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On the escape rate of subshifts of finite type and
2-multiplicative integer systems on N4

Jung-Chao Ban, Wen-Guei Hu, and Guan-Yu Lai

Abstract. In this article, we establish the escape rate formula for an N9 gsubshift of finite
type X by means of the horizontal transition matrices of the strip shifts induced from X. This
extends the previous result of Haritha and Agarwal (2019) to N4, d > 1. The concept of the
escape rate for N9 2-multiplicative integer systems is also introduced, and we give a similar
result for the estimate of the escape rate for such systems. Finally, the continuity property for
both systems is presented.

1. Introduction

The open dynamical system (or dynamical system with a hole) problem, which was
initiated by Piangiani and Yorke [39], can be put into the following frame. Let (X, d)
be a compact metric space and 7: X — X be a continuous map. For U C X, we
consider the set of points which under forward iteration do not enter U, i.e.,

Xy ={xce X:Tk(x) ¢ U for all k}. (1.1)

Or specifically, consider U = B:(z) :={y € X:d(y,z) <¢e}forz € X and ¢ > 0.
Let w be a T-invariant probability measure, the escape rate of p through U is defined
below. Let (X\U)" = {x € X:T'(x) ¢ U for0 <i < n},

1
pu(U, X) = —ngngoglogu((X\U)”),

whenever the limit exists. The limit p, (U, X) is known as the escape rate of u
through U. Some interesting and significant research topics for open systems are listed
below:

» Find a formula for the escape rate p,, (U, X).

* Find a relationship between the escape rate p, (U, X') and the dimension (Haus-
dorff or Minkowski) or the entropy of the open map (Xy, T'|x,,) (cf. [3,19,20]).
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» Discuss the continuity of the map & — p,,(B¢(z), X), foreach z € X.

» The dependence of the escape rate p, (B:(z), X) on the position of the hole, that
is, the point z € X for each ¢ > 0 (cf. [1,2,12,21,23]).

No attempt has been made here to provide a comprehensive bibliography for the
open system problem, and we refer the reader to [15] for a general survey. We empha-
size that the limit defining p,, (U, X) may not exist in general. However, the same
questions can be asked with respect to the upper and lower escape rate; namely,

1
pu(U. X) = —liminf ~ log (X \U)")
n—oo n

and
BM(U’ X)=- hm sup log w(X\U)").

The purpose of this study is to investigate both problems for two systems; namely,
the ‘N¢ subshifts of finite type (SFTs) for d > 2’ and the ‘multiplicative integer
systems’ (MISs). The motivation behind this study and the results are presented below.

Let 4 be an alphabet with [A| = k and ¥ C A* := |, A" is a finite col-
lection of words from A* that are forbidden. Suppose (X y,_(f) be an irreducible
SFT on N and o is the usual shift map, i.e., 0((x;){2,) = (Xi+1)72,- It is known
that (X #,0) admits a unique Parry measure, for the case ¥ C A U A2, we may
assume that 4 = [a;;] € {0, 1}¥>¥ is the associated transition matrix of (X, o) and
v = (vo,V1,...,Vk_1)", u = (ug,u1,...,ur_1) are normalized right and left eigen-
vectors of A with respect to the largest eigenvalue A4 such that uv = 1. The Parry
measure on each admissible cylinder set of w = iy ...i, € A" is defined as

Ui, Vi,
p(w]) = = =1 GiriaQiziz - - - iy _qip

(general cases are defined in Section 2.2). Let ¥; be another finite collection of
words from A* with & N 7 = 0. Then the escape rate of u through the hole X \
Y #uF,, denoted by p, (¥1, Zg), can be characterized by the topological entropies
of hp(Z5) and hip(E 7 us, ). Precisely, Haritha and Agarwal prove that [22, Theo-
rem 3.1]

IOM(:FL Yg) = htop(E"F) - hlop(zfufl)v (1.2)

where /4, (X) stands for the topological entropy of X .

A natural question arises: is it possible to extend formula (1.2) to N4 SFTs?
To this end, we begin by introducing some necessary concepts first. It is known that
some N¢ SFTs are the classical models in statistical physics, e.g., Ice model [28] and
Hard square system [11].
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A shape F is a finite subset of N. A pattern f on a shape F is a function
f: F — 4. Given a finite list ¥ of patterns, put

E[d] {x = (Xi)jene € AN UJ(X)F ¢ ¥ forall j e N9 and for all shapes F},

where (09(x)); = xij forall i, j € N4, and xF is the projection of x on the shape F.
We note that the calculation of the topological entropy of Z?] is a difficult job
(cf. [8,10,31,32,35,36]), and there is a deep connection between the exact value
of the topological entropy and the pressure in statistical physics (cf. [11, 28, 34]).
For d = 2, a systematic method for generating possible N, x, size patterns B, i.e.,
B < ANmxn where N,,x, = [1,m] x [1,n]" using the sequence of ‘horizontal transi-
is established in [10]. The authors prove that /o, (£2)) =
lim,, 5 o0 @ with similar results also found in [32, 36]. Fortunately, the method

tion matrices’ say {T,};;,
in [10] also leads us to establish the formula and calculate the explicit value of escape
rate p(F1, E[;]). Precisely, if we put ¥ and %7 in the same size, say Ny,x,, then
let {Tx}x>» be the sequence of horizontal transition matrices and {ug}x>, be the
associated sequence of Parry measures for k > n. Define the upper and lower escape
rate p"" (F7, 2[2]) and p[m ] (j' ! ]) asin (2.1) and (2.2). That is, the upper and
lower growth rate of p,, (1, X ) on N x [1, k]. An analogous result as [22, Theo-
rem 3.1] for N2 SFTs is presented in Theorem 2.1. Specifically, the rigorous formula
for the lower escape rate is derived, and the error function between the lower and
upper escape rate is also presented. This provides us a sufficient condition for the
existence of the escape rate, and it is worth pointing out that such a condition is
strongly related to the mixing properties of the N2 SFTs. Furthermore, we prove
that oy, (Wl s E[d]) —0asn —>ooVw e E[d] for d > 1 (cf. Theorem 4.2). This
establishes the continuity of & = p,,(B(2)) using w = z, where w|}; ,ja stands for
the term B(z). As mentioned, in N2 SFT, it is extremely difficult to calculate the
explicit value (or existence) of the escape rate by computing the exact value of the
topological entropy. However, the method we used here enables us to compute the
exact value of the escape rate and the topological entropy for a class of N2 SFTs
with local forbidden sets possessing a symmetric structure (cf. Theorem 2.6). Finally,
similar results for N4 SFTs with d > 2 are presented in Theorem 2.4 (escape rate
formula) and Theorem 4.2 (continuity).

The second part of this article motivated from the multifractal analysis of the mul-
tiple ergodic average, e.g., for Hausdorff and Minkowski dimensions of 1-d multiple
subshifts [16, 17,37], for Hausdorff and Minkowski dimensions of multidimensional
multiple subshifts [4, 6], for large deviation principle of 1-d multiple Ising mod-
els [13], for thermodynamics formalism of multiple subshifts [14]. We study the open

M,m x[1,n] ={1,...,m} x{1,...,n}.
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system problem on the 2-multiplicative integer systems (2-MISs). Suppose ¥ C A2,
let
59D = (x = ()2, € AN xpxgr ¢ F Vk € NY. (1.3)

Roughly speaking, E(;) may be considered as Xy in (1.1) by substituting Tk (x) with
(T D)k (x), where (TP (x))x = xqr forallk e N,and U = AN\ T#. We are not
aware of any further research on the escape rate of Eg{). The reason for the study (1.3)
comes from the particular case where A = {0, 1}, ¢ = 2 and ¥ = {11}. Under the
circumstances,

5P = {(x0)f2, € AV xpxa # 11 Vk € N}
= {(xx)32, € AN:xg - xop = 0 Vk € N},

where a - b is the usual product of @ and b. The study of E(;) is inspired by Fursten-
berg on his proof of the Szemerédi’s theorem [17,25]. The Minkowski dimension is
computed in [17] and it is shown that (cf. [26, 38])

1 n
dimg = = dimgy {(xk) e AN: lim = > xp g = o}.
n—oon
k=1

Hence, the study of E(;) is strongly related to the multifractal analysis problem of the
multiple ergodic average % ZZ=1 Xk + X2k . Kenyon et al. [24] study the general form
of Zg), namely, let @ C {0,...,m — 1}N be a subshift, define

S =Ry €40, om = N ()2 € Qforalli €NL - (14)

and call such shifts multiplicative shifts since those systems are invariant under the
action of multiplicative integers, i.e., (xx )3, € Eg) implies (x,x)7; € Eg) VreN.
There has been plenty of research on multiplicative shifts since then (cf. [5,13,14,18,
26,27]). We also refer the reader to [16] for a nice survey of this subject.

To choose a good measure for the escape rate, we are reminded of the concept of
the telescope measure built in [24] to calculate the Hausdorff and Minkowski dimen-
sions of Z(;). It is known that the first stage of the study of E(;) is to decompose the
lattice into independence lattice (according to ¢) for which the rule in each indepen-
dent lattices behaves as the usual 1-step SFT. Suppose A is the associated transition
matrix of such 1-step SFT, and p is the corresponding Parry measure on it. The fele-
scope measure P, which is defined as the product of measures of cylinders on each
independence lattice, is used to compute the Hausdorff and Minkowski dimension

of 2(;)_ In (1.4),if Q@ = X, we simply write

@ _ v@ _ v@
E}- = Ezf = EQ .
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We study the escape rate of P, through the hole E(;) \ E(jf% 7

o1
p(71. 5) = lim ~logPu(Ba(EE,5,)).

where B, (X) is the set of all n-block patterns of X. In Theorem 3.1, we estimate the
values of p(#7, 2(;7’)) and p(¥71, E(}Z)) with the difference of the entropies

K = hiop(E2) — hiop(S) 7).

and prove the continuity of escape rate (Theorem 4.7), i.e.,
: @)y _ (9)
nll)n;op(w“l,n], XF)=0 VweXg.

Finally, we extend these results to multidimensional multiplicative shifts (see Theo-
rems 3.2 and 4.7).

There are two possible extensions for these two systems. For N4 SFTs, one can
consider the same problem on N9 sofic shifts, i.e., the factor of an N9 SFT. The dif-
ficulty in studying the escape rate problem of an N¢ sofic shift is to construct the
appropriate measure and observe how the measure is affected by the factor. On the
other hand, the problem for 2-MIS can be extended to k-MIS for £ > 3. In this sit-
uation, new ideas are necessary because our method for k-MIS (k > 3) is no longer
valid.

2. Escape rate of N¢ subshifts of finite type

In this section, we would like to find the formula of the escape rate for N¢ SFTs for
d > 2 by using the method established in [10]. Such a method could lead us to find
the rigorous value of the escape rate for N4 SFTs with some specific symmetrical
structure.

2.1. Strip shifts and their transition matrices

In a one-dimensional SFT ¢ C AN with a finite forbidden set  C A" for some
n > 1, the associated transition matrix T(¥) is usually introduced to study the con-
cepts about topological entropy, maximal measures, dynamical zeta functions and so
on [29]. Clearly, let

B=A"\F

be the corresponding basic set of admissible local patterns, X ¢ (resp. T(F)) can also
be determined by 8B and is presented by X 42\ g (resp. T(A" \ 8B)). Similarly, for
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an N SFT =4 ¢ AN with forbidden set F < ANe<k1<>ka—1, d > 2, the basic
set of local patterns B is equal to the set AN<k1xxka—1 \ F . However, to the best
of our knowledge, there is no such transition matrix for an N¢ SFT. For simplicity,
we only focus on d = 2 below. Instead of a transition matrix for an N2 SFT, Markly
and Paul [33] introduced a sequence of transition matrices {T, } =, on the horizontal
strip shift H,,(E[;]) to study maximal measures and entropy, where Hn(E[;]) is the
set of all patterns on N x [1, n] that contains no forbidden patterns in ¥ and it can be
regarded as a one-dimensional SFT. It is well known that
h(EP) = 1im log Ar,
n—

© n

where A, is the maximal eigenvalue of T,. By considering the measure-theoretic
method on Hj, (Z[;]), Pavlov [36] approximated the hard square entropy constant.
Ban and Lin [10] introduced the ordering matrices X,, (or Y,), n > 2, to arrange
systematically all patterns in {0, 1}N2x2 (or {0, 1}N»=2) as follows.
For n > 1, let the nth-order counting function

Y=y {0,1}" > {j:1<j<2"}
be .
V(B1B2-Pn) =1+ Zﬂj2("_j).
j=1

The horizontal ordering matrix X,, of patterns in {0, 1}N2x# and vertical ordering
matrix Y, of patterns in {0, 1}N"X2, n > 2, can be defined by

[ Bm T_T Bnz |
—
Xp = [Xnifl=| = 1
B2 P22
L A B1z |, o
and
B2 B2z -+ PBn2
Yo = [ynijl = I I :
Bir Bar -+ Bt ynyon
where

{z‘ = ¥ (Br1B21- Bu1)
J =¥ (B12B22- Bn2).
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In particular,

IO Il IO Il
0 0 b 0 0 1 1 0 1 1

*—o

Op—90 Op—sl Op_g0 Op—gl | Op—90 Op—sgl lo—00 1
I ol do ol do ol 11 o] ool o 1o oo oJo ol
04 | 0b—40 0b—e0 O—e1 Os—al 0 0r—a0 Ob—40 0
| los0 lo—ol lo—90 ly—gl Op—90 Op—gl lo—00 lo—sgl

I | oo oo o[ 10 o] Landl N M A B P B
X5 =0s | 0440 0440 041 04—l Y, = 0441 Ob—41 041 Oe—d1
Op | Op—q0 Op—yl Op—g0 Op ol Op—90 Op—ol To—90 Tyl
ARE BB o [ ]o ([ W[Ho (]
Io | 14—40 1640 le—41 1441 40 1—40 14—40 1+—40
1 1 0 1 11 0 1 1 ODOODI IDOIDI
1I 1Do 1D0 1D1 1D1 Pl e e e

Given a basic set 8 C {0, 1}N2X2, by the ordering matrices X, and Y, the cor-
responding transition matrices H,, and V,, can be defined, and their recursive formu-
lae are obtained as follows. For n > 2, the associated horizontal and vertical tran-
sition matrices H, = H,(B) = [hn;ijlonxon and V, = V,(B) = [Up;ijlonxon are
defined by

1 if x,;; can be generated by 8,
hn;ij =

0 otherwise,
and

_ ) 1 if yn;; can be generated by B,
e 0 otherwise,

respectively. Furthermore, the recursive formulae for generating H, and V,, is also
presented as follows. Forn > 2, if

Hn: Hn;l Hn;2 ’
Hn;3 Hn;4 onxon

where Hy.j is a 2"~! x 2"~! matrix, then

ho1Hu:1 hoiioHpn | hojsHer ho1aHpo
hoo1Hu:s  hoopoHpa | hopsHps  hooaHys
ho31Hu:1 ho3oHpn | hoasHy  hozaHyo

Hn+1 =

ho.4a1Hp3  houoHps | hoasHps  houaHys

The recursive formula of V,, is similar to that of H,, and is omitted here. It is notewor-
thy that Pierce [40] also obtained the same formula and applied it to study the entropy
problems for N2 SFTs.
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For example, consider the hard square model, whose rule is that 1 cannot be next
to 1 in both horizontal and vertical directions. We have

1110
H,;, H,., 1 010
H:V: ’ > =
2(=V2) |:H2;3 H2;4:| 1100
0000
Then,
T [1 1] [1 0] 1 1] 1 0]
ol Mol Yo 1o
1 1] [0 0 1 1] [0 0
ool %lool Yoo] 9o o
Hi(=V3) = :1 1: :10 :1 1: :10
1'_1 0] 1'_10 0'_1 0] 0'_1 0]
1 1] [0 0] 1 1] [0 0]
_0‘_0 0] 0‘_0 0] 0‘_0 0] 0‘_0 0]
11 101 1 0 0]
10101000
11001100
100000000
111100000
1 010000 O
00 0O0O0O0TO 0O
(0000000 0],
x8

In certain cases, the topological entropy of Eg] can be computed explicitly by

using the recursive formula [10] (the results are listed in Remark 2.8 (1)). In addition,
different kinds of topological mixing properties for N2 SFTs can be characterized
by {H,};2, and {V,}72, [9], which also leads us to study the dynamical zeta func-
tions for N¢ SFTs [8]. It is noteworthy that the idea of ordering matrices also can be
considered for general 8 C ANmxn and for N9, d > 2.

2.2. Parry measure and escape rate

Let B C {0, 1}N=xn be a basic set of admissible patterns which is a set of m x 1 pat-
terns over {0, 1}. Form > 2,n > 1 and k > n, the (m, k)-counting function ¥, ;. is
a bijection from {0, 1}Non—xk to {1,...,20"=Dk} The matrices {T][cm’"]}zo:n are hor-
izontal transition matrices of Xooxk.# and are indexed by ¥, £, k > n, respectively,
where X ook % is the SFT on Nooyx with ¥ = {0, 1}Nm=n \ B For convenience, we



On the escape rate of subshifts of finite type 525

denote Tgcm’"] by Tx. For each k > n, let A; be the maximum eigenvalue of Tj and
(ur)!, vy be the normalized left and right eigenvectors of Ty with respect to A; with
(ux)*vr = 1. It can be shown that the measure

Ur)iy (VK )ip_ s
{—m+1
Ay

pk (Uexi) = (Tr)ivin (Tk)inis = (Ti)ig_pgrie—min

is an equilibrium measure on Xoox; %, Where Uypxx = [j1j2- -+ je] is an £ x k cylinder

set of Xooxk; 7 and iy = Yy k (Jr jr+1++ jrem—2) forall 1 <r <€ —m + 2.
Assume the transition matrices of ¥ and ¥ U ¥ are same sizes for each k > n,

say {Tx}p>,, and {’f‘k } oo ,» respectively, and define the upper and lower escape rates

of N? action o|52) to the hole Hgl] by

~ o o1
ol (7 Z[fz]) = — liminf — log ,u,k(ngk(E[ﬁz]UT, ), 2.1
£L,k—o0 Lk 1
and |
Pl (s £2) = —limsup 7 log e Bk (S50 5,))- 2.2)
£,k—o00

respectively, where Byxx (X)) is the set of all £ x k patterns of X. If the above limit
exists, then we denote

~[m,n]

=p

[m,n] [m,n] )

p =p

For convenience, we denote pl”1, gl and B["”‘] by p, p and p, respectively.

Theorem 2.1. For2 < m,n € N, we have the following assertions:

1

Ok

1
K < p(#1: 33 < p(#1: =P) < K + limsup — 2%
- tk—soo Lk

where
K=n=) -n=E )

and {ax }p, is a sequence such that (uy);(vi); = ax > 0 for all k > n and for all
1<i,j< 2mk Moreover; if

log —-
lim sup ——% = 0, (2.3)
£,k—o00 k

then p = p and
p(F1: 27 = h(=F) - h(=Z ).

Proof. The proof is a case of Theorem 2.4, which we have omitted here. |
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In order to consider the relation between condition (2.3) and mixing property of
an N2 SFT, we introduce the block gluing as follows. An N¢ subshift X is called
block gluing if there exists a constant N > 0 such that for any two blocks U and V
of X withd(s(U),s(V)) > N, there exists x € X such that

Xlswy=U and Xx|sq) =V,

where s(W) is the support of .

Corollary 2.2. Let X be an N? SFT with horizontal transition matrices {Ty}. If X is
block gluing, then p = p and

p(F1: ) = h(=Z) —h(=2 ;).

Proof. We claim that if X is block gluing, then condition (2.3) holds. Then, applying
above theorem, the proof is complete.

Now, since X is block gluing, we have that the horizontal transition matrices {Ty }
are primitive with common primitive number m + N for all k > n, where N is the
block gluing constant and m is the width of patterns in 3.

For any k > n, since Ty is primitive, by [29, Theorem 4.5.12], for all p > 1 and
forall1 <i,j <2mk

[(Ti)Pli,; = [(ur)i(V); + risij (PI(Ar) P, (2.4)

where ri;; j(p) — 0 as p — oo. This implies that

T)P);
(ur)i(ve); = %

Then, by primitivity of Ty, it can be shown that

— Tkii,j (p)-

min  [(Te)?Li; = [(Te)? 2N
1<i,j<2mk
forany 1 <i’, j’ < 2™k and for any p > 2(m + N).
Hence,

max; o ; <omic (Ui )i (Ve);  maxy; jomk [(Te)Pli,j — ricsi, j (p)(Ax)?
miny o; ; oomk (Ug)i(Vk);  miny < ; omk [(Tk)Pi,j — s, j (P)(Ar)P

(T)?r,0 — k1,0 (P)(A)P
T [(T)P=2m+N; g — 1, () (M) P
where I, J are the indices for which max_; ; comk [(T)?li,j — risi,j (P)(Ax)? is

attained, and ', J" are the indices for which min; o; ; <om« [(Tg)?li,j =7k, () (Ak)?
is attained.

(2.5)
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Combining (2.4) and (2.5), we have that for p > 2(m + N),

mMax, <; j<omk (ur)i (vi);
min15i,j52mk (ug)i(vr);j
- ()1 (Vi) g + risn, s (PIA)P — 11,5 (P)(Ak)P
T [ r i) 4 riers (p—=20m + N)J(Ag) P20V — 5 (p) (Ar)P

=
p_c;o(kk)Z(m—l—N)'
Since
max  (ug)i(vr); = max (ug); max (vg);
1<i,j<2mk 1<i<2m 1<j<2mk
and
min  (ug)i(vg); = min (ug); min (vg);,
1<i,j<2mk 1<i<2mk 1<j<2mk

it is clear that

max o; <omk (U)i MaX;j<omk (i)

T oming o cpmic (ug); | Mg < omic (V)

< (Ak)Z(m-i-N)'

Since uy and vy are normalized vectors, we have that the smallest possible value of

ming . ; comk (vg)j and ming ; comk (Ug )i is

1
() Fm+N) _ 1
2mk 1 4 W (Ag)4m+N)(omk _ 1) 4 1’

which yields

! 1
A = < < min u): (v N
k ()Lk)4(m+N)2mk - (Ak)4(m+N)(2mk —)+1" lsi,jszmk( )i k)j

Therefore, we obtain that

a8 a0 _ o log(() e 0m)
im sup = lim sup
{,k—>o00 14 ,k—o0 Lk
) 4(m + N)log(Ax) + mklog?2
= lim sup
£,k—>o00 Lk
=0.

The last equality is due to the fact limg_, o % log A = h(X) (the topological entropy
of X). The proof is complete. |



J.-C. Ban, W.-G. Hu, and G.-Y. Lai 528

Example 2.3. We should note that the primitive assumption of Ty reflects the exis-
tence of lower bounds of «x such that o > O for all £ > n. For example, when ¥ is
empty, then o = 2,,%,( for all k > n. This implies

log 50 log 27k
lim sup ——% = lim sup e _ 0,
£ k00 tk—>oo Lk

and so the limit of escape rate exists.

2.3. Setup and results for N¢ subshifts of finite type

The following theorem is the N4 version of Theorem 2.1. Let B C {0, 1}Nnix-xng
be a basic set of admissible patterns. For ny > 2,n,,...,ng > 1 and k; > ns, ...,
kg1 > ng, the (ny,ky, ..., kq—1)-counting function ¥y, ,.. k,_, is a bijection
from {0, I}N‘”I*UX’Cl xexkg—1 to {1,...,2"~Dkika—1\ The matrices

{T[m el

}OO
kl ,...,kd_l kl =n2,...,kd_1 =nqg

are horizontal transition matrices of Xooxk,x--xk,_;;%, and they are indexed by
Vi gtk s k1 =12, kg_y > ng, respectively, where ¥ = {0, I}N"lx“‘x"d \ 8.
For convenience, denote TE{"llk';d_]l by Tk, ...k, ,-Foreachk; >n,,... . kg_1 > ng,
let A, ...k _, be the maximum eigenvalue of Ty, x, , and ur, .k, ;1 Vky,..ky_;
are the normalized left and right eigenvectors of Ty, , withrespecttoAg,  x,_
with (g, ...k, ) Vk,,...ky_, = 1. It can be shown that the measure

1

(ukl,...,kd_l)il (vkl,...,kd_l)ig_,, 42
/“Lk],...,kd,I (Uﬁxkl X~~~><kd,1) = £_n1+1 ! (Tkl,...,kdfl)i]iz

kiseskg—1

x (Tk1,~--skd—l)i2i3 T (Tkl,-~~»kd—1)i2—m+li£—n]+2

is an equilibrium measure on ooxk, x-xky_ ;5> Where Upsp, x..xky_y = [J1J2++ jil
isan € x ky x -+ X kg_y cylinder set of Zooxk,x-xk,_,;5 and

I = Wnl,kl,...,kd_] (jrjr+l "'jr+n1—2)

foralll <r <{—n; + 2.
Assume that the transition matrices of & and ¥ U %] have the same sizes for

each ky > nj, ..., kg—1 > ng, say, for example, {Tklw-skd—l}zc;:nz ) and

ka—1=ng4
0o .
Tk, kg }k1=nz,..-,kd_1=nd’ respectively, and define the upper and lower escape

rates of N¢ action O'lz[d] to the hole H;fl] by
7 1

1
snisnal (g o wldly liminf ~ ——r
p (F1: X5 Ly pekg—y—00 Lk kg_q

d
X 10g Mk] ,‘..,kd_l (Bﬁ,kl ,...,kd_l (ZF?EJ.?] ))’
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and
1sengl iz . s ldly _ ' {
P (F1; %) =—  limsup —-—
F F Lk kg _1—>00 Chky-kg_y

d
X 10g pgey kg1 (B gy, deq_, (Z[rp]uyl ),

respectively, where By x, . k,_,(X)isthesetofall € x ky x ---x ky_; patterns of X.
If the above limit exists, then we denote pl?1-+7al = plr1snal = Q["l »-Mdl For con-
venience, we denote pl?1>+7al plnis-nal apd B[”l"“’”d] by p, p and p, respectively.

Theorem 2.4. For2 <ny,...,ng € N, we have the following assertions:
[dl\ _ ~ [d] log 57—
KSP(‘?*Vl;Ey)SP(?l;EW)fK‘F lim sup L dﬁla (2.6)
- Chpookgy—oo Lk ka1
where
_ [d] [d]
K =h(Z%) _h(E}'uy«])
and {0tk ...k, Jerzna.... k,_ =n, '8 asequence such that
Wkyyokg—1)i kg kg 1)j = Qkykgy = 0
forallky > no,....kg_1 > ngandforalll <i,j < mikika—1 Moreover, if
log S S
limsup — — ka1 2.7)
Lky,....kg—1—00 Lky--- kd—l
then p = p and
d d d
p(F1; 2 = h(Zh) - n(= ). 2.8)

Proof. We first prove the most left inequality of (2.6). It can be shown that

Cyldly : [d]
B(‘?’l’ Zj:‘ )_ - hmsup Ik k log/’Lkl,...,kd_l(Be,kl,...,kd_l(zf’uf‘l))
Lky,...kg—1—>00 1" Kd—1
li 1
=— imsup ——+«+—
Gy sdg g —o0 Lk1 ka1
on1kykg—q “ {— 1
i,j=1 (ukl,...,kd_l)i (Ukl ..... kd_l)j((Tkl,...,kd_l) mit )l]
x log 7
A, —n1+1
kiyeskg—1
o1k kg—1, fenit1
> lims p 1 log Zi,j:l ((Tkl,...,kdfl) mit )lj
— u
- Eklk _ {—ni1+1
Ckyyeskg—1—>00 d—1 )Lkl,...,kd,1
T {—nj+1
_ lim 1 IOg |(Tk1,...,kd_1) m1t |
Lk kg _1—>00 Lk -+ kg_q Al_”l +1
ki, kq—1

= n(=ih —nEll ).
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The middle inequality of (2.6) is due to the definitions of p and p. We are now in a
position to prove the most right inequality of (2.6). It is straightforward to verify that

~ . 1
o(F1; E[,}”) = limsup —m—
Gk kg —o0 L1 kg1
{—ny1+1
1 Akl,u-,kd—l
0og
on1kykg—1 ~ t—ni+1
Zi’jzl (ukl ,,,,, kdfl)l'(vkl ..... kdfl)j((Tkl ..... kdfl) )ll
1
< lim sup _—
01k —o0 Lh1 - ka1
{—n1+1
Aklsn-,kd—l
X log 2n1k1-~~kd,1 A~ ¢ 1
i,j=1 Oy, kg_1 ((Tkl,...,kd_l) it )l]
_ lim log Ak, ks

K,k],...,kd_l—N)O kl "'kd_l

- lim
e,k],...,kd_1—>00 Zk] "'kd—l
1

+ limsup  ——Fekaor
Gy —oo L1+ ka—1

_ [d] [d] ;
_h(Ef)_h(Zj:U?l)-"_ek llnllcsup W
K1 seeesKg—1—>00 -

Finally, combining (2.6) with (2.7) yields (2.8). The proof is thus completed. ]
Using similar argument to Corollary 2.2, we have the following result.

Corollary 2.5. Let X be an N4 SFT with horizontal transition matrices Thy,kyy )
If X is block gluing, then p = p and

p(F1: 2 = h(EEh — (=i 5.

2.4. N2 subshifts of finite type where forbidden patterns are of size 2 x 2
with 2 symbols

Let B C {0, 1}N2x2 be a basic set. The matrices {H,, }o2, are horizontal transition
matrices of Zooxn; %, 1 > 2, respectively, where ¥ = {0, 1}NZXZ \ 8. Foreachn > 2,
let A,, be the maximum eigenvalue of H,, and let u,, v, be the normalized left and
right eigenvectors of H, with respect to A, with u’,v, = 1. It can be shown that the
measure

(un)il (Un)im

Am (Hn)i1i2 (Hn)i2i3 e (H”)imflim
n

n (Unxn) =
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is an equilibrium measure on Xooxpn; %, Where Uy xy, = [i1i2 - ipm] is an m x n cylin-
der set of Zooxn: 5 -

Assume the transition matrices of ¥ and ¥ U %, are same sizes for each n > 2,
say {H,}52, and {H,,}°_,, respectively. If H, and H, are of the form

n=2

A B . a ap b by

by applying [10], we have the following results.

Theorem 2.6. If H, and H, are of the form above, then we have

1

log
K < p(#F1: 39 < 5(F1: 52y < K + limsup — 22,

m,n—>o0 MnN

where K = h(H,) — h(Hy) and {a, }o2 5 is a sequence such that (uy); (V,); = 0y >0
foralln > 2 and forall 1 <i,j <2". Moreover, if
log -

. o
lim sup L =0,
m,n—oo0 Mn

then B
p(F1: F) = h(Ha) — h(H). 2.9)

Proof. The proof can be obtained using Theorem 2.1 and the table in [10] (see Re-
mark 2.8 (2)). ]

Example 2.7. Let

1111 1111
1111 _ 01 1 1
o= ] ™ H=10 0
1111 1 10 1

Then the Example 2.3 gives us the existence of the escape rate, and (2.9) of Theo-
rem 2.6 provides the escape rate which equals

1+«/§>=log<

p(F1: 5F) = log2 — log >

%)
~ 0.21109.
1+ /5
Remark 2.8. (1) In [9], by using certain conditions on H,, (V,,), the sufficient condi-
tions for block gluing is provided.

(2) Table of A, B, P(A) the polynomial of recurrence relation of the maximal
eigenvalue of H,,, A is the largest root of P(1) and log A« = A(H>) in [10].
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A B P(1) Aa

[11] [11] A2 2

[11] [01] or [19] A3 —2X2+A—1 =~ 1.75488
[o1] or [18] [i1] M-l ~ 1.61803
[11] [59] 22— a—1 ~ 1.61803
[96] [11] 22 -a—1 ~ 1.61803
[61] [19] 22— ~ 1.46557
[19] [61] 23221 ~ 1.46557
[80] or [28] [11] B-r-1 ~ 1.32472
[9¢] [§1]or [19] A*—2r-—1 ~ 1.22074

Let X; and X, be two N subshifts. The axial product of X; and X,, which is
introduced by Louidor, Marcus and Pavlov [30], is defined by

X=X1xX, = {()Ci,j)lc-ﬁ:l: (xi,j)lc'il € X; and (xi,j);')il € X, for all i,j € N}

Many interesting and important N2 shifts in statistical physics can be formed
by means of this product; for example, the hard square model. Theorem 2.9 reveals
the relation between the axial product and the horizontal transition matrix H,. The
formula allows us to use the aforementioned formula of the escape rate to the systems
derived from the axial product of two shifts. If A = [a;;] and B = [b;;], then the tensor
product of A and B is defined by A ® B = [a;; B], and the Hadamard product of A
and B is defined by A o B = [a;;b;j].

Theorem 2.9. If X is the axial product of two I-step SFTs X1 and X», then the
corresponding two-dimensional transition matrix Hy equals

H; = (4; ® 41) 0 (42 ® 42)%,

where A1 and A, are transition matrices of X1 and X,, respectively. Here @ denotes
the tensor product, o is the Hadamard product, and A% is the Z-shape transformation
of A, that is,

V4
ail diz diz dis ail diz2 dz1 d4zz
4Z — az1 dzz dz3 dz4 _ | 4913 a4 a3z dazsg
asz; dszz dsz3z d3g aszy dszz d41 d42

a41 d42 443 d44 asz dsz4 443 444
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Proof. 1t is easy to see that the admissibility of the horizontal and vertical directions
of a2 x 2 pattern are determined by A; ® A7 and (4, ® AZ)Z , respectively. Thus the

proof is complete.

Example 2.10. (1) Table of A; and A45.

Ay A H> h(H3)
11117

[0 H g2

D1 e tory [LIES] L 76999

[11] [10]°r[11] 1110 0r[0111 logg
Looood 0111
11107

[1o] [1o] 1900 >0
Looood

The first classis full N2 shift, the second class is full N shift axial golden mean shift,
the third class contains a safe pattern.

(2) Incase Ay = [} 1], A2 =[1}], the transition matrices V, = ®"G; this
implies

1
(un)i(vn); > m

forall 1 <i,j < 2" Thus,

1

o .
. = limsu
m,n—00

log

log(1 +g?)"
P mn a

lim sup
m,n—00

Oa

and so the escape rate exists.

(3) In case A; = A, = [} }], it can be verified that X is block gluing in [9].
Thus, the escape rate exists.

3. Escape rate of 2-multiplicative integer systems on N¢

In this section, we discuss the escape rate for the 2-MISs on N¢. Precisely, we con-
sider the following set:

E(;) = {(x)2, € {0, }N: x;xp; ¢ F foralli € N},
The constraint 1 C A* is imposed as a hole, and then the following associated set is
considered:

@

FUF, — {(x:)2; €40, YN xjx0 ¢ F U F, foralli € NY.
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3.1. 2-multiplicative integer systems on N

Let A ={0,1,...,m — 1} be a finite alphabet,
@ = {022, € AN (54003, € Sy foralli,g 4 i},

where X # is a shift of finite type and A is the associated transition matrix (assume A is
n—1
a k x k matrix). The topological entropy of Eg) is h(Zg?)) = (q—ql)2 > 1°g|;,1 |
(see [7]), where |A| of a matrix A is the sum of all entries in A.
Let Py (x) = [y} 1((x;4¢)72 ). The lower and upper escape rates of multiplica-

tive integer action on X ,;) into the hole %7 are defined by

P 1
P B = ~liminf — log Pu(By(Z),5,))

and
, 1
p(F1: 22) = —limsup = log Py (B4 (23, 1))

n—oo N

respectively. Assume the sizes of transition matrices of X yg, and X g are equal,
then we have the following estimate of the escape rate for the 2-MIS on N.

Theorem 3.1. Let E(;) be a 2-MIS on N and ¥1 C A™* be a hole. If the transition
matrix A of the SFT X ¢ is primitive, then for g > 2,

—1
K—q

o —1
log G2 < p(¥71; 5Dy < p(F: @) < K - 1 . log(aCy),

where K = h(S0) — (S, ), and for alln € N, C1A} < |A"| < Co\% with g
is the maximum eigenvalue of A and the corresponding normalized eigenvectors (left
and right) are u and v satisfying u'v =1and 0 < a < ujv; <lforalll <i,j < k.

Proof. The proof is a direct consequence of Theorem 3.2 and is omitted. |

3.2. 2-multiplicative integer systems on N4

For d > 2, the d-dimensional upper and lower escape rates of multiplicative integer
action on 2(%1) into the hole %) are defined by

Y& s . . 1
p(F1; Z(;)) =— liminf ————1logPy(Bn,, . n, (2(}{1{)%))

nls...sng —>00 nl .o .nd

and :
p(F1:TP) = — limsup —d1ogPM(Bnl,...,nd(2;‘!@-1)),

Nlsesiig—>00 11
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respectively, where q = (q1, . ...qq) and’

d .
S0 s = {Giene € AN (xq0)820 € Sgug, foralli € )

with
Iy ={G1.....ig) € Nd:qj tijforsomel < j <d}.

Denote p = p = p if the above limit exists. We have the following theorem for the
relationship between the escape rate and topological entropy.

Theorem 3.2. Let E(;) be a 2-MIS on N and F1 C A* be a hole. If the transition

matrix A of the SFT X ¢ is primitive, then for q1, ...,qq > 2,
q1--qa —1 . ~ oo
K -T2 —logC, < p(#1; 2523)) = p(F1: 25«?))
q1---4d -
cevgs — 1
<k - 9T og(acy),
q1-+4d

where

K =hEP) - n(E=0, ).

and foralln € N,
Cl/\z < |An| < Czlﬁ, (31)

where A4 is maximum eigenvalue of A, and the corresponding normalized eigenvec-
tors (left and right) are u and v satisfying u'v =1 and 0 < « < u;v; <1 for all
1<i,j <k

Proof. Let A and B be the associated transition matrices of X # and X g, , respec-
tively (assume A and B are k x k matrices). Then we have

N @y 1 @
P Sy == liminf - logPu(Bny,..ns (Cgus,)
| -
=— liminf —log l_[ 1(Bu(Sgug,)Rrmna
Niseshg—>00 111 +++ Ny i

ni—-ng

uivj n—1
= — liminf 1 || E ——(B i ,
nl,l,nzlzn—wonl o8 _ (”_1/\2_1( )U)
and

ni-ng

Ru:ny ng
B(?l;E;?))z— lim sup log 1_[ (Z ik Bn_l)ij) ;

ny,....ng—>o00 N1 =1 A

*q° = (q7.---.99)-
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where
1 d ng li[ N
bomens =15 (e - 112
qi---qa’ \ ;| "4 i1~k
u = (u,...,ur)and v = (vy,...,v) are the normalized left and right eigenvectors

corresponding to the maximum eigenvalue of 4, A4, thatis u’v = 1.
If A4 > 0, there is an o > O such that 0 < o < u;v; < 1, then we have

|B" 1]
gy —1)2 &, 102
_(g1---qa—1) M _ < (7 =9 < 551 59)
qi--+qa = (@rga)t T
|B" 1]
_ aiqa =1 ¢ log(o 1)
B q1--+qa 4=y (q1---qa)"
Then by condition (3.1), we have
|Bn—l|
ceigqs — 12 &, 1og(Cr =)
Jnda 27 A PR g2 9) < 55 5 9)
qi-+qa = (q1--qq) -
|B" 1|
__(qiga— D2 N log@Cien)
B qi--qa = (qr--qa)"
This implies
g1---qa —1 - o
K- Wlogcz < p(F1: W) < p(F s
ceegs —1
e L CTen)
q1-:qd
where
K =h(z®) - (=2, 5).
The proof is complete. ]

4. Continuities of the escape rates of subshifts of finite type and
2-multiplicative integer systems on N¢

4.1. N subshifts of finite type

We apply the result in [35], which gives the continuity of entropy of N SFTs.

Theorem 4.1. For any d > 1 and any strongly irreducible N SFT X on an alpha-
bet A with |A| > 1, there exist constants Cx, Dx > 0, Ax, Bx and Nx € N such that
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for any n > Ny and any pattern w € Al

point of X,

which appears as a subpattern of some

Cx Dx
A < M) —h(Xw) < St T

where X, = {x € X:w not appear as a subpattern of x}.

Using Theorem 4.1 with the escape rate formula (Theorem 2.4), the following
result for the continuity of an N¢ SFT is immediate.

Theorem 4.2. If Y ¢ is strongly irreducible and satisfies (2.7), there exist constants
Csz#,Ds >0, Az, B and Ng € N such that for any n > Ng and any pattern
w € {0, 1}[1’”]d which appears as a subpattern of some point of Eg],

Cy
NI+

D¢

. sld]
<pw:zthy« ——F
plw: Zg7) NEEDY i+ By

Moreover, for any w € 25571]’ limy,— 00 p(w|[1’n]d; EE‘;]) =0.
Proof. Theorem 2.4 gives the existence of the escape rate

p(w: =) = h(=ih — h(=i,,),

and the proof is thus complete by applying Theorem 4.1. |

Remark 4.3. We remark that the continuity of the case d = 1 is obtained by com-
bining [22, Theorem 3.1] and Theorem 4.6.

4.2. 2-multiplicative integer systems on N4

Theorem 4.4. If X is n-step SFT and w € {0, 1}" is any pattern which appears as
a subpattern of some point of X, then

(q1-+-94 — 1)1og(C>)
(q1+--qa)" !
< p(w; 2P) < plw; BF)
(q1-+-qa — D[(n —1)1log2 —log(Ca)] + log 2
(q1-+-qa)"*! 7

K —

<K+

where
K=hE®)—nE=® ).

In particular, forw € X g,

: @y _
Jim_p(wlpa, Zg) = K.
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Proof. Our goal is to estimate «, C1, C, in Theorem 3.2. For simplicity, we assume
that X ¢ is a 2-step SFT with the transition matrix

a a
A= |01 42|
azy dzz
and let A4 be the largest eigenvalue of A with the corresponding eigenvector v =
(v1, v2)? such that
ail diz VU1 U1
= Ay .
|:6121 6122:| |:Uz:| |:v2:|

{a11v1 + aiavy = Aqup,

A21V1 + A22V2 = AqUz.

This implies

For 2-block representation of A, say A2l is defined by

ajiain  dndiz 0 0

42— 0 0 d12d21 d12d22
aziail  a1diz 0 0

0 0 azdn1  A22a22

It is easy to see that the vector vl = (v1,v2,v1,v2)" is an eigenvector corresponding
to the eigenvalue A4 (after deleting the zero columns and rows of A2l). Similarly,
the n-block representation of A, say A", has A4 as the largest eigenvalue with corre-
sponding eigenvector

oIl = [(@"7 (1, 1)) ® (v1, v2)]!

(after deleting the zero columns and rows of Alnly,
Let
min{v?, v3}

¢=—7—>— and o, =minv
vy + V3 i,J

[n]

i

[n]
v

then we have
o <2 lg,. 4.1)

If A is primitive, then A" is primitive (after deleting the zero columns and rows) for
all n > 2. Then the Perron—Frobenius theorem provides that for m > 1,

CIATH < |(AMym) = |am+m| < coate, (4.2)

where C; and C, are defined in (3.1).
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Applying (4.2), we have

B[n]l 1
log(C> |EA[n];1 1|‘)

(¢ qar—l)2
Z (q1---qa)**?

(BIhi—1)
- (ql e gg — 1)2 ° 10g(OlnC1 AlTyi—1 )
< p(w; E(yq)) < p(w; E(}')) =- 2 : Y n:—: I
qi--4a = @1--qq)

This implies

(G190 — 1) o log(C2)
k- Z (q1--

g1+ qa “qq)" T

(q1---qa = 1)? i log(an C1)

@y~ 5. 5@
<pw:Eg) < pw:Eg) < K — y 1 qa) i

where K = h(S®) — h(=9 ).
Then by (4.1), we have

(g1-+-qa — 1) log(C2)

A PSS
< p(w; =) < pw: =)
< k4 @4a = DI = Dlog2 — log(Cr)] + log 2.
- (q1---qa)**!
The proof is thus complete. |

Remark 4.5. Since p(F1; X¢) = —lim, o0 % log (Bn(X2#ug,)) and by [22, The-
orem 3.1], p(¥1: X7) = h(Zg) — h(Z#ug, ), we can see that there is a sequence of
positive real numbers {e,}5° ; such that

n(h(Xg) —h(Egug) —en) < —logu(Ba(Xsz 5, )
< n(h(Zg) —h(Zgus) + €n)

for all » € N. Then we have

(q1---qa — 1) i n(h(Xg) — h(Zgug,) — &n)
qi--qa ‘= (q1---qa)"

< pw; =) < p(w; TP)

_(q1-qa - 1)? i nh(g) —h(Egug,) + Sn)
T 41744 (q1---qa)"

n=1
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This implies

(q1+q0 — 1D? —
eevgq — D(h —h -
(ql qd 1)( (237) (EJ"'U.‘?"l)) - qaq Z (41 qd)”

< pw:TP) < pw:TP)

<(@1-qa — D(W(Zg) — h(Egugz)) + (91 qudl) Z (611 qd)n

We need the following result [35, Theorem 1.1].

Theorem 4.6. For any irreducible N SFT X on an alphabet A with positive entropy,
there exist constants Cx, Dy > 0, and Nx € N such that for any n > Nx and any
pattern w € A" which appears as a subpattern of some point of X,

Cx Dx

ShOn <h(X)—h(Xy) < S

Then we have the continuity of the escape rate of 2-MISs on N¢.

Theorem 4.7. If X is irreducible SFT on N with positive entropy, there exist con-
stants Cg, D¢ > 0, and Ng € N such that for any n > N and any pattern w € A"
which appears as a subpattern of some point of X ¢,

(g1---qa — 1)Cx ~
S —Cy < p(w; %) < pw: =)
(g1--+qa —1)Dg
where
C — C(ch---qd —Dn+1
=

(q1---qa)"
Moreover, forany w € X g,

: Cy@y
Tim_p(wlp i E) =0.

Proof. By Remark 4.5, we have

- ~ _( d_1)2 >
(G1---qa —D((Zg) = H(EFuw)) - qa Z(QI “qa)’

< p(w:TP) < pw; =)

(q1--qa — 1)? & isi
< — h —h w -,
<(@1-"qa —D((Zg) —h(Zguw)) + d1-da iZ:n (G- qa)
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Since ¢; — 0 as i — oo, there is a constant C such that |¢;| < C for all n > 1. This

implies
(g1 +qa — D(A(Zg) — H(Sguw)) — C(qtl'l':_c{dq; 0 i (1 ..i. 7a)

< p(w; £P) < p(w; =) "

< @1 g0 = D) — h(Egun) + S0 prs v i ——

Hence
(@1 qa = D(h(Zg) —h(Zguw)) — C

< p(w:TP) < pw; =)

(g1---qa —Dn +1
(q1---qa)"

(q1---9qa —Dn +1
(q1---qa)"
The proof is thus completed by Theorem 4.6. |

=(@q1-qa = D"(ZEg) —h(EFuw)) +C
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