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Regularity for solutions of non-uniformly elliptic
equations in non-divergence form

Jongmyeong Kim and Se-Chan Lee

Abstract. We prove an Aleksandrov—Bakelman—Pucci estimate for non-uniformly
elliptic equations in non-divergence form. Moreover, we investigate the local beha-
vior of solutions of such equations by proving local boundedness and a weak Harnack
inequality. Here we impose an integrability assumption on ellipticity representing
degeneracy or singularity, instead of specifying the particular structure of ellipticity.

1. Introduction

In this paper, we study regularity properties for solutions of non-uniformly elliptic equa-
tions in non-divergence form. To illustrate the issue, let us begin with the simplest example:
a second-order, linear elliptic equation in non-divergence form:

(1.1) aijD,-ju:f in Bl,

where the coefficient matrix @ = (a;;)1<i,j<» and the nonhomogeneous term f are meas-
urable. In order to capture the ellipticity of a, we introduce

. §rax)é §-ax)§
(1.2) Alx) = S}Er]lan V and A(x) = Sselgn T

In particular, we say a = (a;;) is uniformly elliptic if there exist ellipticity constants 0 <

Ao < Ag < oo such that
Ao < A(x) < A(x) < Ao.

The regularity theory of (possibly nonlinear) uniformly elliptic operators in non-diver-
gence form is by now classical; we refer to the comprehensive books [9,25] and references
therein. In particular, Aleksandrov [1], Bakelman [4] and Pucci [42] independently proved
a maximum principle: if u € C(B;) N Wlfcn (By) is a strong subsolution of (1.1), then there
exists a constant C = C(n, Ag, Ag) > 0 such that

supu < supu™t + C|| £~ |l pn @+ @)
B, 0B

Mathematics Subject Classification 2020: 35B65 (primary); 35B50, 35D35, 35J70, 35J75 (secondary).
Keywords: Aleksandrov—Bakelman—Pucci maximum principle, non-uniformly elliptic equations, interior
estimates.



J. Kim and S.-C. Lee 2

where I't (™) is the upper contact set of u™ = max{u, 0}; see Section 2 for the precise
definition. The ABP maximum principle has become a fundamental tool in establishing
local estimates for the associated equations, such as local boundedness, weak Harnack
inequalities and interior Holder estimates.

The goal of this paper is to develop the ABP maximum principle and to derive interior
a priori estimates for solutions of non-uniformly, nonlinear elliptic equations. In our frame-
work, the ellipticity functions 1/A and A are not necessarily bounded, but they satisfy
some integrability conditions. To be precise, we let By be a unit ball in R” and define two
measurable functions A, A: By — [0, 00] such that A < A,

(1.3) 1/A e L?(B;) and A € LY(By).

It is noteworthy that the uniformly elliptic case corresponds to the choice p = g = oo.
Moreover, we define the following generalized versions of the Pucci extremal operators:

ML (M)(x) = A(x) Y ei(M) +A(x) Y ei(M),

e; >0 e; <0
M A (M)(x) = A(x) D~ ei(M) + A(x) Y ei(M),
e; >0 e; <0

where x € By, M € 8" := {M | M is an n X n real symmetric matrix} and the e¢; (M) are
the eigenvalues of M. For constant ellipticity Ao and A, it reduces to the classical Pucci
extremal operators; see [9, 14] for instance.

Throughout the paper, we assume that a pair (p, ¢) satisfies

(1.4)

Then we are concerned with an L?-strong solution u of
M (DP)(x) = f(x) or M, (D2)(x) < f(x)

for a nonhomogeneous term f € L¥(Bj); see Section 2 for details.
We begin with the Aleksandrov—Bakelman—Pucci estimates for L?-strong subsolu-
tions. Several corollaries of Theorem 1.1 are discussed at the end of Section 3.

Theorem 1.1 (ABP estimates). Let f€ L*(By) and suppose that u € W*(By) is an
LY -strong solution of
MS A(D?u) > [ in By.

Then there exists a universal constant C = C(n) > 0 such that

ST )\ /n
SEFMSEI;;{)MJF—}_C(/rﬂqu)( A(X); ) dx)1 .
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After the celebrated works by Aleksandrov, Bakelman and Pucci, the ABP maximum
principle has been widely studied in different contexts. Just to name a few, the ABP
estimate, concerning uniformly elliptic/parabolic equations in non-divergence form, was
achieved for

(i) viscosity solutions of fully nonlinear elliptic equations [7, 8];

(ii) strong solutions of linear parabolic equations [36,45];

(iii) viscosity solutions of fully nonlinear parabolic equations [46];

(iv) LP-viscosity solutions of fully nonlinear elliptic/parabolic equations [10, 15];

(v) viscosity solutions of fully nonlinear elliptic equations with gradient growth terms
[34,35].

We refer to [6, 19] for improvements of the ABP estimates in other directions. On
the other hand, non-uniformly elliptic equations with particular structure have been con-
sidered relatively recently by several authors in various circumstances: [3, 18,28] when an
operator is given by |Du|y=Mf0’ Ao (D?u) with y > —1, [2] for p-Laplace equations and
the mean curvature flow, and [29,40] for elliptic equations that hold only where the gradi-
ent is large. In this paper, we concentrate on analyzing non-uniformly elliptic equations
whose degeneracy and singularity are implicitly encoded in the integrability of 1/A and A.

We next move our attention to local estimates for solutions of Pucci extremal operat-
ors. We first show a local boundedness result for strong subsolutions.

Theorem 1.2 (Local boundedness). Let f€ L%(B1). Suppose that u € ngc’e(Bl) is an
L9-strong solution of
MF A(D?u) > [ in By.

Then for 0 < t < n, we have

A
supu < C(H(MJF)’/" —
By A

el

I

A L”(Bl)>
for a universal constant C = C(n,t) > 0.

In particular, for t > 0, there exists C = C(n,t, ||1/AllLr(y). |AllLacy)) > 0 such
that

S~
supu < C (||u+||Lel/n(Bl) + HT
By

L"(Bl))'

We also prove a weak Harnack inequality for viscosity supersolutions under a stronger
assumption on (p, q).

Theorem 1.3 (Weak Harnack inequality). Let f € L*(By) and assume that

1+1<1
P q 2n

Moreover, suppose that u € Wlfc’e (By) is an L?-strong solution of

M A(D?u) < [ in By.
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If u is nonnegative in B, then we have

, f
(g )
lullLes,, < érll/zu_F A llLn(By)

for some positive constants t and C which depend only on n, ||1/A||Lr(B,) and || AllLa(B))-

As consequences of Theorem 1.2 and Theorem 1.3, we provide a Harnack inequality
and a version of interior Holder estimates of strong solutions in Section 4.

We now describe two simple, but interesting observations regarding our main theor-
ems:

(i) For n =1 and y > 0, let us consider a linear operator Lu = |x| Uy, in By =
(—1, 1). We then claim that u(x) = |x| is a C-viscosity solution of Lu = 0 in By; see
Definition 2.4 for the definition of C-viscosity solutions. Indeed, for xo € B; \ {0}, then
Uyxx(x9) = 0 and so Lu(xp) = 0 in the classical sense. For xo = 0, if we let ¢ € C?(B;)
be a test function such that u — ¢ has a local maximum (or minimum) at 0, then

L(0) = |x|” ¢xx|x=0 = 0.

Therefore, we conclude that u is a viscosity solution of Lu = 0 in B;.
On the other hand, if we choose ellipticity functions A(x) = A(x) = |x|?, then it
immediately follows that a viscosity solution ¥ of Lu = 0 in By satisfies

eM)tA(DZu) >0 and MI’A(Dzu) <0 in B;.

Moreover, it is easy to see that A € L°°(By) and 1/A € L?(B;) forany p < 1/y, while u
does not enjoy the (weak) minimum principle in B;. Hence, even though we impose
stronger integrability conditions on 1/A and A than (1.3), Theorem 1.1 does not hold
for general “viscosity solution” u. In other words, this example shows that the “strong
solution” condition on u is essential in our framework.

(ii) For n = 2, we consider a linear operator Lu = 2uyy + y?uy, in By = {(x, y) |
x2 4 y2 < 1}. Then ellipticity functions are given by A(x, y) = y? and A(x,y) = 2,
where 1/A = |y|™2 ¢ L'(By). It follows from a direct calculation that u(x, y) = y2cos x
is a classical (or strong) solution of Lu = 0 in B;. Since u(0,0) = 0 = minyp, u, u does
not satisfy the strong maximum principle and the weak Harnack inequality. In short, this
example guarantees the necessity of (a version of) integrability criteria on 1/A and A in
Theorem 1.3. Nevertheless, the optimality of our assumption on (p, g) is not satisfied by
this example, and it remains an interesting open problem.

Let us finally discuss similar consequences for linear non-uniformly elliptic equations
in divergence form. In particular, as a variational counterpart of (1.1), the authors of [5,44]
considered a weak solution u of

—Dj(aijDiu) =0 in Bl,

where the ellipticity of a is measured by A and A defined in (1.2). In [44], Trudinger

established interior estimates such as local boundedness, Harnack inequality and a version

of Holder regularity for weak solutions, provided that 1 /A € L?(By) and A € L9(By), with
1 2

1
4+ < =
p q n
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Recently, Bella and Schéffner [5] improved the result by replacing the condition with

1 1 2

p q n—1

k]

and proved that this condition is indeed sharp. The strategy of both papers mainly relied
on a modification of the Moser iteration method, which is not available for operators in
non-divergence form. We also refer to [16,41] for related results.

The paper is organized as follows. In Section 2, we summarize several notations which
will be used throughout the paper. Section 3 is devoted to the proof of Theorem 1.1 by
adopting sequential approximation techniques. Finally, in Section 4, we investigate local
behaviors of strong solutions: local boundedness for subsolutions and a weak Harnack
inequality for supersolutions.

2. Preliminaries

We first introduce a concept of L -strong solutions for the Pucci extremal operators Mit A

Definition 2.1 (L?-strong solutions). Let fe LT (B;). A function u € szmie (By) is an

loc

L?-strong solution of M} , (D?u) > f in By if

M;A(Dzu) = A(x) Z e; (D?u(x)) + A(x) Z e;(D?u(x)) > f(x) ae.in By,

e;i >0 e; <0

where the e; (M) are the eigenvalues of M € §".
Similarly, a function u € ngc’e(Bl) is an L%-strong solution of M;A(Dzu) <f
in By if

M A (D?u) = A(x) ) ei(D?u(x)) + A(x) Y ei(D?u(x)) < f(x) ae.in By.

e; >0 e; <0

Remark 2.2. The constants 6 and 7 are chosen to satisfy that (A/A)D?u and f/A are
contained in L"-space. If 1/A and A further belong to L°°-space, then it corresponds to
the uniformly elliptic setting with p = ¢ = co and 8 = 7 = n. In this case, Definition 2.1
coincides with the definition of L”-strong solutions given in [10].

We provide now a few simple properties of M+ = Mj\t A

Lemma 2.3. Let M, N € §". Then the following hold a.e.
D M (M) < MH(M).
(i) M~ (M)=—-MT(—M).
(i) ME(@M) = aME(M) if « > 0.
iv) MEM)+ M~ (N) <MY (M + N) < MY (M) + MHT(N).

For later uses, we also define C -viscosity solutions when A, A and f are continuous;
see [9, 14], for instance.
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Definition 2.4 (C-viscosity solutions). Let A, A, fe C(By) with 0 < A(x) < A(x) for
X € B;. A function u € C(By) is a C-viscosity solution of MIA(Dzu) > f in By if for
all ¢ € C2(By) and any point xo € Bj at which u — ¢ has a local maximum, one has

€A,{/-{_()C()),A(xo) (Dz(p(xO)) = f(X()).

In a similar way, a function u € C(By) is a C-viscosity solution of M’ A(Dzu) < fin B
if for all ¢ € C2?(By) and any point xo € B; at which u — ¢ has a local minimum, one has

M0y Aty (P2 9(X0)) < f(x0).

The upper contact set I't will be used for the proof of ABP estimates.

Definition 2.5. For a function u: 2 — R and r > 0, the upper contact sets of u are
defined by

Ftw) =T, Q) ={xeQ|3IpeR"such that u(y) < u(x) + (p,y —x), Vy € Q},
F;r(u) = Fr+(u,§2) ={x€Q | 3dp € B,(0) such that u(y) <u(x)+(p,y—x), VyeQ}.
For sets A1, A,, ..., we define
o0
limsup 4; = ﬂ U Ag.
j—o0 n=1k>n

Lemma 2.6 (Lemma A.1in [10]). Letu;, j = 1,2,..., be functions defined on sets 2},
where 2; are open and increase to Q; that is, Qj C Q41 and | J; Q; = Q. Let u;
converge uniformly to a continuous function u on each 2;. Then

(i) limsup; o TF(u;, Q) CTF(u,Q).
(ii) limsup; o [T (u;, Q)] < [TF(u, Q).
(iii) limsup;_, o, T (u;. ;) C I,F (u, Q).

We finally state the cube decomposition lemma, which shall be appropriate for our
purposes in Section 4.

Lemma 2.7 (Lemma 9.23 in [25]). Let K be a cube in R", w € L1 (Ky), and set
D ={xeKy|wx) <k} forkeR.
Suppose that there exist constants § € (0, 1) and C > 0 such that

sup (w—k)=<C,
KoNKzr(2)

whenever k and K = K, (z) C Ky satisfy
|Dr N K| > §|K].
Then it follows that, for all k,

logUDel/|Kol))

sup(w—k)fC(l—!— log 8

Ky
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2.1. Applications

In this section, we present concrete examples of degenerate or singular equations in non-
divergence form, which are contained in our framework.

(1) Issacs equations.

Issacs equations, which naturally arise in probability theory [22] (stochastic control
and differential games), are given by

infsup(Amg(x)Dzu(x)) = f in By,
* B

where Ayg(-) (for any o and f in index sets) are matrices satisfying
A(x) I < A(xﬂ (x) =< A()C) Iy,

with 1/A € LP(By) and A € L?(B;). We note that linear elliptic operators with ellipti-
city A and A, and the Pucci extremal operators gMit A can be understood as special cases
of Issacs operators.

(i) Monge—Ampére equations.

The Monge—Ampere equation, which appears from the prescribed Gaussian curvature
equation [21] (or “Minkowski problem”), is a fully nonlinear, degenerate elliptic equation
given by

det D*>u = f in By.

It has important applications in convex geometry and optimal transportation. For simpli-
city, we consider an equation

2.1 G(D?u) = logdet D*u = log f.

Then we have G;; = u'/ where u% denotes the inverse of the Hessian matrix DZu.
Thus, if we denote by A and A the ellipticity functions defined in (1.2) for the coefficient
matrix (u%), then we observe that 1/A and 1/A are the smallest and largest eigenvalue
of D?u, respectively. Since

u is convex if and only if (2.1) is degenerate elliptic, and

u is uniformly convex if and only if (2.1) is uniformly elliptic,

we can interpret the integrability assumptions (1.3) on 1/A and A as some “intermediate”
convexity on u. In other words, there exist two measurable functions 4, H: B; — [0, co]
such that

h(x) I < D*u(x) < H(x) In,

with
hlel?! and Hel”.

We point out that [11,37] developed a Harnack inequality for solutions of the linearized
Monge—Ampere equations. Later, [38] extended this result under relaxed assumption on
the convexity, which partially overlaps with ours. More precisely, Maldonado [38] dealt
with linear degenerate/singular equations, whose coefficient matrix has a specific structure
given by (D2¢)~!; see the structural conditions in [38] for details.
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Further interior and boundary regularity results on a class of Monge—Ampere equa-
tions can be found in [12,20] for the uniformly elliptic setting, and in [26,27,43] for the
degenerate elliptic setting.

(iii) Equations with particular degeneracy/singularity.

In [17], the authors employed the partial Legendre transform to convert the two-
dimensional Monge—Ampere equation

det D?u = |x|* fora >0
into the linear equation
(2.2) Uxx + |X[*vyy =0 in By.

Then the pair (p, ¢) corresponding to the ellipticity functions given by A(x, y) = |x|
and A(x, y) = 1 satisfy the structural condition (1.4) when o < 1/2. In fact, (2.2) is a
particular example of (degenerate elliptic) Grushin operators; see [23, 24, 39] for related
results.

Moreover, a similar type of equation can be found in an extension problem related
to the fractional Laplacian [13]. To be precise, the solution u of the degenerate/singular
equations

Acu—+z@Dsy =0 inR"x [0, c0),
u=f onR" x {0},

satisfies
(=A)’ f(x) = =C(n,s) uz(x,0)

for s € (0, 1). We note that u solves the equation in the (unbounded) half space R” x
[0, 00). It is easy to check that the ellipticity functions of this problem satisfy the integ-
rability conditions (1.3) when (n +1)/(2n + 3) <s < (n + 1)/(2n + 1). We refer to [33]
for related examples.

3. ABP estimates

In order to prove Theorem 1.1, we are going to provide a version of Proposition 2.12
in [10] (ABP estimates for continuous coefficients and C-viscosity solutions) and of
Theorem 4.6 in [47] (the existence of L”-strong solutions for Dirichlet problems). It is
noteworthy that an additional approximation technique is required to control the ellipti-
city functions A and A, which are not necessarily bounded in L*°.

Lemma 3.1. Let € C(By). Assume A, A: By — (0,00) and 1/A, A € C(By). Moreover,
suppose that u € C(By) is a C-viscosity solution of

eMiA(Dzu) > f in Bj.

Then there exists a universal constant C = C(n) > 0 such that

ST )\ /n
SEFMSEI;;{)MJF—}_C(/rﬂqu)( A(X); ) dx)1 .
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Proof. We will follow the proof provided in Appendix A of [10]. We begin by assuming
that u € C2(B;) N C(B;) and later remove this assumption via approximations. We set

supp, U — supyp, U~
2

For r < rg, let p € B, and let £ € B, be a maximum point of u(-) — (p, ), so that

ro =

u(®) —(p. X) zu(x) = (p,x) or u(x)—-u(x) = (p.x—2x)
for any x € By. It follows that

supu — u(X) < 2|p| < 2r <2r¢ = supu —supu™t,
B B 0B,

and then 2(ro —r) + supyp, ut < u(%). In particular, we have X € By and u(%) > 0. Since
Du(%) = p and D?u(X) <0, we conclude that for 0 < r < ro, I';" (u™) is a compact subset
of B; and

B, = B,(0) = Du(T;}}(u™)) and D?u(x) >0 onI (') C{u> 0}

We now employ the change of variables p = Du/(x) to obtain

2 —trD2u\n
3.1) dp < | det D?u| dx < ( ) dx.
B, T (™) rFut) n

Since M}, (D?u)(x) > f(x) and D?u < 0on T (u™), we have

ar(D?u) > f(x) onTT(u™)
and (3.1) implies

1 - n
r”|Bl|=/ dpf— (f (x)) dx.
B, n" Jre@ty N AX)
Since A, A and f are continuous, the general case follows from the standard approxima-
tion argument as in Appendix A of [10]; see the remark below for more comments. ]

Remark 3.2 (Sup-convolutions). In order to regularize u in the proof of Lemma 3.1, one
needs to deal with the sup—convolution of u together with a mollification. In fact, given
u € C(2) and & > 0, the sup-convolution of u is defined by

1
u (x) = sup (u(y) = - |x = yI?).
yeQ &
Then the sup-convolution u® satisfies the following useful properties (see [30-32] for
details):

(1) u® is Lipschitz continuous on €2, and #® — u uniformly on 2 as ¢ — 0.

(ii) u® is semiconvex; more precisely, there exists a measurable function M: Q — §”
such that for a.e. x € Q,

W) = () + (DU (), y = x) + 5 (MG =),y =) + olly = +f?)

and
M(x)>-11.
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(>iii) If uf, is a standard mollification of u%, then Dzuf] > —(1/e)I and
Dzuf,(x) — M(x) ae.inQ asn—0.
(iv) Let f and F be continuous. If u is a C-viscosity solution of
F(D?*u,x) > f(x) inQ,
then u? is a C -viscosity solution of
FE(D?uf, x) > f%(x) ae.in Qz(ellu”Loo(Q))l/2,

where Qg = {x € Q | dist(x, dQ2) > §} for § > 0, and

F®(N,x) = sup F(N,y) and f*®(x):= inf
Ix—yl<2(ellulloc)/? lx—yl<2(ellulloc)/?

An inf-convolution v, which can be defined in an analogous way, satisfies similar
properties.

Lemma3.3. Let f € L"(B1), ¥ € C(3B1) and assume that 1/A, A € C(B). Then there
exists an L"-strong solution u € C(B1) N ngc’" (By) of

32) My A(D?u) = [ in B,
. u=1v% ondBy.

Moreover, u satisfies the uniform estimate

(3.3) lullzoesyy < 1¥llLe@sy) + CIf/ AL (By)-

We note that the lemma still holds if we replace the operator ,M;r 5 With M7 .
Proof. Due to the continuity of A and A in B, we observe that

0<Ap=minA <maxA = Ay < o0.
B By

Thus, we can understand the first equation of (3.2) as
F(D?u,x) = f in By,

where F(N, x) := Myx),awx) (V) is a (Ao, Ag)-elliptic operator. Then the existence of
an L"-strong solution u follows from Theorem 4.6 in [47]; a similar existence result
in a different setting can be found in Corollary 3.10 of [10]. Moreover, the uniform
L*°-estimate (3.3) can be obtained by applying Lemma 3.1 for +u. ]

We are now ready to prove the first main theorem.

Proof of Theorem 1.1. We employ several regularization techniques; more precisely, we
approximate the ellipticity functions A and A, and then the forcing term f. For simplicity,
we may omit “a.e.” if no confusion occurs.



Non-uniformly elliptic equations in non-divergence form 11

(i) Approximation of A and A.
We first define truncated ellipticity functions

M=@AAj)vi™t and AY=(AAj)VjTh
which satisfy
11/3=1/3%, >0, [A=A%, >0 and ;™' <2%<A? <
Since C(By) is dense in L?(By) for any p € [1, 00), we can take two sequences of func-
tions {4;}?2, C C(By) and {A;}?2, C C(By) such that
@HT = <A =250 /A =1/, <7 and A —ADllg <
In particular, we have
(3.4) I1/A; —1/Allp = 0 and |A; —Al4y — 0.

We now would like to find the inequality satisfied by u, in terms of Pucci extremal oper-
ators with ‘good’ ellipticity A; and A ;. Indeed, since u € W20 (B) satisfies

M A (D2u) = A) Y ei(D2u(x)) +A(x) Y e (D?u(x) = f(x).
ei >0 e; <0
we observe that

M:},,AJ, (Dzu) =A; Z e; (Dzu) + A Z e; (Dzu)

ei>0 e; <0

=AY e(D*u)+ (Aj—A) Y ei(D?u)

ei >0 e;>0
+A ) eDPu)+ (=1 Y e (D) =: f;.
e; <0 e; <0

By recalling that f€ L¥(By), A € L9(By) and D?u € LY(By), it turns out that
fi=F 40 =AY eDu)+ A —1) Y ei(D*u) € L"(By).
e;i >0 e; <0
(ii) Approximation of f;.
For fixed j € N, let{ fj x }3=; C C°°(B1) be a sequence of smooth functions such that
(3.5) | fik— filla =0 ask — oo.

Then we let ¥, € W,2" (B1) N C(By) solve

loc
M 2, (D*Yjx) = fixk— f; inB
Yixk =0 on 0By,
whose existence is guaranteed by Lemma 3.3. From the estimate (3.3),
1¥jklloo = CUICSik — £/ Al
where the constant C > 0 is independent of k € N. Therefore, it immediately follows that

(3.6) [¥jklloo = 0 ask — ooc.
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(>iii) Conclusion. ABP estimates.
If we set w :=u + ¥, x — ||V} k[ co» then we observe that

M A, (DPw) = M (D?u) + MG 5 (DY)
2 i+ Uik = Ji) = Jik
Since A;, A; and f; x are regularized enough so that Lemma 3.1 is applicable, we have

f_k(x) n 1/n
supw < supw’ + C / 2 ) dx .
B 0B, ( I+ (w+) ( Aj(x) ) )

By letting k — oo together with (3.5), (3.6) and Lemma 2.6, we deduce

f(x)\n 1/n
supu < suput + C / J dx .
By 8B, ( I+(ut) ( Aj(x) ) )

Moreover, by applying Holder’s inequality, we obtain

Theli-1
H(" )AZ@W

H___H ||A||q||Dzulle+H)L AL —AIIqIID2u||e+H———H £ le.

n

flE-
n n

+Hx A)Zei(Dz .

Therefore, by passing the limit j — oo together with (3.4), we finally conclude that

ST\ /n
s;lpu 531;13u++C(/l:+(u+)( A(X); ) dx)1

as desired. [

Remark 3.4. Although we only deal with elliptic equations in the present paper, we
expect that our method for deriving the ABP estimates can be extended to parabolic equa-
tions with some modifications. For example, one may follow the proof of Theorem 2 in [2]
to prove the parabolic counterpart of Lemma 3.1.

Corollary 3.5. Let € L%(By). Suppose that u € WP (By) is an L?-strong solution of
My A(D?u) < [ in By.

Then there exists a universal constant C = C(n) > 0 such that

_ _ ST () /
s;llpu S?;;E)u +C(/1:+(u_)( k(x))c )ndx)l n.

Proof. The conclusion immediately follows by considering —u instead of u in the proof
of Theorem 1.1. u
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Corollary 3.6. Let A, A, f€ C(By) with0 < A < A in By. Suppose that u € W2 (B))
is an L9 -strong solution OfeM/TA(Dzu) > fin By. Then u is also a C-viscosity solution

of M \(D?u) > f in By.

Proof. Since 8 > n, we have u € C(B;). We assume by contradiction that for some ¢ €
C?(B1), u — ¢ has a (strict) local maximum at xo € B; and

M o) ey (D20(x0)) < f(x0).
By the continuity of A, A and f', we have
MF A (D?9) < f
near xg. On the other hand, we observe from Lemma 2.3 that
:M)tA(Dz(u —p)) > M;A(Dzu) — M;A(ngo) >0 a.e.in B;(xp) for some n > 0.
We now apply Theorem 1.1 in By (x¢) to conclude that

(u —¢)(x0) = sup (u—g),
3By (x0)

which leads to a contradiction. ]
We say a measurable function F: 8" x By — Ris (A(+), A(-))-elliptic if
My A(N)(x) < F(M + N, x) — F(M,x) < M}, (N)(x)

for any M, N € §" and x € B; a.e.. We note that the Pucci extremal operators Mff A are

(A(+), A(-))-elliptic. The notion of Le—strong solution defined in Definition 2.1 can be
easily extended to such fully nonlinear operators F.

Corollary 3.7 (Comparison principle). Let fe L*(By) and let F be (A(-), A(+))-elliptic.
Suppose that u,v € w20 (B1) are, respectively, Le-stmng subsolution and supersolution
of F(D*w,x) = f(x)in B1. If u <von 0By, thenu < v in B.

Proof. By the definition of (A(-), A(-))-ellipticity, we have
MI,A(DZ(” —v))(x) > F(D*u,x) — F(D*v,x) > 0.

The desired result follows from Theorem 1.1. [

4. Local estimates

In this section, we utilize the ABP maximum principle (Theorem 1.1) to obtain interior a
priori estimates of L?-strong solutions of non-uniformly elliptic Pucci extremal operators.
We refer to Theorems 9.20 and 9.22 in [25] for local boundedness and weak Harnack
inequality for strong solutions of uniformly elliptic linear equations.

We begin with the local boundedness for L?-strong subsolutions.
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Proof of Theorem 1.2. For simplicity, we omit “a.e.” if no confusion occurs. For 8 > 2 to
be determined later, we define an auxiliary function 1 by

(@.1) n(x) = (1= [x)P.
Then a direct calculation shows
Din==2px; (1~ |x[»P~,
Dijn==2p8;j (1 =[x’ +4B(B — Doxix; (1 = [x[HP 2.
By setting v = nu, we have
M A (D?v) = M, (1D*u + Du ® Dy + Dy ® Du + uD?p)
> M;A(nDzu) + M A(Du® Dn+ Dn® Du + uD?n)
=: 11 + I,
where we write (x ® y);; = x;y; for x, y € R"”. We first obtain that
I = UMIA(DZM) >nf=—f".

On the other hand, it follows from the definition of the upper contact set that for any
xeTt(wT) =TT (v, By), v(x) is nonnegative and
v(x
Do) < 5
1 — x|
Thus we have

v
1= x|

1 1
|Du| = = |Dv —uDn| < —( +u|Dn|) <20+ B VBu onTH@w™).
n n

Therefore, we utilize the estimates
|Dul|Dn| < 4B(1 + B)yn~*/Pv < 8p2n~2/Po,
ul Dyl < @An"P +4B(B — 1) 2Pv < 4p2n72/By

to derive
I, > —20An?p? n_z/ﬁv onIt(vt).

We now apply the ABP estimates (Theorem 1.1) to derive

B2AG) 2B ot (ne f f ()N 1/
slgllpv < C</F+(U+) [( A(X)n,\(x)(X)v (X)) +( M}(C);)) ]dx)l

4.2) o/
<C + HY2BA/A “/Aln).
< ((sgllw ) | @S PA/A|, +11f7/ II)

Here we choose 8 = 2n/t (> 2). Then an application of Young’s inequality

/

as bS

ab < — + —
S s/
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for

-1 / —1 £\ —1/s

s=0—-t/n)y~, ss=0-1/s)"", a:(sesupv ) and b = (s¢)
B
gives
1-t/n 1

4.3) (sup v+> < esup vt + Cnyt € -/t for any ¢ > 0.

Bl Bl

In particular, (4.2) and (4.3), together with the choice
1 _
e =2 @O A/AL

yield that
supu < C (D)™ A+ 11 f /A ln).-

By

Finally, an application of Holder’s inequality concludes that

supu < C(|1/AI AN Nutlgesn + L F/Alln)- .

By

We now move our attention to the weak Harnack inequality for L?-strong supersolu-
tions.

Proof of Theorem 1.3. For ¢ > 0, we set
u=u+e+|f/Aln.
w=—logu, v=nw and g= f/u,

where 7 is the auxiliary function defined by (4.1), with § > 2 to be determined later. It is
easily checked that

Djw = —u~'D;u,
Dijw = i *D;uDjii — i ' Djjii = DiywD;w — i ' Djju.
Then a direct calculation yields that
eM;{:A(Dzv)
= MIA(nDZw +Dw® Dn+ Dn® Dw + wD?n)
“4) = eM;{:A(—r)ﬁ_lDzu +nDw® Dw+ Dw ® Dn+ Dn® Dw + wD?n)
> M;A(—nﬁ_lDzu) + My a(MDw ® Dw + Dw ® Dn+ Dn® Dw)
+ M A (wD?n)
> —gn+ M; ,(nDw ® Dw + Dw ® D+ Dn® Dw) + M, (wD?n).

(1) We first prove the following Cauchy—Schwarz inequality for matrices:

+(Dw®Dn+Dn® Dw) <y 'Dnp® Dn+ nDw ® Dw.
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It can be written in an equivalent form: for any a € R”,
{((Dw ® D+ Dn® Dw)a,a)] < ((n7'Dn® Dn+ nDw ® Dw)a,a).
Indeed, this inequality follows from the following simple observation:
(b®c)a,a) =[(b®c)alja; = (b®c)ijaja; =aibjajc; = {(a,b)(a,c)

forany a, b, c € R".
(ii) We control the term n~ 1| Dn|? as

n D> < 4pn'T2/E,
(iii) The eigenvalues of D?n are
4B(B—1) (1 — |x»)P2|x|> =281 — |x[*)#~!  with multiplicity 1,
—2B8(1 — |x|2)ﬂ_1 with multiplicity n — 1.
Let o := 1/(3n). We note that the first eigenvalue becomes nonnegative if
a<|x|<1 and B=1+ 1/(2a2).

Therefore, for@ < |x| < 1 and B > 1 + 1/(20%), we obtain
M A (D?n)

=A[4BB -1 (1= xP)P 2 x> = 2801 — [x[PP '] — A — D[2B(1 — [x )P ']

= A[4B(B -1 (1= X2 xPl = A+ (n = DAY 2B(1 — [x[)P ]

=2B(1 = |xPYP2RAB - DIx? = A+ (r = DAY (1 = |x])].

On the other hand, if |x| < «, then
My A (DPn) = —An[2B(1 — |x[)P71].
By plugging the previous estimates obtained in (i), (ii) and (iii) into (4.4), we have

M A (D?v) = —gn—n" ' M, (Dn® D) + My 5 (wD?n)
=—gn—n 'A|Dnl> + M, (wD?n)

2A
> gl —4B7A ~ D Ly + 2801~ 5P LA — Dl
- (A + (” - 1)A)(1 - |x|2)]v+ l{lx\za}
=f

on 't (vT). We now apply the ABP estimates (Corollary 3.5) to derive

f~_ n /n
S;FUEC</F+(U+)( A()(c];)) dx)1 .
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Therefore, by recalling that ||g/A|,, < 1, we obtain

supv < C + CZ|A/Allw + CBIA/Ally - supv - [{|x] < @} N {v > 0}/"
B] Bl

A B B n 1/n
+Csll;fw(/a5x|51 KT_ - |x|2)+ = |x|2] dx) '

Since 1/p + 1/q < 1/(2n), an application of Holder’s inequality yields that

A p B AN2
/aslxsl [(I - |x|2)+ 1- |x|2]n = /{cxsxlsl}nUﬁ <7) n dx

< I1/AIZ" A |27 |Ug |-/ p=Cma

where

. CA(x) B
Up = {Ixl <1 ) 1—|x|2}'

We also have the following inequality:

|Us| < ({% > 8| = ﬂ‘z"fm/,uz".

Hence, there exists a constant 8 > 0, which depends only on [|1/A],, |A]l4 and n, such

that A P P ., :
/x;slxsl [<7 - |x|2)+ = |x|2] = aoy

By combining all estimates above, we conclude that

supv < C + Csupv - [{|x] <a}n{v > 0}1/".
Bl Bl
In order to finish the proof, we would like to exploit the cube decomposition lemma
(Lemma 2.7). For this purpose, let us define Kz(z) to be the open cube, parallel to the
coordinate axes, with centre z and the side length 2R. Since B, C Ky(0) CC B; for
o = 1/(3n), we have
supv < C(] + sup v+|K;|1/”),
Bl Bl

where K := {x € Ky | v > 0}. Hence, whenever

Ko | o
<6 :=[2Qx)"C] ",
| Kol
we obtain
supv < 2C.
B,

We point out that
(i) this procedure is stable under the transformation x — a(x — z)/r for B,/ (z) C
B1(0);

(i1) we can repeat this argument for w — k instead of w for arbitrary k € R.
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Thus, by applying Lemma 2.7 with § = 1 — 0, K¢ = K4(0) and @ = 1/(3n), we

obtain tou(| D /1K
sup (1w — k) < C<1 n og(| Dil/I 0|)),
Ko log 6
where Dy = {x € K¢y | w(x) < k}. In other words, if we write

pwe ={xeKo|it>t}, withsr=ek,

then
e < C(i]l(lfft/t)’(,
0

where C and k are positive universal constants. By recalling Lemma 9.7 in [25], we obtain

t
/ # = C(infa),
o By
for ¢ = k /2. The desired weak Harnack inequality follows by letting ¢ — 0, together with
the covering and scaling argument. ]

We remark that if u is a strong solution of F(D?u, x) = f(x) for a (A(-), A(+))-
elliptic operator F' with F(0, x) = 0, then u is contained in the (extended) Pucci class,
1.e., u satisfies

M (D2u) = —|f| and M, (D?u) < |f].

Indeed, the following corollaries hold for a wide class of functions: not only solutions of
degenerate/singular fully nonlinear equations, but also functions in the (extended) Pucci
class.

Corollary 4.1 (Harnack inequality). Let fe L™(By). Assume that
1 1 1
j— _<{ —
p g 2n
Moreover, suppose that u € sz,c’e (B)) be an nonnegative L°-strong solution of
M;A(Dzu) > —|f| and M;,A(Dzu) <|f| in Bj.

Then there exists a constant C > 0, depending only on ||1/A|p, ||Allg and n, such that

supu < C((inf u+ | f/AIrcs ).
Bi)s B2

Proof. The Harnack inequality immediately follows from the local boundedness (The-
orem 1.2) and the weak Harnack inequality (Theorem 1.3). ]

In the uniformly elliptic framework, an application of the Harnack inequality (Corol-
lary 4.1) in an iterative manner yields a priori Holder estimates of solutions. Nevertheless,
due to the dependence of the constant C on ||1/A]|, and ||A||4, this argument is in general
not valid anymore in the non-uniformly elliptic situation. Instead, we have the following
large-scale Holder continuity, as in Theorem 5.1 of [44] and Corollary 4.2 of [5]. We set

~ 1/ ~ 1/
A(r) = sup (]{g )L_”) g and A(r):= sup (]i Aq) ! for r € (0, 1).
R R

r<R<l r<R<l1
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Corollary 4.2 (Holder continuity “on large scales™). Let fe L™(B;). Assume that
1 1 1

p q 2n

and that u € W29 (B1) be an L?-strong solution of

loc

M A(D?u) = —|f| and My ,(D*u) <|f| inBy.

Moreover, suppose thati(rl) < oo and K(rl) < 00 forsome 0 <r; <1/4.
Then for all v € [ry,1/2], we have

oscu < Cré(Jullzoea + I//Mrcan)-

where C and o are positive constants depending only on n, /A\(rl) and IA\(rl).

In particular, if we further assume that 1(0+) < 0o and K(O+) < 00, then the clas-
sical Holder continuity of u holds.

Proof. For a scaled function u, (x) := u(rx), we observe that u, is an L?-strong solution
of

M;C,Ar(Dzu,) > —|fy| and M;”Ar(Dzu,) <|fr| in By,
where

Ar(x) = A(rx), Ap(x):=A@rx) and f.(x):=r2f(rx).

Moreover, we have

Az = ([ at000x)" = (f a10rar)™

and

I fr /A lLn gy = rlLf /A lLn s,y < Il f/ AL By)-
Therefore, the desired oscillation control follows from the standard iteration and scaling
argument; see, for instance, Lemma 8.23 in [25]. [
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