- Settingm =0, we get B(u[ L, 9]) = Bu) — ¥ (u) — v (uo).
Hence, f is L-invariant.

(2) Setting a(u) := B(u) — B(—u), we get a(u) = oz(u . [_1'” (1)]) for all u and m. By
Proposition 2.4, we know « is constant, in particular (1) = a(—u). But e (—u) = —a(u).
Hence, « = 0, i.e.,

Bw) = B(—u) forall u. 2.7)

The expression for ¥ can be written as B(uj) — B(ju) = B(uj-[ " §]) = BGu-[7"§])-
Using j[ 7 § ]i=—[ 7" & ] and (2.7) with (2.6), the last expression equals B(uj) — B(ju) =
Bu-[ 7 8]i)—BGu-[ 7" 4])- Hence, u > B(uj) — B(ju) is constant. Considering juj,
we obtain the statement. ]

The following is crucial for determining B4 (T, k).

Proposition 2.6. Let v be a g-coboundary over k for an L-invariant 8. Then  is zero
if and only if B is a constant. In this case, B can be chosen to be zero.

Proof. First let ¢ = b. If ¥ is zero, then by Proposition 2.4, we can find my, ..., m, for
a sufficiently large £ and v such that u - [_'1”1 (1)] ‘e [_'1”" (1)] = v. Hence, S is a constant.

The converse is trivial.

Let g = c. Let 8 be a constant function. Then v (1) + lﬂ(u [ - (1,]j) =0forall m,i.e.,
Y (u) ==y (u[ 7" ' ]) = 0forall m > 1. By Proposition 2.4, we can find my, ..., my
for a sufficiently large odd £ such that u[ =7t 7' ]---[ 7 '] = u. So, we get ¥ = 0.
Conversely, suppose that ¥ is zero. Then, as above, we can show that § is a constant. =

Now, the boundary functions are completely characterized.
Corollary 2.7. (1) Let U = I'\SLyo(Z)/L\ {T'}. There is an isomorphism
By (T, k) ~ kY.

(2) For every integer Q > 1, the Q-torsion subgroup of Bq(I', R/2rZ) is equal to
Bo(T, 27 Q" Z /27 Z), which is isomorphic to Bg(T, Z/QZ) by the map ¥
2y (mod Q).
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Proof. The map ¥ — B|y — B(T) is an isomorphism. For the second statement, observe
that the Q-torsion subgroup of (R/27Z)Y is just Qn Q1 Z /27 7)YV . L]

3. Modular partition functions of continued fractions

In this section, we prove the limit joint Gaussian distribution and the residual equidistri-
bution of modular partition functions of b and ¢ over Q. 7. We consider the setting
of Section 1.5. Throughout, we fix a non-empty open interval J € I and a non-trivial
function ¢ : I'\SL2(Z) — R unless explicitly mentioned otherwise. Recall that j is
assumed to normalize I". Set

g:=borc.

We define a map on X, by
r=1[0;mq,...,mg] > r*:=[0:my,...,my].
For a function W on I, we denote the two functions on Q N 7,
r=>YE*,Tg(r)) and r— W(*, Tg(r)),

by the same symbol W* according to the choice of g. We define the Dirichlet series asso-
ciated to g as

Ly, j(s,w):= Z isw) with  d,(w) = Z U*(r)exp(w- gy (1))
n>1 rex,NJ

fors e C,we C% and ¥ = (Y1,...,¥). The average of the coefficients d,, (w) can be
studied using the following truncated Perron formula.

Theorem 3.1 (Perron’s formula, Titchmarsh [42, Lemma 3.12]). Suppose a, is a
sequence and A(x) is a non-decreasing function such that |a,| = O(A(n)). Let F(s) =
D>t S for o := Ns > 0g, the abscissa of absolute convergence of F(s). Then for all
D>o0,andT > 0,

1 D+iT s D\Fi(D A2 1
Yy =— Feo) S ds + o EID) | o (AGx)xlogx
2mi D—iT N T T

) x
+ O(A(N)mm{m, 1})

where |F|(0) =), %foro > 0, and N is the nearest integer to x.

n=<x

In order to shift the contour, we use the following properties of Dirichlet series in
the vertical strip. We say an R-valued function is a g-coboundary over R/2nZ if its
composition with the surjection R — R /277 is a g-coboundary.

Proposition 3.2. Let v € R?. There exists 0 < oy < 1/2 such that for any & with 0 <
&1 < ay, there exists a neighborhood W of iv in C% such that:
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(D) If v-y € Bg(I'R/27Z), then Ly, y(2s, W) has a unique simple pole at s = s(W) in
the strip |Ns — 1| < ay for each w € W with the following properties:
(a) s(w) is analyticin W and s(iv) = 1.
(b) Rs(w) > 1 — (ay — ).
(c) The Hessian of s(W) is non-singular at w = iv if and only if ¥, ..., ¥q are
R-linearly independent modulo B4(I", R).
(d) The residue Ey(w) at s(w) is analytic on W with

eiﬁ(F)6|J|

—— e B dm
w210g2  J(0,1/2)xI\SL»(Z)

Ey(iv) =

where B is associated with v - . Here |J | is the length of J .
Q) If v-¥ & Bg(I',R/2nZ), then Ly j(2s, W) is analytic in the strip |Rs — 1| < oy
forallw e W.
(3) For 0 < & < 1/5, there exist 0 < a9 < a1, 0 < p < 1, and a neighborhood B of 0
in R such that for any W € C'(It) and all w € C? with Rw € B, we have

|Ly,s (25, w)| < max(1,|3s[%)
when |Rs — 1| < ag with |Is| > 1/p% or Rs = 1 + g with |Is| < 1/p>.

Remark 3.3. Proposition 3.2 is a combination of Lemmas 8 and 9 of Baladi—Vallée [3],
which correspond to the cases (1) d =1, v=0and 2)d = 1, w = iv with v # 0,
respectively. See also Remarks 3.10 and 9.6.

We postpone the proof of Proposition 3.2 to the end of the paper after introducing the
skewed Gauss map and the associated transfer operator on C'(Ir), and establishing an
explicit relation between the resolvent of the operator and Dirichlet series associated to
the modular partition functions in Sections 5-9.

The following is one of our main results which leads to both the asymptotic Gaussian
behavior and residual equidistribution of the variable gy .

Proposition 3.4. Let v € R¥. There exist a constant 0 < § < 2 and a neighborhood W
of ivin C% such that for ¥ € CY(Ir) and w € W,

D dn(W) = Ryy(w) + O(M?) 3.1)
n<M

where

E,(w) 2s(w .
Rty o | B vy € BB 2n2),
’ 0 otherwise.

The implicit constant and § are independent of w.

Proof. Proposition 3.2 enables us to do the contour integration using Cauchy’s residue
theorem
1 2s

—_ L 28, W
2mi U (w) ‘P’J( )2S

d(25) = Ryv(W)
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where U7 (W) denotes the rectangle with vertices 1 + g +i7,1 —ao +iT,1 —ag—iT,
and 1 + o9 — i T with positive orientation.

Applying the Perron formula from Theorem 3.1 to Ly, j (25, w) for s along the vertical
line 1 + a9 = iT, we have

2(1+a0)
Z dn(W) = Rprv(W) + O(T) + O(A(M))
n<M
AQM)M log M 1—ao+iT M2(—a0)
+ 0(()—%) + 0([ |Ly.s (25, W)| ——— ds)
T l—ao—iT Is|
1+ao£iT MZERS
—1—0(/ |Lw,s(2s,wW)| ds).
l—ao+iT T

Note that the last two error terms come from the contour integral and each of them cor-
responds to the left vertical line and horizontal lines of the rectangle Ut respectively. Let
us write this as

> du(W) = Ragy(w) + T+ I+ I+ 1V + V.
n<M

We choose @ with 5%0(0 < Qg < @ and set
T — M20[0+4&0.
Notice that Ey(w)/s(w) is bounded in the neighborhood W since s(iv) = 1. Then the
error terms are bounded as follows.
The error term I is O(M 2(17280)) and by Proposition 3.2, the exponent of M satisfies
2(1 — 280) < 2.

Set |x| := max; |x;| forx = Rw. Since x- ¥ (r) K |x|€(r) and £(r) K logn forr € X,
for some ¢ > 0 we obtain

dp(w) < ntteil, (3.2)

By (3.2), for any 0 < & < &o/2, we can take W from Proposition 3.2 small enough to
have c|x| < &/2 so that A(M) = O(M'*4/2) and log M <« M*®/2. Hence, the exponent
of M in the error term III is equal to

€ ~ 23
14+ (1 +clx]) + 5—(20504—40(0) 52—1050 <2.
Similarly the error term Il is O(M '%/2), so the exponent satisfies
1+ 5 <14ia<2
- < —0p < 2.
2 4°

Also for 0 < £ < 1/5, we have | Ly, (25, w)| < |3s| by Proposition 3.2. Hence, the
error term IV is O(M2(1=20)T§) and the exponent of M is equal to

4
2(1 — O[()) + (2060 + 4&0)5 <2-— 5(20{0 - &0) < 2.
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The last term V is O(T¢~1 . M2(+20) (Jog M)~1), hence the exponent of M satisfies

A e 2 59..
Qoo + 400)(E—1) +2(1 + ) — 3 <2-— (—g()[() + %Olo) < 2.

In total, setting

§ = - B 1+1A 2 4(2 do). 2 2 +59A
= max 7 0.1+ 7G0.2 = (20 — Qo) =% + 5580

concludes the proof. ]

Remark 3.5. For Proposition 3.4, we have used a version of Perron’s formula which is
different from the one used by Baladi—Vallée [3]. The current version directly leads us
to the desired estimate for the moment generating function of spaces smaller than 2,7,
namely s (¢), without using the extra smoothing process of Baladi—Vallée. See Lee—Sun
[23] for the relevant discussion concerning the length of continued fractions.

Observe that by Proposition 3.4 with W = 1 and v = 0,

31/1

Q10| = EoO)M? + O(M®)  with  Ey(0) = ———.
m2log2

(3.3)

3.1. Joint Gaussian distribution: Proof of Theorem A

In this subsection, we obtain an explicit quasi-power behavior for the moment generating
function of modular partition functions and show the limit joint Gaussian distribution.

Theorem 3.6. There exist a neighborhood W of 0, an analytic function B, y on W, and
a constant 0 <y < ay with ay from Proposition 3.2, such that By j is non-vanishing
on W and

Brp,J(W)

M2 swW)=s(0)) 1+0M™"
By, (0) ( ( )

Elexp(w-gy) | Qm,p.7] =
with s(w) from Proposition 3.2 (1) withv = 0 and ¥ = 1 ® ¢. The implicit constant and
the constant y are independent of w € W.

Proof. Setting By j(w) := E¢(w)/s(w), we obtain the conclusion from Proposition 3.4
withv=0and ¥V =1 ® ¢. ]

The following probabilistic result ensures that the asymptotic normality of a sequence
of random vectors comes from the quasi-power behavior of their moment generating func-
tions.

Theorem 3.7 (Heuberger—Kropf [17], Hwang [3]). Suppose that the moment generating
function for a sequence Xy of m-dimensional real random vectors on spaces E n has a
quasi-power expression

Elexp(w-Xn) | En] = exp(ByU(W) + V(W) (1 + O(ky"))
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with By, ky — oo as N — oo, and U(w), V(w) analytic for w = (w;) € C™ with |w|
sufficiently small. Assume that the Hessian Hy (0) of U at 0 is non-singular.

(1) The distribution of Xy is asymptotically normal with the speed of convergence
O(KX,I + ﬁl_\,l/z). In other words, for any x € R™,

P|:XN - VU(0)BN ENj|

VBN
T o2 oo )
= expl —=t"Hy(0)" 't )dt+ O| — + —
Qm)m/2,/detHy (0) Ji<x A KN BN
where t < x means tj < x; forall 1 < j <k and the O-term is uniform in X.
(2) Let m = 1. The moments of Xy satisfy
E[Xy | Ex] = BNnU'(0) + V'(0) + Ocy"),
V[Xn | En] = BNU"(0) + V"(0) + Oky"),
E[X} | En] = Pe(Bn) + OBK Ky,

for some polynomials Py of degree at most k > 3.

<X

Proof of Theorem A. Let U(w) = 2(s(w) — 5(0)) and V(w) = log gZ'JJ ((:;)) with s and
By, from Theorem 3.6. By Proposition 3.2 with v = 0, both U and V are independent
of M and analytic for sufficiently small w, the Hessian of U at 0 is equal to the Hessian
of s(w) at 0, and it is non-singular if and only if ¥; are R-linearly independent modulo

By (T',R). Letting Hy be the Hessian of U, Theorem 3.7 enables us to finish the proof. m

3.2. Residual equidistribution: Proof of Theorem B

In this subsection, we give a proof for the residual equidistribution of modular partition
functions. First we need:

Theorem 3.8. Let v € R and ¢ : T\SL,(Z) — R?. There exists y1 > 0 such that
Elexp(iv-ay) | Qum,s] = R(v) + O(M ™)

with
>y expli(B(T) — B(v))]
R(v) = [SLy(Z) : T
0 otherwise.

if v- ¥ € Bg(T.R/277),

Here in the first case, v - ¥ is associated with .
Proof. Note thatif v ¢ € B4(I",R/27Z), then by Proposition 3.2 with ¥ = 1,

3, expli(B(T) — B(v))]
BV = ==61,@) Tr2log2 -

Setting R(v) = %O(Z()V)), by Proposition 3.4 and (3.3) we obtain the statement with y; =

2—34. [
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Proof of Theorem B. Recall that gy (r) € Z2 as r varies over Qpr. Forg € (Z/Q7Z)%, it
is easy to see that

Plgy = g (mod Q) | Qu,s] = é Z e_szs'g-E[exp(%s-g,y) ' QM,J].

s€(Z/0Z)4

We then split the summation into two parts: s = 0 and s 7 0. The term corresponding to
s = 0 is the main term which is Q™. For the sum over s # 0, we assert that

%Ts ¥ € B4(LR/27Z). (3.4)

Note that the condition is independent of any choice of a lift of s to Z4. Assume the
contrary of (3.4). Then, by Corollary 2.7 (2) we get %’s ¥ € By(T,2n Q71 Z/277)
and hence s - ¥ € B4(I",Z/QZ). This contradicts the condition on ¥. Hence, from The-
orem 3.8, we obtain

2mwis
ooy s

This yields the first statement.
For the second one, suppose that ¥ is a g-coboundary over Z/qZ for a prime ¢ | Q,
associated with 8. First, we have

1 ; 27
Plgy =a (modq) | Qum,7] = — Z e~2riat/ag [exp(ﬂtgw) ‘ QM,Ji|-
teZ/qZ 4

Note that Z”Ti’l/f is also a coboundary associated with %ﬂ From Theorem 3.8, the last
expression equals

; —2miat/q |:27Ti[ ) — :| |
q[SLZ(Z):F]Xz:e veF\Ssz(Z)exp q BI) =B | +o().

This equals ¢4 [SLy(Z) : T]™' + o(1) where ¢, = #{v | B(v) = B(I') —a (mod ¢)}. On
the other hand,

Plgy =a(modq) | Qu,s1= Y Plgy =g (mod Q) | Qar,s] =

g=al(q)
g€Z/QZ

Q10

-é—i—a(l)

for each a. Hence, ¢4[SL»(Z) : T'|7! are all ¢~!. This is possible only when ¢ is a divisor
of [SL,(Z) : T'], which is a contradiction. Hence, we obtain the statement. |

3.3. Weak correlation between Archimedean and residual distributions

In this subsection, we show that the Gaussian distribution and residual distribution of
modular partition functions are weakly correlated, i.e., non-correlated asymptotically.
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Let ¢ : T\SLy(Z) — Z and Q > 1 be an integer. Fora g € Z/QZ, let Q3, 7 be the
probability space {r € Qs | gy (r) = g (mod Q)} with the uniform density. Let gy be
the normalization of gy, i.e.,

Gy — My logM
8y ‘= T =
= VCy logM
where 1ty and Cy are given in Theorem A. The following result shows that the two

distributions of gy on 7,y are asymptotically non-correlated for a residual non-
coboundary :

Theorem 3.9. Assume that  (mod q) & B4(I', Z/qZ) for each prime q | Q. For each

xeR as M — oo,

(1) Plgy < x| Q] =Plgy < x| Q]+ o(D);

(2) Plgy =x. gy =g (mod Q) [Q2p,7]=Plgy <x|Qum,s] - Plgy =g (mod Q)[2,/]
+o(1).

Proof. For (1), it suffices to show that there exists y, > 0 such that for all w € C suffi-
ciently close to 0, E[exp(wgy) | Qﬁl,J] = Elexp(wgay) | Qur,7] + O(M™72). Set

Rw):= Y exp(wgy(r)).

g
reQy, g

Note that R(w)/R(0) = E[exp(way) | Q4 ;] by definition.
Using the orthogonality of the additive character ¢ — exp(2wit/Q), we have

R(w) = 1 Z e5E Z exp((ﬂt + w)g¢(r)).
Q teZ/QZ reEQn. g Q

Split the sum over ¢ into two parts, 1 = 0 and ¢ % 0 (mod Q). As in the proof of The-
orem B, from ¢ # 0 (mod Q) and the hypothesis on v, we get 2—5’1& g By(I',R/277Z).
Since w is near 0, from Proposition 3.4, for some 0 < § < 2, we find that

Z exp((%i + w)gv,(i’)) = O(M?%) ift # 0 (mod Q).
rEQM”/
In sum, R(w) = é > reqy , Xp(way (1) + O(M?), and hence

R(w)
R(0)

M8
— Efexp(wgy) | Q101 + 0( )
|21,7]

Since |Qp7.7] 3> M? by (3.3), we obtain the statement with y, = 2 — §.

For (2), a simple calculation gives
125,/
12,1

Using (1), we conclude the proof. ]

Plgy < x, gy = g (mod Q) | Qu,s] = Plgy < x | Q5,1
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In particular, we obtain the weak correlation for Archimedean and residual distribu-
tions of the length of continued fractions for Q7 ;.

Remark 3.10. Two special cases of Proposition 3.4, namely (1) any w near v = 0 in
Section 3.1 and (2) w = iv with v # 0 in Section 3.2, are sufficient for our main ends of
the present paper. Nevertheless, we still need the luxury of generality (any w near i v) as
it is indispensable for the proof of Theorem 3.9.

4. Distribution of modular symbols

In this section, we show that modular symbols are non-degenerate specializations of mod-
ular partition functions in both zero and positive characteristics. Using this, we deduce
distribution results for modular symbols from those for modular partition functions.

4.1. Involution on de Rham cohomology

Let H := {z € C | Iz > 0} be the upper-half plane, P! (Q) := Q U {0}, and H* :=
H U P!(Q). Let T be a congruence subgroup of SL,(Z) and Xt := I'\IH* the corres-
ponding modular curve. For two cusps r, s in P1(Q), we write {r, s}r for the relative
homology class corresponding to the projection to X1 of the geodesic on H* connecting
rtos. ForI' = I'i[(N), set {r, s}y = {r,s}r, V)

Let H le (XT) denote the first de Rham cohomology of X. We define an operator ¢ on
y € SL,(Z) and z € H* by

y':=jyj€SLy(Z) and z':=-Ze€ H".

As T is assumed to be normalized by j (e.g. I' = I'1(N)), the action of ¢ yields a well-
defined involution on Xt. Let S5(I") be the space of cuspforms of weight 2 for I". The
involution ¢ then acts on H  (Xr) =~ S>(T") & S,(T) by interchanging S»(T") and S, (T).
Moreover, ¢ is normal with respect to the cap product

N:H(Xr,Z) x Hy(Xr) - C, (¢Eo)-ENw = /a). 4.1)
£

The cap product can be interpreted as follows. For f € S>(T"), g € So(I"), and {r, s}r €
Hy(Xr,Q), set

N )
(oot = [ f@dz+ [ g@az @2)
r r
Then it is known that the pairing (-, -) is non-degenerate (see Merel [30]). Note that the

modular symbol mf (r) can be understood as the above pairing (4.2) between a relative
homology class {r, ico}y and the de Rham cohomology class ( f, F f*), respectively.
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4.2. Optimal periods

We discuss some preliminary results to study the residual distribution of modular symbols.
Let f be a newform of level N and weight 2. Let m be a maximal ideal of the Hecke
algebra T such that the characteristic of T /m is p and corresponds to f. There exists
a Galois representation pp, : Gal(Q/Q) — GL,(Ty/m).
Let C;(N) be the set of cusps on X1(N). Consider the (X;(N), C1(N))-relative
homology sequence

0 — Hi(X1(N),Z) — H{(X1(N),C1(N),Z) — Ho(C1(N),Z) = Z — 0. (4.3)

For a prime g with ¢ = 1 (mod Np), let D, = T, — q{(g) — 1. It was observed by
Greenberg—Stevens [14] that the operator D, annihilates Ho(Cy(N), Z) in (4.3). Let
Twn,m denote the completion of the Hecke algebra Txn at m. Since D, is a unit
in Tym if pm is irreducible, we conclude that H{(X;(N), Z)y is isomorphic to
Hi(X{(N),Ci(N), Z)m. For a Zp-algebra R with the trivial action of Ty, we have a
perfect pairing

H{(X{(N),R)m x H'(I'\(N), R)m — R. (4.4)

When R is given by C, the pairing is realized as the Poincaré pairing under the isomorph-
ismC, ~ C.

Let O be an integral extension of Z, including the Fourier coefficients of f. Assume
that N >3, p + 2N, and py, is irreducible. Then there is a Hecke equivariant isomorphism

8% 1 SH(T1(N), O)m = HY(T'1(N), 0)Z. (4.5)

It is the isomorphism mentioned in Vatsal [43].

Letwy € Hi(I'1 (), C) be the cohomology class corresponding to 27i f (z)dz. Using
the isomorphism (4.5) and the theorem of strong multiplicity 1, the periods Qj—[ € Cp can
be chosen (see Vatsal [43]) so that

QF8(f) = wf + . (4.6)

It is known that for a newform fg corresponding to an elliptic curve E over Q, the periods
Q}EE can be chosen as the Néron periods QZE of E.

4.3. Modular symbol as a modular partition function: Manin’s trick

We describe how the statistics of continued fractions enters our discussion on the distri-
bution of modular symbols.

Let f be anewform for ['g(N) of weight 2, i.e., a cuspform for I'y (V) with the trivial
Nebentypus. Manin [25] noticed that the period integral can be written as

Pi/Q;

r ¢ Lt pEi(r)oo
/0 f(z)dz = ;/ o f(z)dz = —ng f(z)dz

Pi_ i=1 i (r)-0
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with g;(r) = [IQJ’;:‘ :51; | if detg; (r) = —1. Setting g; = g;(r), we also get

1
jgij-oo

f(z) dz = Z / f(z)dz = Z / f(z)dz.

i=1 Pi_1/Qi— i=1 i&ij0

Pi/Qi

For u € To(N)\SL,(Z), define
1 u-00 juj-0o
Y7 (u) = oF (/uo f(2)dz £ /juj.o f(2) dz) € Qy.

By the definition of Cyys the modular symbols are expressed as

m,(r) = —Cy; (r). 4.7)
We observe that 1//fjE (uj) = :I:wjiIE (ju). Hence, we also get 1/f/2L (T'g;) = 1//;' (Tg;) and

whr) = 2L(1+f ) 4.8)

f

Let us use the optimal periods of Section 4.2 with the same notation in when we
study the residual equidistribution of modular symbols. By the previous discussion, one
obtains m}t (r) € O for each r. We define {‘fi : T1(N)\SL2(Z) — O by

& (u) := {u-0,u 00}y NE*(f).

Note that

mp(r) = —of B;f (r) and  wy(r) = —cg- (). 4.9)

Remark 4.1. The representation (4.7) is no longer true for g; (r). In fact,

gi(r)oc0 +P;/Q;
[ f2)dz = — / £(2)dz
&

gi(r)o +Pi_1/Qi—1

as g; = [iQ};’ ! i}: | for detg; (r) = £1 and hence

L

| r@a= [ rera= Y cvivrea.

i=1
which is not equal to B,/,j; (r) in general.
Remark 4.2. As far as we understand, Manin—Marcolli seemed to assert that the modular
symbols are expressible in terms of b wi As discussed in Remark 4.1, it is doubtful that

there is such an expression for wf A relevant mistake is that they regarded g;(r) as
an element of PSL,(Z), which is not the case if det g;(r) = —1 (see Manin—Marcolli
[26, p. 6, line 12]).
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4.4. Gaussian distribution: Proof of Theorem C

In this subsection, we prove the limit Gaussian distribution of modular symbols m}t on

QM-

Proposition 4.3. For any non-trivial f € Sy(T'o(N)), the function 1/ij|r (wf_ , resp.) is not
a b-coboundary (c-coboundary, resp.) over R.

Proof. First assume that 17 is a c-coboundary over R, so there exists # € R{T? such that
Ve () + vy [ 31 = Bw) — B[ §][ 7 &]) for all u and m,n € Z. Taking
m=n =0, we get ¥ (u) = —y (u) for each u and ¢ = [9 '] Furthermore, we
have ut- 0o = —u -0 and ut - 0 = —u - co. Hence, i (ur) = i (u). In sum, 21//f is
the zero function. On the other hand, Manin’s trick implies that the set of Manin symbols
{u-0,u - oo}, ) for u € I'o(N)\SL»(Z) generates the first homology group of Xo(N).
Since the pairing (4.1) is non-degenerate, we conclude that 1//;E are not trivially zero as
long as f" is non-trivial. This is a contradiction and hence ¥ is not a c-coboundary.

Assume that 1//}' is a b-coboundary over R, i.e., wjj' (u) = Bu) — Bu-[ 7" §]) for
all m and u. Let b : I'o(N) — H1(Xo(N), Z) by given by h(y) := {0,y - O}, n). Let
y € To(N). Note that {0, ¥ - O}, (vy = {00, ¥ - 00}y (). Since [ ] € To(N) for each
m € 7, we get

{00,y - 0obromy = {[67]-00. [0 7] OO}I‘O(N) = {00, [(1)7]7'00}FO(N)'

Therefore we have h(y) = {O, [(1) ’{’]y . O}FO(N) = h([(lJ 4 ])/) for each m € Z and hence
may assume that 0 <y -0 < 1.Lety -0 = [0;my,...,myg] and g; = g;(y - 0). Note that

mi

gi[_l (l)] = gi—1 with go = I. Then

-0 -0 L
h) Ny +op) = | f()dz+ /0 f@)dz =) yf(To(N)&)
i=1
£
=Y (B(To(N) - gi) — B(To(N) - gi[ 77 31)) = B(To(N)gc) — B(To(N)).

i=1

Observe that 1//f+(u) = wjj'(—u) and w;rﬁu) = wjj'(uj) for all u. By Proposition
2.5(2), we know B(ju) = B(uj) for all u. In particular, B(To(N)ge) = B(To(N)gy).
Note that y - 0 = gy - 0, i.e., g¢ € yL. Since § is L-invariant, we get S(I'o(N)g,) =
B(To(N)y) = B(Lo(N)). In sum, h(y) N (wf + a)}) = 0forall y € I'g(N). Since it is
well-known that £ is surjective, we conclude from the non-degeneracy of the pairing (4.1)
that f = 0, which is a contradiction. [

Proof of Theorem C. By the expressions (4.7) and (4.8), the distribution of modular sym-
bols follows the ones of the modular partition functions b vt and ¢y . Now Theorem C
follows from Theorem A and Proposition 4.3. ]
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4.5. Residual distribution: Proofs of Theorems E and D

In this subsection, we establish the residual equidistribution of the integral random vari-
able mE on Q.4 s and non-vanishing of special L-values.
First, we need the following:

Proposition 4.4. Let w be a uniformizer of Q. Assume that N > 3, p 2N, and py
is irreducible. Let f % 0 (mod @w). Then {;‘ (mod @) ({j? (mod @), resp.) is not a b-
coboundary (c-coboundary, resp.) over O [/ (w).

Proof. First assume that CJZ (mod w) with {j:(u) ={u-0,u-icoly NEE(f)is a c-
coboundary over @ /(w). As in the proof of Proposition 4.3, for each u, we get ZJZ (u) =
—g“;(ut) with the action of ¢ on §%( f). Moreover, we have Cj?(ut) = §]7 (u) using the
action of ¢ on 0 and i co. In sum, we get 2{; = 0 (mod @ ). On the other hand, the Manin
symbols generate the first homology group of X;(N). Therefore due to the perfectness
of the pairing (4.4), the congruence §17 = 0 (mod ) implies that §~(f) = 0 (mod 7).
However, this is forbidden by the hypothesis using (4.5), and we conclude that §f_ is not
a c-coboundary over O /(w).

Assume that Zf (mod @) is a b-coboundary over @ /(w), i.e., there exists a function
B € (0/(w))T1M) such that é'f+(u) = Bu) — Bu- [‘1’” (1)]) (mod @) for all m and
u € T1(N)\SL2(Z). Set k(y) := {oo,y - oo}y NET(f) € O for y € T1(N). As in
the previous proof, from the observation that é‘/j' u)=¢ f+ (—u) and é‘; (Gu) = é’;‘ (uj) for
all u, we conclude that k(y) = 0 (mod @) for all y € I';(N). Using the non-degeneracy
of the pairing (4.4) and the isomorphism (4.6), we obtain f = 0 (mod @), which is a
contradiction. This finishes the proof. ]

Proof of Theorem E. By the expressions (4.9), the residual distribution of modular sym-
bols follows the ones of the modular partition functions b ¢F and cr Now Theorem E
% :

follows from Theorem B and Proposition 4.4. ]

Proof of Theorem D. Letc < 1— /1 —5(1 — 1) Let (Z/nZ)* be the set of Dirichlet
T p
characters modulo # that are even or odd according to the parity =£. Set
T ={1<n<M|3ye@/n)s. Ap(x)#0 (mod p' Hor@m)y

The statement follows once we verify that #Tﬁ > ¢ M for all sufficiently large M . Assume
the contrary, i.e., #TjalE < ¢M for infinitely many M. Then for each n & Tﬁ with 1 <
n <M andm € (Z/nZ)*, we obtain

D TmAE() =0 (mod p! @),
Xe@/nZ)%
Then for all r € X, with n & T3%, we obtain m%(r) = 0 (mod p). Hence,
1

> ¢(n)<% > b, ie. > ¢>(n)>(1——) > o).

l<n<M l<n<M neTx p l<n<M
+ M
n&T
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Since #TflE < ¢M, the LHS is smaller than or equal to

1
Y ons< Sa-a —c)>)M?2.
M—cM<n<M
Note that limas— e # ZnsM o(n) = % Hence, (1 —¢)2 <1 — %(1 - %), contra-
dicting the choice of c. ]

Remark 4.5. It seems that it is currently not doable to deduce an estimate on

# |J  xe@/nD)* | Ap(n) #0 (mod p). x(~1) = £1}
n<M, pt¢(n)

from the previous proof or a similar argument since the set {n < M | p } ¢(n)} is too thin
as its size is asymptotic to M (log M)~/ =1 (see Spearman—Williams [39]).

Remark 4.6. It is worth mentioning previous research on residual non-vanishing of
L-values. The ergodic approach to Dirichlet L-values has been extensively generalized
to the study of anti-cyclotomic twists (for example, see Hida [18], Burungale—Hida [8],
and Vatsal [44]). Meanwhile, until now, there has been no notable analogous progress for
modular L-values with cyclotomic or Dirichlet twists except a few cases. The first non-
vanishing result goes back to Ash—Stevens [1] and Stevens [40] for a large class of char-
acters. Kim—Sun [21] recently obtained a non-vanishing result for a positive proportion
of characters y of £-power conductors with a prime £ # p. However, all of these results
are based on the classical arguments and their improvements. It is also worth mentioning
another ergodic approach to Dirichlet L-values proposed recently by Lee—Palvannan [22].

Using Theorem 3.9, we present an answer to Mazur’s question on weak correlation
between Archimedean and residual distributions of modular symbols:

Theorem 4.7. Assume that p, , is irreducible and p ¢ Ng. For x € R and a € 7/ p°Z,
as M — oo, we get

]P’Enf <x, mf = a (mod p®) | Qu.s]

=PlwmE < x| Qu.s]-PlmE =a (mod p¢) | Qar.7] + o(1).

5. Skewed Gauss dynamical systems

The remaining part of this paper will be devoted to explaining in detail how Proposi-
tion 3.2 can be obtained. We first present an underlying dynamical description for modular
partition functions motivated by the work of Baladi—Vallée [3].

5.1. Skewed Gauss map
Recall that the skewed Gauss map T on I x I'\GL;(Z) is given by

T(x,v) = (T(x). o[ @ 1])
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and the skewed Gauss map Tonlr =1 x I'\SL,(Z) is given by
T(x,v) = (T(x),v- [_mi(x) (1)])

Let K°(my, ..., my) be the open fundamental interval associated with the digits m;,
in other words,

K°(myq,....,my) ={[0;my,...,mg+x]|0<x <1}
An easy observation is that
TYK (my,....mg) x {v}) = (0, 1) x {v-[Tm [ 1]...[ ™ ]h 5.0)

It can be easily seen that T and T are measure-preserving and in fact ergodic with
respect to the product measure of the Gauss measure and the counting measure on the
skewed Gauss dynamical systems (/I x I'\GL»(Z), T) and (Ir, ’f‘), respectively. How-
ever, measure-theoretic properties will not be investigated in this paper as we restrict our
attention to topological properties.

For a dynamical system (X, f), the map f is called topologically transitive if for
any non-empty open subsets U and V in X, there exists a positive integer L such that
FL(U) NV # @; and topologically mixing if f*(U) NV # @ foralln > L. Notice that
if f is topologically mixing, then it is topologically transitive.

Proposition 5.1. (1) The map Tonl T is topologically mixing.

(2) For any sequence (x,,vy,) in I, the set Un31 T (xn, V) is dense in It.

Proof. (1) Take any non-empty open sets U and V' in Ir. One can assume that U is
of the form (a, b) x {u} for some 0 <a < b < 1 and u € I'\SL,(Z). Since the Gauss
map T has the strong Markov property, i.e., T([m+r1’ %)) =[0,1) for all m > 1, we
have T"(a, b) = I for all sufficiently large n. Once we have the full image on the first
coordinate, we obtain all the elements in the skewed component at all sufficiently many
iterations as well using Proposition 2.4. Hence we conclude that T ouynv=Irnv
# @ for all sufficiently large n.

(2) Let V be an open subset of /. We may assume V = K°(ay,...,ax) X {u}. By

Proposition 2.4, there exists L > 1 such that for all £ > L,
—a; 1 —ay 1 —mp 1 —mge 1
”'[ T 0]"'[ 1 o]'[ T 0]"'[ rlngo] = Un
for some m, ..., my. Then, by (5.1), we have (x,,v,) € T”(V) when n > k + L. Hence,
we get the second statement. ]

Remark 5.2. In a similar way, one can show that T is also transitive. However, it is easy
to see that T is not topologically mixing for any subgroup I" of SL,(Z).

5.2. Inverse branches
Let Q be the set of inverse branches of T, that is,

Q:={qm | m € Zz1}
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where an inverse branch q, : I x ['\GL,(Z) — I x I'\GL2(Z) is given by

1 0 1
qm(x,v)=(erx,v[1 m]) (5.2)

Let F C Q be the final set that consists of the branches corresponding to the final digits of
continued fractions. In other words,

F:={qn | m=>2}.

5.2.1. Basic setting. For n > 1, denote by Q°” the set of inverse branches of the n-th
iterate T",

Q" :=Qo--0Q={gm, °m,_,; © -0 Qm, | M1,...,mp > 1}

and Q°% := {id,.}. Also, set
Qoo = U Qon‘

n>0

The index n is called the depth of inverse branches. For an inverse branch q = q;,,,, -+ 0
Qsm, © Qm, of depth n and i < n, define the i-th part q® of q to be

q” :==qu; 0 0qm, 0qm, =T" " 0qe Q.
For a branch q(x, u) = (y(x),ug), let m;q be the i -th component of q, i.e.,
miq(x,u) ;= y(x) and maq(x,u) ;= ug.

5.2.2. Definitions for b and c. Let q € Q% be given by q(x,u) = (y(x), ug) for some
y(x) and g € GLy(Z). Then for v € T'\SL,(Z), define

4(x,v) == (y(x),vg) = (y(x),v- ).
These functions constitute the set of inverse branches of i‘, denoted by Q We also set
q(x,v) == (y(x),vg).
It can be easily checked from the action of GL;(Z) on I'\SL,(Z) that for all p,q € Q*°,

— A~

pogq=poqg and G¥ =q® = T o q. (5.3)

For q € Q o Q, the map m,(q is now just the right action of SL,(Z) by the relation (2.3).
Therefore, if q is of even depth, then § = q = q|;- and for all p € Q*° we obtain

—_— ~ o~

pogq=pod. (5.4)

In particular, forq € Q°*” and 1 <i < n,

6(21') — (;(37) — (r’]‘wZ)n—i Oﬁ and (;Z;—_l/) — v'f« ° (r’I\Z)n—i Oﬁ.
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5.2.3. Specialization. It can be easily seen that there is a one-to-one correspondence
between Q N (0, 1) and F o Q*° given by

r=1[0;my,....,mg] = Qqr :=Qqm, 00 Q,

withmq,...,my_1 > 1and my > 2.

Proposition 5.3. Foreachr € Q N (0, 1),

q-(0.T) = (r*.Tg(r). @ (0. 1) =("Tgr). @ (O.I)=(0"Tgr). (65

Proof. We get nzqg)(l’) = I'g;(r) from the expression

qmn o an_l ©---0 (Iml (07 F) = (Qél

Te(0:my.. .,mn]))

n

where P,/ Q, = [0:my,...,my] and Q,—1/Qn = [0;m,,, my—1, ..., m1]. This finishes
the proof. ]

5.3. Branch analogues of modular partition functions

In this section, we introduce the branch versions of modular partition functions, which
liaise between the Dirichlet series and the corresponding transfer operators in Section 6.

For a function ¢ on I'\GL(Z), let us abuse the notation a, to define a branch ana-
logue of a,(r) in an inductive way by a,(q) := a, (q®D) + ¢ o m,q for each q € Q°",
n > 1, and a,(id7-) := 0. Similarly, we define

by (@) := by (@) + ¥ 0 maq,
ey (@) =y (@) + ¥ omaq
forq € Q°*, n > 1, and a function ¥ on I"'\SL>(Z). We also set by, (id;.) = ¢y (id;.) = 0.

Proposition 5.4. For r € Q N (0, 1), we have a,(r) = au(q-)(0, I'), by(r) =
by (q-)(0,T), and ¢y (r) = ¢y (q-)(0,T).
Proof. It is immediate from the definitions that a,(q) = Y 7, ¢ © 12q®, by(q) =

ST Y omq®, and ¢y (q) = Y7, ¥ o mq® for q € Q°”. From (2.4) and (5.5), we
obtain the statement. [

Remark 5.5. Since q € Q% is completely determined by m1q, the value by (q) also
depends on q. In fact, one can define G¥) as a product of q,,’s and hence define b(q)

analogously. Since G[r2q¥ (v)] = Gu is equivalent to 7,q“ (v) € u, one can conclude
that by (q) = by (Q).

Remark 5.6. One may want to define @) as a product of q,,’s and hence to define ¢(q)
analogously. However, due to the absence of an analogue of (5.3), the i-th part ® is not

equal to ¢ in general. Instead, using (5.4), we can give a new definition for c(q), which
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is equal to c(q). Since the variable c¢(q) is enough for our discussion, we are not going to
pursue this direction. Note that ¢, (q) is also completely determined by q. Hence, we also

set ¢y (q) := cy (q) for q € Q.

6. Transfer operators

The transfer operator is one of the main tools for studying the statistical properties of
trajectories of a dynamical system. Ruelle [35] first made a deep observation that the
behavior of trajectories of dynamics can be well explained by the spectral properties of
the transfer operator. In this section, we define weighted transfer operators corresponding
to modular partition functions and several miscellaneous operators necessary to obtain the
desired relations between Dirichlet series and operators.

We use the notation

(T) := I'\GL2(Z) or T'\SL,(Z),
according to the symbol a, b, or ¢ under discussion. We also set
X =Xr :=1x(I).
For a set A, let A{T? be the set of all maps from (I') to A. Fora ¢ € C‘T), we set

v =n+il forn,é'e]R(F).

6.1. Branch operators

In order to represent Dirichlet series, we first obtain expressions for the iterations of the
transfer operator by studying a component of the operator, which corresponds to the con-
tinued fraction expansion of a rational number in (0, 1).

For s € C and ¢ € C‘T) the branch operators for g are defined by

3;1,1#\11 := explay (q)]|071q|* ¥ o q,
B, 1= explby (q)][d719] ¥ 0 §.
BY, W = expley (@)]|dm1q]* ¥ 0 §

for q € Q% and W € L°°(X). Here 07 q is the derivative of the first component of . We
have a multiplicative property:

Proposition 6.1. (1) Forpy,...,pn € Q® and q = p, o--- o pz o p1, we have
!8;1,11, = 58;’"11, 0--+0 58;”"1'/, and ‘BA;],IP = 58/\511/, 0--+0 SBA;”:/,
(2) Forp,q € Q> with q of even depth, we have

24°P _ QP 24
£S,w = (Bw, ) i)’s’w.
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In particular, forq =p, 0 pp—1 0---opy withp; € Q™ of evendepthfor1 <i <n —1
and p, € Q U Q°2, we have
Byy = Byly oo By
Proof. For the first statement it suffices to show that 8% , o B{ sV = B W for all
P. q € Q. This is just a consequence of the identity ay (p) + ¥ o mpqop = ay(qop)
and the chain rule. Similarly, we obtain the statements for b and ¢ from (5.3) and (5.4). =

From Proposition 5.4, we obtain the relation between a term in a Dirichlet series and
an evaluation of a branch operator, both of which correspond to a rational number:

Corollary 6.2. Forr € Q N (0, 1), we have

BY,W(0.T) = explay (N]Q(r) 2 W(r*, Tg(r),
BY, (0.T) = exp[by (N]Q(r) > &(r*, T(r)),
BY, ®(0.T) = expley (N]Q(r) > &(r* . TF(r)).

For later use, we also record:

Proposition 6.3. Serting "I\}ﬂ/,(x, v) ;= slog|x| + ¥ (v), for q € Q°" we have
n—1 )
i)’g,w\ll = 3(11’0 [exp(Z Yos—2,y © T’)\IJ].
i=0
Setting Ts,w(x, v) :=slog|x|+ ¥ (v) + V(2 T(x, ), for q € Q°2" we have
B, = B [exp (Y Tosay o T ].
i=0

Proof. The first statement follows from the chain rule and the expression by (q) =
Z;’;& ¥ o mo(T! o q) for q € Q°*. The second one follows from

2n — n—1
@ =) Yomq? =) (¥ +yomT)o (T o)
i=1 i=o
for q € Q°2". n

6.2. Transfer operators

In this section, to put more emphasis on iterations, we express transfer operators in terms
of branch operators rather than, as in traditional interpretations, the so-called density
transformers associated to dynamical systems.
For s € C and ¥ € C‘T), the transfer operator for the variable a can be written as
_ q . . .
Loy = ZqEQ Bsn//' It is a weighted transfer operator associated to the skewed Gauss
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map T. Using (5.2), we can rewrite the operator in a more explicit way as

exp[l/f(v[?r}l])]\p( : U[O 1])

(m + x)?s m+x [l m

Loy¥(xv) =)

m>1

for U € L°°(X). It can be easily observed that this series converges absolutely for
s > 1/2. The transfer operator for the variable b is defined as

Loy = Z Byy-
q€Q
It is a weighted transfer operator associated to T, which can be written as

exp[v?(v[?,z])]q,( ! v.[O 1])

(m + x)?s m+x’ 1 m

fs’,/,llf(x, v) = Z

m>1
Our discussions in Sections 5.2 and 6.1, especially the expression (5.4) and Proposi-
tion 6.1, lead us to define
MS,V/ = Z BE,W'
pEQoQ
It is a weighted transfer operator associated to T2 = T2 which equals the restriction of T2
to It. Explicitly, we have
M,y P(x, V)

Zexpw(v[mj)w(v[;lfmn])]@( ! [1 n ])

U
(1 4+ mn+ mx)s ”+m+rx m 1+ mn

m,n>1
It can also be easily checked that the series converges absolutely for s > 1/2.

Remark 6.4. For the variable ¢, one may want to define the transfer operator for ¢ such
that L5,y 1= e !8;11/,. However, due to the absence of a c-analogue of (5.3), it seems

unlikely that Ly, ; (s, ¥) is expressible in terms of £ S

Remark 6.5. Note that Mj y is not equal to f? > but we have Mo = cf? 0

6.3. Final operators

The final operator for a is defined as

Fo =) Bd,.
qeF
We can also define the final operator for b by
Fop = Z ‘@g,w

q€F
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and the final operator for c by

Fowi= ), By
pE(FoQ)UF

6.4. Interval and auxiliary operators

To deal with distributions over intervals, we need an operator, called an interval operator,
which corresponds to most of rational numbers in the interval; to deal with the missing
rational points avoided by the interval operator, we devise an auxiliary operator.

We first give a preliminary result on structures of intervals. Recall that

K°(my,...,my) ={[0;mq,....,my +x]]0<x < 1}.

Observe that

Ko(my.....my) = | | K°(my.....mp. k) U{[0:my. ... omy K] | k> 1} (6.1)
k=1

For an integer n > 1, we define a collection A}, of open fundamental intervals inductively
as follows:

(1) Let A] be the collection of (consecutive) open fundamental intervals of depth 1 that
are included in J.

(2) Suppose A;. has been defined for 1 < j < n. Then A}, is the collection of open
fundamental intervals of depth n + 1 that are included in J \ U?=1 Uken K.
J

Obviously A!, # @ for some n.
The following is useful when we discuss the convergence of interval and auxiliary
operators.

Proposition 6.6. Let J = (a,b) € (0,1). Leta = [0;uq,uz,...] and b = [0; vy, vs,...]
be the (possibly finite) continued fraction expansions. When n is even,

Al CA{K (uy, ... up—1,k) |k = up + 1} U{K®(v1,...,0p—1,k) | 1 <k < v,}.
When n is odd,
A:; g {Ko(ulv"'vun—15k) | 1 Sk E un}U{Ko(vl""*vn—lvk) | k Z Un + 1}

Proof. Suppose that ¢ € (0, 1) has a (possibly finite) continued fraction expansion ¢ =
[0;m1,m5,...] and let P,/ Q}, be the n-th convergent of c. It is well-known that for any
n,m > 1wehave P2,/ Q2n < ¢ < Poam—1/Qom-1.

Letn > 1 be an even integer. The leftmost open fundamental intervals of depths n — 1
and n that are included in an interval (c, 1) are respectively

K°(my,...,my—y) and K°(my,...,mu—1,my + 1).

Note that the left end points of these intervals are P,—1/Q,—1 and %, respectively.
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Then it can be easily seen that the open fundamental intervals of depth n that are included
in an interval (¢, P,—1/Qpn—1) are K°(my,...,my_1,k) fork > m, + 1.

The rightmost open fundamental intervals of depths n — 1 and # that are included in
an interval (0, ¢) are respectively

K°(mq,...,my_o,my_1+1) and K°(mq,...,my).
Note that the right end points of these intervals are % and P,/Q,, respect-
n— n—
ively. Then the open fundamental intervals of depth n that are included in an interval
(%, c)are K°(my,...,my—_1,k) for 1 <k < my. Insum, we obtain the desired
n— n—
statements.
The arguments for odd 7 are similar. ]
For an open fundamental interval K = K°(mq,...,my), we define

4K ‘= qm, © - °qm, -

Later, we shall only need fundamental intervals of even length (see Remark 6.8). Having
in mind the identity (6.1), set

A if n is even,
" K. k) | K €Al k>=1} ifnisodd,

where (K, k) := K°(mq,...,myu, k) for K = K°(my,...,my). Then set

Qy = {qK ) K e UA,,}.
n>1
In particular, Qg = {qg} for an open fundamental interval K if K is of even depth, and
Qx ={qr oqk | k > 1} = Qo qx if K is of odd depth. Therefore, all the branches in Qs
are of even depth.
Set

Up=J |J K and V;:=J\Uj.

n>1KeA,

Note that V; is a countable set of rational numbers that consists of the endpoints of all
K € |U,>1 An except the boundaries of J. Set

0Qs :={q, | 7 € Vy}.

Let s € C and n € C‘T) with sufficiently large %ts and small max |n|. We define an
interval operator and an auxiliary operator for a as

D], => 8}, and X/, = > 8}, (6.2)
q€Qy qedQy
respectively. Similarly, we define an interval operator and an auxiliary operator for b as

N — o o o
D], =Y B8, ad X, := > B}, (6.3)
qeQy q€0Qy
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We also define an interval operator and an auxiliary operator for c as

D], = =y £ and K, = > fgg,/,. (6.4)

q€Qs q€0Qy

These operators are well-defined for s > 1/2:

Proposition 6.7. The series in (6.2)—(6.4) are uniformly convergent for Rs > o for any
0o > 1/2. Hence, they are analytic in the region Rs > 1/2.

Proof. We first consider the interval operator in (6.2). Let J = (a, b). Let p,/q, and
P,/ Oy be the convergents of a and b, respectively. From Proposition 6.6, for fs =
o > 1/2 and a bounded function W we obtain

1
i’}qK‘Ij < ( )
K;n Z (qn- lk + gn— 2)2(I (Onk + Qn_1)20
< l 1 + !
20 — 1 QZU

1 1 1
D],V « (— - )
s, 20 — 1 Xn: q%a Q%U
The latter sum is either finite or a convergent series for o > 1/2 since ¢,, O, > n.

For (6.3), it suffices to observe that for a bounded function ® and a branch q, we have

188, @llo < 182,110 - 1@]l0

Hence,

a.no
where ng is the constant function max |[RHy| and 1 = 1 ® 1. By following the previous
calculation for @S{ v We obtain the statement. A similar argument is applied to (6.4).

For the auxiliary operators, we observe that for r € Vy, there are at most two K, K’
in Un A, such that r is their common endpoint. Then q, = qx or qkx’. Hence, we can
obtain the statement from the observation that || X SJ +Plo =2 ID({, 21¥| [lo for a bounded
function W. The discussions for the other operators are similar. ]

Remark 6.8. One can define the operators i)S{ v JDS e K7 S K7 " by using A}, as well.
However, we have no choice but to use A, to define the operators for ¢ since Proposi-
tion 6.1 holds only for branches of even depth.

6.5. Key relations for Dirichlet series

In this subsection, we present an underlying connection between the transfer operators of
the skewed Gauss dynamical systems and Dirichlet series.

Recall v = n + i{. Observe that for s > 1 + C%X"’l (for the definition of c, see
(3.2)), the Dirichlet series for a can be written as

(™. Tg(r)) exp(ay (r))
2 o(r) '

One can easily obtain similar expressions for b and c.

Ly (. 9) = (6.5)

reQnJ
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In Theorem 8.5, it will be shown that the quasi-inverses (4 — £5,4) 7", (4 — fs,w)_l,
and (4 — Ms,y )" are well-defined as geometric series of operators when (o, 1) is close
enough to (1, 0); in the remaining part of this section, we assume this. Then a portion of
the sum (6.5) can be described as follows:

Proposition 6.9. For an open fundamental interval K and a bounded function V on
I x I'\GL,(Z), we have

DL, = Loy) ' Foy¥O.T) = >
reQnNkK
For a bounded function ® on I x I'\SL,(Z), we also have

®(r*, T'g(r)) exp(by (1))

(™. Tg(r)) exp(ay (r))
0(r)*

DK, 4 — L) Foy@O.T) =

> ,
reQnNkK Q(r) *
~ 1 O(r*,I'g(r)) exp(cy (r))
K 1 _ ¥
DE, (0= Msy) ' Foy®0.T) = 00
reQNK
Proof. Letn > 0 be an integer. From Proposition 6.1, we obtain
DX, &1, FoyvO. D)= > 81,00
qEFoQ°0Qk

Since r > q, is a one-to-one correspondence between K N Q and F o Q*° o Qg, and
Q(r) = Q(r*), we obtain the first statement by Corollary 6.2. The proof for the second
statement is similar. For the third statement, with Proposition 6.1, we have

Dy My Foy®0.T) = Y BY,®(0.T)
q

where Zq means summation over q € F o (Q°2" o Qk) U (F 0 Q) o (Q°2" 0 Qk). By the
correspondence Q N K — F 0 Q% o Qg, we obtain the statement from Corollary 6.2. =

Finally, we establish the following explicit expressions for Dirichlet series:

Theorem 6.10. Let ¥ be a bounded function on I x T\GL3(Z), ® a bounded function
on It, and Rs > 1 + %"l”l Then

LY ;(2s:9) = K], W0, T) + D], (4 — Lsy) ™ Fiy WO, 1),
Ly ;C2siy) = K, ®0,1) + D], (4 — £44) 7 F5,y (0, T),
LY 2s:9) = K], @0.T) + D], (9§ — My )™ 5,4 2(0.T).
Proof. From the correspondence V; — 0Qy, as in the last proof, we get
W(r*, I'g(r)) exp(ay(r))
KX, w(0,T) =
VO = 2 0>
J

We also have similar expressions for b and c. Note that there are one-to-one correspond-
ences QN Uy - FoQ>®o0Qy and V; — dQy, given by r + q,. Now Proposition 6.9
and the disjoint union J = Uy U V; enable us to conclude the proof. ]
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Remark 6.11. Instead of using the interval operator, one might want to choose for ¥ a
product of a smooth approximation of J and the function ¢ to study Q74 . A prob-
lem is that no relation is known between cy () and cy (r*), in general. However, there
is a relation between mf (r) and mf (r*), called the Atkin—Lehner relation (see Mazur—
Rubin [29]). We tried this direction and were only able to obtain a partial and unsatisfact-
ory result. One advantage of introducing the interval operator is that the Atkin—Lehner
relation is unnecessary.

7. Spectral analysis of the transfer operator

In this section, we present a dynamical analysis of the transfer operator associated to the
skewed Gauss dynamical system.

7.1. Basic settings and properties

For the remaining part of the paper, we write s := o + it € C with o, ¢ € R. In order to
discuss all the modular partition functions simultaneously, we set

g:=a,b, orec.

We use the symbol

st,w = is,w, is,v,, or MS,I[/
according to the choice of g. Since by, and ¢y, are also functions on the inverse branches
of T and T2, respectively (Remarks 5.5 and 5.6), let us use B to represent the branches:

B:=Q.Q. or Q2

according to the choice of g. Note that for ¥ € C ! (X), the transfer operator can be written
as

Hsy® =) explay (p)]|dmip| W o p.
peB

Here ay (q) = ¥ o maq and by, (q) = ¥ o 54 for q € Q. For p = p, o p; € Q°2, we get
cy(p) = ¥ o map1 + ¥ o m2Pp.

Recall that J#; 4 acts on the space C'(X) = {¥: X — C | ¥ and 9V are continuous}
where 0 is the partial derivative with respect to the first coordinate, dW (x, v):= % W(x,v).
The space C!(X) is just a finite union of C ! (7)’s and its elements are linear combinations
of tensor type (f ® g)(x,v) := f(x)g(v) for a function f on I/ and a function g on the
set of right cosets of I'. It is a Banach space with the norm

Wil = 1%llo + 18¥lo.

It is easy to show that the operator acts boundedly: For ¥ € C!(X) and (o, n) in a small
compact real neighborhood B € R x R{I" of (1, 0), we have

[Hon ¥l <z [|¥]1 (7.1)
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7.2. Geometric properties of the skewed Gauss dynamical system

We study the spectrum of our transfer operator in a later section. This will be done by
applying the metric properties of the set Q of inverse branches of T based on the following
geometric properties of the Gauss dynamical system.

We define the contraction ratio as

) 1/2 ifg=aorb,
|14 ifg=c,

We remark that the p from Proposition 3.2 is given by the contraction ratio.

Proposition 7.1 (Baladi—Vallée [3]). For any branch q € B°" forn > 1, we have:

(1) (Uniform contraction)

[dm1qflo < p".
(2) (Bounded distortion)
327'[1 q
< 1.
omiq |
Proof. This is a mere translation of the results of Baladi—Vallée [3, Section 2.2] or Naud
[31, Lemma 3.5] in our notation. [

We recall the UNI property for the Gauss dynamical system established by Baladi—
Vallée [3]. For any n > 1 and for two inverse branches p and q of T”, their temporal
distance is defined by

A(p.q) := igl(flanp,tﬂ
where the map I, q on X is given by

[0 p|
|01q|

Ipq:=1lo

Proposition 7.2 (Baladi—Vallée [3, Lemma 6]). The skewed Gauss dynamical systems
satisfy the UNI condition:

(1) Let m be the product of Lebesgue measure on I and the counting measure on the
right cosets of T'. For0 <a < 1,n > 1, and p € Q°", we have

m( U a) <o

quon
A(p,q)<p*”

where the implicit constant is independent of a, n, and p.

(2) We have
sup ||82Hp,q||0 < 00.
p,q€Q>

7.3. Dominant eigenvalue and spectral gap of the positive transfer operator

We describe the spectrum of the positive transfer operator #, , acting on C!(X). We
begin by stating the following sufficient condition for quasi-compactness, due to Hennion.
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Theorem 7.3 (Hennion [15]). Let H be a bounded operator on a Banach space X,
endowed with two norms || - || and || - ||, and suppose that H({¢p € X : ||¢p|| < 1}) is
conditionally compact in (X, || - ||'). Suppose that there exist two sequences of real num-
bers ry and t,, such that foranyn > 1 and ¢ € X,

17"l < tullpll” + rallll. (72)

Then the essential spectral radius of K is at most liminf,_, r,} /n

In the theory of dynamical systems, inequalities of the form (7.2) are often said to
be of Lasota—Yorke type. They enable us not only to show quasi-compactness of #; , on
c! (X), but also to obtain an explicit estimate for the iterates, which is a crucial ingredient
for the uniform spectral bound in Section 8.

The main estimate for norms of our transfer operators is controlled by geometric beha-
vior of inverse branches of the Gauss map. For example, we have the following result.

Proposition 7.4. Let B be the neighborhood of (1,0) as in (7.1). If B is small enough,
then for (0,1) € B the following hold:

(1) Foranyn > 1 and ¥ € C'(X), we have
1075, Vllo <5 lol¥lo + p" 9% [0
(2) The operator Hs on C1(X) is quasi-compact.

Proof. By Proposition 6.1, for n > 1, the iteration is of the form

HE W =Y explg,(p)]|dmip|”Wop.
peB°”

Then differentiation gives

10271 p|
[0 p|

032, 0 = 3 explay )] (0|3ﬂ1p|”

-Wop+ |0mp|®dmp 0P o p).
P

By uniform contraction in Proposition 7.1, we obtain the first statement.

Notice that the embedding of (C1(X), | - ||1) into (C'(X), || - |lo) is a compact oper-
ator, since I is of finite index in SL,(Z). Hence by Theorem 7.3 and the first statement,
we have the second one. u

We collect the spectral properties of #,, ;. We mainly refer to Baladi [2, Theorem 1.5]
for the general theory.

Proposition 7.5. Let B be as before. For (o, n) € B, set

NI n 1/n
Aoy = nll)ngo ”‘%o,nl”o .

Then:
(1) The value A is the spectral radius of Hg., on C1(X) with || - ||.
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(2) The operator Hs y has a positive eigenfunction ®q 5, with eigenvalue Ag y. In partic-
ular, @1 9(x,v) = m and Ay = 1.

(3) The eigenvalue Aq,y is of maximal modulus, positive, and simple.

(4) There is an eigenmeasure |iq,y of the adjoint of ¥ that is a Borel probability meas-

ure with fX by, ditg,y = 1 after normalizing g, suitably. In particular, |11, is
equivalent to Lebesgue measure.

Proof. Even though the proof is almost the same as in [2, Theorem 1.5], we sketch it for
the reader’s convenience. See also Baladi—Vallée [3] and Parry—Pollicott [33] for more
details.

(1) Using Proposition 7.4 (1), it can be shown that the spectral radius of H#; , on
C1(X) with || - || is less than or equal to A4,,. We also have

Tim ||, e Tim_ || % n A" = Tim_ || % Ja ([P

which implies the statement.

(2) Let Ao = Ag,5, A1, ..., Ag be the distinct eigenvalues of maximal modulus. Then,
by spectral projection, there exist ¥, ¥; € C!(X) such that1 = \IJ—i—Ze —o V), | H5 ¥l
= 0(A}), and ¥; is in the generalized eigenspace for A;. By analyzing the Jordan normal
form of #,,, on the generalized eigenspace, it can be shown that there exists an integer
k > 0 such that for each j = 0, ..., £, the following limits exist:

1
lim Jf”lIJ—CD

n—00 A”nk
Then H#H;, ®; = A;®; foreach j =0, ..., £ and at least one ®; is not trivial. In sum,

o'V

0<% T —0(1)+Z( 0) xnnk'

From this inequality, using a version of the orthogonality relation:

1 %(Aj)"_{l if A, = Ao.
M =1 Ao o(1) otherwise,
we deduce that the function @ is non-negative and non-trivial.
Suppose that @y (xg, vg) = 0 for some (xg, vg) € X. For each n > 1, we have

0= Hy, Po(xo,v0) = Y explay (P)]|d1p(x0, v0)|” Po(P(xo, Vo).
PeBOﬂ

Since the weights exp[g,(p)]|dm1p(xo, vo)|? are positive, Po(p(xo, vg)) = 0 for all
p € B°". The density result of Proposition 5.1 (2) and continuity of ® result in a con-
tradiction. Hence, we obtain the statement with ®, , := ®.

It is a classical result that ®; o(x, v) = log(2(++1)) is an eigenfunction of £ and

£ 1,0 with eigenvalue 1 of maximal modulus. For M v, recall that My, = f% o
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(3) The first two claims come from the definition of A, . For geometric simplicity, let

: : — i f G : — Y(xo.v0)

W be a eigenfunction for A¢ and set 7 := min {% | (x,v) € X} Since t‘ = %
for some (xg, vg) € X by continuity, we conclude that ¥ = ¢ @, using a density argument.
For algebraic simplicity, assume that for a non-trivial ¥ € C!(X), one has
(Hop — Aod)* ¥ = 0 and & := (Hgy — Aod)¥ # 0. Then H} W = AfW¥ + nAj~' @,

and we deduce a contradiction from
-1 -1
[#5 5 ¥llo < (|5, PonllollPsrn¥lo = A5l D5 ¥llo-

(4) Extending the functionals on the eigenspace for A5, to C'(X) using a spectral
projection, we obtain a positive Radon eigenmeasure of the adjoint, which corresponds to
a Borel probability measure on X . Normalizing suitably, we obtain the statement. ]

We show the uniqueness of the eigenvalue of maximal modulus.

Proposition 7.6. Let g = b or c. Then, for (o,1) € B, the eigenvalue Ay 5 is unique, i.e.,
Ho,y has no other eigenvalue on the circle of radius Aq .

Proof. Since the proof is almost the same as in [2, Theorem 1.5 (5)], we only sketch it.
First we need to show that

=0 (7.3)

1
lim |—J ¥ — & /\IJd,u
Hkg,n a,n o,n Y a,n 0

n—>oo

for all U € C'(X). Our version of the density result in Proposition 5.1 (2) together with
Proposition 2.4 enables us to show that a continuous accumulation point of the sequence
)L;’,’l Hen¥ is actually the function ®q ; | x Y ditg . The limit is verified by applying
the Arzela-Ascoli theorem to the equicontinuous family {1, #7 W [ n > 1}. Then the
statement of the proposition follows easily from (7.3). ]

8. Dolgopyat—Baladi—Vallée bound in a vertical strip

The main objective of this section is a uniform polynomial bound for the iterations
of Js,y, namely the Dolgopyat-Baladi—Vallée estimate. As a consequence, along with
the results from Section 7, we complete the proof of Proposition 3.2 at the end of this
section.

Dolgopyat [12] first established a result of this type for the plain transfer operators
associated to certain Anosov systems with a finite Markov partition, which depends on a
single complex parameter s. Let us roughly overview his ideas for the proof:

(1) Due to the spectral properties of the transfer operator, the main estimate can be
reduced to an L2-norm estimate, which involves a sum of oscillatory integrals over
pairs of inverse branches. This sum is divided into two parts.

(2) Relatively separated pairs of inverse branches form one part, in which the oscillatory
integrals can be easily dealt with, using the van der Corput lemma.
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(3) In order to control the other part that consists of close pairs, the dynamical sys-
tem must satisfy the Uniform Non-Integrability (UNI) condition, which explains why
there are few such pairs.

This groundbreaking work has been generalized to other dynamical systems. In par-
ticular, Baladi—Vallée [3] modified the UNI condition to obtain a Dolgopyat-type estimate
for the weighted transfer operator associated to the Gauss map with countably many
inverse branches. Our proof is similar. In fact, focusing on classical continued fractions,
we mainly follow the more concise exposition of Naud [31].

8.1. Reduction to L*-estimates

Consider the normalized operator defined by
HyV —)Lgn U,] Hs y (Po,y - V) (8.1)

for W € C1(X). Then K, , on C!(X) has spectral radius 1 and fixes the constant function
1,ie, Hopl =1
For t # 0, we use the norm

Wl = ||‘If||o+|—|||‘lf||o for ¥ € C'(X),

which is equivalent to || - [|1. One of the main aims of this section is to estimate ||’ v I
or equivalently || HY , [l()-

We start the calculation to obtain a Dolgopyat—Baladi—Vallée bound by reducing our
main estimate to an L2-type estimate. For the reduction we need the following result.

Lemma 8.1. Let (0,1n) € B where B is chosen small enough so that ¢ > 3/4. For all
n > 1, we have
2 2
”_(77]\11”0 <B Aann ”‘% |\Ij| HO

Jor Aoy = Ay, VAze—1,09 > 0.
Proof. By the Cauchy—Schwarz inequality, we have
1252115 < Ao 1901 20 P20-1.20ll0 - | HT oW1 .
The desired result comes from
H W <p H oW and  HJ | 5 Pog1.2n KB Mg n

A crucial observation based on the spectral gap is that the projection operator £ 1,9
associated with the dominant eigenvalue 1 satisfies #1,9 = 1,0 + N 1,0 and the subdom-
inant spectral radius Ry of N9 is strictly less than 1. In particular, 0¥ = f x ¥ dm
and hence ié’l’o\ll jX VY dm + O(R?). In sum, from Lemma 8.1, we get

||J("+k\p||0 <p A2 (/ 7€, OPdm + O(RY)|t] ||‘I’||(z)) (8.2)
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8.2. Estimating L?-norms

The normalized operator satisfies the Lasota—Yorke inequality, which comes from a direct
computation similar to the proof of Proposition 7.4.

Proposition 8.2. Let B be as before. For (s, ¥) with (o,1) € B and all n > 1, we have
25w ¥l <g Is| ¥+ p" W]

The following L2-estimate is the heart of Section 8, in which the UNI property of
Proposition 7.2 plays an essential role together with the Lasota—Yorke inequality.

Proposition 8.3. For suitable constants a, B > 0, for large |t| > 1/ p?, and for (s, V) with
(0,n) € B, we have

/X|i€£i;0glt“qj|2dm <p pﬁ[(xlog\tl'l ”lp”?[)

Proof. First we express the integrand as

1 . »
VP = D ol omal ™ RY

%M (p,q)eB° xB"

where we set

gv(p. @) := explay (p) + gy (Q)].
RS = @2 - gy (p.q)|0m1p|°|071q|” - (Po,y V) 0 P+ (P P) © q

in order to simplify the notation. Thus we have

1
2 _ .
/;(|J€?’w\p| dm = @ (qu)/XCXP[lal,q]Rg,q dm. (83)

Here recall that I, ¢ = log |01 p| —log|dm1q]|.

Since the Ry, are bounded, the sum is dominated by the oscillatory integrals which
are controlled by the behavior of the phase function IT, 4, hence essentially by the geo-
metric properties of the skewed Gauss map. We divide the sum (8.3) into two parts: one
with close pairs, i.e., with small A(p, q), and the other with relatively separated pairs, i.e.,
with relatively large A(p, q). In other words, [y |#7 ,¥|>dm = I M 4 1@ where

1 A
® . tTp g PO
1= ) /Xel PRy dm.
SN Alp.g)=e

1 .
2 ._ itTy 4 po
1Y = 2n E /e PARp qdm.
o0 Ap.g)>e X

Let us consider the integral (V. We set vy, := ®g ,iloy, Which is fixed by the
normalized adjoint operator. We need the following results that are mere reformulations
of Naud’s [31, Lemma 4.2].
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Lemma 8.4. (1) Forallp € B*", we have ||dm1p|lg /A5, =B Vo (P(X)).
(2) Let A be a subset of B and Y = | Jyea 4(X). Then vo,y(Y) <p A(Z,?nm(Y)l/z.

Obviously,

\
10 < L85> ool omial [ st dm. (8.4
o A(p,g)<e X

Hence, by Lemma 8.4,

10 < 1915 3 van @O @) [ gy dm

A(p.g)<e
<5 93 Y von (Y va,n(qm)).
peBon qeB”

A(p,g)<e

For any 0 < a < 1, taking ¢ = p%", we finally have
11D <5 W52, 1960100 <B ™2 A7 I1WIIG

by the UNI condition of Proposition 7.2 (1) and Lemma 8.4 (1).

The main point in estimating 7@ is to deal with the oscillatory integrals with the
phase function I1p q. By Proposition 7.2 (2) and a version of the van der Corput lemma
(see Baladi—Vallée [3, p. 359]), we obtain

Ry oIl 1 L+p™Mel (1 1

(2 I 2 o

R o e A e e )
Ap,g)>¢ ¢ ¢ ¢ ¢

by applying the Lasota—Yorke type estimate for Ry .. Then again choosing the scale
g = p? with n = [ log|t|] for some « and a satisfying || < p~%", we have |1 ®| «
P20 |2

Hence by the above choices of ¢, n, a and «, we finally obtain an estimate for
IM 4+ 1 with a constant f = 1 —2a > 0. n

8.3. Uniform polynomial growth

Finally, the following Dolgopyat-Baladi—Vallée estimate can be deduced from the
L?-type estimate of Proposition 8.3.

Theorem 8.5. For 0 < & < 1/5, there is a small neighborhood B’ C B such that for all
complex pairs (s, V) with (o,1) € B’, an integer n > 1, and |t| > 1/p?, we have

1925 ) <& (rhon)" ]

for some 0 < r < 1. In particular, the quasi-inverse (4 — Hs)~! is well-defined and
analytic when (o, n) € B'.
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Proof. Setng = no(t) := [alog|t|]. From (8.2), for ny = n1(t) > no, we have

1960, W3 <p AZG10) ( [X 1955, V> dm + RY'")t| II\I'H%))
<p AXTO (B0 - RO W2,

We take n1 = [@ng] for some & > 1 large enough to have R}' "t = O(pPmo) and
choose B’ small enough that A5, ""* < g p~#"0/2 Then

1767, llo <5 pP™ (W]l

for a suitable E > 0. Repeated application of the Lasota—Yorke inequality from Proposi-
tion 8.2 enables us to write

, -
12657 Wil << [s| 1125 Wlo + " 1255 Wl < pP" 1] 19

and hence ||i€f”:ﬁl o) < ,05"1. For a fixed ¢ with |¢| > 1/p?, writing any integer n as
(2n1)g + m with m < 2n;, we obtain

. _ o
1€y lley < 12325 I 19625 1y < pPamt < pPrl2p7Pm

since for large |7|, we have ||, || ;) < 1. This leads to the assertion by choosing § = E&
and r = pP/2.

The more detailed computation of Baladi—Vallée [3, Section 3.3, (3.21)-(3.23)] gives
closed forms of & and B, which show that the constant £ can be taken to be any value
between 0 and 1/5. m

9. Coboundary conditions

First we collect some preliminary results to prove the main steps of Proposition 3.2. We
follow a similar argument of Baladi—Vallée [3, Proposition 1].
From [3, Proposition 0.6a]) together with Remark 6.5, we get

Proposition 9.1.

aks,() _ 7t2

ds T 12plog2’
For a fixed real number 4, define a piecewise differentiable cost function Y € L!(X)
by

s=1

T(e.v) = 2hlog|x| + ¥ (v) ifg =b,
C T | 2hloglx| + () + ([ @ 1Y) ifg =

From now on, set
S:=TorT?

according to the choice of g = b or c. The following two results will be useful when
discussing the pole s(w).
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Proposition 9.2. For ¢ € CT, we have

1 n—1 2
) :n@;o;/X(ZTosk) 1 gdm.

w= k=0

d2
Wkl+hw,ww

Proof. We set k(W) 1= A4pw,wy and W(w) := Py ypy wy. Note that £(0) = 1 and
«’(0) = 0. From Proposition 6.3, we obtain

n—1
YW () = Iy Y (0) = Ho[exp[w 3T 08 ww) .
k=0
Differentiating this twice and setting w = 0, we have
n—1 ) n—1
k k ’ "
k" (0)(0) + W (0) = Jf;{o[(z YoS ) w(0) + 2(2 YoS )\p 0) + ¥ (0)].
k=0 k=0

Hence,

K" (0) = % /X((:X;z Yo Sk)Z\I'(O) n 2(:2;2 To Sk)\I"(O)) dm

We will show that the second term satisfies

n—1

/X( ZToSk)\L’ 0)dm = o(1). 9.1)

k=0
Indeed,

1n—l . ) B 1n—l . .
/X(;,;TOS )‘I/(O)dm—/XT(;kgof%l,o[‘y (O)])dm

and since the spectral radius of N g is strictly less than 1, we get

- Z]ﬁ’l oV (0)] = % Z FolW/(0)] + o(1) = CPy,0 + 0(1)
k=0

for a constant C. Hence the LHS of (9.1) equals
C/ Y, 0dm+o(1) = C«'(0) + o(1) = o(1).
b'e

This finishes the proof. ]

Proposition 9.3. There is ©® € C'(X) such that for Y:=T+00S— 0, we have

d? ~
= f Tzq)l’() dm.
w=0 X

W/xl-‘rhw,ww
In particular, the last quantity is zero if and only if h = 0 and  is a coboundary over R.
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Proof. Recall that [y Y®;9dm = 0. Hence, ||#] (Y ®1[o < R for the subdominant
eigenvalue Ry < 1as #; o[Y®; ] € C1(X) and we obtain a function

®:= dDI_j,(J — H1.0) L H1 o[ T P 0]
that is well-defined in C ' (X). Like (9.1), it can be shown that
f (li Y osk)cplodm = o(1).

x\n ’

k=0

Since ® o S — ® is bounded, we conclude that

dzl 1 "_1,_, 2
—2(1,0) = lim — YoSk) @ 0dm.
du2 (0 ,,Lngonfx(g o8) @rpdm

Since H,0[W1W¥2 0 S] = JH1,0[V1]¥, for any ¥y, U, € C!(X), one can show that
Hi,0[YP;,0] = 0. Hence, fork > j,

/ YoS Y oS/ @ 9dm = / Hiy T T o SFTTT I g [T @y 0]] dm = 0,
X X

which yields the first statement.

For the second statement, observe that the integral is zero if and only if Y =0,ie.,
T =0 — ©oS. Since O is bounded, the statement is equivalent to the conditions that
h = 0 and ¥ is a coboundary over R. ]

Remark 9.4. Observe that i is a g-coboundary over k if and only if there exists a
B € k') such that gy (p) = B — B o myp for any p € B.

The following result will be one of the crucial ingredients in the next section.

~

Proposition 9.5. Let H; .y = Ly or My . Let t be a real number. Then 1 is an eigen-
value of H14is,i¢ if and only ift = 0 and § is a g-coboundary over R/2n Z.
Proof. First assume that there is a W € C!'(X) with |¥||o = 1 such that

HitiritPro¥ = Oy oV.

Suppose that || attains a maximum at (xg, vg). Setting

1
[ p—— @ ! |
aq q>1,0(xo,v0)| 71q(x0)|®1.0 © q(xo, vo)
1 .
P S J 0 it
1= WUlxo. v0) o q(xo, vo) expli gz (q) (vo)]|d71q(x0)[",

we have ) cgon dqbq = 1 forall n > 1. Since D cpon aq = 1 and |bg| < 1, we obtain
bq = 1 for all q. In other words,
|it

expli gz (q) (vo)]|07r1q(x0) " W o q(x0, Vo) = W(x0, Vo)
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for any q € B®. Proposition 5.1 enables us to show || = 1, the constant function. Then
we repeat the above process for any (x, v) € X to conclude that

explige (@)]|dm1q/'Woq = W 9.2)

for all q € B*.
From (9.2), we have

[t] - 10 qllo = [|071p - d(log W) o p — dm1q - d(log W) o ql|o

for all p,q € B°” and n > 1. By uniform contraction in Proposition 7.1, we find that
] - [[0ITpqll0 K p* < p?" for all 0 < a < 1 and p, q € B*®. Hence, t = 0, because
otherwise the last estimate violates the UNI property (a) in Proposition 7.2. In sum, there
existsa W € C!(X) such that |¥| = 1 and

) v
explige (p)] = \.Il_op forp € B. (9.3)

Since g¢(p) is independent of x, differentiating both sides of (9.3) with respect to x
we get |dmyp| - [0W o p| = || for any p. As ||d1pllo can be arbitrarily small, we get
dW =0, i.e., ¥ is a function only on (I'}. This implies W = exp[i ] fora g € (R/27Z){T).
From Remark 9.4, we conclude that ¢ is a coboundary over R /27 Z.

Conversely, assume (9.3). Then it can be easily seen that ®; ¢W is an eigenfunction
for #; ;¢, which finishes the proof. |

Remark 9.6. Let I’ = SL,(Z). Then v : SL(Z)\SL,(Z) — C is just a variable y = w
and { = 7 € R. Hence, ¢ is a coboundary over R/2xZ if and only if 7 is zero in R /27 Z
if and only if 7 is an integral multiple of 2. This is the result of [3, Proposition 0] with
L=1.

10. Proof of Proposition 3.2

Combining all the previous results, we now prove Proposition 3.2. The proofs are quite
similar to those of Lemmas 8 and 9 of Baladi—Vallée [3]. For w € C4, set

Hsw = Hswy and A(s, W) := Ag yw.y.

For each statement, we specify regions Wy, W5, and W3 around 0 and in the end take the
intersection to get the desired W.

10.1. Statement (1)

We first handle the case v = 0. By Theorem 6.10, it is enough to discuss the behavior of
(J — Hs.w) ! since all the interval and auxiliary operators are analytic by Proposition 6.7;
and so are the final operators. To obtain statements (a) and (b), following the proof of
[3, Lemma 8], we split the region into three pieces I, II, and III according to ¢ = Js.
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(I) When |t| is small: Let [wo| = 1 be fixed. As discussed by Baladi-Vallée [3], Kato [20],
and Sarig [36], when (s, w) is subjected to a small perturbation near (1,0) € C 2, one can
show that the operators H 1w, and (6.2)—(6.4) with ¢ = wwy - ¢ are all analytic. Fur-
thermore, the properties of the spectral gap, uniqueness, and simplicity of the eigenvalue
in Propositions 7.5 and 7.6 extend to a complex parameter family # y,w,. As Wo is arbit-
rary, a standard argument in the theory of several complex variables ensures that all those
operators are analytic for the general variable w € C¢ instead of wwy. Similarly we also
have the following result.

Proposition 10.1. There exists a complex neighborhood U of (1,0) such that for all
(s, w) € U, the operator Hsy has a spectral gap with the decomposition Hsy =
AswPsw + Nsw, where Ag w, Ps.w, Nsw are analytic on U and R(Ns,w) < |Agw|. Fur-
ther, the corresponding eigenfunction @\ and its derivative 0D\, are well-defined and
analytic on U.

Note that 3%’13,0|s=1 # 0 by Proposition 9.1. By the implicit function theorem, we
have an analytic map s from a neighborhood W; of 0 to C such that for some §; > 0 and
to >0, A(s(w),w) = 1 with |Rs(w) — 1| < 38; and |Is(W)| < to for all w € W;. Obviously,
s(0) = 1.

(IT) When ty < |t| < 1/p?: As in [3, Lemma 8], one can conclude with the help of Pro-
position 9.5 that there exists 6, > 0 and a neighborhood W, of 0 such that the distance
between 1 and the spectrum of H; v is positive in the region |Ns — 1| < §, for all w € W,.
Hence, (4 — Hs.w) ™! is analytic and bounded on that region.

(III) When |t| > 1/p?: Using Theorem 8.5, we can find §3 > 0 and a neighborhood W3
of 0 such that (4 — Hs )~ is analytic on the region |9s — 1| < §3 with |Js| > 1/p? for
allw e Ws.

Now take &y to be the minimum of 8y, &5, and §3. For any 0 < &; < @1, choose a
neighborhood W of 0 small enough that W € Wy N W, N W3 and Rs(w) > 1 — (a1 — &)
forallw e W.

To obtain (c), fix wo # 0 and set s(w) := s(wwy) and Yo = W - ¥. Also set Hs,y, 1=
Hswyo and A(s, w) 1= Ag yy, forw € C.

Since A(s(w), w) = 1 for small |w|, we have

BN A
'(0) = —==(1,0)/ == (1,0). 10.1
$'(0) = —5—(1,0)/5=(1,0) (10.1)
We also note that
2
R 10)s"0) = Lo + S Owow)| (10.2)
ds dw? w=0

From Propositions 9.1 and 9.3, we find that v is not a g-coboundary over R if and only
if s”(0) # 0. Since wy is arbitrary, we conclude that the Hessian of s(w) at w = 0 is
non-singular if and only if the y; are linearly independent over R modulo 84 (T, R).
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Let us consider statement (d). Let Ry be the residue operator of the quasi-inverse at
s = s(w). Since R, is the residue operator of (1 — A ) 1 Ps y at s = s(w), by Theorem
6.10 the residue of the Dirichlet series is

s €], @, (0,T)
&y wRwEsw¥(0,T) = _a— / GowVdilsw (10.3)
mks,w X
where 81 = ﬁj or 5J and §; \ = f' W orfI::'sw accordingas g =borc. Letw = 0.

To evaluate the 1ntegral in (lO 3) at w = 0, observe first that [, \IJ<I>1 0 dury = [y Vdm

since (1,0 = dm. For g = ¢, note also that [} 7 oWdpio=2Jy i 0¥ du 9. Hence
the integral in (10.3) equals

1 1 1 1
—Z/ Z\IJ( ,v)dxdv: / Vdm.
2plog2 = Jx (m+x)* \m+x 2plog2 Jo,1/2)xI\sL>(2)

Note also that for an open fundamental interval K = K°(my,...,my), we obtain

[0;1,myg, ..., m] _ K]
0([0:my,...,mg])%log2  log2’

Hence we also obtain the same expression for an interval J . In total, we obtain the desired
expression for the residue.

Now consider a general v. Let w be written as u + iv for u in W, a neighbor-
hood of 0. With Remark 9.4, one can easily show that #; ¥ = ef J; ,[e7# W] for
all W, and the same expressions for the operators & SJ w and & . Therefore, Ly s (s, W) =
P i,y (s,u). Hence, all the necessary properties of Ly, (s, w) follow from those
of L,—igy s (s,u). This concludes the proof of statement (1).

6K, @1,0(0.T) =

10.2. Statement (2)

For a given v # 0, choose a neighborhood W; of iv small enough that w - ¥ is not a
g-coboundary over R/2sZ for all w € W;. Then, using Proposition 9.5, the proof goes
exactly as the proof for (a) and (b).

10.3. Statement (3)

We split the region into three pieces I, II, and III as before. In region I, whether v- ¢ €
B4 (T, R) or not, i.e., whether the series is meromorphic or not, Ly, s (s, w) is bounded on
Ns = 1 £ 1. In region II, the series is bounded as it is analytic. In region III, we apply
the Dolgopyat—Baladi—Vallée bound.

This finishes the proof of Proposition 3.2. ]
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