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ABsTRACT. — We consider a nonlinear, nonhomogeneous Dirichlet problem driven by a nonau-
tonomous (p, 2)-Laplacian with unbalanced growth. The reaction is resonant both at +o00 and
at zero (double resonance). Using variational tools together with truncation and comparison
techniques and critical groups, we show that the problem has at least three nontrivial bounded
solutions, all with sign information (positive, negative and nodal), which are ordered.
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1. INTRODUCTION

Let Q € R¥ be a bounded domain with a C2-boundary 9<2. In this paper, we study
the following nonlinear and nonhomogeneous Dirichlet problem:

W {—Agu(z)—Au(z) = f(z,u(z)) inQ,

u=2~0 on 0€2,

with 2 < p < N. In this problem, A7 denotes the weighted p-Laplacian with weight
a() € CO¥H(Q)\ {0}, a(z) = 0 fora.az € Q, defined by

A%u = div (a(z)| Du|?~? Du).

We observe that if ming o > 0, then problem (1) is a nonautonomous version of a
(p, 2)-equation. Such equations were studied extensively recently and in the literature
we can find many existence and multiplicity results. We mention the works of Barile—
Figueiredo [2], Benouhiba—Belyacine [4], Bobkov-Tanaka [5], Marano—Mosconi—
Papageorgiou [27], Papageorgiou—Qin—Réadulescu [32], Papageorgiou—R&dulescu [33],
Papageorgiou—Winkert [37], Pei—Zhang [39], Tanaka [41] and for anisotropic problems
Vetro—Vetro [42]. Such equations arise in the physical models. We refer to the works
of Benci—D’Avenia—Fortunato—Pisani [3] (quantum physics) and Cherfils—II’yasov [7]
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(reaction-diffusion systems). The pleasant feature of these problems is that there is a
global (up to the boundary) regularity theory for the solutions, see Lieberman [22].
This means that the pool of available analytical tools is very rich and makes the analysis
of the problem easier. The operator of (1) is related to the density function

0(z.t) = a(z)t? +1> forallz € Q, allt >0
with 2 < p. When ming o > 0, then 6(z, -) exhibits balanced growth; namely, we have
cot? < 0(z,t) < c1(1+17),

forall z € , all t > 0, some ¢g,c1 > 0. We see that 6(z, -) is trapped between two same
powers of ¢ > 0. This feature permits the use of the regularity theory of Lieberman [22].
If ming a = 0, then the situation changes drastically. Now, 6(z, -) exhibits unbalanced
growth; namely, it holds that

12 <0(z,1) < ca(l +1P),

for all z € ©, all £ > 0, some ¢, > 0. So, now 6(z, -) is trapped between two dif-
ferent powers of ¢t > 0. This changes completely the framework of the problem. In
this new setting, the standard Lebesgue and Sobolev spaces are not adequate to study
such equations, and instead we need to use generalized Orlicz spaces. In addition,
for these equations there is no global regularity theory, only local regularity results,
see the survey papers of Marcellini [28], Mingione—Rédulescu [29]. The absence
of a global regularity removes from consideration the powerful tools mentioned ear-
lier and makes unbalanced growth problems more difficult and require new tools
and techniques. Recently, there have been same existence and multiplicity results for
such equations. We mention the works of Deregowska—Gasinski—Papageorgiou [10],
Gasinski—Papageorgiou [13], Ho—Winkert [18], Gasifiski—-Winkert [14], Liu—Dai [23],
Crespo-Blanco—Gasiniski—Harjulehto—Winkert [8], Liu—Papageorgiou [24,26], Crespo-
Blanco—Gasiriski-Winkert [9] and Papageorgiou—Vetro—Vetro [36]. In all the aforemen-
tioned works, the reaction (the right-hand side of the equation) is (p — 1)-superlinear
and the method of proof is based on the Nehari manifold technique. This approach works
well when the reaction is of power type. Otherwise, it requires restrictive monotonicity
conditions on the quotient function 0 # x | ;Fl(,,z,’;)x . Recently, Liu—Papageorgiou [25]
proposed an alternative approach based on critical groups (Morse theory). In [25], the
authors considered a “‘concave-convex” problem. Here instead, we assume that the reac-

tion f(z,x)is (p — 1)-linear in x, and it can be resonant with respect to the principal
eigenvalue of (—A%, W01,90 (2)), with Wol’gO (£2) being the relevant generalized Orlicz
space. We use the spectral analysis of Papageorgiou—Pudelko—Radulescu [31]. The
reaction is also resonant at zero with respect to higher eigenvalues of (—A, HO1 (R)).
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We prove the existence of three nontrivial bounded solutions with sign information
for all of them (positive, negative and nodal (sign changing)). In addition, the three
solutions are ordered.

2. MATHEMATICAL BACKGROUND AND HYPOTHESES

Let L°(Q2) be the space of all measurable functions u : Q — R. We identify two such
functions which differ only on a Lebesgue-null set. Let @ € C%1()\{0} with(z) > 0
for all z € 2 and consider the function

0(z,t) =a(z)t? +1t? forallz € Q, allt > 0.

The Lebesgue—Orlicz space L? () is defined by
LY(Q):= {u e L%Q) : po(u) = / 0(z.|ul)dz < oo}.
Q

The function pg(-) is known as the modular function corresponding to 8(-, -). We equip
L9(2) with the so-called “Luxemburg norm” || - ||¢ defined by

g = inf {A >0: p9(§) < 1}.

Then, L? () becomes a Banach space which is separable and uniformly convex (thus
reflexive). Using LO(Q), we can introduce the corresponding Sobolev—Orlicz space
w0 (Q)

Wh(Q) = {u e LY(Q): |Du| € LY (Q)}.

Here Du denotes the weak gradient of . The norm || - ||;,¢ on W9(Q) is defined by
lulli,o = lullg + 1 Dullg  with || Dullg = | |Dul,.
Also, to treat Dirichlet problems, we introduce
WOI’G(Q) _ W”'”LB.

Both spaces W¢(Q) and Wol’e (£2) are Banach spaces which are separable and uni-
formly convex (thus, reflexive). Suppose that g <1+ % Then, on W01,9 (2), the
Poincaré inequality holds; namely, we have

llullg < ¢||Dullg forsomeé >0, allu € WOI’O(Q).
Therefore, on Wol’e (£2), we can consider the equivalent norm

lull = || Dullg forallu € W, ().
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Since we study a Dirichlet equation, our main interest is on the space WO1 ,6 (2). We
have some useful embeddings for the spaces LY() and Wol’e (£2). In what follows, by
< we denote continuous embedding.

ProrpositionN 1. The following statements are valid:
@) LY(Q) < L7 (Q), W)Y (Q) — WL (Q) forall 1 <r <2;

(b) WOI’Q(Q) — L"(Q) foralll <r <2* = A%—]_Vz and the embedding is compact if
1<r<?2%

) LP(Q) = LYQ).
The modular function pg(-) and the norm || - || are closely related.

ProposITION 2. Letu € WOI’Q(Q). The following statements hold:
@ lul =1 pp(24) =1,
b) |lull < 1(resp.=1,>1) < pg(Du) < 1(resp. =1, > 1);
© lull <1 = [[ull” < pg(Du) < |Jul?;
@ full > 1= ful*> < pp(Du) < [lu]?;
() |lul] = O (resp. > 4+00) < pg(Du) — 0 (resp. — +00).
For more information about generalized Orlicz spaces, we refer to the book of

Harjulehto—Hasto [16].
Let V: Wol’e Q) —> WOI’G (£2)* be the nonlinear operator defined by

(V(u),h) = / [oz(z)|Du|"’_2 + 1](Du, Dh)gn dz forallu,h e WOI’Q(Q).
Q

This operator has the following properties (see Papageorgiou—Winkert [38, p. 683]).

ProrosiTioN 3. V(:) is bounded (that is, it maps bounded sets to bounded sets),
continuous, strictly monotone (maximal monotone too) and of type (S)+; that is,
“ifup Zouin WOI’G(Q) and lim sup(V(un), Up — u) <0,
n—oo
then u, — u in WOI’Q(Q)”.
In what follows, by | - |y we denote the Lebesgue measure on RY. A function
o€ LIIOC(Q) is said to be a “weight” if a(z) > 0 for a.a z € Q. We will consider a

particular class of weights, the so-called ““p-Muckenhoupt weights”. We denote this
class by 4, and we have

o € A, implies o« € L} () and aT7 € Li ().
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Equivalently, we can say that « € #, if and only if

1 1 1 p-1
sup [W[Ba(z)dz] [W/Ba(z) pdz} < 00,

the supremum taken over all balls B C 2. The balls can be replaced by cubes Q with
sides parallel to the coordinate axes (see Harjulehto—Hasto [16, p. 114]). The function
a(z) = |z|"with =N <n < N(p —1)isin .

Suppose o € C%1(Q) N Ap and let

Oo(z,1) ;= a(z)t? forallz € Q, allt > 0.

We introduce the corresponding generalized Orlicz spaces L% () and WO1 b0 (£2) which
coincide with the weighted spaces L? (€2, 1) and Wol’p (Q.p)withu(C) = [ a(z)dz
for all C € Q2 measurable (see Heinonen—Kilpeldinen—Martio [17]). From Lemma 2
of Papageorgiou—Réadulescu—Zhang [35], we have that

2) Wol’e‘)(Q) > L19(Q) compactly.

Using (2), Papageorgiou—Pudelko—Rédulescu [3 1] developed the spectral properties
of —AZ.So,letm € L>(2) \ {0} be m(z) > Ofora.az € 2, and consider the following
nonlinear eigenvalue problem:

3 { —ASu(z) = im(z)a(z)\u(z)vz_zu(z) in Q,

u=20 on 9%2.

This problem has a smallest eigenvalue )Ak‘f (m) > 0 which has the following variational
characterization:

,Ogo(DM)
Jomz)a(z)|ulPdz

4) A%(m) = inf{ cu € W% (Q) and u # o}.

Py (Du)

Pog @) " This

If m = 1, then we write X‘f (1) =: X‘f and the Rayleigh quotient becomes

eigenvalue has the following properties:

. X‘f (m) is isolated; that is, if 6, (p) denotes the spectrum of (3), then we can find

& > 0 such that
(AT (m). A3 (m) + ) N Ga(p) = 0.

. X‘f (m) is simple; that is, if #, 0 are eigenfunctions ccirresponding to X‘f (m), then
u = 10 for some € R \ {0}. So, the eigenspace of A{ (/) is one-dimensional.
The infimum in (4) is realized on the one-dimensional eigenspace of /A\‘f (m), the
elements of which have fixed sign.

All eigenvalues A #* i‘f have nodal eigenfunctions.
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All eigenfunctions of (3) belong in Wol’e () N L*>(Q).

Ifm,me L®(Q)\{0},0 <m(z) <m(z)fora.az € Qandm # m, theni‘i‘(n%) <

A% (m).

By 1, we denote the poAsitive, normalized (that is, [q m(z)a(z)it? dz = 1) eigen-
function corresponding to A§ (m) > 0. We have

) {ﬁl e W0 Q) nL>Q).

for every compact set K € 2,0 < cx <1;(z) fora.az € K.

If a function u € L%(R) satisfies the second part of (5), then we write
0<u.

Evidently, 0 < u = 0 < u(z) for a.a z € Q. Moreover, if u € C(£2), then 0 < u. We
write v < 0if 0 < —v.

We will also need the spectrum of the Dirichlet Laplacian. So, we consider the
following linear eigenvalue problem:

©) { —Au(z) = Xu(z) in €2,

u=20 on 0%2.

Using the spectral theorem for compact self-adjoint operators, we have a complete
description of the spectrum of (6), which consists of a sequence {kk = )Lk (2)}ken C
(0, +00) such that )Lk — +o0 as k — oo. By E ()Lk) we denote the elgenspace for
the eigenvalue )Lk, k € N. We know that E (Ak) is finite-dimensional and E ()tk) -
CHQ) = {u € CYQ) : u|sq = 0} (classical linear regularity theory, see Gilbarg—
Trudinger [15]). We have the following orthogonal direct sum decomposition:

Hy (@) = P E).
keN

The eigenspaces have the “Unique Continuation Property” (UCP for short); that is,
if u € E(Ag) and u(-) vanishes on a set of positive Lebesgue measure, then u = 0.
Moreover, we have the following variational characterizations of the eigenvalues:

=R 2
(7) Alzinf{%:ueH(}(Q),u#O},
2
D - ~
) A = {””u'ﬁ”z we @ EG). u# o}
2 i>k

1Dull3 . N e
=sup{ z:ueGaE(Ai),ugéO} for k > 2.

iz
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The infimum and the supremum in (7) and (8) are actually attained on the corresponding
eigenspaces. From (7), it is clear that Xl has eigenfunctions of constant sign, while
every ) &» kK > 2 has nodal eigenfunctions.

Let X be a Banach space, ¢ € C!(X) and ¢ € R. We denote

Ky = {u €EX:¢'(u) = O} (the critical set of ¢),
o ={ueX:pu <c}

Let Y, € Y; € X and k € Ny. By Hi (Y1, Y2) we denote the k-th relative singular
homology group for the pair (Y1, Y>), with real coefficients. Let ug € K, be isolated
and let ¢ = ¢(up). Then, the critical groups of ¢(-) at ug are defined by

Cr(p.uo) = Hp(¢° NU, ¢ NU \ {ug}) forall k € Ny,

with U being a neighborhood of u¢ such that o N U N K, = {ue}. The excision
property of singular homology implies that the above definition is independent of the
isolating neighborhood U .

A function f : R — R is said to be locally Lipschitz if for every K € R compact,
©|k is Lipschitz continuous with Lipschitz constant cx > 0. This definition is equivalent
to saying that every x € R has a neighborhood U such that f'|y is Lipschitz continuous.
We say that f : @ x R — R is an L°-locally Lipschitz function if for all x € R,
z + f(z,x) is measurable and for a.a z € Q, x — f(z, x) is locally Lipschitz with
Lipschitz constants cx € L°°(£2).

For every u € L°%(R2), we define u™ = max{u, 0}, u~ = min{—u, 0} and we have
u=ut—u", ul = ut +u". Moreover, if u € W,"?(Q), then u* € W% (Q).

Now we introduce the hypotheses on the data of (1).

Ho: ¢ € COMQ)Nhp, 1 <2<p<Nand2 <1+ 3.

ReMARK 4. Note that the last inequality implies p < 2* = 1\2’_1_\72 and so we can use
the embeddings from Proposition 1.
H;: f: QxR — Risan L*®-locally Lipschitz function such that

(i)  forevery p > 0, there exists &, € L°>°(£2) such that
|f(Z,x)| <dp(z) foraazeQ, all|x| <p;

(i)  there exist Bg > 0 and a function B\ (z) € LY(Q)4 such that

po < timinf L&Y _inup L)

AT S X’i‘a
x=ko0 a(2)[x[P72x T xpoo @(2)]X]P2x

uniformly for a.a z € Q, and if F(z,x) = fox f(z,s)ds, then
—,3\(2) < f(z,x)x — pF(z,x) foraazeQ, allx € R;
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(iii) there exist § > 0, an integer m > 2 and n € L°°(2)+ such that
Xm(Z) <n(z) foraaz e Q, n# /)Im(2),
n(z)x? < f(z,x)x < X,,H_1(2)x2 foraaz e Q, all0 < |x| <4,
and the second inequality is strict on a set of positive measure;
(iv) for every p > 0, there exists g?p > 0 such that for a.a z € €2, the function
X f(z,x)+ §p|x|p_2x is nondecreasing on [—p, p].

RemaRk 5. Hypothesis H (ii) permits resonance with respect to X‘f as x — +00.0n

the other hand, hypothesis H; (iii) implies that we can have resonance with respect to a

fz.x)

higher eigenvalue A,,+1(2) > 0 of the Dirichlet Laplacian since lim sup, _, 5 =

Xm+1 (2) uniformly for a.a z € Q2. Therefore, we deal with a double resonance situation.

We conclude this section with a lemma which is an outgrowth of the properties of
the principal eigenvalue 1§ > 0 and of the corresponding.

LemMmA 6. If hypotheses Hy hold, n € L™ ()4, n(z) < X‘i‘for aaz € Qandn# X3
then there exists ¢ > 0 such that

¢pg,(Du) < pg,(Du) —/ n()a(z)|u|? dz forallu € Wol’e‘)(Q).
Q

Proor. Arguing by contradiction, suppose that the assertion of the lemma is not true.
Then, we can find {uy }nen C Wol’e0 (£2) such that

1
9) Pa, (Duy) —/ n(2)az)|u,|Pdz < r_zpeo(Du") foralln € N.
Q

We set y, = m with | - [|1,, being the norm of the generalized Orlicz space

Wol’eO (R2). Then,

lynllig0 =1 foralln € N.

On account of the reflexivity of WOI’GO (£2) and using (2), we may assume that
(10) Vn = yin WOI’B"(SZ) and y, — yin L%(Q).

From (9), we have

11 (1 — %)ng(Dyn) < f n(z)a(z)|yn|? dz foralln € N.
Q

We pass to the limit as 7 — oo and use (10) and the fact that the modular function pg, ()
is continuous, convex; therefore, pg, (-) is sequentially weakly lower semicontinuous.
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So, we obtain

(12) Py (DY) < /Q D))y |? dz < A% () (see (4)),

= gy (DY) = AYpa,(¥).
— y=0 or y=+ui .

If y = 0, then from (10) and (11), we see that

pgo(Dyn) — 0 = |yn

1,60 — 0 (see Proposition 2).

This contradicts the fact that ||y, ||1,6, = 1 foralln € N.If y = =1y, then since 0 < 7,
we see that |y(z)| > 0 for a.a z € Q. Then, from the first inequality in (12) and the
hypothesis on 71(-), we have

pao (DY) < A% pgy ()

contradicting (4). [ ]

Similarly, as a consequence of the UCP property, we have that if n € L.°°(£2) satisfies
n(z) > Am(z) withm € N for a.a z €  and the inequality is strict on a set of positive
Lebesgue measure, then

m
| Dit||? —/ n(z)i® dz < —¢|| Dilll3 forsome ¢ > 0, alli € Hy = P E(A)).
Q

i=1

3. SOLUTIONS OF CONSTANT SIGN

Let ¢: WOI’(9 (2) — R be the energy functional for problem (1) defined by

1 1
o(u) = ;pgo(z)u) + E||Du||§ - /Q F(z.u)dz forallu € Wy ().

Evidently, ¢ € CI(WOI’Q(Q)).

To produce constant sign solutions for problem (1), we will use the positive and
negative truncations of ¢(-), namely, the C !-functionals ¢ : WOI’G(Q) — R defined
by

1 1
o+(u) = ;ng(DM) + §||Du||§ — /sz F(z,2u%)dz forallu e WOI’G(Q).

ProrosiTiON 7. If hypotheses Hy and Hy hold, then the functionals ¢4 (+) are coercive.
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Proor. We do the proof for ¢4 (-), the proof for ¢_(-) being similar. We argue by
contradiction. So, suppose that ¢ (-) is not coercive. Then, we can find {u, }nen C
W01’0 (2) and My > 0 such that

13) |lunl| > o0 and @4 (up) < My foralln € N.

On R4+ = (0,00), we have

i[F(Z,X)] _ f(z,x)xP — pxP~1F(z,x)

dx| xP x2p
_ f(z,x)x — pF(z,x)
B(2) o
Z = (see hypothesis H; (ii)),
F(z, F(z, B 11
(14) = (z x)_ (z y)z'B(Z) — — — |foraazeQ,allx>y>0.
xP yP p Lx? yP

Hypothesis H; (ii) implies that

F 9 -~ .
(15) lim sup M < AY uniformly fora.az € Q.

x—>too A(2)X?

If in (14), we let x — 400 and use (15), then
(16) oc(z)i‘i‘yp — pF(z,y) > —,3(2) foraaz e Q, ally >0.
Using (13) and (16), we have
1 - 1 2y 1 +y _ ja + 1 +12
;PGO(DM,,) + E”Dun 5 + ;[ng(Du,, ) — AS pg, ()] + 5||Dun 15
< My + II,B\Ill foralln € N,
1 ~
= —pp(Du,)) < Mo+ ||B|l1 foralln € N (recall 2 < p and see (4)),
p
(17) = {u, }tnen C Wol’e(Q) is bounded (see Proposition 2).

From (13) and (17), it follows that

(18) [uf| — o0 asn — oo.

+
Letyn = ||Z"+” forn € N. Then, ||y, || = 1, y, = Oforalln € N and so we may assume
that !

(19) yngy in Wol’g(Q), yn—y in L™ () with r€(p,2*) (see Proposition 1).
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From (13), we have

20) L oo (D) + 1Dy 2
ploe() Yn 2””;"_”1)_2 J’n 2
M F(z,ut
< +0 —1—/ (Z+u" dz foralln € N.
lun 17 Ja |lua 17

Hypotheses H; (i) and (ii) imply that

\F(z,x)| <c3(1+x?) foraaze Q, somecs >0,

F(uf(
{(+W} C LY(Q) is uniformly integrable.
lun 17 neN
By the Dunford—Pettis theorem (see Hu—Papageorgiou [19, p. 187]), we have
F(uf() 1 .
@1 (T) 2 —pOa()y()? in LY(Q),
[l 17 p

with n € L®(R), n(z) < i‘{‘ for a.a z € Q (see [1, proof of Proposition 16]).

We return to (20), pass to the limit as n — oo and use (18), (19), (21) and the
fact that the modular function pg, (-) is sequentially weakly lower semicontinuous. We
obtain

(22) pe,(Dy) S/SZU(Z)a(Z)y” dz.

First we assume that

n# Ay (see(21)).
Using Lemma 6 in (22), we have
Cpg,(Dy) =0 = y =0.
From (20), (2) and (18), we see that
(23) Pa,(Dyn) — 0 asn — oo.
We know that ||y, || = 1 for all n € N. Hence, from Proposition 2, we have

1 = pg(Dyn) = pgo(Dyn) + || Dynl3 foralln € N,

= ||Dynlla > 1 asn — oo (see(23)),

+

24) == ||Du:[||2 — 400 (recall Vo = ”u—in and see (18)).
Up
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From (13), we have
1 1
pw(Du) = [ Py dz + S1Duf 1B < Mo,
V4 Q 2
= /Q [X‘fa(z)(u,f)l’ — pF(z.u)]dz + §||Du,f||§ < pMy,

(25) - ||Du,f||% < M;, forsomeM; >0, alln e N (see(17)).

Comparing (24) and (25), we have a contradiction.
Next, we assume that n(z) = A{ fora.a z € Q (see (21)). From (4) and (22), we
have

~

poo(Dy) = A{pa,(y) = y =0o0ry =1 (recally >0).

If y = 0, then as above we reach a contradiction. If y = 11y, then 0 < y and so we have
(26) uf(z) > oo foraazeQ.

From (25), we have
27) 21(2) /Q(u:{)zdz <M, foralln e N.
Using (26) and Fatou’s lemma, we obtain
/ u)?dz — oo,
Q

which contradicts (27). This proves the coercivity of ¢4 (-). Similarly, we show the
coercivity of ¢_(-). ]

Remark 8. The above proof reveals that the resonance with respect to X‘f > 0 occurs
from the left of the eigenvalue in the sense that for any ¢ > 0, we have

Y p
0> timsup 2FC0) = L)l

x—Fo0 |x|r

uniformly for a.a z € 2.

Using Proposition 7, we can produce two constant sign solutions for problem (1).

ProrositioN 9. If hypotheses Hy and Hy hold, then problem (1) has at least two
constant sign solutions

Ug, Vg € Wol’e(Q) NL®(Q) and vo <0 < up.

Proor. From Proposition 7, we know that ¢4 (+) is coercive. Also it is sequentially
weakly lower semicontinuous (see Proposition 1). So, by the Weierstrass—Tonelli
theorem, we can find ug € W01,9 (£2) such that

(28) ¢+ (uo) = inf {pi(u) : 1 € Wy ? ()}
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Recall that the positive, normalized eigenfunction corresponding to Xl (2) satisfies
fi; € CH(Q) and i11(z) > 0 for all z € Q. So, we can find ¢ € (0, 1) small such that
(29) 0<th(z) <8 forallzeQ,

with § > 0 as postulated by hypothesis H; (iii). Then,
. P .
Q4 (117) = ;PGO(DUI)

12 A
+5 / [A1(2) = n(2)]iT dz  (see (29) and hypothesis H| (iii)).
Q
= cyt? — C5l2

for some ¢4, c5 > 0 (since #i1(z) > 0 for all z € Q). Since 2 < p, choosing ¢ € (0, 1)
even smaller, we have

Q+(t11) <0 = ¢1(ug) <0=04(0) (see(28)) = uop # 0.
From (28), we have
(¢ (o), h) = 0 forall h € W,"¥(),
(30) — (V(uo), h) = /Q fzoud)hdz forall h € W ().

In (30), we choose the test function h = —u, € WOI’Q(Q) and obtain
po(Dug) =0 = up >0andug # 0 (see Proposition 2).
Let k > 1 and define the set
Ep :={z € Q:up(z) > k}.
Let k > 1 be large so that
(31) |Exly <1 and |(uo—k)"| < 1.
On account of hypotheses H; (i), (ii), (iii), given r € (p, 2*), we can find ¢ >0 such that
(32) f(z,x) <cslx +x"7!] foraazeQ, alx>0.
In (30), we choose the test function 4 = (ug — k)* € WOI’Q(Q) to get
(o —k)* Hp < pg(D(uo —k)*) (see (31) and Proposition 2)
= /gz f(z,u0) (o — k)T dz  (recall ug > 0)

= C6/ (uo +uh (o — k)T dz  (see (32))
Q

1
< c1|Ely [ (o =) 7|
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by using Holder’s inequality, (31) and since Wol’e(Q) < L7(£2). This means that
-1 L
33) lao— )T |77 < crlExly -
Let m > k. We have
, e 2
n=ir1Enlf < | [ wo—ioraz] <[ [ wo-nraz] since En)
Em Ex

< c8||(un — k)+||p for some cg >0 (recall that WOI’G(Q) — L’(Q)).

Hence, we have

r=1
(m — k)p_1|Em|N’ < coll(uog —k)T||?~!  for some co > 0

1
< ciolEkly forsomecig >0 (see(33)):

namely,
Emly < — (B 75§ >0
—_— r or some ¢ .
m|N = (m _ k)r k 11
Note that 7 - % = ; :11 > 1 (recall p < r). So, using Lemma B.1 of Kinderlehrer—

Stampacchia [21, p. 63], we see that there exists M > 1 large such that
|EM|N =0 = up € LOO(Q)

Let p = ||uo|loo and let g?,, > 0 be as postulated by hypothesis H(iv). Then, from (30),
we have

—ASup — Aug + gpug_l >0in Q = 0 < uy,
see Papageorgiou—Vetro—Vetro [36, Proposition 2.4].

Similarly, working this time with the functional ¢_(-), we produce a negative solution
Vg € WOI’Q(Q) N L*°(2) and vy < O (that is, 0 < —vy). [ ]

In fact, we can produce extremal constant sign solutions, that is, a smallest positive
solution and a biggest negative solution.

Given r € (p,2*), from hypotheses H (i), (ii), (iii), we see that we can find ¢, > 0
such that

34) f(z,x)x = n(z)x? —ca|x|” foraazeQ, allx € R.

This unilateral growth condition on f(z,-) leads to the following auxiliary Dirichlet
problem:

(35) { —Afu(z) — Au(z) = n(z)u(z) — 012|u(2)|r_2u(2) in ,
u=20 on 92

with2 < p <r < 2%,
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ProprosiTioN 10. If hypotheses Hy hold and n € L°°(S2) satisfies
Xm(2) <n(z)foraaz e and n# Xm(2)form >2,
then problem (35) has a unique positive solution
iie W Q) NLYQ) and 0<1i,
and since problem (35) is odd, v = —u < 0 is the unique negative solution of (35).

Proor. To produce a positive solution for problem (35), we consider the C !-functional
Yy WP (Q) — R defined by

1 1 C12
V0 1= pay (D) + 3 10wl + S

1
— E/Szn(z)(uﬂz dz forallu e WOI’G(Q).

Since r > p > 2, we see that {4 (+) is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find & € WOI’G(Q) such that

(36) Yy (@) = inf {yry ) - u € W, (Q)).

Letz € (0,1) and ity € C} (Q) as before the positive, normalized eigenfunction for
A1(2). Hence,

12 ~

—/ [A1(2) —n(2)]at dz +
2 Ja

< c13t? — c141*  for some cy3,c14 > 0 (recall that p < r and ¢ € (0, 1))

ciat”

[l 17

“ t? “
Yy (tiy) = —pg,(Dii1) +
p r

< 0 choosing ¢ € (0, 1) small (since 2 < p).

This leads to
V(@) <0 = o(0) (see (36)) = it # 0.

From (36), we have

(! (@), h) =0 forallh € W) ?(Q)
(37)
= (V(u),h) = / [n(z)(fﬁ) —612(ﬁ+)’_1]h dz forallh € WOI’G(Q).
Q

In (37), we choose the test function h = —u~ € WOI’G(Q) to obtain

pe(Dii") =0 = & >0and i # 0.
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So,u € Wol’e (R2) is a positive solution of (35). As in the proof of Proposition 9, we
show that
iewW @ NL®Q) and 0 <.
Next we show the uniqueness of this positive solution. To this end, we introduce

the integral functional j: L'(Q) — R = R U {400} defined by

j(u) = %pGO(Dul/Z) + %IIDm/zH% ifu>0 ul/2e WOI,G(Q)’
oo otherwise.

Let dom j = {u € LY(Q) : j(u) < oo} (the effective domain of j(-)). From Diaz—
Sad [11] (see also Papageorgiou—Rédulescu [34]), we know that j(-) is convex. Suppose
that y € Wol’e(Q) is another positive solution of (35). Again we have

Few P @NL®Q) and 0<7j.
Let & > 0 and set
Ug=u-4+¢e¢ and y,=y+e.

Recall that L.°°(£2) is an ordered Banach space with positive (order) cone L*°(2) 4 :=
{u € L*°(R) : u(z) > 0 for a.a z € Q}. This cone has a nonempty interior given by

int L®(Q) 4 := {u € L®(Q)4 : essinfq u > 0}.

Evidently, we have
(38) g, s € int L®(Q)4.
Clearly, we have

L_té‘ o0 .)78 [ee)
(39) e L®(Q) and 2% e L®(Q)

Ve P
(see also Hu-Papageougiou [20, Proposition 2.86, p. 90] and (38)). Let h = 2 — y2 €
Wol’e (2) N L*°(£2). Using (38), we can check that for ¢ € (0, 1) small, we have

2 +thedomj and j2+th e domj.

Exploiting the convexity of j(-), we can compute the directional derivatives of j(-)
at u2 and at 92 in the direction /. Using the nonlinear Green’s identity (see Hu—
Papageorgiou [19, p. 216]), we obtain
1 [ —A%u— Au 1 i — Cppi’ !
jam =5 [ Tz = [ Mg
2 Ja 2 Ja

Us

hdz.

1 —A%y — Ay 1 J— 1y !
Jl(yg)(h) — E/ Py_ yhdZ — _/ n(z)y _Clzy
Q Q e
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On account of the convexity of j(-), we have

- = —r—1 sr—1
05/ [U(Z)(_i—_l)—clz(u_ _y_ )]hdz.
Q Ug Ve Ug Ye

We let ¢ — 0 and use the Lebesgue dominated convergence theorem to get

0< —012/ @ 2= -51)dz <0 = i =j.
Q

This proves the uniqueness of the positive solution # of problem (35).
The problem is odd and so we infer that

b=—ueWQ)NL®Q) and 7 <0
is the unique negative solution of (35). |

Let S+ be the set of positive solutions of (1) and S_ the set of negative solutions
of (1). From Proposition 9, we have that

0#S. W (@QNL®Q) and0<u forallu € Sy,
0#S_ CWQ)NL®Q) andv <0 forallveS_.

We show that the solutions u, v of (35) (see Proposition 10) provide bounds for St
and S_, respectively.

Provposition 11. If hypotheses Hy, Hy hold, then u < u forallu € S+ and v < v for
allv e S_.

Proor. Let u € S_ and introduce the Carathéodory function k defined by

n@)xt —cp(x ™)1 ifx <u(2),

40 ki(z,x):=
“ HE {n(z)u(z)—clz(u(z))"1 ifu(z) < x.

Weset K1 (z,x):= fox k. (z,s)ds and consider the C ! -functional 1}+ : Wol’e (Q)—R
defined by

“ 1 1
Yi(u) = ;Peo(Du) + §||Du||§ — /Q Ki(z,u)dz forallu € WOI’G(Q).

From (40), it is clear that $+ (+) is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find i, € Wol’e(Q) such that

1) Uy (iie) = inf {9y (u) - u € W0 (Q)).
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For ¢t € (0, 1) and #, the positive normalized eigenfunction for A1;(2) > 0, we have

~ . tP . R P
(42) Y4 (tiy) < ;POO(DMI) + et |y |y + 012[ u" Nty —u)dz

{u<tii1}

2
- [—[ [n(z)—il(Z)]ﬁ% dz +/ 77(2)742 dz (see (40))
2 Ja (u<tiy}

< c13t? —c14t? +t2||nﬁ1||oo|{u < fﬁ1}|N-

Since [{u < tii;}|y — 0ast — 07 (recall 0 < u), from (42), we see that for ¢ € (0, 1)
small, we have

Ui (tiiy) < 0 (recall 2 < p) = Py (iix) < 0 = P4 (0) (see (41)) = i1y # 0.
From (41), we have
(! (i), h) = 0 forall h € Wy ¥ ()

43) — (V(ﬁ*),h):/QkJr(z,ﬁ*)hdz forall h € W% ().

In (43), we choose the test function h = —u, € WOI’Q(Q) to yield
pe(Du,) =0 = u, >0and i, # 0 (see Proposition 2).

Next in (43), we choose the test function & = (it —u)™ € WOI’O(Q) to find
V(). e =) = [ [0 — e ] = 0" dz - (see (40)
Q

§/f(z,u)(ﬁ*—u)+dz (see (34))
Q

= (V(u), (s — u)+) (since u € Sy)

= U, <u (see Proposition 3).
We have proved that
(44) 0<iux<u and i, #0.
From (40), (43), (44) and Proposition 10, it follows that
Us =u =—> u <u forallu € S4 (see (44)).
Similarly, we show that

v<v forallveS_. n
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Now we are ready to produce the extremal constant sign solutions for problem (1).

ProvrositionN 12. Ifhypotheses Hy and Hy hold, then we can findu« € S+ and v« € S—
such that uy, < u forallu € Sy andv < vy forallv € S_.

Proor. From Filippakis—Papageorgiou [12], we know that S is downward directed;
that is, if v, u, € S+, then there exists u € S such that v < uq and u < u5. Then,
using Theorem 5.109 of Hu-Papageorgiou [19, p. 308], we can find {u, },en € S+
decreasing such that
inf Sy = inf u,.
ueN

Also, we have

(45) (V(u,,),h) = / f(z,up)hdz forallh e WOI’G(Q), allm e N,
Q

and
(46) U <u, <up; foralln € N (see Proposition 11).

In (45), we choose the test function & = u,, € WOI’Q(Q). Using (46) and hypothesis
H, (i), we see that
(Untnen S W) (Q) is bounded.

So, we may assume that
@47 uy 2 uyin WOI’G(Q) and u, — u, in L?(Q) (see Proposition 1).

In (45), we choose the test function & = u, — ux € Wol’e (£2) and then pass to the limit
as n — oo and use (47) to obtain

(48) nli)rrolo(V(u,,), Uy — u*) =0 = up = Uxin WOI’Q(Q) (see Proposition 3).
In (45), we pass to the limit as n — oo and use (48) to find
UWJMzLﬂmmwzmMMe%ﬂm.
Moreover, from (46) and (48), we infer that
U<Uy = Ux €54, us =inf S;4.

In a similar fashion, we produce v, € S_ such that v < v, forall v € S_. We point
out that S_ is upward directed; that is, if vy, v, € S_, then there exists v € S_ such
that v; <vand v, <. [ ]
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4. NODAL SOLUTIONS AND MULTIPLICITY THEOREM

In this section, we produce a third nontrivial solution which is nodal (sign changing).
To do this, we will use the extremal constant sign solutions produced in Section 3,
truncation and comparison techniques and critical groups.

The idea is to use truncation to focus on the order interval

[V, ux] := {u € Wol’e(Q) 104(2) S u(z) <uy(z)foraaze Q}

On account of the extremality of v, and u, any nontrivial solution of (1) distinct from
Vs and u,, will be nodal. Due to the lack of a global regularity theory for unbalanced
growth problems, to show the nontriviality of the solution in [v«, u«], we will use
critical groups.

ProrosiTion 13. If hypotheses Hy and Hy hold, then

m
Ci(9.0) = 8.q,, R forall k € No with dy = dim @) E(%:(2)).

i=1

Proor. Let 7] € (Xm (2), Xm—i—l (2)) and consider the C2-functional o: Hj () — R
defined by

| A~
o(u) = §||Du||% — g||u||§ forallu € Hy (Q).

Clearly, u = 0 is nondegenerate critical point of o (-) with Morse index d,. So, by
Proposition 3.100 of Hu—Papageorgiou [20, p. 168], we have

(49) Cr(0,0) = 8k ,4,,R forall k € Ny.

Let ¢o: HO1 () — R be the C!-functional defined by
1
wo(u) = §||Du||% —/ F(z,u)dz forallu € Hy ().
Q

Consider the homotopy H (¢, u) defined by
h(t,u) = (1 —t)po(u) + to(u) forallt €[0,1], allu € Hy(RQ).

For0 <t <1,letu € Cy (Q) with ||u ||C01 @) =< &, with§ > 0 as postulated by hypothesis
H; (iii). By (-, -)o we denote the duality brackets for the pair (H~1(Q) := H}(Q)*,
H{ (). Then, we have

50y (hy,(t.w). k), = (1 —){go(u). h), + 1(o’(w), k), forallh e Hy ().
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We consider the following orthogonal direct sum decomposition:
HOI(Q) = Hy ® I‘AIm+1

where

m

=PE(Q)] and Hp=Hr= P E(L:Q).
i=1 izm+1
If v € Hy (Q), it admits the following unique sum decomposition:

V=041 witht € Hyandd € Hyq1.

In (50), we choose the test function h = i —u € H,, Q) to yield
(628 (goo(u) u— / (Du, Di — Du)grn dz — / fz,u)(w—u)dz
= Dt} ~ 1Dl — [ ()i~

Hypothesis H (iii) implies that
ACIEI
X

(52) n(z) < m+1(2) foraaz € Q, all0 < |x| <.

Then, from the choice of u, we have
(53) fGzuw)—u) = f(z,u)h =

- m+1(2)(u —u?) ifuh >0,
| n)@? - u?) ifuh <0

few .
u

(see (52))

< Imi1(2)0% = n(2)i?

for a.a z € Q. We return to (51) and use (53) to derive
(54) {gata. =)y = 1Dl = 1Dl = s @il + [ ne? dz

= (D413~ Am @l212] - [uDau%— IREL dz]zo
We also have
(55) (o' (), 0t —u) = /Q(Du, Dii — Dit)gn dz — ﬁ/ﬂ u(i — i) dz

= [|Da|3 — IDal3 — nllal3 + nllal3

A2 112 —12  Anen2
= [IIDa 3 = nllal3] - [IDwll3 — Allall3]
> cy5)|lul|®>  for some ¢i5 > 0.
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Recall that 7 € ()Akm (2), )Akm+1(2)). We return to (50) and choose the test function
y=u-—uc HO1 (£2) and use (54) and (55) to derive

(hy (¢ w). 1 — i)y = ters|ul® >0 (recall 0 < 7 < 1).

For t = 0, we have 1(0,-) = ¢o(-). We show that u = 0 € K, is isolated. We argue
by contradiction. So, suppose we can find {u,}nen € H (€2) such that

(56) u, — 0in Hy (Q) and ¢(u,) =0 foralln € N,

From the equality in (56), we have

{—Aun(z) = f(z.un(z)) inQ,

57
C7 u, =0 on 92

for all n € N. Standard linear regularity theory (see Gilbarg—Trudinger [15, p. 186]
and Struwe [40, p. 218]) implies that exist { € (0, 1) and ¢1¢ > 0 such that
(58) Uy € Col’z(S_l) and  |lun|l - <c1¢ forallm e N.

0

We know that CO1 ’Z(S_Z) — C, (Q) (see Arzela—Ascoli theorem). Therefore, from (56)
and (58), it follows that

Uy = 0in CJH(Q) = 1(2un(2)? < f(2,1n(2))Un(2) < A 1(Qun(2)?

fora.az € Q, all n > ng (see hypothesis H; (iii)). From earlier calculations we know
that

f(z, un(2))(liy —tiy)(z) < im+1(2)ﬁn(z)2 —n(z)iy(z) foraaze, alln>ng.
On (57), we act that with h = 11, — i1, € H (), we obtain
1Dinl = 1Diinl = [ f(G0n) s = 1)
< L Nl — [ 0oy
Hence, it holds that
0 < Dty )13 = 21 @ inll3 < | Ditn 3 — /Q n(2)i; dz < —cy7llinll3

for some c;7 > 0 for all n > ny (see (8)); namely,

ity =0and | Dity[)3 = Am+1()n]3;  hence, ity € E(Am41(2)) forn = no.
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The eigenspace E()ALmH (2)) has the UCP and so #,(z) # O fora.az € Q, all n > ny.
Therefore,

A s12) a3 = 1Dy} = /Q f (@ un (@) un(2) dz < Any1 (a3

(see hypothesis Hj (iii)) generates a contradiction.
So, u = 0 is isolated. Then, the homotopy invariance property of critical groups
(see Hu—Papageorgiou [20, Theorem 3.131, p. 179]) implies that

Cr(polci @) 0) = Ce(@lci (@), 0) = Cr(¢o,0) = Ci(0,0)
for all k € Ny (see Hu—Papageorgiou [20, Theorem 3.128, p. 178]). Hence,
(59) Ck(90.0) = 8k,q,R forallk € Ny (see (49)).

Let o9 = ¢0|W1,9(Q). Since Wol’e(Q) > H}(S2) densely (see Proposition 1), from
Palais [30, Theorem 16], we have

(60) Cik(90,0) = Cr(¢o.0) = 8 4,,R forallk € No (see (59)).

For every u € Wol’e(SZ), we have
~ 1
(61) lp(u) — Go(u)| = ;peo(Du),

and for all h € Wol’e (£2), we obtain
') = @ ). )|
/ a(z)|Du|P~%(Du, Dh)gn dz
Q

< clgpgo(Du)l/p/HhH for some c15 > 0 (since WOI’Q(Q) — WOI’OO (SZ))
This means that
(62) le' ) = o), < crspa, (D)7,

From (61), (62), Proposition 2 and the C !-continuity property of critical groups (see
Hu-Papageorgiou [20, Theorem 3.129, p. 179]), we conclude that

Ck(¢,0) = Cr(P0.0) = 8k 4,,R forallk € Ny (see (60)). [

Let u4, v« be the two extremal constant sign solutions produced in Proposition 12.
We introduce the Carathéodory function g(z, x) defined by

f(z, v*(z)) if x < v«(2),
(63) gz, x) =1 f(z,x) if v4(2) < x < u(2),
f(z,u*(z)) if ux(z) < x.
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In addition, we consider the positive and negative truncations of g(z, -); namely, the
Carathéodory functions

(64) g+(z,x) = g(z, £x¥).

We set

X

G(Z,x):/o g(z,s)ds, Gi(z,x) ::/0 g+(z,5)ds

and consider the C !-functionals ¥, ¥ : WOI’G(Q) — R
1 1 5
W(u) = _POO(DM)+_”Du||2_ G(Z,M)dZ,
p 2 Q

1 1
Vi) = ~pgy (Du) + ~|Dul2 —/ Galzou)dz
p 2 Q

forall u € WOI’G(Q). Using (63) and (64), we see that

Ky C[vs,ux] and Ky, C[0,ux] and Ky_ C [vs,0].
Taking into account the extremality of u, and v, we conclude that
(65) Ky C[vs,ux] and Ky, ={0,usx} and Ky_ = {0,vs}.

ProrosiTioN 14. If hypotheses Hoy and H hold, then uy and v« are local minimizers

of ().

Proor. Clearly, ¥4 () is coercive (see (63) and (64)) and sequentially weakly contin-
uous. So, we can find i, € Wol’e (£2) such that

(66) Yy () = inf {yry (u) s u € Wy ? (@)
As before (see the proof of Proposition 11), using (34), we show that
Vi (is) <0=194(0) = 1 #0.
Since i« € Ky from (65), it follows that
Us = Usx.
So, it follows that
67) Cr (V4. us) =6 oR forall k € Ny.

Cramm. Cr(Y,us) = Cr (¥4, uy) forall k € Ny.
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Letu € WOI’O(Q). Then,
69 [0 =¥ ] = [ 60— Gaco]dz
< /Q (G(z.u) — G (z.u4)]| dz
+ /;2 |G+(z,u*) — G+(Z,u)| dz (since u, > 0).

We estimate the two integrals in the right-hand side of (68). Since F(z, ) is an L*°-
locally Lipschitz function, we have

/ |G(z.u) — G(z,u™)|dz
Q
5/{ }(|f(z,v*)(v*—u)| + \F(z,v*)—F(z,u*)D dz
+ F 3 - F ) * d
/{U*Sufu*}| =) (& )‘ -

H [ e —ua]dz e 63)
{us<u}
< 9]l —u«|| for somecig >0

since F(z,-) is an L°-locally Lipschitz function.
Similarly, we show that

L |G+(z, usx) — G4 (z, u)| dz < cpol|lu —ux| for some cy9 > 0.
Therefore, we can say that
(69) |\p(u) — 1//+(u)} < co1|lu —ux|| with c21 = max{cz9, ¢21}.
Also, forallu, h € Wol’e(Q), we have
(W' () = ¥ o). )|
5/Q}g<z,u)—g+(z,u>\|h|dz
< [l =gl dz + [ lesn = gz a2
< cpallu —u«l||||h]| for some czp > 0

because g(z,-), g+(z, ) are Lispchitz continuous; recall vy, u4 € L°°(2). This leads to

(70) v @) = vi ), < exllu—u.
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From (69) and (70), we see that given g9 > 0, we can find §o > 0 such that

(71) ¥ — W+||c1(§50(u*)) = &o.

We assume that Ky is finite. Otherwise, on account of (65), we see that we already
have an infinity of bounded nodal solutions and so, we are finished. Then, (71) and the
C !-continuity property of critical groups (see Hu-Papageorgiou [20, Theorem 3.129,
p- 179]) imply that

Cr (Y, ux) = Cr(Yy,us) forallk € No.

This proves the claim.
From (67) and the claim, we obtain

Cr(Y,ux) = 6 oR forall k € Np.
Invoking Theorem 4.6 of Chang [6, p. 43], we conclude that
U4 is a local minimizer of i (-).
Similarly, for v, use this time ¥_(-). ]
Now, we are ready to produce a nodal solution.

ProrosiTioN 15. If hypotheses Hy and Hq hold, then problem (1) has a nodal solution
Yo € WOI’G(Q) such that
Uk < Yo = Ux.

Proor. We assume that ¥ (v«) < ¥ (u4) (the reasoning is the same if the opposite
inequality holds). Also recall that we assume that Ky, is finite (otherwise, on account of
(65), we already have a sequence of distinct bounded nodal solutions and so we are done).
Then, from Proposition 14 and Proposition 3.132 of Hu—Papageorgiou [20, p. 179]
(see (73)), we can find p € (0, 1) small such that

(72) ¥ (vs) < Y(us) <inf {Y () : v —ul| = p} = mo.

Clearly, ¥ (-) is coercive (see (63)). Therefore, from Hu—Papageorgiou [20, p. 123], we
have that

(73) V¥ (-) satisfies the C -condition.

Then, (72) and (73) permit the use of the Mountain pass theorem. Therefore, we can
find yo € W,?(Q) such that

(74) Yo € Ky and mo < ¥ (o).
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From (65), (72) and (74), we have
(75) Vo € [Vx,us] and  ygo € {vu, ux}.
Corollary 3.123 of Hu—Papageorgiou [20, p. 178] implies that

(76) Ci(y. yo) # 0.

LetV = WOI’{9 () N L*°(2). We have V — W01,9 (2) densely. As above using the
C !-continuity property of critical groups, we show

Ce(¥lv,0) = Cr(ply.0) = Cr(¥,0) = Ci(p,0) forallk € No,
see Palais [30, Theorem 16]. This indicates that
a7 Cr(¥,0) = 8kq,R forallk € Ng (see Proposition 13).

Since d,, > 2 (recall m > 2), from (76) and (77), we infer that yo 7% 0 and so yg € [v«, U]

is a nodal solution of (1). ]

We can state the following multiplicity theorem for problem (1).

TraeOREM 16. If hypotheses Hy and H; hold, then problem (1) has at least three
nontrivial solutions:

e € WP (Q) N L®(Q) with 0 < us,
ve € W8 (Q) N L®(Q) with v. < 0,
Yo € WOI’G(Q) is nodal and vy < yo < Usx.

REmARrk 17. In this multiplicity theorem, we provide sign information for all the
solutions produced and these solutions are ordered.
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