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Blobbed topological recursion of the quartic Kontsevich
model II: Genus = (

Alexander Hock and Raimar Wulkenhaar
(with an appendix by Maciej Dotega)

Abstract. We prove that the genus-0 sector of the quartic analogue of the Kontsevich model
is completely governed by an involution identity which expresses the meromorphic differential
o, at a reflected point ¢z in terms of all wg_;,; with m < n at the original point z. We prove
that the solution of the involution identity obeys blobbed topological recursion, which confirms
a previous conjecture about the quartic Kontsevich model.

1. Introduction and main result

1.1. Overview

This paper completes the solution of the genus-0 sector of the quartic analogue of
the Kontsevich model. This is a model for N x N Hermitian matrices with the same
covariance as the Kontsevich model [29] but with quartic instead of cubic potential.
The non-linear Dyson—Schwinger equation [23] for the planar 2-point function of the
quartic Kontsevich model was solved in a special case in [31] and then in full gener-
ality in [22, 33]. Building on this foundation, we identified in [12] three families of
correlation functions and established interwoven loop equations between them. One
family consists of meromorphic differential forms wy , labelled by genus g and num-
ber n of marked points of a complex curve. By a lengthy evaluation of residues, the
solution was found for wyg 2, wg 3, 0,4, and wq 1. It strongly suggested that the family
wg n Obeys blobbed topological recursion [7], a systematic extension of topological
recursion [19] by additional terms holomorphic at ramification points of a covering
x:C—C.

It is worth mentioning that our quartic Kontsevich model does not fit into the class
of generalised Kontsevich models (see [11] for more details). The class of generalised
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Kontsevich models [4] is known to be governed by topological recursion with higher-
order ramification [8]. However, the quartic Kontsevich model studied in this article
is expected to satisfy blobbed topological recursion.

Recall that (blobbed) topological recursion (see, e.g., [7, 19] and references there-
in) starts from a spectral curve (x : ¥ — Xo,wo,1 = y dx,wp2). Here, y : & — C
is also a covering such that wg,; = y dx is regular at the ramification points of x and
wo,2 1s a symmetric bidifferential which extends (or is equal to) the Bergman kernel.
We noticed in [12] that the two coverings x, y in the quartic Kontsevich model are
related by y(z) = —x(—z) (already visible in [22,33]) and that

wo,z(u, z) = —wo,z(u, —z).

We show in this paper that this observation is far more than a coincidence: the prop-
erties of x, y, wyp > under reflection

Z=> 1z =—Z

completely characterise the genus-0 sector of the quartic Kontsevich model. There is
a single global equation (1.4) which describes the behaviour of the wy , under reflec-
tion. This equation can be solved, without connecting it to the matrix model, in the
case of a general holomorphic involution 1z = % of the Riemann sphere, with
a,b,c € C such that a® + bc # 0. The solution obeys blobbed topological recur-
sion [7] (restricted to genus g = 0) and is for » = ¢ = 0 identical to the solution of
the complicated system of loop equations in [12]. We observe that the reflection for-
mula (1.4) is related to the functional relations studied in the context of x-y symmetry
in topological recursion (see, for instance, [20, Proposition 3.1], [27, Proposition 4.7],
and [5]).

It is currently not known to us how to extend these results to genus g > 0. The
loop equations of [12] bring in another structure which leads to poles of wg=¢, at
the fixed point of the involution ¢. In [28], we develop a different strategy for this
situation. Nevertheless, we speculate that a global involution z — (z is compatible
with blobbed topological recursion and describes a geometric structure of the moduli
space of stable complex curves.

1.2. Statement of the result

Let x : C — C be a ramified covering of the Riemann sphere C=cCu {oo} with
simple ramification points f1, ..., 8, (which solve dx(8;) = 0).Let:: C — Cbea
holomorphic global involution, t?(z) = z, which

* does not fix or permute any ramification point(s)

* and such that (f; isnot a pole of x fori = 1,...,r.
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Automorphisms of the Riemann sphere are Mobius transformations, and the involu-
tions of them (different from the identity) are of the form
az+b

1z = , a,b,cECwithaz—Fbc#O. (1.1)
cz—a

Another ramified covering of the Riemann sphere is introduced by'
y=—xot:@—>@. (1.2)

The assumptions imply that y is holomorphic at the ramification points 8; of x. The
data are completed by a unique (up to a global constant factor) bidifferential wg > on
C x C which is symmetric, odd under the involution of one variable and has a double
pole on the diagonal without residue. These conditions give

1 dwdz 1dw)d(z) 1dwd(z) 1dQw)dz
2Ww-2)2 2 (w—12)2 2w—12)2 2(w-—2z)?
_ dwdz (a*> + be)dwdz

(w—z2)? (cwz—a(w—i—z)—b)z.

wo,z(W,Z) =

(1.3)

These data are extended by the following definition (see the first paragraph of Sec-
tion 2.1 for the notation).

Definition 1.1 (Involution identity). A family {wo n+1}m>1 of meromorphic differ-
entials on C™*! is introduced by (1.3) for m = 1 and for m > 2 by

o, 11+1.q) + wo,11+1(1.1q)
1]

_ 1 dy(q)dx(z) wo,1,1+1(1},2)
=22 szz(@(q)-y(z»sﬂ dx(2) ) (14

s=2 1 \Wwls=I

where I = {uy,...,un}.

We show that, under mild assumptions, the identity (1.4) completely determines
wo,|11+1(1, g), and that the required symmetry of the rhs of (1.4) under g  tq is
automatic.

Theorem 1.2. For wy1|+1(1,z) with I = {uy, ..., un} of length |I| := m, the fol-
lowing conventions are given:
(@) wo, is given by (1.3);

(b) the meromorphic form z +— wo |1|+1(I, z) has for m > 2 poles at most in
points z, where the rhs of (1.4) has poles;

!This could be generalised to y(z) = d — x(i1z) forany d € C.
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() z v wo, 11411, 2) is for m > 2 holomorphic at any z = uy;
(d) z = wo,11+1,12) is holomorphic at any ramification point B; of x.

Then, (1.4)is for I = {uq, ..., Uy} withm > 2 uniquely solved by
wo,|71+1(1, 2)

r
=qui§§_ Ki(z.q) Y oon141(11.9)00, 141 (12.0i(9))
.=1 1

LWil,=1
m
— Y dy, [qg?s > K(z.qwdy)! (wo,|11\+1(11,61)600,|12\+1(12,£1))]-
k=1 K LWl=1
(1.5)
Here, B1, ..., Br are the ramification points of x and o; # id denotes the local Galois

involution in the vicinity of B;, i.e., x(0;(z)) = x(z), lim,_, g, 0;(z) = Bi. By dy, we
denote the exterior differential in uy, which on I-forms has a right inverse given by

’—
the primitive d; o (u) = fuu,;; w(u’). The recursion kernels are given by

1,dz dz
2 ~ @)

Ki s = ’
9= @@ 0@ - @@ e
~ l(d(tz) _ M) .
K(z,q’u) e 2\iz—1q 1z—u

dx(q)(y(q) — y(u))’
The solution (1.5)+(1.6) implies symmetry of (1.4) under q — 4.

The proof is lengthy and will be divided into many steps. We rely on combinatorial
identities proved in an appendix by Maciej Dotgga. We start to prove uniqueness: if a
consistent solution of (1.4) exists, it must be of the form (1.5)+(1.6). Then, we prove
that (1.5)+(1.6) implies consistency of (1.4).

In a second part, we show that the loop equations [12] of the quartic analogue of
the Kontsevich model lead for the choice 1z = —z (i.e.,b =c=0)and x(z) = R(z) =
z—A thcl=1 ekgﬁ found in [33] to exactly the same solution (1.5)+(1.6). Thereby, we
prove for genus O the main conjecture of [12] that the quartic Kontsevich model obeys
blobbed topological recursion [7].

2. Proof of Theorem 1.2

2.1. Tools and conventions

Throughout this paper, we denote by ¢q, u, ug, w, z, zx € C complex numbers and by
a,a'\i,j k,l,mn,ng,... ng p,r,s,s non-negative integers. By I = {uy,...,un}
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we understand a (multi-)set of length |/ | = m of complex numbers, which are allowed
to coincide. By ) I wwl,=1 We denote the sum over all partitions of the multiset /
into disjoint non-empty subsets Iy, ..., Iy of any order. If we insist on a sum over

ordered subsets, we write ) 1, w..wr,=1. We define {ug, ... uk,} <{u.,...,up,}
I <<y
iff min(k;) < min(/;). This order is well defined because the subsets {ug,, ..., ug,},

{ug, ..., uy,} are disjoint. We will often write / W ug or (I, uy) for I W {uy} and
I \ uy for I\ {uy}. In the second part, g/ for j > 1 denotes another preimage of ¢
under x, i.e., x(§’/) = x(q).

Example 2.1. The set I = {u1,u>, u3} has 13 (Fubini number?) different partitions

{ur,uz,us}, {ur} Wiug,us}, {ua} Wius,ur}, {us} W{ug, uz},
{ur, uz} Wius}, {uz,us} Wiur}, {us,ur} Wiuz},
{ur} Wiuzf Wiusl, {uzfWluspW{ur}, {us}¥{ui}W{uz},
{ur} Wius} Wlua}, {u2} W{ur} Wiusl, {usz}W{uz}Wiug}

and B3 = 5 (Bell number’) ordered partitions

{ur,uz,uzf, {urfWiuz,usp, {ur,uzfWius}, {ug,usz}Wius},

{ur} Wiua} W{usy.

We will often need the projection of a meromorphic 1-form w to the principal part
PYw of its Laurent series about w € C. This projection is obtained by the residue
w(q)dz

PYw(z) = Res .
—w z—q

In case of w = B; (a ramification point of x), we abbreviate
Plw(z) = PPio(z).

An important tool will be the commutation rule of two iterated residues of a 1-
form w(q, z) in both complex variables ¢, z:
Res Res w(gq,z) + Res Res w(g,z) = Res Res w(yg, z). 2.1
g—w z—q g—w z—>w Z—>w g—>w
It is an immediate consequence of contour integrations and holds under the assump-

tion that g = z, ¢ = w, z = w are the only poles in a sufficiently small neighbourhood
of w. We will encounter a situation where this assumption does not hold. In the

2OEIS A000670, visited on 11 July 2024.
30EIS A000110, visited on 11 July 2024.
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vicinity of a ramification point §;, the contour integral must also enclose the local
Galois conjugate 0;(q):

Res Res w(g,z) + Res Reg w(q,z) + Res Res w(q,z) = Res Res w(q, 2).

q—B; z—> i Z7>Dbi q—Bi z—0;(q) —>Bi a—Bi
2.2)
The residue commutes with partial or exterior derivatives:
Res 9y, f(u,z)dz = 9, (Res f(u, Z)dz),
Z—>U Z—>U (23)

Res dy, f(u.z)dz = du(R_e)s fu,z)dz).

To see this, let y. (w) be the loop with centre w and radius €. Then, for € > 2§ > 0,

1
- (/ fu+68,z)dz - f(u,z)dz)
2718\ Jye u+5) ye(u)
I Fu+8,2) = f(u,2)
= — dz
27‘[1 ye (u) 8

The limit § — 0 together with independence of all integrals from € gives (2.3).
The residue does not change under the local Galois involution, that is,

Res w(q) = qufg w(0i(q))- 24

q—Bi

Invariance of the term % of the Laurent expansion follows from o;(q) — 8; =

—(q — Bi) + O((q — Bi)?). For poles of order n > 1, the term
c—ndoi(q) 1 C—n

(0i(@)—B)"  n (0i(g) — Bi)"!
does not have a residue.
Of particular importance will be the following residue:

wo,11+1(1, 2)
Z—"I (@) = y(@)(x(g) — x(2))"
_ =D lim " (X(Z)_x(Q)wO,IH-l(I’Z)) 2.5)
on! 2> dx (@) \y(2) —y(g)  dx(2) ’ '

which is a function of ¢ and a 1-form in every variable in /. In particular,

Vo, 11411, q) =

wo,11+1(1, q)

VO 1.q) =
wo,11+1(1,q) 4y Q)

These functions arise in the Taylor expansion

x(2) = x(@ w112 non
O dE ~ L@ Ve, @9
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Lemma 2.2. The involution identity (1.4) can be expressed as

wo,11+1(1,q) + wo,111+1(1,1q)
1]

=—dy(q)Y_ > ! > TIVYeou i+ 9),

s=2[1W-Wlg=1 nj+-+ng=s—1j=1
where Y, 1.4y —s—1 is the sum over all partitions of s — 1 into integers n; > 0.

Proof. We evaluate the residue (1.4) as limit of a partial derivative:

wo,11+1(1,q) + wo, 11411, 1q)
[1]

B (—1* dy(q)dx(z) 1 x(2) — x(q) @o,1;1+1(J;.2)
2P0 2 533((x(z)_x(q))sl_[ ax(2) )

s=2 11 WWlg=1 j=1 () = y(g)

1]

_ (=1)° . 5! = x(2)—x(q) @o,i1;1+1J}, 2)
-y ¥ — (@) ZIL“},—a(x(Z))s—l(l_[ e )

s=2 I W--WIlg=] j=1 y(Z)_y(‘I)

Leibniz’s rule for a higher derivative of a product together with (2.5) gives the asser-
tion. ]

Iterating Lemma 2.2, we obtain a variant with only a single term V.

Lemma 2.3. The involution identity (1.4) can also be expressed as

wo,|71+1(.q) + wo,11+1(1.1q)
[1]-1 s

. 1;,
@Y Y V(e [ U g
j=1

—d
s=1 IgWl; W-Wls=I y(q)

Proof. By induction on |/ |, starting from the true statement for |/ | = 1. For a partition
I=hLW---Wigof I ={uy,...,u,}intos > 2 subsets together with a given partition

ny+--+ns=s—1,weletu, = min(lt/%—, Ix) be the smallest element within
nig>0
those I with ny > 0. Moving the subset which contains u,, to the first place allows

us to get rid of the %-factor in Lemma 2.2:

wo,|11+1(I,q) + wo,11+1(1,1q)
[7]-1

= —dy(q) Z Z Z Vw0, 1o1+1 0. q)

s=1 no+-+ns=s [pWI1 W Ig=1I
uMEIO

)
X l_[ V% wo,11;1+1(Lj > q)- (2.8)
j=1
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By construction, we have nog > 0. Take on the right-hand side of (2.8) a term of the
form XV°w0,|1p|+1(1 ,q) for any product X which contains /y. Observe that (2.8)
then contains for |/,| > 2 also every term of the sum

pl

k
X Z Z Z l_[ Vm[wo,ué\ﬂ(lé,@-

k=21{ L+J~-~l*:)[,é =1, mi+-+mp=k—14L=1
By induction hypothesis and with

VO 1 . == 9
@0,11,1+1Up, q) @)

we have

[ pl k

XVooo,1Up )+ XY oo TIV™@eure1U )

k=2 I} w1 =1, mi++mg=k—1{=1
wo,1,1+1Ip,1q)

—dy(q)

which is also true in case
[Ip| = 1.

Repeat this procedure for the next X VOwy| 1,1+1(Ip; q) for which the product X does
@o,17;|+1 U 1q)

not yet contain a factor o0 At the end of this procedure, the rhs of (2.8)
1,
is reduced to a sum of terms, each containing a factor W.
Now, iterate the procedure for every X V0w| 1,1+1(Ip, ), where the product X
a1 Ujs .
contains V9w, z,|+1({o; ¢) and precisely one factor W. At the end of this
step, we have reduced the second line of (2.8) to terms of the form
wo, 1, 1+1 (U1, 19)
Vi1 (To: ) ——=——
o —dy()
) SRV ARSL G . . 0
or with a double factor [ | i=1 W. Iterate again until all V* in the second

line of (2.8) are converted. This is the assertion. Since [ is anyway distinguished, we
can omit the condition u,, € Io. n

2.2. Polesof wo m+1(v1,... Um,2) atz = tug

Lemma 2.4. The involution identity (1.4) together with convention (c) in Theorem 1.2
that wom+1(U1, ..., Um, Z) is for m>2 holomorphic at z=uy, implies that

Z > wom+1(M1, .. Um,L2)
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has a pole at every z = uy. The principal part of the corresponding Laurent series is
given by

wo,|11+1(1,1q)dz
Res
q—uy z—gq

= 1 aS(ﬁ) 2 wo 1y +1 (L uk)
- —duk[ Z Z 190 (up))® 1_[ dx (ug) }dz. (2.9)

s=1 I1W--Wlg=I\uy j=1

Equivalently,
[1]-1

98 +u s A I;,
wo,11+1(1,2) = _duk|: > > d(e2) (=) I1 @o,1; +1(7; “k):|

s=1 I1@-wl=I\ug st 9(y(up))® dx(ug)

+ terms which are holomorphic at z = tuy.

j=1

In particular, the poles of wg |1|+1(1,z) at z = tuy do not have a residue.

Proof. We divide the involution identity (1.4) by w — g and take the residue at ¢ = uy.
By convention (c) in Theorem 1.2, the term o |7|+1(/, ¢) in the first line of (1.4)
does not contribute to the residue. In the second line, we commute the two residues
via (2.1). Since the inner integrand is holomorphic at ¢ = ug, we have

qlieus wo,|1;}+l(;,LCI)
u 1 dy(q)dx(z) 2 wo,1;1+1(1), 2)
=-Ra X 2 SR ((w—q)(y(q)—y(z))s [0 )

s=2 [ WWlg=1 j=1

1]-1

_ dy(q)wo,2(ug, 2) 2 wo, 1 +1(1j, 2)
= _qlieusk Z Z ZES,S,(( (w—q)(y(q)—y(z))s+1 ot dx(2) )

s=1 I1W-Wlg=T\ug

We implemented the convention that there is only a pole at z = uy, if a unique factor
wo 2 (Ug, z) is present. It can occur at all s places of the partition of / into s subsets so
that % cancels. We shifted s — 1 — 5. We write w2 (1, z) according to the second line
of (1.3) and commute the differential d,,, according to (2.3) in front of the residues:

R wo,11+1(1, tq)dw
es
q—>uk w—gq

[7]-1 d s @01 1+1Ujuk)
y(‘]) Hj:l dx(u _)
= —duk|: Res E E ( k dw
U eorieug \ W T D0@) — y )

11-1 19 (57)
:_duk[z Y wias

s=1 [y W= \ug

N

1—[ wo,|1;|+1(1j, ug)
dx(ug)

:|dw. (2.10)

g=uy j=1

This is the assertion (when renaming w — z). ]
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We will derive an alternative formula as follows.

Proposition 2.5. The poles of z — wo |1|+1(I.1z) at z = ug can also be evaluated

by
Ree @otir1(1tg)dz _ [Res v 2=
q—uk z—q au S Ax () (r(g) — y (k)
x do ! (@0, 10111 (To. tq)wo, 1, |+1(11,t61))]
Equivalently,

wo,|71+1(1, 2)

=i R, ¥

Towl =1 dx(q)(y(q)—y(ug)) oy

1 ( dz)  d@z) )

Lz—tlq LZ—Uk

o, 101+1(To. @) o, |11|+1(11,Q))}
+ terms which are holomorphic at z = tuy.

Proof. We shifts — s — 1 1in (2.9) and represent the term with j = 0 via Lemma 2.3
for g — tuyg:

R wo,11+1(1,1q)dw
es
q—>ug w—gq

|7|—2 1 8s+1(%_q)
- _d“k[ N N ¥ e

ﬁ wo,1;1+1(1j , ug)

-
q kj:l

§=0 ToWI W—wlg=1\uy dx ()
[To]—1 n /
(—dy (1u)) , @0 1541 (17 uk)
x L) S Vg (g tug) [ | e T g,
2150 —
dx(uy) = e e dy (tuy)

We have included the term 7,41 ({o, tug) = dy(tuk)VOwuoHl(Io, tug) asn = 0.
Implementing (1.2), i.e., —dy (tu) = dx (uy ) suggests changing summation variables
tos+n+>se[0...|]]|—2]. Then, we express the derivative with respect to y(g) as
a residue:

wo,11+1(1,1q)dw
Res
q—>ug w—q

[I|-2 s 1 as-i—l—n(;)
— _ w—q
- d”"[ L2 L GEImiG@r

s=0 n=0 oW W--WIg=T\uyg

q=Uuf

S
wo,1;|1+1(1j, ug)
x V" 1o, — T 7 d
600,|10|+1( 0 mk)jl:[l dx (uz) w
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— —d. | Res |1|2—:225: Z dy(q)
UK g

- — —n+2
§=0 n=0JoWI W--WIg=I\uy (w—q)(y(q) — y (i)™

S

wo,i1;|+1(Lj, uk)

x V"', Ig,tu — -
o,|10|+1( 0 k)j[[l dx (uz)

I|-2

L [RGS Ty (B0 ow) !

R A — — — +2

4PUE T3 penemteerg VW T4 W) V(@) = y ()
s N

1L
<[] %ik])uk) D () - X(tq))"v"wO,llolﬂUm‘”k)}dw'

Jj=1 n=0

The term % added in the last step has vanishing residue (obvious before setting
y(q) = —x(1q)). It is added in order to extend the n-summation to any n > 0, giving
with (2.6) for g — tug, z — tgq and again (1.2)

wo, 11+1(1,1q)dw
Res
q—>ug w—q
|1]-2 dy(@) _ dy(@
]

R w—q wW—Ug
P ; wmg:,\uk(x(q)—x(uk»(y(q)—y(uk))s+1

@0, 101+1 (0. 19) 1 @o,i1;1+1 (L) i)
d
(~dv(@)) ,1:[1 dx () } ¢

(2.11)

The first two lines of (2.10) tell us that

17|

dy(q) 2 o1 14+1 i uk)
Z Z ((q) — y(ug))st! ll:ll dx(ug)

s=11W--Wlg=I"
-1
= _duk (w0,|1/\+2(1/’ Uk, “]))

+ terms which are regular at ¢ = uy.

Here, the inverse d,, 1 of the exterior differential of a 1-form w is its primitive,

d o) = /u - o).

u' =00

Inserting into (2.11), we confirm with
I/ U U = 11

and symmetrisation in 7, /o the assertion. [



A. Hock and R. Wulkenhaar 556

2.3. Symmetry of the involution identity I: ¢ — tuy; and ¢ — uy
We consider the (-reflection of (1.4),

o, 11+1(1,q) + wo, 11411, 1q)
1]

_ o (Ldx@dy@) ooy )
-l 2 SB£3<(X(Q)_X(Z))SH dy@) ) 212

s=2 1 W lg=1

where (1.2) is used. We show that the rhs has the same pole at ¢ = uy as the original
equation (1.4), i.e., that the solution in Proposition 2.5 satisfies

wo,11+1(1,1q)dw
Res
q—ug w—q

1]

_ dx(‘I)dw 1 dy(z) = wo,1;141(5,12)
— q_>euk Z Z E B_C”SI ((x(q) — X(Z))S jl:[l dy(Z) )

s=2 11 W Wlg=TI

(2.13)
This is the same as

B dx(q)dw 1 dy(z) 2 wo,1;1+1(1j . 12)
- By ¥ Effi(u(q)—x(z))sn ayG) )

s=11W-wWlg=1I j=1

_ dx(q)dw dy(z) u wo,|1;1+1(1j, 12)
N q—>euk Z Z Z}ieusk ((x(q) —x(2))s 11:11 dy(z) )

s=11y-wlg=]
ux €l

where (2.1) has been used. Fixing uy € I gives a factor s. We write

wo, 11y +1(1.12) = dy (dy w011, 141 (11 12)),

move dy, « in front of the residues, and ignore it below. Then, we expand the denom-
inator about x(z) = x(ug):

dx(q)dw
0= quiefk W — (@) —x(u)?

min(| /|, p) p—1 s
X Zlieusk Z s Z dy(z)(x(z) — x(ug))

s=1 L Wwlg=]
ux €l
N
1 wo,|1;|+1(1j,12)
xd,] [ I — oo | (2.14)
j=1
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We will show that already the last two lines vanish for every p > 1. For p =1,
the equation to prove reduces to Res, a’u_k1 wo,|11+1(1, 1z) = 0, which is true by
Lemma 2.4 (only higher-order poles at z = tuy). Next, for p = 2, we need to show
that

0= Res (r(2)=x(u) g onyryia (1.12)

d 1w I,12)w L,z
N Z g @011 1+1(1,12)wo 1| +1(12 )} (2.15)

LWl=1 dx(tz)(y(tz) — y(tu))

ug€l

Indeed, by Proposition 2.5, the term in braces { } has at most a first-order pole at
z = uy, which is removed by a prefactor (x(z) — x(ug))” for any n > 1. Hence,
(2.15) is true. Next, for p = 3, we have to show that

0= Res ((x(2) = o) 2y o 1,62

(x(z) — x(uy)) ,_
+2 > T(Lz)duklwoalll“"l(ll’LZ)wO,\IzH-l(IZ’lZ)
LhWi=I,ui€l

1 -1
+ Z (dx(12))? @

IWiWIz=I, uj€ly
X wo,|1; 1411, 12)w0, 1,41 (12, 12) w0 | 15]+1 (13, tZ))-

By the argument employed to prove (2.15), this reduces to

(x(z) — x(uk)) —1 / /
0 —Zﬁeusk T ax Z / Aoy o, 117 1+1U 1, 12) 00,131 41(13, 12)
IWI,=1, ueI}

di wo 114111, 12) @0, 1, 4112, 12) @0 | 13 +1 (13, 12)
4 Z ug @0, | D] 3] )

NSLW=1, u el dx(1z)(y(z) — y(u))

(2.16)

The sum in the first line will include the cases I, = I3 and I, = I,. Using again the
argument based on Proposition 2.5, in the first case,

Z du_klw(),|11|+1(11,Lz)wo,|12|+1(12,Lz)

—1 /
G @o.irji+1 (U1 12) X ()0 (@) = y ()

1 lﬂ12=11/,uk611
has at most a first-order pole at z = uy. Multiplying this sum by

600,|I3|+1(I3,LZ)

(¥(2) = () =
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gives a regular term without residue. The same is true for I, <> I3. This proves (2.16).
The same argument together with Pascal’s triangle structure eventually shows that
the second line of (2.14) vanishes identically for any p > 1. In conclusion, (2.13) is
proved, which means that the rhs of (1.4), minus its reflection ¢ > tq, is holomorphic
at every ¢ = tuy (and then also at g = uyg).

2.4. Linear loop equation

Let o; be the local Galois involution defined in a neighbourhood of the ramification
point ;. It satisfies x(z) = x(0i(z)), 0i(z) # z for z # B; and lim,_, g, 0; (z) = B;.

Proposition 2.6. The meromorphic differentials wo m,+1 satisfy the linear loop equa-
tion [6]; i.e.,

q = wo,i11+1(1, ) + wo,11+1(1. 0i(q))
is holomorphic at ¢ = ;.

Proof. We start from the involution identity (2.12), which arises by g +> (g from the
original equation (1.4), and consider

R wo,11+1I, q)dw
es
q—Bi w—dq

d d d 5 wor; I,z
=Y S Res Res x(q)dy(2) I 0,11;1+1(/j, 12)

I8 pemnog e W —x(g) —x (@) S dy()

where wg,|7)+1(/, tq) is included as s = 1 on the rhs. Condition (d) in Theorem 1.2,
i.e., holomorphicity of wg,|7|+1(/,tq) at ¢ = B;, implies that the integrand is regular
at z = f3; but has a pole at z = g;(q). We thus have with commutation rule (2.2)

R wo,11+1(1,q)dw
€S
q—>B; w—q

N
w1
__ydw S Res Res dx(q)dy(z) 1—[600,\1,\“( 1)

Re
s=1 § ILw-wlg=I q—PBi z—0i(q) (w —q)(X(q) _x(z))s j=1 d)’(Z)

x(q) = x(0i(q)) and dx(q) = dx(0i(q)).

the inner integral evaluates to wg,|7+1(/, 0;(q)), and we end up having

wo, 11411, q) + wo,111+1(1, 0i(q))
Res dw
q—p w—q

=0. [
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Remark 2.7. From (2.4) and the expansion 0;(¢) — Bi = —(Bi —q) + O((qg — B:)?),
we conclude that
R o, 11+11.q) + wo,11+1(1.0i(q))
es
a—B; q — Bi
_ Res wo,111+1(1,q) + wo, 1141, 0i(q))
q—Bi oi(q) — Bi
_ Res 2odn+1U. ) + oo 141U, 0i(9))
— — Res .
a—B; q—Pi

w9, 171+1U,9)+wo.111+1(,0i(9))
q—Bi

Hence, is regular at ¢ = B;, which means that

o, 11+1I,q) + wo, 11411, 0i(q))

has at least a first-order zero at g = B;.

2.5. The recursion kernel

We start from Lemma 2.3 for g +— (g, where (1.2) is taken into account:

wo,11+1(,q) + wo,j11+1(1,1q)
1l s = oo +15q)
=dx(q) Z Z V2o, 1p+1 (o, tq) l_[ T()
s=1 IoWIw-wlg=1 j=1 q
11-1

wo,|1o|+1 ({0, t2)
=d R
WY ) G aee @

N

y 1—[ wo,uj\+1(1',61).

2.17)
L@
We introduce
QBtl,s,s‘/(l;q) = Z (811,0 + (1 - 5a,O)Vaa)O,llol-‘,-l(IO; “]))
Iowl w-wIWl{w--wl/,
Io=0 fora=0

N

<1 wo, 1 |1+1 Uk q) ﬁ @o,151+1(1}, 0i(q))
i 4@ S dx(@)

o @o,1ol+10,2)
EBa,a’,s,s’(lvq’z) = Z . (x(q) — X(Z))

ToWwl W-wIWljW-wl, =
/7
[Tzt @0,z 1+1 k. q) 1_[;=1 0)0,|Ij’.|+1(1}, 0i(q))

@) @x @) @) — @)1 6@~y @)
(2.18)
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These are functions of ¢ and 1-forms in every variable in /, and B, 4/ 5.5 (1; ¢, 2) is
also a 1-form in z. A lengthy calculation gives the following important lemma.
Lemma 2.8. Residues of B, s s satisfy for0 <a <

s Jas,s(q@)dx(q)

Re Wy s5(1:q)
q—>B; w—q
s (@)dx(q) = (I:q,2)

— Res Res a,s,s'\q4 q EBa,O,s,s’(I; q, Z)+ Z 0,a’,s,s"+a g,

~pia—hi W—(q = @) —y(@)”

fa,s,s’(Q)dx(Q) QBO,S,M%—I(LQ)
+ Res —
a—>Bi w—q (y(oi(q)) — y(q))*

[I]|—s—s"—1

B (=) Wo,s11,5+a (13 9)
a,zzl (y(0i(9)) = y(@))**

|I|—s—s'—2 |I|—s—s'—a’—

1 ’
(_l)a QBa”,s+a”,s’+a’(1; Q)
2 (r(0i(q)) — y(g)*** )

+

(2.19)

a’'=1 a’=1
for any function f, 5 s meromorphic in a neighbourhood of ;.

Proof. We consider for a fixed partition [o W Iy W--- W [y W [{W--- W I/, = I and
some 0 < a < s the residue

Res fa,s,s’(Q)dx (Q) \V4
q—B; w—q

o, 1, |+1Uk. q)

S
“wo i101+1(T0,19) | | Ix(@)
k=1 9

s’ a)o,”j{ [+1 (Ijla Oj (‘]))
<[1 dx (01 (q))

j=1
fa,s,s’(Q)dx(Q)
es Tt UL
q—Bi w—dq
R wo,110+1 (05 2) [Te =1 @0, 1 1+1 Uk @) Hj/:1 wo,|1;|+1([,{, 0i(q))
X (&)
z=q (x(q) —x(2)(¥(2) — y(9))4(dx(q))* (dx(0i(¢)))*
- R Jas.s'(@)dx(q)
= Res Res —————————
z—=>Bi q—PB; w—dq
@o,1101+1({0,12) [Tr=1 @0,z 141Uk @) [Tj =, @o,1714+1(1}, 0i(q))
(x(q) = x(2))(¥(2) — y(9))*(dx(q))* (dx(0i(9)))*
R fa,s,s’(Q)dx(q)
q—Bi w—dq
N @o,110+1 (105 2) [Te =1 @0, 1 1+1 Uk @) 1_[5/:1 @o,171+1(1}, 01(q))
X (&)
z—0;(q) (x(q) —x(2)(¥(2) — y(9))4(dx(q))* (dx(0i(¢)))*




Blobbed topological recursion of the quartic Kontsevich model II: Genus = 0 561

We have used (2.5) and (2.2) and the fact that the integrand is regular at z = ;. The
residue at z = 0;(¢) in the last line can be evaluated immediately and gives rise to the

@o,1191+10,t0i (9))

function — G @) for which we insert (2.17) at g — 0;(q):

fas,s(@)dx(q) > o1 1+1Uk. q)
Res 222 /77 ya,, To. t kI AR A7
iy A 0.1701+1 (1o, tq) k| |1 T (@)

s w0,|1_;|+1(11{,0i(Q))
| By

j=1
(g)d
 Res Res Joss @3dx@)
z—>Bi q—>Bi w—q

wo,|101+1(T0,12) [Tx =1 @0, 111 +1 (k- q) 1'[5;1 wo,|1;|+1(1f, 0i(q))
(x(q) —x(2)(r(2) = y(@)*(dx(q))* ([dx(0i(9)))*
R fa,s,s/(CI)dx(CI)
_ Res Jass\EXG)
a—Bi w—4q

@o,110+1(10, 0i () [Ty =1 @0, 11141 (k> @) 1_[;/:1 @o,|171+1(17,01(9))
dx(0i(9))(y(0i(q)) — y(9))*(dx(q))* (dx(0i(q)))*

[To]—1

Jas.s(q)dx(q) Wo,| I, |+1(IN,LZ)
+ Z Z Res ————————~ Z_}){(gs(q) 0 (*)

a'=1 I(/)/L*Jll//Lﬂ-"LﬂIg,:IO q—>Bi w—dq ()C (Ui (Q)) - )C(Z))

[Ti=1 @01 1+1 Uk, ) [T =4 @o,17+1(1, 0i(q)) [1i= @o,|1714+1(1f, 0i (Q)))
(v (0i(q)) — y(@)*(dx(9))*(dx(0i(9))* (y(z) — y(0i (q))*

()

We process the last two lines (*) in the same manner, i.e., commute the two residues

according to (2.2). There is again no contribution of a residue at z = §;, but now
@0 101+1{ 4q)

an additional residue at z = ¢ arises. The resulting term —Ix@ — Is expressed
via (2.17):
[Zo|—1 "
(q)d 1,
(%) = Z Z Res Res Jas.s'(q) x(‘])( wo,|1o|+1 Ly 5 L2)
—>Bia—B  W—(q (x(0i(g)) — x(2))

a’=1 I§WI{w-wl/,=Io

[Tt @0,1¢1+1 Tk @) TT—1 @0,117141 (I} 03 (@) T =y @0 117141 (I} 01 (q)))
(v(©01(@) — (@)*(dx (@) ([dx (01 (9))* (7(2) = ¥ (0 (g))*
[Zo|—1

3 Sa,s,5(@)dx(q) (@o,115)+1(15 - q)
Z Z qliegi w—q ( dx(q)

a'=1 Ijulw-wI!,=Io

X

(=D TTrz 190,11, 141 ks Q)Hj;lwo,u_; +1(}. 0i (Q))Hf;1w0,|(;’|+1 (], 0i (61)))
(y(0i(q) — y(@)*+9 (dx(9))* (dx(0i ()"
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[Tol—1 l1g1-1

Sy Yy e few@d@

a=1 [ful'y-wl/ =1 a”"=1 I(’)”L+JI{”L+J-~~L+JIL/I',’,=I(’)’q_)ﬂi v
(D Tz @0, 1141 DTS2 00,1711 (1] 01(0)
(v (0i(q)) — y(g)*«
Hk 1 00,11 +1 T O T L oo, i1+15.0i(q))
(dx(q))*(dx(0i(q)))* )

This is inserted back into the equation we started with. We sum over all partitions

a” 1
X (V @o,|15"1+1 (o »1q)

IhWwhy Wl WlY---WI, =

for fixed s, s’, a and express the result in terms of I8, B introduced in (2.18). The
result is (2.19). [ ]

Lemma 2.8 is our main tool to evaluate the polar part of (2.17) at g = B;. Taking
condition (d) of Theorem 1.2 into account, we need to evaluate

I —_
R wo, 11+1(1,q)dw = Bs,5,0(1;9)dx(q)dw
es = Res .

q—Bi w—q a—>Bi w—4q

s=1
In a first (also very lengthy) step, we show the following lemma.

Lemma 2.9. We have

dx(q)dw i Wo,1,1(1:q)
0= Res LDV NS o5 (Lig) + 2D
Fiy (; oD Gy -y @)

dx (qg)dw [I]=1|1|—-s—1
— Res Res ——— 4 (Z Z Bys' 5.5 (1:9,2)

z—>Bi q—>B; w—q

[I|=2 | |—s—1

tL 2

= s'=1

s=1 s/=0

ss—lss/(l'q Z)) (220)

y(0i(q)) — y(q)

Proof. We express Z‘S;l;l Res;_ . %Qﬁm,o(h q)via(2.19)ats’ = 0,a = s,
and f; 5.¢ = 1. In the third line of (2.19), the case a’ = 1 of the second term cancels,
when summing over s, every first term except for the single term with s = 1 and
s’ = 0. This surviving term with

s=a=1

is the last term in the first line of (2.20). When subtracting the second line of (2.20),
the term with s’ = 0 in (2.20) cancels directly, and then the term with s = 1 (and any
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s’ > 1) cancels after reordering partial fractions. After renaming the parameters, we
arrive at

(2~20)rhs
[I|=2|I]|—s
dx(q)dw o Bo,s,s(1:q)
— Res 27 [ _ i
Py ( 2 2V ) @y

[I|—2|I]—s—1 s—1

s Wa,s,s'(139)
- Z 2. 2D (y(m(q))—y(q))s“’—“)

s=2 §/=1 a=1

[1|—2 |1|—s—1

dx(g)dw ( Bo,s'ss’(139.2)  Bs—1,555 14, Z))
Res R — :
TRk w-q SX; S,ZI (r(0i(@) = (@) y(0i(q) = y(q)

2.21)

In the second term of the last line, we apply repeatedly the identity
%a,a’,s,s’(l; z,q) _ %a—l,a’,s,s’(l; q.z) — %a,a’—l,s,s’(h q,2)
(v (0i(g)) — y(g))sts'—a=e (¥ (0i(g)) — y(g))s+s—a-a'+1

7 / I . . . .
to express W as linear combination of functions B0, ({; ¢, z) and

Bo,a’s,5'(1; 4, z). The coefficient of B, 05,5 (1; ¢, z) in this expansion is the number
of paths made of steps up or right from (a, 0) to (s — 1, s”) with a first step right. This

/_ —
is the same as the number (Hi,_‘ll 2) of words of s’ — 1 letters R and s — 1 — a letters

U. Similarly, the coefficient of B 4/ 5 (1; ¢, z) in this expansion is the number of

up-right paths from (0, a’) to (s — 1, s”) with a first step up. This is the same as the
+s'—a’'-2

o

comes with a factor (—1). We thus get

number ( ) of words of s — 2 letters U and s’ — a’ letters R. A right step

s—1

SBs—l,s/,s,s/(l;q’ Z) _ Z(s +s' —a— 2) (_I)S/%a,o,s,s/(l;q, Z)
i(@) —y@q) i s’ =1 (y(0i(q)) = y(g))+'=

s+s —a =2\ (=1)""¥Bou (g, 2)
S () -

(y(0i(q)) — y(q@))ys T~

The term with ¢’ = s’ cancels the first term of the last line of (2.21) so that we end up
in the following equation in which k = 0:

a/_

(2.20)hs

[ I[|—2—k |I|-s ,
_ dx(q) ( ) (S/—2) (=1)* QBO,S,S/(I; q)
5 w—q{ sak s/;k c )o@ -y @
[T |—2—k |I|—s—1 s—1—k S (1) By (2 q)
395 ’ d
pINp3 Z( ) )(y(ai(q))—y(q))sﬂ’—a} vo®

s=2+k s'=14+k a=1
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[I|=2[I|—s—1 ( s—1 , ’
s+s —a—Z) (—=1)*Ba,0,5,5(1:q.2)
— Res Res > ;
=B a—B W —{ Z 2 {Z( s'=1 ) (y(0i(q)) = y(@))* 4

=2 /=1 a=1
s+s'=a'=2) (1" Bo.a 0.0 (114.2)
. a0ss (g2 | 222
Zl( ) (01 (@) — y (@) + } v o

Next, we process the line () of (2.22) via (2.19). With the exception of one term, the

‘hockey-stick identity” > 5 k-1 (S_Z_l) = (;;11) occurs:

(2.22);
[I|—2—Fk |I|—s—1

_ dX(‘])d ( )(S/_l) (_1)S/QBO,S,S/+1(I; Q)
R ooy 2 Z{ k1) k) @) - @)

s=2+k s'=1+k
B (S_l ) (S/_l) Il_if B (_1)S/+a/§~)30,s+l,s’+a’(l;Q)
k+1)\ &k = O0g) —y@)tste

|I|—s—s'—2 |I|—s—s"—a’—1

s—1\ [ s'—1 (=) Wy srar s rar(I39)
+(k+1)( k ) 2 2 (y(0i(q) — y(@)sTs'+ }

a’'=1 a’=1

|[I|—2—k |I|—s—1 ( s—1—k
dx(g)dw s—a—1\[s'—1
+ Res Res ———— — E E E X K

Z=bia=bi s=2+k s’=1+k \ a=1
(=1)*Ba0.,5(1:9,2)
(y(0i(q)) — y(g))s*+s—4

[I|—s—s'—1 ’
s—1Y\ (s —1 (=1)*Bo,a',s,s'+a(1:4. 2)
. Y @', 2 2.23
(k+1)( k) = 0@ =yt } &2

The following steps are performed:
* In the first line, we shifts’ + 1+ s’ € [2+k ... |I|—s].

* In the second line, we shift s + 1+ s € [3+k ... |I|—k—1]. Then, we rename
s'+a' v+ 5" € [2+k...|I|—s] and sum overa’ € [1...s'—k—1]. Recall that

S/i:_l s'—a’'—1 B s’ —1
k C\k+1)
a’'=1

The new ranges restrict s € [3+k ... |[|—k-2].

* In the third line, we rename s +a — s € 24k ...|I|—s] and sum over a’ €
[1...5'—k—1]. This gives Za/ k=l e = (k+1) We also rename s+a”
s € [3—|—k...|I|—k 2] and keep the sum overa” —~a € [1...s —2 —k].
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e In the final line, we rename s’ +a' — s’ € 2+ k...I —s — 1] and sum over
a e[l...s'—k—1].

With the Pascal triangle 1dent1ty (k Jrl) (SZZ) = (,;21) and the corresponding adjust-
ments of the ranges for s, s’, we find that the first two lines (f, 1) of (2.22), where
k = 0, equal the same two lines (2.22)+13 with k = 1, plus the iterated residue in
the last three lines of (2.23), first for k = 0. Iterating this procedure until s > 2 + k
and s’ > 1 + k becomes incompatible with the size |I| gives for the first two lines
of (2.22) the identity

[111/2]1-2|I|—2—k |I|—s—1 ( s—1—k
dx(g)dw a—1\(s'—1
2.22)i s+ = Res R
(2.22)43 = Res Res ZZZ{al(k)(k)

oBia=b W4 T Tk voitk

(_1)S/?Ba,0,s,s’(l; q,z)
(y(oi (q)) — y(g))sts'—a

s'—a' =1\ (=1)" 9By s (I:q, 2
+ Z ( )( ) ( ) 0,a’,s,s (S_H?_a/) )
k+1 k (»(oi(g) — y(q))
Now, we change the summation order and sum first over k. With
“‘i“(’f:‘”(n)(s—l) B (n—l—s—l)

= k k s—1

min(nis_l) n s—1\ _ (n+s—1
= k+1 k) \ n-1

0

(e.g., [21, Volume 4, (6.69)+(6.70)]), we conclude that

(2.22)4 4
dx(q)dw 'I=2 I 55" —a—2\ (=1)" B0 (I:4,7)
= Res Res ——— SLLERGRE L
=Bia—B W—( SZZ SZI {Z( s’ =1 )(J’(Ui(CI))_J’(Q))S+S -
s+8"—a' =2\ (—=1)S~4" By o (I;q,z
+ Z( )( ) 0,a’,s,s (S+S‘/I_a/) ‘
L s=2 (r(0i(9)) = y(q))
Therefore, (2.22) and hence the rhs of (2.20) are identically zero. ]

We will prove by induction that the second line of (2.20) vanishes identically. This
requires a rearrangement of the forms B. To simplify notation, we introduce the split
operator

Z o, 1,|+1I1,q)wo,|1,1+1(I2, 0 (q))

2.24
dx(0:1@) (01 (@) — v@) (229

Swo,11+1(1,9) ==
Lwl=1I
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with Swg 2 (u, g) = 0. Then, (2.20) can be written with (2.17) as

1, S 1,
0= Res wo,|71+1(1, q) + Swo 1141 ( q)dw
q—>Bi w—dq
Z R wo,|1o|+1 ({0, 12) {wo,|1/|+1(1/’Q) + Swo, | 1r1+1I7, q)
— es Res
z—>Bi g~ x(q) —x(2) (w—=q)(y()—y(q)

TowI'wl”=1
possibly 1"/ =0

% %(l”;q,z)}dw, (2.25)

where %(@;q,z) = 1landforI” # 0@

B(1":q.2)
1" s o oo+ @o.1;1+1), 0i(9))
=2 > I dx(q)(y(2)=y(q)) . I dx(0i(q))(y(2)=y(0i1(9)))

s=150=0I{W--wlg=1"j=1 j=so+1

(2.26)

We claim that this expression can be reordered into

11"

~ 2 (wor; 141, q) + wo,i1;1+1(Lj . 0i(q))
%(Ill;q’z) — { J J
;11 @,_UXIE,:,,/].E[I dx(0i(9))(y(z) — y(0i(q)))

Y1) — (@) @o,iz;1+1j. ) + Swo, 1 1+1(L. 9)
dx(q) (y(2) = y(@)(y(2) = y(0i(q)))

Indeed, the term in braces expands with dx(o;(q¢)) = dx(g) into

}. (2.27)

() = 600,|I,~|+1(1',61) n 600,|1,~|+1(1jv0i(Q))
T dx(@)(y(@) = y(q)  dx(0i(@)(y(z) — y(0i(q)))
w0’|1;|+1(1j’,q) 0)0,|ij’|+1(1]{/,0i ()

Z dx(q)(y(2) — y(q)) dx(0i(9))(y(z) — y(0i(q)))

1wiy=I;

A p-fold product is then of the form

- (=1)"2(n + nz + )!
Z l_[{}jz Z nl!inzl:;!z - Z

I LtJ"-E'JIp:I”jzl n+nr+in=p IlL""---Lﬂln+n2L"5|11/L‘H~~-L"JI,%+n2=I//

X”ﬁz wo,|1;1+1(1j,q) - wo, 117 1+1 U5 0i(q))
i @G E) —y@) [ dx(0i(@) () = y(0i(g)

We change the summation variables to n + n, = sg, 71 + n, = s — ¢ and first sum
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over ny € [0...min(sg, s — so)] and then over s, s¢. Because of

min(sg,s—s0) min(sg,s—s0)
—1)"2(s — n-)! —
> = (V) () =

na=0 (s0 —n2)!nz!(s —so — n2)! B So

np>=0

(see, e.g., [21, Volume 4, (10.13)]), we obtain the same expression as (2.26), which
proves (2.27).
With these preparations, we complete the final step.

Proposition 2.10. Forall |I| > 2, one has

wo,|11+1(1.q) + Swo,|11+1(1.q)
Res dw
q—>Bi w—q

= 0.

Equivalently, the meromorphic differentials wo m+1 satisfy the topological recursion

Plawor+1(1,2)
l( dz dz( ))
2\z—q z—0oi(q
= Res oo, 1,1+1(I1, Q) @o, |1, +1 (12, 0i (q)).
g dx(0:(@) (y(q@) — ¥(0:())) ,}22, . - ’

(2.28)

Proof. By induction on |/| > 2 using (2.25) together with (2.27), for |I| = 2, we
necessarily have |Io| = |I’| = 1 and I” = @. This implies B(I";¢,z) = 1 and
Swo2(11,q) = 0. Since wp (11, q) is regular at ¢ = B;, the integrand of the rhs
of (2.25) has vanishing residue. Assume that the proposition is true for |I| < £.
Because of |Io| > 1, any I’, 1", I, ..., I, on the ths of (2.25) and in (2.27) is of
length strictly < £. Then, by induction hypothesis, the linear loop equation Proposi-
tion 2.6, and the regularity of %@y(") at ¢ — f;, the whole integrand on the rhs
of (2.25) is regular at ¢ = B;; i.e., its residue equals 0.

This shows that ?;w0’|1|+1 (I,z) = —Resgg Swo%t;(l’q)dz. With Remark 2.7,
we have

Re
a—>PBi z—q q—>Bi

G Soouredg) oo (1800 r1U.q) | 1800 1141(7.0i(9)) )
2 z-—gq 2 z-0i(q) '

Now, (2.28) follows from Swo_|7|+1(1,0i(q)) = —Swo,|11+1(I, q). [

2.6. Symmetry of the involution identity II: ¢ — $8; and ¢ — (8;

Recall that the investigation of wg |7+1(/, q) for g near a ramification point B; of
x in Sections 2.4 and 2.5 started from the ¢-reflection (2.12) of the involution iden-
tity (1.4). It thus remains to prove that the obtained solution is consistent with the
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original equation (1.4). This means we have to show that

R wo,11+1(1,q)dw
€S
q—>Bi w—q

171

_ dy(g)dw 1 dx(z) S wo,r;1+1(1j. 2)
s ) DD sffq((y@ yor =0 )

a=hi s=2 [ W lg=1
(2.29)

This is the same as

_ dy(q)dw 1 dx(z) - wo,|1;1+1(1,2)
=5 > oy Efﬁ’q((y(q) yor 1=0@ )

a=b W4 (T eeel=1

_ dy(q)dw 1 dx(z) wo, 1, 1+1(1;.2)
R T Z 2 szli"ﬂl((y(q)—y(z))sn dx(z) )

9—bi s=11Wwlg=1

where (2.1) has been used. We expand m about y(z) = y(B;) and then order
into powers of y(8;). Hence, (2.29) holds iff

0= Rey L@ > !

— W—q o Po@ =y (Bi)?

min(|71, p) p s s w0,|1j|+1(1j’z)
<X X (1) R (ax@0e - g [T D

s=1 [ W-wly=1I j=1
_ dy(q)dw ) k k
= R g Zzp(ym)—y(ﬂ)w( OB

p=1k=0
min(|/|,p—k)

p—k ks T @01 1+1(1f, )
gy 2 ( s )z&egi(dX(Z)(y(Z))pk [1 d:cr(Z)j )

s=1  L¥-wl=1 j=1
We prove that the last line vanishes identically for any n = p — k.

Proposition 2.11. For any family w1 1+1(1, z) of 1-forms in z which satisfy the
linear and quadratic loop equations'4 [6,7], one has, for any n > 1,

171

(I
DD Reg [( )y(z)” Sdx(z )]‘[%Z()’Z)} —0.  (230)

s=11WWls=

In particular, (2.29) holds under these assumptions.

“In our situation, the linear loop equations are proved in Proposition 2.6 and the quadratic
loop equations are equivalent to Proposition 2.10.
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Proof. In Remark 2.12 below, we indicate that the assertion would be an immediate
consequence of existence of a loop insertion operator. Because we did not prove that
such an operator exists in our case, we give a direct combinatorial proof based on a
technical Lemma B.1.

We associate to the complex numbers y, y, w, w in Lemma B.1 the functions (and

. _ 1 2)
forms inug) y > y(2), 7 = y(0i(2), w > Yyt =S,

_ wo,|171+1(1",0i(2))
tr/
B> ), i dx(2)

P#£I'CI

We keep only those terms which give rise to an admissible partition of /. (Restrict to
admissible products of #7, ; then set 77, +> 1.) Lemma B.1 together with

- _ _ _ _ ww
ez:=yw+yw+ww=y(w+w)+(y—y)(w+m)

gives

I n nk wo,|1;1+1(1j. 2)
22 (k)[y(z)kn dx ()

k=01, WW1, =1 i=1
n—k
wo,i1,1+1(Ij,0i(2))
+y@E) [[— dx(z)
i dx(z)

= ) M T o 4 k)2 + K
n3!n4!(n3 +n4—1)'

y(2)"y(0i(2))"?dx(2)
(n1,n2,n3,n4)EDp
n3

(wo,11;1+1(L}, 2) + wo,11;+1(1}, 0i(2)))
x Z l_[ dx(z)

1y H—JIzL*—J“-&JIn3+n4=Ij=1

n3+ng
wo,|1;1+1(1j,0i(2)) + wo, 1,1+1(1}, 2)
< 1 [y(z) AL O d

j=n3+1

L 200i) —y()

dX(Z) (C()(),|]j|+1(1j,Z) +Sw0,|1j|+l(]jvz))}’ (231)

where Sw was defined in (2.24) and D, is a set of tuples specified in (B.3). The linear
loop equation Proposition 2.6 and Remark 2.7 imply that

wo,|1;1+1(1;,0i(2)) + wo,1,1+1(}, 2)
dx(z)

is holomorphic at z = ;. Holomorphicity of the last line at z = f; follows from Pro-
position 2.10. Thus, (2.31) is regular at z = ;. The projection to admissible partitions
of I guarantees that contributions to (2.31) with n — k > |I| are automatically zero.
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We finish the proof of the proposition with the fact (2.4) that for any meromorphic
1-form w(q) the residue does not change under the Galois involution,

Res (0(q) + @(0i(q))) =2 Res w(q).
q—>Bi qa—B;

Since the residue of (2.31) vanishes, this implies the assertion (2.30). [ ]

Remark 2.12. In topological recursion, the loop insertion operator D, is a subtle
object. A family of spectral curves needs to be considered with infinitely many para-
meters. The existence of a loop insertion operator is proved in [19] via deformation
theory. It is unclear whether a similar construction holds in our case or in blobbed
topological recursion in general. In our subsequent article [28], more information
is provided about the existence and assumptions of a loop insertion operator in the
quartic Kontsevich model. However, assuming that a loop insertion operator Dy,
exists® for any blobbed topological recursion, we could prove (2.30) by induction
in |I| + |I| + 1 with the following consideration:

d n\ s —~ @o,j1;1+1(1j.2)
0= DWZ Z Res |:(S)y(z) d)c(z)]l:[1 Old#}dx(w)

sl Iywewlg=1 2P
1]

= Z Z Res |:(Z)(n — )y ()" ldx(2)

sl Lywewly=1 2P

N

o« wo 2 (W, 2) l—[ w0,1j+1(1j’2)}

dx(z) dx(z)

1]

n —S
¥ re (Mo
s=11y-wlg=] !

N

I, w, S w1,z
% ZCUO,|IZ|+2( (W, Zz) l_[ O,IIJH-I( J )j|

dx(z) dx(z)

{=1 j=1,j#L

[7]+1

= n n—s > 0)0,|1j|+1(1j,2)
- Z Z Res |:(s)y(z) dx(z) jl:[l T(Z):|

38
s=1 Ilw---wX:I&JwZ Bi

We have used the fact that the sum .7 ...y7, =1, Should be symmetric such that all
terms with the form wg »(w, z) coming from the second line get a symmetry factor

w1 so that (§) 355 = (;1)-

>Note that (2.4) only states equality of the residue. The integrand of (2.30) has, in general,
higher-order poles but no residue.

Dy, acts as a derivation and satisfies Dy, (dx) = 0, Dy, (y(2)dx(2))dx(w) = wo.2(w, 2)
and Dy (wo, (71411, 2))dx(w) = o, 11142, w, 2).
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2.7. Finishing the proof of Theorem 1.2

We can now assemble the pieces into a proof of Theorem 1.2. In a first step, we assume
that the rhs of (1.4) and of (2.12) are the same. By induction, these rhs have poles in
the points g € {B;,tBi, u, tur }. Then, conditions (b), (¢), (d) imply that wg |7+1(/,q)
is meromorphic on C with poles only in g € {B;, tuy}. Therefore,

®om+1M1, .o Um, Z)
r m
Res ®om+1(U1, .. U, q)dzZ Z Res ®om+1(U1, .. U, q)dz
q—>PB; zZ—q q—tug z—q

i=1 k=1

is a holomorphic 1-form on the Riemann sphere C> z, hence identically zero. Insert-
ing the residues from Proposition 2.5 and Proposition 2.10 represents wq,|7|+1(/, 2)
as (1.5)+(1.6).

It remains to prove that the difference between the rhs of (1.4) and (2.12) is a
holomorphic form on C> g, hence zero. By induction, it can have poles at most in
q € {Bi, Bi, ug, tug}. In Section 2.3, we have shown that the difference is holo-
morphic at every ¢ = uy and g = tug, and in Section 2.6, it is shown that the
difference is holomorphic at every ¢ = §8; and ¢ = ¢§;. This completes the proof of
Theorem 1.2. ]

Example 2.13. It is instructive to work out the pair-of-pants case wg 3. For that, it is
convenient to define wp 2 (w, z) =: dy Q@ (w; z)dz with

2
O(w:z) = - ! (a” + be) (2.32)

—w  (cz—a)2(w—1z)

see (1.3). One has Q(w;tz) = a2 tbe O (w; z). The involution identity (1.4) reads

(ctz—a)?

wo,3(U1,U2,q) + wo 3(U1,U2,Lq)

: ,z)d ; ;
~ Res (a)o,z(u1 2)wo,2 (U2, 2) z(q)) _ dqdulduz(Q(ul, Q)Q/(uz q))' (2.33)
=g\ dx(2)(y(q) — y(2) x'(q)y'(q)
One has y'(q) = (Z;J—F(I;)CZ x'(tq). We take the poles in ¢ apart. With the partial fraction
expansion

r

1 1
R DT AT B

1 1
@ =t e =

i=1
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and (2.32), one finds for the part of (2.33) with poles at ¢ € {B;, tu1, tu>}

wo, 3(U1,u2,9)

_y dulduz(z Q(u1: i) Q2 1)

x"(Bi)y"(Bi)(q — Bi)
O (uz;tuy) B O (uy1;tuz)
)

X (cun)y () (g — SEL)  x () y! (cu) (g — HtL

B Xr: wo,2(u1, Bi)wo2(uz, Bi)wo2(q. Bi)
x"(Bi)y'(Bi)(dBi)?

+ dqdu1 duij(),_”(ul Juz,q), (2.34)

where

Q(u1: Bi) Q(uz: Bi)!' (Bi)
Yol 2. ) = Z (B0 (B)q — 1B
O (uz;tuy) 3 Q(uy;tuz)
X' () y' () (g —wn) X (ua)y' (tuz) (g — tuz)
The function Wy 3 is symmetric in all arguments, which can be seen by a lengthy but
straightforward evaluation of the residues of W¢ 3(u1, U2, q)du; at

ur € {uaz, tuz,1q, Bi, 1Bi}.
The first term in the last line of (2.34), which can be written as

_ d Res wo,2(U1, Z)wo,2(U2,2)wo,2(q. 2)
— zpi dx(z)dy(z) '

is the expression expected from topological recursion [19, Theorem 4.1], whereas
dgdy, duyWo,3(11, U2, q) is the (0, 3)-blob.

2.8. The sum over all preimages

Let a);Rn 1 be the differential forms generated by topological recursion only [19]. It
is well known that for any a)g w10 €xcept (g,n) = (0,0), the following identity holds.

Theorem 2.14 ([19]). Let I = {u;, .. u,,} and a)g wy1 be the differential forms
generated by topological recursion, where a)o 5 is the Bergman kernel and a)o 1=
y dx. Let further 2%, k = 1,...,d be the preimages with x(z) = x (%) such that
z # 2K and 5° = z. Then, the sum of wIR
the Bergman kernel:

¢.n+1 over all preimages vanishes, except for

gn+1(] z ) 8g,08n,ldx(ul)
dx(zF)  (x(2) —x(u1))?

k=0
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TR

g.n+1- it follows

For a)g};, the theorem can be proved directly, and for any other w

from the structure of the recursive kernel
1,dz dz
1G4 @)

K;(z, = R
D= @@ -y @)

since

4 1 1

k=g 0@
- - =0
,; x'(2F) x(z) —x(q)  x(z) —x(0i(q))

Consequently, it is natural to ask whether a similar identity holds for the preimage
sum of w41 defined by (1.4) together with (1.3). Applying Theorem 1.2, we get the
following proposition.

Proposition 2.15. Let I = {uy,...,uy}. For n > 0, the sum over all preimages is
d A
Z CUO,n-H(I,Zk)
k
= dx(z")
_ Spadx(uy) Snady(uy)
(x(2) —x1))*  (x(2) + y(u1))?
n [7]—1 l—Is wo, i1y 1+1Uiu;)
i=1 (x(2)+y(u;))dx ;)
Ya Dot ¥ 2 |
j=1 s=1 Ilk‘d"'&ﬂs:I\uj )C(Z) +y(u])
where 20 = z.

Proof. First, look at wg» from the second line of (1.3). Dividing it by dx (2%) and
summing over k yields

i 2.2 _ i ( LIS DS S C
= dx(z) " 20/ (E) (- 2F) T 25 (EF) (e — 12F)
1 ) 1 1 )

S 2X(R)(u—2k)  2x/(BR)(u — 2K)

(2.35)

k

Now, use the fact that y; = (zZ are preimages of y = ¢z under the map y, i.e.,

y(0) = y(xe)-

Furthermore, if a point z does not coincide with one of its preimages 2%, it will gen-
erically also not coincide under the global involution, y # yr. Together with

!(2) _ 1
X'z ye)
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(2.35) breaks down to

d ~k
a)(),z(u,Z ) 1 ( 1 1 1 1 )
E Pt e A _du — —
= odx@) 2 \x(@)—xw)  y(z2)-y@z) Y@y x@-xw

_ 4 ( 1 B 1 )
C\x@) —x) x(2) + @)

For wy,, with n > 2, Theorem 1.2 proves by the same consideration as for topolo-
gical recursion in Theorem 2.14 that the poles at the ramification points 8; do not
contribute. For the remaining part, we use the equivalence given by Proposition 2.5 to
Lemma 2.4. Interchanging the integral and the sum over all preimages in Lemma 2.4
gives

d .
Z wo,i11+1(1, £)

k
= dx(z")
]-1 d s(—VEH
. Z d llz Z Z 1 9 (x’(fk)(tfk—u_,-)) li[ CUO,lI,-|+1(Ii,Mj):|
- uj 5! . .
u;€l L s=1 I1W-Wls=I\u; k=0 5 a(y(uj ))S i=1 dx(uj)
1
19 Gcamyan) 1 @o,r 41 (T 1y)
= — Z duj Z Z _ J 1_[ s14g s )
! . ;
ujel s=1 Lwwwli=I\u; oy dx(u;)
Carrying out the derivative with respect to y (u;) yields the assertion. ]

2.9. A particular symmetry under the involution ¢

In the second part, we prove that the planar sector (genus 0) of the quartic Kontsevich
model is completely governed by the involution identity (1.4). In a decisive step of
the proof, we will need an intriguing symmetry resulting from (1.4) alone:

1]

wo.11;1+1(:2)
dx(z)l_[;—lldl#
0_
532[2 2 ((x(z)—x(q))(y(q)— (z))s)

Lw-wlg=1

@0,11;1+1;52)

1] dx() [Tio1 — e —
+ Res [Z 2 ((X(LZ) —x(g)(y(tq) - y(tz))s)]' -

HY-Wlg=

The residues in (2.36) can be expressed as limits of partial derivatives of

(X(Z) - X(q))s ﬁ wo,|1;1+1(1},2)
()= y(q) dx(z)
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1, , .
and (;83 ;Et‘q]g)s [Ti=: W with respect to x(z) and x(tz). Using (2.5),

we thus bring (2.36) into an equation that we need:

1] s
0= Z Z Z (nvnjwo,ljﬂ(]‘ﬂ)

11U Wilg=Iny+-+ng=s \j=1
S
+ [V woyr; 1411, Lq)). (2.37)
j=1
The main combinatorial tool to verify (2.36) is Corollary A.8. Using Corollary
A.8, we prove that the integrand in (2.36) is an exact 1-form in z.

Proposition 2.16. We have

@o,17;1+1(I;2) @o,17;|+1j:12)

% 3 { dx@) [l —mm — YOI —Fe —
(x(2) —x(@) (@) —y()* (@) —y@)(x(z) —x(q))*

S nwewly=1

|] s—2 1 s—2—r 1
= ———d; () — v(7)
P IEpY {Zo(dy@ ) Lese)

T hwewlg=1 r=
! ' ! dx(z) w0,|1/|+1(1j,2)]
— dz § ‘ ‘

In particular, the residue (2.36) at z = q is zero.

Proof. In the first line of (2.38), restricted to s > 2, we write le(z))s as a multiple
differential and integrate by parts:

1]

dx(z) 2 wo,1;1+17), 2)
Z Z (x(2) —x(@)(y(q) — y(2))* l_[ dx(z)

S neewly=1 j=1

|1 s—2 1 s—2—r 1
= d, —d; TNl
Z 2 {;(dy@ ) sose)

T Lwewlo=1

X (_ 1 dz)r[ 1 dx(z) li[ w0’|1j|+1(1j72):|
dy(z) (x(z) —x(q) dy(2) ;| dx(2)
17

dy(2)
+Z 2 Gw—®)

CLwewlo=1

% (—;d )s ' 1 dx(z) li[ wo,|1;1+1(1j, 2)
dy(z) ~ (x(2) —x(q)) dy(2) e dx(z) '
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Hence, the assertion is true if the 1-form in z
fU:z,q)
_ wo,11+1. 2) + wo, 1141/, 12)

a (x(2) = x(9)

4 dy(z) TTj=1 wo,1;1+1(1},12)
+§w.§s=,{_ s (x(2) = x(@) (=dy(2))*

dy(z)(_ 1 d)s—l[ 1 (dx(z) w0,|1j|+1(1j’z))j|
BT dy(z)* (x(2) = x(9)) dy(z)l—[ dx(z)

is identically zero. The last line of f(/;z, q) is of the form of Corollary A.8 with

1 1
———d; = b(y)0x + 0y, = ,
dy(z) ()0 + 0y a(x) X — Xgq
dx(z) wo,|1;1+1(1}, 2)
b(y) = : ¢j(y) = =L,
dy(z) dx(z)
and a constant x; = x(gq). We thus get

fU;z,q)
_ wo,i11+1(1, 2) + wo 111411, 12)

(x(2) = x(q))

d dy(z) Ty @0y 101(012)
+s—2211u%;\—1 { s (x(2) = x(9))*(=dy(2))*

a’y(z) Z (r—1!
(x(z

) —x(q)"
! 1 1P gy () 1 @or1+1(17,2) }
X __dz) [ 14 ] ]
Ji Lﬂ---LJﬂJ;::{ljz ,,,,, s}klj[—l ( dy(2) dy(2) jle_J[k dx(z)
(2.39)

The derivatives in the last line are expressed as a residue:

1 il=1 dx(z) wo,1;1+1(L}, 2)
——d, =
( dy(z) ) [dy(Z) l—[ }

dx(z)

B dx(w) wo,|1;+1 (1}, w)
__('J"'_1)’535z((y(z)—y(w)>”k'H dx(w) )
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The case r = 1 combines to the involution identity (1.4) and is thus identified as the
negative of the first line of (2.39). In the remainder, we order the partitions of /:

1] s
o (5 = DY) Ty o1 (1. 1)
fdzn=2, 2 { T GO @) )

11 <'-~<I§

1) (r = 1))
+dy(@) Z ) —x @) Ay

r TS - I
% Z l—[ Res ((|Jk| 1).dY(Z)0|l;ck(|w) l—[ a)o,uzlﬂ( f w))}‘
Jltﬂ'~«;JJr={IJ,2,...,s}k=1 v () = y(w)) jely x(w)
1<<Jr

(2.40)

We change the order of the summations. The outer summation is a sum over ordered
partitions /7 @ --- W I given by I} = J;¢;, Ij, which is combined with an inner
summation over ordered partitions of the individual /;. Renaming in the first line
of (2.40) s > r and I; +— Ij’, we arrive at

fi:z.q)
1]

= (r —Ddy(z) r /
"X (x(2) —x(9)" (=dy(2))" { -11 @o 151411}, 12)

r=211/@...&)1r/=1 j=1
I{ <<
|1
+ 1_[ Res (Xk: 3 (s — D!dy(z)dx (w) li[ w(),lk_/|+1(1kj7w))}
vE s=1 [y Ulks_ll (y(Z)_y(w))s j=1 dx(ll))
Iy <<Ipg

The outcome is zero thanks to (1.4). ]

3. The quartic Kontsevich model

3.1. Summary of previous results

Let Hy be the real vector space of self-adjoint N x N-matrices, H ]/v its dual, and
(ex;) the standard matrix basis in the complexification of Hy. We define a measure
diug 3 on Hy, by

1 AN
g a(®) = o exp (_T Tr(<1>4))d/LE,o(d>),
3.1
Z = / exp (—)% Tr(d>4))d,uE,0(d>),
N
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where di g 0(®P) is a GauBian measure with covariance

_ Simbr
|:/I:I//v dipg,o(P) ‘D(ejk)q)(elm)]c = m (3.2)

for some 0 < Eq1 < --- < En. The trace is understood as

N

Te(0Y) = Y D(ek)) P(erm) D(€mn) P(enk)-
k,l,m,n=1

Moments or cumulants of du g are viewed as general or connected correlation func-
tions in a finite-dimensional approximation of a Euclidean quantum field theory.

We call the objects resulting from (3.1)+(3.2) the quartic Kontsevich model be-
cause of its formal analogy with the Kontsevich model [29] in which Tr(®#) in (3.1)
is replaced with Tr(®?). The GauBian measure du g o(®) is the same as (3.2). Kon-
tsevich proved in [29] that (3.1) with Tr(®3)-term, viewed as function of the Ey, is
the generating function for intersection numbers of tautological characteristic classes
on the moduli space M, of stable complex curves.

Derivatives of the Fourier transform

Z00) = [ dua(@ e
N

with respect to matrix entries My; and parameters Ej of the free theory give rise to
Dyson—Schwinger equations between the cumulants

1 0"logZ(M)
" aMklll ce aMknln

(€t " €hply)e = (3.3)

M=0

After 1/N-expansion, one obtains a closed non-linear equation [23] for the 1/N-
leading part Gf,?l)‘ of the 2-point function

00
Nekieix)c = Z N™ 2gG|(]§l)|

and a hierarchy of affine equations [24, 25] for all other functions. The non-linear
equation for G| k1| Was solved in a special case in [31] and then in [22] in full gener-

ality. The solution introduces a ramified covering R : C — C of the Riemann sphere
C = C U {00} given by (see [33])

R(Z)_Z__Zek—i—z (3.4)
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Here, (gx, 0k ) are implicitly defined as solution of the system R(g;) = e;, 0; R'(¢;) =

r; when assuming that (E1, ..., En) consists of d pairwise different values eq,...,eg4
which arise with multiplicities’ ry, ..., r4. The planar 2-point function is then given
by GI(ISI)I = 6O (g, &), where €© is the rational function

Rw)—R(=ex /)

rkl_[j_l

A 5 “Rw—RG;)
g(O)(Z’ w) = ~ N Zk=1 [R)—R(1))(R(er)—R(=w)) (3.5)
R(w) — R(-z)
with poles located at z + w = 0 and z,w € {&/} fork, j € {1,...,d}. Here, v €
{z,2',...,2%) is the set of solutions of R(v) = R(z). One has

€0z, w) =9 w,2).

In [12], we identified an algorithm which constructs recursively, starting from
(3.5), any cumulant (3.3) of the measure (3.1)+(3.2). Its core is a coupled system
of loop equations [12, Propositions E.2, E.4, and Corollary 4.7] for three families

of functions Q,(ff)(ul, cestt), T@uy, . up|lz,w]) and TE@ (uy, .. up || z|lw)])
with 7@ @)z, w]) = €©(z, w) and T (@) z|w|) determined in [33]. Of particular
importance are the functions €2 ﬁf )(ul, ..., Uy ) Which arise from complexification of

derivatives Qc(f’; ),---,an of the partially summed two-point function:

oo gn—1

N
]
1-2 (g) ._ n,2
ZN gnQ g """" ay = N(Ear — Eay)? + » Z €q,kCkay )c
g=0 k=1

In [11], it is shown that the Q(g) a
lants (3.3).

The system of equations established in [ 12] permits to determine Q(g ) (U1, Um)
without prior knowledge of (e, x€kq, )c. The solution of this system for Q(O) Q(O)

are distinguished polynomials of the cumu-

n

ng), and le) in [12] gave strong support for the conjecture that the meromorphic
forms

Wegn(Z1,....2) 1= Qﬁlg)(zl, oy Zn)dR(z1) -+ - dR(zy)

"Working with the assumption that the eigenvalues of the external matrix E can be split
into a finite set of eigenvalues with certain multiplicities is the core assumption of the replica
method used by Brézin and Hikami [13] for another type of generalised Kontsevich models.
However, the type of generalised Kontsevich models studied in [13] is known to be governed
by topological recursion, whereas the model under consideration in this article is not, as we are
showing. This might also be a reason why the replica method was never successfully applied to
the quartic Kontsevich model.
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obey blobbed topological recursion [7] for the spectral curve (x : C - C, wo,1 =
ydx, wo ) with

dudz dudz

x(z) = R(z), y(2) = —R(=2), wo2(u,z) = (u—z)? - (u+z)%

In the remainder of this paper, we prove this conjecture for wg ,. More precisely,
we prove that the solution of the system of equations given in [12] is identical to
the solution of the involution identity (1.4) given in Theorem 1.2 for 1z = —z (i.e.,
b=c=0in(l.1)) and x = R as in (3.4). In particular, the part of w¢_, with poles
at ramification points of x = R obeys exactly the universal formula of topological
recursion [19], and the other part with poles along opposite diagonals z; 4+ z; = 0 is
described by a residue formula of very similar type.

3.2. Loop equations

The loop equations derived in [12] imply that wo m+1(U1, ..., Um, Z) is an exact 1-
form in every variable uq, ..., u;. We set

wo,m+1(U1s ... Uy, 2Z) = dul coody,, @omr1(UL, . U Z).
The wo m+1(U1,...,Unm; z) are 1-forms in z; they relate via

Wom1(Uts ... Uy Z) = Al_mW,gloil(ul,...,um,z)dR(z)

to functions introduced in [12]. The loop equations derived in [12, Appendix G] trans-
late as follows into equations between @y ;41 and two classes of auxiliary functions.

Proposition 3.1. The loop equations of the quartic Kontsevich model have in low-

est degree the solution wo(u;z) = _(udeZ) - (udTZZ) and can be turned for I =
{ui,...,um} withm > 2 into [12, Proposition G.1, (G.4)+(G.5)]
= Res [ % (1 @vosmi(2l)
1z) = es ;
Wo,|11+1U5 P o, 1 1+1U 15 4)V0, 1| U211
a—PB1....24 hel=I
m
v, 111 (I \ug || ug)dz
+ 0,/7] l( \ k” k) (36)
=1 Z + ug
d NP~ ~
@o, 1, 1+1(I1: =47 )to, 11,1 (121147 . q1)
where v, 11(I]lq) = — —
. , ;z, ; dR(@))(R(—q) — R(—37))
1 2 J
possibly I>=0
3 i to,171-1(7 \ ukllug, ql) 3.7)

£ (R(u) — R(=9) (R(—uz) — R(q))
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and t9.0(0|z,q|) = 1 and for |I| > 1

d ._ s\t Al
. _ @o, i1 |+1I1: =4 )t 11, (1211 —4". q1)
o r(llz.gh=— Y. > dR(G")(R(z) = R(=4"))
LYW= [=1

possibly I,=0

S Fo.1r1-1 (7 \ |k, q1)
+ L RE)— Run) (Rig)— RC)

Z wo, i1, 1+1(I1: 2) 10,1, (121l q|)

- (3.8)
L&, T ARGR@) - R(=2))
possibly I,=0
In (3.6), B1,...,Baq are the ramification points of the ramified cover R given in (3.4).

By ', ....4% we denote the other preimages of q under R, i.e., R(G’) = R(q).
Generically, they are pairwise different and different from q = §°.

Note that conditions (a), (c), (d) of Theorem 1.2 are automatically satisfied by
(3.6). Compared with [12], we have set

) UO (1|2, w])
fori(12. WD = 2@ 7 )
and

U0,|1|(I||Z) = —)\,l_lllu(o)(lnz)

The function fo, /(1 ||z, q|) is regular at every z = —G/. To see this, we write in
the last line of (3.8) the denominator as

R(q) = R(=2) = R(—(=¢")) = R(=2)

and insert the Taylor expansion (2.6) (for ) and the usual Taylor expansion of
to,|11(12]z, q|):

wo,i1,1+1(I1: 2)10, 1,/ (12]|z, q]) _
dR(z)(R(q) — R(-2))

© 1y 4 .
Z ( p!) (R(z)—R(=¢")" 7' V"@o 1, 1+1(I1:—G7)

n,p=0

P11, (I2]lz. q|)
d(R(2))?

z:—é]‘

Inserted back into (3.8), the case p = n = 0 cancels the term / = j of the first line of
(3.8) when taking

@o,1,1+1(I1; —G7)
—dR(g/)

V0wo,|11|+1(11;—6?j) =
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into account. Hence, all partial derivatives of fo 7(/ |z, q|) are regular at z = —g/:
(=" 8o, 1112, q)
n! d(R(z))" z=—4/

d v R
_ Z Z wo,\11|+1(11;—ql)ro,\12|(12||—ql,61|)

! _47) — R(—4)n+1
L2 2 T dRGHRqD) - RGN
possibly Io=0 I #j

$ to,71-1(1 \ ug|lug. q))
+ L RO~ RawP ™ (Rlg) — RC)

n+1

(- 1)” %o, 1,/ (12|12, q1)
+ A (I1:—4") 2
Ilg I ;) ot hi = d(R(2))?

possibly 1> =0

z=—4/ '
3.9

Formula (3.8) for z — uj and (3.9) provide a system of equations whose resolution
provides o, 7|(1]|—4", q|) and %o, 7|1 (I \ uk|uk, ¢|) as polynomials in Ve with
coefficients in rational functions of R. Inserting into (3.6), we recursively express
@y, 11+1(/; z) in terms of V" @y 1/1+1(1'; z) for |I’| < |I|. We find it convenient to
develop a graphical description for this resolution. With these tools, we can establish
the following theorem.

Theorem 3.2. Starting from wo,(u;z) = _(udeZ) — (udTZz)’

(3.6), (3.7), (3.8) for z — uy, and (3.9) has the solution

the system of equations

@o,11+1(1:2) = Z RGS Ki(z.q) Y woini+1U1:9) @0 n1+1(T12:01(9))

Lwl,=1
m
- Zq Z K(z.q.u)mo, 1,1 +1I1: Q) @0, 1141123 ).
= 11U12 1
where
(_ — z= 0'( ))
Ki(z.q) := S
dR(0i(9))(R(~0i(q)) — R(=q))’
2(d_z B ﬂf )
K(z q,u) := Z7q  zmu
dR(q)(R(u) — R(=q))
Hence,
@om+1(UL, .. Um, Z) = dy,  dy,, Tom+1(UL, ... U Z)
coincides with the solution of equation (1.4) for x(z) = R(z) and 1(z) = —z given in

Theorem 1.2.
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3.3. Graphical description

We introduce in Table 1 weighted functions, vertices, and edges. These are connected
to chains which provide a graphical description for the terms

—1P§P
a((Rz—Z))pto,u(1||z,q|)|zz_@,

and fo,7|(1 ||k, q|) and its constituents. We agree that arrow tips with label p = 0 are
not shown. Also, the surrounding circle segment indicating the n-th derivative with
respect to R(z) is not shown for n = 0.

Equation (3.9) has for || > 1 the following graphical description (we keep the
order of the last three lines of (3.9)):

J@n Z Z %. ........... ‘12‘

I1=1 LWily=I
1% j possibly Io=0

1] i
n Z ___________ Ten
n+1 .
+ %E. -------- @n+l—s
I]U12 I s=0
possibly Ir=

Similarly, equation (3.8) is for |/| > 1 represented as follows (we keep the order

of lines):
d j ~
- I — N N - ( )
; - Y Y —e-n
LW=] j=1 1
possibly 1o =0
1]
+Z /\/\/\D ........... I\uk
k=1 Y Uk
n Z W\/@ .......... I
Lwh=1 Y4 I

possibly I>=0

The integrand of the first line of (3.6) is now iteratively obtained by distinguishing
in To,;7|(1 ||z, ¢|) the cases I = @ from I # @. We describe this iteration graphically.
The integrand of the first line of (3.6) is the sum of weights of chains made of ini-
tial vertex v0, subsequent vertices vl, v2, v3, and edges in between. A vertex v3
can follow v2 or another v3, whereas v1, v2 can be placed anywhere. The edge to
choose is governed by the type of vertices at both ends. One multiplies the weights
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# function weight remark
N -
fl e Jz) to,1r(I1—47.q) 171=0
equals 1 for / =0
J TN ~ .
(1) RonUI-d ) 1#0
case p = 0 of 2
J e —1)P9P ~
e --((1)r Szl 1#9
K J— I to, (I lu. q) 1] >0
U equals 1 for/ =0
o to,71(Tllu, q) I #0
# vertex weight remark
v0 (0) —wo,11+1(/:q) initial vertex
1
vl ‘ o, 11+1(1; —47) follows edges el1?,e2,e6
1
1 r
v2 uD R@—R(=0) follows edges e3? ,e4
5u)
v3 {?} dRZ;’("Ié‘(tL)_Z(q)) follows edges e5
# edge weight remark
P l follows vertices vO,v1
p 7] 1 . .
el % (R(=¢7)—R(—=¢")PT1(—dR(G")) {%qmreSl 7& J
G'=q,notipfor p =0
/
1 .
e2 y R —RaD)dRGD) follows vertices v2,v3

e3” j/V\>
u
ed AN

e5 NN

e6” J :j

1

(R(=¢/)—Rw))P+!

1
R(w)—R(u)

1

Vn

follows vertices vO,v1
no tip for p =0

follows vertices v2,v3
requires u # v

follows vertices v2,v3

follows vertices vl
applies to next vertex

Table 1. Graphical rules for building blocks of chains.
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given in Table 1 and sums for each order of vertices over partitions of / into subsets
I, ..., . (from 1 to d, but
excluding the preceding label), and over the possible exponents n, p of the edges el?,

I, ug,, ..., ug, at the vertices, over the vl-labels j, I, ..

r

e3”?, and e6”. These exponents are not arbitrary; we discuss later their pattern.

3.4. Examples

‘We write the first iteration in detail:

Z @o, 1, 1+1(I1: q) V0,1, (12]|q)

Lwl=I
i 1]
= > Z O% +>0 > O/\/\,D
LWl,=1 j=1 11 I k=i1nwu=1 I1

1] 0

+ ) ZO%———Jg/ +Y > OO---{ L

LwhLwlz=1j=1 11 I, k=111Wugwl,=1 11 Uk

(3.10)

The necessary sum over partitions of / and over ranges of labels j are obvious from
the vertex labels. We therefore employ from now on a simplified notation where these
summations are omitted. This means that instead of (3.10) we simply write

Y @oin+1U1:9)vo, 1, (2ll9)
LWil,=1

0 J 0 0 J N 0
= O—@ + OO + O—8--(I;) + O O---{h
1 1 1 Uk 1 1, N 1 Uk

For |I| = 2, only the first two chains contribute. The next iteration reads in simplified
notation

Z @o, 1, 1+1(I1:q)v0, 1,/ (12]|q)
Lwl,=1
0 J 0
= O—@ + O[O
I 1, 1 Uk

J1 J2 0 J 0 J J
f O o @+ O @Dt O—8—0

I I, I3

0 J

+ ONN—@
11 Uk 1,

J1 J2

+ O%%
I I 15

1 I Uk I I, I3

0 0
+ O~AALRAL + Qmw@
1 Uk Uuj I Uk I

0 J
+ O—e@~ [---1 13
1 1, Uk
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+§O>ﬂ%o .—1—0%:0 C

+ O/\/\/D—.
I Uk I,
0

+ O~NY

Il Uk I,

0

+ O~ d---1 1

1 Uk

I3

Uuj

For |I| = 3, only the first three lines of the rhs are relevant. We give another iteration
but stop itat |/| = 4:

LWl,=1

+

0 J 0
O—@ + OO
]1 1, I, Uk

J1 J2
O e
I 1 I3 I

0 J
ONNLTT—@
1 Uk 1, I
0 J1. J2 3
O @ @ @
I 1 13 14

0 J1 J2
O—e L [1—=e
1 1 Uk 13
0 J1 ! J1 J2
oﬁa
11 12 13 14
I
Il 12 13 14

J1
Of\/\/D—.g.
1 Uk 1 I3
0 J
(OLVaVEVAVE )
I Uk uj I
0 J
O —@

I Ue 1, I3

+ chains with f1, 27, {3.

Z @o, 1, 1+1U1: q) V0, 1,/ (12]lq)

0
+ O—e~O + O

. 1.
J 0 J : J
12 Uk ]1 12 1

0

0
+ O~ + O

Up U I Uk

0 1 2

J1
O—e—e~ 1 + O—@

11 12 13 Uk

0 J
O—e I
1 I Uk uj

0 J J
O—&—9@

11 12 13 Uk
0 J
ONNO—N{]
I Uk I Uuj
0

(O VaV EVAVEAVATE)
11 Uk uj Um
0

O/\/\/ /\/—D

Il Uk 12 Uuj

3

1, |
0 J2 \ J2

I I I3 14

J J
Qf\/\/[]—.%o
1 Uk I I3
0
(O VAVEAVAVEIVA
I Uk uj I
0
O~
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3.5. Cancellations between chains
The following tuples will occur in the subsequent combinatorial description.

Definition 3.3 ([16]). A Catalan tuple i = (ny, ..., nx) of length k € N is a tuple of
integers nj > 0 for j = 0,...,k such that

k 1
an:k and an>l for/ =0,....k—1.

The set of Catalan tuples of length |7z2| := k is denoted by €.

The cardinality of € is the k-th Catalan number®.
Now, it will be convenient to collect subchains of consecutive vertices v1 with the
same upper label ;.

Definition 3.4. A vl1-block is a subchain

Ji(n1, nz
(10,11,..

of vertices vl of the same label j, connected by edges e6"i. We call j the label,
n = (ny,...,ny) the degree, and I = (ly, 11, ..., I;) the partition distribution of
the block. Moreover, we let s = s(n) be the size, |n| = ny + --- + ns the length, and
s(n) — |n| the deficit of the v1-block. We also regard vertices v1 as v1-blocks of size
or length 0.

A vl-block can terminate a chain iff the deficit is 0. A v1-block can be followed
by an edge el? or e37; the label p of such an edge is then given by the deficit

p =s(n)—|n|

of the vI-block before it. Since a v1-block is formed by repeatedly attaching a func-
tion f22 labelled p > 0, the condition on the deficit must hold at all intermediate
steps. This amounts to a condition Y ;_, n; < r on any partial sum. For blocks of
total deficit O (those which terminate a chain or are followed by edges e1? or €3°),
this is equivalent to the opposite condition Z;ZO ng—i >rfor0 <r <s—1and
> i _ons—i = s when prepending g = 0. This means that the reversely ordered tuple

= (ng,ns-1,...,n1,0) is a Catalan tuple. We consider the subset of chains which
differ only in the degrees n of a v1-block of size s but otherwise have identically
labelled vertices. In this subset, any degree n of the v1-block compatible with the
deficit condition is produced and precisely once.

80EIS A000108, visited on 11 July 2024.
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Definition 3.5. A v2-block is a subchain

O = oy~
u u I I I

(111"',1.8');

starting with a vertex v2 of lower label u and several consecutive vertices v3 with
the same inner label u, connected by edges e5. We let u be the label, s the size, and
(I1,. .., I) the partition distribution of a v2-block. A v2-block of size 0 is identified
with a vertex v2 with lower label u.

If several v2-blocks arise in a chain, then its labels ug, vy, ... are necessarily
different.

We will prove that, after taking cancellations into account, also the labels jy, j»,. ..
of vl-blocks in the surviving chains are pairwise different. These cancellations start
with chains of 4 vertices:

0 J1 J2 N1 0 J1 J1 ! J2
O— o o @ + 0—0:0%0 — 0,
I I I3 14 1 Ji Ji I

1 2 3 ! 4
0 J J 0 J J
O— @ T—@ + Q—MD —0,
I I Uk I3 I I, I3 Uk

which follows from the weights in Table | and with

@0, 151+1 (I3 —G7)
(=dR(g7))

These identities reduce the set of graphs to a much simpler subset.

VOZUO,|I3|+1(I3;—C7J) =

Lemma 3.6. Let M be the set of chains generated by the loop equations for

Y o+ )01, (L2 ]l9).
Lyl,=1

Then, cancellations between weights remove all chains with edges e1? and e3? hav-
ing a tip labelled p > 1 and all chains with two or more identically labelled v1-blocks.
The subset of surviving graphs is given by the set of chains made of v2-blocks and of
v1-blocks which have deficit O and pairwise different labels, connected by appropriate
edges without tip.

Proof. Consider a v1-block of label j, partition distribution /, and degree
E = (nl’nZ’- o 7”3‘)

with deficit p = s —n; —--- —ng > 1. Its reverse degree (ng,ns—1,...,n1,0) cannot
be a Catalan tuple for p > 1. This means that either ny; = 0, or there is a unique
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2<t<ssuchthat (ns,ns_1,...,ns,0)is a Catalan tuple but (ns,n5—1,...,1¢,1—1,0)
is not. This necessarily means that n,_; = 0. We define a unique splitting into two
v1-blocks of degrees n~ and n:

ng =0 setn = (ny,....n5_1), 1" =o,....Is_1),n" =0, I = (),

ng #0: setn = ny,...,n—2), L~ = o,...,1;_2),
nt =g, ..o ong), 1T =1 s, ... 1),

By construction, n has deficit 0 so that it can terminate a chain or is followed by
edges e1° or e3°. The other label 7~ has deficit p — 1 and is followed by edges e1?7~!
or 377!, Conversely, two degrees n~ of deficit p — 1 > 0 and n* of deficit O can be
joined to a unique degree n of deficit p.

The weights given in Table | together with

wo, 1, 1+1(T—1:—G¢7)
(—=dR(g7))

nsi_ . ~J —
Vi 1ZU0,|1,_1\+1(1t—1,—6]‘/) =

confirm the following identity:

Jn P j17Ql
L 4 ® -

e I,

Jj,n- r—1 Jj1.1 j,Q+
| L ® a1y
-

I, It

where the shaded circle stands for any identical subchain in both chains. The same
cancellation arises if the vl-block labelled j; is replaced by a v2-block and el?
by e3?.

Next, for chains which extend by further blocks to the right, all with labels # j,

we have
Pojing jany iy Jjron,
e o @
Ll 13 Lr—l Lr
p-l Ju.ng  j2.nn Ji:ny jont Ji+1snyyy jron,
o ® o o ® ©O.
L, I, L It L4 1,
(3.12)

Again, the shaded circle stands for any identical subchain. The same cancellation
arises if any subset of v1-blocks (other than the one labelled ;) is replaced by corres-
ponding v2-blocks.

After these preparations, we prove that (3.11) and (3.12) provide the claimed
reduction in the set of chains describing } 7 7,—; @o,i1,|+1({1:9) V0,11, (12]l9)-

(1) We start with the type of chains indicated by the left graph in (3.11), with

+

p > 1. Since the splitting of n into n~, n™ is unique, it cancels against a
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unique chain indicated on the right of (3.11). Conversely, for any chain K
terminating in a triple consisting of two v1-blocks of the same label j and any
other block in between, there is a unique chain indicated on the left of (3.11)
against which K cancels. As a result, we remove all chains with a single
block after the last e1? or e3” edge (with p > 1) and all those chains which
terminate in a triple of blocks in which two v1-blocks are equally labelled.

We pass to (3.12) for r = 2. The chain in the first line is only present for
J2 # J because the case j, = j was removed in step (1). According to (3.12),
the chain K indicated in the first line cancels against two uniquely determined
chains terminating in a quadruple of blocks two of which are labelled j, and
vice versa. After all, we remove all chains with two blocks after the laste1? or
e3” edge (with p > 1) and all those chains terminating in a v1-block labelled
j which is followed by three more blocks; one of them is also labelled ;.

Continuing in this manner removes all chains with an e1? or e3? edge with
p > 1 and all chains with two or more identically labelled v1-blocks.

We are left with chains in which all blocks have different labels and are connected by
edges e1?, €39, i.e., without tip. n

All surviving v1-blocks have degrees of deficit 0, i.e., are reversals of Catalan

tuples. In the next step, we collect all vI-blocks which have the same union of their
partition distribution (and deficit 0) to a v1-group:

J

|I]-1 Jo(n1,n2,...,ny)

O=2 2 > @& .

1

s=0 IgWlWwI=I (ng,...n1,00€€s L0, 1. ..., Is)

J
weight( C1> )

[7]-1

= (—~dR@G")) Y > o TT1Voinii—=7).

s=0 IpWlW--Wls=I (ng,...,n1,0)€€s i=0
(3.13)

We have used the fact that the leftmost vertex of every v1-block has weight

o, 101+1(lo: —4”) = (—dR(G7)) Vw0, 1o)+1(Io: —¢”).

Similarly, we collect v2-blocks with the same union of their partition distribution

to a v2-group:

1]

1032 Do+ o,

U s=11wwl=1 (I1,..., Is);u
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wei ht(@) lilj (Ifj) l—[ @|1;1+1(1i;u) (3.14)
: Lu $=0 1 WWls= (R( ”)_R(CI))S'H dR(w) =~ 7

The summation Zgé% 1,1 isleftout for || =@. For I 7 @, there is no contribution
from s = 0. We summarise the previous simplifications and collections.

Corollary 3.7. The integrand Y1, 1, =1 @o, 1, 1+1(11:q)V0,11,|(12]|q) in the first line
of (3.6) is the sum of weights of all different chains which meet the following criteria.

*  The leftmost vertex is vO with weight —myg |1, |+1(/1: 9).

* Any other vertex is a v1-group with weight (3.13) or a v2-group with weight
(3.14). The labels j; of the v1-groups are pairwise different.

*  The union of all subsets I; at the initial vertex, the v1-groups, and the v2-groups,
together with the labels uy of the v2-groups, is I = {uy,...,Up}.

s The edges between the groups (and initial vertex) are given by el°, e2, 39, e4
depending on the groups they connect. Their weights are given in Table 1.

3.6. Weight of a vl-group

Next, we prove a simpler formula for the weight (3.13) of a v1-group. Its main step
is Corollary (A.3), a variant of Corollary A.2 given in the appendix. In the second
line of (3.13), we write the sum over all partitions as sum over ordered partitions
(introduced in the beginning of Section 2.1) together with a sum over permutations ¢.
Inserting the definition (2.5) of Vw, we thus have

weight(@) = (—dR(G")) ”i:l Z Z Z lim {

—q/
§s=0 IoWIl | W--WIls=I c€Ss511 (ns,...,n1,0)€EC; =4
Io<Iy <<y

ﬁ (=D" 9 (R(Z) — R(=4’) wo,llg(,-)+1(1g(i)§z))
nil 9(R(z)" \ R(q) — R(=2) dR(z) '

With Corollary A.3 and the bijection between rooted plane trees and Catalan tuples,
wecanreplace Y eg D ny im0, P 5! D ng4etng—s- We reexpress the result
in terms of Vo and admit again any order of partitions of / into s + 1 subsets:

J
weight(@)
1
' [7]-1 1 s '
= (-dR@")) Y > — o T Vi®oin+1Uii—4).
s=0 IoWl|W-wWlg=] no+-+ns=si=0

(3.15)
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Our aim is to prove Theorem 3.2, namely, that the solution @ |7|+1(/;g) of the
system (3.6), (3.7), (3.8) (for z — uy), and (3.9) is, after applying the exterior dif-
ferentials d,,, to pass from @ 7|41 t0 wp 7|41, the same as the solution of (1.4) for
x(z) = R(z) and (z) = —z. We prove this theorem by induction. The v1-group is
always a genuine subchain because at least the initial vertex v0 is excluded. Therefore,
Theorem 3.2 is the induction hypothesis for the v1-group, which gives the following

proposition.
J

Proposition 3.8. The v1-group has weight( ) ) = —wo,j1+1(1; 7).
1

Proof. This follows from Lemma 2.2 for ¢ +> —4’ when moving the first term
wo 11411, —q7) = dy (=7 )Vwo 11411, —¢")

to the rhs. Then, dy, ---dy,, applied to (3.15) equals —wg |7|+1(I,§’) when taking
Theorem 3.2 as induction hypothesis for I = {uy, ..., un}. Inverting the differentials
dy, gives the assertion. |

3.7. Poles of wq 1+1(I;z) atz = B;

We let Piw(z) = Res, g, “’qu)ZZ be the projection of a 1-form w to its poles at

z = B;. Proposition 3.1 gives

c7’z’w041|+1(122)=e7’z’( Z w0,|11|+1(11:Z)U0,|Iz|(12||z))-
Lwl,=I

Proposition 3.9. Let §/i = 0,(q) be the preimage of q which corresponds to the local
Galois involution near B;. Then, for all I = {uy,...,u,} withm > 2, one has

w0,|11|+1(11;Z)w0,|,1|+1(11;§ji))

Plwor41(l:2) = —fzi( Z dR(27i)(R(—z) — R(=%71))

LWil,=1
The application of dy, - - - dy, agrees with the restriction of (1.5) to poles at z = ;.

Proof. In the graphical representation of Corollary 3.7, the assertion amounts to

Ji
?}(—(?)):fq"(%—%)). (3.16)

The rhs is one of the chains contributing to the residue at ¢ = B; in the first line of
(3.6). We have to prove that all other chains described in Corollary 3.7 sum up to
expressions regular at ¢ = B;.
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We prove this regularity by induction on the length of chains (with v1/v2-groups
as vertices). By j we denote a label different from j;. There are two remaining chains

0 J 0 i
of length 2, namely, O——) + M (in the first chain summation over j #
11 12 11 12; u
Ji and over partitions I; W I, = I, in the second chain summation over partitions

Iy Wuw I, = I). Edges, vl-groups with label j, and v2-groups are regular at ¢ = ;.
The initial vertex v0 is regular for |/1| = 1 so that these chains only contribute to fP(;'
for | 11| > 2. In that case, we can, up to terms holomorphic at f8;, replace the initial

vertex by (3.16) for I + I, which is true by induction hypothesis. We thus have
Ji Ji

)

0 Ji 0 Ji
+ O—O-+ OO—0O ) (3.17)
I I, I3;u I Iyu I3
This identity removes all chains of length 3 with a v1-group labelled j; at any position.
There remain only the chains of length 3 without v1-group labelled j;. For |I;]| = 1,
these are holomorphic at ¢ = f; and can be discarded in the projection J’;. The only
poles come from initial vO-vertices with |/;| > 2 multiplied by regular expressions.
We can thus use (3.16) for I +— [ again and express by the same mechanism as (3.17)
the survived length-3 chains as —JP‘; of all length-4 chains which have a v1-group
labelled j; at any position. These cancel in the graphical representation. Since the
v1-group labelled j; can occur only once by Lemma 3.6, only the length-4 chains

without any v1-group labelled j; survive the cancellation.

We repeat this procedure up to chains of length |/|. The surviving ones have an
initial vO-vertex and otherwise v1/v2-groups with other labels than j;. Now, because
the initial vO-vertex necessarily has

|11| =1,
it is also regular at ¢ = B;. Therefore, all chains survived up to this point project with
Py t00. ]
3.8. Poles of w7 |+1(1;2) at z = —uy

We prove in Section 4 the following assumption.
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Assumption 3.10. Let I = {uy,...,uy} withm > 2. Then, for everyk = 1,...,m,
one has

Res @, 71+1(/;9) = 0.
q—>—Ug

We can thus focus on poles of second or higher-order captured by the projection

otz = Rey | (52 - Yot

q—>—ug z—q Z+ug

for some 1-form w(uy, z) in z (which may depend on further variables). We prove the
following proposition.

Proposition 3.11. Let
I ={uy,...,um}

with m > 2. The projection Jf;‘ of wo,11+1(1; q) is recursively given by

0 0
sh( - ?)zﬂ;‘(?«p]Q ) (3.18)
1 2; Uk

in the graphical description or explicitly by

HE¥wo 114111 9)

[7]—-2 .
_ 0k @0, 10+1 {05 q)
sg(:) ,megzl\ukq ((R(—q) — R(up))(R(—ug) — R(g))s*!
2 @o i +1 (Tis ug)
x l]:[l W)' (3.19)

Remark. Under Assumption 3.10, the expression (3.19) is equal to

dz

Res

o, 11+1(1:q).
g——ug z — ¢

Application of dy, - - - dy,, thus coincides with (2.11) at g — 1q = —q and w — —z.
This was shown to be equivalent to (2.9) and to (2.7), both for z - 1z = —z and

gtz =—q.
Together with Proposition 3.9, it follows that
@Wom+1(U1s e Um, Z) = dyy Ay @omtr1 (UL, - U Z)

agrees with (1.5)+(1.6). Hence, Theorem 3.2 is true if Assumption 3.10 holds.
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Proof. Since the second line of (3.6) only has a first-order pole at z = —uy, the pro-
jection of (3.6) to poles of higher-order reads

HEwo (i) = FE[ Y o Uiavenle] (G20
LWl,=1

The rhs of (3.18) is one of the chains contributing to the rhs of (3.20). We prove by
induction on the chain length (with v1/v2-groups as vertices) that all other chains sum
to expressions which at ¢ = —uy are holomorphic or have at most a first-order pole.
By u we denote any u; # uy. 0 j
At length 2, we have in addition to the rhs of (3.18) the chains O——<) +
0 I I
. In the case uy € I, these chains are holomorphic at ¢ = —uj and can be
1 I>;u
discarded under # ;‘ . It remains the case uy € I7.If I} = {uy}, then the initial vertex
v0 has weight

d d
—wo,2(Uk:q) = I
Up—¢q uUgt4q
and thus only a first-order pole at ¢ = —uj which does not contribute to 364‘. The

only contributions are thus from uy € I with | /1| > 2. Here, we can use the induction
hypothesis (3.18) for I +— Iy + I, > I3 so that

o 1 o
k
Hy ( O— + Qf\/\Q )
1 I 1 I>:u
0 J 0 J
= —Hy ( oO—O + O
I Diug I3 L I Izug
0 0
+ OO+ ) (3.21)
Iy Dux Isiu Iy Du Isug
This identity removes all chains of length 3 with a v2-group labelled u; at any
position. The remaining length-3 chains have edges and v1/v2-groups which are holo-
morphic at = —uy. Poles arise only if ux € I; in the initial vertex, and poles of second
and higher-order require |/{| > 2. Here, the induction hypothesis is available so that
the same mechanism removes all chains of length 4 with a v2-group labelled uy.
We repeat this construction until the initial vertex necessarily has |/;| = 1 and also
projects to 0 under Jf;‘ . This finishes the proof of (3.19). |

As discussed in the remark directly after Proposition 3.11, the proof of The-
orem 3.2 is complete provided that Assumption 3.10 holds.
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4. Proof of Assumption 3.10

4.1. The residue

The recursion formula (3.6) generates, a priori, also a first-order pole at z = —uy with
residue

Resk o, 11+1(1;9)

q—>—u
= Res [ Z w0,|11\+1(11§Q)U0,|12|(12||4)]+UO,\I|—1(1\uk||“k)- 4.1)
Tk =1

Our goal is to prove Assumption 3.10, i.e., that the residue (4.1) vanishes for || > 2.
Of particular importance will be the functions

N

-1
wo,11;1+1(1j,12)
Awor41(1.2) =Y > VS o 110141 (T0. 2) T | id—(z)
5=0 Iwl Wi =1 j=1 Y

wo,i1;1+1(1j; —2)
dR(-z2)

-1 K}
Awoiin) =) > Vo o) []
j=1

s=0 oWl W-wlg=]
(4.2)

These arise as follows.

Lemma 4.1. Let I = {uy,...,uy} form > 2. Suppose that Assumption 3.10 holds
for wo 1141 withug € I' and 2 < |I'| < |I| (there is no condition for m = 2). Then,

 Res @o|r+1(1;2) = vo,11|—1 (I \ullug) — vo,1r|—1 (I \ug||—uk)

— Ao, 1) (I \ug; —uy)

+ Y o (hll—uR) Awo 1 (T2 —ug). (4.3)
IWIr=T\ug

Proof. We evaluate the residue on the rhs of (4.1). In the graphical representation,
we have a contribution from the chain (in which I’ = @ is allowed; the weight of the
v2-group is given in (3.14))

0
Res ( O > )
AU N [y T up/ ToWI'=I\uy

V=

_ w0,|10|+1(10261) )
=2 X q»R%((R(—q)—R(uk»(R(—uk)—R(q))S“

s=0 [oW--Wlg=TI\ug

N

y l—[ @o,1;|+1([i; uk)
dR(ug)

i=1
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112
! s+1 . 2 wo, 1 1+1 (i3 uk)
=- Z Z Vi o, 10141 (Lo —ug) 1_[ dR(iz)
s=0 Towwlg=I\uy i=1 k
= —Awo, 1 |(I \uk: —ug), (4.4)

where the definition (2.5) for v — @ at ¢ — —uy and z — ¢ has been used. This
provides the third term on the rhs of (4.3). The first term is copied from (4.1).

We investigate the residues at ¢ = —uy of all other chains. The remaining chains
of length 2 (with v1/v2-groups as vertices) with residue at ¢ = —uy are the same as
in the first line of (3.21) with u € I;. Two cases are to be distinguish. For 11 = uy,
we have a purely first-order pole and

J J

Res ((())—O+(())’\/\<> )=(0—Q+0 ) :
7Nk Dug uk I\{ug, i )i IN\ug IN{uy. ity )ity 7 a—>—ug
Amputation of the initial vO-vertex gives the chains contributing to —vg,|7/((I'|g).
Hence, the rhs of the above equation is the restriction of —vg 71 (/ \ug|—ui) to
chains of length 1. The other case is ux € I but |/1| > 2. Since |/1]| < ||, Assump-
tion 3.10 holds for the initial vertex —7,4+1(/1;q) whose poles at ¢ = —uy are thus
of purely higher-order. They are thus given by —thf @, 1,1+1(I1; g), which can be
expressed by (3.18):

0 J 0
Res (O—< Y + O’\ﬂ<> )ukell

e\ I Iy D/ |12
= — Res {J{’k(Of\/\<>) (—O+/\/\,<>)}
=k Iy Iisug Iz

0 dq 0
= — Res {(()/\/\< > — Res (()/\/\< >))
==\ [0 Iug U +q 9>~ uk Io  Iiug

(o)l

I uy

— ke ?3”;0) (ﬂ e )H

I>;u;

0 J 0 J
_ Res (OM+ O
TN Liue Iz I I,  I3;ug

0 0
+ OO+ )
Iy Dug Isyu; Iy Dsug Issug
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In the step from the second to third line, we have used the fact that only the whole

. . k dq
projection J; + THux

J(;‘ alone, is the identity operator under the residue. According to (4.4), the second

Resy .y, to the principal part of a Laurent series, but not

line from below equals —Awq |7o+|1,1+1({o U I1; —uy) times the restriction of
—09,|15/(I3]|—uk) to chains of length 1, here with Io W I1 W I3 = I'\uy. The last
line removes from the residue all chains of length 3 with a v2-group labelled u.
Thus, only those length-3 chains for which u; € I is located at the initial vertex
v0 contribute to the remaining residue. Again, the case I, = uj produces the restric-
tion of —vg 7|—1 (/ \ug||—ug) to chains of length 2. For |I{| > 2, we use Assump-
tion 3.10 that —w¢ 7,1+1(/1; q) has at ¢ = —uy a pole of second or higher-order
given by (3.18). The same argument as before produces on the one hand (4.4) times
the restriction of —vg |7,|(/3; —u) to chains of length 2 and on the other hand removes
from the residue all chains of length 4 with a v2-group labelled uj. Continuing
this strategy until /; = uy is the only choice shows that the residue of all chains
other than (4.4) evaluates to —vg,|7|—1 (/ \ug || —ux) plus (4.4) times —vg 7/|(I"||—ux),
summed over partitions of [ \uy. |

Assumption 3.10 for @y 7|41, that the rhs of (4.3) evaluates to 0, is thus a condi-
tion on @ |7/|4+1 OF Wg 17|41 for [I’| < I.Here, Theorem 3.2 is the induction hypo-
thesis. Its proof is complete (following the previous considerations) if Theorem 3.2
implies

0 =v9,11({|l=q) —vo,1|(Illq) — Awo11+1(I:q)

+ Z vo,i1,|(11ll9) Ao, 1 +1(125 q). 4.5)
LWi,=1

We are going to prove that the rhs of (4.5) is an entire holomorphic function on C,
i.e., a constant, equal to its value 0 for ¢ — oo. This implies (4.5).

We start to discuss the absence of poles at ¢ = £8;. Recall that (4.5) equals
Res; 4 W, 11+2(1, —¢; z). The projection of (4.5) to poles at ¢ = f; is thus given by

4.5)d w I,—q;z)d
Res (4.5)dq _ Res Res o,)11+2(I,—q;2)dq
g—>B W —(q q—B; 24 w—dq
I,—q;z)d
— _ Res Res @o,|11+2(1. —q:2)dq
q—>Bi z—>B; w—q
w, I,—q;z)d
1 Res Res o,|1|+2( q;z)dq
z—>B; g—B; w—dq

when taking (2.1) into account. The final term gives zero because none of the chains
contributing to @ |7|+2(/, —q; z) has a pole at —g = —p;. The other term is also
zero because @, |7142(/, —q: z) has due to the kernel K;(z, g) in Theorem 3.2 at
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z = f; poles of purely higher-order without residue. We have established this fact in
Proposition 3.9 without relying on Assumption 3.10. In summary, (4.5) is regular at
q = Bi. We will show in Subsection 4.2 that (4.5) is antisymmetric under ¢ — —q.
This means that (4.5) is also regular at ¢ = —8;.

The same simple argument cannot be used to prove that (4.5) is regular at g = -uy
because this would need Assumption 3.10. We therefore give in Subsection 4.3 a
direct proof which uses the antisymmetry of (4.5).

In principle, the functions vy 7|(/|£¢g) may (and do) have poles at the other
preimages g = v, where

ve (/£ (Cur)’).

Recalling that (4.5) equals Res; 4 @o,|7|+2(/,—¢: z), the projection of (4.5) to a pole
atsuchg = v is

4.5)d I.—q:z)d
Res (-5)dq = Res Res w05|1|+2( q:2)dq
qg—>v W —(q q—>v z—>q w—gq
I’_ ; d 17_ X d
= — Res Res @or+2(. =4 2)dq +Res Res o, 11+2(1,—q;2) CI'
q—vz—v w—q Z—V gV w—gq

The first term in the last line is trivially zero, but the second term can indeed have a
pole at
—q = g’
coming from the edge e4 in Table 1. An edge with these labels can only occur once in
@o.111+2U,—4¢;2)dq
. w_q

in z from which we take the residue at the same z = —%”/. But there are no such
poles so that (4.5) is regular at any ¢ € {Fug”/, +(—ug)’}.

a chain so that it is a first-order pole. Its residue Res; ., is a 1-form

4.2. A necessary condition
Adding (4.5) and its copy for ¢ — —¢q shows that necessary for (4.5) to be true is the
identity (we apply dy, - - - dy,, to pass to @)

0= Awo,j11+1(1.q) + Awo,11+1(1, —q)

— Z Awo,1,1+11,9) Awo, 1,1+1(12, —q). (4.6
Lwir,=1

This is true for I = {u}. Equations of such type can be disentangled by repeated
insertion into itself, which is the same operation as a treatment of formal power series
(which here are in fact polynomials). This shows that (4.6) is equivalent to

~[ tog (1= Awo y11(+.9) [ (1) = [tog (1 = Awo 41 (. —) [ =0, @)
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where

1 s
—[1og (1= Awo,41(-.9))](]) = Z% Yoo 1 Avouri+1U5.9).

s=1 LW-Wlg=Ij=1
This logarithm can also be represented as follows.

Proposition 4.2. We have

1]

Z Z l—[ Awo,1;1+1Uj.q)
" neewl,=1j=1
7]

= Z > > HV Jwo ;14115 q). (4.8)

11U Wilg=Ini+-+nsg=sj=1
Proof. We write Lemma 2.2 as

1]

%=Z Z (s = D! Z nvnfwo,|1,»|+1(1i,61) (4.9)

s=11LW-Wlg=1] nit-tng=s—li=1
I <<y
and insert it into the product in (4.2). This shows that products of Awg |7;|+1(1}, q)
expand into products of V" @y |1;|+1(/}, ¢) with the given condition on the sum of
nj. The fact that the prefactor reduces to % is, however, by no means obvious. The first
step of the proof is Lemma 4.3 below, which relies on Corollary A.5 in the Appendix.
Then, a discussion given after the proof of Lemma 4.3 completes the proof. It relies
on the same Corollary A.5. |

Lemma 4.3. We have

Awo,11+1(1,9) = Voo 1411, 9)
1]

2 T T ST e
j=1

s=2[1W-Wlg=Ini+-+ng=s

Proof. As discussed before, we have a representation

1]
Aoojr(l.g) =Y Y. > Cpooms 1_[ V% wo,1;1+1i. q)
s=11W--WIlg=I ny+-+ns=s Jj=1
Iy <<l max(n;)>2if s>1
(4.10)
in which Cnll .n, 18 symmetric in all its arguments. To determine Cnll ngs WE can

consider a subsector of the n;-summations where n1,...,n, > 0 for some p and
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np4+1 = -+ = ngy = 0. Other sectors are then obtained by symmetry. We will count
the contributions from (4.2) which contribute to Cnl1 00 for given positive integers
ni,...,np (which are followed by n{ + --- 4+ n, — p zeros). In a first step, we show
that the number of these contributions is C s10~~~0 = (s — 1)! (which is clear) and for
p > 2 given by

p—1 p
(ny +---+np,—p)!
nl Nnp0-+0 — ZZ(”J'_I)' Z (nj—€—1)!
t=17=1 N ={1,...p\{j} /
Ji<<Jg
‘ (|n| )
Xl_[ =i 4.11)

The number Cnl] w00 is the sum over all j with nj > 2 of specially ordered
contributions from

W, |fi|+1(7ia Lq)

4.12
— @ (12

Z V% wo,i1;1+11j. q)(n; — 1)! 1_[

Lw-wl,, =1 t#/
1j:1~j, 1 <...<inj

a)O,\T'\-i—](Ti’Lq) . . . .
The factors ——L  are expressed via (4.9), but only contributions compatible

withn,41 = --- = ny = 0 are retained. The positive ny, ..., np, excluding n;, arise
from the part of (4.9) in which all factors Ve have a larger order than any V” @ with
r > 0. In particular, contributions V" with r > 0 only arise from every of the first £

()|[ H‘l( it q)

factors 5@ in (4.12) for some £ with 1 < £ < p — 1 to sum over. From the

last nj — 1 — £ factors in (4.12), we only take the special term V° Wo 1T 1+1 (1. q).

An expansion (4.9) used for the first £ factors (4.12) contributes to the specially
ordered C,! w1 --n,0--0 Whenever {1,..., p} \ {Jj} is partitioned into J; W --- & J; with
min J; < min Jl for every pair k < [, where min J is the smallest integer in the set
Ji.. Then, the subset /; in (4.9)

e contains UkeJ,— I ifi < j;
e contains gy, , Ik if j <i < p.
Welet |n|;, =D sc 7; k- To be an admissible contribution to (4.9), the factors Vi g

in the i -th block must be supplemented by |n|;, — |J;| + 1 factors V0w

Hence, the number Cn1 10~

» asum over ordered partitions {1, ..., p}\{j} =1 W--- W Jy,
» of afactor (n; — 1)! from (4.12),

.0 1s given by the sum over j and £ of

* times a factor (|n]s,)! for every 1 <i < £ which is the factor (s—1)!in (4.9),
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e times the number of distributions of the 7y 4 -+ - + n, — p factors VOw into £ + 1
blocks, namely,

741 i)
(a) ablock of (nj — 1 —{) factors where from % only the spe-

cial term Vowo,m I+1 (I;.q) is retained;

(b)  £blocks of |n|y; — |Ji| + 1 factors which supplement the [ ;¢ ;. V"* o
. .. w()g\']'i‘_;,_](fialq)
in a non-trivially expanded @

(n1+-+np—p)!
(n;—1=O!TTf = (] 7, =|J; |+ 1)!
nomial coefficient due to

such distributions, which is a valid multi-

There are

¢ ¢
Z In|j,=ni+---+np—n; and Z |Ji|=p—1.

i=1 i=1

This number is (4.11). We remark that the restriction to n; > 2 is automatic because
m gives zero forn; = 1.
j !

We write (4.11) in terms of falling factorials (see Corollary A.6), insert (A.7), and
shift { — 1+ r:

Cp\onp00
p—1 p

=4 +np—p) Y Y (=)=t
{=1j=1

/4
x > [ Janlsta=L

Jiw-wJe={1,...p\{j} i=1
Jy<-<Jy

=1+ +n,—p)!
p—2 p

X Z Z(”J'_l)(”j—z)r(p r_ 2)(’11 R 1)

r=0j=1

p
= (14 iy = VY (1= 1)1 e+ —2)272
j=1

= (1 =2+ oy — p) = (5= D)Ns — p).

In the fourth line, we have used the binomial theorem for the falling factorial. The
final line is obvious.

For a general order of the n;, we thus have Cnll_,‘ns = (s —2)#(n; = 0), where
#(n; = 0) is the number of n; which equals zero. Relaxing the condition that the /;

are ordered amounts to an additional factor ﬁ This is the assertion. [
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Lemma 4.3 is the starting point to evaluate the sum over r in the first line of (4.8).
It is clear that this sum has a similar expansion as (4.10):

— [log(1 = Awo141(-. )] (1)

1] s
"
= E E E Chyoong H VY wo,1;1+1i, ),
s=11y-Wlg=]ny+-+ng=s j=1
I <<l
where Cy, ..., is symmetric. We first show that for anorderny,...,np, > landnp4 1 =

-+ = ng = 01t is given by

Cn 1+ 1p0--0

=i(,_1)! S ey [ L =21l 1D
r= i=1

— TN
JiWew,={1,...,p} (Inls; = 1JiD)!

J] <~-~<Jr

(4.13)

The factor (r — 1)! combines the step from any partitions /; & --- & [, = [ into r! or-
dered ones with the prefactor % in (4.8). The subset J; corresponds to Aw,, T 1+1 (1i,q)
with

Inls; —1Jil
T /
I, = U I; U U 1,
JjeJ; k=1
— !
where the I/ are taken from / AU SR . There are mitdnp—p)t different
k ptl nitetnp 7= (nls, =17 ]!

distributions of these / ,2, which explains the corresponding factor above. The numer-
ator (|7, —2)!(Inls; — |J;]) is the weight of C,} 7,00 found in Lemma 4.3.

We write (4.13) in terms of rising factorials and insert (A.6), where x; —>n; — 1
and £ > r:

Cn 1+1p0-0

—Z<r—1>'<n1+ St | D SRR T

i=1J1¢--wJr={1,...,p}
J]< <Jr

p
~1 _—
= Z(r—l)!(nl +---+np—p)!(lr)_1)(n1 + -+ np, —p)PT
r=1

= (14 4n,—pay+-+n,—p+1)P2
=M +-+n,—-Dl=E-D

We have used (r — 1)! = 171 and then applied the binomial theorem.
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By symmetry, we thus have Cy,...,, = (s — 1)! for any partitionn; +--- + ny =s.
Relaxing the condition that the /; are ordered has to be corrected with an additional
factor % This completes the proof of Proposition 4.2.

Proposition 4.2 together with (4.7) gives as necessary condition for (4.5) to be true
the equality (2.37) which we have proved in Section 2.9.

4.3. Absence of poles of (4.5) at g = —uy,

The function vg |7|(]||¢q) is holomorphic at u; = g and has poles at uy = —g which
exclusively come from v2-groups with label uy. There are two possibilities. Either

0
this v2-group is the single vertex of a length-1 chain —( , oritis

I uk)I=I’ErJuk
part of a chain of larger length. In the second case, it can be collectively taken out of
all other chains; the remnant is just another copy of —vg |7|(/’||¢) of smaller length
with I’ & uy:

vo,i11(1 llg) + O((g + ux)®)
=1 (\ux#0)

B 1 @o,i1;1+1(1;: Ur)
> 2 (R(=q) = R(ux))(R(—ug) = R(g)y**! 7 l_[ dR(ug)

s=0 11 [CRATY =I\u

[1]-2

_ vo,17_,|(I-1ll9)
Z Z (R(—=q) — R(up))(R(—ug) — R(q))**!

s=0 J_ (Wl W--Wlg=T\ug

5 ﬁ wo,i1;1+1 (1 ug)

TR0 (4.14)

j=1

We recall that Z(I/#j) indicates that for |I’| = 0 the sum is omitted, whereas for
[1'] > 0 the case s = 0 is left out. The following lemma (which we formulate for
q +— —q) characterises the polar part of the second line at ¢ = —uy.

Lemma 4.4. We have

1]

Z Z Z HV o, |1; |+1(I] q)

11U Wlg=Iny+-+ng=sj=1

[I1-1  (I\ug#0) l—[j_l woud|+(1() ug)
= duk — XUk
[ 2 2 (x(q) = x (i) (y(q) — y(ur))**! }

s=0 1 Lﬂ"'wlly=1\uk

+ O((g —ur)®). (4.15)
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Proof. The lhs of (4.15) can be rewritten with (2.5) as

(4. 15)h
1] s s
_ U gy P ([0 )2
3% ,IU%_, N zli“qfxx(z))s< o—w) = ae
o dx(z) : 600,|1j|+1(1j72)
‘533[2 i ((x(z)—x(q))(y(q)—y(z))s = )}

Up to O((g — ux)®)-contributions, it coincides with its projection to the polar part in
which we change with (2.1) the order of residues:

(4.15)s + O((q — ug)®)

d 4x(:) [T ™™
EaYh w}{f’%[z 2, ,((x(z)—x(w))(y(w)—y(z))s)}

s=1 Iy Wig

_ o, (Ij,z)
= — Res dw Res IIX:I Z wo,2 (k. 2) [1j=4 %
wouk g —w s | e (x@)—xW)(y(w)—y(z))s+!
- 1]-1 s @01 14+1jsu)
dw o a0 —
=d, | Res K
R e ((x(uk) ~ X @) w) — Y

L s=1 IoW--WIls=I\ug

7|1 Hs @o,17; |1+1 U uk)
( j=1 dx(uy)

=d

qp> 2. (x (ur) —x(9) (y (@) =y (ur))* !

| s=1 Iow-wlg=I\uy

)+(9((q—uk)0)}-

We have used the fact that only wg > has a pole at z = u; whichis given by (1.3). =
With these preparations, we control the polar part of (4.5) at ¢ = tuy.

Proposition 4.5. Holomorphicity of (4.5) at ¢ = —uy, is a consequence of (2.37)
proved in Proposition 2.16.

Proof. The first term vg |7|(I||—¢) in (4.5) is holomorphic at ¢ = —uy. In the sum
over
Lyl =1,

we distinguish uy € Iy from uy € I,. The function vg |7|(1||q) is for ux € I written
as (4.14) with Lemma 4.4 used for the rhs. We thus find

“5) =—A:)+ Y, AU:@)von(12ll9) + O(g + ),

LWil,=1
ug€l
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where

A(l;q) .= Ao, 11411 q)
1]

+Z > > HV ‘w0, 1;1+1(1j: —4)

Ilu Wlg=Iny+-+ng=sj=1

Z Awo, 114115 q)

r'v1”’=1
ukEI”

1]

XZ > S TV ®our 141U —9).

Ilu Wlg=I"n1++ng=s j=1

Consider the equation

0=Awor1(:q) + BU:q)— > Awojrr1(':9)BUI":q).

I'yl”=]
ugel”
Its iterative solution is
B(I.q) = —Awo,11+1(1:9)
1] K
=Y > Awonig) [ | Ao +1Uj:9)
s=2 [1W-Wlg=1I j=2
7] ukEIl

_Z Z HAWO 1 1+1(7j5 ).

11U Wig=I j=1

The factor % arises by symmetrisation when dropping the condition u; € I;. The
consistency condition (2.37) of (4.5) together with Proposition 4.2 thus implies that
A(I;q) = 0, which gives the assertion. [

As a result, we have proved that (4.5) does not have any poles on C;itis thus a
constant equal to its value 0 at ¢ = oco. This means that Assumption 3.10 is true and
the proof of Theorem 3.2 is complete.

5. Conclusion and outlook
We have proved for genus g = 0 the main conjecture of [12] that meromorphic forms

g » Which naturally appear in the quartic analogue of the Kontsevich model follow
blobbed topological recursion [7]. This makes the quartic Kontsevich model part of



Blobbed topological recursion of the quartic Kontsevich model II: Genus = 0 607

the growing family of structures in mathematics and physics governed by topolo-
gical recursion [18, 19]. Other examples include the combinatorics of the Kontsevich
model [29], the one- and two-matrix models [15], Hurwitz theory [10], Gromov—
Witten theory [9], Weil-Petersson volumes of moduli spaces of hyperbolic Riemann
surfaces [30], and many more.

We consider as most important result of this paper the discovery that the quartic
Kontsevich model is completely characterised by the behaviour of its objects wg
under the global involution tz = —z. We showed how a single equation (1.4),

wo,11+1(1,q) + wo, 11411, 1q)
[1]

_ 1 dy(q)dx(z) 5 @o,1;1+1(1;,2)
-2 2 EBEE((y(q)—y(z»sn dx(2) ) (o

s=2 [ W Wlg=1 j=1

governs the genus-0 case. This equation admits a naive solution

wo,11+1(1, 2)

_ 1 dz dy(q)dx(w) = @o,1;+1(Lj,w)
=22 2 Sqlieéiz—ql?i%((y(q)—y(w))sH dx(w) )

i=1s=211W--Wl;=I Jj=1

171141

1 dz dy(q)dx(w) 1 @o,1;+1(1j. w)
- R R ;
+ Z Z Z s q—>?1§k z—q 0> ((y(q)—y(w))s i dx(w) )

k=1s=21Wwl=1I

which however leaves each of the following points obscure:
(a) Is (1.4) meaningful, i.e., is its ths symmetric under g +> tg?
(b) Has (1.4) anything to do with topological recursion?
(c) Is there any connection between (1.4) and the quartic Kontsevich model?

To answer the first two of these critical questions, we had to prove that the naive
solution is equivalent to the solution (1.5)+(1.6) given in Theorem 1.2. The generated
material also allowed to affirm question (c), where a difficulty was to show that all
poles are of purely higher-order. This property is a consequence of a hidden sym-
metry (2.36) resulting from (1.4) alone. As a result, we have established for genus
g = 0 a precise connection between (b) and (c), which was conjectured in [12].

But the statement is more general: in [12] it is also shown that the poles of
Wg>1,(21,...,2p) are located, besides ramification points of x and diagonals z; =
tz7, at the fixed points zj = tzj of the involution. The next step in our programme will
be to extend the involution identity (1.4) to higher genus. For that, one should take
inspiration from functional relations in the context of the x-y duality in topological
recursion [2,5,27]. It has to be seen to what extent these relations generalise to spe-
cific extensions of topological recursion in the spirit of blobbed topological recursion.
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For instance, in [3] based on an observation in [26], a specific extension of topo-
logical recursion called logarithmic topological recursion for meromorphic dx, dy
(including specifically logarithmic singularities of x, y) was defined and proved to be
consistent with the x-y duality.

For the quartic Kontsevich model, we developed in [28] a different approach to
prove blobbed topological recursion via extended loop equations. Explicit recursion
formulae for w, , were established. They take into account contributions from the so-
called (1 + 1)-point function [33] and its generalisations. It seems that their governing

equations [12] are compatible only with (z = —z, but one should investigate whether
every
az+b
1z =
cz—a

comes with its specific form of these equations. This should help to answer the excit-
ing question whether the intersection numbers [7] encoded in the quartic Kontsevich
model capture geometric information about a moduli space of curves equipped with
an involution. It would also be interesting to investigate whether these structures relate
to other extensions of topological recursion. We mention the work [4] (which contains
a beautiful introduction to topological recursion and its ramifications) on r-spin inter-
section numbers to which the quartic Kontsevich model could be related.

A. Combinatorial identities involving labelled trees (by Maciej Dotgga)

A set partition of S is a (non-ordered) family of non-empty disjoint subsets of S
(called parts of the partition), whose union is S. In the following, we always assume
that S is finite. Denote by #(S) the set of set partitions of S and for any 7 € P ()
and for any B € m denote by || the number of parts of 7 and by | B| the number of
elements in the part B.

A graph G = (V, E) is a forest if it has no cycles. If a forest is additionally con-
nected, it is called a tree. Denote by TV* the set of plane trees, that is, trees embedded
in a plane, with the set of vertices V. Denote by 7y the set of labelled trees with
the set of vertices V, that is, the set of trees, whose vertices are labelled by distinct
numbers {1, ..., |V|} (or, by isomorphism, any linearly ordered set of the cardinality
|V]). Finally, a tree is rooted if it has a distinguished vertex ve € V called the root,
and we denote by 'T; ** and Ty the set of plane rooted trees and of labelled rooted
trees, respectively, with the vertex set V. The degree of a vertex v in a tree T is the
number of adjacent vertices to v.

The following classical theorem is a multivariate version of the celebrated Cay-
ley’s formula for the number of labelled trees.
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Theorem A.1. For any positive integer n and family of indeterminates x1, ..., Xy,
Xn+1, the following formulas hold true:

(X1 4 4 xugp)" L = Z ]‘[ xdee@)—1 (A.1)
TG?’[n+1] veV
and
X1+ X)) = Y xpE®) T et (A.2)
Te?’[n_H] veV\{ve}

Cayley proved his formula by computing a certain determinant [14], and the first
bijective proof was given by Priifer [32]. Since then, many different proofs have been
proposed and we would like to mention a relatively general method for counting trees
by the use of the matrix-tree theorem; see, for instance, [1] for generalisations and
applications.

Corollary A.2. For any positive integer n and family of indeterminates x1, ..., Xy,
Xn+1, the following formula holds true:

deg(v.) xdeg(v)—l
Nt e ) = Towa) _Tsw (A3
(X1 + -+ 4+ Xn41) Zk:. Z deg(ve)! H (deg(v) — 1)1 (A.3)
TET[n—H] SESH+1 veV\{ve}

Proof. Note that the symmetric group S, acts on the set 'J'[; +1] of labelled rooted
trees by permuting the labels. Moreover, each labelled rooted tree is uniquely con-
structed by choosing a plane tree 7' € "[* J: 1 @ label for its root, and for each v € V

a subset L, C [n + 1] of labels of its children. There are
(n+ 1!
deg(ve)! TTyep\fu,) (deg(v) — 1!

choices for such labellings. Therefore, acting by the permutation group on the labels

and comparing it with the formula (A.2), we have got

deg(v.) xdeg(v)—l
n 1 !X cedx n_ n |_SWe) §(U0) s(v) ,
(n+Dx1 4+ +Xxn41) Z*. Z (n+1)! deg(ve)! 1_[ (deg(v)—1)!
TE'J‘[n+1] SESH+1 veV\{ve}
which finishes the proof. ]

Corollary A.3. For any (n+1)-tuple fo, ..., fn of differentiable functions, one has

(ki)
nt Yo l_[f O ofi ™)

ko+-+k,=ni=0

v (deg()—1)
Z Z g(vf) (x) 1—[ Setwy (x)
o - N
=T deg(ve) vV \(ve) (deg(v) — 1)

[n+1
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Proof. Set x; — 0y, in (A.3), apply itto fo(xo) f1(x1) - fu(xn), and substitute xo =
X] ==X, = X. n

Here is a corollary from Theorem A.1 which gives an identity expressed in terms
of set-partitions.

Corollary A.4. For any positive integer n and family of indeterminates xi, ..., X,
the following formula holds true:

(1 + ixi)n_l = Y 71 (be)w'_l. (A4)

i=1 neP([n]) Ber beB

Proof. For any T € J[,41], removing the vertex n + 1 from it yields the decomposi-
tion into a collection of disjoint rooted labelled trees on the set [1]. This decomposition
establishes a bijection between rooted, labelled forests F' on the vertex set [n] and
labelled trees T on n + 1 vertices. Moreover, the degrees of the non-root vertices of
F coincide with their degrees in 7', and the degrees of the root vertices of F are equal
to their degrees in 7" minus one. This decomposition gives the following identity by
plugging x4+ = lin (A.1):

(14t x,+ D) = Z 1—[ xdee(®) l_[ xdee@)—1

F veV, veV\Ve

Note that for any set-partition 7w € & ([n]) and for any collection of rooted, labelled
trees {Tp € T5 : B € n} there exists a rooted, labelled forest F' on [n], which is the
disjoint union of {Tp € T3 : B € n} and every rooted, labelled forest F' on [n] is
obtained in this way. Therefore,

(X1 4+ xp + D"

_ Z 1—[( Z Se;i(Tv.gTB)) 1—[ xgeg(v)—l)
olB

neP(n]) Bex TpeTy veV(Tp)\{ve(TB)}

> (X))

neP([n]) BEr beB

by (A.2), which finishes the proof. ]

Corollary A.5. Forany positive integers £ <n and family of indeterminates x1, . . ., Xy,
the following formula holds true:

(Z:l)(x1+ )= Y ]_[(be)w'_l. (A.5)

neP([n]): Ber beB
||=¢
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Proof. 1t is enough to apply the binomial formula for the left-hand side of (A.4) and
compare the homogenous parts of degree n — £. ]

Let x := []/Zg (x + i) and x™ := []/Z; (x — i) denote the raising and the falling
factorials.

Corollary A.6. The following identities hold true:

> ()™ =(’;:11)(x1+---+xn)"—f, (A6)

neP([n]) Ber beB
|z |=¢

> (X w)”

neP([n]) Bemr beB
||=¢

—1

=(£_1)(x1—|— B L (A7)

Proof. It is enough to realise that

() =(- ) TI5~

’

beB beB j=1 L=
k k _
(X 0) = (Xo) T4
beB beB j=1 1=
Substitute x; > F9;, in (A.5), apply it to H;e] g %/ and set all =1 |

Let a(x),b(y),c1(¥),...,cn(y) € C*®(R) be smooth functions. (In fact, they
might be formal elements of a ring equipped with the formal derivations 0y, dy; see
[17].) In the following, we are going to prove an explicit combinatorial formula for
the expression

-1
(b()3x +3y)" (ax) - b(y) - c1(y) -+~ ea(y))
in terms of special labelled trees, where we allow repetitions.
Consider the set of rooted, labelled trees 7" such that
* the root vertex ve(7) has label —1,

» the set of vertices adjacent to the root is denoted by V4 (T") and for any v € Vo (T)
one has deg(v) > 1 and v is labelled by 0,

» the set V[,)(T) of the remaining vertices has cardinality n and its elements are
labelled by distinct numbers 1, .

We denote the set of these trees by J ]
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Theorem A.7. For any (n + 2)-tuple of functions a(x),b(y),c1(y),...,cn(y), the
following identity holds true:

(b(3)dx + 8,)" " (a(x)-b() - c1(y) -+~ en ()

= 3 a(n)@E@ D T h(5) @D T cipere) (1)@,

Te?'[:lz]o veVy(T) veV,(T)

(A.8)
where ™ (z) = 8" f(z) with the convention f©(z) = f(z).

Proof. We can decompose atree T € T[;];O as follows. Suppose that the degree of the
rootof T isequaltor.Let T’ € ‘T[n‘ +1] be a tree obtained from 7 by identifying all the
vertices labelled by 0 with the root vertex ve. Note that the degree of the root of 7" is
equal to r < deg(ve(T’)) < n. In particular, T is uniquely determined by 7’ and by a
set-partition 7 € P (N(ve(T”))), where N(ve(T")) is the set of vertices in T’ adjacent
to the root ve(7T’). Each block of B € 7 corresponds to a vertex of T labelled by 0.
This decomposition gives us the following equality:

3 a() @D T p() @2 [T cigpu ()@

TGT[;:]() vGVo(T) veV[n](T)
n
= Y. JI cbamy®ME@™ > a) D [T b8V,
r=1T"eT 11, vV \{ve} meP([r]) Benm
deg(ve)=r
Define a transformation f : C[y, x1,..., xs] = C(y) by declaring its action on
monomials .
FOF xSy = O ) [T (), (A.9)

i=1

Using Leibniz rule, we can compute
B |B|~k
< (TTaw) = (X))
beB beB

and using the proof of Corollary A.4, we rewrite the rhs of (A.8) as

n n (n—r)
Z(’: _ 11)(]_[ ¢i (y)) Y a@) D [T b)) IED.

r=1 i=1 meP([r]) Bern

It is enough to notice that

> e b)Y = ()i + 0, a(x)b(y),

xeP(r]) Berm
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which is easy to prove by induction on r (every set-partition 7 € P ([r + 1]) is either
constructed from a set partition 7’ € P ([r + 1]) by adding a new block {r + 1}, which
corresponds to the action of dxb(y) on (b(y)dx + dy)" ~'a(x)b(y) oritis constructed
from ' € P([r 4+ 1]) by adding r + 1 to one of its blocks, which corresponds to the
action of 9, on (b(y)dx + 9,)" " 'a(x)b(y)). Summing up, we have that

n n (n—r)
Z(;z : i) (H Ci (y)) Z a(x)07=1 l_[ b(y)(B-D

i=1 reP([r]) Bern

n n (n—r)
= Z(:j)(l_[@(y)) (b1 + 8, a(x)b(y)
i=1

(B + By + 3 (a(x)b(y) [Te (z))

i=1

zZ=y

= (b3 + ) (a(x)b(y) [Te (y)),

i=1

which finishes the proof of (A.8). [ ]

Corollary A.8. For any (n + 2)-tuple of functions a(x), b(y),c1(y),...,cn(y), the
following identity holds true:

(b(3)3x + 3,)" (@) -b(») - c1(3) - ca(y))

= Y W [T (@ e [Tew). @0

weP([n]) Berm beB

Proof. Note that any T € T[;io is uniquely determined by the following data: pick a
set-partition w € J([n]). For each part B € m, pick a labelled tree Tp € Tpyujoy. Take
the disjoint union of (7g) e, and connect all the vertices labelled by 0 to a new vertex
labelled by —1. In this way, we obtain atree T € T[ ]0, and conversely, every T' € ']'[ ]0
decomposes into a collection of labelled trees (TB e BU{O}) Ben: This decomposition

yields the following identity:
Z a(x)(dEg(v-(T))—l) l_[ b(y)(deg(v)—2) 1_[ clabel(v)(y)(deg(v)—l)

TE'J‘E;HO vEV()(T) UGV[,,](T)
- - d Tp))—1
DAL R I DY (b(y)(deg(vo(TB)) D[ eeeco s >(y))_
reP([n]) Ben TBGTBU{O} beB

(A.1D)
Similarly, as before, we can compute

W (60) [Tes) = £((r+ X w) " ):

beB beB
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where f is a transformation given by (A.9). Using (A.1) and the definition of f, we
can further transform it into

3LB|—1 (b(y) l_[ Cb(y)) — Z (b(y)(deg(UO(TB))—l) l_[ Cl()deg(vb(TB))_l)(y)),

beB TBETBU{()) beB

Plugging it into the rhs of (A.11) and using (A.8), we end up precisely with (A.10),
which finishes the proof. u

B. An identity used in Section 2.6

We recall two well-known identities [21, Volume 4, (10.18) and Volume 5, (1.18)]:

S k(n\(xtk L X

kg')(_l) (k)(r+k) =D (,Jrn)’ (B.1)
k ; k X —i 1 (X-Iic-y)
;(_1) (’)( k )y+i T e (B.2)

which hold forr € N and x, y € C.
Let D, be the set of tuples (11, n,, n3, n4) of non-negative integers with n; +
ny +n3 + 2n4 = nand n3 + ng # 0, that is,

Dy :={(n1,n2,n3,n4)|n; € N,n3 +n4 #0,n1 +ny +nz +2n4 =nj. (B.3)
Then, the following decomposition holds.

LemmaB.1. Lety,y,w,w e Cande, :=w+ wand ey := yw + yw + ww. Then,
we have for any n

n—1

Z(Z)(ykwn—k n yku—)n—k)

k=0

P g k) (g + k)
_ 1) k=1 1 2 ni N2 N3 e B4
Z ( ) " n3!n4!(n3 + ng — 1)‘ ¥y el ez ( )

(n1,n2,n3,n4)€EDy

Proof. We expand y"! )7’?6;’363;4 into a linear combination of y* 7% w!w?. For given
ni, na, n3, na, k, k, t, t, at most one term of the multinomial expansion of eq, e,
contributes. The coefficient of yk )7" w’w! in such a contribution is

F 7R @) (" e et
_ n4! n3!
(k—n )V (k—n2)(na+n1+nr—k—k)! (t+k—ns—n1)E+k—ns—ny)!’
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where k +k +t+17 =n = n1 + np + n3 + 2ng4. It is only non-zero if n; € [k —
t...kl,nyelk—t...kl,andnz €[k +k—ny—n,...min(k —ny +1t,k —n3 +1)].
We thus need to evaluate the sum

k min(k—n1—t,k—na+7)

) . k
i w e Ba = Y > > Ty nzms. (B.5)

n1=max(0,k—1) ny=max(0,k—t) ny=k+k—a—b

where

Ty nonag
_ n(—l)"“ (ny +n3z+ng—Dl(ny +ns +ng4—1)!

nilnalnslngl(ns + ng — 1)!

n3en4)

[ FFw! o] (y™ 5%e
(B.6)

with n3 =n —ny —np — 2n4. The aim is to prove that (B.5)+(B.6) breaks down to

n n
(k)st,n—kcgé,ogt_,o + (Ig)gk,OSt,ng,n_]E-

Shifting summation indices ton; = a+k—t,n, = b+k—t,ny = c+k+k—ni—n, =
c+t+1f—a—b leads to

t min(a,b)

kok, .t 1(B.4 (t+k+a—c—1_)!(t_+l€+b—c—1)!
* ' a'(B.4) = ;”;) ZO (a+k—DWb+k—0)t+7—c—1)

n(_l)c+a+t‘+b+t
Tl =b)lb—0)la—o)l

Next, change the order of the sums by

t t min(a,b) min(z,f) £ min(¢,f) f—c t—c
ZZ Z fa,b,c = Z ZZfabc = Z ZZfa-i—c,b-{-c,c
a=0p=0 c=0 ¢c=0 a=cp=c c=0 a=0php=0

to derive

¥ 7*w! ](B.4)

min(¢,f) {—c t—c

B Z ZZ n(=)eratitbrip Lk 4 a - D)IGE+k+b—1)!
(a+c+k—D)(b+c+k—t)(t+i—c—1D)([T—c—a)!(t—c—b)lcbla!

B “‘”’i’” n(=1)HH (7 —1—c)!
= (t—0o)l(t —c)lc!

S aff—c\(ttk—1+a b f+k—14b
X;(_l)( a )(c+k t+a)z( 1)( )(c+l€—z+b)'
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The sums over a, b can be evaluated separately with the identity (B.1). Consequently,
one concludes with identity (B.2)

min(z,)

1 +k— (=Dt +7—1—c)!
)( k ) Z @ —o)@t—c)le!

(e
()
(o('2) -

* 7w B](B.4) = n

k=1\[i+k—1\1 t+k—1\ (k—=1\ 1
=8l A Far 21 i)
——

—é’k.o =8z o

n—1 1 n—1 1
=n(5t,08k,0( 2 )n—1€+5’_’°5’5’°( k )n—k)
n n
= 5t,08k,0(]€) + 5,‘,0515’0(]().
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