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Sharp regularization effect for the non-cutoff Boltzmann
equation with hard potentials

Jun-Ling Chen, Wei-Xi Li, and Chao-Jiang Xu

Abstract. For the Maxwellian molecules or hard potentials case, we verify the smoothing effect for
the spatially inhomogeneous Boltzmann equation without angular cutoff. Given initial data with low
regularity, we prove solutions at any positive time are analytic for strong angular singularity, and in
the Gevrey class with optimal index for mild angular singularity. To overcome the degeneracy in the
spatial variable, a family of well-chosen vector fields with time-dependent coefficients will play a
crucial role, and the sharp regularization effect of weak solutions relies on a quantitative estimate
on directional derivatives in these vector fields.

1. Introduction and main result

Due to the diffusion property, the regularization effect is well explored for parabolic-type
equations. As a typical example, solutions to the Cauchy problem of the heat equation
will become analytic at positive times for given initial data with low regularity. This
kind of parabolic regularization effect has been observed in several classical equations
which describe the motion of dilute gas and fluid dynamics in different physical scales.
For instance, at macroscopic scales, the motion of fluid may be described by the clas-
sical Navier-Stokes equations, which indeed enjoy the analytic smoothing effect (cf.,
e.g., Foias—Temam [23]). Meanwhile, in mesoscopic kinetic theory, the Boltzmann equa-
tion plays a fundamental role, and the regularization properties of weak solutions were
observed in Lions [37] and further verified by Desvillettes [18]. Since then there have
been extensive works on the C *°-smoothing effect for the non-cutoff Boltzmann equation
and related models, most of which are concerned with the spatially homogeneous case;
the breakthrough for the inhomogeneous counterpart was achieved in the very recent work
of Imbert-Silvestre [32]. In this work, we aim to explore the analytic and sharp Gevrey
class regularization effect for the spatially inhomogeneous Boltzmann equation without
angular cutoff. Different from the heat or the Navier—Stokes equations, the spatially inho-
mogeneous Boltzmann equation is a degenerate parabolic equation. Although sometimes
we may expect C °°-smoothness for general degenerate equations, it is highly non-trivial
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to get the analytic regularity. In fact, for the inhomogeneous Boltzmann equations, so far
very few analytic solutions are available.

To understand the transport properties of a dilute gas described by the Boltzmann
equation, explicit solutions would be useful to capture the non-equilibrium phenomena.
Due to the high non-linearity of the Boltzmann collision operator, it is usually not easy
to find an explicit solution and in this case, it would be more convenient to solve the
Boltzmann equation via analytic approximation with the help of numerical methods. In
this paper we will theoretically verify analyticity at positive time of mild solutions to
the spatially inhomogeneous Boltzmann equation with strong angular singularity. On the
other hand, for mild angular singularity, the sharp regularization that we may expect will
be in the Gevrey class rather than in analytic space. To investigate the sharp regularity, the
main difficulty arises from the degeneracy in the spatial direction coupled with the highly
non-linear feature in the Boltzmann collision operator. For the spatial homogeneous case,
the regularity issue reduces to a parabolic problem, and motivated by the heat equation,
analytic solutions to the Boltzmann equation and related models have been proven for
rather weak initial data; cf. [9, 15, 38] for instance and also [6, 13, 19, 20, 24, 39, 40, 42]
for regularity in other function spaces. However, analytic solutions are much less known
for the spatially inhomogeneous counterpart, and well-posedness in analytic space was
obtained by Ukai [45], where the author required analytic regularity for initial data so
that the Cauchy—Kovalevskaya theorem may apply, and to the best of our knowledge, no
analytic solution is known for non-analytic initial data. Motivated by diffusive models
such as the hypoelliptic Fokker—Planck and Landau equations, it is natural to expect a
smoothing effect for the spatially inhomogeneous Boltzmann equation in analytic space
or sharp Gevrey class rather than in the C*° setting.

The spatially inhomogeneous Boltzmann equation in a torus reads

3 F +v-0.F = Q(F,F), Fli=o = Fo. (1.1)

where F(t, x, v) stands for the probability density function at position x € T3, time ¢ > 0
with velocity v € R3. If F = F(t,v) is independent of x, then equation (1.1) reduces to
the spatial homogeneous Boltzmann equation. The Boltzmann collision operator on the
right-hand side of (1.1) is a bilinear operator defined by

Q(G,F)(t,x,v):/ / B(W — v4,0)(GLF' — G4« F) dvy do, (1.2)
R3 JS2

where, as throughout the paper, we use the standard shorthand F’ = F(t, x,v’), F =
F(t,x,v), G, = G(t,x,v,) and G« = G(t, x, vx), and the pairs (v, v«) and (v', v},) are
the velocities of particles after and before collisions, with the following momentum and
energy conservation rules fulfilled:

R T VA S DA (R R VAR
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From the above relations we have the so-called o-representation, with o € S?,

PRV O L 1

g,
2 2
, Ve |U— vk
vl = -
2 2

The cross-section B(v — vy, 0) in (1.2) depends on the relative velocity |v — v«| and the

deviation angle 6 with
v — U*

cosf = -0.

|[v — vy

Without loss of generality, we may assume that B(v — v«, 0) is supportedon 0 < 6 < %
such that cos 8 > 0 and also assume that it takes the following specific form:

B(v — vy,0) = |[v — v|"b(cos 0), (1.3)

where |v — v«|” is called the kinetic part with —3 < y < 1, and b(cos ) is called the
angular part satisfying
0 < sin6b(cosf) ~ 71728 1.4

for 0 < s < 1, where here and throughout the paper, p ~ ¢ means C~'q < p < Cq for
some generic constant C > 1. So the angular part b(cos #) has a singularity near 0 in the
sense that

14

/2 sin 0b(cos 0) df = +o0.
0

In the following discussion, by strong angular singularity we mean that % <s<1,and
mild angular singularity means that 0 < 5 < % Recall that y = 0 is the Maxwellian
molecules case, while the cases —3 < y < 0 and 0 < y correspond respectively to the
soft potential and the hard potential. In this text, we will restrict our attention to the cases
of Maxwellian molecules and hard potential, i.e., y > 0.

We are concerned with the solution to the Boltzmann equation (1.1) around the nor-
malized global Maxwellian 1 = u(v) = (27)~3/2¢~ /2 Thus, let F(¢, x,v) = u +
/I f(t, x,v) and similarly for the initial datum Fy. Then the reformulated unknown
f = f(t, x,v) satisfies

Wf+v-Vof +Lf =T(L 1) fli=o= fo. (1.5

with the linearized collision operator £ and the non-linear collision operator I'(-, -) given
respectively by

_1 _1
and

T(g.h) = 12 Q(Jig. V/ith). (1.7)
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Initiated by [18, 37], so far it is well understood that an angular singularity will lead to
fractional diffusion in velocity, so that it is a natural conjecture that the Boltzmann colli-
sion operator without cutoff should behave essentially as the fractional Laplacian:

—0(g, f) ~ Cg(—Ay)* + lout., (1.8)

where l.o.t. refers to lower-order terms that are easier to control. Note that(1.8) is
rigorously verified by Alexandre—Desvillettes—Villani—-Wennberg [1], where the velocity
should vary in a bounded region. For the global counterpart of (1.8), an accurate character-
ization by fractional Laplacian (—A,)* and fractional Laplacian on a sphere (v A 3,)?* is
given by [2] with the help of pseudo-differential calculus. Moreover, fractional diffusion
in the spatial variable x may also be archived due to the non-trivial interaction between
the diffusion in velocity and the transport part. Thus, even though the spatially inhomo-
geneous Boltzmann equation is degenerate in the spatial direction, it admits an intrinsic
hypoelliptic structure just like the diffusive variants such as the Fokker—Planck equation
or the Landau equation. Inspired by the analytic regularization effect observed by [11,41]
for these specific diffusive models, it is natural to require the same phenomena for the
Boltzmann equation with strong angular singularity, and in this work, we will confirm it
by virtue of a family of well-chosen vector fields. Moreover, for the remaining case of
mild angular singularity, we verify the Gevrey smoothing effect with sharp index.

Before stating the main result, we first recall the extensive studies on the regulariza-
tion properties of weak solutions to the spatially inhomogeneous Boltzmann equation.
The mathematical verification of the regularization phenomena may go back to Desvil-
lettes [18] for a one-dimensional model of the Boltzmann equation. Later on, the intrinsic
diffusion structure in velocity was proven by Alexandre—Desvillettes—Villani—Wennberg
[1]. Since then substantial developments have been achieved, and here we only men-
tion the works [3, 4, 17,25, 26, 28] for the C* or Sobolev regularization effect. The
smoothing effect in more regular Gevrey classes with Gevrey index 1 + 21_s was proven
by [12,21, 33, 35], based on the hypoelliptic structure explored in [2, 10, 14, 16,27, 34,
36]. Another effective tool refers to De Giorgi-Nash—Moser theory, with the help of a
strong averaging lemma that plays a crucial role in capturing the regularizing effect; this
approach was recently applied to study conditional regularity for the spatially inhomoge-
neous Boltzmann equation with general initial data (cf. [29-32,43, 44] for instance) and
well-posedness for the close-to-equilibrium problem with polynomial tails (cf. [7, 8,44]).

1.1. Notation and function spaces

Given two operators P; and P, we denote by [Py, P,] the commutator between P; and
P, that is, [Pl, Pz] = P1P, — P, P;.

We denote by f or ¥, f the partial Fourier transform of f(, x, v) with respect to the
spatial variable x € T3, that is,

f(t,m,v) =F f(t,m,v) = / e7imX £t x,v)dx, mel3,
T3
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where here and below we use m € Z3 to stand for the Fourier dual variable of x € T?3.
Similarly, ¥, f represents the full Fourier transform of f(¢, x, v) with respect to (x, v)
and we will denote by (m r]) the Fourier dual variable of (x, v). For the sake of conve-
nience, we will denote by I'( f g) the partial Fourier transform of I'( £, g) defined in (1.7),
meaning that

F(f.&)(t.m.v)
= PP (f @) m.v)
= [ [ B =00t 0700+ 20100 = [£2) + 20))m) dor do,

where the convolutions are taken with respect to the Fourier variable m € Z3:

[f ) % g()]m) := /Z Stm =g (. tv) dS(0), (1.9

for any velocities u, v € R3. Here and below d X (m) stands for the discrete measure on
73, ie.,

| gmazom = 3 g

meZ3

for any summable function g = g(m) on Z3. When applying Leibniz’s formula, it will be
convenient to work with the trilinear operator  defined by

T (g, h,w) =f/ B(v — vs, 0)wx(ghh' — guh) dvy do, (1.10)

where B is given in (1.3), and w is a function of the variable v only. The bilinear operator
I" in (1.7) and the above 7 are linked by

T(g.h) = T(g,h, u?). (111)

Similarly to above we denote by 7 (g h, w) the partial Fourier transform of 7 (g, i, w)
with respect to x, that is, for any functions v = w(v) of the variable v only,

ff(gﬁ w)(m,v)
= ,‘F‘X(T(g,h,w))(m, 'U)

= [ B0 - v 0w @ * B0 — [0.) < h@Im) do. do. (112

where the conclusions are taken with respect to the Fourier variable m € Z3, seeing defi-
nition (1.9).

Throughout the paper, without confusion we will use L2 to stand for the classical
Lebesgue space L? consisting of functions of the specified variable v, and similarly for
wa. We denote by HY the classical Sobolev space H? in the variable v, and similarly
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for H f, »- We recall the mixed Lebesgue spaces L? LqTL{) introduced in [22], which are
defined by

LELTLY, = {g = g(t,x,0); llgllpp a1 < +00),
where

r : .
(/ ([ ||§(r,m,-)||"rdt) dz(m)) , g<o,
73 \Jo v

) ) 1
( sup 6(t,m,)lleg)” d=(m)) . g = oo,
Z3 0<t<T

||g||L,’;,L‘§L5 =

forl < p,r <ooand 1 < g < oo. In particular,

N

LyL, = {g = g(x,v); ”g”L,‘ZLz = (stIIgA(m,)IIZZ dE(m)) < +OO}

and

Ly ={g = g(x); llglpy, = [7518(m)| dE(m) < +o0}.
Finally, we recall the triple norm ||| - ||| introduced by Alexandre-Morimoto—Ukai—Xu~—
Yang [5], defined as

|||f|”2 = /]1;3 [1;3 Lz B(U - v*’U)M*(f - f/)2 do dv dv*
_ 2 ’ 2
+/R3 [R3 /Sz B(v = v4,0) f2(/ 1 — J10)* do dv dv,.. (1.13)

Note that the triple norm is indeed equivalent to the anisotropic norm | - |yvs intro-
duced in Gressman—Strain [25]. Both norms can be characterized by an explicit norm
||(a%)'” Sllpz, with (a%)w standing for the Weyl quantization of symbol az (cf. [2] for
detail). In this text, we will use the above triple norm to avoid the need for pseudo-
differential calculus.

1.2. Statement of the main result

Let L), L2 and L}, L3 L? be the spaces defined in the previous part. We first recall the
existence and uniqueness of solutions to (1.5) established by Duan-Liu—Sakamoto—Strain
[22] in the setting of L,ln L%. Assume that the cross-section satisfies (1.3) and (1.4) with
0 <yand0 < s < 1.Itis proven in [22] that for a given initial datum fy € L} L2 satisfying

I follzy,z2 < €

for some sufficiently small constant € > 0, the non-linear Boltzmann equation (1.5) admits
a unique global solution in L}, Ly L2 for any T > 0. Moreover, the higher-order regu-
larity of the mild solution f is obtained in [21], which says that f is in Gevrey class
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G1+§(Tg x R3) forz > 0. Recall that f = f(x,v) € G" (T2 x R3) with index r > 0 if
f € C%(T32 x R3), and there exists a constant C > 0 such that

Vo, B ey, 19595 flzz, < CHPH (o) + 181"

Here, r is called the Gevrey index. In particular, G (T3 x R3) is just the space of analytic
functions, and that G" (T2 x R2) with 0 < r < 1 is the space of ultra-analytic functions.
We have an equivalent expression of the Gevrey class G"(Z3 x R3) by virtue of the
Fourier multiplier e(=4*=4v)?" with ¢ > 0 a constant, that is, we say f € G"(Z3 x R3)
if :

AT AT fe 2 (1.14)

1
Here, e¢("2x=282)2" £ ig defined by

— — ir 2 2 % -
px’v(EC( Ax—Ay)2 F)m,n) = eCUml*+nl*)2 Frw f(m, 1),

recalling that F , represents the full Fourier transform with respect to (x, v), and that
(m, n) are the Fourier dual variables of (x, v).

This work aims to prove the sharp Gevrey class smoothing effect, improving the pre-
vious Gevrey regularity index 1 + % in [21]. The main result can be stated as follows.

Theorem 1.1. Let G (T2 x R3) be the Gevrey space defined above. Assume that the
cross-section satisfies (1.3) and (1.4) withy > 0and 0 < s < 1. There exists a sufficiently
small constant € > 0 such that if

I follLy 2 <, (1.15)

then the Boltzmann equation (1.5) admits a global-in-time solution f satisfying that f €
G'(T2 x R3) forall t > 0, where

1

r:max{—,l}. (1.16)
2s

Moreover, for any T > 1 and any number A satisfying A > 1 + 21—S there exists a constant

C > Odepending on T and A, such that

Va.pezy, sup tAVFMBIGeR8 r1))| 2 < ClFBFY (o] + BT, (1.17)

0<t<T

Remark 1.2. As will be seen below, our argument relies on the restriction that y > 0. It
is interesting to extend the result above to the case of soft potentials, which would require
some new ideas. We hope the method in this text may give insights into the regularity of
the soft potentials case and other related topics for more general spatially inhomogeneous
Boltzmann equations.
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1.3. Sharpness of the Gevrey index

In view of (1.16), we have an analytic regularization effect for the strong angular singular-
ity case (i.e., 2 < s < 1). For the mild angular singularity case of 0 < s < % only Gevrey
class regularization with index 21—S can be expected. In this part, we will confirm the sharp-
ness of the Gevrey index through the some toy models of the Boltzmann equation. To do
so, we first consider the following fractional Fokker—Planck equation in T3 x R3:

{atg+v-3xg+(—Av)sg =0, 0<s<l, (1.18)

gli=o=go € L3,

which is a toy model of the Boltzmann equation with Maxwellian molecules (i.e., y = 0
in (1.3)). By performing the full Fourier transform, we could reformulate (1.18) as the
following transport equation:

at:,f'vx,vzg’ —m:- ar]?x,vg + |7)|2S3'vx,vg =0,
\?'x,vg|t=0 = -S(Tx,ng»

recalling that (m, ) are the Fourier dual variables of (x, v). By solving the above transport
equation we get an explicit solution g to (1.18) satisfying

1 s
(Frwg)(t,m,n) = e~ holmromPde g eo)im, n + tm). (1.19)

Moreover, observe that (cf. [41, Lemma 3.1] for instance)
t
o0l + Py e, < = [l pml dp < —cat(lnf + )
0

and thus, for any ¢ > 0,

t
—(mP + 0P ess < — / 7+ pmPSdp < —cs,(ImP + P, (1.20)
0

where ¢g > 0 is a small constant depending only on s, and ¢s; > 0 is a small constant
depending only on s and 7. Then combining (1.19) and (1.20) yields that, for any ¢ > 0,

|| ecs,t (—Ax—Ay)*

02

_ / e2cs,x(\m|2+|n|2)se—2fcf In+pm|?s dp|(3t,'x,vg0)(m’ N+ tm)|>d=(m)dy
Z3xR3

= ||g0||i)2w~

Then, in view of the equivalent definition (1.14) of Gevrey space,

Vi >0, g(t.--) € G (T2 xR3).
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Next we will show that the Gevrey index % is sharp. To do so, let r be any given number
satisfying 0 < r < 2_13’ and we choose an initial datum go in (1.18) such that

1
Ve >0, [efTATAIT g0 = +o0, (1.21)

which means go ¢ G"(T32 x R3). Moreover, for any constant ¢, > 0, we can find a con-
stant R depending only on c, and the constant ¢y, in (1.20), such that

Cc 1
(Im|? + Inl*)* /es < ?*(IMI2 +n1%)> + R,

due to the fact that 0 < r < 2_13 Thus, with (1.20), it follows that
26 (mP+DF =2 [§omP dp 5 (=2R yer(mP+Hn) P
As a result, we use (1.19) to conclude that, for any given ¢ > 0,
1
lec+ AT g @)]12,
L s
_ / e2c«(mP>+In|?)2r e—2f5 In+om|? dp|(37x’vg0)(m7 n+ tm)|2 dx(m)dn
Z3xR3
1
ze*R/‘ e (mPFHIT | (77 g0) (m. n + tm)|* A (m) d,
Z3xR3

which, with (1.21) and the fact that

2 2
2 2 _ |Im]" +In+1m|
mP* +n)? > ———,
P+l =
implies, for any given # > 0,
L
Ver >0, (e AT e ()] 1n = 400,

Thus g(¢) ¢ G" (T2 x R2) for ¢ > 0, and we have proven that z—ls is the sharp Gevrey index
we may expect when investigating the regularization effect for the toy model (1.18) of the
Boltzmann equation.

(1) Mild angular singularity case. For0 < s < %, in Theorem 1.1 we get the regularization
effect in the sharp Gevrey class z—ls, coinciding with the index for the toy model (1.18).

(i) Strong angular singularity and hard potentials. For the Boltzmann equation with
strong angular singularity and hard potentials, a more approximate model than (1.18) is

{%g+w@g+wveAWg=o

R (1.22)
gli=0 = 8o € Ly ,»

where (v) = (1 + vz)%, and 0 <y <1, % < s < 1. Note that the coefficient (v)? =

1+ |v|2)% in (1.22) is only (locally) analytic but not ultra-analytic for 0 < y < 1. Then
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heuristically it seems reasonable that ultra-analyticity is not achievable and analyticity
is the best regularity setting we may expect for the toy model (1.22), and so too for the
original Boltzmann equation. In Theorem 1.1, the analytic smoothing effect is indeed
confirmed by observing that 7 = 1 in (1.16) for % <s <l

(iii) Strong angular singularity and Maxwellian molecules. For y = 0, we model the
Boltzmann equation by (1.18). As shown above, if % < s < 1, then the toy model (1.18)
will admit the smoothing effect in the ultra-analytic class G 25 (T2 x R3) rather than in
the analytic setting. Naturally, we may expect a similar ultra-analytic smoothing effect
for the Boltzmann equation when y = 0 and % < s < 1, and this remains unknown at
moment. Here we mention Barbaroux—Hundertmark—Ried—Vugalter [9], who considered
the spatially homogeneous Boltzmann equation (i.e., F = F(¢, v) is independent of x)
and established the regularization effect in the Gevrey class with sharp index 2_13 for the
case of Maxwellian molecules.

1.4. Difficulties and methodologies

When exploring the analyticity of the spatially inhomogeneous Boltzmann equation, the
main difficulty arises from the degeneracy in the spatial direction. Compared with elliptic
equations that usually admit analytic regularity, we may only expect Gevrey regularity for
general hypoelliptic equations. For the specific hypoelliptic Boltzmann equation, when
performing the standard energy, the key part is the treatment of the commutator between
dy and the transport operator d; + v - 0y, since the spatial derivative d, will be involved
in the commutator. To overcome the degeneracy in the spatial direction, we may apply a
global pseudo-differential calculus to derive the intrinsic hypoelliptic structure induced by
the non-trivial interaction between the diffusion part and the transport part. This hypoel-
lipticity enables us to conclude the smoothing effect in Gevrey space of index 1 + %;
interested readers may refer to [2,21] and the references therein.

Inspired by the regularization effect for the toy model (1.18), we would expect similar
regularity properties for the Boltzmann equation. Recently in [11], the last two authors
and Cao verified the analytic smoothing effect for the Landau equation. This equation can
be regarded as a diffusive model of the Boltzmann equation, obtained as a grazing limit
of the latter. Note that the linear Landau collision behaves as the differential operator A,
rather than the fractional Laplacian in the Boltzmann counterpart, so the treatment of the
Landau equation is usually simpler than that of the Boltzmann equation. Although less
technicality is involved in the Landau collision case than the Boltzmann counterpart, the
methods developed for the Landau equation may usually apply to the Boltzmann equation
with technical modifications. However, the situation could be quite different if we investi-
gate the analytic or more general Gevrey class regularity of the two equations. In fact, to
obtain the Gevrey class regularity, the key and subtle part is to derive quantitative estimates
with respect to the orders of derivatives, which is usually hard for the highly non-linear
collision terms. To explore the analytic smoothing effect of the Landau equation, the argu-
ment therein relies crucially on some differential calculus so that Leibniz’s formula may
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apply when handling the non-linear Landau collision part. However, there will be essential
difficulties for the Boltzmann collision term if we apply a similar argument to that in the
case of the Landau equation with modifications, since the Boltzmann collision behaves
as a pseudo-differential rather than a differential operator; hence we have to work with
pseudo-differential calculus, which prevents us applying Leibniz’s formula. Precisely, the
analytic smoothing effect of the Landau equation, obtained in [11], relies on the following
second-order differential operator:

t t3
M == [ 1o, + poal? dp = —18, — 20,0, — A
0

which is elliptic in the x and v variables. The introduction of M is inspired by the explicit
solution to the Fokker—Planck equation (i.e., a specific form of equation (1.18) with s = 1).
We could take advantage of the strong diffusion property (i.e., the heat diffusion —A,) of
the Landau collision part to control the commutator between M and the transport operator
d; + v - 0y, which is

[M,0; +v-0x] = Ay, (1.23)

recalling that [-, -] stands for the commutator between two operators. Moreover, the quan-
titative estimates on the commutators between M¥, k € Z 4, and the non-linear Landau
collision part is hard, but achievable with the help of a Leibniz-type formula (see [11,
Lemma 4.2]). This enables us to perform quantitative estimates on M¥ f with k € Z
and then derive, with the help of the ellipticity of M, the analytic regularization effect
of the Landau equation. Note that we cannot apply the above operator M directly to the
Boltzmann equation, since the Boltzmann collision part behaves as a fractional Lapla-
cian (—Ay)*, 0 < s < 1, and the diffusion is too weak to control the commutator (1.23)
between M and the transport operator. Inspired by the explicit representation (1.19), a
natural attempt is to modify M as follows to save the game:
Ox 0

t
Mszz—/<1+|Dv+pr|2>Sdp, Di=2 and D=2
0 1 1

where M is a Fourier multiplier defined by

t
Fxo(Ms f)(t,m,n) = —/0 (L4 |n + pm|*)* dp(Fx,o /) (t.m, n).
Observe that
t t d
[ meaa+ a4 Py dp = [+ pmPy dp
0 o dp
=1+ n+1m>)* — 1+ 9,

which implies

[W(tvm» r’)’at —m- a'l] = (1 + |'l|2)s» W(I’m7 77) = _/(; (1 + |77 + pm|2)s dp
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Thus the commutator
[Mg,0; +v-05] = (1 — Ay)*

could be controlled by the diffusive part of the Boltzmann collision. Moreover, we need
to handle the commutator

MET(f ) =T MES), keZy,

where I' is the non-linear Boltzmann collision operator defined by (1.7). It is not hard
to control the above commutator by constants Cj depending on k. However, it is quite
difficult and seems not possible to get a quantitative upper bound with respectto k € Z .,
say

Ck+1 ( k |)r i

with C a constant independent of k, since Mj is a pseudo-differential rather than a dif-
ferential operator, so that Leibniz’s formula cannot apply. Thus, to handle the non-linear
Boltzmann collision part, it seems reasonable to work with differential rather than pseudo-
differential operators, so that we can take advantage of Leibniz’s formula, as well as an
induction argument, to derive quantitative estimates with respect to derivatives. On the
other hand, the classical first-order differential operator d, or d, is not a good choice,
since the Boltzmann equation is degenerate in the spatial variable x and the spatial deriva-
tive d, will appear in the commutator between d, and the transport operator.

The new idea in this text is that instead of the sole d, or d,,, we work with the following
combination of d and d, with time-dependent coefficients:

§(1)0x; +8(1)dy;, 1=j =3,
such that, denoting by o’(¢) the time derivative of the function p(z),

[E(l)an + é'(t)av,-v 0 +v-0x] = _S/(t)axj - é'/(t)avj + é(l)an = _é‘/(l)avj- (1.24)

As will be seen in the last two sections, the commutator above indeed can be controlled
by the diffusive Boltzmann operator. The choice of £(¢) and ¢(¢) is flexible, provided
£'(t) = &(1). For the sake of simplicity, we choose £ = (1 4+ 8)™'¢¥*! and ¢ = % and
consider a family of first-order differential operators Hg defined by

1 § §
Hs = e oy, + 100y, (1.25)
where § satisfies :
1+ — <. (1.26)
2s

In view of (1.24), the spatial derivatives are not involved in the commutator between Hg
and the transport operator, that is,

[Hs.d; +v-0y] = —8:5710,,. (1.27)
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More generally, we have
Vk>1, [HE 8 +v-dx] = —8kt* 718, HE!, (1.28)

which can be derived by using induction on k. In fact, the validity of (1.28) for k = 1
follows from (1.27). Now, supposing that

Ve<k—1, [Hfd +v-0y]=—85719, H{Y, (1.29)

we will prove the validity of (1.29) for £ = k > 2. To do so, we use (1.27) and (1.28), as
well as the fact that

[T1 T2, T3] = T' T T3 — T3Th T = Th[T2, T3] + [Th, T3] 7>,
to compute

[HE, 8, +v-0x] = [Hs HE, 9, + v - 35]
= Hs[HF', 0, +v-8y] + [Hs, 9 +v- 3] HF
= Hs(—8(k — 1)¢* 719, HE2) — 615719, HE!
= —8(k — V5719, HF 1 — 565719, HF' = —sk15719,, HF L.

This gives the validity of (1.29) for £ = k. Thus (1.28) holds true for all k > 1. This
enables us to apply the diffusion in the velocity direction to obtain a crucial estimate of the
directional derivatives H sk f for the solution f. Moreover, the classical derivatives can be
generated by a linear combination of Hg for suitable § with time-dependent coefficients,
so that the desired quantitative estimate on the classical derivatives is available (see (1.32)
below for the explicit formulation).

In this text let A be an arbitrary given number satisfying (1.26), that is, A > 1 + %
We define §; and 65 in terms of A by setting

1
14254+ (1 —-2s5)A if0<s<§,
51 =X, &= (1.30)

%(x+1+2—1s) if%§s<l.

By virtue of the fact that A > 1 + is, direct computation yields that

1
51 > 82 >14 —. (1.31)
2s
So both §; and &, satisty (1.26). With §; and 8, given above, let Hs, and Hy, be defined
by (1.25):

_ 1
_81+1

1
Hs, t81+18x1 + 61 Dyys Hs, = mt&z-ﬁ-lam + 182 By, .
2
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Then dy, and 9, can be generated by a linear combination of Hs,, j = 1,2, that s,

S+ 1)(6 +1 S+ 16 +1

oty =gy 2 A DOED o Gt DD gy
52 —51 52 _81

81 +1 8y + 1

T8, —6, T 5,5,

(1.32)
4y, = 1919,, = g

This enables us to control the classical derivatives in terms of the directional derivatives
in Hg, and Hs,.

1.5. Arrangement of the paper

The rest of this paper is arranged as follows. In Section 2 we recall a few preliminary
estimates that will be used throughout the argument. Section 3 is devoted to estimating
the commutator between directional derivatives and the collision operator. The proof of
the main result is presented in Sections 4 and 5, where we treat, respectively, the strong
angular singularity case and the mild one.

2. Preliminaries

In this section we will recall some estimates to be used later. Let £ be the linearized
Boltzmann operator in (1.6) and let || - ||| be the triple norm defined by (1.13). Then by the
coercive estimate and identification of the triple norm (cf.[5, Propositions 2.1 and 2.2] for
instance), it follows that

VSeS®Y). collfII* < (Lf gz + 1S 12, 2.1)

and that, for Maxwellian molecules and hard potential cases with y > 0,

VI eS®RY), collfllag < IS, (22)

where s is the number in (1.4), co > 0 is a small constant and $(R3) stands for the
Schwartz space in R3. Note that the above estimates still hold true for any f such that
AN < +o0.

For simplicity of notation, in the following argument we will use Cy to denote a
generic constant which may vary from line to line by enlarging Cy if necessary. Now
we recall the trilinear estimate of the collision operator, which says that (cf. [25, Theorem
2.1]), forany f,g,h € S(R3),

(T (fg. 7). )] = [(DCf.2) )zl < Coll £z - gl - Al (2.3)

recalling that 7 is defined in (1.10). Furthermore, we mainly employ the counterpart of
the above estimate after performing a partial Fourier transform in the x variable. Then, by
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[22, Lemma 3.2], the estimate
T (f &.n2) ) 2] = |(F(f (). &0m). hm)) 2]
< Gollimll [ 1 £ = 0lle@Nlaz© @4
holds true for any m € Z?> and for any f, g,h € L} (S(R3)). More generally, if o = w(v)
is a given function of the variable v satisfying the condition that there exists a constant

C > 0 such that .
Vv eR3 o) < Cu()?, 2.5)

then following the same argument for proving (2.3), with ,u% therein replaced by w, gives
that

VigheSRY), [(T(fig.w) M2l <CoCllfliz-lgll- Al

As a result, similarly to (2.4), we perform a partial Fourier transform in the x variable to
conclude

(T (f. & ). hm) 3] = CoCllAm)| /Z NF e =0l lIgONd=@). @6

with C the constant in (2.5). In particular, if g in (2.6) is a function of the variable v only,
then (2.6) reduces to

(T (f. g.@).hm)z] = CoCIlf )l llgll < Iacm)l.
This, with the fact that (cf. [5, Proposition 2.2])
gl < el + [P — Av)gll 2
for some constant ¢ > 0, yields that, enlarging Cy if necessary,
(T (/. g.@). h(m)) 3] < CoCILS )2 (1 + P = Au)gll 3 Al

As a result, if g = g(v) € S(R2) is any function of the variable v only, satisfying the
condition that there exists a constant C,, > 0, depending only on the number y in (1.3),
such that

Vo eR3, VkeZy, |(1+ " —Andkg@) <G Lp@)s, (27
with Ly constants depending only on k, then
VkeZy. |(T(f.08g.0).h(m) 2] < CoCLi|l f )l 2llA(m)  (2.8)

by enlarging C if necessary, recalling that C is the constant given in (2.5). Similarly, for
any functions @ = w(v) and g = g(v) of the variable v only, satisfying (2.5) and (2.7),
respectively, we have

Vk € Zy, |(T(@%g. fo0). h(m)2] < CoC Ll f m)ll x la@m)ll.  (2.9)
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Finally, we recall an estimate (cf. [21, Lemma 2.5]) that will be frequently used to control
the non-linear term I'( f, g). For an arbitrary given integer jo > 1, it holds that

/[/ (/ Yo Ifiem =0l . ﬁ)llldE(ﬁ)) dt} d=(m)

1<]<]

jo T " 3
52(/2 s 17 m>||de2<m>) /Z ([o g . mll dr) ds(m), 2.10)

forany f; € L}, L% L? and any g; such that |||g;|| € L}, L2 with 1 < j < ji. It can be
derived directly by Minkowski’s inequality and Fubini’s theorem; cf. [21, Lemma 2.5] for
detail.

3. Commutator estimates

This section is devoted to dealing with the commutator between the directional derivative
H g‘ and the collision part I'(g, &), recalling that Hj is defined by (1.25). With the notation
in Section 1.1, the results on commutator estimates can be stated as follows.

Proposition 3.1. Assume that the cross-section satisfies (1.3) and (1.4) with y > 0 and
0 < s < 1. Recall that Hg is defined by (1.25), with § an arbitrary given number satisfying
(1.26). Letk > 1 and T > 1 be given, and let f € L}, L%"L% be any solution to the Cauchy
problem (1.5) satisfying

T 2 3
[, s 187 m>||dez(m>+/ (/ WHE £ (6om)l dr) 45 (m)
A 0

30<t<T

< 4o00. 3.1

Suppose that for any j < k — 1 we have

T 2 1
[, s 1] F@m iz asom + / (/ WED £ om)| dr) 45 (m)
VA 0

30<t<T
C/ PNt
& :
<& (Y

J+D*° (3.2)

where T > 1 is given in (1.16), and €¢, C« > 0 are constants. If Cx > 4T5, then there
exists a constant C, depending only on the number Cy in (2.6) but independent of k, such
that for any € > 0 we have

' N\
/23 ([O (Fx(HST(f. 1)), Hy f)13] dt) 5 (m)

=Cele [ sup [HEF(m)lz d S
Z

30<t<T
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T 2 3
+(8+Cs_lso)/za(/(; | HE £ @&, m)] dt) d>(m)
Ly o CR kYT

Ok +1)2°

Remark 3.2. We impose assumption (3.1) to ensure rigorous rather than formal computa-
tions in the proof of Proposition 3.1 when performing estimates involving the term H é‘ f.

+ Ce

Proof of Proposition 3.1. If no confusion occurs, in the proof we will write H = Hjy for
short, omitting the subscript §. To simplify the notation, we denote by C some generic
constants, which may vary from line to line and which depend only on the number Cy in
(2.3). Note that these generic constants C as below are independent of k.

In view of (1.11), it follows from the Leibniz formula that

k J .
H¥T(f ) =) Z(I;)(;)T(H"_jf, HI~P 1),
j=0p=0

As a result, taking a partial Fourier transform for the x variable on both sides and using
the notation (1.12), we conclude that

T — 5
/Z3(/0 |($"(Hkr(ﬁf))’ka)L%|df) dZ(m) <+ d2+ds (33

with
= N [T (G T by Byl dr]
# _/23[05,2,((17)/0 (@ H0 S HEw). ] f)Laldt] dx(m),
A =/ [kili(k)(j)/Tl(f(ﬁ HI P f HPub), H* f) |dtj|;d2(m) 3.4
: z3 j=1p=0 J P 0 ’ ’ =), L3 s
T . 2 1. T i 3
&3 Z/Z3(/0 |(T(ka~f’ﬂi)*ka)L%|dt) 4 (m).

We proceed to estimate J1, §» and 3 as follows.

Estimate on ;. We first control the term ¢, by dividing it into two terms. That is,

T, -, — 1
#o= [ ([ GG H b B gl ) azon
73 0

1

k T &7 _ 1. Tk, 2
+/Z3[ ) (P)/o (T (f. H* "f,H"uz),ka)L%mz} d X (m)

1<p<k
=J11+ $1,2- (3.5

Direct verification shows that

Vp =0, Vie[0.T], |[HPp?| =0 u2| < QT plus. (36
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Then we apply (2.6) with w = Hpu% to control §;» in (3.5) as follows: for any ¢ > 0,

_ k T &7 k—p P % /;c\ i|;
ta= [ | X () [ GG m b # g ason

1<p=<k

SC/ZS["

k T R o —
Z(p)@rwp! / ( / 3||f(m—5)||Lg|||Hk_pf(€)|||dz(@)

r=1

1
2

< IHE £ ()l dr] 43 (m)

[ [ ami dt} 45 (m)

%/ [/ { ( )(zrﬁ)l’ [ 1= 0l )

1

2 2
xdz(e)} dt] dS(m). (3.7)

Moreover, in order to treat the last term in (3.7) we apply (2.10) to get

LU

k
<ey(S)ertyp [ s 1femig azon

p=1 0<t<T

T 2 13
T—
<L wErremn” ] ason

ok i (LR oL
f“@w_pw i

k S 2 1

k .
Z(p)m%l’;u / 3||f(m—€>||Lg|||H"—Pf(ﬁ>|||dzw)} dr] 45 (m)

p=1

2—p

e (3.8)

< Ce2Ckkn® Z =

where in the last line we used condition (3.2), as well as the fact that Cy > 47%. For the
last term in (3.8) we have, denoting by [%] the largest integer less than or equal to K

Z(k 17+1)2

1

—_P+ -
«(k—p+1)? p[X]: (k—p+1)?

—D

Il MNW
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=c|

%1
1 2
1(k+1)22p+ Z (+1)2(k+1)21’}

Dy

p= =[51+1
= ¢ (3.9
f— (k + 1)2 b .
the last inequality using the fact that
k k
Yookt Y (k+1)227% < (k+1)%27% < C.
p=[41+1 p=[51+1
As aresult, we substitute (3.9) into (3.8) to conclude that
T k k R o 2 %
[ [/ {Z( )(2T5)1’p!/ ||f(m—6)||Lg|||Hk—Pf(z)|||dzw)} dr] 45 (m)
z3lJo \ ,5\P z}
Ck(k)®
< caa CEGYT
(k + 1)
which with (3.7) yields
T — 2 1 Ck kNT
poze [ [ [0 remia| asem + e g S8 @i
’ z3LJo (k + 1)

Moreover, following a similar argument to above with a slight modification, we conclude
that

T - — 3
fa= [ ([ GG b m D plar) o
Z3 0
T - 1
<o [ [ naE s ] aze

+Cg—1(/z sup [/, m)IIdez(m)) /23[ |||f7‘7(z m)|| d;] d=(m)

30<t<T
§(8+C8_180)/Z3|:/0 WHE 7 @m)ll dr} s (m).

Here we used assumption (3.1) to ensure the right-hand side is finite. Substituting the
above estimate and (3.10) into (3.5) yields that, for any ¢ > 0,

-1 2Ck(k )
Ck+D?

T _— 2 1
g1 < (e+Celep) fzz[/o |||ka(l,m)||| dt} dX(m)+Ce (3.1D)
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Estimate on $,. Recall that ¢, is given in (3.4). Following a similar argument to that in
(3.7) and (3.8) yields that, for any ¢ > 0,

T 2
< k
fose [ ([ 0 s ar) ason

k-1 j

Ce™ T5p H/kT 2dX
et £ (5)() Jertrnt [, s 1T s
r 3
X/Z3(/O |||Hj_”f(t,m)|||2dt) dX(m). (3.12)

Moreover, we use assumption (3.2) and then repeat the computation in (3.9), to conclude
that, forany 1 < j <k —1,

/ i r  —— 2 3
S(2)ery [ ([ wamsemi ar) " azon

p=0
j _
) 2—p
<eCl(j)* —_—
: I;,(J—P-Fl)z
Cl(nT
ECgoﬂ‘
(j +1)?

Substituting the above estimate into the last term on the right-hand side of (3.12) and using
condition (3.2) again, we compute

1 Jj -
Z( )( )<2T8) p/ sup |H 7 £ (e, m)] 2 dE(m)
1p=0 z3

k—

0<t<T

T : 2 3
< (/ VT ()| dr) 45 m)
Z3 0

-

K Clyy =
CS"Z TG 1 o 2T €l 250

Jj=

N N At ) A (I
2 * *
SCson!(k_j)!(j+l)2 (k—j+1)?

y o G K — e
= Gt Z k—j+ D2 + 17
C"(k')f
O +1)2°

C2
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the last inequality using the facts that plq! < (p + ¢)! and that > 1. This, together with
(3.12), yields

T — 1 3 k(k)r
foze [ ([ WAl a) azon + et O G

Estimate on $3. It remains to deal with ¢3, recalling that g3 is given in (3.4). We repeat
the computation in (3.7) and (3.8) to conclude that

T . 1
to= ([ 1@ Fhr m ppglar) azem
73 0

A 2 73
< k
<e [ [ waremn’ar] azon

e ;
wee ([ s 1 amlaz) [ nemia] azon

30<t<T

< P T
<o [ [[ wrrwmn’ a] ason

+ Celeg /Z sup ||H"f(t m)| L2 d=(m).

30<t<T

Combining the upper bound of §3 above and estimates (3.11) and (3.13) with (3.3), we
obtain the assertion in Proposition 3.1. The proof is completed. ]

Proposition 3.3. Under the same assumption as in Proposition 3.1, we can find a constant
C, depending only on T, § and the number Cy in (2.8) and (2.9) but independent of k,
such that for any ¢ > 0,

' Rt

T 2 3 k=101t
- : L eoCE (k)
<e ([ naframiar) ason + cer 00T

Proof. This is just a specific case of Proposition 3.1. Recall that £ is defined in (1.6), that
is,
1 1 -1 1 o 11
Lf =-TW> f)=T(fin>)==T (>, fiu2) =T (f.pn2.p2).

Then, denoting H = Hg, using Leibniz’s formula again gives

(¥ 2] f = - ZZ( )(0 ) at gty

j=1p=0

—ZZ( ) )t gty

j=1p=0
def

= Ri(f) + Ra2(f). (3.14)



J.-L. Chen, W.-X. Li, and C.-J. Xu 954

Moreover, we may write, as in (3.3),

r o
L ([ 1t pygtan) ason
73 0

-LIz2000)

j=1p=0
—— 2

T —
x | (FH £, HIPpz, HPu?), H*f)2| dt] d¥(m). (3.15)
0
By direct verification, it follows that, for any p > 0 and any ¢ € [0, T'],

U+ [P = A HPpz| = (1 + o = A)P07 2|
< C@TY?pius.

This, with (3.6), enables us to use (2.8) with g = /L% and w = H”,u,% to compute

k —_—
ZZ( )( )(”Hk JfHITP s HP sy HE )
j=1p=0
K Ny . I _
< () (])ertr o erty G-t i #E ool

j=1p=0

k!
< CZ = ),u + 1)@TYY | H* ff(m)||Lz|||ka(m)|||

Thus, for any € > 0,

K Ik j T = A . . — 3
/Zs[ZZ(j)(z)/o I(’J‘(H"‘ff,H"Puz,HPuz),ka)L%m] d¥(m)

j=1 p=0
1

§ k k
C/Z[/ Z(k U IR f o)l f(m>|||dr] a5 (m)

T . 1
k
][ ami” ] ason

c T (& k! b T 2
e Z[/O {;—(k_j)!(/ +)@TY |H f(m)IIL%} dz} a5 (m).

IA

IA

&
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As for the last term, recalling that C,, > 4T%, we use the triangle inequality for norms to
get

1

koo 2 13
Z( ),(J+1)(2T5)f||Hk ff(m)||Lz} dt} d=(m)

k! § T /k—\ 5 %
=< /23 Z (k — )'(J + 1)@2T )] I:/O | H Jf(m)”L% dt] 4 (m)

j=1
1 k k' 5 /k\
= Tz; = ),(J + 1)(2T°%)’ /30215 IH*™ f(t.m) 2 d S (m)
1 k k! k /[(k )']‘E Ck—](k!)-,;
278 5vj-1C J X
< 260737 ]Z(k iU+ DT T e < Co

the last line using inductive assumption (3.2) and the last inequality following from a
similar argument to that in (3.8) and (3.9). Combining the above estimates we conclude
that

T A T ; 1 1. T
/ [ZZ( )( )/0 |(T(Hk_1f,H]_pMZ,Hp,LLZ),ka)L%Mt] dX(m)

Jj=1p=0

[SIES

T _— 2 3 k—1 T
k 2 —180C* (k')
<o [ L[ nrreonn’ a ] azon + cor G

which with (3.15) yields

r N
L ([ e @5 star)” azom
Z3 0

T _— 1 k—1 T
; 1 eoCE kY
<o [ [ ureomn ] azom + cor 200"

Similarly, using (2.9) instead of (2.8), we can verify that the above estimate still holds
true with R,(f) replaced by R;(f). Thus the assertion in Proposition 3.3 follows by
observing

r N
L[ st o1 B patar) asem
Z3 0

2 T - %
EZ/%(/O |(~{Fx(Rj(f))kaf)L%|dl) dX(m)
j=1

due to (3.14). The proof is thus completed. ]
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4. Analytic smoothing effect for strong angular singularity

In this section we consider the case when the cross-section has strong angular singularity,
that is, the number s in (1.4) satisfies that % < s < 1. This will yield the analytic regularity
of weak solutions to the Boltzmann equation (1.5) at any positive time.

4.1. Quantitative estimate for directional derivatives

To get the analyticity of solutions at positive times, it relies on a crucial estimate on the
derivatives in the direction Hy defined in (1.25), with § therein satisfying condition (1.26).
In this section we will perform an energy estimate on the directional derivatives of regu-
lar solutions, and the treatment for the classical derivatives will be presented in the next
subsection.

Theorem 4.1. Assume that the cross-section satisfies (1.3) and (1.4) with y > 0 and % <
s < 1. Let T > 1 be arbitrarily given, and let f € L,ln L‘Y’?L% be any solution to the Cauchy
problem (1.5) satisfying that, for any N € Zy and any 8 € Zi,

1+2s ~
/ (sup ot EEOHB N 168 £t m. ) 12) dE(m)
Z3 0<t<T

T s R 1
N / (/ 12 <N+'ﬂ>|m|2N|||a'3f(r,m,->|||2dr) dT(m) < +oo.  (4.1)
73 0

Moreover, let Hg be defined by (1.25) with § an arbitrary given number satisfying (1.26).
Then there exists a sufficiently small constant e9 > 0 and a large constant L > 1, with L
depending only on T, § and the numbers cg, Cy in Section 2, such that if

/ (sup £ m)IILz)dZ(m)+/ (/ 1A @ myl dz) dT(m) < eo. (42)
73 0

0<t<T

then the estimate

/Z sup |HE /(6.2 dS(m)

30<t<T

2 8()ka
v L[ e’ ar) ason < 228w

holds true for any k € Z . Moreover, the above estimate (4.3) is still true if we replace

Hs by
1

5+18 [8
1456 xi H 0

withi = 2 or 3.

Proof. To simplify the notation we will use the capital letter C to denote some generic
constants, which may vary from line to line and which depend only on 7', § and the
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numbers cg, Cp in Section 2. Note that these generic constants C as below are independent
of the derivative order denoted by k. If there is no confusion, in the following argument
we will write H = Hj for short, omitting the subscript §.

We use induction on k to prove the quantitative estimate (4.3). The validity of (4.3) for
k = 0 follows from (4.2) if we choose L > 1. Using the notation H := Hjg and supposing
the estimate

L, s W F @)l d o)

30<t<T

— 2 z ij!
J <
+/Z3(f0 WH £ m) dt) ds(m) < e (4.4)

holds true for any j < k — 1 with given k > 1, we will prove in the following argument
that estimate (4.4) still holds true for j = k provided L > 4T%.
To do so we begin with the claim that the estimate

/Z sup | H* £ (t.m)| 2 S m)

30<t<T
T — 2 %
+ ( [ ramil dz) 4 (m) < +o0 “.5)
73 0

holds true for any k € Z . In fact, by Leibniz’s formula we compute, forany 0 <t < T
and for any m € Z3,

WH* £ @.m)ll| < Csp Yt OHIHED 1057 f(.m)|

Jj<k
Sk+j inak—i
< Csx y_ " |mp |10%7 £ . m)l
J<k
< Co (1 + TYF O F° ™ 58 ) 1 05=7 £ 1. m) .

=<k

and similarly,

%, _1+42s 1+2s . _ oA
IH® £ (eom)ll e < Cop(1+ TY e O SR S"  58K m 71957 Feom)ll 5. (4.6)
Jj<k

where Cs i is a constant depending only on k and §. Then assertion (4.5) follows from
assumption (4.1) by observing the fact that § > 1+25 .

Step (1) Applying H* to equation (1.5) yields

@ +v-0x + LY H* f = —[H* 8, +v- 051/ — [HF. 21f + H*T(f, )
= 8kt5710y, H*"' f — [H* L1 f + H¥T (. ).
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the last equality using (1.28). Furthermore, we perform a partial Fourier transform in x

and then consider the real part after taking the inner product of L2 with H k £ to obtain

ld — ke ks
S S5, + EHE S HE f)
< ki3 |3y, HF L f ka)Lg| + [(Fx(HE. L1£). HY £) 2]
+ [(F(HET(f. £)). H* £) 1.
This with (2.1) yields that

1d
S H F12, + ol S

< | HEF 12, + ki7" 00 HE £ HE £) 5]
+((F(HE LLF) HE £ + [(FHED L ) HE )l @A)

For the second term on the right-hand side of (4.7), recalling that % < s < 1, it follows
from (2.2) that

—

kt® (@, H* f HE ) 2] < CRIH* flgg | H* £ | g
o Th e
§E|||H fll +CEAIIH Al

Thus,

1d

—_— 2 — —_— 2
Co —
S NHE P12+ IHF AN < IHE 712, + CRANHT )

T+ (FHE, 21, HE £) ]
+ (F(HET (L ). H )2l 48)

Together with Gronwall’s inequality, we integrate the above estimate over [0, ¢] for any
0 < t < T this implies that

T — 2
sup [ H* ()2, + / WE* Ol di
0<t<T 0
— T T
<Clim||H f<t>||zz+c;c2/ WHET 7 dr
t—0 v 0

T —_
+C [ 1E 1) HE gl

T —_
+C [ HA TG H Pt
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and thus

T 2 3
/ sup || H* £ (t.m)l 2 dS(m) + / ([ NE £ (tm)| dr) d(m)
Z 0

30<t<T

< c/ [11m||ka(t m)||L2]%dE(m)

+Ck/ (/ |||Hk_1f(t,m)|||2dt)2dZ‘(m)

+C[ (/ |(3«‘x([Hk,:£]f),17k7)L%|dz)2dz(m)
73 0

r 4
+C/Z3(/o |(%“"(ljlkr(f’f))’ka)L%W’f) d(m). 4.9)

We will proceed to deal with the terms on the right-hand side of (4.9).

Step (2) For the first term on the right-hand side of (4.9), we claim

— 1
/ [ lim || H* £ (t.m)]|2,]> d=(m) = 0. (4.10)
73 t—>0 v
In fact, by (4.1), we see that for each j € Z,

Mk . k— . ~
sup 172 Flm|7 (|95 f (t,m)]| 2 € Ly,
0<t<T

which implies

ﬂ . g ~
sup (sup 72 K|m|7 |0k~ £ (t.m)2) < Crj < +00,
meZ3 0<t<T

where Cy_; are constants depending only on k and j. As a result, combining the above
estimate with (4.6) yields that, forany 0 < ¢+ < T and any m € 73,

|H* f(t.m)l|2 < Csa(1+ TS ERJ"¢p .
Jj<k

recalling that Cs  is a constant depending only on k and §. This with condition (1.26)
yields

Vm e Z3 lim|H* f(t.m)| ;> =0,
t—0 v
and thus assertion (4.10) follows.

Step (3) For the second term on the right-hand side of (4.9), it follows from inductive
assumption (4.4) that

k e AL LML _ el TR
f t = = .
L 0 e ar) aman < 255 < cES @an
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for k > 1. By assertion (4.5), which holds true for any k € Z,, we see that condition
(3.1) in Proposition 3.1 is fulfilled. Moreover, it follows from inductive assumption (4.4)
that condition (3.2) holds with Cyx = L therein. This enables us to apply Propositions 3.1
and 3.3 to control the remaining terms on the right-hand side of (4.9); this gives that the
estimate

T — !
/ (/ I(?x([H",éf]f),H"f)LgIdt) dS(m)
z3 0

r o
([ ate . a8l ar)” s
73 0

=Celeo [ sup [HFF(em)lz a5
Z

30<t<T

T 3
et cele [ (/0 |||ka<r,m>|||2dr) 43 (m)

L*k! _&oL* k!

C—12
e R Te T kre

4.12)

holds true for any ¢ > 0.

Step (4) Substituting estimates (4.10), (4.11) and (4.12) into (4.9), we obtain that, for any
>0,

T 3
/ sup |\ H* £ (1. m>||de2<m>+/ (/ IWE £ m)l dr) 45 (m)
Z 0

30<t<T

< Cslg / sup ||H"f(t m)|l L2 d S (m)
Z

30<t<T

1
— 2
(e + Celey) [Z (/0 WHE 7 @m)l] dz) 45 (m)
L¥k! so LK 1k!
Y of g
Ok + 1) k1 1)

Note that g¢ is a sufficiently small number, so we may assume without loss of generality
that

+Ce7 el (4.13)

1
Cep < — 4.14
£ = 1¢ (4.14)
with C > 0 the constant in (4.13). Consequently, if we choose in particular ¢ = i in (4.13),
then in view of (4.14) we have

T 3
/ sup |\ H* £ (1. m>||de2<m>+/ (/ IWE £ )l dr) 45 (m)
Z 0

30<t<T
U1 coL¥k! eoL*1k! - eoLKk!
~2(k+1)2 k+1D2 — (k+12%
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provided L is large enough such that L > 16C. This yields the validity of (4.4) for j = k.
Thus assertion (4.3) follows. The treatment for

1 .
mt8+laxi +t88vi, 1 =201'3,

is just the same. The proof of Theorem 4.1 is completed. |

4.2. Proof of Theorem 1.1: Analytic regularization effect for % <s<l1

Here we prove Theorem 1.1 for the case % < s < 1, and it suffices to prove that for any
T>1andany A > 1+ zl_s’ there exists a constant C, depending only on 7', A and the

numbers ¢g, Cop in (2.1) and (2.3), such that

Va,p € Z3, suth(“”'"““'ﬁ‘||8§3‘3f(t)lng,v < CleHPH (o 4 (8] (4.15)
0<t<

The key part to proving (4.15) is the quantitative estimate (4.3). In the following discus-
sion, let 8,- ,j = 1,2, be defined in terms of A by (1.30). Accordingly, define ng ,j=12,
by (1.25).

Under the smallness condition (1.15), Duan-Liu—-Sakamoto—Strain [22] obtained the
global existence and uniqueness of the mild solution f € L} L‘%"L% to the Boltzmann
equation (1.5), which satisfies that there exists a constant C; > 0 such that forany 7 > 1,

A T,
[ Csw 17 @mz) asom + [ (/ 17 ml dz) dS(m) < Cre. (4.16)
73 0<t<T 73 0

Moreover, it is shown in [21] that the above mild solution admits Gevrey regularity at
t > 0, that is, there exists a constant C, > 0 such that the estimate

/Z3( sup (1) 3 NV N 138 £ (1. m) | 13) 2 m)

0<t<T
1

T 2
+ [ (/ ¢(r)”f”’”'ﬂ"|m|2N|||aff(r,m)|||2dr) 45 (m)
73 0

1425

< VP (N 418

holds true for any N € Z 4 and any 8 € Z3 , where ¢ (¢) = min{z, 1}. Note that the constant
Cj in (4.16) is independent of 7" and the fact that

M2k 2

VkeZy, YO<t<T, t3k<T

and thus conditions (4.1) and (4.2) are fulfilled by the above mild solution f, provided €
is small enough. This enables us to apply Theorem 4.1 to Hs;, j = 1,2, given above, to
conclude that for any 7 > 1, there exists a constant L, depending only on T, &1, §, and
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the numbers cg, Cyp in (2.1) and (2.3), such that for each j = 1, 2, the estimate

/Z sup IHE £ (t.m)ll 2 dSm)

30<t<T

i : eoLKk!
+/Z(/O IHE £l dz) ason = 2K )

holds true for any k € Z ., where g = C1€ with C; the constant in (4.16). Observe that the
discrete Lebesgue spaces £7 are increasing in p € [1, 4+00], so that in particular L}, C L2,
for m € Z3. Then it follows from (4.17) that, for any k € Z4 andeach j = 1,2,

sup | HS f(O)llz, sup_ ||H5 JOllzz ez

0<t<T 0<t<T

SOka!
/Z3 Oiug ||H8 S@m)|2dE(m) < 7 1)2 (4.18)

IA

Next we will deduce the estimate on classical derivatives. As a preliminary step, we first
prove that, for any k € Z,

1Ay + A2)* fllz2, < 25045 fllez, + 25045 F 1z, (4.19)
where Aj, j = 1,2, are two Fourier multipliers with symbols a; = a;(m, n), that is,
Frxw(Aj f)m,n) = aj(m,n)Fx, f(m,n),
with %5, f the full Fourier transform in (x,v) € T x R3. To prove (4.19) we compute
|Few (A1 + A" f)(m. )
= (a1 (m, n) + az(m, ) Fxo f(m, )2
< (lar(m, )| + laz(m, M)* x |Fro f(m, )

< 2%K|ay(m, n)* Fy o f(m, ) + 2% |az(m, )k Fx o f(m, ) ?
< 22| % o (AK £)(m, )2 + 22K | F o (AK £ (m, )2,

the second inequality using the fact that (p + ¢)** < (2p)?* + (2¢)?F for any numbers
P,q > 0and any k € Z4. As a result, we combine the above estimate with the Parseval
equality, to conclude that

s+ A2 FI2, = /Z 1Tl A2 £ d )
<% / | T (A% £) (., )2 d S ()
Z3xR3

+2 [ T o P dE ) dy

< 2KIATF 17, + 2KIAS S -
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This gives (4.19). Now we use (1.32) and then apply (4.19) with
G2+ DG+ 1)

A H b
! 5 — 61 b
8 1) 1
A2=—(2+ )(81 + )t5‘_52H32,
8 — &

to compute that, observing §; > 65,

sup 1AFVEOE FO)lza, = sup (A1 + A2)* F(O)lIz,

0<t<T 0<t<T
k k k k
=2% sup AT f(D)llzz, +2° sup A7 f(D)llz2,
0<t<T ’ 0<t<T ’

<C§ supT(anjfnL;,v +IHE 2.

0o<t<

where Cj3 is a constant depending only on 7', §1, . Combining the above estimate with
(4.18), we conclude that

sup 1 AHDRIE F(D)]l2, < e0@CLY kL.

0<t<T

Similarly, the above estimate is also true with dy, replaced by dx, or dx,. This, with the
fact that

Ve eZ3, 195 fl2, < Y 1% Fllgz,,

1<j=<3

gives
Va € 73, supTz(“l)laluagf(t)u% < £0(6C3 L) ]!

0<t<

In the same way we have

vBezi.  swp P fOllzz, < eo(6CsL)PIBIL

o<r<
Consequently, for any o, 8 € Z3 ,

sup 1 AHDIIEABL 5208 £(r))|

0<t<T
1 1
< sup (PAFVR2 F (@) 12 )2 CHPUE F ()] 12,)2
0<t<T
< £0(6Cs L) Bl (120 128107 < £o(12C5 L)+ (ja| + B!, (4.20)

the last inequality using the fact that plg! < (p + ¢)! < 2P%4plq! for any p,q € Z.
Thus the desired estimate (4.15) follows from (4.20) by choosing C large enough such
that C > 12C3L + 1. We have proven Theorem 1.1 for the strong angular singularity
condition that % <s<l.
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5. Optimal Gevrey smoothing effect for mild angular singularity

This section focuses on the mild angular singularity case, i.e., 0 < s < % in (1.4). In this

case, we can expect Gevrey class regularity with optimal Gevrey index 21_s

Theorem 5.1. Assume that the cross-section satisfies (1.3) and (1.4) with y > 0 and 0 <
s < % Let T > 1 be arbitrarily given, and let f € L}, Ly L2 be any solution to the Cauchy
problem (1.5) satisfying (4.1). Moreover, let A be an arbitrary given number satisfying
(1.26) and let Hs, and Hs, be two vector fields defined by (1.25), with §; defined in terms
of A by (1.30). Then there exists a sufficiently small constant g > 0 and a large constant
L > 1, with L depending only on T, A and the numbers ¢y and Cy in Section 2, such that

if

[ Csw 17 m)||Lz)dz(m>+/ (/ I c.ml dr) 4T (m) < eo.
Z3 0

0<t<T

then the estimate

> [ sup IHE £emlg dxm)

1<j<2 30<t<T
2 Nz eo LK (k)2
+ 3, ([ 0 ramn’ ) ason < SEE0E s

holds true for any k € Z .

Sketch of the proof of Theorem 5.1. The proof is similar to that of Theorem 4.1. So for
brevity we only sketch the proof emphasizing the difference. In the following argument,
we always assume that 0 < s < 5, and denote by C different generic constants, depending
only on 7', A and the numbers cg, Co in Section 2.

As in the previous section we use induction on k to prove (5.1). Suppose that for given
k > 1, the estimate

S [ sup IH Femlg dzm)

1<j<2 30<t<T
— 2 1 Pt
12 2 oL (ﬁ')Zs
>y [, (/ NS 7 em ar) s = 2207 6

holds true for any £ < k — 1. We will prove the above estimate is still valid for £ = k.
Repeating the argument before (4.7), we have the following estimate similar to (4.7):

M S UHES I 40 Y NHEAN

1<]<2 1<]<2

<y ||H8 fI+ >4 kﬁf—w(amH ~UfLHS f)Lz|

1<]<2 1<j<2
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+ Y (FAHE L. HE Pl

I<j=<2
+ 3 (FHET ) HE ). (5.3)
1=j=2

It suffices to deal with the second term on the right-hand side, since the other terms can
be treated in the same way as in the previous case of % <s<l.
For each j = 1,2, and for any ¢ > 0, we have

ke @, Hy T H )]
<kt 9o HET f a1 HS, f g

—_— 2 —
< el Hg, £l + Ce™ k2O 8y, HE ™ f I3, (54)

the last inequality using (2.2). Moreover, recalling that 0 < 2s < 1, we use the interpolation
inequality
~ ~ 125
VE> 0. g3 < Ellgldy + 8 g2

with & = £2¢201k=2¢=26/=D and g = 9, Hgfj_lf; this gives

s PG00, HET f s

2x

281||amH TN e ks G 51||8le 1f||HH

< 8||l8] aleb{j-_lf”%-I,f + Cg%k%[%(Sj—l—(l—Zs)Sl)mHé{j—lf||| : (5.5)

the last inequality using (2.2) again. As for the last term on the right-hand side of (5.5),
we use definition (1.30) of §; and the fact that §; > §; in view of (1.31), to compute, for
j = 1’ 2’

;i —1—(1-25)851>26—1—-(1-25)61 225 +(1 —25)A — (1 —25)A > 0,
which yields
Vo<1 <T, &5 ksrs@1-0- 2”8‘)|||Hk 1f||| <CeT ks I Hy 1fIII

and thus, substituting the above inequality into (5.5),

— I _— 2
—172.2(8;—1 k—1 72 8 k—1 2 s=1, 1 k—1
s ODN9y, Hy 7 f 11 < ellt® 0y, HE T f 3 + Ce5 ks IHE £ -

Consequently, we combine the above estimate with (5.4) to obtain that, for any &€ > 0 and
any ¢ €0, T,

kr‘?f*w(amH;Hf Hy )13

< 8|||H5 f||| +8||f8‘3v1H T3+ CE |||H§ 1f||| (5.6)



J.-L. Chen, W.-X. Li, and C.-J. Xu 966

As for the second term on the right-hand side of (5.6), we first use the second equation in
(1.32) and then the fact that

V(m,n) € Z> xR, |a(m, n)b(m,n)* 1> < |a(m, n)** + |b(m, n)|?¥,

to compute
8 h—1 712 (48 k=1 o2
16900, HE 12 = 170500, HE I

< C|1Fx(Hys, H ' )iy + C 1 Fa(Hs, Hy ™' Iz

—_ —_ — 2
< CIHf, gy + CIHS flzg <€ Y WHS I

1<j<2

the last inequality following from (2.2). Substituting the above estimate into (5.6) we
conclude that, for any ¢ > 0 and for each j = 1,2,

i— k1 ok — 2 R
ktdi 1|(3v1H§j lf,ng.f)L%ISCe > |||H§<jf||| 1L e ks|||H§j s
1<j=<2
which with (5.3) yields that, for any & > 0,
1d Tk 72 — o
s O IHE Flfz +eo Y A A

1<j<2 1<j<2

> — 2 s=1 1 T
< Y MHS fli7+Ce D NHS SN +Ces ks Y NHS fl

1=j=2 1<j=<2 1=<j=2
+ Y N Fx(HE L1 H Ol + Y [(Fx(HET ), Hy )zl
1<j=2 1<j=<2

Letting ¢ above be sufficiently small, we get that

1d Tk 72 Co o
sar 2o M FlIza+ 5 >0 HEF

1<j<2 1<j<2

o 1 i
< Y MHEFIZ 4l Y NHET

1<j=2 1<j=<2
3 (FHE L HE Dl + Y (FHET ) HE )3
1<j=<2 1=j=2

Note that the above estimate is quite similar to (4.8), with the factor k2 therein replaced
by k% here. Moreover, observe that

T 5 %
= 1
k E:.és(ﬂ Il Hs, flnmnnth) 4 (m)

1<j=<2
< b L TIEZ DYE_ eoLFT R
) k2 T (k+1)?
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which just follows from inductive assumption (5.2). Thus we may repeat the argument
after (4.8) and use the above estimate instead of (4.11), to conclude that

> [ fz sup | HE £ (t.m)] 2 d(m)

3
1<j<2 0<t<T

T _— 2 3 k +
- : e Lk (k1)
([ w e ar) ason] < =502

Then (5.2) holds for £ = k, and thus (5.1) follows. The proof of Theorem 5.1 is completed.
m

Completing the proof of Theorem 1.1: Gevrey smoothing effect for 0 < s < % With the
help of (5.1), the Gevrey estimate (1.17) for 0 < s < % just follows from the same argument

as that in Section 4.2. So we omit it for brevity. ]
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