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ABsTrRACT. — In the Euclidean space, it is known that a function f € L2 of aball, with vanishing
average, is the divergence of a vector field F € L? with I1Fllz 28y < Cll fllL2¢s)- In this note,
we prove a similar result in any Carnot group G for a vanishing average f € L?,1 < p < Q,
where Q is the so-called homogeneous dimension of G.
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1. INTRODUCTION

This note is motivated by a question raised by Michael Cowling [6]: in R”, it is known
that a function f € L?(Bgy(0, 1)) with vanishing average can be expressed as the
divergence of a vector field F € L?(Bg,.(0, 1))", satisfying

I F L2 Be 0.1y < C IS IL2(Bru(0.1))-

The question is whether a similar result holds in Heisenberg groups, which can be
identified with R2”*! or, more generally, in the so-called Carnot groups (of which
Heisenberg groups are a special case), provided the usual divergence is replaced by a
suitable “intrinsic” divergence (see (5) below).

This problem can be rephrased in terms of Sobolev inequalities for differential forms
in the Rumin complex (Ej, d.) (see Section 3.1 for precise definitions). Specifically,
given a compactly supported volume form w = f dV with vanishing average, does
there exist an (n — 1)-compactly supported primitive ¢ whose L2-norm is controlled
by the L?-norm of w?

Sobolev inequalities for the Rumin complex in Heisenberg groups have been studied
in [2], but unfortunately, the results in [2] do not cover the case of volume forms. The
aim of this paper is to fill this gap by providing a positive answer to Cowling’s question.
Furthermore, as already mentioned, the results of this note are formulated in the more
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general setting of Carnot groups, and the L2?-norms are replaced with any suitable
L?-norms.

The main result is presented in Theorem 3.1 in Section 3 (see also Theorem 3.17
for an equivalent formulation). Section 2 provides some preliminary definitions, while
Section 3.1 gives a brief introduction to Rumin’s complex (for more details, see [3, 11,
15]). Finally, Section 4 is an appendix which collects various results on convolution
kernels in Carnot groups, some of which are well known.

2. PRELIMINARY RESULTS AND NOTATIONS

A Carnot group G of step k and dimension 7 is a connected, simply connected Lie
group whose Lie algebra g has dimension n and admits a step « stratification. This
means there exist linear subspaces V7, ..., Vi such that

M g=V@---dVe, [Vi.Vil=Vig1, Vi #{0}, Vi ={0} fori >«,

where [V7, V;] is the subspace of g generated by the commutators [X, Y] with X € V;
andY € V;.Letm; = dim(V;) fori = 1,...,k, and define h; = my + --- + m;, with
ho = 0 and, clearly, h, = n.

Choose a basis {eq, ..., e,} of g, adapted to the stratification, i.e., such that

€h; _y+1,---,€h; 1sabasis of V; foreach j =1,...,«.

This basis {eq, . .., e, } will be fixed throughout this note.

Let X={Xj,..., X, } bethe family of left-invariant vector fields such that X; (0) =e; .
Given (1), the subset X1, ..., X;;, generates, by commutations, all the other vector
fields. We will refer to X1, ..., X;,, as the generating vector fields of the group.

The Lie algebra g can be endowed with a scalar product (-, -), making { X1, ..., X}
an orthonormal basis. The group G can be identified with its Lie algebra g, endowed
with the product defined by the Campbell-Hausdorff—-Dynkin formula. In particular,
we can identify G with (R”, -) where the explicit expression of the group operation - is
determined by the Campbell-Hausdorff—-Dynkin formula.

A point p € G can be written as p = (py,...,pp) oras p = p 4 ... 4 p,
where p¥) € V; fori = 1,...,«. The Haar measure on G can be taken to be equal to
the Lebesgue measure on g = R”.

Two important families of maps from G to G are the group translations and dilations.
For any x € G, the (left) translation t, : G — G is defined as

I TxZ =X 2.
For any A > 0, the dilation §), : G — G is defined as

§3(x10 . xn) = A xy, . A9 %),
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where d; € N is the homogeneity of the variable x; in G (see [9, Chapter 1]) and is
given by
di =1 wheneverh;_1 +1=<j <h.

Hence,l =d; = =dm, <dm4+1 =2=---Zdp =«.

5 If f is a real function defined on G, we denote by f the function defined by
f(p):=f(p™.

Following [9], we adopt the following multi-index notation for higher-order deriva-

tives. If I = (iy, ..., i) is a multi-index, we set

1 ] in
x!=xir...xin,

By the Poincaré—Birkhoff—=Witt theorem (see, e.g., [5, Chapter 1, Section 2.7]), the
differential operators X7 form a basis for the algebra of left-invariant differential
operators on G. Moreover, we define the order of the differential operator X/ as
|I|:=iy +---+ iy, and its degree of homogeneity with respect to dilations as d(/) :=
dyiy + -+ + dpip.

Again, following [9], we define the group convolution in G. If f € D(G) and
g e Ll (G), we set

loc
fxg(p) :=/f(q)g(q_1p) dq forp €G.

It is important to note that if g is a smooth function and L is a left-invariant differential
operator, then

L(f*g)=fx*Lg
The convolution is also well defined when f, g € O’(G), provided at least one of them
has compact support. In this case, the following identities hold:

) (fxg.o)=(g.[*¢) and (f xg.¢) = (fp*g)

for any test function ¢.
If f € &(G)and g € D'(G), then for y € D(G), we have

(X fyxgw)=(XTfiy*g) =D fyx(XTg)
= (DI f« xTgy v)

Let1 < p <ooandm € N, and let W,.” (U) denote the usual Sobolev space. We
also recall the definition of the (integer order) Folland—Stein Sobolev space (see, e.g.,

[8,9] for a general presentation).

DeriniTION 2.1. If U C G isanopenset, 1 < p < oo, andm € N, the space W7 (U)
consists of all u € L?(U) such that

X'ue L?(U) for all multi-indices I with d(I) < m,
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endowed with the norm

hellwmr@y == > 1X ullLoq).
d(h<m

When p = 2, we will simply write H™(U) = W™2(U).

THEOREM 2.2. Let U C G be an open set, 1 < p < oo, and m € N. Then,

i) W™P(U) is a Banach space.

In addition, if p < oo, the following hold:

i) WwWmPU)NC*®U) is dense in W™P(U).

(iii) IfU = G, then D(G) is dense in W™P(U).

@iv) If1 < p < oo, then W™P(U) is reflexive.

(v) WErﬁc’foc(U) C W™P(U), i.e., forany V. CC U and for any u € Wp» (U),

Euc,loc

lllwm.ry < Cvllullym.» ).

(vi) wWrmPU) Cc WP (U), ie., forany V CC U and for any u € W<™P(U),

Euc,loc

lllym.r vy < Cv llullwem.» ).

DeriniTION 2.3. Let G be a Carnot group. A homogeneous norm || - || on G is a
continuous function
-1+ G — [0, +00)
such that
Ipll=0 < p=0;
3) P~ = lipl;
18x(p) | = Allpl;

lp-gll < lpll + ligll.

forall p,q € G and all A > 0.

A homogeneous norm induces a homogeneous left-invariant distance d in G in
a standard way. If p € G and r > 0, we denote by B; = B4 (p, r) the open d-ball
centered at p with radius r.

In a Carnot group G, we shall consider in particular the homogeneous norm defined
in the following theorem.

TueorREM 2.4 (see [10]). Let G=V1& --- @V bea Carnot group. Let || - ||y, . ... || - v
be fixed Euclidean norms on the layers.
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Then, there exist constants €1, . . ., &, withey = land e,, . . ., & € (0, 1], depending

only on the group G and the norms || - ||v,.....| - |lv,, such that the functions

N 1 :
@) nmu»=myaxw“ww)”

are homogeneous norms on G.

We denote by d, the homogeneous left-invariant distance associated with || - || oo
and by B the metric balls of deo.

We stress that the balls B (e, 1) are convex.

The vectors of V7, also called horizontal vectors, define by left translations the
horizontal bundle, which we also denote by V;. A section of the horizontal bundle is
called a horizontal vector field.

If F ="' F; X; is a horizontal vector field,

Fell (G, W),
we define

(5) divg F ==Y X, F;
J

in the sense of distributions.

3. MAIN RESULT
The main result of this note is stated in the following theorem.

THEOREM 3.1. Let d be a left-invariant distance on a Carnot group associated with a
homogeneous norm. Suppose 1 < p < Q and A > 1. Set B := By(e,r) and B’ :=
Ba(e,Ar). If f € LP(B) is compactly supported and satisfies

/ f(p)dp =0,

B

then there exists a compactly supported horizontal vector field F € L4(B’, V1), where
) 1<q<g%ifp>1or

(i) 1<g<ziifp=1
such that
f =divgF in B.

Additionally, there exists a constant C = C(p,q, A, B), independent of f, such that
I FllLar vy < Cllf e s)-

If p>1landq = Qp—_Qp, then the constant C does not depend on B.
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Our proof of Theorem 3.1 involves several steps and relies on Sobolev inequalities
for differential forms in Rumin’s complex. In the next subsection, we recall the key
features of the Rumin’s complex.

3.1. Rumin’s Complex

Let g be the Lie algebra of the Carnot group G. The dual space of g is denoted by
/\1 g. The basis dual to { X7, ..., X, } is the family of covectors {61, ..., 6,}.

Following Federer (see [7, Section 1.3]), the exterior algebras of g and of /\1 g are
the graded algebras indicated as

As=@Ns mi Na=ON's

where/\og:/\og:Rand,forl <k <n,
/\kg:z span{Xj; A--- A X 11 <ip <--- <ig <nj,
k
/\ g :=span{t A--- A0 11 <iy <---<ip <nj.

The elements of /\; g and A g are called k-vectors and k-covectors.

We denote by ©F the basis {0, Ao AO; i1 <0y <-- <ip <y of/\k g.

We denote also by dV := 0; A --- A 6, the volume form associated with our
adapted basis of g, which can be though as the Lebesgue measure on R” up to a
suitable normalization constant. Obviously, /\" g := span{d V'}.

The dual space A" (A © 8) of /\; @ can be naturally identified with /\k g. The action
of a k-covector ¢ on a k-vector v is denoted as (¢|v).

The inner product (-, -) extends canonically to /\; g and to /\k g making the bases
Xi, Ao A X and 6;; A -+ A O, orthonormal.

DerinttioN 3.2. For 1 < k < n, we define linear isomorphisms (Hodge duality: see
[7, Section 1.7.8])

* /\k g /\n—k g
as follows.

7 ={ir,.. igh 1 <iy <--<ig<n, [*={if <---<ip_ 3={l,...,n}\ 1,
and
X7 :Xil Ao A X

k°

we write
x Xy = (=)D X/,
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where o (1) is the number of couples (ip,, i) with i, > 1. Hence, puttingv = ; vs X1
we set

*V 1= Z vy (xX7).
1

Analogously, the Hodge operator

*:/\kg<—>/\n_kg

can be defined as follows.

If 07 = 60;, A--- A B, we write

*0p = (=1)°D gy

For ¢ = Y ; @107, we put
=Y @r(x0)).
I

Notice that if v=wv; A --- Avg is a simple k-vector, then *v is a simple (n —k)-
vector. If v € A\ g, we define v! € /\k q by the identity (v!|w) := (v, w), and analo-
gously we define ¢ € A\, g for ¢ € /\k q.

DerintTION 3.3. If0r € /\1 g, @ # 0, we say that o has pure weight k, and we write
w(e) = k if o € Vj. More generally, if o € /\h g, we say that o has pure weight k if
« is a linear combination of covectors 0;, A --- A 0;, withw(6;,) +---+ w(6;,) = k.

Obviously, if for example o € /\1 q,

hi
w(a) =k ifandonlyifa = Z b,
J=hi—1+1

with ap, | 41,...,0p, €R.
REMARK 3.4 (see [3, Remark 2.6]). If o, B € /\h g and w(a) # w(pB), then {(«, B) = 0.

We have

max
My

©) Nas= P A"

p=M};‘nm

where /\h’p g is the linear span of the h—covectors of pure weight p and M ;lni“, M
are respectively the smallest and the largest weight of h-covectors.
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Since the elements of the basis ®” have pure weights, a basis of /\h’p g is given by
ehr .= e"hn /\h’p g (in Section 2, we called such a basis an adapted basis).

We denote by Q"P the vector space of all smooth sA—forms in G of pure weight p,
i.e. the space of all smooth sections of /\h’p g. We have

max
Mh

(7 Q"= g ot

p= M;lmn

Lemma 3.5. We have d(N\"? g) = N'TVF g: e, ifa € N7 g is a left invariant
h-form of weight p, then w(da) = w(w).

Proor. See [15, Section 2.1]. [

Let now o € Q"7 be a (say) smooth form of pure weight p. We can write
a= Y 6 witha; €&(G).
gl e@h.r
Then,
n
do= > S (Xje)b A0+ > o;dbf.
ole@h.r j=1 gle@h.r

Hence, we can write
d=do+di++d,

where
dow = Y 0;df)]

ol e@h.r

does not increase the weight,
mi
die =Y > (Xj)b; A6
ole@h.r j=1
increases the weight of 1, and, more generally,

deao= Y > (X A6l k=1«

giflE@h.p w(8;)=k
In particular, dy is an algebraic operator.
DEeFINITION 3.6. If 0 < h < n and we denote by d the L2-adjoint of do, we set

El :=kerdy Nkerdj = kerdy N (Imdp)* c Q"
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Since the construction of E 6‘ is left invariant, this space of forms can be viewed as
the space of sections of a fiber bundle, generated by left translation and still denoted
by EL.

We denote by N, ;;’i“ and N, the minimum and the maximum, respectively, of the
weights of forms in Eé’.

If we set Eg’p = El N Q"7 then

max
N/’l

El= @ E;”.

P=N;,m"

We notice that also the space of forms Eé’ *? can be viewed as the space of smooth
sections of a suitable fiber bundle generated by left translations, which we still denote
by Ef?.

As customary, if 2 C G is an open set, we denote by & (€2, Eé’) the space of smooth
sections of Eé’.

The spaces D (2, Eg) and $ (G, Eé’) are defined analogously.

Since both Eél P and E(’,’ are left invariant as /\h g, they are subbundles of /\h g
and inherit the scalar product on the fibers.

In particular, we can obtain a left invariant orthonormal basis Ef,‘ = {S]}-‘} of E(’)’
such that

max
Nh

j= U =t

p=N}rlnm

[1]

®)

where E07 := 8" 0 A\"” g is a left invariant orthonormal basis of Eé’ P All the
elements of Eg’p have pure weight p.

Once the basis ®g is chosen, the spaces & (€2, Eg), D(, E(’)’), S(G, Eé‘) can be
identified with &(Q)4m E§ , D(Q)4m E§ , §(G)dim E§ , respectively.

ProrositioN 3.7 ([15]). If 0 < h < n and * denote the Hodge duality (see Defini-
tion 3.2), then
«El = g

By a simple linear algebra argument, we can prove the following lemma.
LemMa 3.8. If B € QP then there exists a unique o € Q" N (ker do)* such that
dgdoo = dj B.

With the notation of the lemma, we set o := d;° 8.
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REMARK 3.9. We stress that d; ! is an algebraic operator, like do and its adjoint dg.

Lemma 3.10 ([15]). The map d;'d induces an isomorphism from Im(dy ") to itself.
In addition, there exists a differential operator

N
P =Y (-D¥D*. N €N suitable,
k=1

such that
We set Q := Pdy".

RemaRk 3.11. If o has pure weight k, then Pa is a sum of forms of pure weight
greater than or equal to k.

We state now the following key results.

THEOREM 3.12 ([15]). The de Rham complex (2°, d) splits as the direct sum of two
sub-complexes (E®,d) and (F*,d), with
E" :=kerdy! Nker(dy'd) and F":=1m(dy"') +Im(ddy"),

for h =0, ...,n, such that we have the following:

(i)  TheprojectionI1g on E along F is givenby [1g =1d — Qd — d Q. In particular,
I1g is a differential operator of order s > 0 in the horizontal derivatives, where
s depends on G and on the degree of the forms it acts on.

(ii)  If I1g, is the orthogonal projection from Q" on Eé‘, then g, J1gIlg, = Ilg,
and Mg g,[1g = I E.
TureorEM 3.13 ([15]). If we set
de :=Eg,d g,
then d. : E{)’ — E(})""1 satisfies
i) d2=0;
(ii)  the complex (Eg,d.) is exact.

In particular, if » = 0 and f € EQ = &(G), then

m
def = (Xi )6}
i=1
is the horizontal differential of f .
In addition, by Proposition 3.7, Eg = {f dV, f € &(G)}.
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REMARK 3.14 (see [3, Remark 2.17]). We have
©)) dTg =Mgd.
It follows from [3, Proposition 2.18] that if « € E(})’ has weight p, then
[T = o 4 terms of weight greater than p.

REMARK 3.15. In particular, if &« € E{ (and therefore has weight Q), then [1ga = «
since there are no forms of weight > Q.

DEFINITION 3.16. We denote by d* the L2-(formal) adjoint of d..
We recall that on £ g,

d* — (_l)n(h-‘rl)-‘rl *dc * .

3.2. Equivalent formulation and proof of Theorem 3.1

Let us start by noticing that d} on 1-forms can be identified with the horizontal
divergence. Indeed, if F = Y"7"! F; X; € L}, (G, V1), we denote by F* the differential
1-form defined by

(FY VY = (F,V) 2/ F;V;dp
forany V = Zl_l Vi X; € D(G, 1), ie.
=Y Fib.
i
If now ¢ € D(G), then (keeping in mind that d} F ¥ is a 0-form)

a0 [ d:riap= [ (Fhdsrap =3 [ Fx9=- [ saver.
G G F; G G

where the above identities are meant in the sense of distributions. Hence, f = divg F
if and only if d F¥ = f,i.e.
—xd.*x F' = f.

Applying Hodge operator to identity, and keeping in mind that d. » F" is an n-form
and hence »* = Id, we obtain

—**dC*Fnz*f,
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i.e.
de(—x FYy = fav.

If we set ¢ := — » Fland w := f dV, an equivalent formulation of Theorem 3.1
becomes as follows.

THeorReEM 3.17. Let d be a left invariant distance on a Carnot group associated
with a homogeneous norm. Let 1 < p < Q and A > 1, and set B := By(e, r) and
B’ := By(e,Ar). If w € L?(B, E}) is compactly supported and satisfies

[sz,
B

then there exists a compactly supported differential form ¢ € L9(B’, E(')’_l) with
() 1=qg=pQ/(Q—-p)ifp>1

or
(i) 1<¢g<Q/(Q-Difp=1,
so that

de¢p = inB.

In addition, there exists C = C(p,q, A, B) independent of w such that

IPllLacs gz = CllwllLrs.g7)-
If p>1landq = pQ/(Q — p), the constant does not depend on B.

Since different homogeneous norms are equivalent (see, e.g., [12, Section 1.2]),
without loss of generality, from now on we may assume that d = d and for the
sake of simplicity, we shall write B(e, r) for Boo (e, r). From now on, for the sake of
simplicity, by a rescaling argument and since d, is homogeneous with respect to the
group dilations, we take r = 1 in Theorems 3.1 and 3.17, that is, B = B(e, 1).

The first step in order to prove Theorem 3.17 will be to define an operator acting on
n-forms which inverts Rumin’s differential d, (albeit with a loss of regularity). Inspired
by the work of [13], Mitrea, Mitrea, and Monniaux, in [ 14], define a compact homotopy
operator Jg, in Lipschitz star-shaped domains in Euclidean space R”, providing an
explicit representation formula for Jg,. 5, together with continuity properties among
Sobolev spaces. Since in this note we are interested in forms of top degree n, we recall
what [14, Theorem 4.1] states only in this particular case. Theorem 4.1 of [14] says
thatif D ¢ RV isa star-shaped Lipschitz domain, then there exists

Jswen 1 L7(D, \") = Wik (D, \"™) > w=P(D, Eg™)
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such that

(11) o = dJpye 0w + (/ w)@ dV forallw € J)(D, /\”)
D

/dezl.
G

Furthermore, Jgyc,» maps smooth compactly supported forms to smooth compactly

where 0 € D(G) satisfies

supported forms.

For the sake of simplicity, from now on we drop the index n — the degree of the
form — writing, e.g., Jgy instead of Jgyc z-

To our aim, take now D = B.If o € D (B, E{}), with vanishing average, we set

(12) J =Tlg,ollg o Jgyc 0 ME.
Since [Tgw = w on E”, we can also write
(13) Jow =1TIlg, o Ilg o Jgyw.

Then, J inverts Rumin’s differential d, on forms of degree n in the sense of the following
result.

Lemma 3.18. Ifa € EJ is a compactly supported smooth form in a ball B with

/a:O,
B

(14) o =dc.Ja.

then

In addition, Jo is compactly supported in B.

Proor. By (11),
(15) o = dJEucOl.

We recall now that ITg 1 g I1g = I1g and [1 g [1gI1g, = I1E,. In addition, on
forms of degree n — 1, d[1g = I1gd. Thus, by (15),

dCJOl = HEOdHEHEOHEJEucOt = HEOdHEJEuCOt

=g, gd/pe = N, [pa = Mg, = o

since o € E(. Finally, if suppa C B, then supp Jo C B since both [T and TI Eo
preserve the support. u
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Unfortunately, the operator J contains the differential operator ITg that yields a loss
of regularity. We can get rid of this inconvenient combining J with a smoothing operator
coming from an approximated homotopy formula. The approximated homotopy formula
is based on a global homotopy identity relying on the inverse of Rumin’s Laplacian.

Indeed, if o = fdV € D(G, Ef), we can define its sub-Laplacian as

Agaw :=dcdlo.
Since *x = Id on n-forms,
Agnw = *xAg,o * 0,
and the fundamental solution Aéln of Ag,n is given by
A(_}}n = *A(_}}o*

that is associated with a kernel of type 2 (see [8]).
We are now able to prove the equivalent formulation of Theorem 3.1 arguing as in
[2, Theorem 5.12].

Proor or THEOREM 3.17. Suppose first that € O (B, Ef). If w is continued by zero
on all of G, we notice preliminarily that

® = AgnAgh,o =de(dfAG ),

where d} Aéln is associated with a matrix-valued kernel k; of type 1 acting on f.
Keeping in mind that, by Hodge duality, w can be identified with the function f,
without loss of generality, we can treat k; as it were a scalar kernel. We consider a
cut-off function g supported in an R-neighborhood of the origin, such that yg = 1
near the origin. We can write

(16) ki = vyrki + (1 —vYRr)k:.

Since the kernel of A, is of type 2, the kernel gk belongs to L' (G). Let us denote
by Kj g the convolution operator associated with Ygrk; and by S the convolution
operator associated with the kernel

(17) Ks :=d:((1 —yr)ky).
It follows from (16) that

(18) w=d.Kigw+ Sw ifoc DB, EL).
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The kernel Kg is smooth. We stress also that supp K, grw is contained in an R-
neighborhood of B so that

(19) supp K1, rw C B’
provided R = R(A) < d(B, dB’). By (13), also
(20) supp Sw C B'.

Finally, by (18), Sw € Ef.
The homotopy formula (18) still holds in the sense of distributions when w € L?.
To prove that, we need the following lemma.

Lemma 3.19. With S and K g defined as above, we have the following:

(1) S is regularizing from 8'(G) to & (G). In addition, if p,q > 1 and m € N U {0},
then S can be continued as a bounded map from LP (B, Ey) N &' (B, E}) to
Wm4(B’, E})

S :LP(B,Ey) > W™4(B', E}).
In particular, by Theorem 2.2 (vi), due to the arbitrariness of the choice of m, we

also have
S : LP(B, Eg) — Wi (B', Eg):;
(ii) if p = 1, the map K g can be continued as a bounded map from LP (B, Eg) N
&'(B,Ey) to LP(B', Ef);
(iii) if p>1, thenthe map K1 g can be continued as a bounded map from L? (B, Ej) N
&' (B, E}) to Wh-P(B', El) and the identity (16) still holds for
w € LP(B,Ey) N &' (B, EY);
(iv) the identity (16) still holds for w € LY (B, E}) N &' (B, EY) in the sense of
distributions;

~v) ifp>1,then
K\ : LP(B,E§) N &' (B, Eg) - LYB' Eg™") forp<q=0Q/(Q—1)
(vi) Kir:LY(B,E})NE(B,E}) — LIYB E}f Yforl <q<0Q/(Q—1).

Proor. Let us prove (i). Since the kernel K5 is smooth and the convolution maps
&'(G) x &(G) into &(G), the operator S is regularizing from &'(G) to &§(G) (see
[16, p. 167]). In addition, since B is bounded, then without loss of generality, we may
assume that p = 1.
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Remember w = fdV'; hence, we can identify w and the scalar function f". We have

ISwllwm.ap ey = @ * Ksllwm.qas)

= > loxX'KslLoa)
d(I)<m

q 1/q
= 2 (/B,(/B|w<y>||X’Ks(y—1x)|dy) dx) .

d(I)<m

Notice now thatif x € B’ and y € B, then y~'x € B(e,1 + A). Thus, if y € D(G)
is a cut-off function, y = 1 on B(e, 1 + A), then yXKgs € L9(G), so that, by Young’s
inequality (see Theorem 4.3 (i) and [9, Proposition 1.18]),

”Sa)”W’”!‘i(B/,E(’)’) = Z H |)(a)(y)| * |XIKS|HL(,(G)
d(I)<m

= CH“’(J’)”LI(G) = C”a’(y)”Ll(B)'
Proof of (ii). By a similar argument,

IK1,rollLr s, £y < ll0 * YRE1 L (B, EL)

4 1/p
= (/ (/ ‘w(J’)H‘/kal(y_lx)|dy) dx)
B’ B

< ClyrkilLrasapll@llLr s,en)-

Proof of (iii). Let X be a horizontal derivative. Then, we have only to estimate the
L?-norm of
X(w * Yyrk1) = 0 x (XYr)k1 + o * (YrXk1).

By Lemma 4.4,

|o* (XyR)Kt] Lo gy = Cllo* X¥RIKL | Lpori0-m (s
<C Ha) * (XYR)kq ||LpQ/(Q*I’)(G)

< Clellr@) = ClollLrs):
analogously, since Xk is a kernel of type 0,
[ * (WRXkl)HLp(B/) = Cllwllr@) = CllollLrs)-

Finally, since w is compactly supported in B, it can be approximated in L?(B) by a
sequence (wg)ken in OD(B). Thus,

deKi prog — deKi pow in L?(G)ask — oo.
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In addition, by (i),
Swr — Sw  in LP(G) as k — oo,
and (iii) is proved
Proof of (iv). Take a sequence (wg)xen as in the proof of (iii). By (ii),

K1 rwx — K1, gw in LP(G) as k — oo.

In particular, d. K1 rwr — d. K1, row in the sense of distributions. Then, (iv) follows
from (16).

Proof of (v). The statement follows by Lemma 4.4.

Proof of (vi). The statement follows by Remark 4.10. ]

Let us resume the proof of Theorem 3.1. Since S is a smoothing operator, then
Sw € D(B', E}), keeping also in mind that Sw is supported in B’ (see (20)).

We notice also that for any p > 1, Sw has vanishing average since w has vanishing
average. Indeed, take y € D(G), y = 1 on B’. Again, identify w = fdV with the
scalar function f; we have, by Lemma 3.19 (iii) and (iv), that the homotopy formula
(18) holds in the sense of distributions. Therefore,

/Sdez/ xSwdV
7 B/

=/ xde+/(ch)AK1,Rw=0
G G

since d. y = 0 on supp K1 rw.

Since Sw has vanishing average, we can apply (14) to « := Sw and we get Sw =
d.JSw, where J is defined in (12). By Lemma 3.18, JSw is supported in B’. Thus, if
we set ¢ := (JS + K1,r)w, then ¢ is supported in B’. Moreover, d.¢ = d.JSw +
dcKi,rw = So+ o0 —So =o.

Remember now that, by Theorem 3.12 (i), [Tg on forms of degree (n — 1) is a
differential operator of order s > 0 in the horizontal derivatives. Thus, by Lemma 3.19,

(20 ”d’”Lq(B',E(’}—l) = ||JSC‘)||L4(B/,E(')7—1) + ||K1,R(U||Lq(3f,Eg—1)
< Sollpa gp—1y + CllolLr e ey
< 150l sz gty + ClollLrcareg)
< IS0l gy + Clollirs.gp
= C(||Sw||WKs.q(B,Eg;) + llwllr s £p)
< CllollLr s ,e0)-

This completes the proof of the theorem. ]
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4. AprpPeENDIX: KERNELS IN CARNOT GROUPS

Following [8, 9], we now recall the notion of a kernel of type 1 and some related
properties, as outlined in Propositions 4.2 and 4.3 below. For these results, we refer to
[1, Section 3.2].

DEerintTION 4.1. A kernel of type u is a homogeneous distribution of degree u — Q
(with respect to group dilations) that is smooth outside of the origin.
The convolution operator with a kernel of type u is still called an operator of type .

ProrosITION 4.2. Let K € D'(G) be a kernel of type 1.

(1) YK is again a kernel of type |1,

(i) WK and KW are associated with kernels of type u — 1 for any horizontal
derivative W ;

(i) ifpu >0, then K € LL (G).

loc
THEOREM 4.3. We have the following:
(1)  Hausdorff~Young inequality holds, i.e., if f € LP(G), g € L4(G),1 < p,q,r <
00 and% + é —1= % then f x g € L"(G) (see [9, Proposition 1.18]).
(i) IfK isakernel of type 0, 1 < p < oo, then the mapping T : u — u x K defined
foru € D(G) extends to a bounded operator on LP (G) (see [8, Theorem 4.9]).

(iii) Suppose0<u < Q,1<p<Q/n andé = % - % Let K be a kernel of type
w. If u € LP(G), the convolutions u x K and K * u exist a.e. and are in L4(G)

and there is a constant C, > 0 such that
lu* Kllg < Cpllulp, and | K *ully < Cpllullp
(see [8, Proposition 1.11]).

LeMmMma 4.4 (see [2, Lemma 3.5]). Suppose 0 < u < Q. If K is a kernel of type
and v € D(G), ¥ = 1 in a neighborhood of the origin, then the statement (iii) of
Theorem 4.3 still holds if we replace K by YK or (1 —¢)K.

Analogously, if K is a kernel of type 0 and € D(G), then statement (ii) of the
same theorem still holds if we replace K by YK or (Y — 1)K.

DeriniTION 4.5. Let f be a measurable function on G. If ¢ > 0, we set
Ar(o) = [{If1>t}].

If1 <r <ooand

supt"Ar(t) < oo,
>0

we say that f € L"°(G).
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DEerintTION 4.6. Following [4, Definition A.1],if 1 < r < oo, we set
ll||pgr := inf {C > 0; / lul dx < C|K|1/’/ for all L-measurable set K C G},
K

and M" = M7 (G) is the set of measurable functions u on G satisfying ||u||pr < oo.
Repeating verbatim the arguments of [4, Lemma A.2], we obtain the following.

Lemma 4.7. If 1 <r < oo, then

(r=17

F,TH“”;W = sup {tr|{|u| > f}|} < llulljsr-
t>0
In particular, if | <r < oo, then M™ = L"*°(G).

CoROLLARY 4.8. If1 < g <r,then M" C LL (G) C L! (G).

loc loc

Proor. By Lemma 4.7, if u € M", then |u|? € M"/9, and we can conclude thanks to
Definition 4.6. ]

LemMA 4.9. Let K be a kernel of type j1 € (0, Q). Then, for all f € L' (G), we have

fxKe MEe/(2-w)

and there exists C > 0 such that

ILf * Kllprero-w = CllfllLie)
forall f € LY(G). In particular, by Corollary 4.8, if1 < q < Q/(Q — 1), then

f+xKelLl (G)cL.(G).

loc loc

Asin [1, Remark 3.10], we have the following remark.

REMARK 4.10. Suppose 0 < u < Q.1If K isakernel of type wand ¢y € D(G), ¥ =1
in a neighborhood of the origin, then the statements of Lemma 4.9 still hold if we
replace K by (1 —¢)K or by ¢K.
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