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Spectral gap and origami expanders
Goulnara Arzhantseva, Dawid Kielak, Tim de Laat, and Damian Sawicki

Abstract. We construct the first measure-preserving affine actions with spectral gap on surfaces
of arbitrary genus g > 1. We achieve this by finding geometric representatives of multi-twists on
origami surfaces. As a major application, we construct new expanders that are coarsely distinct
from the classical expanders obtained via the Laplacian as Cayley graphs of finite quotients
of a group. Our methods also show that the Margulis expander, and hence the Gabber—Galil
expander, is coarsely distinct from the Selberg expander.

1. Introduction

Spectral gap is a fundamental property at the heart of many rigidity results in vari-
ous areas of modern mathematics and computer science. In the setting of measure-
preserving group actions, it plays a significant role in the solution of the Banach—
Ruziewicz problem [24,57,74], in the study of random transformations [21,29], and
in orbit equivalence rigidity results [39,40]. Moreover, it underlies various construc-
tions of expanders, which will be explained in detail below.

Let G be a finitely generated group with a finite symmetric generating set S con-
taining the identity element 1g of G. Let (X, ) be a probability space, p: G ~ (X, i)
a measure-preserving action, and 7,: G — U(L?(X, w)) the associated Koopman rep-
resentation, which is the unitary representation given by (,(g) f)(x) = f(g™'x).
The space of constant functions on X is an invariant subspace of m,. Its orthogonal
complement is the subspace L3(X, n) of L2(X, j1) consisting of the elements of
L?(X, ) with mean zero. For convenience, we will denote 7,(g) f by g.f.

Definition 1.1 (Spectral gap). A probability-measure-preserving action p: G ~, (X, )
has spectral gap if there exists a constant k > 0 such that for every f € LZ(X, p),

s f = fllz =kl f .
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In this article, we construct the very first continuous actions with spectral gap of
free groups on surfaces of arbitrary genus g > 1. Concretely, the surfaces we consider
are origami surfaces, also called square-tiled translation surfaces. These surfaces are
obtained by gluing together finitely many copies of the unit square along their edges in
such a way that the resulting surface is a branched covering of the torus T 2; see Defin-
ition 4.5. Given an arbitrary origami surface ¥ of genus g = 1, we explicitly construct
a measure-preserving action [F, ~, X that is expanding in measure. The latter notion
is a convenient characterisation of spectral gap for measure-preserving actions; see
Definition 2.4 and Proposition 2.5. This concept was studied systematically in [81].

Theorem A. Let X be an arbitrary origami surface. Then the free group ¥, admits
a measure-preserving action by Lipschitz homeomorphisms on X that is expanding in
measure. Equivalently, this action Fy ~, X has spectral gap.

In fact, we prove more. For every X as in Theorem A and every m € N, one can
restrict the action F, ~, 3 to a certain infinite-index subgroup H,, < IF, while retain-
ing the spectral gap. In detail, this can be achieved by replacing the matrices ay, by
in the construction of the action in Section 4.3 with %, byi. Furthermore, if m
divides m’ with m # m’, then H,y is an infinite-index subgroup of H,,. Each H,,
is itself isomorphic to [F,, so for every fixed origami surface X, we obtain infinitely
many actions with spectral gap of I, on X.

Theorem A gives the first examples of continuous measure-preserving actions
with spectral gap on surfaces of higher genus g, i.e., genus g > 1. The only prior
examples of actions with spectral gap on surfaces were on the sphere S? [9,24,31]
and on the torus T2 [30,52,65].

In order to prove Theorem A, we first establish a general result that allows us to
lift measure expansion to extensions of dynamical systems; see Proposition 3.1.

Given an arbitrary translation surface X, let Aff () denote the group of all affine
orientation-preserving homeomorphisms (see [26] for the definitions and a modern
treatment of these topics). The derivative of any u € Afft(X) is constant, so there
is a well-defined homomorphism Aff* (X) — SL,(R), whose image SL(X) is called
the Veech group of X. The Veech group is a discrete and non-cocompact subgroup of
SL,(R), and if the genus of ¥ is larger than 1, the kernel N(X) of Aff™ (X) — SL,(R)
is finite [79, Section 2]. If the Veech group is finitely generated, as a non-cocompact
Fuchsian group, it must be virtually free (this class includes virtually Z and finite
groups).

If ¥ is, moreover, an origami surface, the Veech group is a lattice [36, The-
orem 5.5]. Hence, AffT(X) is finitely generated whenever X is an origami surface
of genus larger than 1. (Clearly, Aff™ (T?2) contains T?2 as a subgroup, so finite gen-
eration is not true in the genus 1 case.)
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Theorem A asserts that a certain subgroup of AffT(X) acts with spectral gap.
Hence, the defining action of Afft(X) on any origami surface X of genus > 1 has
spectral gap. Indeed, if a finitely generated subgroup of a finitely generated group
acts with spectral gap, then the action of the overgroup has spectral gap as well.

Corollary B. For every origami surface ¥ of genus > 1, the defining action of
AffT(X) on T has spectral gap.

Our results suggest many directions for further study. One such line of research is
about how special origami surfaces and the actions on them that we construct in the
proof of Theorem A are. In fact, we expect spectral gap of affine actions on arbitrary
translation surfaces.

Conjecture C. Let X be a translation surface such that Aff™ (X) is finitely generated
and not virtually cyclic. Then the action of Aff™ (X) on X has spectral gap.

We exclude the virtually cyclic case, since such groups cannot act with spectral
gap on a non-atomic measure space. It is in fact an open problem whether there is a
translation surface whose Veech group is cyclic and generated by a hyperbolic ele-
ment [38, Problem 6].

As mentioned before, actions with spectral gap can be used to construct expanders.
Expanders are sequences of finite, highly connected, sparse graphs with an increasing
number of vertices. They play a prominent role in various areas of mathematics and
computer science. We refer to [37,46, 54,55, 76] for thorough surveys on expanders
and their wide range of applications.

Let I' = (V, E) be a finite, connected, simple (i.e., without multiple edges or
loops) graph. Given a subset 4 C V, let 04 denote the edge boundary of A4, i.e., the
subset of E consisting of edges joining a vertex in A and a vertex in V' ~ A. The
Cheeger constant #(I"), which is a measure of the connectivity of the graph T', is

defined by
04 1
h(T) = min{% |ACV, 1 <|A| < §|V|}.

The degree deg(v) of a vertex v € V' is the number of edges e € E that contain v.

Definition 1.2 (Expander). An expander is a sequence (I',), of finite graphs I',, =
(Vu, Ep) with limy, o0 | V| = 00 such that there exist ¢ > 0 and D > 1 such that for
alln € N, we have h(T,;) = ¢ and max,ey, deg(v) < D.

Initially, the existence of expanders was shown by probabilistic methods [45, 60],
but over the years, various explicit constructions have been described.

The first explicit construction of expanders is due to Margulis [56]. His expander
is a sequence (M,), of bipartite graphs, where the vertex set of M, is given by
(Ziy X Zy) U (Ziy, x Zy) (with the obvious bipartition and with Z, := Z/nZ) and
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in which the degree of every vertex is 5. Margulis’s proof of expansion relies on
methods from representation theory. Based on this, other, in general non-bipartite,
examples of expanders were obtained from finite quotients of groups with Kazhdan’s
Property (T) [2]. A modification of Margulis’s construction, which gives a sequence
quasi-isometric to Margulis’s expander, was described in [30], where expansion was
established by means of Fourier theory on the continuous torus T2 = R?/Z2. In turn,
this construction was analysed further in [41], which relies on Fourier theory on the
discrete torus Z, X Z,.

In [81], Vigolo described systematically how to obtain expanders from actions
with spectral gap (under mild regularity assumptions) by means of graphs approxi-
mating the action. These approximating graphs are quasi-isometric to the level sets of
a geometric object: the warped cone over the action; see Definition 5.9. The idea of
measure expansion was already considered before Vigolo’s work, e.g., in [14,15,32],
and as mentioned above, already the original Margulis expander and several other
related classical expanders come from suitable measure-preserving transformations
with spectral gap. Since every sufficiently regular action with spectral gap gives rise
to an expander, Theorem A provides a wide family of expanders.

Corollary D. For every origami surface ¥ and every action Fy ~, X as in Theorem A,
there is an associated expander (I'y),, quasi-isometric to the warped cone O, X over
the action F5 ~, 2.

In the second part of the article, we analyse these expanders, which are examples
of origami expanders as introduced in Definition 6.14. In particular, we study them
from the point of view of coarse geometry. We investigate their coarse equivalence
classes and we prove that our construction indeed yields a great diversity of new
expanders.

Theorem E. Let ¥ be an arbitrary origami surface and (I'y), an expander as in
Corollary D. Then (I'y),, does not admit a coarse embedding into any Selberg-type
expander.

Roughly speaking, by a Selberg-type expander we mean an expander that is a
sequence of graphs obtained as finite quotients of a finitely generated discrete sub-
group of PSL;(R) or of SL;(R); see Definition 6.7. Therefore, Theorem E asserts that
while both our origami expanders and Selberg-type expanders are intimately related to
the hyperbolic plane, these two large families of expanders are completely different.

In fact, after relaxing the conclusion of Theorem E from the lack of a coarse
embedding to the lack of a coarse equivalence (or equivalently, to the lack of a quasi-
isometry), we show that many of our origami expanders are even distinct from any
box space; see Definition 6.2.
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Theorem F. Let g > 1, and let Z4 be the staircase of genus g as in Definition 4.9
equipped with the action of 5 from Theorem A. Let (I'y),, be an expander associ-
ated with this action as in Corollary D. The discrete fundamental groups w1 (I'y) at
scale r vanish for r and n sufficiently large. Consequently:

(i) the expander (I'y),, is not coarsely equivalent to any box space;

(ii) the expander (I'y), is not coarsely equivalent to any warped cone OgY,
where H is an infinite group, Y is a manifold, and the action H ~, Y is free.

Once we have proved that our origami expanders are distinct from the previ-
ously known expanders mentioned above, a natural problem is to distinguish origami
expanders from each other, for different surfaces and actions. This problem is highly
non-trivial. The strongest to date coarse rigidity results obtained for box spaces [23]
and warped cones [28, 80] make use of discrete fundamental groups, which vanish
for many origami expanders by Theorem F. Other standard coarse invariants, such
as Property A or asymptotic dimension, are useless for expanders. Moreover, since
all our origami expanders (as in Corollary D) come from warped cones over actions
of a fixed group on manifolds of a fixed dimension, and the actions are essentially
free, we expect their “local” properties around free orbits to be the same. Propo-
sition 7.3 indeed provides an example of such a local property shared among our
origami expanders.

Instead of distinguishing our origami expanders per se, we distinguish them toge-
ther with the corresponding bundle. More precisely, our origami expander (I';),, is
quasi-isometric to the warped cone O, %, and together with (I';),,, we consider the
warped cone Og, (Z)Tz, which is quasi-isometric to the original Margulis expander.
Induced by the canonical branched covering p: ¥ — T2, there is a sequence

P'D: (9]1«‘22 —> OSLz(Z)TZ

of coarse maps. We will study the sequence (I';),, of graphs together with this se-
quence of maps. We call two such sequences

P'DZ (91F2E —> OSLZ(Z)TZ and Pp/l (91F2 Z/ —> OSLZ(Z)TZ

coarsely equivalent if there are coarse equivalences O, X =~ O, X’ and Ogy,(z) T 2~
Osi, (Z)Tz such that the corresponding diagram commutes; see Section 9 for details.

Theorem G. For every origami surface X, the sequence PP: Op, % — Os1,z)T? of
maps from the origami expander from Corollary D to the original Margulis expander
is not a coarse equivalence.

Furthermore, there is an explicit infinite set I C N of genera such that for the
corresponding staircases Zg with g € 1, the sequences PP: Op,Zg — Osi,z)T?
are pairwise not coarsely equivalent.
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2. Preliminaries

2.1. Ergodicity and strong ergodicity

Let G be a finitely generated group with a finite symmetric generating set S contain-
ing the identity element 1g of G, which is often simply denoted by 1.

Definition 2.1 (Measure-preserving action). An action G ~, (X, u): (g, x) — g.x
of G on a measure space (X, u) is called measurable if for every g € G, the map
X — X, x — g.x is measurable. A measurable action G ~, (X, u) is called measure
preserving if for every measurable U C X and every g € G, we have u(U) = u(g.U).

Definition 2.2 (Invariant / almost invariant subsets). Let G ~, (X, ) be a measure-
preserving action. A measurable subset U C X is invariant if g.U = U for every
g € G. (This implies u(g.U ~ U) = 0.) A sequence (U,),, of measurable subsets is
almost invariant if for every g € G, we have

limu(g.U, ~U,) =0.
n
Observe thatif g = s1...s; withs; € S, then

gU~U=s;...50.U~U
C 5 ...Sk_l.(Sk.U ~ U)
Usy...8k—2.8g—1.U~U)U---U (5:.U ~NU). 2.1

Therefore, it suffices to check invariance and almost invariance of subsets under the
action by generators only, and these properties do not depend on the choice of the
finite generating set.

Definition 2.3 (Ergodic / strongly ergodic action). A measure-preserving action G
(X, i) on a measure space with (X)) < oo is ergodic if every invariant subset U C X
satisfies uw(U)(u(X) — n(U)) = 0. A measure-preserving action G ~, X on a mea-
sure space with u(X) < oo is strongly ergodic if every almost invariant sequence
(Un),, satisfies

lim 2 (Up) (4(X) = pu(Un)) = 0.

2.2. Spectral gap and measure expansion

Spectral gap was defined in Definition 1.1. The definition of spectral gap is indepen-
dent of the choice of the finite generating set S.

We now recall a characterisation of spectral gap for measure-preserving actions.
This equivalent notion was defined explicitly in [81] under the name “measure expan-
sion”. It can be defined for measurable actions that are not necessarily measure pre-
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serving, but in this article, we focus on the measure-preserving case. Similar phenom-
ena had been studied before in [14,15,32].

Definition 2.4 (Measure-expanding action). A measure-preserving action G ~, (X, )
is measure expanding (or expanding in measure) if there exists a constant ¢ > 0 such
that for every measurable subset U C X of finite measure satisfying 0 < u(U) <
%M(X), we have

n(SU) = (1 +cyu).

where SU = ;g 5.U.

The inequality u(SU) = (1 + c)u(U) is equivalent to u(SU ~U) = cu(U),
which is a strong form of non-invariance of the set U.

Using (2.1), one checks that measure expansion is independent of the choice of
the finite generating set, though the expansion constant ¢ might depend on it.

Proposition 2.5. A probability-measure-preserving action p: G ~, (X, L) is measure
expanding if and only if it has spectral gap.

The proof essentially follows from [72], which uses different terminology. Indeed,
the “if”” implication follows by a standard argument from Definition 1.1 applied to the
function yy — n(U), where yy is the characteristic function of a measurable subset
U C X of finite measure satisfying 0 < u(U) < % 1(X). For the “only if” impli-
cation, the lack of spectral gap is exactly the assertion of [72, Proposition 2.3 (1)]
for p = 2. Therefore, by [72, Proposition 2.3], this is equivalent to [72, Proposi-
tion 2.3 (3)], which coincides with [72, Lemma 2.1 (2)]. By a result of Rosenblatt
in [65], [72, Lemma 2.1 (2)] is equivalent to [72, Lemma 2.1 (1)], which immediately
implies the lack of measure expansion.

Complete proofs of Proposition 2.5 can be found in [32, Lemma 5.2] and [81,
Proposition 7.3].

2.3. Ahlfors-regular measures

The following definition relates measures and metrics. We denote by B(x, r) the
closed ball of radius r centred at x.

Definition 2.6 (Ahlfors-regular measure). A measure p on a metric space X is called
Ahlfors regular if there exist m > 0 and C = 1 such that for every x € X and r <
diam X, we have

C~'r"™ < u(B(x,r)) < Cr™.

For a finite measure p on a bounded metric space X, it suffices to check the above
condition for all r < ¢ for a fixed 0 < ¢ < diam X. The Lebesgue measure on the
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plane R? is Ahlfors regular with m = 2. Therefore, the measure on the torus T2
inherited from [0, 1] € R? is also Ahlfors regular with m = 2.

3. Lifting measure expansion to extensions

In this section, we prove a general result that allows to lift expansion in measure to
extensions of dynamical systems. If ¥’ — X is an m-sheeted branched covering of a
surface X, then the normalised measures & on X' and A on X satisfy (3.1) below, so
our result applies and we can lift measure expansion from X to X’. In Section 4.3, we
will use this in the case ¥ = T2.

Proposition 3.1. Ler (X, i) and (Y, L) be probability spaces with measure-preserving
actions of a group G = (S). Suppose that there is a G-equivariant measurable map
p: X = Y and a constant m € N such that for every measurable U C X, its image
p(U) C Y is measurable and we have

A o)) < wlU) < Ap(©)). 1)

If the action G ~ Y is expanding in measure and the action G ~, X is ergodic, then
the action G ~, X is expanding in measure.

Since ;u(X) = A(Y) = 1, formula (3.1) implies that w(p~'(V)) = A(V) for every
measurable set V' C Y'; in other words, Y is a factor of X with respect to the action
of G. Indeed, suppose that there exists a measurable set V' contradicting this claim.
Then p(p~'(V))<A(V), and hence u(p~ 1 (Y ~V))>A(Y ~V), which violates (3.1).

As mentioned above, we will only apply Proposition 3.1 to m-sheeted branched
coverings ¥ — T?2. In fact, when X and Y are topological spaces, i and A have full
supports, and the factor map p is open, one can check that (3.1) implies that all fibres
have cardinality bounded by m.

Proof of Proposition 3.1. We proceed in two steps. First, we show that the action
G ~ X is strongly ergodic. Suppose this is not the case. It follows from [72] (see [1,
Lemma 2.1] for the explicit statement) that there exists a sequence (Uy,),, of almost
invariant subsets of X with u(U,) = ﬁ Since p increases the measure by at most
the factor m, it is immediate that the sequence (p(U,)), is also almost invariant.
Moreover, for all n, we have A(p(Uy,)) € [ﬁ, %]. This contradicts the definition of
expansion in measure for the action G ~, Y. Hence, G ~, X is strongly ergodic.
Now we show that G ~, X is expanding in measure. Suppose this is not the case.
Then there exists a sequence (Uy,),, of measurable subsets of X with 0 < w(U,) < %

such that
. p(SUy ~Up)
lim——— = =

n w(Up)
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Strong ergodicity of G ~, X tells us that lim,, u(Uy)(u(X) — u(Uy)) = 0, and since
w(Uy) < % we conclude lim,, u(U,) = 0.

Let ¢ be the expansion constant associated with the measure expanding action
G ~ Y and the generating set S. For n sufficiently large, we have u(U,) < ﬁ
so A(p(Uy)) < % and therefore

A(Sp(Un) ~ p(Un)) = cA(p(Un)). 32)

W = 0, we may, without loss of generality,

assume that for all n sufficiently large,

On the other hand, since lim,,

c
u(SUy ~Uy) < n_/l/L(Un)
Hence, for all n sufficiently large, we obtain

A(Sp(Un) ~ p(Un)) = AMp(SUp) ~ p(Up))
< Mp(SUn ~ Uy))
< mpu(SUy ~ Uy)
< cp(Un)
< cA(p(Up)),

contradicting (3.2). Hence, G ~, X is expanding in measure. |

4. Measure-expanding actions on origami surfaces

4.1. An action of GL2(Z) on the torus

Let T2 = R?/Z? be the 2-torus, which we identify, as a measure space, with [0, 1)% C
R? equipped with Lebesgue measure. The group GL,(Z) naturally acts on R? by left
multiplication. This action descends to an action on T2, which is explicitly given by

0-t) e
ro s y rx + sy

Definition 4.1 (Generic point). A point (§ ) € R? is called generic if the set {1, x, y}
is linearly independent over Q. A point (; ) € T2 is called generic if one (or equiva-
lently, every one) of its preimages in R? is generic.

The generic points form a set of measure 1.

Lemma 4.2. Let (3) € T? be a generic point. The orbit GLy(Z).(3 ) in T? is free
and consists solely of generic points.
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Proof. Lety = (£ 9) € GL,(Z), and suppose that y.(5 ) = (3 ), i.e.,
x\_ [px+gqy
y]  \rx+sy]’

x=px+gqy and y=rx+sy.

Thus,

By the assumption of genericity of x and y, we conclude that
p=1,9g=0 and r=0,s=1,

so0 y is the identity matrix, showing that the orbit of (; ) is free.

px+qy

Now we prove the genericity of ( rx+sy

). Let ¢ and v be rational numbers such
that

wipx +qy)+virx +sy)=0

in R/Z. Then we have 0 = up + vr = g + vs by the genericity of (ﬁ), and hence,

(u v)y = (0 0). Since the matrix y is invertible, this forces u = v = 0. [

4.2. A measure-expanding action F, ~, T2

Consider the measure-preserving action SL,(Z) ~, T? obtained by restricting the
action GL,(Z) ~, T? discussed in Section 4.1. We consider subgroups of SL,(Z)
generated by special elements. For an integer £ > 1, consider the elementary matrices

1 k 1 0
ay = <O 1) and by = (k 1) , 4.2)
a’ = (é ]k) and b = (_lk ‘f)-

Theorem 4.3. For every k € Z>1, the measure-preserving action {ay,by) ~ T? is

with inverses

expanding in measure. Equivalently, the action has spectral gap.

It is standard that for k > 2, the group (ay, by) generated by ay, by is a free
group IF. Thus, for k > 2, Theorem 4.3 gives measure-expanding actions F, ~, T2.

Theorem 4.3 is well known. However, since the measure expansion of our actions
on origami surfaces heavily relies on it, we present a proof, along the lines of Gabber—
Galil [30]. They showed the result for k = 1, but their proof works for all k = 1. Other
values of k and other generating sets were considered in [41,48,50]. The value of k
will be important later.

First, note that the matrices a; and by induce a measure-preserving action of
(ag,br) on Z?* ~ {(0,0)}, which we equip with the counting measure, denoted by | - |.
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Lemma 4.4. For every k € Z>1 and every finite subset A C Z? ~ {(0, 0)}, we have
laxAUar' AU b AU b Al = 2|A.
In particular, the action of {ay, br) on Z? ~ {(0,0)} is expanding in measure.

For k = 1, a detailed proof can be found in [50]. We give the computation for
arbitrary k = 1 for completeness.

Proof of Lemma 4.4. Let

01 ={(p.9) €Z?| p>0,g=0}, Qr:={(p.q) €Z>|p<0,q>0},
03 ={(p.q) €Z? | p<0,g <0}, Qs:={(p.q) €Z*|p=0.q<0}.

Together, the sets O, Q», Q3 and Q4 form a partition of Z2 ~ {(0,0)} and satisfy
the following inclusions, which are straightforward to verify:

ax Q1. b Q1 € 01, a;' Q2. b' 02 € 05,
axQs. b Q3 € 03, a;' Q4. b' Q4 € Qu.

Also, the following identities hold:

arQ1Nb Q1 =0, a;'02Nb;'0s =10,
arQ3Nbe Q3 =0, a;'0sNb;'04=0.
Now, let A be a finite subset of Z2 ~ {(0,0)}, and set 4; := AN Q; fori = 1,2,3,4,
sothat A = A; U A, U A3 U Ay4. Using the above identities and the fact that the action
is measure preserving, the result now follows from a direct computation:
laxAUa;' AU b AU b A
= |akA1 U bkAl U a]:1A2 U b]:lAz U akA3 U bkA3 U a,:lA4 U b;1A4|
= |lapA1| + |br A1| + |a,;1A2| + |bk_1A2|
+ lag As| + |bp As| + lag ' Aa| + 1br ' Aa]
=2(|A1] + |A2| + |43] + |A4])
= 2|A|. [
We now use the Fourier transform to transfer the measure expansion from Lem-

ma4.4to T2 Let T' = (V, E) denote the graph with V := Z? ~ {(0, 0)}, where each
vertex (x, y) is adjacent to the following vertices (some of them may coincide):

()-£) ~)-(.2)
(-0 w0)-)
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We use a simplification of the argument of Gabber—Galil from [48]. The Rayleigh
quotient of a non-zero square-summable function f: 1V — C is defined as

Z{v,w}eE |f(v) - f(w)|2
D vey [FWI? '

By a version of the discrete Cheeger inequality [48, Lemma 2.1], for every count-

Rr(f) =

able graph I' = (V, E) with a uniform bound D on the degrees and every function
f € £2(V), there exists a finite subset A € Supp(f) € V such that

PAL . ADRAD. 43)

4]

By Lemma 4.4, it follows that the left-hand side of (4.3) is strictly larger than 0,
uniformly over all finite subsets A C V.

Proof of Theorem 4.3. Recall that we identify T2 =R?/Z? with [0, 1)? with Lebesgue
measure 4. For every p, q € Z, the function y, ,: T? — C defined by

paq(x.y) = I PxFay)

defines a character of T2 and every character is of this form. Thus, the character group
can be identified with Z2. Let ¥: L?(T?) — (?(Z?), f + f denote the Fourier
transform, which is given by

Py = [ e g, ),

The set {xp,4 | P.q € Z} is an orthonormal basis for the Hilbert space L?(T?) and
every f € L?(T?) can be written as a linear combination

=Y Fp.91ra

DP.gEZ

where the coefficients f (p, q) are given by the Fourier transform. The action of
(ar,br) on T? satisfies the following relations:

Xp.g © 9k = Xp.kp+q-

Xp.a © bk = Xp+ka.q-

It follows that
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These identities were essentially already observed in [65]; see also [71]. We can now
compute the spectral gap; cf. Definition 1.1:

(Ifoar—fla+Ifobe—flla+ 1 foar' = flla+ £ obg' = fla
i 1712

|
feL«fo¢%

—1 p—1 /O\T_A ~ n £
{ZHWN%%JQ”U fh|feﬁ@%_ﬂa®=0wf#%

= min =
1£ 12
)y ey I foT=fla . . R
=m% “W“”j%} Ufﬁmﬁf&m=af#%
2

> 2min{\/Re(f) | € 2(22), f0,00=0, 7 #0},

where the factor of 2 comes from double-counting the edges. By Lemma 4.4 and the
version of the discrete Cheeger inequality recalled above, the right-hand side is strictly
larger than 0, showing that the action F, ~, T? is measure expanding. |

4.3. Measure-expanding actions of [, on surfaces

We now use the action on the torus to construct a family of measure-expanding actions
on origami surfaces of arbitrary genus g > 1.

We first recall the notion of an origami surface. Particular cases of origami sur-
faces were first studied in [77,79]; the name origami was introduced in [51].

Definition 4.5 (Origami). An origami datum is a triple (m, 0, 7), where m is a positive
integer, and o and t are elements of the symmetric group of rank m such that the
subgroup they generate acts transitively on {1, ..., m}.

An origami surface (or a square-tiled translation surface) associated with the ori-
gami datum (m, 0, T) is a topological space X constructed as follows: Let {P1,. .., Py}
be a set of copies of the square [0, 1]? together with homeomorphisms p;: P; — [0, 1]>.
The square [0, 1]? has left, right, top, and bottom sides, defined in the obvious way,
and every square P; inherits such sides via p;. The space X is obtained by gluing,
for every i € {1,...,m}, the left side of P; to the right side of Pg;), in such a way

that precomposing this gluing with p;

and postcomposing with ps ;) yields a map
sending the left side of [0, 1]? to its right side by translation. We perform analogous
gluings identifying the top side of P; with the bottom side of P for every i €
{1,...,m}.

We endow X with the length metric induced from declaring the length of paths on

the squares P; to be the pull-back of the usual length on [0, 1]? via p;.
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Figure 1. Constructing an origami surface of genus 2.

The maps p; combine to a single map p: ¥ — T2, which is a branched covering
of the torus T2 that branches over at most one point.

A quick Euler characteristic count using the observation that the valence of every
vertex in an origami surface is a positive multiple of 4 shows that the sphere S? is not
an origami surface.

By definition, our origami surfaces are connected, since we assume that the group
generated by the permutations o and t acts transitively on {1, ..., m}. In fact, topo-
logically, ¥ is always a connected, closed, orientable surface. It also has a measure p
of total measure m, inherited on each of the squares P; from the Lebesgue measure
on [0, 1]

We depict origami surfaces geometrically by drawing m squares in the plane,
glued according to the permutations o and 7, and with opposite (outer) edges identi-
fied (according to o and 7). An example is given in Figure 1.

Since the measures ;4 on ¥ and A on T2 are both induced by the Lebesgue meas-
ure on [0, 1]?, we have A(p(U)) < u(U) for every measurable U C X. In the other
direction, since X consists of m squares, we have A(p(U)) = %M(U). Hence, the map
p: ¥ — T2 satisfies (3.1) after normalising 1 by m.

The image of a ball B(y,r) in X is the ball B(p(y), r) of the same radius in T?2.
Hence, we have

A(B(p(»).7)) < u(B(y.r)) <mA(B(p(y).r)).

Therefore, the measure y is Ahlfors-regular because A is.
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Definition 4.6 (Arrangement maps). Let ¥ be an origami surface, and let P; be a

square of X. The horizontal arrangement map associated with P; is the unique map

hi:R x [0, 1] — X satisfying the following:

o forevery j € Z, postcomposing the restriction of 4; to [j, j + 1] x [0, 1] with p
coincides with the composition of the translation by (—j, 0) with the natural quo-
tient map [0, 1]> — T?2;

* the square [0, 1]? is mapped to P;.

The vertical arrangement map associated with P; is the map v;: [0, 1] x R — X
defined analogously.

Intuitively, the horizontal arrangement map 4; is an arrangement of the squares
of 3, where we start with P;, and then glue to it its left and right neighbours in 3,
as specified by the permutations of the origami datum; we then continue, and glue
further left and right neighbours. We end up with a cyclically repeated pattern, whose
period is at most m and is a divisor of the order of 0.

Our goal is to construct a measure-expanding action of [F; on X. Let k = 2 be any
multiple of the orders of ¢ and 7, and consider the matrices a; and by from (4.2). A
particular choice we can make for k is to set k := m! (unless m = 1), though later we
will use the fact that we have flexibility in picking k. Recall that a; and by generate a
free group of rank 2 that acts on R? and on T 2.

Observe that the matrices a; and by, when acting on R2, preserve the subsets
R x [0, 1] and [0, 1] x R, respectively. We use this fact to define the action of ay
and by on horizontal and vertical arrangements, respectively, and thus on X.

Consider a square P; of X, and let /;: R x [0, 1] — X denote the corresponding
horizontal arrangement map. The action of a; on P; is obtained by first lifting P;
to [0, 1]? under %;', then applying the matrix ag, and then projecting back to %
using /;. This gives a well-defined action of a; on X: On horizontal edges this fol-
lows from the fact that k is a multiple of the order of ¢, and hence a;, fixes the top
and bottom sides of all squares pointwise; for vertical edges the claim follows from an
easy computation. We define the action of by analogously, using the vertical arrange-
ment map. It is clear that p is now an [F,-equivariant map, where the action of [,
on T2 is as in Theorem 4.3.

Theorem 4.7. The action F, ~, X we have just described is a measure-preserving
and measure-expanding action by Lipschitz homeomorphisms.

Theorem 4.7 directly implies Theorem A.

Proof. The fact that the action is a measure-preserving action by Lipschitz homeo-
morphisms is clear from the construction.
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Observe that the map p: £ — T2 satisfies the assumptions of Proposition 3.1 (up
to rescaling the measure on X). Since the action F, ~, T? is expanding in measure,
we only need to verify that the action FF, ~, X is ergodic.

To this end, let U C X be an invariant measurable subset with p(U) > 0. Consider
the set L of all connected components of preimages under p of all (horizontal) loops
of the form

[0,1) x {x} C[0,1)> =T?

with x € [0, 1] ~ Q. Note that | J Lo is a measurable subset of X of full measure. Note
also that every / € L is a horizontal loop of integral length carrying its own, usual
Lebesgue measure.

Since the measure on X is obtained from product measures on the squares form-
ing X, Fubini’s theorem gives us a subset L; of L¢ such that |_J L, is again measurable
and of full measure, and such that for every / € L; the set / N U is measurable in /.

The action of a; on every loop [/ is by irrational rotation, and hence is ergodic.
We conclude that for every [ € L1, the subset / N U is either null or of full measure,
since /, and hence / N U, is ag-invariant. We repeat the argument for vertical loops
and arrive at analogous conclusions with sets Lj and L/ of vertical loops.

Let Q be a square of ¥ with £(Q N U) > 0. Identifying Q = [0, 1]?, we see that,
up to measure zero,

UNnQg=10,1]xR

for a measurable subset R C [0, 1] of positive measure A(R). Recall that | J L] is
of full measure in X, and hence, in particular L} contains almost all vertical loops
passing through Q. Every such loop intersects [0, 1] X R in a subset of measure at
least A(R). This implies that

n@nU) =1,

using the ergodicity of the action of by on the loops in Ly, as before. To summarise:
if U intersects a square in a subset of positive measure, then the intersection is full
in Q.

Since w(U) > 0, there is at least one square Q as above. But then the precise
description of the action of I, together with the fact that X is connected, immediately
allows us to conclude that U intersects every square fully, and hence

pU) = uw(X) = m.
This finishes the proof. ]

Remark 4.8. It is immediate from Lemma 4.2 that the orbits of points v € ¥ such
that p(v) is generic are free.
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Figure 2. The staircase of genus 4.

4.4. Staircases
Let us introduce a particular family of origamis that will be important later.

Definition 4.9 (Staircases). Given a positive integer g, the staircase of genus g,

denoted Z,, is the origami surface associated to the origami datum (2g — 1,0, 7),

whereo = (1 2)(3 4)---2g—3 2g—2)and7 =2 3)(4 5)---2g—2 2g—1).
We endow the surface with the same action of [F, as before.

An example of a staircase is shown in Figure 2.

As indicated by the notation, a staircase of genus g gives rise to a surface of
genus g. Observe that the orders of ¢ and 7 are both 2, and we can take k = 2 in the
action of Theorem 4.7. Crucially, this is independent of g, and hence every Z; is a
branched cover of T2 in an [F,-equivariant way, with respect to a single action of F,
on T2, independent of g.

5. Large-scale geometry, warped cones, and expanders

5.1. Uniform quasi-isometries and coarse embeddings

We assume the reader is familiar with the following standard notions from large-
scale geometry: quasi-isometry, quasi-geodesic space, bi-Lipschitz equivalence, and
the Rips complex Pg(X) of a metric space X for R = 0. We refer to the books by
Bridson—-Haefliger [16], Roe [63], and Nowak—Yu [59], all of which are excellent
sources on coarse geometry.
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Definition 5.1 (Uniform quasi-isometry). Two families (X,), and (Y,), of metric
spaces are uniformly quasi-isometric if there exist functions f,: X, — Y, and con-
stants L = 1 and A = 0 such that for all n and all x, x’ € X, and y € Y,, we have

(i) L7'dx,(x,x") = A < dy, (fu(x), fu(x) < Ldx, (x,x') + 4;
(i) dy, (v, fn(Xn)) < A.

Replacing the affine functions in Definition 5.1 (i) with arbitrary proper functions
yields the following definition.

Definition 5.2 (Uniform coarse equivalence). Two families (X,), and (Y}),, of met-
ric spaces are uniformly coarsely equivalent if there exist functions f,: X,, — Y;,
two non-decreasing functions 7, ¢: [0, 00) — [0, co) with lim, ., () = 00, and a
constant A > 0 such that for all x, x’ € X, and y € Y;, we have

(i) nodx,(x,x") <dy,(fu(x), fu(x")) < {odx,(x,X);
(i) dy, (y, fn(Xn)) < A.

These definitions apply to individual spaces, which can be treated as constant
sequences. We thus recover the usual definitions that two spaces X and Y are quasi-
isometric or that they are coarsely equivalent, respectively.

If condition (i) is satisfied, but not necessarily (ii), we talk about embeddings. That
is, applied to individual spaces X and Y, Definition 5.1 (i) defines a quasi-isometric
embedding f: X — Y, and Definition 5.2 (i) defines a coarse embedding f: X — Y,
if only the second inequality of Definition 5.2 (i) is satisfied, it defines a bornologous
map [: X —> Y.

Remark 5.3. If two families are uniformly quasi-isometric, then they are uniformly
coarsely equivalent. Conversely, every coarse equivalence between quasi-geodesic
metric spaces is a quasi-isometry [34, Section 0.2.D]; see, e.g., [59, Corollary 1.4.14]
for a proof, which also holds for families.

Convention 5.4. Every map (in particular, every constant map) between bounded
metric spaces is a quasi-isometry (for appropriate constants L = 1, A = 0), and in
particular a coarse embedding. Accordingly, applied to families (X,), and (Y,),, of
bounded metric spaces, the specification “uniform” from Definitions 5.1 and 5.2 is
often automatically assumed and omitted for brevity. This is the case in the formula-
tions of our results in Section 1; see also Remark 6.4.

Definition 5.5 (Close maps). Let f1, f>: X — Y be maps between metric spaces
(X,dx) and (Y, dy). If there is C > 0 such that dy (f1(x), f2(x)) < C forall x € X,
then f; and f> are called C-close.
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A quasi-isometric (resp. coarse) embedding f: X — Y is a quasi-isometry (resp.
coarse equivalence) if and only if there is a quasi-isometric (resp. coarse) embedding
f":Y — X suchthat f" o f and f o f” are close to the identity maps on X andon Y,
respectively; cf. [42].

Throughout the article, we consider quasi-geodesic metric spaces, and we study
them up to quasi-isometry. The following known result allows us to focus on graphs.
We add the proof for completeness.

Lemma 5.6. A metric space is quasi-geodesic if and only if it is quasi-isometric to a
graph.

Proof. By definition, a metric space X is quasi-geodesic if there exist L > 1 and
A = 0 such that for every x, x’ € X, there exists an (L, A4)-quasi-isometric embedding

y:[0,d(x,x")] = X

such that y(0) = x and y(d(x, x")) = x’. A straightforward adaptation of the proof
of [22, Chapter 3, Lemma 2.8] to quasi-geodesic spaces yields that the canonical
embedding
fiX = PN, (X)

isan (L + A, 1)-quasi-isometric embedding, where P( ) +4(X) is the 1-skeleton of the
Rips complex P 4(X). Indeed, take k € N such that k — 1 < dx (x, x’) < k. By
the quasi-geodesicity, there exist ag, d1, ..., dr_1,ar € X suchthatag = x, ap = x/,
and

dx(ai,aiv1) SL((+1)—i)+A=L+ A.

Hence, PL( +4(X) is connected and
dPil)A(X)(f(x)’ f(X/)) <k <dx(x, X/) + 1.

For the lower bound, suppose that d P (X)( f(x), f(x")) = l. Then, by definition
of the Rips complex, there exist by, . . bl € X such that by = x, by = x’, and

dX(blvbl+1) L+A

whence

(L + A) ldy(x,x)) < dpm o) (f(x). f(x)).

Since X is %-dense in PL(Q 4(X), the above inequalities show that f: X — PL(Q 4(X)
is an (L + A, 1)-quasi-isometry, from which the “only if” implication of the lemma
follows.

Conversely, let f:V — X be an (L, A)-quasi-isometry, where V is a graph. The
image of a geodesic between any v, v’ € V is an (L, A)-quasi-isometric embedding
of [0, dy (v, v")]. Since f (V) is A-dense in X, the “if”” implication follows. ]
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We encounter non-discrete metric spaces, for which we use the following general
definition of bounded geometry.

Definition 5.7 (Bounded geometry). A metric space X has bounded geometry if there
exists a constant C = 0 such that for every D > 0 there is Np € N such that every
C -separated subset of X of diameter at most D has cardinality at most Np.

To the knowledge of the authors, this notion of bounded geometry for metric
spaces goes back to [42]; the special case of Riemannian manifolds was already
covered in [33].

Lemma 5.8. A quasi-geodesic metric space has bounded geometry if and only if it is
quasi-isometric to a graph with a uniform bound on the degrees of its vertices.

Proof. The proof is routine. For the “if” implication, note that a bounded-degree
graph V has bounded geometry with C = 1. Let X be a metric space. If f: X — V
is an (L, A)-quasi-isometry and T C X is a C-separated subset of diameter D > 0,
then f(T) € Visa (C/L — A)-separated subset of diameter at most LD + A > 0.
Wetake C > L(A 4+ 1). We see that f is injectiveon T and |T| = | f(T)| < NLp+4,
where R — Np is the function accompanying C = 1 in Definition 5.7 for V. Hence,
X has bounded geometry.

For the “only if” implication, let X be a quasi-geodesic space with bounded
geometry. Let X’ be a maximal C-separated subset of X for the constant C from
Definition 5.7. Then X' is also quasi-geodesic. In the proof of Lemma 5.6, we have
shown that the 1-skeleton PL(IJZ 4(X") of the Rips complex of X’ is quasi-isometric
to X’, and hence to X, where L = 1, A = 0 are the quasi-geodesicity constants of X’.
The maximal degree of the vertices of PL(IJZ 4(X") is bounded above by Nz 4 4y(X),
where N is the function from the definition of bounded geometry of X, since the ball
of radius 1 is of diameter at most 2. ]

5.2. Warped cones

The following notion is useful for the understanding of the dynamics of group actions
from the coarse geometry point of view. It was introduced by Roe in [62] for foliations
and in [64] for group actions.

Definition 5.9 (Warped cone). Let (Y, d) be a compact metric space and G ~, ¥ a
group action by homeomorphisms. For every ¢ € (0, 00), let dg be the largest metric
on {t} x Y satisfying

dG((t’y)v(t’y/))§t'd(y’y/) and dG((f,y),(t,S.y))§1

for every generator s € S.
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The sequence of metric spaces OgY = ({t} X Y, dg)sen is called the warped
cone over the action G ~, Y.

In [64], the warped cone is defined as an appropriate union over ¢ € (0, co) of the
levels {¢} x Y. Since the diameter of these levels tends to zero as ¢ — 0 and tends to
infinity as ¢t — oo (unless Y is a finite set with a transitive action), the resulting space
indeed resembles a cone.

It easily follows from Definition 5.9 that dg((¢, ¥), (¢, y')) < 1 if and only if
d(y,y) < %, and then

de((t,y).(t,y")) =t-d(y.y"),

so both metrics induce the same topology. Hence, OgY is not an interesting object
from the topological perspective. However, it does exhibit interesting large-scale geo-
metric properties. For example, it is not hard to check that if Y is a geodesic space (or
bi-Lipschitz equivalent to such a space), then the family OgY is quasi-geodesic with
the quasi-geodesicity constants L = 1 and A = 0 uniform over ¢t € N. By [64], most
naturally occurring warped cones have bounded geometry. In particular, this applies to
warped cones over actions by Lipschitz homeomorphisms on surfaces, as considered
in the present article. Hence, by Lemma 5.8, a typical warped cone OgY is uniformly
quasi-isometric to a sequence of finite, connected graphs with a uniform bound on the
degrees of their vertices. The relevance of this observation was noticed in [81].

Definition 5.10 (O-graph). Every sequence (I'?), of finite, connected graphs T'O
with uniformly bounded degrees that is uniformly quasi-isometric to a warped cone
OgY is called an O-graph associated with OgY .

The following is a slightly generalised version of [81, Theorem B].

Theorem 5.11. Let Y be a compact space equipped with a geodesic metric and an
Ahlfors-regular measure, and let G ~, Y be a measure-preserving action by Lipschitz
homeomorphisms. The action G ~, Y has spectral gap if and only if every O-graph
associated with the warped cone OgY is an expander.

Proof. If Y is a Riemannian manifold, the result follows from [81, Corollary 7.4],
since every Lipschitz homeomorphism whose inverse is also Lipschitz is a quasi-
symmetric homeomorphism. In general, the result is a special case, for X = R, of a
more general result [69, Theorem 1.1]. [ ]

Consequently, the @-graphs associated with these warped cones are a source of
expanders, which is in fact very rich, as exemplified by the results of [28, 47, 69,
81]. In particular, Corollary D follows immediately from Theorem A by applying
Theorem 5.11.
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Remark 5.12. Being an expander is a quasi-isometry invariant: If (I';),, and (I';),,
are two sequences of uniformly bounded degree graphs that are uniformly quasi-
isometric, then (I',),, is an expander if and only if (I';,), is. A proof of this folklore
fact can be obtained by a straightforward adaptation of the proof of [42, Lemma 4.2].
Hence, the word “every” in Theorem 5.11 can, equivalently, be replaced with “some”.

6. Selberg-type expanders and Margulis-type expanders

6.1. Coarse disjoint unions and box spaces

Definition 6.1 (Coarse disjoint union). The disjoint union | |, X, of bounded metric
spaces (Xy, dy) is called a coarse disjoint union if it is equipped with a metric d such
that

e d restricts to the metric d,, on each X,;;

e d(X,,Xm) > o0o0asn+m — ooforall n # m.

Any two such metrics yield coarsely equivalent metric spaces with underlying
set|_| . Xn, or, in other words, the same coarse structure on L] ,» Xn (see [63]). Accord-
ingly, one typically talks about the coarse disjoint union.

Let G be a group generated by a finite set S. We denote by |g|s the word length
of an element g € G defined by S and by ds(g,h) := |g~'h|s the distance between
elements g, h € G induced by this word length; B(1g, R) denotes the closed ball of
radius R = O centred at the identity: B(1g, R) = {g € G | |g|s < R}.

Definition 6.2 (Box space). Let (G,), be a sequence of finite-index normal sub-
groups of G. We equip each G/G, with the quotient metric induced by the map
G — G/ G, (equivalently, with the word-length metric defined by the image S, of S
under this quotient map). We assume that

VR e N, 3ng € N such that B(lg. R)n ] Gy = {lg}. (6.1)

n=zng

Then the coarse disjoint union |_|,, Cay(G/ Gy, Sy,) is called a box space of G defined
by the sequence (Cay(G/ Gy, Sp))n.

Remark 6.3. Definition 6.2 is unusual and more general than the usual definition.
If (G,), is nested and (), G, = {1} (as in the standard definition of a box space
often used in the literature), then | |, Cay(G/G,, S,) is a box space in the sense
of Definition 6.2. In fact, when (G,),, is nested, then the condition (), G, = {1}
is equivalent to condition (6.1). However, if we only assume (1), G, = {1}, then
LI, Cay(G/ G, S») is not necessarily a box space according to our definition. Indeed,
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let G = Z & Z,, let S € G be the standard generating set, let G; = Z @ {0}, and
let G, = nZ & 7, for n = 2. Then ﬂn>1 G, = {lg}, but for every ng € N, the
union _J G, contains Z,, so for every R = 2 it intersects the ball B(1g, R) non-
trivially.

The choice of this general definition of box space is inspired by Definition 6.5 and
Lemma 6.6 below.

n=zng

Remark 6.4. Despite the fact that an expander is defined as a sequence of graphs and
a box space is defined as a single metric space consisting of such graphs, we often
disregard the difference; cf. [3, p.318]. There are historical reasons why these two
points of view are used, and we choose to keep both languages.

The following is a variation of the definition of asymptotically faithful sequence
of graphs from [82, Definition 2.2].

Definition 6.5 (Asymptotically faithful sequence of maps). Let g,: X, — Y, be a
sequence of surjective 1-Lipschitz maps between metric spaces. The sequence (g,),
is called asymptotically faithful if for every R > 0, there exists Ng € N such that for
every n = Ng, every y € Y, and every x € g, !(y), the map g, restricted to the map
on the balls B(x, R) — B(y, R) is an isometry.

Lemma 6.6. Let G be a group generated by a finite set S, and let (G,),, be a sequence
of finite-index normal subgroups. The sequence of quotient maps

Cay(G’ S) i CaY(G/Gn’ Sn)

is asymptotically faithful if and only if | |, Cay(G/ G, Sn) is a box space.

Proof. Forn € N, let R, be the maximal integer such that B(1g, R,) N G, = {1g}.
Clearly, | |, Cay(G/Gp, Sy) is a box space if and only if lim, o R, = o0.
The quotient map ¢,: Cay(G, S) — Cay(G/Gy, S,) is isometric at scale ry, =
R, /4,i.e., g, is an isometry when restricted to the ball B(1¢g, ). Indeed, suppose for
contradiction that there are g, h € B(1g,r,) such that ds(g, h) > ds,, (qn(g). gn(h)).
This means that
lg" hls > lgn(g " h)ls,-

Then there exists k € G such that ¢, (k) = ¢, (g~ h) and |k|s = |g,(g "' 1)|s,, . Hence,
k~1g~'h is a non-trivial element of ker g, = G,. However,

k™™ hls < k7Hs +1g 7 hls < 2lg 7 hls < 2(1g7 s + |hls) < 4ra = Ra,

contradicting the assumption on the choice of R,,.
On the other hand, g, is not an isometry at scale r, = [(R, + 1)/2]. Indeed, by
the maximality in the definition of R, there is k € G, of length R,, 4+ 1. Then there
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are g € B(1g, [(R, + 1)/2]) and h € B(lg, | (R, + 1)/2]) such that g~ 'h = k.
Thus, ¢,(g) = g, (h), and hence ¢, is not only non-isometric, but even non-injective
on B(lg,r,).

Summing up, the largest scale ¢, at which ¢, is isometric belongs to the interval

[rn’rrlz) = [Rn/4.[(Ry, + 1)/2]),

so t, converges to infinity if and only if R, does, which finishes the proof. |

6.2. Selberg-type expanders

One of the goals of this article is to distinguish several classes of expanders from the
point of view of coarse geometry. First, we introduce the following new class.

Definition 6.7 (Selberg-type expanders). An expander is called a Selberg-type expan-
der if it is the sequence of graphs defining a box space of a finitely generated discrete
subgroup of PSL;(R) or of SL,(R).

There are various known examples of Selberg-type expanders:

(1) If G < SL,(Z) is a finite-index subgroup generated by a finite set S and
G/ G, are congruence quotients for n € N, then (Cay(G/ Gy, S,)), is an expander by
Selberg’s celebrated 3/16 theorem on the spectral gap of the Laplacian on the hyper-
bolic surfaces H?/G,, of finite volume [73] combined with the comparison principle
of Brooks [17] and Burger [18] that ensures the equivalence between continuous and
discrete spectral gaps.

(2) Let G < SL,(Z) be a subgroup generated by a finite set S, and let G/ G, be
the congruence quotients for primes p. Then (Cay(G/ G, Sp)), is an expander if and
only if G is non-elementary [7, 10].

(3) Let G < SL;(Z) be a subgroup generated by a finite set S that is Zariski dense
in SL4, and let G/ G,, be the congruence quotients for n € N. Then (Cay(G/ G, Sp))x
is an expander [13]. For d = 2, this result provides a great diversity of Selberg-type
expanders. Note that (2) is a special case of this general result because a subgroup
of SL,(Z) is Zariski dense in SL, if and only if it is non-elementary. We refer to [8,
12, 78] for different approaches to further generalisations of (2) which are special
cases of (3).

(4) Let G < SL»(Q) be a subgroup generated by a finite set S. Since there are
only finitely many denominators involved in the entries of the elements of S, the
congruence quotients G/ G, are defined for all g avoiding finitely many primes as
divisors. It follows from the main result of [66] that as ¢ — oo ranges over such
square-free integers, the sequence (Cay(G/Gy, S;))4 is an expander, provided that
the connected component of the identity in the Zariski closure of G is perfect.



Spectral gap and origami expanders 531

This last condition is satisfied by non-amenable subgroups G as above, since it
follows from [61, Theorem 4.29] that the Zariski closure of such a G in SL,(C) is the
whole of SL,(C).

Remark 6.8. Selberg’s celebrated result [73] on the congruence quotients of SL(Z)
naturally invites to generalisations. One way to do this is to consider congruence quo-
tients of other groups, not only of SL,(Z) or of its subgroups. This leads to the
following definition due to Lubotzky: An arithmetic lattice is said to have the Sel-
berg property if it has Property (7) with respect to appropriately defined congruence
subgroups [53].

An alternative way of generalising Selberg’s result is to allow a wider family of
finite quotients, not only congruence quotients. Despite the fact that the Selberg-type
expanders previously considered in the literature are often made of congruence quo-
tients, it is this alternative way we pursue in Definition 6.7. Therefore, it is all the more
striking that the new expanders provided by Corollary D are all coarsely distinct, by
Theorem E, from all expanders of Selberg type, even under our very broad interpreta-
tions of Selberg-type behaviour and of box spaces as given in Definitions 6.7 and 6.2,
respectively.

6.3. Margulis-type expanders

Let G = SL,(Z) x Z?, where the semi-direct product is defined by the left multiplic-
ation action of SL,(Z) on Z?. The following four elements generate G:

(o)) == (63) )
o= )6 (0 6)

A natural action of G on the discrete torus Z, x Z, is defined by:

() E)E)=(ma)=() e

Definition 6.9 (The original Margulis expander). Let V;, := Z, x Z, and let V, be a
disjoint copy of V;,. The original Margulis expander [56, Section 3.2] is the sequence
(My), of 5-regular bipartite graphs M,, with vertex set V;, LI V,/ and edge set defined
by the transformations 1¢g, 71, 7>, T3, T4 according to the action defined by (6.2):
A vertex (3) € Vy is adjacent to (5), (*F1). (,31). (¥*37). () € V;,. There are
multi-edges and the 5-regularity counts edges with multiplicity. See Figure 3.
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Figure 3. A local picture of the original Margulis expander M,, (left) and the expander M,
(right).

Margulis shows that (M), is a left expander graph (in the natural bipartite sense
of Definition 1.2, where we require |dA| = (1 + ¢)| A| for every subset A  V}, with
1 <|A| <|Vu|/2; Definition 1.2 also extends to graphs with loops and multiple edges).
His proof also works to show the right expansion of (M,), and the expansion of
his other sequence (M,), of 5-regular bipartite graphs [56, Section 2.2], defined
as above but using the transformations lg, T1, T2, T3, Ty with T3 = T4T5 1T, L.
The Gabber—Galil expander [30] is an analogous sequence (L,), of 5-regular bi-
partite graphs, defined by the transformations 1¢g, 73, T3, T1 T5, T» Ts. The next result
is immediate from the definitions of these graphs and the fact that each of the sets
{T1, T, T35, T4}, {T1, To, T3, T4}, and {T3, T, T\ T3, T, T3} generates the entire semi-
direct product SL,(Z) x Z?2.

Lemma 6.10. The Margulis expanders (M), and (M), and the Gabber-Galil
expander (L), are uniformly quasi-isometric.

By Remark 5.12, this says in particular that the expansion of the original Margulis
expander implies the expansion of the Gabber—Galil expander, and vice versa.

After choosing an arbitrary perfect matching P, in each graph M, and identify-
ing V,, with V,, along this perfect matching, we obtain a sequence (M), of 10-regular
graphs My = M, (P,) that is also an expander, as the boundaries of subsets in M,
and in M, are comparable: For a subset A C V;, of the vertex set of M, with 1 <
|A| < |Va|/2, we have |0A| = e| A| whenever |[0X4| = (1 + )| X 4], where X4 C Vj, is
a copy of A in the vertex set of M,,. (If we removed the loops coming from 15 from
the graphs (M), or equivalently, if we collapsed the edges of the perfect matching
chosen above, we would obtain a sequence of 8-regular graphs.)
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Alternatively, the Schreier graph for the action SLy(Z) x Z? ~, Z,, x Z, defined
by (6.2), with respect to the generators 1, 771, T, T3, T4, yields yet another sequence
(M), of 10-regular graphs that is an expander by Margulis’s proof of relative prop-
erty (T) for the pair (SLy(Z) x Z?2,Z?) [56, Lemma 3.7].

If I, is the “identity” matching in M,, i.e., a matching between each vertex
()y‘) € V, and its copy (§) € V., with a single edge in 7, for each such multi-edge
in My, then M (1) coincides with M,’. See Figure 3.

Lemma 6.11. The original Margulis expander (M), is uniformly quasi-isometric to
the expander (M), and the expanders (M} (Py))n for arbitrary Pp.

Proof. Since M, (I,) coincides with M, it suffices to show that (M), is uniformly
quasi-isometric with (M,;(Py)), for an arbitrary sequence of perfect matchings (Py),.
This follows immediately from the following claim.

Claim. Let I be a graph, F C E(T') a matching, and I'’ the quotient graph obtained
by identifying vertices belonging to edges in F. Then the quotient map

q: (V(),dr) — (V(I'), dr),
where dr and dr/ denote the edge-length distances, is a (2, 1/2)-quasi-isometry.

To prove the claim, first note that the quotient map ¢ is surjective. Since it is a
graph homomorphism, we have dr/(g(v), g(w)) < dr(v, w) for every v, w € V(T').

To show the opposite estimate, let v, w € V(I') and let g(v) = xg, ..., X, = g(w)
be a path in I realising the distance between ¢g(v) and ¢g(w), i.e.,

dr(q(v).q(w)) = n.

Since g induces a surjective map between sets of edges, for every i < n, there are

x} € g7'(x}) and x| € ¢ (x],,) such that x? and x;,, form an edge in T.

Denote xj := v, x2 := w, and pg := (x§, X3, X}, x7,x3,...,x,, x2). By definition,
1,2 —1(y/ ; 1 2

x;,x; € q~ (x]) for every i < n, so x; equals x; or they form an edge belong-

ing to I € E(I'). Consider the sequence p obtained from pg by omitting all ver-

tices x? such that x! = x?. Then p is a path in I'. Since its length as a sequence is at

most 2n + 2, we get
dr(v,w)<2n+1= 2dp/(q(v),q(w)) + 1.
This finishes the proof of the claim, and hence of Lemma 6.11. ]

The left multiplication action of SL,(Z) on R? descends naturally to an action by
Lipschitz homeomorphisms on the continuous 2-torus T2 = R2?/Z?2; cf. (4.1). Let us
consider the warped cone OSLz(Z)TZ over this action. The next result, together with
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the two preceding lemmata, shows that each of the expanders (M), (My)n, (Ln)n,
(M (Pp))n, and (M), captures the dynamics of this action.

Proposition 6.12. The expander (M,)), is uniformly quasi-isometric to the warped
cone OSLZ(Z)TZ.

Proof. The nth graph M, can be compared with the nth level {n} x T? via the obvi-
ous inclusion

(x.y) > (n,exp(2mix/n),exp(2miy/n)).

Then the result follows, for example, from [67, Corollary 2.3]. n

A variant of the above was also observed by other authors; see [80, Example 69],
for instance.

Thus, even the oldest classical explicit constructions of expanders by Margulis
and by Gabber—Galil are special cases of applying the warped cone construction. On a
technical level, Margulis [56] studies the action SLy(Z) x Z? ~, Z? and proves rel-
ative property (T), while to conclude that the warped cone Og;,(z)T? is uniformly
quasi-isometric to an expander one needs that the action SL,(Z) ~, T? has spectral
gap, which is indeed the approach of Gabber—Galil [30].

Inspired by this coarse geometric perspective, we introduce another new class of
expanders.

Definition 6.13 (Margulis-type expanders). An expander is called a Margulis-type
expander if it is uniformly quasi-isometric to the warped cone Qg X over a measure-
preserving action with a free orbit by Lipschitz homeomorphisms of a group G on a
closed surface X of genus g = 0.

In fact, the actions we consider in what follows are, moreover, essentially free.

In genus g = 0, examples of actions with spectral gap defining a Margulis-type
expander are given by the action of the group IF, = (a, b) on the sphere S?, where a
and b are two independent rotations represented by matrices in SO(3) with algebraic
entries [9,24,31].

A Margulis-type expander in genus g = 1 is called a classical Margulis-type
expander. This class encompasses both the original Margulis expander [56] and the
Gabber—Galil expander [30]. Moreover, this is potentially a huge class of expanders,
since the group of area-preserving diffeomorphisms of the torus is an extremely rich
object, studied intensively at least since the 1970s; see [4, Chapter 5].

For genus g > 1, we use the terminology higher-genus Margulis-type expander.

Definition 6.14 (Origami expander). An origami expander is an expander that is uni-
formly quasi-isometric to the warped cone g X over an affine action with a free orbit
of a group G on an origami surface .
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Margulis-type expanders and origami expanders are both (9-graphs associated
with warped cones over actions on surfaces. Definition 6.13 requires the group to
act by Lipschitz and measure-preserving homeomorphisms and Definition 6.14 addi-
tionally requires the homeomorphisms to respect the affine structure of an origami
surface. Hence, all origami expanders are Margulis-type expanders, and in particular
the origami expanders from Corollary D are of Margulis type.

7. Margulis-type expanders do not embed coarsely into Selberg-type
expanders

In this section, we show that no Margulis-type expander is coarsely equivalent to any
Selberg-type expander. In fact, the former do not even admit coarse embeddings into
the latter. We prove the following result, which immediately implies Theorem E.

Theorem 7.1. There does not exist a coarse embedding from any Margulis-type ex-
pander into any Selberg-type expander.

That the above statement holds for the original Margulis expander, one can argue
as follows: From [70, Example 3.4], it follows that the original Margulis expander [56]
(see Definition 6.9) does not admit a fibred coarse embedding into a Hilbert space.
We refer to [20] for the definition of fibred coarse embedding. In contrast, the Selberg
expander (Cay(SL,(Z/nZ), S,))n admits such an embedding by [19, Theorem 2.3]
and Lemma 6.6 above, as it can be turned into a box space in the sense of Defin-
ition 6.2 of a group with the Haagerup property. In the same way, since countable
subgroups of PSL;(R) and SL,(R) satisfy the Haagerup property [35], all Selberg-
type expanders admit a fibred coarse embedding into a Hilbert space. Therefore, the
original Margulis expander does not admit a coarse embedding into any Selberg-type
expander.

To prove Theorem 7.1 for arbitrary Margulis-type expanders, we apply a different
strategy. We show that Margulis-type expanders have piecewise asymptotic dimension
at least 2 (see Definition 7.2), while the Selberg expander (Cay(SLy(Z/nZ), Sp))n,
and similarly, all expanders from items (1), (2), and (3) in Section 6.2 have piece-
wise asymptotic dimension 1 [68, Lemmata 6.5 and 6.6]. This is not true for some
other Selberg-type expanders, in particular those obtained from the construction in
item (4) of Section 6.2 applied to surface groups of genus larger than 1 embedded
into SL,(Q), as produced by Takeuchi [75]. To deal with examples of this kind, we
observed in Lemma 6.6 that such expanders locally resemble their mother group, i.e.,
the surface group. Since every Margulis-type expander coarsely contains arbitrarily
large Euclidean 2-balls, Theorem 7.1 follows from the fact that the Euclidean plane
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does not coarsely embed into the hyperbolic plane (see Theorem 7.6), even though
both have asymptotic dimension 2.

We now recall the notion of piecewise asymptotic dimension, which is an instance
of piecewise versions of metric properties introduced in [68] in the case of asymptotic
dimension; see, e.g., [59, 63] for the definition of asymptotic dimension. A condition
related to Definition 7.2 for m = 1 is implicit in [83].

Definition 7.2 (Piecewise asymptotic dimension). A sequence (X;); of metric spaces
has piecewise asymptotic dimension at most m € N if for every R € N, there is
F(R) < oo such that the family | J5 X 1{3( R)+ of metric spaces has asymptotic dimen-
sion at most m, where for S, F > 0, we denote

XS, :={A:AC X, t>F, and diam A4 < S}.

We say that the piecewise asymptotic dimension of (X;); is infinite if no such m
exists, and otherwise the smallest such integer m is called the piecewise asymptotic
dimension of (X¢);.

Proposition 7.3. Let Og X be the warped cone over an action by Lipschitz homeo-
morphisms of a group G on a Riemannian surface ¥ with finitely many singularities,
and assume that ¥ contains a free orbit disjoint from the singular set. Then there exist
two non-decreasing functions 1, p: [0, 00) — [0, 00) with lim, oo (1) = 00 such that
Sforevery R < oo and for t sufficiently large (depending on R), there is a (1, p)-coarse
embedding of the ball B(0, R) € R? into {t} x ¥ C OgX.

Proof. Let x € ¥ be a point in the free orbit, and let r be the injectivity radius at x.
Fix 0 < r’ < r. Then there is L > 1 such that the exponential map

R2 D B(0,r') - B(x,r') C =

and its inverse are Lipschitz with Lipschitz constant L.
Let R < 0o. Let U C B(x,r’) be a compact neighbourhood of x such that

UngU=40

forevery g € G ~ {1} with |g| < 2R. The existence of such a neighbourhood follows
from the Hausdorff property. Indeed, for every g # 1 with |g| < 2R, there are disjoint
neighbourhoods V; of x and Wy of gx, so Vg := V, N g~ W, satisfies

I7g ﬂgl7g =40.

By intersecting the neighbourhoods I7g over g, we obtain a neighbourhood with the
desired property, and we can further shrink it to guarantee that it is compact and
contained in B(x, r’).



Spectral gap and origami expanders 537

Denote ¢ := ming<|g|<2r d(U, gU) > 0. Lett > 0 be sufficiently large such that
» the set U contains the ball B(x, R/t), and
* c¢t>2R
Let U; = {t} x B(x, R/t) and consider the function Dg: U; x U; — [0, c0) given by

Dg(y.y') = gigg(lgl +d(gy. "), (7.1)

where d denotes the metric on X scaled by ¢. We claim that D equals the metric d.
Indeed, first note that by considering g = 1 in (7.1), we obtain

Dg(y.y) <|lgl +d(lgy,y") =d(y.y') <2R.

Hence, g € G with |g| > 2R can be neglected in (7.1). For the opposite inequality,
note that if |g| < 2R, then

gl +d(gy,y") = |gl +ct >2R > d(y.y")

unless g = 1g.

It follows from [67, Proposition 2.1] that, if one extends D¢ to the metric on Og X
given by the same formula (7.1), then the identity map (OgX,dg) = (Og X, Dg) isa
coarse equivalence with control functions depending only on the Lipschitz constants
of the generators of G. Since (U;, Dg) = (Uy, d) is bi-Lipschitz equivalent to the
R-ball in R? (again with the constants independent of R and F), this finishes the
proof. ]

For an isometric action G ~, X, a more refined version of Proposition 7.3 was
established in [47, Lemma 18]. For a free action, see [70, Proposition 3.10].

Corollary 7.4. Let G and X be as in Proposition 7.3. Then, every unbounded family
of levels of Og X has piecewise asymptotic dimension = 2. In particular, it does not
admit a coarse embedding into any box space of a virtually free group.

Proof. Tt is clear that k = 2 is the smallest value of k such that the family of disks
{B(0,7)}ren in R? has asymptotic dimension at most k uniformly. Indeed, the upper
bound is obvious and the lower bound follows from a limit argument; see, e.g., [68,
Proposition 6.8].

It follows from Proposition 7.3 that for any choice of F(R) < oo, the family

U XFw+
R

from Definition 7.2 for X = O¢ X contains the family of disks { B(0, 7)},en coarsely,
and hence the piecewise asymptotic dimension of OgX is at least the asymptotic
dimension of {B(0, r)},en, namely 2.
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On the other hand, every infinite virtually free group H has asymptotic dimen-
sion 1. Hence, by [68, Theorem 6.9], every box space of H has piecewise asymptotic
dimension 1. As piecewise asymptotic dimension is non-decreasing under coarse
embeddings [68, Lemma 6.3], the result follows. [

Corollary 7.5. Let (Ay)n be an arbitrary sequence of graphs with girth A, — oo
asn — 0o. Let G and X be as in Proposition 7.3. Then there does not exist a coarse
embedding of any unbounded family of levels of Og X into (Ay)y. In particular, an
O-graph associated with Og X is never a large-girth expander.

Proof. By [83, Lemma 3.2], every sequence of a large-girth graph has piecewise
asymptotic dimension 1, since balls of a fixed radius are eventually trees. The conclu-
sion then follows by Corollary 7.4. |

Corollary 7.4 proves Theorem 7.1 for those Selberg-type expanders that come
from virtually free discrete subgroups of PSL,(R) or SL,(R). As mentioned before,
using the following theorem, we can prove the same result for all Selberg-type expan-
ders.

Theorem 7.6. The Euclidean plane R? does not admit a coarse embedding into the
hyperbolic plane H?.

The key step in proving the theorem lies in showing that a putative coarse embed-
ding R? — H? would be coarsely surjective; this is sufficient, since for geodesic
spaces coarsely surjective coarse embeddings are quasi-isometries. To prove coarse
surjectivity one can adapt the proof of [27, Lemma 8.2] (where the underlying idea
is credited to Mess) or the proof of [43, Theorem 3.8]. Theorem 7.6 is also implied
by [25, Theorem 9.69 and Corollary 9.70] and [49, Corollary 4.49].

Corollary 7.7. Let G and X be as in Proposition 7.3, and Og X be the correspond-
ing warped cone. An unbounded family of levels of OgX does not admit a coarse
embedding into any box space of a finitely generated discrete subgroup of PSL,(R)
or SLy(R).

Proof. Assume that a sequence of levels ({#;} x X); admits a coarse embedding into
a box space |_|; H/H,; for some finitely generated group H. By Proposition 7.3, we
have the following objects: a sequence R; = 0 with lim; . R; = 00; functions n
and p as in Definition 5.2; (1, p)-coarse embeddings L{: B(0, R;) — {tj} x X for
alli € N and j = i, where B(0, R;) denotes the disk of radius R;.

Now, we can use the following standard argument from [44, Proposition 16] to
obtain a coarse embedding R2 — H: Since the sequence of maps H — H/H; is
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asymptotically faithful (Lemma 6.6), for every i we can pick j sufficiently large for
the image of the composition

J
B(0.Ri) - {t;} x £ — H/H;

to be contained in a ball of a sufficiently small radius r such that H — H/Hj is iso-
metric at the scale r. We then compose the map further with the inverse of a restriction
of the quotient map H — H/H;. This yields a coarse embedding tg;: B(0, R;) — H,
and may easily arrange to have tg; (0) = 1. By taking a limit along an ultrafilter, we
get a coarse embedding 1: R? — H.

Now, suppose that H is a discrete subgroup of PSL;(R) or SL,(R). In particular,
H admits a coarse embedding into H? obtained by choosing an arbitrary point b
in H? and mapping h + h.b, where the action is inherited from the isometric action
of PSL,(IR) on HZ2. Consequently, there can be no coarse embedding of a sequence of
levels ({t;} x X); into (H /H;); as it would yield a coarse embedding R? — H — H?,
contradicting Theorem 7.6. |

Proof of Theorem 7.1. By definition, every Selberg-type expander can be turned into
a box space of a finitely generated discrete subgroup of PSL,(R) or SL,(R). Hence,
the claim follows from Corollary 7.7 because the actions that we consider satisfy its
assumptions by Remark 4.8. |

8. Staircase expanders are not coarsely equivalent to box spaces

In Section 7, we have shown that Margulis-type expanders do not admit a coarse
embedding into Selberg-type expanders. In particular, a Margulis-type expander can-
not be coarsely equivalent (equivalently, quasi-isometric) to a Selberg-type expander.
In this section, we strengthen this latter statement from Selberg-type expanders to
arbitrary box spaces in the case of staircases. We do so by proving that the discrete fun-
damental groups of levels of the associated warped cones are trivial. For box spaces
(also according to our more general Definition 6.2), discrete fundamental groups are
infinite [23], which excludes the existence of a quasi-isometry between our warped
cones and any box space of any infinite group.

Furthermore, a rich source of actions with spectral gap are translation actions of
subgroups of compact Lie groups on the ambient compact Lie group. The spectral
gap may simply be a consequence of Property (T) of the subgroup, but it can also
occur rather generically for free subgroups [6,9,11]. For subgroup actions, the discrete
fundamental group of a level of the warped cone is infinite, as it contains the acting
group or a group that surjects onto it [28, 80]. Hence, our warped cones are also not
coarsely equivalent to any warped cone over an action from this large class.



G. Arzhantseva, D. Kielak, T. de Laat, and D. Sawicki 540

The only examples of expanders with trivial discrete fundamental groups that
were known before come from spectral-gap actions by rotations on even-dimensional
spheres [80]. A novel feature of our examples is that the triviality of the discrete funda-
mental group occurs for warped cones over actions on manifolds whose fundamental
group is infinite and even non-amenable.

We now recall the definition of the discrete fundamental group from [5]; see
also [23]. For r > 0, a sequence (xg, X1, ..., Xy,) of points in a metric space (X, d) is
called an r-path if d(x;, xj+1) <rfori =0,...,n — 1. Fix a basepoint x, € X. An
r-path (xg, X1, ..., X,) With X, = X9 = X, is called an r-loop based at x.. We identify
an r-loop (xo, ..., X,) based at x, with its trivial extensions (x«, Xg, ..., X5) and
(x0, ..., Xn, Xx). Furthermore, we identify two r-loops (xo, ..., x,) and (yo, ..., Vn)
(of the same length) based at x if they are r-close, namely d(x;, y;) < r foralli =
1,...,n — 1. The resulting equivalence relation on r-loops based at x, is called r-
homotopy. Two r-loops x = (xg,...,Xx,) and y = (g, ..., Ym) based at x, can be
concatenated, yielding the r-loop (Xo, ..., Xn, Y1,--» Vm)-

Definition 8.1 (Discrete fundamental group). The set of equivalence classes of r-
loops based at x, under r-homotopy becomes a group under concatenation, which
is called the discrete fundamental group of X at scale r based at x, and denoted
by 71, (X, Xx).

A metric space X is called 1-geodesic if for every x, y € X, there is a 1-path
(x0,...,Xxn) with xg = x and x,, = y such that

n—1
d(x,y) =) d(xi, xi41).
i=0

The usual metric on a connected graph is obviously 1-geodesic, and similarly, the
warped metric on a level of a warped cone over a geodesic space is 1-geodesic by [64,
Proposition 1.6]. For r > 1, the map

1,1 (X, X4) = 1, (X, X4)

induced by the identity map on X is surjective whenever X is 1-geodesic, and hence,
71,0 (X, xs) = m1,7(X, x4) is surjective whenever 1 < r < r’. Thus, increasing the
scale r amounts to adding new relations rather than new generators to the discrete fun-
damental group. A similar surjectivity result holds for maps of discrete fundamental
groups induced by quasi-isometries.

Lemma 8.2 ([80, Lemma 21.(i1)]). Let X,Y be 1-geodesic spaces and x« € X. If
f:X — Y is a quasi-isometry, then there exist constants L, A = 0 such that the
induced map fy: 71 (X, X5) = w1 ,(Y, f(xx)) is surjective whenever r = L + A
andr’ = Lr + A.
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Given r > 0 and a continuous loop w: S! — X based at x, € X, uniform continuity
provides n € N such that for all 6, 6’ € [0, 1] with |# — 0] < % we have

d(w(9),w(0")) <r.

Thus, the sequence (w(,%))?:o is an r-loop based at x.. It is straightforward to verify
that the map w +— (w(,’—;));’zo induces a homomorphism from the fundamental group

m1(X, x4) to nl,r(Xs X4); cf. [5].

Lemma 8.3. Let G ~ Y be an action of a finitely generated group G by homeo-
morphisms on a geodesic compact metric space (Y,d), and let r = 1. If the action
has a global fixed point y, then the homomorphism p: w1(X, x«) = w1 (X, X4) is
surjective, where X = ({1} x Y, dg) (corresponding tot = 1 in Definition 5.9).

Lemma 8.3 can be deduced from [80, Theorem 42], but we provide a direct proof
which does not require the entire framework of [80].

Proof of Lemma 8.3. Consider an r-loop @ = (Xo. ..., Xn) based at x. By [64, Pro-
position 1.6], for every i = 0,...,n — 1, there is a sequence (xi] )7’;0 with x? =X
and x; = x;41 such that

n;i—1

do(xi.xip1) = Y da(x].x{™h), @.1)
j=0

and furthermore, for every j, the distance dg (x] , x] +1

Jj+1
. 1
is gi’ € G such that

) equals d(xij, x; ") or there

Jo it T J+r _ JJ
de(x}.x{7") =g/l and x/7 =g/x/.

By induction, the r-loop w is r-homotopic to the sequence consisting of the same
points x;, but where each x; is repeated n; times. The supremum distance between
the latter sequence and the sequence

r_ 0 no—1 _0 ni—1 0 ny—1—1
w —(xo,...,xo D SR v X X1 ,xn)

is bounded by r by (8.1), and hence w and @’ are r-homotopic. We re-index @’ as
(y0, ..., Ym). By construction, for k = 0,...,m — 1, we have that dg(Vk, Yk+1)
equals d(yk, Yk +1) or there is gx € G such that

de(Yk, Ye+1) = gkl and  yri41 = gr k-

Ifdc Yk, Yk+1) = d(Vk, Yi+1) forallk =0, ...,m — 1, the statement of the lemma
follows, since then @’ is an r-loop with respect to the metric d.
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Otherwise, fix k such that dg (yx, yrk+1) = |gk| and yx+1 = gr k. Since (Y, d)
is geodesic, there is an r-path (y,?, y,’("" ) (with respect to the metric d) with
y,? = yx and y,':" = y (where y is the global fixed point), and we can further require
that (gx y,‘g, ey 8k y,'{"k) is also an r-path with respect to d. Note that the sequence
consisting of y; repeated my times followed by yi; repeated my times is within
the supremum distance r from the sequence consisting of y; = y]g, followed by y,i
repeated my — 1 times, followed by gx y,i repeated my — 1 times, and followed by
Vk+1 = 8k y]g. Inductively, we can reach the r-path

(y](c)a’y]rcnk9gky]’(nk5’gky](c))

This path has the property that every two consecutive entries are within distance r
with respect to d; this uses the fact that y;"* = gy,

By considering all k as above, we see that @’ is r-homotopic to a sequence
o’ = (zl)f’: o that is an r-loop with respect to the metric d. Since Y is geodesic, there
is a 1-Lipschitz map «: [0, Nr] = Y such thata(I/r) = z; for/ =0, ..., N. Hence, the
loop B:S! — X given by B(6) = a(ONr) has the property that p([8]) = ["] = [w],
which finishes the proof. ]

Remark 8.4. It is clear from the above proof that instead of a global fixed point, it
suffices to assume that every element of G of length at most r has a fixed point, and by
replacing it with a sequence of generators, one sees that it suffices that every generator
has a fixed point. We formulated Lemma 8.3 in the more restrictive setting because
all our actions have a global fixed point.

Let v € p~1((0,0)) for p: Z — T2. This point is actually unique.

Theorem 8.5. Let Z, be an arbitrary staircase; see Definition 4.9. For every t € N
and r = 1, the discrete fundamental group 71 ,(({t} X Zg, dr,), v) is trivial. In par-
ticular:

(1) an O-graph associated with the warped cone O, Z 4 is coarsely non-equiva-
lent to any box space of a finitely generated group;

(ii) such an O-graph is not coarsely equivalent to any O-graph associated with
any warped cone Og M over a free action of an infinite group G on a mani-
fold M.

This result immediately implies Theorem F.

Theorem 8.5 relies on two rather opposite properties of the action ', ~ Z,: the
existence of fixed points and non-triviality at the homotopy level. More precisely, in
Lemma 8.3 we used the fact that the action has a sufficient amount of fixed points
(cf. Remark 8.4) to show that the discrete fundamental group is an image of the fun-
damental group 71 (Zg, v). On the other hand, in the proof of Theorem 8.5 we use the
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fact that the induced action of I, on 3 (Z, v) is sufficiently “mixing” for this image
to be finite (actually trivial).

Proof of Theorem 8.5. It is straightforward to see that the staircase Zg can be viewed
as a CW-complex with a single O-cell v, 1-cells oy, ..., oy, Bo, ..., ﬂg_l, and a num-
ber of 2-cells; see Figure 4. We can identify the 1-cells with generators of 71 (Zg, v).
For notational convenience, let a = a, and b = b,. Recall that F, = (a, b).
First, note that b, (1) = B1 * Bo * o1; see Figure 4. If we fix a loop w represent-
ing o, then the supremum distance between w and b o w is at most 1 (as the metric
is warped), and hence

plag) = P([w]) = P([b 00)]) = P(b*(al)) = p(B1 * Bo * ay).

Therefore,
p(B1 % o) = 1; thatis, p(B1) = p(Bo)~". (8.2)

Define {; = B * Bo, i.e., (8.2) shows that p({;) = 1. Fori =2,...,g — 1, we
define

Gii= Bik ot * Py ko e

ok Bakar !t x Brox Bo ko * Bot kan k BTk kg * B

Observe that
Go= Bi v ity * oy * oy x By (8.3)

Fori =2,...,g—1,wehave b.(e;) = {; % o; (see Figure 4), so p(¢;) = p(; * o),
and hence, similarly to (8.2), we get p({;) = 1. Thus, by the triviality of p({;—;) and
by (8.3), we obtain

p(Bi) = p(Bi-2).

Hence, we have proved that p(8;) equals either p(81) or its inverse (depending on
the parity) foreachi =0,...,g — 1.

By symmetry (replacing the action of b with the action of @ and B; with ag_;),
we get that p(«;) equals either p(ag—1) or its inverse, depending on the parity.

By a similar argument, the action of F, on 7;(Z,, v) can be used to show that
the generators p(og—;1) and p(B;) commute and are of order at most 2, and hence
m,r({t} X Zg,v) is a quotient of Z, @ Z,. We omit the details as the following
argument (using the action on the fundamental groupoid instead) proves already that
the generators are trivial. Consider the path B;/,: [0, %] — Z, given by “the first
half” of the edge Bo. Obviously, B;/2 * ,61_/12: [0, 1] — Z, is homotopically trivial.
Since the midpoint of the edge By is preserved by a, the function B/, * (a o ,31_/12) is
still a continuous loop at v. Observe that B/, * (a o B 1_/12) belongs to the homotopy
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Figure 4. Staircase of genus 4 with labelled edges.

class a7 !. As before, we note that the supremum distance between B, * ,31_/12 and
Bij2 % (ao ,61_/12) is at most 1, and hence

1= p(B1j2 * Brjy) = p(B1j2 * (ao Bijy)) = plai™h).

so p(ay!'), and hence p(ag_1), is trivial. By symmetry, p(f8) is trivial as well, and
hence the whole group 7y ,(({t} X Zg, dr,), v) generated by p(ag—1) and p(B1) is
trivial.

We now prove (i). It is known that whenever r > 1, the group H is an infin-
ite finitely generated group, and (Cay(H/H,, T,)), defines a box space of H, then
1, (Cay(H/H,, T,)) is infinite for sufficiently large n. Indeed, [23, Lemma 3.4]
gives a description of the discrete fundamental groups in the case of finitely presented
groups, which was generalised to finitely generated groups in [80, Theorem 58]. Note
that these results are formulated for a single Cayley graph Cay(H /H,,, T,,) under the
assumption that for a certain R = R(r) the intersection By (1g, R) N H, is trivial,
so they still apply with our general definition of a box space, Definition 6.2. Con-
sequently, by Lemma 8.2, it is not possible for (Cay(H/H}y, T,)), and an O-graph
associated with O, (Z,) to be quasi-isometric with uniform constants. The same
holds if one replaces “quasi-isometric with uniform constants” by “coarsely equival-
ent with uniform control functions”, because both Or,(Zg) and (Cay(H/H,, T,))n
are quasi-geodesic.

We now prove (ii). It again follows from Lemma 8.2 because we claim that the
discrete fundamental groups m; ,(({t} x M, dg), msx) are infinite, where m, is a
basepoint in {t} x M. Indeed, if the acting group G is finitely presented and the action
G ~ M isisometric, free, and minimal, then 7 (({t} X M, dg), m«) is a semi-direct
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product 7r1 (M) x G by [28, Section 3]. In particular, it is infinite. More generally, if
the action is free, then [80, Theorem 7.1] asserts that 7w . (({¢} x M, dg), ms) is the
quotient of a semi-direct product 71 (M) x Fg (where S is the generating set of G)
by the normal closure of a certain set K, satisfying

Ky C{(0,8) € mi(M) xFs | |g| < 4randq(g) = g},
where ¢: Fs — G is the quotient map. In particular, K, C 71 (M) x Ker g, and hence
mi ({1} x M, dg).my) = (M) xFs/{K,)

surjects onto G == 711 (M) x Fg /(71 (M) x kerq), where { K, )) denotes the normal
closure of K. ]

Remark 8.6. The main application of the theory developed in [80] is the proof that,
in our terminology, the (O-graphs associated to certain actions are not coarsely equi-
valent to any box space. The first main class of such actions (see [80, Corollaries 5
and 43]) are actions by rotations on odd-dimensional spheres. The second main class
(see [80, Theorem 10 and Corollary 67]) consists of free isometric actions G ~ M
on a Riemannian manifold with finite fundamental group, under certain assumptions
on G; an explicit example going back to [57] is SO(d, Z[%]) ~ SO(d,R) withd = 5.

In both cases, the space acted upon has finite fundamental group and the action is
isometric, and in the latter case, it is also free. One of the novelties of Theorem 8.5
is that we show an analogous statement for a class of actions such that neither the
space acted upon has finite fundamental group nor the action is isometric or free.
Interestingly, Theorem 8.5 shows not only coarse non-equivalence with box spaces,
but also with warped cones over actions from the latter class from [80].

9. Coarse non-equivalence of origami expanders as bundles over the
original Margulis expander

Convention 9.1. Since we often deal with sequences of spaces, we use the brief
category-theoretic notation f: X — Y to denote a sequence (f,: X, — Y3),, of maps
between sequences of spaces X = (X,), and ¥ = (¥3),.

In this section, we study the problem of distinguishing our origami expanders
from each other. Instead of distinguishing them per se, we show that the sequence of
maps P?: O, Z — Osp,z)T? induced by the branched covering p: £ — T2 is never
a coarse equivalence. Furthermore, given another branched covering p’: &' — T2 of
an origami surface, we define the corresponding sequences P* and P* tobe coarsely
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equivalent if there are coarse equivalences
I QSLz(Z)Tz — OSLZ(Z)TZ and u: (9]}722 — (9]1?22,

7
such that the appropriate square commutes, namely the maps /; o P/ and P} ou, are
close, uniformly in ¢ € N. We show that there are infinitely many maps P* that are
pairwise not coarsely equivalent.

Theorem 9.2. For any origami ¥ equipped with the action from Theorem A, the
sequence PP: O, % — (DSLZ(Z)Tz is not a coarse equivalence.

Proof. We will identify the free group I, acting on X, with the subgroup of SL,(Z)
generated by the matrices ay and bg. Since p is equivariant with respect to the action
F, ~ X and the restriction of the action SL,(Z) ~, T2 to 5, we get

p(F2x) = F2p(x) .1

for every x € X.

Lety € SLy(Z) ~F,, and let y € T? be generic. Since by Lemma 4.2 the action
of SL,(Z) on the orbit of y is free, the points y and yy lie in different F,-orbits. It
follows from (9.1) that for any x € p~!(y) and x’ € p~!(yy), the points x and x’ lie
in different orbits. By [67, Remark 3.1], we have

tlgrolo dr, ((2,x), (t,x)) = oo.
However, we have

dsi,z)(PL(t.x), PP(t.x")) = dsiy@) (. y). y(1.¥)) < |VIsLo@)-

so the distance of the images under P/ of the points (¢, x) and (¢, x’) remains bounded
as ¢ goes to infinity, showing that P? = (P/);en is not a coarse equivalence. ]

For completeness, let us also note the following.

Proposition 9.3. For any origami X equipped with the action from Theorem A, the
sequence PP:Or, X — Osi,z)T? is bornologous.

Proof. Up to coarse equivalence (in fact, up to bi-Lipschitz equivalence), the warped
cone over an action does not depend on the choice of the generating set of the acting
group [64, Proposition 1.7]. Therefore, we assume that the matrices aj and by belong
to the generating set of SL,(Z).

By [67, Proposition 2.1], for every R < oo there exists R’ < oo such that for every
t € N and every x,x" € {t} x ¥ € Op, X with dp, (x, x") < R there exists y € F, such
that |y| + d(yx,x’) < R’. We claim P” is bornologous with a control function p given
by R — R’.
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Indeed, let 7 € N and x, x” € {t} x X, and denote R := dp,(x,x’). Let y € [F, be
such that |y| + d(yx, x") < R’. We obtain

dSLg(Z)(Ptp(x)’ Ptp(x/)) < YlsLy@) + d()’Pzp(x), Pzp(x/))
< |ylr, + d(PP(yx). PP(x")
< |

v, +d(yx,x") < R'. n

Definition 9.4 (Coarsely n-to-1 maps (see [58])). A bornologous sequence of maps
fir: X, — Y, is called coarsely n-to-1 for n € N if for every R < oo there exists
S < oo such that for every t € N and B C Y; of diameter at most R its inverse image
can be decomposed as f;"!(B) = |J7_, 4; with A; C X of diameter at most S.

It is not hard to see that we may replace the sequence (X;); by a coarsely equiv-
alent one, and the composition of the equivalences with the functions f; will still be
coarsely n-to-1. Similarly, we may replace the sequence (Y;), by a coarsely equivalent
one.

We record the following easy observation.

Lemma 9.5 ([58, Proposition 3.3]). If f and g are coarsely n-to-1 and coarsely
m-to-1 respectively, then the composition go f (if it makes sense) is coarsely nm-to-1.

In [58], Definition 9.4 and Lemma 9.5 are formulated for a singlemap f: X — Y,
but Lemma 9.5 holds mutatis mutandis in the case of sequences as in our Defini-
tion 9.4.

Let us prove opposite estimates.

Lemma 9.6. If f: X — Y is not coarsely n-to-1 for some n € N, then for any bornol-
ogous g:Y — Z the composition g o f is not coarsely n-to-1.

Proof. By the assumption, there exists R < oo such that for every S < oo there exists
ts € N and a set Bg C Y, of diameter at most R such that f,;l(BS) cannot be
covered by n subsets of X;, of diameter at most S.

Since g is bornologous, there exists R’ < oo such that for every ¢t € N the image
under g; of any set B C Y; of diameter at most R has diameter at most R’. Then,
for R’ there is no S’ such that for every ¢ € N the inverse image via g; o f; of every
subset C C Z, of diameter at most R’ can be covered by n subsets of X; of diameter at
most §’. Indeed, for every S” < oo if we take C = g, (Bs), then the inverse image
(815 © f,S,)_l(C ) contains ft;/l (Bs’), and hence cannot be covered by n subsets
of X of diameter at most S’. [

Lemma 9.7. Let e: W — X be bornologous and surjective, and let f: X — Y be
bornologous. If the composition f o e is coarsely n-to-1 for some n € N, then so

is f.
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The surjectivity assumption in Lemma 9.7 can be relaxed to coarse surjectivity,
but we will not need it.

Proof of Lemma 9.7. Since e is bornologous, there is a non-decreasing function p
such that diame;(U) < p(diam U) for every t € N and U C W; of finite diameter.
By the assumption, for every R < oo there is S < oo such that for every B C Y; of
diameter at most R the inverse image (f; o e;)~!(B) can be covered by n subsets
Ay, ..., Ay of W, of diameter at most S. Then, ;"' (B) = e;((f; o e;)"'(B)) can be
covered by the sets e;(A1), ..., e;(Ay), each of which has diameter at most p(S). =

Let us provisionally call the smallest integer n such that a given sequence f of
maps is coarsely n-to-1 the coarse degree of f (we say that the coarse degree is
infinite if no such n exists). Lemma 9.6 shows that the coarse degree is non-decreasing
under post-composition with bornologous maps. Similarly, Lemma 9.7 shows that the
coarse degree is non-decreasing under pre-composition with bornologous surjective
maps.

Lemma 9.8. Let H < G be finitely generated groups and G ~, Y be an action by
Lipschitz homeomorphisms on a compact metric space Y containing a free orbit.
Then, the coarse degree of the sequence P :OgY — OgY equals the index [G : H),
where every function forming the sequence P'% is the identity map of the underlying
set.

Proof. If we assume, as we may, that the generating set of H is contained in the
generating set of G, then clearly the warped metrics satisfy dg < dp, hence P9 is
bornologous.

Let us denote n := [G : H] € N U {oco}. Since subgroup inclusion is always a
coarse embedding, there exists a non-decreasing function ¢ such that |y|g < c(|y|g)
forall y € H. Pick representatives (y;)7_, € G" of the right cosets H\G.

First, we will show that the coarse degree of P idy js at most n1. For n = oo there is
nothing to prove, so assume n < oo and let L be the maximal length of y;. Let R < co.
By [67, Proposition 2.1], there exists R’ < oo such that for every x,x’ € {} xY €
OcY with dg(x,x’) < R there exists y € G such that

lylg +d(yx,x') < R.

Now, let 1 <i < n be such that y; belongs to the same coset as y. Then yyi_l has
length at most R’ + L with respect to the generating set of G, and hence at most
R” := ¢(R’ + L) with respect to the generating set of H. We put So = R’ + R”.
Lett e Nand B C {t} xY € OgY have diameter at most R, and pick x € B. By
the above, for every x’ € B, there exists 1 <i < n and y € G such that yyi_l € H,
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lyy7 ' u < R, and d(yy; 'xi,x") = d(yx,x’) < R for x; = y;x. It follows that
dp (xi,x') < vyt m +d(yy xi,x') < So.

It follows that the set B is contained in the union of the balls around x; of radius Sy
with respect to the metric dg, so taking S = 2S5, finishes the proof that P9 is
coarsely n-to-1.

It remains to show that the coarse degree of P9r ig at least n, that is, that P97 is
not coarsely m-to-1 for any m < n. This is similar to the proof of Theorem 9.2. Let L’
be the maximal length of y; fori <m + 1, and let y € Y be a point whose orbit is
free. Note that forany r € N theset B; = {(¢,y;y): 1<i <m+ 1} C{t} xY € OgY
is contained in the ball of radius L’ around (z, y) so it has diameter at most 2L’. On
the other hand, since the action of G on the orbit of y is free and y; belong to distinct
cosets of H, it follows that dg ((¢, y;y), (t, y;y)) goes to infinity with ¢ for i # j.
Hence, for every S < oo there exists ¢ < oo such that any non-singleton subset of B;
has diameter larger than S, and hence the only way to cover

(PY)"N(B;) = B, C{t} x Y € OgY
with (non-empty) sets of diameter at most .S is to cover it by m + 1 singletons. ]

Corollary 9.9. Let k = 2 and let X be the torus equipped with the action of 5 given
by the matrices ay and by. The coarse degree of P idpa. OF, X — OSLZ(Z)TZ equals
[SL2(Z) : {ak, bi)]-

Proof. By Lemma 4.2, the action SL,(Z) ~, T? has many free orbits, and hence the
claim follows immediately from Lemma 9.8. ]

Denote the sequence O, X — O, T? of maps induced by the branched covering
0: X — T2 by QF (so that PP = P12 o Q). For a permutation o of a finite set X,
let ¢(0) denote the number of cycles in the cycle decomposition of o (in other words,
it is the number of orbits of the action of (¢) on X).

Lemma 9.10. Let X be an origami with origami datum (m, 0, T) equipped with the
action from Theorem A, and let p: ¥ — T2 denote the corresponding branched cov-
ering map. Then the coarse index 1 of QP satisfies

max(c(0),c(r)) <t < m.

Proof. The proof that Q° is bornologous is identical to the proof of Proposition 9.3,
and thus we omit it.

We will first show that ¢ < m. Let R < oo. As before, there exists R’ < oo such
that for every # € N and every y, y’ € {t} x T? € O, T? with dr,(y, ") < R, there
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exists y € F, such that |y| + d(yy,y’) < R’. Then, since the maps Q¥ are clearly
equivariant, we have

v ') = (@D ).
Now, for every x’ € (Q9)™1()’) there exists X € (QF)~1(yy) such that d(X, x") =

d(yy.y') (¥ need not be unique). Denote x: =y 1X € y "1 (Q/) 1 (yy) = (QOV)"L(»).
Summarising, for every x’ € (Q7)~!(y’) there exists x € (Q7)~!(y) such that

d]Fz(x9x/) < |V| + d()/x,x/)
=lyl+d(yy.y) <R.

It follows that for every B C {t} x T? € (9]1:2'IF2 of diameter at most R, we can pick
y € B, and then (Q?)~!(B) is contained in the union of the balls of radius R’ around
the elements of the fibre (Q7)~!(y), whose cardinality is clearly at most 7.

It remains to show that max(c(0), c¢(t)) < ¢, and by symmetry it suffices to show
that ¢(7) < . Enumerate the orbits of ¢ by the numbers 1, ..., c(t), and for every
J €{l,...,c(r)} pick arepresentative i € {1,...,m} of the jth orbit, and let x; :=
(1/k,0) € P; be a point of the bottom edge of the ith square P;. Note that every
point x; is fixed by ax € F,, and the element by € F, permutes the finite set

{(l/k,O) € Prn(i) n e Z},

which is in fact the orbit of x; (if we replace 1/k by some multiple //k forl € N,
the corresponding set may be a union of many orbits, which would even improve our
lower bound on ¢). It follows that for j # j’, both from {1, ..., c(7)}, the points x;
and x; belong to different orbits, and hence the distance dr, ((z, x;), (¢, x;/)) goes to
infinity with ¢ despite the fact that they have the same image (¢, (1/k, 0)) under Q.
Now, as in the proof of Lemma 9.8, it follows that the coarse degree of Q¥ is at least
the cardinality of the set {x; : j € {1,...,c(7)}}, namely c(7). ]

Under certain assumptions, [68, Theorem 4.1] proves that when a coarse equiva-
lence Og X — OgY isinduced by a surjective map p: X — Y, then H is a quotient
of G by a finite kernel and p is equivariant. Hence, maps of warped cones induced by
equivariant maps of surfaces are promising candidates for coarse equivalences, even
though [68, Theorem 4.1] does not directly apply to our actions on origami surfaces.
However, the following result shows that the converse to [68, Theorem 4.1] does not
hold, as in this case the acting groups coincide and p is equivariant.

The statement is analogous to Theorem 9.2.

Theorem 9.11. Let ¥ be an origami with origami datum (m, o, T) equipped with
the action from Theorem A, and let p: ¥ — T? denote the corresponding branched
covering map. Suppose that at least one of o and t is not the full cycle on {1, ..., m}.
Then Q”: Or, X — O, T? is not a coarse equivalence.
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Proof. The assumption that at least one of o and t is not the full cycle is equivalent
to the inequality max(c(0), c(t)) > 1, so Lemma 9.10 shows that O is not coarsely
1-to-1. However, every coarse embedding is coarsely 1-to-1 (in fact, also the converse
holds). ]

Proposition 9.12. Let ¥ be an origami with origami datum (m, o, ©) equipped with
the action from Theorem A, and let p: X — T? denote the corresponding branched
covering map. Then the coarse index 1 of PP satisfies

max(c(0), c(7), [SL2(Z) : (ak.bk)]) <t <m-[SLa2(Z) : {ak. bi)].

Proof. Note that PP = P2 o Q”. Hence, the inequality max(c(0), c(7)) < ¢ fol-
lows from the first inequality of Lemma 9.10 together with Lemma 9.6 (in the light
of Proposition 9.3). The inequality [SL2(Z) : {ay, bx)] < t follows from Corollary 9.9
by Lemma 9.7.

The second inequality follows from the second inequality of Lemma 9.10 and
from Corollary 9.9 by Lemma 9.5. ]

Remark 9.13. In particular, the coarse degree of P is finite if and only if k = 2
because otherwise [SLo(Z) : (ag, byx)] = oo.

Example 9.14. For ¥ = Z, (see Definition 4.9), Proposition 9.12 gives
max(g, 12) < < 12(2g — 1).

Suppose that f is bornologous and e, ¢’ are coarse equivalences such that the
composition e’ o f o e makes sense. Then, as remarked above, for every n € N the
map f is coarsely n-to-1 if and only if ¢’ o f o e is coarsely n-to-1. It is also easy to
verify that if f, f’: X — Y are close, then f is coarsely n-to-1 if and only if f’ is
such. Hence, if two sequences P? and P*" of maps are coarsely equivalent as defined
at the beginning of Section 9, then their coarse degrees must coincide.

Theorem 9.15. There are infinitely many pairwise non-coarsely-equivalent sequences
PP:Or, T — Osy,z)T? induced by the branched coverings p: . — T? for different
origamis X.

Proof. By the discussion above, the coarse degree of a sequence
Pe: (9]1?22 — (9SL2(Z)T2

is preserved under coarse equivalence. The claim thus follows immediately from the
fact that by Example 9.14 the set of the possible finite values of the coarse degree of
sequences P? is infinite. In fact, for I = {24" : n € N} and any distinct g, g’ € I, the
coarse degrees of the corresponding sequences of maps P?: Op,Zg — Os,z)T?
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and P*": Or,T¢ — Os,z)T? are distinct, so all such sequences are not coarsely
equivalent. ]

Theorems 9.2 and 9.15 imply Theorem G.

Remark 9.16. Theorem 9.15 immediately implies an analogous statement for -
graphs, namely: there are infinitely many pairwise non-coarsely-equivalent sequences
of maps from @-graphs to the original Margulis expander, where the (-graphs are
associated with affine actions on origamis.
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