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ABsTrRACT. — We consider the Kinetic Fokker—Planck (FKP) equation in a domain with Maxwell
reflection condition on the boundary. We establish the ultracontractivity of the associated semi-
group and the hypocoercivity of the associated operator. We deduce the convergence with the
constructive rate of the solution to the KFP equation towards the stationary state with the same
mass as the initial datum.
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1. INTRODUCTION

In this paper, we consider the Kinetic Fokker—Planck (KFP) equation, also called the
degenerated Kolmogorov or the ultraparabolic equation,

(1.1) O f4+v-Vif —Ayf —divy(vf)=0 inU

on the function f := f; = f(t,-) = f(t,x,v), with (t,x,v) € U := (0,T) x 2 x R¥,
T € (0,4+0], 2 C R a suitably smooth domain, d > 3, complemented with the
Maxwell reflection condition on the boundary

(1.2) y-f =Ryt f =0 —=0)8y+f + Dy f onl-,
and associated with an initial condition
(1.3) 70, x,v) = fo(x,v) in0O:=QxR?.

Here, I'_ denotes the incoming part of the boundary, 8 denotes the specular reflection
operator, D denotes the diffusive reflection operator (see precise definitions below),
and ¢ : 92 — [0, 1] denotes a (possibly space-dependent) accommodation coefficient.
More precisely, we assume that Q := {x € R¥¢; §(x) > 0} for a W2 (R?) function
8 such that |6(x)]| := dist(x, d2) on a neighborhood of the boundary set d2 and thus
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ny = n(x) := —V4§(x) coincides with the unit normal outward vector field on d2. We
next define ¥ := {v € R%: +v-n, > 0} the sets of outgoing (¥£%}) and incoming
(%) velocities at point x € 0€2, then the sets

Yy o= {(x,v); X €I, ve Zi}, 't :=(0,7T)x X4,

and finally the outgoing and incoming trace functions y+ f := 1r_ yf. The specular
reflection operator 8 is defined by

(1.4) (8g)(x,v) := g(x,Vyv), Vyv:=v—2ny(ny-v),

and the diffusive operator D is defined by

(15 (Dgx,v) :=Mw)g(x), gx):= /Z glx, w) (ny - w) dw,
+

where M stands for the (conveniently normalized) Maxwellian function

(1.6) M) := 2r)" @D 2exp (- [v]?/2),

which is positive on R? and verifies M = 1. We assume that the accommodation
coefficient satisfies 1 € W 1:>°(32). For further references, we also define the (differently
normalized) Maxwellian function

(1.7) FolXu) = —— () =

1 2
" Tajanen P 1)

which is positive on @ and verifies || fool|11(9) = 1. The elementary (and well-known
at least at a formal level) properties of the Kinetic Fokker—Planck equation are that it is
mass conservative, namely,

(1.8) {(fe)) = {Sfod), V£ =0, with ((h)) 2=/ hdx dv,

o

it is positivity preserving, namely, f; > 0if fo > 0, and fo is a stationary solution.
The aim of this paper is twofold:

(1) On the one hand, we prove the ultracontractivity of the semigroup associated with
the evolution problem (1.1)—(1.2)—(1.3) by establishing some immediate gain of
Lebesgue integrability and even immediate uniform bound estimate.

(2) On the other hand, we prove the convergence of the solution to the associated
stationary state, namely, f; — {( fo)) foo as ¢ — oo, with constructive exponential
rate in many weighted Lebesgue spaces.

These results extend some previous similar results known for other geometries
or less general reflection conditions. For both problems, we adapt or modify some
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recent or forthcoming results established in [7, 12] for the Landau equation for the
same geometry as considered here. In that sense, the techniques are not really new and
the present contribution may rather be seen as a pedagogical illustration on one of the
simplest models of the kinetic theory of some tools we develop in other papers for more
elaborated kinetic models. We also refer to [10, 11,22] for further developments of
these techniques for related kinetic equations set in a domain with reflection conditions
on the boundary.

For a weight function w : R? — (0, c0) and an exponent p € [1, oc], we define the
associated weighted Lebesgue space

. 1 dy. .
LY = {f € Lic®): | fllzz = | folLr < oo}
Our first main result is an ultracontractivity property.

THEOREM 1.1. There exist two weight functions o = exp(|v]?), o’ = exp(¢’|v]?),
with 0 < ¢’ < ¢ < 1/2, and some constants v > 0, C1 > 1, Co > 0 such that for any
exponents p,q € [1,00], ¢ > p, and any initial datum fy € L5(O), the associated
solution f with the Kinetic Fokker—Planck (KFP) equation (1.1)—(1.2)-(1.3) satisfies

Cot

e
(1.9) ”f(t)HLZ/SCltv(l/p——l/q)”fOHLZ’ vt > 0.

We refer to Section 3.5 for a possible definition of the set 2&; of weight functions @
for which the above ultracontractivity property holds true. In the whole space Q = R¥,
such a kind of ultracontractivity property is a direct consequence of the representation
of the solution thanks to the Kolmogorov kernel; see [33], as well as [8,31] for related
regularity estimates. Some local uniform estimate of a similar kind for a larger class
of KFP equations in the whole space has been established [2, 13,47] by using Moser
iterative scheme introduced in [43,44], from what some Gaussian upper bound on the
fundamental solution may be derived; see [4,34,46]. In [23], the same local uniform
estimates (as well as the Harnack inequality and the Holder regularity) has been shown
for a still larger class of KFP equations in the whole space by using De Giorgi iterative
scheme as introduced in [15]. We also refer to [1] for a general survey about these
issues and to [3,32,35,50,51] for additional results on the KFP equations in the whole
space. In [29], a gain of regularity estimate has been established by adapting Nash
argument introduced in [45]; see also [24,39,49] for further developments of the same
technique.

In [19], an ultracontractivity result similar to ours is obtained for the KFP equation
in a domain with specular reflection at the boundary by an extension argument to the
whole space (used first in [26]) and then reduces the problem to the application of
[23,47]. In [52], some kind of regularity up to the boundary is proved for the KFP
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equation with inflow or specular reflection at the boundary using the extension argument
of [19] and some appropriate change of coordinates. See also [48], where some similar
results are established for the KFP equation with zero inflow. We finally refer to [10]
where the same kind of ultracontractivity result is established with ' = w for a large
class of weight functions w.

We are next concerned with the longtime behavior estimate. We start by establishing
a hypocoercivity result. For that purpose, we define the operator

(1.10) Lfi=—v-Vif + Ay f +divy(vf)

and we denote by Dom(£) its domain in the Hilbert space # := L?(u"'dx dv)
endowed with the norm || £l = ™2 f 2.

THEOREM 1.2. There exists a scalar product (-, -)) on the space J so that the associated
norm ||| - ||| is equivalent to the usual norm || - || ¢, and for which the linear operator £
satisfies the following coercivity estimate: there is a positive constant A € (0, 1) such that

(1.11) (L )= AP

forany f € Dom(L) satisfying the boundary condition (1.2) and the mass condition

(f)=0.

The result and the proof is a mere adaptation and simplification of the same hypocoer-
civity estimate established in [7]. This last one is inspired by, generalizes, and simplifies
some previous results established in [9,25]; see also [16, 18,20,27,28,30,49] and the
references therein for more material about the hypocoercivity theory.

We deduce from the two previous results the announced exponential convergence
result.

THeOREM 1.3. There exists a class of weight functions B8, such that for any weight
function o € W,, any exponent p € [1, 00, and any initial datum fy € L5(0O), the
associated solution f with the KFP equation (1.1)—(1.2)—(1.3) satisfies

(1.12) |£@0) = € fol) foo|l 1o < Ce™ | fo = (Sfod foo |l p» Vi =0,

for the same constant A € (0, 1) as in Theorem 1.2 and for some constant C = C(w).

It is worth emphasizing that the set 5, contains some exponential functions and
some polynomial (increasing fast enough) functions. The case p =2 and w = ,u_l/ 2is
an immediate consequence of Theorem 1.2. The general case is then deduced from this
particular one thanks to Theorem 1.1 and some enlargement and shrinking techniques
introduced and developed in [24,39,40].

Let us end the introduction by describing the organization of the paper which is
mainly dedicated to the proof of the above results.
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In Section 2, we establish some growth estimates in many weighted Lebesgue
spaces on the semigroup associated with the KFP equation (1.1)—(1.2)—(1.3). We do
not discuss the existence and uniqueness issues about solutions to the KFP equation
and the construction of the associated positive semigroup which will be discussed
in detail in the companion paper [10]. We however emphasize that solutions to the
KFP equation must be understood in the renormalized sense as defined in [17,38] so
that the associated trace functions are well defined; see [10, 12,38] and the references
therein. We thus rather focus on the (a priori) estimates by exhibiting suitable twisted
weight estimates for the solutions to the KFP equation (1.1)—(1.2)—(1.3) and its dual
counterpart.

Section 3 is dedicated to the proof of Theorem 1.1. The strategy mixes Moser’s
gain of integrability argument of [44] and Nash’s duality and interpolation arguments
of [45]. It is also based on a twisted weight argument which is somehow slightly
more elaborated than the one used in the previous sections. In Section 4, we prove
Theorem 1.2, and Section 5 is dedicated to the proof of Theorem 1.3.

2. WEIGHTED L? GROWTH ESTIMATES

This section is devoted to the proof of a first and somehow rough set of growth estimates
in some convenient weighted L2 spaces for solutions to the KFP equation (1.1)—(1.2)—
(1.3) and the associated semigroup that we denote by the same letter S whatever is
the space in which it is considered. It is classical that we may work at the level of
the evolution equation and the associated generator or at the level of the associated
semigroup. We will do the job at both levels.

As announced, we will not bother with too much rigorous justification but rather
establish a priori weighted Lebesgue norm estimates from which we may very classically
deduce the well-posedness of the Cauchy problem (1.1)—(1.2)—(1.3) and also deduce
the existence of the associated semigroup. The solutions of the KFP equations would
have to be understood in an appropriate renormalized sense, but again we will not bother
about this important but technical point and we will freely make the computations as if
the considered functions are smooth and fast enough decaying at infinity. Because the
KFP equation conserves the positivity, the associate semigroup is positive and we may
thus only handle it with nonnegative functions. All these issues are discussed in the
companion papers [10, 12,21] for more general classes of KFP equations, and we thus
refer to these works for more details.

We now introduce the class of weight function we deal with. We denote by € the
operator

2.1 Cf = Ay f +divy(vf),
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which is nothing but the collision part of the Kinetic Fokker—Planck operator involved
in (1.1). We observe that for f,® : RY — R, and p € [1, 00), we have

er [ ensriorar =222 [ vt [ 1frore

with

N\ |Vow|> (2 A 1 \Y
(2.3) w:wa,,,,(v):z(l——)' w0 +(——1) ”w+(1——)d—v- v e,
p

w? p ) p )

see for instance [21, Lemma 7.7] and the references therein. We define I8 as the set of
radially symmetric nondecreasing weight functions w : R? — (0, 00) such that

K =Kgp = max sup Wy,p < OO.
p=1,00 veRd

It is worth noticing that @ := (v)ke®)’ with k € R and s, ¢ > 0, satisfies

o) ~ (O[* T —=sgv] ifs >0,
|[v]—>o00

|—
d
w(v) ~ ——k ifs=0,

[v|—>o0 p
so that w € T when

2.4) s€(0,2), or s=2and{<1/2, or s=0.

On the other hand, we may check
1 1 1 1 2
2.5 Dyi—1+1/4,p (V) =——(1——)|v|2+ (—+———)d,
q q P 49 pq

so that for the limit case @ = M™!

define

€ W, since then wy—1 , = 2d/p. We finally

(2.6) Wy = {a) eW; 1 <w <ML, o |, oM|v| € Ll(Rd)}.

ProrosiTiON 2.1. For any weight function w € B, there exist k > 0 and C > 1 such
that for any exponent p € [1, 00] and any solution f to the KFP equation (1.1)—(1.2)—
(1.3), there holds

@.7) 1 fillr < Cell follp. Vi =0,
and we write equivalently

(2.8) Sc(t): L? — LP

w?’

with growth rate O (e*"), Vt > 0.
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We start recalling the following classical estimate based on very specific choices of
the weight functions, so that Darrozeés—Guiraud type inequality [14] may be used.

Lemma 2.2. Forany p € [1,00], the semigroup S is a contraction on Litflﬂ/ﬁ‘
Proor oF LEMMA 2.2. We fix p € [1,00),0 < fp € Lirlﬂ/ﬁ’ and we denote by

f = f(t,x,v) > 0the solution to the Cauchy problem associated with (1.1)—(1.2)—(1.3).
We compute

1d 1
e = [(@nprner - g a
pdt Jo ) pJs
1
S/ Wy—1+1/p pprl_p— —/ (y+ )PMIP|ny - v)
o ’ PJsy
1 _
+ ;[ (1= 08y f +Dyy £}/ M2l o],
>_

where we have used the Green-Ostrogradski formula in the first line, we have thrown
away the first term coming from (2.2) in the second line, we have split the boundary
term into two pieces, and we have used the boundary condition on its incoming part in
the second and third lines. For the last term we have

L AQ=08p1.f +Dye )07

< / (1= Sy f)PM Py -v] + / ()Ml - vl
>_ >

< /2+<1 O )M Py ] +[mt<y’+7>f’,

where we have used the convexity of the function s — s? in the second line and we
have used both the change of variables v — V, v in the last integral (which transforms
3._ into X with unit Jacobian) and the normalization condition on M (see (1.6)) in
the third line. Observing next that

—_— 4
G = ([ oermontingvido) = [ o sa07 Ming ol
+ ¥

thanks to the Jensen inequality (also called Darrozes—Guiraud’s inequality in this
context!), which is true because of the normalization condition on M, we have thus
established

/ {1 =08y f + Dy f P M Pny - v| < / v+ /)PM P ny - 0],
s T,
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from which we obtain

d
dt[ M- P<p/ Wy — 1+1/z:1,,j“”3\/[1 P,

Coming back to (2.5), we observe that

1 1
Wye—1+1/ (v):——(l——)|v|2 (1——)d <0,
M P\ p AN

from which we immediately deduce that S is a contraction on L? when

M—1+1/p
p € [1,00). We get the same conclusion in L3, by letting p — oo. |

We extend the decay estimate to a general weight function in an L' framework by
using an appropriate modification of the initial weight. That kind of moment estimate
is reminiscent of L1 hypodissipativity techniques; see e.g. [6,24,41]. Our multiplicator
is inspired from the usual multiplicator used in order to control the diffusive operator in
previous works on the Boltzmann equation; see e.g. [5,6,37,38]. For further references,
we define the formal adjoints

2.9) LY :=v-V,+C" C'g:=A,g—v-Vyg.

LemMa 2.3. Let w : R — (0, 00) be a radially symmetric nondecreasing weight
function such that @ € B and Mw|v| € L' (R?). There exists k > 0 such that we have

Se(t): LY (w) » LY (w), Vt=>0,
with growth estimate O (e*?).

It is worth emphasizing that with a very similar proof we may establish the same
growth rate in L% for p € (1, 00), but we were not able to reach the limit exponent
p = oo because our estimates blow up as p — oo.

ProoFr oF LEMma 2.3. Without loss of generality, we may suppose that > 1. We
split the proof into two steps.

Step 1. For 0 < fy € L'(w), we denote by = f(¢,x,v) > 0 the solution to the
Cauchy problem (1.1)—(1.2)—(1.3), so that f(¢) = S (¢) fo.
We introduce the weight functions

wa(v) == xa) + (1 = xa())o(v),

with y4(v) := x(Jv|/A4), A > 1 to be chosen later and y € C*(R4), 1j0,1] < x < 1[0,2],
and next

1
o(x,v) = wa(v) + N U,
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with 0 := v/(v) and ¥ := 0/(v). It is worth emphasizing that

(2.10) 1<wy <w and cglwf w4 <O < 2wy,

N|WwW

1
2

with ¢4 € (0, 00). We write

(2.11) i/f&:/fL*cB—/yfcﬁnx-v.
dt 1) o z

We first compute separately each contribution of the boundary term

B::—/ yf ony-v= By + By,

z
with
Buim— [ yifoune-vl+ [ {008y f +Dyifloadn-ol
> z_
1 AN2
By :=—= | vf (nx-0)".
2 s
Making the change of variables v — Vv in the last integral involved in B;, we get
By = —/ W+ f w4 lny - vl +/ (Dy+ f wa |ny - vl.

pINE pINE
We then define
(2.12) Ki(wy) :=[ Mwy (ny - v)+ dv,

R4
which is finite by the assumption on w, so that
[ orefontneol= [ i@y
b8 IQ
Since w4 > 1, we then obtain
Bi< [ uKin) - 75T
Q2
On the other hand, denoting
(2.13) Ko = / M(ny - 9)2 dv € (0, 00),
R4

which we observe is independent of x, we have

—/E yflny - 0) < —/E+ Dys f(nx - $) = —Ko /m )
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Recalling (2.10) and observing that w4 — 1 a.e. when A — oo, we get Kj(wyq) —
Ki(1) = 1 as A — oo thanks to the dominated convergence Theorem of Lebesgue
and the normalization condition on M. We may thus fix A > 1 large enough in such a
way that

Ki(wq)—1— %Ko <0,
and the contribution of the boundary is nonpositive.
Step 2. For the contribution of the volume integral, we write
L*6 = C*'w + €[ xa(l — ®)] + €*[ny - 0] + v - Vi(ny - D),

where we recall that the adjoint Fokker-Planck operator C* is defined in (2.9). Because
w € Y, we have
C*'w < Wy, 10 < K10,

for some 7 € R. On the other hand, because y4 has compact support and because of
the regularity assumption of €2, we have

G*[XA(I _a))] + C*[nx - 0] + v - Vx(ny - D) < k2,

for some x, € R4. Coming back to (2.11), we deduce that

A RCE )

with k 1= 2k; + c4k>. We immediately conclude thanks to Gronwall’s lemma and the
comparison (2.10) between @ and @. ]

We establish now a similar exponential growth estimate in a general weighted L!
framework for the dual backward problem associated with (1.1)—(1.2)—(1.3), namely,

—0;g =v-Vyeg+C*¢ in(0,7T)x0,
(2.14) y+8 = R*y-g on (0,7) x X,
g(T) = gr in 0,

for any 7' € (0, 00) and any final datum g7 . The adjoint Fokker-Planck operator C* is
defined in (2.9), and the adjoint reflection operator R* is defined by

R*g(x,v) = (1 —0)8g(x,v) + tD*g(x),

with
D g(x) = Mg(x) = /R RO M) - w) - dw
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Again, we do not discuss the very classical issue about well-posedness in Lebesgue
spaces for these problems nor the possibility to approximate the solutions by smooth
enough solutions, which is useful in the following argument. Consider f a solution

to the forward Cauchy problem (1.1)—(1.2)—(1.3) and g a solution to the above dual
problem (2.14). We compute (at least formally)

[ s = [ fosor+ [ T[@ O fg + f0:g)ds
:/0fog(())—/oT/O(v-fog-l-fv-ng)ds
= [ nso- | T/E (v-myfygds
= [ nso- | ' | e -g) ds

T
+/0 /z_ [v-n|(Ry+ f)(y-g) ds,

by using the Green-Ostrogradski formula and the reflection conditions at the boundary.
From the very definition of R and R*, we then deduce the usual identity

2.15) [ 1er = [ fog.
o o
or equivalently that g(¢) = S7 (T —t)gr. We observe now that for a weight function
w, we have
(2.16) Co ! = a)_lww,oo.

We then define 91 the class of weight functions mm : R¢ — (0, 00) such that w = m~! e T8.
In particular, because of (2.16) and the definition of B, there exists ¥’ € R such that

2.17) Cm < «'m.
We also define
(2.18) No := {m € M M <m, mveL'RY}.

For further discussion, we emphasize that w € W clearly implies ™! € Ny.

Lemma 2.4. For any weight function m € Ny, there exists k € R such that

St LY — LY. 0E").
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More precisely, there exists C > 1 such that for any T > 0 and any gt € L,ln, the
associated solution g with the backward dual problem (2.14) satisfies

(2.19) le@ . < Celigrilyy,-

Proor oF LEmMA 2.4. Without loss of generality, we may suppose that m > M. For
T € (0,00)and 0 < g7 € L}, we denote by g = g(t, x, v) the solution to the backward
dual Cauchy problem (2.14). We introduce the weight functions

~ 1 ~
(2.20) mg = xaAM~+ (1= ya)m, m:=my— E(Hx “0) M,
with the notations of Lemma 2.3. It is worth emphasizing that
(2.21) M<my <m and cglm < %mA <m< %mA,

with ¢4 € (0, 00). Similarly as in the proof of Lemma 2.3, we compute
d
N gmyg= | g(Cmy)+ | ygmgny-v
tJo o =

=/ g(GmA)+/ [(1—L)Sy—g+t)/ﬂ]mfn [nx - vl
o o

—f y—gmy |ny - v,
>_

where we have used again the Green-Ostrogradski formula in the first line and the
reflection condition at the boundary in the second line. We deduce
d

- gmA=/g(@mA)—/ Ly—gmy |ny - v
dt Jo ) 5

+(/ mA(nx-v)+dv)/ My_g nx - vl,
R4 >

by making the change of variables v > Vv on the outgoing part ¥ of the boundary
(which is in fact the incoming part of the boundary for the backward dual problem).
Since my4 > M, we have established a first estimate

d
——/ gmy S/ g(GmA)Jr/ ((K1(my) — 1) My—g |nx - vl,
dt O o > _

with now
Ki(my) := / my (ny-v)+dv—1, as A — oo.
R4

On the other hand, with the same notations as in the proof of Lemma 2.3, we have

d
—/gM(nx-f)):/g(?(M(nx-ﬁ))—/gMﬁ-Dxnxﬁ—/ yg M (ny - )%
dt Jo ) ) b
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For the last term, there holds

/ ygM (ny - 0) > / (D*y_g)(ny - ) M
b o,

z( / M(nx-mi) / My_glny -,
R4 >_

which implies a second estimate

d -
G [t
5/ g@(M(nx-ﬁ))—/ gMﬁ-Dxnxﬁ—Ko/ My_glny - v,
o [¢] T
with now
(2.22) Ko :=/ M (nyx - )3 dv € (0, 00).
R4

Choosing A > 0 large enough such that Ky (my) — 1 — %Ko < 0, the contribution of
the boundary is nonpositive and we obtain

d

_E/(;g’%E/;gg[em+e[XA(M_m)]+e[nx'5M]_U'Vx(nx-ﬁJ\/[)]

SK/gff’z,
¢

for some k € R, by arguing similarly as during the proof of Lemma 2.3 and in particular
using (2.17). By Gronwall’s lemma, we then deduce

(2.23) |2 1103 < €T llEr L1y

from which we immediately conclude to (2.19). ]
We may now come to the proof of the main result of this section.

ProoF oF ProprosiTioN 2.1. For fy € LS, let us define f(¢) := S () fo the associ-
ated flow. Because of the duality identity (2.15), for any g; € Lcl,)—n we have

| 108 = [ foz) < 1ozl -
Together with (2.19), we deduce
| 108 < 1liCe gy,

Taking the supremum on g; over the unit ball of L!(w™!), we thus conclude that

[ O] o0 = Ce"ll follgp
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for any fp, which is the desired estimate (2.8) when p = oo. The estimate (2.8) for
p = 1 has been established in Lemma 2.4. We then conclude to the estimate (2.8) for
any p € [1, oo] by using a standard interpolation argument. ]

ReEmARKk 2.5. The conditions on the weight function w in the statement of Proposi-
tion 2.1 are not optimal but they are more than enough for our purpose. As a matter of
fact, we may observe that

Lemma 2.2 gives an estimate on S in L' and in LSy

Lemma 2.3 gives an estimate on S in L. fromw =1 andup tow =M~ (v) =417,
e>0;

Lemma 2.4 gives an estimate on S} in Ll fromm = (V)77 ¢ > 0, and up to
m = M, and thus an estimate on S¢ in LY from o = (v)4+1+2 ¢ > 0, and up to
w=M"1

We may straightforwardly check that w := (v)*e¢()° € W, when

(2.24) s€(0,2), or s=2and¢<1/2, or s=0andk >d + 1.

3. ULTRACONTRACTIVITY: PROOF OF THEOREM 1.1

3.1. An improved weighted L? estimate at the boundary

The De Giorgi—-Nash—Moser theory tells us that for parabolic equations some gain
of integrability estimates can be obtained by elementary manipulations when evalu-
ating the evolution of functions f¢ for ¢ # 1. That kind of regularity effect is also
called ultracontractivity. More recently, a similar theory has been developed for the
Kolmogorov equation in the whole space; see in particular [23,47]. Our purpose is to
generalize these techniques to a bounded domain framework. In the present framework
and in order to be able to deduce next (by interpolation) the same kind of regularity
effect in the border L} space, we first consider ¢ < 1. Let us observe that for ¢ # 0
and f a positive solution to the KFP equation (1.1), we may compute

1—
00140 Va f1—v-Vy [T —qdf? — Ay [~ 4((]—")|vqu/2|2 =0.

Multiplying the equation by ®7 := ¢9m? withg € (0,1), ¢ € D((0, T')), and integrating
in all the variables, we obtain

3.1 l/(yf)qcbqnx-v—l—l/ fI7*o?
qJr qJu
(1

_ —4q) q/22 44
Skl MV WAL

q
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with @ := @, 4 defined in (2.3) and

(3.2) T ;= =0,V —v -V, 0.
Alternatively, defining

(3.3) T:=0,4+v-Vy

and recalling that C has been defined in (2.1), we may write

7L prir s = e

so that

1 9 H4 . l A97*Pp9 — q-1 q
q/r(yf)cbnx v+q[uff @ /uf ©/)a,

from which we deduce (3.1) with the help of (2.2)—(2.3).

We now establish a key new moment estimate on the KFP equation (1.1)—(1.2)—(1.3)
which makes it possible to control a solution near the boundary. The proof is based on
the introduction of an appropriate weight function which combines the twisting term
used in the previous section and the twisting term used in [21, Section 11], that last
one being in the spirit of moment arguments used in [36,42].

ProposiTiON 3.1. Letg€(0, 1) andletm : R4 — (0, 00) be a radially symmetric decreas-
ing weight function such that m =7 7|v| € LY(R?). There exists C = C(q,m,2) > 0
such that for any nonnegative solution f to the KFP equation (1.1)—(1.2)-(1.3) and
any test function 0 < ¢ € D((0, T)), there holds

/f‘“q(ﬁé{/z o+ [ VR < C [ g+ (et

where i is a modified weight function such thatm < m S m and @ = g, 4 is defined
in (2.3).

ProoF oF ProrosiTion 3.1. We fix g € (0, 1) and we introduce the modified weight
functions

(3.4 mh = a7+ (1 — ya)m?,

for A > 1 and with the notations of Lemma 2.3. We next introduce the function

mq q

~ ~ - my -
7= lm?, mi:= mZ—TAnx~v+4Dl/25(x)l/2nx 7,

where D = sup§ is half the diameter of €2, so that in particular an estimate similar to



K. CARRAPATOSO AND S. MISCHLER 658

(2.21) holds. From (3.1), we have

1_
35 401=9 / Vo (f®)42P — / ()10, v — / ST
q U r U
- / FIT3 0 —q/ F109m +[ FIT 0,
U U U
where 7)* = —0;, 7,* = —v - Vi, @ = wj,4, and

1 m N
Wy, = (pqul(l — v), Vs = ¢ F’l‘l/zS(x)l/znx - .

We now compute each term separately.

Step 1. For the second term at the left-hand side of (3.5), we observe that
= Lormminey == [ Gepmmiing v+ [ G- rmgins o
+ —

and, using the boundary condition together with the fact that the map s > s is concave,
we get

/2 {0 = 08y+ f + Dy4 £} miIny - v]

> /E (1= Sy f)mS |y -] + / )M .

Removing the contribution of the specular reflection thanks to the change of variables
v — Vyv as in the proof of Lemmas 2.3 and 2.4 and using the Holder inequality in
order to manage the term involving K, we therefore obtain

- [opmine vz [ @m0 [ pymg oo
b s o4
> (Ki(ma) = Kalma)' ™) [ 17"
0
with
Ki(my) = /d MIm% (ny - v)—dv < 400,
N _4
Ko(my) = / mj_q (ny - v)4+dv < 4o00.
R4

On the other hand, we have

. 3 2 —~
[y ™D s ko) [ 7y
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with :
Ko(my) = —/ Mm% (ny - )2 dv.
4 R4

Both together, we obtain
= Loyt v = [Kotma) + Kinn) — Kalm'™] [ 17y
= Q

Observing that m 4 vt when A — 0o, we deduce that K1 (m4) — K, (Mé_l) =1,
Ky(my) — Kz(Mf_l) = 1,and Ko(my) — KO(JV[é_l) > (0 as A — oo, thanks to
the integrability condition made on m and the dominated convergence theorem of
Lebesgue. We may thus choose A > 0 large enough in such a way that

(3.6) Ko(ma) + Ki(mg) — Ka(mg)' ™9 > 0.

Step 2. In order to deal with the third term at the left-hand side of (3.5), we define
Vo= 8(x)"2ny - 0. Observing that (v)y € L®(0), Vo € L*°(0), and
1

vV =

we compute

1 1 1
a5 x5y P 5ns)? 1725, )
/ fI175 4D1/2/<;1f 0] mA{Z(S(x)l/Z(v ny)” +6(x)<0 Dxnxv}.
We may now conclude. Because of (3.6), we may get rid of the boundary term, and
together with the last inequality, we get

1—q 1 1
4—L | |V, (fA)?Pe? + / Yp8mT ——(ny - D)
q [u| U(fm) |(p 8D1/2 uf ¢ mA S(X)l/z(nx U)
1
5—/ fqmwv-vx(nx-ﬁ)—q/ qu"ﬁ'f’w—/ [,
4 Ju U U

1 R ~
1D [u fqgoqulS(x)l/zv - Dynyv

< Cou / Fimi(w )¢ + Cy / Fam)d,09).
U U

where we have used that § € W2°°(R2) and € is bounded. ]

Using an interpolation argument, we may write our previous weighted L? estimate
in a more convenient way where the penalization of a neighborhood of the boundary is
made clearer. In order to do this, we use the following interpolation estimate.

LemMA 3.2. We set B := (2(d + 1))~L. For any function g : @ — R, there holds

gz 2(”x U)
3.7) /0875/0@@ 57 /|V
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Proor or LEmMma 3.2. For n,¢ > 0, we start by writing

2 2
_ g
Lg28 2n _ / 527 l(nx v)2>§25 +/ 520 1|nx w|<s = T + T

For the first term, we have

(ny - U)z 2 (nx - U)z
n 5[@ "1, 02282 gacTay = 0% 52

by choosing 2¢ + 2n = 1/2. For the second term, we define 2* := 2d/(d — 2) the
Sobolev exponent in dimension d > 3, and we compute

. 2/2%* 2/d
T, < /98_2”(/]Rd ((v)g)2 ) (/Rd<v)_d1|nx~vls5f)
—2n+2¢/d 2
5/98 n+2¢ /Rd Vo ((v)g)

where we have used the Holder inequality in the first line and the Sobolev inequality
in the second line together with the observation that (v)~¢ € L®(R; L'(R4™1)).
Choosing 2¢/d = 27, we get n = (4(d + 1))~! and we conclude to (3.7). [

Gathering the estimates of Proposition 3.1 and Lemma 3.2, we immediately obtain
the following result.

ProposITION 3.3. Letq€(0, 1) andletm : R%— (0, 00) be a radially symmetric decreas-
9
ing weight function such that m™4 |v| € L'(R%). There exists C = C(q,m, Q) > 0
such that for any nonnegative solution f to the KFP equation (1.1)—(1.2)-(1.3) and
any test function 0 < ¢ € D((0, T)), there holds
f9 m?

| Spet =€ [ o]+ (o)),

where B := (2(d + 1)) ' and w := Wiy—1,4 IS defined in (2.3).

By particularizing the choice of m, we obtain a first boundary penalizing weighted
L' — L4 estimate which will be convenient for our purpose in the next steps.

ProposiTiON 3.4. Forany q € ((d + 1)/(d + 2), 1), for any nonnegative solution f
to the KFP equation (1.1)—(1.2)—(1.3) and any test function 0 < ¢ € D((0, T)), there
holds 1 ;
¢ 1—¢q
o S_ﬂ( >2+(d+2)q(1 q) —= cT ”(P ”W1 00 (0, T)”f”Ll(cu)’

withC = C(q,d, Q) > 0and B = (2(d + 1))~ defined just above.
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PRrROOF OF PrOPOSITION 3.4. We choose m = (v)~(@+2(-9) and we observe that
q_ .
mT=4 (v) € L' and w,,—1 g € L. From Proposition 3.3, we thus get

2 v 4 q )\ —(d+2)(1—q)q
u 88 (v)2+@+2a(1-0) = Clig%lw1.o00.1) uf (v) .

On the other hand, using the Holder inequality, we have

[ reresaon< ([ ) oy ([ o)

and the last integral is finite because (d + 2)q > d. We conclude by just gathering the
two estimates. ]

3.2. A weak weighted L' — LP estimate

Taking advantage of a known L! — L? estimate available for the KFP equation set
in the whole space and thus in the interior of the domain, we deduce a downgrade
weighted L — L? estimate. We define

(3.8) W5 := {w ‘R? = (0,00); wp:= w/{v) € T, |Vao|wy ' (v) 7! € L°°(]Rd)}.
We may notice that w := (v)¥e®)* € 3 under the condition (2.4).

Prorosrition 3.5. Assume that p € (1,1 4+ 1/(2d)), « > p, and w € BWs. There exists
some constant C = C(R2, p, o, w) € (0, 00) such that any solution f to the KFP
equation (1.1)—(1.2)—(1.3) satisfies

w _
(3.9) chpma‘*/” < VP40 ooy | f0ll 1.

L7 (W)
forany0 <9 € D(0,T)) and any T > 0.
ProoF of ProposiTion 3.5. We split the proof into two steps.

Step 1. For y € D(Q) such that 0 < y < 1, we define 0 < f := f@ywo, whichis a
solution to the equation

8,f+v-vxf—Avf—(v+2

seton (0, T) x R? x R?, with

_ 2
Fim footg'z + g0V + fd —v- 2220 g o Bl
Because wg € 28, we have

Fy < foo(v)(l¢'|x + ¢ Vexl) + foxwoka,.
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1

From [4, Theorem 1.5] for instance and because |[Vawg|w, = < (v), we know that

t
ff[ KZ—S*F-f—SdS’
0

where x = % ,, stands for a convenient convolution operation and K is the Kolmogorov
kernel defined by
. C 1 3C2 T 2 C2 2
Kr(x,v) = ﬁexp(—1—3x—5v| —Eh}l y Ci>0.

We next compute

) T| pt
L7120 g0 7psmoey < /0 /0 Koy Fiy

< IK|”

p
dt
LP(R2d)

p
P([0,T]xR24) ||F+ ||L1([0,T]XR2d)’
and because 1 < p < 1 4+ 1/(2d), we find

71-2d(p—1).

”K”ZI)([O,T]x]RZd) = CK,P

As a consequence, we have

(3.10) IfewoxllLrcuy S CrilellwreellXllwicoll follLr @,

with Cp := T1/p+2d(-1/p)

SteP 2. We define Q := {x € Q | §(x) > 27} and we choose yx € D(RQ) such
that 1g, ,, < yx < 1g, and 27| ¥k llwi.co < 1 uniformly in k > 1. We also denote
U :=(0,T) x Q X R4. We deduce from (3.10) that

I fewollLrues ) S 2°Crllellwicooml folliqy. Yk = 1.

Summing up, we obtain

/u 5 (pf wo)? = ; /u 5 (pf wo)”

k+1\ Uk

sy 2k (¢ wo)”
Xk: /‘;lk+1 ‘Pfa)O

$ 2 2TOCTIe G s 1 f ] )
k

< CPIN 1 oo IS 1 sy

because o > p, which is nothing but (3.9). n
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3.3. The L' — L estimate up to the boundary
We start with a classical interpolation result.

LemMA 3.6. For any weight functions o; : U — (0, 00) and any exponents 0 < ro <
r1 < oo, 0 < 0 <1, there holds

1-6 0
Igllzg < gl gz,

with 1/r := (1—0)/ro + 0/r1 and o := o} ~%a?.

We include the very classical proof because the statement is usually written assuming
rather 1 < rg < r; < oo, but that last restriction is not needed.

Proor or LEMMA 3.6. We write

1/r 1/r
( / f’o’) =( / (fUO)r(l_e)(f(fl)re)
1/a’r 1/ar
5( / (f«m)“”“—@)) ( / (fol)“’e)

thanks to the Holder inequality with % = r—]’ =1-(01- 9)% < 1, from which we
immediately deduce r; = ar6 and ro = a’r(1 — ), and thus conclude. [

We are now in position of stating our weighted L' — L” estimate up to the boundary
which is the well-known cornerstone step in the proof of De Giorgi—-Nash—Moser gain
of integrability estimate.

ProrosriTion 3.7. There exist an exponent r > 1 and some constants 1 > 0, 0,q € (0, 1)
such that any solution f to the KFP equation (1.1)—(1.2) satisfies

(3.11) lofotlLran < CTMIo I o Il f@ll1cw.

for any weight function @ € B3 and any test function 0 < ¢ € D((0, T)), with w* :=
w? (W)™ and C = C(d, 2, w). A possible choice is 0 = 6, := (2d + 3)~L.

Proor or Prorosition 3.7. From Proposition 3.4, we have

‘ 1 1

195874 (v)2/a+@+20-9)
for some exponent ¢ € ((d + 1)/(d + 2), 1) and with B := (2(d + 1))~!. Together
with Proposition 3.5 and Lemma 3.6, we deduce that

- 1
< TV o |19 e o | F 1 0y
L9(U) ’

1
I foollr < CT @14 ol foll Ly
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for any 0 € (0, 1) with

1 1-6 6 §e6/p w?
= — 42, o= ,
r q p §a-=0)8/q (v)9+(2/q+(d+2)(1—q))(1—9)

and
n:=(01-0)(1/g—1)+6(1/p+2d(1—1/p)).
where we recall here that p € (1,1 + 1/(2d)) and @ > p are arbitrary. We first choose

g Pl _ 1
- Blat+a/p  142(d+ga/p’

in such a way that §#6/P~(1=6)8/¢ = 1 In order to track the dependency in both the expo-
nent and the weight function, we choose @ := p/g,sothat = 0; := (1 +2(d + 1))},
and because r = ry — 14 as ¢ — 1 with

1 0
=10+ 2 <1,
T p

we may choose g € ((d + 1)/(d + 2), 1) large enough in such a way that r > 1. We
finally observe that 2/q + (d 4 2)(1 — q) < 4 so that o = " n

3.4. The L' — LP estimate on the dual problem

We consider the dual backward problem (2.14) for which we establish the same kind
of estimate as for the forward KFP problem (1.1)-(1.2). In all this section, we denote
by g € (0, 1) the exponent chosen during the proof of Proposition 3.7 and we define

(3.12) Ny = {m =7 e (0,1/2)).

ProrosiTioN 3.8. There exist some exponent r > 1 and some constants n > 0 such
that for any weight function m € 1 and any solution g to the dual backward problem
(2.14), there holds

1
(3.13) logm'llLrquy < T™ |lg? ||W{'?_OO(O,T)”gm”L1(u)a

Jor any test function 0 < ¢ € D((0, T)) and some exponential weight function m' :=
exp(={'|v]?), with §' € (¢,1/2].

We emphasize that the exponent r > 1 can be taken identically as in Proposition 3.7,
and for the sake of simplicity, it is what we will do in the sequel.

Proor oF Prorosition 3.8. The proof follows the same steps as for the proof of
Proposition 3.7 and we thus repeat it without too much details.
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STEP 1. BOUNDARY PENALIZING L! — L9 EstimaTE. From [21, Lemma 7.7] or a direct
computation, we have

4g -1
with C* defined in (2.9) and

1\ |Vyom|? 2 Aym d V,m
(3.15) Pmg =2[1—— +1==1 + =+ .
q q m q

m?2 m
Considering a solution g to the dual backward problem (2.14) and g # 1, we may write

q
(3.16) T8 g7 g = g7 le*g,

with 7 defined in (3.2). We define the modified weight function 9t by

m = M(l - 5(x) 20, - 5).

4D1/2

Multiplying the equation (3.16) by ®7 := 2 with ¢ € D(0, T), and integrating in
all the variables, we obtain

1 1
= [werom v - [ grer— [ grierger,
qJr qJu u
with 7 defined in (3.3). Together with (3.14), we thus deduce

1— 1 1
) |vv(g<1>)q/2|2+—/(yg)q<1>qnx.u=—/ gq'TCDq—/ququ,
q U qJr qJu

(3.17) 4

with © = ©gpi/q 4. For the boundary term at the left-hand side, we argue similarly as
during the proof of Lemma 2.2. We observe that

f (vg) My -v > / g M (- v)4 — / L(y-g)"M(ny - v)_ > 0,
b i

where we have used the concavity of the function G — G and removed the contribution
of the specular reflection in the first inequality, and we have used Holder’s inequality

. 1-¢
/ y_qunx-v)_s(y_gM)q(/ M(nx-v)_)
R4 R4

and the normalization condition (1.6) in the second inequality. We may then proceed
exactly as in the proof of Proposition 3.1, and we obtain

(ny-0)? Co
/gqim W(pq +/‘Vv(gq/25ml/2)}2§0q fm/gqﬂﬁ“atq)ﬂ +‘Pq(6@—)]-
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As in Proposition 3.3 and with the help of the interpolation Lemma 3.2, we deduce

g M
3.18 =z —=¢7
(3.18) 58 w2? =

Ca
1_

7 / GITR[[9:07| + 0% ()],

for the same B := (2(d + 1))~!. Finally, using that {(p_) < (v)? and arguing similarly
as in the proof of Proposition 3.4 with the help of a last Holder inequality for handling
the RHS term, we get

g7 M - -
(3.19) f S_ﬂW¢q <CT! || 1.0 “ggml/q(v)Z/q(v)(l g)(d+1)/q H(IIJI(U)’
for some constant C = C(g, 2) > 0.

STEP 2. WEAK WEIGHTED L' — L? ESTIMATE, p > 1. Consider a solution g of the dual

problem (2.14),0 < ¢ € D((0, 7)), 0 < y € D(R), and a weight function m € Ny,
so that mg := m(v) 2 satisfies

|Vmg|? n |Amy| <

(v)%.

2
my my

We set g := goymo and we easily compute

\Y%
_B,g—v-ng—Avg+(2 vmo—v).va:G,

mo
with
T IVomol?  Aym V,m
G:=g[2' ool oo, T 0]—gmo(8t+v'vx)(<ﬂ)()-
mo mo mo

Proceeding as in the proof of Proposition 3.5, we get first

I81lzr®2a+1y < CT™ [@llwrcolxllwcollgmllr .

for any p € (1,1 + 1/(2d)) and with n, := 1/p + 2d(1 — 1/ p). By interpolation,
we then conclude

m
(3.20) ||wa8“/”||Lp(w < CT™|¢llyr.ollgmlpr .

for any o > p and some constant C = C(«, Q2,m) > 0.

STEP 3. WEIGHTED L' — L” ESTIMATE, r > 1. We consider again a weight function
m € N1, and we observe that m > I/ (v)2/4 (v)A~D@+1)/a_From Step 1, we thus
find

1
< CT™|? M4 lgmllLi .

g M
W l.co

5874 (wy2la?

L9(U)
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with 7, := 1/g — 1. Since m satisfies the requirement of Step 2, we may thus use the
above estimate together with (3.20) and the interpolation Lemma 3.6 as during the
proof of Proposition 3.4. We get

1
lgeoliLran < CT @14 L lgmliL .
with
1 1—6, 01 mh M=o
- = + " o = )
r q p <v)201+(2/q)(1_91)
and

n:=01-0)1/qg—1)+61(1/p+2d(1—1/p)).
where we have fixed
pe(l,1+1/2d)), a:=p/q, 61:=(@2d+3) "

Because of the choice of g (large enough), we have r > 1. On the other hand, we clearly
have o = m’ := exp(—{’|v|?), for any ¢’ € (6, + (1 — 61)/2,1/2), in particular
'>c. [

3.5. Conclusion of the proof

We now conclude the proof of Theorem 1.1 in several elementary and classical (after
Nash’s work) steps.

Proor oF THEOREM 1.1. We split the proof into four steps. We denote by r > 1 the
(same) exponent defined in Propositions 3.7 and 3.8. We define

Wi o= {exp (¢|vf); ¢ € ((1-61)/2,1/2)}
and we fix w € ;.

Step 1. Take w; := w, so that w; € Wy N Wi and w, = ot = a)e(v)_4 e Wy,
where 0 € (0, 1) is defined in the statement of Proposition 3.7. We claim that there
exist v, k1 > 0 such that

(B21) T |Sc(T) fo

L, (0) < eKlT“fO”L(Ll(@)’ VYT >0, Vfy € L;,l((9).

We set f; := S;(¢) fo. On the one hand, from Proposition 2.1 with p = r, we have

T T B T
ety < [ e sy dr s e [ fin )
r T/2 d 0

r
L, dt,
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with go € CA((0.2)). /2.1y < g0 < L gl € W g € ((d + 1)/(d +2).1). On
the other hand, thanks to Proposition 3.7 applied with ¢(¢) := ¢o(¢/T) and next to
Proposition 2.1 with p = 1, we deduce

r r rkT rn 1 1l T !
WSl <™ T 1+ I felly dt
2 wr T 0 w1

1 r/q T r
semrm(HF) (/0 extdt) Il -

from which (3.21) follows with vy := 1/r — n —1/q and any x; > 3«.

StEP 2. Take m; := exp(—(|v|?), ¢ € (0,1/2), and m, := exp(—¢'|v]?), ¢ € (6:¢ +
(1—61)/2,1/2) as in the statement of Proposition 3.8. We emphasize that m; ! € My
as defined in (2.6) and m € Ny as defined in (2.18). We now claim that there exist
Vs, k2 > 0 such that

(322) T"*|SE(T)gol

L, (©) < eKZT“gO”L},,l(@)’ VT >0, Vgo € L,lnl((9).

We repeat the argument presented in Step 1. We set g; := S (¢)go. On the one hand,
from the dual counterpart of Proposition 2.1 with p = r’ and next from Proposition 3.8,
we have

T r rkT T r
Slerl, se /0 et/ T, dr

1 r/q T r
<14 L / lgelle dr) .
T 0 my

where ¢y is the same function as above. We conclude to (3.22) thanks to Lemma 2.4.

Step 3. Observing that for w := exp(¢’|v]?), ¢’ € (1 — 6;)/2, 1/2), there exists
¢ € (0,1/2) such that ¢’ € (6;¢ 4+ (1 — 61)/2,1/2), the dual counterpart of (3.22)
writes

(3.23)  T2|Sc(T) fo] poo_(o) < € I follLgy@. YT > 0.V fo € Ly,(O).
with oo := m7! = exp(¢|v|?) and s := r’ € (1, 00). Interpolating (3.21) and (3.23),
forany 1 < p < g < oo, we obtain

C>T

e
”SL(T)f0 HLZ),I = Cltv(l/p—_l/q)”fOHLf,v YT >0, V¥ fo e L2(O),

with v :=max(vy,v2)(1 —1/r)~!, C, := max(k ., k), and the appropriate interpolated
weight function wg, in particular w; > o’ := exp({’|v|?), with ¢ := min(0;{’,¢). =
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4. HypocoEercIvIiTY: PROOF OF THEOREM 1.2

We adapt the proof of [7, Theorem 1.1]. We start introducing some notations and
recalling some classical results about the Poisson equation. For any convenient function
or distribution £ : Q@ — R, we define u := (—A,)"'§ : @ — R as the associated
solution to the Poisson equation with Neumann condition. More precisely, for any
ni € L2(Q), (n1) = 0, we defineu € H, with H := {u € H'(R), (u) = 0}, as the
solution of the variational problem

4.1) / Veu-Vyw = / {wny — Vyw-n2}, Ywe H,

Q Q
which is indeed a variational solution to the Poisson equation with Neumann condition
4.2) —Ayu =n1 +divyna in Q, ny-(Vxu —1n2) =00nd<.

It is well known that the above variational problem has a unique solution thanks to the
Poincaré—Wirtinger inequality and the Lax—Milgram theorem, that

2

4.3) lull g < Z ImillL2(g)
i=1

holds true, and that the additional regularity estimate
4.4) lull g o) < lullm2@) < Imliczg)
holds when 1, = 0. We define
H = L*(u 'dvdx), JHo:={f eI (f) =0}

where u is defined in (1.7) and ((-)) in (1.8). We next define the new (twisted) scalar
product ((+, -)) on Fg by

(f.8) = (f.9)x +&(Vx(=A) " 0r. jg) 12 + (Ve (=A0) " 0g. jif) 12

with & > 0 small enough to be fixed later, L2 := Li (£2), and where the mass o and
the momentum j; are defined respectively by

on(x) = elhl(x) := (h).  ja(x) = jlhl(x) := (hv), (H):= » H(x,v)dv.

For any f € #,, we next decompose

(4.5) f=nf+ft
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with the macroscopic part 7 f* given by

nf(x,v) = gr () u(v),

and we remark that

(4.6) 1A 05 = 1/ 15 + 1S 5. Imf 13 = lorl3s
as well as
4.7) loflez < I f e, Iirllzz S UF N < 1S Nlse

It is worth emphasizing that

|(Vx(=A0) " 07 jr) 2| < [ Ve(=20) or | 2 1lir 22
S lleg ezl f Hllse S 1A 15

from the Cauchy—Schwarz inequality, (4.4), and (4.7). Denoting by ||| - ||| the norm
associated with the scalar product ((-, -)), we in particular deduce that

(4.8) Ifllse S WAN S MNS Nge. VS € Ho.

We finally define the Dirichlet form associated with the operator £ defined in (1.10)
for the twisted scalar product

DIfl:== (LS ). | €Ho.

More explicitly, we have

D[f] = Dilf]+ D2[f]+ Ds[f],
with

Dilf]:= (=L 1. f)s.

Dalf]:=e(ViAL 0r. jILf]) .

Ds[f]:= e(Ve AL 0l 1. jir) 2

and we estimate each term separately. For simplicity, we introduce the notations D+ :=
Id — D, where we recall that D is given by (1.5) and

0H4 = L*(Z 4~ (v)ny - vdvdoy).

It is worth emphasizing that because f € Dom(L), the trace functions y+ f are well
defined. We refer the interested reader to [12,21, 38] and the references therein for a
suitable definition of the trace function for solutions to the KFP equation.

We estimate the first term involved in the Dirichlet form D.
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Lemma 4.1. Forany f € H#, there holds

(&£, e = 1 e+ S|V 0D 1 £ e,
Proor oF LEmMma 4.1. Recalling (1.10) and (2.1), we write

(LS Fae = (CL g + - Vaf. .

On the one hand, we recall the classical Poincaré inequality
[h = )| gy < IVohlz2gy, VA € L2 (udv dx),
from which we classically deduce
(£ S == [ divi (w9 /10) /11 v dx
2
- /@ IVu £/ dv dx
2 12

= [ 1fin= D wdva =11

The second part of the estimate has been proved during the proof of [7, Lemma 3.1]. =

We recall the identity established in [7, Lemma 3.2].

Lemma 4.2. Let ¢ : R? — R. For any x € S, there holds
/ SQIYf () g - vdy = / PNE)DLyy f e vdy
Rd =¥
4100 =4} (1 = @)Dy f v
i
+ [ 100 =6V Dys f v,
=1

We estimate the second term involved in the Dirichlet form D.

LemMA 4.3. There is a constant C, > 0, such that
_ . 1
(VeAT'or. jIL )2 = EHQf”zz — Gl f 115 - C2||lDlV+f||§Jf+’ VfeH.

Proor oF LEmMa 4.3. We repeat the proof of [7, Lemma 3.8]. Writing

Jfl1=jl=v-Vefl—jlf]
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where we have observed that €7 f =0and j [Cg] = j[g], and denoting u := (—Ax) !0y,
we have

(= Vot j ez = (s, [ vy fdv) o+ (Va7 4)
/ L
On the one hand, using the Green formula, we may write
(Bxiu, ij vivjfdv) = A+ B,
R4 L2
with

A::—(ax.axu,/ vivjfdv) , B::/ 8x.unj(x)(/ vivjyfdv)dox.
7O JRa 12 o Rd

Thanks to the decomposition (4.5), we get

/ Uivjfdv=8ijgf+/ vivj £+ dv,
R4 R4
and hence

A= (=Axu,07)12 — (ax,axiu,/ vivjfl dv)
. Rd

1
— Jloli2, - (ax, o [ v dv)L2,

since —Au = o by definition of u. Using (4.4), we have

8x.8x<u,/ vivjdev
J X Rd 12

from which it follows, thanks to Young’s inequality, that

L2

2 1 1
S IDxull2 Nl f~llse < lleplip2llf~ s

3
A> ZIIQfIIiz —Cll 5.

We now investigate the boundary term B. Thanks to Lemma 4.2, we have
B =/ Viu-vyfny-vdvdoy
by
= / Veu - v(x)DYyy f iy -vdvdoy
PR
+ / Viu-[v— "va](l — L(x))DJ‘erf Ny -vdvdoy
X4

+/ Viu - [v—Vyv]|Dys fny-vdvdoy
Zt

= B] +Bz+B3,
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and we remark that
v— Vv =2nx(ny - v),

so that
Vet - [ — Vyv] = 2Vyu - ny (ny - v).

We therefore obtain B, = B3 = 0 thanks to the boundary condition satisfied by u
in (4.2). On the other hand, the Cauchy—Schwarz inequality and (4.4) yield

1/2
|B1] < 1Vl 2 oy 02 16D v £ lasey. S llog 2 leD v £ lase -
Similarly as for the term A, we lastly have
[(Vaw, L) 2| < IVull2 [ 2 S leorli2 Il f* llges

where we have used the estimate (4.4) and twice the Cauchy—Schwarz inequality. The
proof is then complete by gathering all the previous estimates and by using Young’s
inequality. |

We finally estimate the third term involved in the Dirichlet form D.
Lemma 4.4. There is a constant C3 > 0 such that
(VAL OIL f1. jf) 12 = —Call f 1%

Proor orF LEmMA 4.4. From (1.10), (2.1), and o[C f] = 0, one has
olLfl=el-v-Vif]= —divx/d vf dv = —divy jy.
R

On the other hand, we also classically observe
Jf nx :/ yfv-nydv
R4

:L{/z* )/+fv-nxdv—/;ﬁj\/[(v)y:?w-nﬂdv}

T

+(1—L){/ y+fv-nxdv—/ y+fovx|v-nx|dv},
Eﬁ_ X

and using the very definition of y:} and M in (1.5) and (1.6) in the second integral
and the change of variables v — 'V, v in the last integral, we see that both contributions
vanish and we thus obtain the zero flux condition

4.9) Jrng =0.
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Now let us define
u = (=Ax)o[Lf] = (=A™ (= divx jy)

the unique variational solution to (4.2) with Neumann boundary condition associated
with the source term

§=0o[Lf]=divny, n:=—jf.

From the variational formulation (4.1), we have

IVeul2s = — /Q (Ve - ) udx

=/jf'qudx—/ Jf -nxudoy
Q 0
:/jf-qudx,

Q

where we have used the Green formula and finally (4.9) in order to obtain the last
equality. We deduce

IVaullz < lljrllz2
thanks to the Cauchy—Schwarz inequality, and thus
|(=Vxu, jp)r2| S IVsull2 sz < 1irl7z-

We conclude thanks to (4.7). [ ]
We are now able to conclude the proof of Theorem 1.2.

Proor oF THEOREM 1.2. Let f satisty the assumptions of Theorem 1.2. Observing
that /(2 — ¢) > ¢ since ¢ takes values in [0, 1], and gathering Lemmas 4.1, 4.3, and 4.4,
one has

(L1 2 1M e+ S|V = 0Dy £,
+ e(%ngfniz — (C2+ G f 5 =~ G| Vi@ =)D ys f ||§Je+)-

Choosing 0 < ¢ < 1 small enough, we get

(L L )z (If 5 + lorl7a) + €IV = 0D v f 35,

for some constants «, k¥’ > 0. We thus obtain (1.11) by using the identity (4.6) and the
equivalence (4.8) of the norms || - || and ||| - ||| ]
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5. ASYMPTOTIC BEHAVIOR: PROOF OF THEOREM 1.3

We repeat the proof of [24, Theorem 3.1] and [39, Theorem 1.4], so that we just sketch
the arguments.

Proor oF THEOREM 1.3. We introduce the splitting
Af =Myrv)f, B:=L-—nh,

with yz(v) := x(v/R), x € D(R?), 1, < y < 1p,, and some constants M, R > 0
to be fixed below. We denote by S g the semigroup associated with the modified KFP
equation associated with the partial differential operator 8 and the same reflection
condition (1.2). We define

5.1 W, = {a) € Wy; sup limsupwy,, =1 k* < —1},

PE[1,00] |v|—00

where we recall that @, , is defined in (2.3). In particular, @ := vkt e U, if
s=2and ¢ € (0,1/2),orifs € [0,2),orif s = 0and k > d + 1. By repeating the
proof of Proposition 2.1, for any ¥ > «*, we may find M, R > 0 large enough such
that for any w € W,, we have

sup  sup (@a,p(v) = Myr(v)) < (k" +)/2,

pE[1,00] veR4

and thus there exists a constant C = C(w) > 0 such that
(5.2) |1S8@) folp = Ce"ll follLg. V=0,

forany fo € LY, 1 < p < cc.
We now fix two weight functions wg = e8I’ and wy = 81V with 0 < U'<t<1/2

satisfying the conditions of Theorem 1.1. By repeating the proof of Theorem 1.1, we
also have
eKt
(5.3) IS8 @) fo HL“; < C[_V||f0||l‘¢,¢)><)’ vt > 0.
®0

Recalling the definition of total mass ((-)) in (1.8), we define
Hg:=g—(ghn

and

SL = HSL = SLH = HSLH.
Iterating the Duhamel formulas

S =88 +SgAx Sg, Sg =388+ Sc*ASg,
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where * stands for the time convolution between operator defined on R with support
on R, we deduce that

(5.4) S, =0T+ W *S;,
(5.5) Sy =T1Vy 4+ Sg x Wa,
with
n—1 .
Vii=) (SsA) xS, Wii=(SgA)™. Wsi= (4Sg)™
j=0

where we use the shorthand U*? := Id, U*U+D := U % U*/. Taking both estimates
(5.4) and (5.5) together, we obtain

(5.6) Se=Vo+ Wi *Sc % Wa,
with

V2 = V1H + W1 * HVl
For any k > «* and n € N, we deduce from (5.2) that

(5.7) [Va) folp < Ce'll follp. Vi = 0.

For any x > «*, we deduce from (5.2) and (5.3) (see [24,39] as well as [40, Proposi-
tion 2.5]) that we may find n € N* such that

(5.8) IWi@) fol| Lp = Cel follL2grys  VE 20,
(5.9) |Wa () fo . - Ce" | follz, Vvt =0.
-
We also recall that from Theorem 1.2, we have
N —At
(5.10) IS folliz_, , < Ce Mol . Vi =0

We conclude to (1.12) by just writing the representation formula (5.6) and using the
estimates (5.7), (5.8), (5.9), and (5.10). ]
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