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ABSTRACT. — For a Banach-Lie group G and an embedded Lie subgroup K, we consider the
homogeneous Banach manifold M = G/K. In this context, we establish the most general condi-
tions for a bounded operator N acting on Lie(G) to define a homogeneous vector bundle map
N : TM — T M. In particular, our considerations extend all previous settings in the matter
and are well suited for the case where Lie(K) is not complemented in Lie(G). We show that
the vanishing of the Nijenhuis torsion for a homogeneous vector bundle map N : TM — T M
(defined by an admissible bounded operator N on Lie(G)) is equivalent to the Nijenhuis torsion
of N having values in Lie(K). As an application, we consider the question of the integrability of
an almost complex structure § on M induced by an admissible bounded operator J, and we give
a simple characterization of the integrability in terms of certain subspaces of the complexification
of Lie(G).

Keyworbps. — Nijenhuis operator, homogeneous space, almost complex manifold, Banach-Lie
group.
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1. INTRODUCTION

For a smooth Banach vector bundle map N : TM — T M (covering identity), its
Nijenhuis torsion is defined as

QN(X,Y) = N[NX, Y]+ N[X,NY] = [NX, NY] - N?[X,Y]

in terms of vector fields X, Y in M. Here, [-, -] is the usual Lie bracket of vector fields.
Sometimes €2 is called the Nijenhuis tensor of N in the literature. It was defined
in [33] in order to describe the behavior of distributions spanned by eigenvectors
of N, see [28] for a review of the history around this subject. The Nijenhuis torsion is
closely related to the problem of integrability of almost complex structures solved in
the finite-dimensional real-analytic case by Eckmann and Frolicher in [15, 16] and for
the smooth (or even less regular case) by Newlander and Nirenberg in [32].
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The map N is a Nijenhuis operator if its Nijenhuis torsion vanishes. Nijenhuis
operators are useful in the study of integrable systems, see e.g. [5,28,29,31,35] and the
references therein. For example, the vanishing of the torsion 2 4 is also equivalent to
the Jacobi identity for a new deformed bracket on vector fields of M defined as follows:

[X. Y]y = [NX, Y]+ [X, NY] - N[X,Y]

(see [27,29]), and in fact, N gives rise to a Lie algebra morphism from the new Lie
algebra structure on the vector fields to the old one. It allows one also to deform Poisson
brackets on the manifold via so-called Poisson—Nijenhuis structures [29]. They are also
linked with Poisson—Lie groups and even Poisson groupoids and Lie bialgebroids [13].

There is a recent growing interest in Nijenhuis operators and their applications, as
can be seen in the series of recent papers, for instance, [6,7] or [10] and references
therein.

To the best of our knowledge, so far Nijenhuis operators were only studied in finite-
dimensional context or formally. The aim of this paper is to generalize known results to
the context of Banach manifolds taking into account (extending and correcting) results
known for the specific case of complex structures from e.g. [2]. Our setting is as follows:
we consider G a Banach-Lie group and K an embedded Banach-Lie subgroup of G,
such that the quotient map 7 : G — G/K = M is a smooth submersion. It is well
known that in this setting, the existence of a closed linear complement for Lie(K) in
Lie(G) is equivalent to the existence of smooth local cross-sections o for the quotient
map 7. In our approach, we assume neither of those (see Remark 5.1 below) and extend
some classical results to that setting.

On M = G/K, a Banach vector bundle map N : T M — T M is homogeneous if
it is equivariant with respect to the natural action of the Lie group G on M. In this
paper, we are interested in homogeneous vector bundle maps that can be described by
operators N € B(q) with certain properties (admissible operators of Definition 2.9),
where ¢ = Lie(G) is the Banach-Lie algebra of G. The main purpose of this paper is
to prove the following.

THEOREM A. Let N : TM — T M be a homogeneous Banach vector bundle map
induced by an admissible operator N € 8(g) and the action of G on M. Then, N is
Nijenhuis if and only if for any v, w € g,

N[v, Nw] 4+ N[Nv,w] — [Nv, Nw] — N?[v,w] € ¥ = Lie(K).

This is Theorem 3.6 below. In the process, we clarify certain aspects of known proofs
of related results. As a corollary of Theorem 3.6, for homogeneous almost complex
structures ¢ defined by an admissible operator J, we give a linear characterization
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in the complexification of g for § to be integrable, invoking the Banach version of
the Newlander—Nirenberg theorem [2, Theorem 7] and our previous theorem. More
precisely, let g€ be the complexification of g, and J € the complexification of J. Let

Zi={veg®: 7% —ivetrC).
By combining Theorem 4.6 and Corollary 4.7 below, we get the following.

THeEOREM B. Assuming that G/ K has a real-analytic structure, the almost complex
structure § is integrable if and only if Z 4 is a Banach—Lie subalgebra of gC.

Both theorems giving the characterization on homogeneous spaces are known in
finite-dimensional case, but the existing proofs employ certain properties of vector fields
and almost complex structures that do not always hold in Banach context. In particular,
the proof by Frolicher in the finite-dimensional setting [16, Section 19, Satz 2] involves
the existence of local cross-sections of the quotient map 7 : G — M = G/K (see
Remark 5.1), which may not exist in general in the Banach setting. On the other hand, in
[2, Theorem 13], which is stated in the Banach setting, there is no mention of Nijenhuis
operators and the discussion concerns only almost complex structures, which involves
the additional constraint g2 = —1 (a particular case of our results). We also note that
there is a problem with the proof of [2, Theorem 13] (see Remarks 2.7 and 2.14): we
show on a very simple example that properties used in that proof do not hold, even in
the finite-dimensional case (Section 6.1). Our approach avoids and clarifies the problem
but at the same time extends the result to the case when ¥ is not complemented in g.

The results of this paper will also be applied in the study of almost Kéhler structures
on the coadjoint orbits of the unitary groups [19].

The paper is organized as follows: in Section 2, we introduce the necessary ideas
and objects from the theory of Banach vector bundles and homogeneous spaces, and
we discuss vector fields in the homogeneous space and homogeneous vector bundle
maps. In particular, we comment on some possible pitfalls, which are later illustrated
on an elementary example of the unit sphere of R? in Section 6.1. In Section 3, we
recall the notion of Nijenhuis torsion for a Banach vector bundle map, and using the
exponential chart of the group G together with what we call projected vector fields
in G/ K, we prove the first main Theorem 3.6. In Section 4, we present the almost
complex structures as special cases of the homogeneous maps discussed before, and
we prove the second main result of the paper, Theorem 4.6. In Section 5, the classical
approach to homogeneous operators is presented (when a splitting of the Lie algebra is
at hand), illustrating how our approach is in fact more general and includes that one as
a particular case. We finish the paper discussing some examples and applications of
our main theorems in Section 6. This section also includes cases where our approach
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yields no Nijenhuis operators or complex structures, to point out the limitations. In the
paper [18], more examples related to C *-algebras are presented.

2. HOMOGENEOUS STRUCTURES

In this section, main structures are introduced and the terminology and notations are
fixed. This material does not pretend to be original; however, not all results were
previously explicitly stated in the Banach context. For the sake of self-consistency of
the paper, some proofs are also included.

2.1. Notations and basic properties

NotaTion 2.1. Let My, M, be smooth real manifolds and E a real Banach space.

For f : M; — M5 asmooth map, we denote with f : T My — T M, its differential,
which at each point m € M; will be denoted by fum : T M1 — Trm)yMo.

We say that f is an immersion if, for all m € M;, the map f.,, is an injection
with closed range, and we say that f is a submersion if f.,, is a surjection for all
m e Ml.

If X is a vector field in M and p € M;, we sometimes write X, instead of X(p)
for convenience.

« If X1, X5 are vector fields in M1, M, respectively, they are f -relatedif Xp(f(m)) =
frem(X1(m)) for all m € M. It is well known that in this case if also a vector field
Y, is f-related with X5, then

2.1) [X2. Y2](f(m)) = fum([X1. Y1](m)),

where [-, -] denotes the Lie bracket of vector fields.
We use B(FE) to denote the space of bounded linear operators acting on £ and we
denote with GL(E) the group of invertible bounded operators.

Nortartion 2.2. Let G be a real Banach—Lie group with Banach-Lie algebra g.

+ The left and right multiplication by elements g € G will be denoted by /¢ (h) := gh

and rg (h) := hg, and the conjugation is lgrg,—1, i.e., h > ghg™L.

The differential of /, at the unit element 7 = 1 will be denoted as Lg,i.e., Lg =
(lg)+1 and likewise Ry = (rg)«1.

The adjoint map on the Lie algebra (the differential of conjugation at the identity)
is denoted as Adg, i.e., Adg = LgRy-1.

The Lie bracket in g will be denoted as [v, w] = ad,w, where ad = (Ad) is the
differential at g = 1 of the adjoint representation of the group Ad : G — GL(g).
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DerintTION 2.3 (Homogeneous spaces). Let K be an immersed Banach-Lie subgroup
of G with Banach-Lie subalgebra ¥ C g. We say that G/ K is a homogeneous space of
G if the quotient space for the right action of K on G

G/K = {gK, g € G}

has a Hausdorff Banach manifold structure such that the quotient map 7 (g) = gK is a
submersion.

This is guaranteed for instance when K is a split Banach—Lie subgroup (i.e., the
Lie algebra ¥ is closed in g and has a closed complement), but we do not require it.
Since K = 77! (n(K)) is a closed subgroup of G, and since we are imposing 7 to be
a submersion, then in fact K must be embedded in G, see [, Corollary 4.3] (however,
it may not be split as mentioned before, see Section 6.2).

Norarion 2.4. Let 7 : G — G/ K be a homogeneous space.
The base point in G/ K will be denoted as pg = 7 (K).

The action of G will be denoted as @ : G x G/K — G/K,i.e., (g, p) = n(gh)
for p = n(h) € G/K.

For a fixed g € G, we denote by «g € Aut(G/K) the mapping oz (p) = a(g, p).
Similarly, for a fixed p € G/K, we denote by o? the mapping o?(g) = «(g, p).

+  The differential of o will be denoted by (g )« : T(G/K) — T(G/K). The point
at which it is evaluated will be indicated as long as it is relevant or necessary. The
same considerations will apply to (@?)« : TG — T(G/K).

The following lemmas and remarks collect the trivial (but useful for our purposes)
relations among the differentials of the various maps and vector fields on G/ K.
LeEMMA 2.5. Let g € G, v € g. Then, the following hold:

(1) (ag)«Te1 = Tug Lg or equivalently mwg = (0tg)s7s1 Ly "
(2) If p =n(g) € G/K, then (aP)y; = m4g Ry = (ozg)*n*lAdgl.

(3) Forany h € G, the action property for derivative of a reads

(2.2) (an)«(0g)x = (Ahg)x-

It also implies that (ag)« is a diffeomorphism of T(G/K).
(4) Foranyk € K, we have (0tg )« 7«1 = 741 Adg.
(5) The kernel of the differential w1 : @ = Tp,(G/K) = /¥ is equal to ¥.
(6) mxgLgv = mup Lpw iff there exists k € K such that h = gk and v — Adgw € ¥.
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Proor. Differentiating the equality oy o m = 7 o [ at the identity 1 € G, by chain
rule we get the first claim. Similarly, for p = n(g) differentiating «” = 7 o r, at the
identity and using the previous identity, we get

Txg R = (g1 Ly Ry = (0tg)sms1Ady ",

which proves the second claim. The third claim follows from differentiating the property
agay = ogp and applying chain rule. For the fourth claim, we write 7(g) = m(gk) =
(rrg) and we differentiate with respect to g at g = 1 to get w41 = 74k Rg. Thus,
using the first identity, we get

(o) a7 = Tap Ly = JT*lRlzlLk = 1 Adg.
The fifth assertion follows from

7 7(e") = (erv) s po Tx1V-
Namely, if v € ker 41, then (e’V) = (1) = po. Thus, {€’?},ecr C K what implies
v € f. The sixth assertion is immediate from the fact that the base point must be the
same (hence, h = gk) and then by the previous identities

(@g)s« 51V = Wag LoV = mup Lpw = (o)« Tx1 W

= (Agk)+Ts1W = (0tg)«Tx1 Adgw.
Since (g )« is an isomorphism and ker r4; = ¥, the conclusion follows. ]

DerinTTION 2.6 (Projected vector fields in G/K). The right-invariant vector fields
X"(g) = RyvontheLie group G can be pushed down to G/ K as follows: for p = 7(g),
consider

2.3) XP(p) = (@7)s1v = Tag Rgv = (@) s mx1Ad; v € T,G/K,

where the second and third equalities come from Lemma 2.5 (2). Since p — (a?)x v =
ax(1,p) (v, 0) depends smoothly on p, this defines a vector field in G/ K, which is the
vector field generated by the infinitesimal action of v € g on G/ K, in other words an
infinitesimal generator of the group action «.

The vector fields X? and XV are mr-related, and it is easy to check that for v, w € g
we have

—_—

(X7, X7 = —xlowl,

where on the left we have the Lie bracket of vector fields on the manifold G/ K, and on
the right [v, w] = ad,w is the Lie bracket in g.
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REMARK 2.7 (A word of caution about invariance). If p = (%), then by Lemma 2.5 (3),
we have

(ag)*pXU(P) = (agh)*po”*lAd;Tl v,
while

X7 (ag(p)) = X°(n(gh)) = (@gh)xpo 1 Adgyv.

Since (atgp )+ p, 18 an isomorphism, the equality (ag)*pﬁ (p) = XV (ag(p)) can only
happen if
Ad;l(Ad;v —v) € kermy; = £
So the vector fields X? are not ag-related with themselves in general, unlike left-
invariant vector fields on a Lie group. o
However, if we fix 1 € G and v € g, then it is straightforward to check that X Adpv

is the unique vector field in G/ K which is o-related to the projected vector field X°.
In other words,

2.4) (o) X0 = XADY,

2.2. Homogeneous vector bundle maps and admissible operators

In this section, we discuss Banach homogeneous vector bundle maps acting in the
tangent bundle 7'(G/K), and then we discuss the ones which come from a linear map
defined “upstairs” in g. All vector bundle maps under consideration in this paper are
understood to be covering identity, i.e., mapping each fiber to the same fiber.

DEerInITION 2.8. A smooth vector bundle map N : T(G/K) — T(G/K) is called
homogeneous if it is equivariant for the action by the automorphisms o :

(ctg)sx Np = Ny (p)(ag)s forany p € G/K and any g € G.

By homogeneity, any such map comes from some N, € B(T,,(G/K)) at the base
point py.
We now look at the situation from the side of the Lie algebra g of the group G.

DEeriNniTION 2.9. We will consider the following admissible linear bounded operators
on g:

(25) A(G,K)={N € B(g) : N¥ C¥, Ran(AdgN — NAdy) C ¥ Vk € K}.

The conditions imposed in this definition are necessary to make sure the operator
will give rise to a homogeneous vector bundle map N : T(G/K) — T(G/K), see
Proposition 2.12 below. In particular, the condition N¥ C ¥ ensures that N descends
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to an operator on g/¥. The other condition ensures that the resulting operator can be
propagated by group action to 7(G/K).

LemMA 2.10. Let N € B(g), and consider the assertions:

(1) Ran(Adg N — NAdy) C f forallk € K.

(2) Ran(N oad; —ad, o N) C f forall z € ¥.

Then, (1) implies (2) and if K is connected, then (1) and (2) are equivalent.

Proor. If (1) holds, then writing k = ¢’ with z € ¥ and differentiating e**% Nv —
Ne'®zy € ¥ we obtain (2). If K is connected, then it is generated by an exponential
neighborhood of the unit element; hence, for any k, we can write Ady = ]_[i Ad,z; =
IL ez for a finite number of z; € ¥, and this together with (2) readily implies (1). m

DeriniTION 2.11. The homogeneous vector bundle map induced by N € A(G, K) is the
smooth vector bundle map N : T(G/K)— T(G/K) given ateach p=n(g)eG/K by

(2.6) Ny = (O‘g)*'/vpo (O‘g):l’
where N, : Tp,G/K — Tp,G/K with pg = m(K) is defined as
2.7 NppTx1V 1= w1 Nv, v Eg.

ProrosritioN 2.12. Forany N € A(G, K), themap N : T(G/K) — T(G/K) in the
previous definition is a well-defined homogeneous vector bundle map in G/ K.

Proor. First let us show that N, : T,,G/K — T,,G/K is well defined by (2.7).
Since 7 is a submersion, any tangent vector in 7,,G/K can be written as 741 X, for
some X € g. We need to show that the value of N, 7«1 X € T),G/K does not depend
on the representative X € g. Consider X1, X5 € g such that .1 (X1) = m.1(X>2), i.e.,
X1 — X, € £. We have 741 N(X; — X») = Osince Nf C f. By linearity, we therefore
have

x1 N(X1) = ma N(X2).

Since 74 is a bounded surjection, the norm in 75, (G/K) ~ g/ must be equivalent to
the quotient norm ||-||quot by the open mapping theorem. To show that N, is bounded
for the quotient norm in 75, (G/K), note that

| Voo [V][| oo = InfINV = z|| < inf[Nv — Nz|| < [N inf[lv = 2] = [N ][[[v]|quot-
q zef zef zef

Now we take an arbitrary vector X, € T,(G/K) and we write itas X, = m4gLgv =
wp Lpw for some v, w € g. Using Lemma 2.5 (6), it follows that & = gk and v —
Adiw € ¥; hence,

41V = M1 Adgw.
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Comparing values of N on those two presentations of X,,, we get on one hand

(@g)s Npo (@) Xp = (0tg)xNpo (ttg)y Tag Lgv = () s Npy 10
= (ag)sx NpoTx1 Adgw = (g )+741 NAdgw
= (0tg) s 1 Adg Nw

since N commutes with Ad; modulo ker 7,1 = £. On the other hand,

(ah)*dvpo(ah);lxp = (Olh)*‘Npo(O‘h);lﬂ*thw = (O‘h)*‘/vpon*lw
= (op)sTx 1 NW = (g )+ (g ) s T Nw
= (ag)*ﬂ'*lAdew

by means of Lemma 2.5 (4). This proves that .V is well defined by (2.6). By construction,
N is a vector bundle map, and since it is given by the composition of smooth maps, it is
smooth. The ag-equivariance is a consequence of the definition N, = (g )« N(atg); ',
the definition of (g )«, and the chain rule for . ]

RemMARK 2.13. In general, not every linear morphism of 7,,(G/K) comes from a
linear operator on g. This is related to the so-called quotient lifting property of Banach
spaces, see e.g. [23,30]. However, when it happens, the linear operator necessarily
belongs to A(G, K).

Remark 2.14 (Projected vector fields and the homogeneous vector bundle map). The
Banach vector bundle maps can be seen also as maps on vector fields. Let us apply the
map N : T(G/K) — T(G/K) defined by means of N € A(G, K) as in Definition 2.11
to the projectgsl/ vector fields on G/ K. If we compute N XV, ve g, we note that it

differs from X V'V in general. It can be seen as follows. For p = m(g), by definition
(2.3), we have

XN(p) = (ag)sme1Ady ' Nv,

while

MpX"(p) = (O[g)*‘/vpo(ag):lxv(p) = (ag)*‘/vpo(ag);l(O‘g)*n'*lAd(;lv
= (g)x Npo 1 Ady v = () xmms1 NAd, 0.

Thus, for them to be equal, one must have
-1 -1
Adg (Nv) — N(Adg v) € ¥,

for all g € G (and not only g € K), which is usually not the case. Compare with
Remark 5.1 below.
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3. THE NIJENHUIS TORSION OF A VECTOR BUNDLE MAP N

DeriniTION 3.1. Let M be any smooth manifold and let N : T M — T M be a smooth
Banach vector bundle map. The Nijenhuis torsion of N is defined as

QX Y) = N[NX, Y]+ N[X, NY] = [NX, NY]—N2[X,Y]

for X, Y vector fields in M. We say that N is a Nijenhuis operator in M if its torsion
vanishes.

Note that €2 y is anti-symmetric. The following is well known for finite-dimensional
manifolds. We omit the proof since it is an easy modification of [2, Lemma 2] for
almost complex structures in the Banach setting (i.e., vector bundle maps such that
N2 = —1). Let E denote the Banach space modeling the manifold M.

TueorREM 3.2. The Nijenhuis torsion of N at p € M depends only on the values of the
vector fields at the point p; i.e., Q y is a tensor. In any manifold chart (U, @), using the
local expression of N : ¢(U) C E — B(E) and the local expressions of the vector
fields X,Y : o(U) — E, one has

Qu(X,Y)p = Np((ﬂ*po)(Yp) - (N*pr)(Xp))
+ (‘N*p('NpYP))(XP) - (N*p(NpXP))(Yp)-

We now return to the homogeneous structures to give a local/global expression of
the torsion of N.

Remark 3.3 (Exponential map of G). Let VV C g be a 0-neighborhood such that
exp|y : V — U = exp(V) is a diffeomorphism. Recall the formula for the differential
of the exponential map

3.1 eXP,, X = Lez F(ad;)x = Rz f(ad;)x,

where F(1) = (1 —e™*)/A and f(1) = e* F(1). The proof of these formulas for finite-
dimensional Lie groups can be found in Helgason’s book [24, Chapter IV, Theorem 4.1];
for a proof adapted to the Banach setting, see for instance [44, Appendix A].

From now on we denote by L the differential ({4 ). at any h € G, for short. We
note that

F(A)=1-31+ 0 while f(A) =1+ 34+ 0(A%).

Lemma 3.4. For an admissible operator N € A(G, K) and v € g, consider the right-
invariant vector fields XV (Definition 2.6) and the vector fields X VN defined as

X"N(g) = Ly NAdg'v.
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Then, one has
(1) LZ'XPN, X™](g) = —N[vo, wo),
@) Lj'[xN, x*"N](g) = [Nvo, Nwo] — N[vo, Nwo] — N[Nvo, wo),

where v,w € g, Vg = Ad;lv, and wy = Ad;lw.

Proor. We use the exponential chart (gU, ¢) around g € G to compute the Lie brackets,
ie,p:gU — V Cgand ¢ !(z) = ge? for z € V. Consider the local expressions
XN XY of XUV, XV in this chart, i.e.,

YU(Z) = Qﬁ*geZXv(gez)’ Xv’N(Z) = Qp*geZXv’N(geZ)

for z € V. We note that Lg.z = Lg L.z and Rgez = Rez Res, and that L commutes
with R. Differentiating the identity ¢(ge®) = z, we obtain @ugez (/g)xez €Xpy, = idg
or equivalently using the formula (3.1)

Prger = Flad:) 'L AL, = f(ad) 'RALG" = f(ad,) "' L' R}
by the previous remark. Then, plugging in the formula from Definition 2.6, we get
X'(z) = f(ad;) "' L' Rgv = f(ad;) ' Adg'v
or equivalently f(ad,;)XV(z) = Ad;1 v. Replacing z with ¢z, we see that
X(tz) + 3[tz. X" (12)] + O(t%) = Adg'v.
Then, by differentiating at t = 0, we get
X2(2) = —%[z, )?”(O)] = —%[z, Ad;lv].
Applying the same approach to X"V we get
XN (2) = F(ad;) ™' N(Ad;} Ad, ')

or equivalently F(ad,)X VN (z) = N(e - Ad;1 v). Then, analogously to the previous
case, we obtain

XUN(tz) = ez, XPN(12)] + 0(?) = NAd;'v — N[rz, Adg'v] + O(?).
Thus, again differentiating at t = 0, we arrive at

XY (2) = 3z, XN (0)] - N[z, Ady'v] = L[z, NAdg'v] — N[z, Adg o).
Now we compute

[XUN, X*]0) = X% (X ™) — X5V (XY)
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which gives us
(XN, X)(0)=—1[NAd, v, Ad; 'w] — 3 [Ad; 'w, NAd, o]+ N [Ad, ' w, Ad, ']
=N[Ad,'w, Ad;'v] = N [wo. vol.
Applying go*_ol = L gives the first formula of the lemma. The other Lie bracket
[X*N. XN 0) = X" (X5 - X5 (X

can be computed in a similar fashion in order to arrive at the second formula of the
lemma. ]

LeMmmMmA 3.5. Let v, w € g and consider the projected vector fields 3(7’, XV in G/K
(Definition 2.6). Then, at p = 7 (g), we have

NIXP NXT](p) + NN XP, XP|(p) = ~2(ctg)urs1 N3 [vg. wo]
and
[N X, N X7](p) = (ctg)s7e1 ([N Vo, Nwo] — N[vo, Nwo] — N[N, wo)),
where vy = Adglv and wy = Ad;lw.

Proor. We first note that the vector fields N X7 are 7r-related to the vector fields X V-V
of the previous lemma, i.e., for any g € G,

Teg XUV (g) = TagLg NAd v = (0g) s« Npo a1 Ady 10
= (ag)xNpo ()5 X (p) = NpX"(p)

by Lemma 2.5 (1). We also recall that XV are w-related with XV. Thus, again by
Lemma 2.5 (1), the previous lemma, and equality (2.1), we obtain

VX7 XP)(p) = mag [XUN X)(g) = (@)wma L' XN, X "] (g)
= —(0tg)+x1 N [0, wo).
By reversing the bracket and exchanging v, w, we also get
(X7 NX7)(p) = — ()1 Nvo. wol:

Thus, summing and applying N, = (ag)«Np, (@g)y ', With Ny 41V := 741 Nv, we
obtain the first formula of the lemma. To compute the second bracket, we use the
previous lemma and the result is straightforward. u

The following theorem, albeit in the setting of complemented Banach—Lie algebras
(Section 5), can be found in [2, Theorem 13]. However, the method of proof in that
paper has flaws (see Remarks 2.7, 2.14 and Example 6.1).
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THEOREM 3.6. Assume G/ K is equipped with a homogeneous vector bundle map N
induced by N € A(G, K). Let X, Y be vector fields on G/K. Let p = n(g) and take
v, w € g such that X(p) = (0tg) 741V and Y (p) = (g) s« 1w. Then, the Nijenhuis
torsion of N can be expressed as

Qu (X, Y)(p) = (ag)sms1(N[v, Nw] + N[Nv,w] — [Nv, Nw] — N*[v, w]).
In particular, N is a Nijenhuis operator in G/ K, i.e., Qy = 0, if and only if
(3.2) N[v, Nw] + N[Nv,w] — [Nv, Nw] — N?[v,w] € ¥
forallv,w € g.

Proor. Since the value of the torsion tensor depends only on the values of the vector
fields at the considered point (Theorem 3.2), we fix g and we replace X, Y with the
projected vector fields with speeds Ad,v and Adgw, respectively (i.e., X (w(h)) =
XAV (7 (h)) = (ozh)*ﬂ*lAdlledg v and likewise ¥ = XA9¥  as in Definition 2.6).
Then, we compute the torsion €2 4 of these two vector fields, and almost all the compu-
tations were done in the previous lemmas. We only need to add that their Lie bracket
is
[Xv’ Y](P) = Txg Rg[Adgw, Adgv] = —7ug RgAdg[v, w] = —(ag) s 71 [v, W]
by means of Lemma 2.5(2). Therefore,
N[X, Y1(p) = —(@g)wma N[v, w],

which then cancels out one of the brackets in Lemma 3.5. n

ReMARK 3.7. The expression in (3.2) is actually the value at the identity of the Nijenhuis
torsion of the left-invariant bundle map 7G — T G defined by N.

CoroOLLARY 3.8. [f either v or w belong to £, then (3.2) is automatically fulfilled for
admissible N. If there exists a linear complement w of ¥, it suffices to check (3.2) for
v, W € m.

Proor. By the anti-symmetry in v, w of (3.2), it suffices to verify the first claim for
v € ¥. By Lemma (2.10), N commutes with the adjoint action by elements in ¥ modulo
£ and we have

N[v, Nw] = N?[v, w] + ki,

for some k; € ¥; hence, the first term in equation (3.2) cancels with the fourth. Since
Nv € f also, we have
N[Nv,w] =[Nv, Nw] + k;
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for some k, € ¥, and the second term cancels with the third one. Now if ¢ = mt & £, by
the bilinearity of the torsion €2 4 and the previous claim, the second claim follows. m

CoroLLARY 3.9. In the case when N is defined as ady for some d € g, it is an
admissible operator (see Definition 2.9) if and only if for allv € g and k € ¥,

[k.d] € £

and

[v, [k,d]] ef.
The condition (3.2) in this case simplifies to
[[d,v], [d,w]] et
forallv,w € g.

Proor. Simply expand (3.2) and apply the Jacobi identity. |

4. ALMOST COMPLEX STRUCTURES

Let us recall that by almost complex structure § on a manifold M, we mean a Banach
vector bundle map ¢ : TM — TM such that g2 = —1. Its Nijenhuis torsion defined
in Definition 3.1 is

where X and Y are vector fields in M, and the bracket [-, -] denotes the bracket of vector
fields.

RemMaARk 4.1. For finite-dimensional manifolds, the vanishing of this tensor is equiva-
lent to the integrability of the almost complex structure by the Newlander—Nirenberg
theorem [15,32]. In the infinite-dimensional setting, this is not always true. An example
of an infinite-dimensional smooth almost complex Banach manifold with a vanishing
Nijenhuis tensor, which is not integrable, was given by Patyi in [36]. However, as
it was shown in [2] and in the appendix of [39], for real-analytic Banach manifolds
endowed with real-analytic almost complex structures, the Newlander—Nirenberg the-
orem reduces to the Frobenius theorem for the eigenspaces of the complex linear
extension g€ of ¢ to the complex analytic extension of the tangent bundle 7M€ by
the same argument as employed in [15]. It is therefore true in this context.

The example in [36] shows that the construction of the complex analytic extension
of the tangent bundle 7C .M may not be possible when the structure is only smooth
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and not real-analytic. The obstruction is the lack of certain properties of PDEs which
hold in finite-dimensional vector spaces, but are not available in the Banach setting.
For context and better explanation of these remarks, see the proof of Malgrange in
Nirenberg’s lecture notes [34, Theorem 4].

DEeFINITION 4.2. A homogeneous almost complex structure is a homogeneous Banach
vector bundle map § in G/ K (Definition 2.8) with the additional requirement that

g2 = —1.

In our homogeneous setting, we are interested in those ¢ that are induced by
admissible linear bounded operators via Definition 2.11.

DeriniTION 4.3. Consider the following subset of admissible operators on g:
AC(G,K) = {J € A(G,K) | Ran(J? + 1) C £}.

Note thatif § is induced by J € A€ (G, K), one has ;’30 = —1in T),,(G/K); therefore,
g2 = —1 in the whole tangent bundle T'(G/K).

Notartion 4.4 (Complexification). Let g€ = g @ i g be the complexification of the
Banach—Lie algebra g, and denote by ¥ the complexification of ¥. Relative to the
splitting g€ = g @ i g, the complex conjugation maps an element x = a + ib € g to
its complex conjugate defined by X = a — ib. For the complexified Lie-bracket, it is
plain that

4.2) [x.y] =[x, 7]

We will denote by JC the complex linear extension of J € B(g) to g€, i.e.,
JC(a +ib) = Ja + iJb. Note that J€ is a bounded operator on g€, which satisfies
the following:

JC(x) = ﬁc—(x)foranyx e g%
- for J € A(G, K), its complexification J€ preserves ¥€ and we have
(4.3) JCk, v] = [k, JC]
for any k € ¥€ and v € gC;
for J € A€(G, K), Ran((JC)? + 1) C ¥€ holds.
DEerINITION 4.5. Define the following two subspaces:
Zy={vegt (U Fip et}

that is, v € Zy if Jv = iv + k for some k € ¥ and likewise with Z_. Note that
Z, = Z_ and that Z and Z_ are closed as preimages of the closed subalgebra ¥€
by a continuous map.
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THEOREM 4.6. A homogeneous almost complex structure & in G/ K induced by J €
AC(G, K) is Nijenhuis (i.e., the condition Qg = 0 holds) if and only if [v, w] € Z
forallv,w e Z,.

Proor. We use the formula (3.2) from Theorem 3.6, with the addition that for v, w € g,
(4.4) J2 v, w] + [v,w] € ¥.

Let us define an anti-symmetric bilinear form 8 on g by

4.5) B, w) = Jv, Jw]+ J[Jv,w] - [Jv, Jw] — J*[v, w].

In this setting, the vanishing of the torsion is therefore equivalent to 8 taking values
in £:
Qy=0 < Bv,w)et, Vvweg.

+ Suppose that 24 vanishes. By complexifying the bilinear form 8 defined by equation
(4.5) and using equation (4.4), we have for v, w € g(c

JC, JCw] + JC I, w] = [JCv, JCw] + [v, w] € £C.

Let us prove that if v, w € Z, then the bracket [v, w] belongs to Z as well. For
v,we Z,, wehave JCv =iv +k; and JCw = iw + k. Therefore,

2iJC [, w] + JC. ko] + JC [k, w] + 2[v, w] — i[v, kz] — i[ky, w] € £C.
By equation (4.3), we have
JCW, ko] = —JCka, v] = —[ka2, JCV] = —[ka,iv + k1] = i[v. k2] + k3
and likewise JC[kl, w] = i[k1, w] + kg4; therefore,
2iJC v, w] = —2[v, w] + ks,

which proves that [v, w] € Z.

Now we prove the implication in reverse direction. Suppose that for v, w € Z, the
bracket [v, w] belongs to Z_ . Let us prove that B takes values in ¥.
Let v, w € g. Then,

JC—DUC+iw=U%+ et

therefore, (JC +i)v € Z, and likewise (JC + i)w € Z. Then, the hypothesis
of the theorem tells us that

JE[UC + i), (€ +iw] =i[(JC + i), (JC +i)w] +k
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for some k € £C. After expanding, we get that
(4.6) JJv, Jw]+iJ[v, Jw]+iJ[Jv, w] — J[v, w]

equals
i[Jv, Jw]—[Jv,w] —[v, Jw] —i[v,w] + k.

Note that by using the hypothesis, conjugating, using equation (4.2) and the fact that
Z, =Z_,wealsohave JC[x, y] +i[x,y] € £ forall x, y € Z_. Since we also
have (JC —i)v € Z_and (JC —i)w € Z_, with a similar reasoning we obtain
that

4.7 J[Jv, Jw]—iJ v, Jw]—iJ[Jv,w] — J[v, w]

equals
—i[Jv, Jw] —[Jv,w] —[v, Jw] +i[v,w] + k.

Adding equations (4.6) and (4.7) (and halving) and canceling out, we arrive at
[v, Jw]+ [Jv,w] + J[Jv, Jw] — J[v,w] € £.
If we apply J, we get
Jv, Jw] + J[Jv,w] + J*[Jv, Jw] — J?*[v,w] € £.
Finally, using equation (4.4),
J2Jv, Jw] = —[Jv, Jw] + ko fork, € ¥;
hence, (v, w) € £. [

Combining Definitions 2.3, 2.9, 4.5, Theorem 4.6 and the Newlander—Nirenberg
theorem in real-analytic Banach context [2, Theorem 7], we obtain the following.

CoroLLARY 4.7. Let G/ K be a real-analytic homogeneous space equipped with a
real-analytic homogeneous almost complex structure & given by J € A€ (G, K). Then,
d is integrable (i.e., G/ K admits complex charts compatible with § ) if and only if it is
Nijenhuis, i.e., if and only if

Zy = {v eqt:UC—iw E?C}
is a complex Lie subalgebra of gC.

REMARK 4.8. By conjugation, Z is a complex Lie subalgebra of g€ if and only if
Z_is.



T. GOLINSKI, G. LAROTONDA AND A. B. TUMPACH 730

5. A BRIEF LOOK AT THE SPLIT CASE

In this section, we discuss the situation when K is split in G, i.e., if ¥ has a closed
complement m in g, g = £ @ m.

Under this condition one can consider the following subset of admissible linear
bounded operators on g:

B(G,K)={N € B(g): ¥ Cker N; Nm C m; Ran(Ady N — NAdy) C ¥ Vk € K}.
Similarly, one can consider the following subset of A€ (G, K):
In(G,K) = {N € AC(G,K) : ¥ Cker N; N C w; Njj = —ljn}.

Note that B8(G, K) is strictly contained in 4(G, K) and I, (G, K) is strictly contained
in AC(G, K). By [2, Proposition 12], any almost complex structure on M = G/ K
is induced by a linear map in I, (G, K). A similar construction was used in [12] to
define Riemannian metrics on the manifold of non-linear flags.

RemaRrk 5.1. If K is split in G, then around each p € G/K there exists a smooth
local cross-section o : U C G/K — G for the quotient map (i.e., w o 0 = idy, see
[3, Theorem 4.19]). Then, the proof of Theorem 3.6 can be simplified (following
Frolicher [16, Satz 2, Section 19] for almost complex structures) by considering the
local vector fields on the homogeneous space

Up = Tso(p)Lo(p)v. P €U, veEg.

It is plain that © is 7r-related to the restriction of the left-invariant vector field generated
by v to the submanifold o (U), and also that

(:/V ﬁ)p = Npﬁp = N*U(p)Lg(p)Nv = (Nv)p;
i.e., N exchanges the field induced by v € g with the one induced by Nv € g.

REMARK 5.2. One can consider J € I4(G, K). In this case, the spaces Z 4 defined
in Definition 4.5 are given by

Zy =t ® Bigy; (U 50),

where Eig ; (J lfnc) is the eigenspace with eigenvalue +i of the complex linear exten-
sion J € restricted to mC. Note that in this case, we have

C=Z+2,

Z,NZ_=¢%C,

AdsZy C Z4.
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By [2, Theorem 15] (see also [16]), in this complemented case, any homogeneous
complex structure on M = G/K comes from this kind of decomposition of g€. In
particular, in the complemented case, Corollary 4.7 reduces to [2, Theorem 13].

6. EXAMPLES

We end this paper with some examples that illustrate the definitions, applications, and
possible pitfalls.

6.1. Example: spheres

Identify the sphere S? with the homogeneous space SO(3)/ SO(2) in such a way that the
base point corresponds to the north pole po = (0,0, 1)7. The action « of G = SO(3)
(and g = s0(3) as well) is given by left matrix multiplication. Consider the basis of
s0(3):

0O 1 0 0 0 1 0 0 0
k() =|-1 0 O y e = 0 00 , €y = 0 0 1
0 0 0 -1 0 0 0 -1 0

Note that ko spans the Lie algebra ¥ =~ s0(2) and that {e; pg, €2 po} spans the tangent
space to the sphere S? at py. The infinitesimal generator v € so0(3) gives us

X°(p) = (@”)s1v = vp, for p € S2.

The diffeomorphism g : S2 — S? transforms X? in the following manner (see equa-
tion (2.4)):

gup = gXV(p) = (@)= (XV)(p) = ()« (X")((eg) " (g p)) = X ¥V (gp).

while ﬁ(gp) = vgp; thus, in general, gS(\T’(p) # X\T’(gp) (Remark 2.7).

Now consider N = adg,, on so(3). It preserves ¥ = Rkg. To show that itis admissible,
we verify the claim Ran(Adg N — NAdy) C ¥ for k € K (Definition 2.9): since K is
a connected group, by Lemma 2.10, it is enough to verify it on the level of the Lie
algebra, which is trivial. Therefore, N descends to a linear operator Ny, on the tangent
space to the sphere at pg of the following form:

(6.1) Npo(Po) = (Nv)(po), v € s0(3).

With this we define the vector bundle map N on S? using the homogeneous action of
the group, following Definition 2.11:

NepoZ 1= gd\fpo(g_lz), z € TMOS2 C R3,
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Regarding Remark 2.14, we have

(NXP)(gPo) = Ngpo X (gPo) = §Npog ' X" (gP0) = gNpo (g vgP0)
= gN(g~'vg) po = gN(Adg"v) po.

and on the other hand, XV?(gpo) = (Nv)gpo, which are far from being equal unless
g eKk.

Note that from the definition of N, it follows directly that Ran(N? 4 1) = {0} C ¥.
Therefore, N induces an almost complex structure & on S? ~ SO(3)/ SO(2). By
Remark 5.2, the vanishing of its torsion is equivalent to Z4 = {E; + i E»} being a Lie
subalgebra of s0(3), which is trivial because it is (complex) one-dimensional. Therefore,
this particular complex structure is integrable, giving the usual complex structure on
the sphere S2. We remark here that it is known that the real sphere S” admits an almost
complex structure if and only if n = 2 or n = 6 (see [8] or the survey [26] for further
details). The known almost complex structure on S is also homogeneous and can
be constructed by considering S inside the subspace of purely imaginary octonions;
however, this almost complex structure is not integrable (see [26]).

For the infinite-dimensional sphere S (the unit sphere of a real Hilbert space #), it
is known that § is real-analytic isomorphic to #¢, see [14]; therefore, § admits an almost
complex structure, being a complex manifold (an infinite-dimensional real Hilbert
space J is also a complex Hilbert space, halving the basis).

6.2. Example: non-complemented setting—Ileft and right multiplication

Let J¢ be an infinite-dimensional separable Hilbert space, and denote with B (J) the
bounded linear operators acting in J¢, with K (J) the ideal of compact operators. Note
that B(#)/ K (J) is known as the Calkin algebra, see [18] for more details. Consider
the group of invertible operators G = GL(#) C B(H). For the Lie subgroup K,
consider the group of invertible operators which differ from the identity by a compact
operator K = GL(#) N (1 + K (H)). Note that since K () is a closed subspace
of B(H), then K is an immersed subgroup of G (moreover, it is embedded since the
topology of K is the norm topology). But K is not splitin G since the compact operators
are not complemented in the bounded operators. Now, since compact operators are a
closed ideal in the algebra of bounded operators, the group K is a normal subgroup
of G; therefore, the quotient has a structure of Banach-Lie group, which makes of the
quotient map 7w : G — G/ K a smooth submersion (see [17, Theorem I1.2]).
Consider an operator N given by right and left multiplication by bounded operators:

(6.2) N(X) = AXB,

for A, B, X € B(H). In this case, the condition N K (H) C K (H) is automatically
satisfied since J(H) is a two-sided ideal in B(H ).
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The other condition for N to be admissible (see Lemma 2.10) is
[k, AXB] — A[k, X1B € K (¥),
for k € K (H). It is also automatically satisfied for the same reason.

ProposITION 6.1. The operator N defined by (6.2) descends to the operator N on the
homogeneous space. If we choose A and B such that A*> and B? are multiples of 1
and A?B? = —1, we get an almost complex structure on G/ K.

Let us verify using Theorem 3.6 and Corollary 4.7 if N is a Nijenhuis operator
and integrable complex structure. Note that it is known that G/ K has a real analytic
manifold structure. The condition (3.2) does not hold in general; however, in a simpler
case when either A = 1 or B = 1, it is always satisfied.

ProrosiTioN 6.2. If N is left (or right) multiplication by a bounded operator from
B(H), then N is a Nijenhuis operator on G/ K. Moreover, if the square of this operator
is —1, we obtain an integrable complex structure on G/ K.
6.3. Example: non-complemented setting—rank one case
Consider G and K as in previous example. Let us look for another simple case of the
operator N . First, consider the linear functional £ on S = C1 + K (#) defined as
L(K(J)) =0and £(1) = 1. Since
e+ &l = Je] T+ &'l = [ = [T + k)|,
it follows that £ is bounded in S = C1 + K (#). By means of the Hahn—Banach

theorem, one extends it to a bounded functional on the whole B (#), also denoted by
£. Now consider N € B(B(H)) given by

(6.3) N(X) = £(X) - 1.

ProrosiTioN 6.3. N defined by (6.3) gives rise to a homogeneous vector bundle map
N on G/ K. However, by Theorem 3.6, it is never a Nijenhuis operator.

Proor. Let us verify that indeed N € A (G, K). By definition, it vanishes on K (J),
so it preserves it in a trivial manner. The other condition is equivalent to

(6.4) Adg 4+ N(X) — N(Adg 41 X) € K(H)
for all k € K (H) such that T 4+ k € GL(H), X € B(H). Since N(X) lies in the
center of B(H), condition (6.4) can be written as

N(X) = N((1L+k)X(1 + k) € K(¥#),

where 1 + k = (1 + k)1 with k compact. Since kX, Xk, and kXk are all compact
and hence in the kernel of N, the identity holds.
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For the second claim, note that in the condition (3.2), the first three terms vanish
identically since the image of N lies inside the center of the Lie algebra B(#). Thus,
the condition for N to be Nijenhuis is

N%([v,w]) € K(H) forallv,w € B(X).

Note that by definition, N is idempotent and never takes value in JC(F) \ {0}. Thus,
for N to be Nijenhuis, the following identity should be satisfied:

(6.5) N([v,w]) =0 forallv, w € B(HX).

It was demonstrated in [22] that every operator in B (J) is the sum of four commutators;
thus, the linear span of all commutators is equal to the whole B (#). Thus, the condition
(6.5) never holds, as it would imply N = 0. |

Let us also mention that vector bundle maps N of the discussed form never give
rise to an almost complex structure since they are idempotent N2 = N.

By replacing identity operator 1 in the definition (6.3) of the map N by another
operator, it is possible to obtain examples of Nijenhuis operators, see [18, Section 4.1.2].

6.4. Example: the restricted Grassmannian

Consider a separable infinite-dimensional complex Hilbert space # endowed with the
orthogonal decomposition
H=H_DHy

onto two infinite-dimensional closed subspaces. Denote by P an orthogonal projection
onto H+ and by d = i(Py — P-).
Consider the Banach—Lie group G = Uy defined as follows (see e.g. [37]):

Ues ={U € B(H) |U*U = UU* =1,[U,d] € L*(¥)},
where L2(H) is the ideal of Hilbert—Schmidt operators. Its Banach-Lie algebra is
q =W = {u € BH) | u* =—u,[u,d] € L2(H)}.

One verifies readily that d € 1.

The group U, acts on the Hilbert space # in the natural way and in consequence
it also acts on the Grassmannian of J, i.e., the set of all closed subspaces of . The
action on the Grassmannian is not transitive. The orbit of the closed infinite-dimensional
subspace J is known as the restricted Grassmannian Grs [37]. The stabilizer of €
is a product of two unitary groups K = U (H ) x U(H_). The restricted Grassmannian
Gres possesses a manifold structure and the quotient map is a submersion. It is thus a
homogeneous space G/ K = UL/ (U(H 1) x U(H-)).
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We can construct Nijenhuis operators on Gr,.s by considering bounded operators
on the Banach-Lie algebra u of the form N = ad 5, where d belongs to the center

of £ = u(Hy) x u(H-).

ProposiTIiON 6.4. The operator ad ; descends to a vector bundle map N on T Gryes.
Moreover, N is a Nijenhuis operator.

Proor. From Corollary 3.9, it follows that ad; belongs to 4(G, K), and thus by
Proposition 2.12, it descends to a vector bundle map N .
By Theorem 3.6 and again Corollary 3.9, N is a Nijenhuis operator if and only if

[[c?, v], [J, w]] e u(Hy) xu(H-) forallv,w € uys.

That this condition holds can be checked by direct computation, or else by noticing
that it is equivalent to the fact that the restricted Grassmannian is a (locally) symmetric
space [42]. n

The restricted Grassmannian Gry is a Kihler manifold, which means among others
that it possesses a complex structure. It is induced by N = ad; with d = %d =
%i(PJ,— — P_). Direct computation shows that Ran((ada;)2 + 1) C u(Hy) x u(H-);
thus, we obtain an almost complex structure. Previous considerations prove that it is
indeed integrable (since this homogeneous space has a real analytic manifold structure).
Let us note that the restricted Grassmannian is also a symplectic leaf in a certain
Banach Lie—Poisson space (central extension of the predual space of 1., see [4]) and
a Poisson homogeneous space of a Banach Poisson-Lie group [43]. It is related to
numerous hierarchies of integrable systems [20,21], in particular to the Korteweg—de
Vries hierarchy [38,43]. As Hermitian-symmetric space, the restricted Grassmannian
admits a hyperkihler extension which can be identified with its cotangent space or with
the coadjoint orbit of the complexification of U [39—41].

ReEmaRrKk 6.5. More examples of Nijenhuis operators and complex structures can be
found in the paper [18], where the constructions mentioned above are applied to several
classes of C*-algebras.

REMARK 6.6. In finite dimensions, there is a well-known method of obtaining an
almost complex structure on coadjoint orbits of Lie groups, see e.g. [11, Section 1.2,
Theorem 2], [9, Part V, Section 12.2], and [45]. It goes by considering a polar decompo-
sition of the ad; operator. In the paper [19], the generalization of this approach will be
applied to the study of unitary orbits of trace-class operators, in the spirit of Kirillov’s
orbit method [25]. The results of the present paper will be used to address the question
of integrability of these structures.
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