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Traveling waves and finite gap potentials for the
Calogero—Sutherland derivative nonlinear Schrodinger
equation

Rana Badreddine

Abstract. We consider the Calogero—Sutherland derivative nonlinear Schrodinger equation i d;u +
92u + %Bx H(|u|2)u =0, x € T, where TI is the Szegd projector T1(} ,cz @i(n)e"¥) =
> n>o t(n)e!™*. First, we characterize the traveling wave ug(x — ct) solutions to the defocus-
ing equation (CS™), and prove for the focusing equation (CS™T) that all the traveling waves must
be either constant functions, or plane waves, or rational functions. A noteworthy observation is that
the (CS) equation, which is an L2-critical equation, is one of the few nonlinear PDEs enjoying non-
trivial traveling waves with arbitrarily small and large L2-norms. Second, we study the finite gap
potentials, and show that they are also rational functions, containing the traveling waves, and they
can be grouped into sets that remain invariant under the evolution of the system.
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1. Introduction

In recent decades, the theory of traveling wave solutions has been the subject of intense
research in theoretical and numerical analysis. Indeed, many nonlinear PDEs exhibit these

Mathematics Subject Classification 2020: 35C07 (primary); 37K 10, 35Q55 (secondary).

Keywords: Calogero—Sutherland—Moser systems, derivative nonlinear Schrédinger equation (DNLS),
finite gap potentials, Hardy space, integrable systems, intermediate nonlinear Schrodinger equation,
stationary waves, traveling wave solutions.


https://creativecommons.org/licenses/by/4.0/

R. Badreddine 1038

types of waves [2, 10, 11]. They are important because they are explicit solutions for non-
linear PDEs, and they can sometimes provide information regarding the dynamics of the
equation. However, the problem of proving the existence of these waves can be more or
less challenging depending on the nonlinear part of the PDE.

In this paper, we consider a type of derivative nonlinear Schrodinger equation with a
nonlocal nonlinearity, called the Calogero—Sutherland derivative nonlinear Schrodinger

equation
idu+ 02u £2DT(Jul>)u =0, xeT :=R/2n7Z), (CS)
where D = —idy, and IT denotes the Szegd projector
H(Zﬁ(n)ei"x) = Zﬁ(n)ei”x, (1.1)
neZ n>0

which is an orthogonal projector from L2(T) into the Hardy space
L3(T) = {u e L*(T) | ii(n) =0, Vn € Z<_1}. (1.2)

We are interested in studying the traveling waves uo(x — ct) of this equation in the
focusing (with sign + in front of the nonlinearity) and defocusing cases (with sign —) in
the periodic setting, namely when x € T. As noted in [2], the presence of the nonlocal
operator D IT appearing in the nonlinearity can make the problem of the existence of trav-
eling waves more complicated. In this paper, the approach to characterizing the traveling
waves is based on studying them, in a first stage, spectrally, i.e. by means of the spectral
property of the Lax operator related to this equation (see below), before deriving, in a
second stage, their explicit formulas.'

1.1. Main results

Settings and notation. In the sequel, our study takes place with potentials in the Hardy
Sobolev spaces of the torus

H$(T):= H*(T)N L3(T), s5>0,

where Li(T) is defined in (1.2) and H* refers to the Sobolev space. We equip Li(T)
with the standard inner product of L2(T),

27 _dx
(u|v)—/0 uvg.

Tt should be noted that the idea of using the spectral theory to derive the traveling waves of (CS) draws
inspiration from [15, Appendix B], where the authors provide an alternative proof to the characterization
of the traveling waves for the Benjamin—Ono equation [ 1, 6] by first characterizing them spectrally.
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We recall also, that via the isometric isomorphism

zeD, u(z) =) ak)zF — w(x)=) ak)e*, xeT,
k>0 k>0

Yol < oo,

k>0

one can interpret any element of the Hardy space as an analytic function on the open
unit disc ID, whose trace on the boundary 9D is in L2.> We shall frequently utilize this
property in various proofs. Furthermore, we denote by D the open unit disc on C, D* :=
{z € C; 0 < |z| < 1}. Moreover, N = N5 denotes the positive integers 1,2, 3, ..., and
forall a € N U {0}, N5, refers to the set of integer numbers {n € Z; n > a}.

First, we deal with the defocusing Calogero—Sutherland DNLS equation

i+ 02u —2DTI(Ju|*)u = 0. (CS7)

We denote by §; the set of trivial traveling waves, made up from constant functions and
plane wave solutions

G = {CeNND | C e C, N € Ny} (1.3)

Theorem 1.1 (Characterization of the traveling waves of (CS™)). A potential u is a trav-
eling wave of (CS™) if and only if u € G, or

; B
u(t,x) = ele(a—i—w), pE]D)*, QET, (14)
where N € N>y, ¢ .= —N(1 + 2’7"‘) and («, B) are two real constants satisfying
ﬂZ
aff + —— = —N. (1.5)
1=1pP

Remark 1.1. Condition (1.5) implies that the real constants o and  must be of opposite
signs.

Second, we pass to the focusing Calogero—Sutherland DNLS equation
idu + 02u + 2DTI(Ju|*)u = 0. (CS™)

By changing the sign in front of the nonlinearity, the strategy adopted in the defocusing
case to exhibit the traveling waves becomes significantly more complicated. However, we
can ensure the existence of a larger set of traveling wave solutions for (CS™) comparing
to (CS™), and that all the nontrivial traveling waves u (¢, x) := uo(x — ct) of (CS™) are
also rational functions.

2For a simple introduction to the different definitions of Hardy spaces, we refer to [14, Chapter 3.]
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Theorem 1.2. The traveling waves uo(x — ct) of (CS™) are either rational functions or
trivial waves in §,. In addition, the potentials

B

6
u(t,x) =e (oc + T peiNG—a

), peD* 0T, N eNyy,

where c = —N(1 + %“), (o, B) € R x R such that
/32

and the potentials

B

__ 00 _im(x—mt)
u(t,x) =e'e (a + T— peitmn

), peD* 6T, me Ny,

where (a, B) € R x R such that
132
1—1pl?

are parts of the set of traveling waves of (CS™).

af +

=1, Bm-1)=2«,

Remark 1.2. It is worth noting that the condition on (¢, B) appearing in (1.6) for the
focusing case, allows one to obtain a larger set of traveling waves in comparison to the
condition (1.5) of the defocusing case. Indeed, (1.6) enables, for instance, @ or & + 8 to
vanish, which leads respectively to the traveling waves

0 VNI —|p*)

Al
u(t, x) = e P NGHND)

o V/N( = [pP)eiNe—ND

1 — peiNG=N1)

and

u(t,x) =¢

Contrary to the focusing case, no traveling waves u(¢, x) := ug(x — ct) with a profile
up(x) = B/(1 — pe¥*) or ug(x) = ae’¥*/(1 — pe!N*) can be found for the (CS™)
equation because otherwise, thanks to (1.5),
B o P
1—1p|? 1—1[pl?
which is clearly impossible for p € D*.

Remark 1.3 (The L?-norm and the speed of the traveling waves of (CS)).

(1) As will be established in Section 3.3 for the defocusing equation and in Section 4.2
for the focusing equation, the L2-norm of the nontrivial traveling waves of (CS)
can be arbitrarily small or large in Lﬁ_(T). More rigorously, for any r > 0, there
exists a nontrivial traveling wave u(z, x) := ug(x — ct) of (CS) where

uollzz = r.
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(2) For the defocusing (CS™) equation. The nontrivial traveling waves u of the form
(1.4) propagate to the right with a speed ¢ > N, where N is the degree appearing
in the denominator of u. In addition, when ||u| ;2 — 400, we have ¢ — 400, and
when ||u||z2 — 0 then ¢ — N. (See Remark 3.3 and Section 3.3 for the proofs).

For the focusing (CS™) equation. Contrary to the defocusing equation, (CS™)’s
nontrivial traveling waves do not necessarily propagate at a relatively high speed
(i.e. ¢ = o0) when ||u||i2 is large (i.e. ||u] 2 — 00). In fact, the speed of the
traveling waves in the focusing case is independent of the size of its Lﬁ_ (T)-norm.
We refer to Remark 4.2 for an example.

In light of the previous remarks, we infer that the Calogero—Sutherland DNLS equa-
tion enjoys a significantly richer dynamic in the focusing case. In particular, one can
observe that (CS™) admits nontrivial stationary waves u(t, x) := uq(x), which is not the
case for the defocusing equation. An example of nontrivial stationary waves for (CS™) is

g [NO=1p?) 2 «
u(t,x) = 2(1+|P|2)(1 l—peiNx)’ peD* 8eT, NeNsj.

In a second stage, we study the finite gap potentials of the Calogero—Sutherland DNLS
equation (CS), i.e. potentials satisfying that, from a certain rank, all the gaps between
the consecutive eigenvalues of the Lax operator are equal to 1 (see Section 1.2.2 for the
Lax operator). It turns out that these potentials are multiphase solutions containing the
stationary and traveling waves of (CS). The following theorem aims to characterize the
finite gap potentials on T in the state space.

Theorem 1.3 (Characterization in the state space of (CS)’s finite gap potentials). The
finite gap potentials of (CS) are either the functions u(x) = Ce!N~*, C € C*, N € N,
or the rational function

i L e —p \mi—1 d ¢y
ut) =" T (7=-5%) (a+Z—1_ ) P €D, pe# py k#
j=1 pje j=1 pj¢

where, for N € N>y, mg € {0,..., N — 1}, my,...,m, € {1,..., N} such that mo +
Yi—imj=N,and (a,ci,...,c;) € CxC" satisfy forall j = 1,...,r,

(i) in the defocusing case,
CiCk
acj + Z 1—]pjpk -

(ii) in the focusing case,
CjCk
aci + =mj,
j Z e =

with a # 0 if mg # 0. Moreover, these ﬁmte gap potentials can be regrouped into sets that
remain invariant under the evolution of (CS).
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In order to establish the results mentioned above, it is necessary to provide an overview
regarding the integrability of the Calogero—Sutherland derivative nonlinear Schrodinger
equation (CS).

1.2. About the Calogero—Sutherland DNLS equation

The Calogero—Sutherland DNLS equation (CS) has been actively studied by physicists
and engineers. In particular, we cite the works of Tutiya [33], Berntson—Fagerlund [7],
Stone—Anduaga—Xing [32], Polychronakos [30,31] and Matsuno [21-28].
Mathematically, recent progress has been made with regard to this equation. In this
subsection, we provide a brief overview of some established results concerning (CS).

1.2.1. Local and global well-posedness results. To the best of the author’s knowledge,
the first LWP result for the (CS) equation traces back to de Moura [12] who established
the LWP? of (CS) for small initial data in H* (R) with s > 1, and extended his LWP result
to a GWP by means of the gauge transformation. More recently, Barros—de Moura—Santos
[5] presented the LWP of (CS) for small initial data in the Besov space le/ 2,1 (R).

Further, observe that the Calogero—Sutherland DNLS equation (CS) is invariant under
the scaling

wp(t, x) = Azu(ht, A%x), A > 0.

This suggests that (CS) is L2-critical. In the Hardy Sobolev spaces setting, i.e. in H 1=
H5 N Li, where we recall that Li is the Hardy space defined in (1.2) in the periodic
case, and as follows in the nonperiodic case

L% (R) = {u € L*(R); suppii C [0, c0)},

Gérard-Lenzmann [16] obtained the LWP in Hf (R) with s > % by following the argu-
ments of [13]. Furthermore, by virtue of a Lax pair structure associated with the Calogero—
Sutherland DNLS equation (CS) (see below), they inferred the global well-posedness
of the equation in all H_]f_ (R), k € N> for small initial data [|uo||z2r) < V27 in the
focusing case. Moreover, they established the nonexistence of minimal mass blowup. Sub-
sequently, [19] extended the flow to the critical regularity-space Li(R) and for small
initial data in the focusing case. Later, [18] proved the existence of initial data regular
enough in H$°(R) satisfying ||uo||]":2 = 27 + ¢, such that lim,_,7 ||u(?)||gs = oo, s > 0,
where T € (0, +00] is the maximal time of lifespan of the solution. Finally, [4] charac-
terized the semi-classical limit or zero-dispersion limit of (CS) and proved that the weak
limit solution can be written in terms of the branches of the multivalued solution of the
Burgers equation.

Moving to the periodic setting, i.e. when x € T, a recent work of the author [3] shows
the GWP of (CS) in all H i (T), s = 0, for small critical initial data in the focusing case,

3 Actually, they prove the local well-posedness of a family of nonlocal nonlinear Schrédinger equations
[29] that also includes the (CS) equation.
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namely when |uo||z2(r) < 1, and for arbitrary initial data in the defocusing case. In par-
ticular, the extension of the flow to the critical space Li (T) has been achieved after
deriving the explicit formula for the solution of the Calogero—Sutherland DNLS equation
(CS) [3, Proposition 2.5]. Moreover, under the same assumptions, the relative compact-
ness of the trajectories has been established in H j_ (T), forall s > 0 [3].

1.2.2. Integrability of the (CS) equation. One of the most remarkable features of the
Calogero—Sutherland DNLS equation is its integrability as a PDE on R and on T. In
fact, it enjoys a Lax pair structure in the focusing and defocusing cases [3, 16]: for any
ue Hi(T),s> %, there exist two operators (L,,, B,,) satisfying the Lax equation

dL,
dt

= [By,Ly). [Bu,Ly] = ByLy —LyB,,

where

(1) in the focusing case,
Ly=D—T,Tq By=TTsa—TouTa+i(TuTa)’ (1.7)

(i) in the defocusing case,

Ly=D+T,Tq. Byu=-TuToa+ TonTa+i(TuTa). (1.8)

The differential operator D is —id, and T, is the Toeplitz operator of symbol u defined
for any u € L by
T.f =Tuf), Vfel?, (1.9)

where IT is the Szeg6 projector introduced in (1.1). Note that since we are working in the
Hardy space, L,, is a semi-bounded operator from below and Lyisa nonnegative operator.
In addition, as noted in [3, Proposition 2.3], the Lax operators L, and f,u are self-adjoint
operators of domain Hj_ (T), and are of compact resolvent. Therefore, their spectra are
made up of a sequence of eigenvalues going to +oo,

o(Ly) = {vo(u) <o =Sp(u) < } vo(u) > —||”||i°o

- (1.10)
o(Ly) = {ho(u) <+ < Au(u) <---}, Ao(u) > 0.
Recall that any Lax operator satisfies the isospectral property
Luy = U) 'Ly U(1), (1.11)

where u is the initial data, u(¢) is the evolution of the solution starting from 1, and U ()
is a family of operators solving the Cauchy problem

d
EU(I) = By»U(1),
U®©) = 1d.



R. Badreddine 1044

The identity (1.11) implies that the spectrum of L, is invariant by the evolution, i.e.
Vp(u(t)) = vy (ug) and A, (u(t)) = A, (ug) for all n. Therefore, in the sequel, we omit the
variable u in v, (1) and A, (1) when it does not cause confusion.

Further information regarding the spectrum of the Lax operators will be provided in
Section 2.

1.2.3. Traveling waves on R. Let us mention that the focusing Calogero—Sutherland
DNLS equation (CS™) also enjoys traveling waves and stationary waves in the non-
periodic case (i.e. x € R). They are of the form

ut,x) = eV IR (x —2v1) +y), A>0, yeR, €T, veR,

where the profile
R = Y22 e, feR,
X+p
is obtained as a ground state (minimizer) for the energy functional [16, Section 4]. Notice
that all these waves are of L2-norm equal to +/277. Therefore, this situation differs from the
torus T, where in the latter case, there is no L2-threshold that would prevent the existence
of small or large traveling waves in L?(T). Essentially, the main reason that leads to a
more diverse class of traveling waves in the periodic setting compared to the nonperiodic
setting is the spectral property carried by the Lax operator in both cases. Indeed, on R,
the Lax operator has an absolute continuous spectrum and a finite number of eigenvalues
[16, Section 5]. In contrast with T, the Lax operator presents only a point spectrum formed
by eigenvalues [3, Section 2].
To summarize, we refer to Table 1.

Focusing (CST™) on R Defocusing (CS™) on R

Stationary waves v
Traveling waves v

Wave speed ceR
L?-norm of traveling waves lull 2 = V27

Focusing (CS™) on T  Defocusing (CS™) on T

Nontrivial stationary waves v X
Traveling waves v v

Wave speed celR c>N
L2-norm of nontrivial traveling waves |72 € (0, 4+00) llat]|z2 € (0, +00)

Table 1. Here N € N> is the denominator’s degree of a traveling wave of the form (1.4). In
addition, by a nontrivial traveling wave, we mean a traveling wave that does not belong to 91,
where 91 is the set of trivial traveling waves defined in (1.3). Moreover, by nontrivial stationary
waves we mean the solutions u (¢, x) = ug(x) that are not constant functions.
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1.3. Outline of the paper

The paper is organized as follows. In Section 2 we present some spectral properties con-
cerning the eigenvalues and the eigenfunctions of the Lax operators L, and Ly. Moving
on to Section 3, we focus on the traveling waves of the defocusing Calogero-Sutherland
DNLS equation (CS™). This section follows a two-step process. Section 3.1 provides a
spectral characterization of these waves, while Section 3.2 derives their explicit formu-
las. Moreover, Section 3.3 includes remarks concerning the speed and L2-norm of these
traveling waves for the defocusing (CS™) equation.

In Section 4 we delve into the analysis of traveling waves for the focusing Calogero—
Sutherland DNLS equation (CS™). Thus, we describe the set of traveling waves of (CS™)
in Section 4.1, and we highlight the presence of a larger set of traveling waves in the focus-
ing case compared to the defocusing case. Similar to the defocusing case, some remarks
related to the speed and the L2-norm of the traveling waves of (CS™) are discussed in
Section 4.2, and in particular we establish the existence of stationary wave solutions for
the focusing Calogero-Sutherland DNLS equation (CS™).

Note that in order to describe the traveling waves of (CS™), one needs to understand
the set of finite gap potentials. To this end, Section 5 is dedicated to the study of finite gap
potentials for the Calogero—Sutherland DNLS equation (CS).

Throughout this paper, we have assumed sufficient regularity on the solutions. How-
ever, in Section 6, we discuss how the same analysis can be extended to solutions with
lower regularity. Lastly, in Section 7, we present some open problems for further explo-
ration.

2. Spectral properties for the Lax operators

As mentioned in the introduction, our aim is to describe the traveling waves of the Calo-
gero-Sutherland DNLS equation (CS). In order to accomplish this goal, our strategy relies
on characterizing them first in the state space, by means of some spectral tools of the Lax
operators L, and L, introduced in (1.7) and in (1.8), respectively. Therefore, we need to
delve deeper into the spectral properties of the Lax operators.

In the sequel, we assume, for convenience, that u is any function of the state space
with enough regularity, for example, u € H er (T). But, it is worth mentioning that the
analysis can be easily extended to potentials with less regularity as well (see Section 6).
Further, recall from (1.10), that the Lax operators I:u and L, have point spectra, bounded
from below,

o(Lu)={Ao < <A <---}, X020,

o(Ly) = {Vo <..<y, < } vo = —[|u oo

The following proposition aims to give more information, regarding the multiplicity of
the eigenvalues (v,) and (A,). But before that, we need to recall two useful commutator
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identities. We denote by S the shift operator defined as
S:L3(T) — L3(T), Sh(x) = e h(x).
Thus, for all u € H3(T), we have from [3, Lemma 2.3],

LuS =SLy+ S+ (|S*u)u,

2.1
L,S =S8SLy,+ S — {:|S"u)u,

where S* denotes the adjoint operator of S,
S*:L2(T) — L2(T), S*h(x) = T(e "*h(x)),

where I1 is the Szegd projector defined in (1.1), and L,, and L, are defined in (1.7) and

(1.8). In addition, we also have from the same lemma [3, Lemma 2.3],
[S*, Bu] = i(S*LE — (Ly +1d)%S™), 02
[S*, B,] = i(S*L2 — (L, + 1d)2S™), '

where [S*, B, ] denotes the commutator S$*B,, — B, S*, and B,, and B,, are the two skew-
adjoint operators of the Lax pairs, defined respectively in (1.7) and (1.8).

Proposition 2.1 (Multiplicity of (1,) and (vy,)). The eigenvalues of L, and L, are de-
scribed as follows:

Defocusing case. The eigenvalues (Ay) of L, are all simple. More precisely,
An+1 = An+1, n e Nsg. (2.3)
Focusing case. The eigenvalues (vy,) of Ly, are of multiplicity at most 2:
Vnt2 = vy + 1, n €Ny 2.4)
Moreover, when n is large enough, the eigenvalues of L,, are simple. More precisely,
liminfv,4yq —v, > 1. 2.5)
n=>00
Furthermore, for all 0 < o < 1 such that ||u||1242 < 1 —«a, we have for all n € N>,

Vpa1 > Vy + 0o (2.6)

Remark 2.1. We underline the following points:

(1) It should be noted that for any potential u, the eigenvalues (v,) of L, cannot
all be simple. For instance, take u(x) = e’*: one can easily check that for L, =
D —-T,T;,
Lyl = Lye™ =0.
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(2) Inequality (2.5) implies that as n > 1, the lower bound of the distance between
two consecutive eigenvalues v, gets closer to 1.

Proof of Proposition 2.1. All the presented inequalities are a direct consequence of the
max—min principle:

~ 1
An = max min{(Luhlh); heFtn HZ(T), ||hllr2 = 1},
FCL?
dim F <n

1
vy = max min{(Lyhlh); h € FX 0 HZ(T), |[h]|2 = 1}.
FCL?
dim F <n

Spectrum of L. Let F be any subspace of Li(T) of dimension 7, and consider E =
C1 6 S(F), where S is the shift operator. Then

~ 1
Ang1 = min{(Lyhlh); k]2 =1, he EYNH2)}
Observe that EL = S(F*1); thus by (2.1),

~ 1
Ant1 = min{(L,g|g) + 1 + [(Sglu)%; gl = 1. g € FX N HZ}.

In addition, since |(Sg|u)|> > 0, we infer for all n € N5,
)Ln+1 = An + L.

Spectrum of L, -inequality (2.4). Let F be any subspace of Li (T) of dimension n, and
take G .= C1 @ S(F) + Cu. Then,

bns2u) = min{(Lyhlh): Rl = 1. he GE 0 HE).
Since G+ = S(F+ N (S*u)t), then
bura = min{(L,SglSg): gz = 1. g € FX 0 (S*u)t n HE(T)}.
Note that g L S*u; then by (2.1),
vasa = min{(Luglg) + 1: lglze = 1, g € FL 0 (S*uyt n HE(T)),

leading to
Vnt2 = vy + 1.

Inequality (2.5). For any n, let F,, = span{ fo, fi1,..., fn—1} be the subspace of L2+(T)
of dimension # made up of the first n eigenfunctions of L,,. For this choice of F},,

1
min{(Lumh); hllz2 =1, h e FnJ‘ N H_i} = v,.
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Let us consider the subspace E := C1 & S(F,) of Lﬁ_ (T) of dimension n + 1. Then
1
Va1 = min{(Luglg): lIglz = 1. g € EX N HZ Y.

1 1
Note that EX N H} = S(F;- N H?). Therefore, by (2.1),
Va1 = min{(Lu@le) + 1= [(Selu)*; lell: =1. ¢ € FF N HL}.
It results, for all n € N>, in

Vnt1 = Vvp +1— sup |<S(p|u)|2' (2.7)
”(DHLZ(']I'):I
peF,;

. . >
To conclude the proof, it remains to prove SUP gl 2y = 1.0 Fi [(Selu)| = 0.

Lemma 2.2. Let F, be the subspace of Lﬁ_(T) defined as above. Then

sup  [{Se¢lu)| >0 asn — oo.
”(DHLZ(']I‘)ZI
peF;t

Proof. Suppose for the sake of contradiction, that for all n € N>y,

sup  |[{(Selu)| =&, &>0.
IIW”LZ(T)=1
peF,;t
&€

Namely, there exists ¢, € FnJ-, l¢nllz2¢ry = 1 such that [{(S¢y|u)| > 5. Hence, since

@nllz2(ry = 1, then up to a subsequence ¢, — ¢ in L%r (T) as n — oo, which yields
[(S@nlu)| —— [(Se|u)l,
n—o0
and so (S¢|u) > £. On the other hand, since ¢, L F, then

(enlfp) =0, YO<p<n-—1L.

£
5

Taking n — oo, we infer
(plfp) =0, VpeNxo.

Note that the eigenfunctions (f,,) of the self-adjoint operator L, form an orthonormal

basis of L%r (T). Therefore, we have ¢ = 0, which is a contradiction with (S¢[u) > £. =

Inequality (2.6). It is a consequence of inequality (2.7) after applying the Cauchy-
Schwarz inequality and considering the fact that ||u ||i2 <l-a. |

In what follows, we make a slight abuse of notation by using (f,) to denote both an
orthonormal basis of Lﬁ_(T) consisting of the eigenfunctions of the self-adjqint operator
L, and an orthonormal basis of Li (T) consisting of the eigenfunctions of L,,. Nonethe-
less, we shall specify the context in which we are working to avoid confusion and ensure
that ( f) is understood appropriately as either the eigenfunctions of Ly, or L.
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Lemma 2.3. Givenu € Hf_ (T), then for alln, p € N>y,

* Defocusing case:

(Hu)(ulfu) = An (1] fn),
An = Ap = (STl fu) = (SSplu)(ul fn)-

* Focusing case:

(Hu)(ul fu) = —va (1| fa),
(n = vp = D(SSplfu) = —(SSplu)(u| fn).

Proof. We prove first the identities for the defocusing case. By definition of L,=D+
T, T;, we have
Ly1 = (1ju)u.

Then taking the inner product of both sides with f,, and using the fact that L, is a self-
adjoint operator, leads to the first identity. For the second one, thanks to the commutator
relation between L, and S,

quSfp = Siufp + Sfp + (Sfplu)u,

of equation (2.1), we infer the second identity by taking the inner product with f;,.
Further, by considering the focusing case with L,, = D — T,, Ty, it follows that L,, 1 =
—(1|u)u. This explains the minus sign appearing in the first statement. As for the second
one, since by (2.1),
LuSfp = SLufp + Sfp — (Sfplu)u.

then taking the inner product with f;, once more, leads to the desired identity. ]
In light of the previous lemma and based on the commutator identities (2.1), one can
investigate further information regarding the spectral data (i.e. the eigenvalues and the
eigenvectors) of L, and L,,, especially when the quantities (1| f;,) vanish. The following
lemmas/propositions aim to achieve this.
For the following, we denote by E,,, the eigenspace of L, corresponding to the eigen-

value vy,. In addition, the notation f // g means that the two vectors f and g are collinear
in L2 (T).

Proposition 2.4. For all n € Nx, such that v, # 0, we have
Vp =Vp—1+ 1= [Sfa1 € Ey,]or[fn € SEy,_,],
Moreover, for the defocusing case,

An = An—l +1= an—l // fn~
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Remark 2.2. We have the following remarks:
(1) The condition v, # 0 cannot be omitted. We refer to Appendix A.1 for an example.

(2) For the defocusing case, the condition of nonvanishing eigenvalues A, # 0 is
already satisfied for all n € N>, since L,, is a nonnegative operator on the Hardy
space, and for all » € N>, we have by (2.3), A, > A,—1 + L.

Proof of Proposition 2.4. The key is to use Lemma 2.3 and the commutator identities
(2.1). In view of the second identity of Lemma 2.3, we have

(Sfa—1lu){ul fu) = 0.
If (u|Sfu—1) = 0, then by (2.1),

Lqun—l = SLufn—l + an—l
(Vn—1 + 1)an—l
= VpSfu-1,

as v, = vy—1 + 1. Namely, Sf,—1 € E,,. Let us move to the second case where (u| f,) =
0. By the first identity of Lemma 2.3,

vn(fall) = 0.

Therefore, since v, # 0, there exists g, € H}r (T) such that f,, = Sgy. Using the com-
mutator identity (2.1) again, we have

SLygn = (va —1)Sgn.

Applying S* to both sides of the latter identity, and using the fact that $*S = Id, and as
Vp = Vy—1 + 1, we find
Lugn = vn—1&n-

Thatis, g, € E,,_, ,andso f, € SE,,_,.
Further, note that for the defocusing equation, the vector spaces E,, are of dimension
1, thanks to Proposition 2.1. Consequently, the results [Sf,—; € E; ] or [f, € SE3,_,]

lead to Sfu—1 /| fa- L]
In the sequel, we denote by I (u) the set
T(uw) == {n € Noy | (Sl fu) = O}. 2.8)
Lemma 2.5. The set I(u) is described as follows:

Defocusing case. For any u € Her (T), the set I(u) is empty.
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Focusing case. Given u € H}_ (T), let m € I(u). Assume that the eigenvalues vy, and
Vm—1 are simple. Then either

V1 +1=vui1, withSfp 1€ Ey,,,
or
Ve + 1 = v, with S* fm € Ey,,_,
or
vm =0, with fm /| 1.

Remark 2.3. We have the following remarks:

(i) Observe that in the focusing case, if ||u]| iZ < %, then by inequality (2.6),

1
Vp > Vo1 + > Vn € Nxj.

Hence, for such u, if m € I (1) then the only possible choice is to have v, = 0 with
fm /] 1. In other words, for ||u||1242 < % we have, either 7 (1) = @, or I (u) = {m}
and in such a case v, = 0 and f,, // 1.

(ii) Foranyu € H JZF (T), the set I(u) in the focusing case is of finite cardinal, since
by inequality (2.5) we have v, > v,_1 + % and v, # 0 for all n large enough.

Proof of Lemma 2.5. We consider two cases:

Focusing case. Let m € I(u). By the second identity of Lemma 2.3,
(Sfm—1lu)(ul fm) = 0.
If (S fin—1|u) = 0, then applying the commutator identity (2.1),
LuSfm—1 = m—1 + DSfm-1.

Namely, vi,—1 + 1 is an eigenvalue of L, and Sf;,— is the corresponding eigenfunction.
Since vy, is simple, then S f,,—1 cannot be collinear to f,;, as (Sfm—1|fm) = 0 for m €
I (u). Therefore, by (2.4),

V-1 + 1= vy

If (u| fi) = 0O, then by applying the adjoint of the commutator identity (2.1),
S*Ly = L,S™ + 8™ + {-|u)S*u,
we infer
LyS™* fn = (v — DS frn.
That is, if S* f,,, # 0, then S* f,, is an eigenfunction of L,, associated with the eigenvalue

vm — 1. Recall that we have by assumption that v,,—; is simple, and since S* f;, cannot
be collinear to f;,—1 as m € I(u), then

Vm — 1 = vp—2,
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thanks to (2.4). It remains to study the case where S* f,,, = 0, i.e. f;, // 1. For that case
we have, thanks to the first identity of Lemma 2.3, v, = 0 as (u| f,,) = 0.

Defocusing case. Suppose that there exists m € I (u). Then, using the same analysis as in
the focusing case, we infer that, either A,,—1 + 1 = A1 0r Ay + 1 = A, or A, = 0.
However, recall that A, > A,,_; + 1 forall n € N> (inequality 2.3), thus the first two cases
cannot occur. In addition, since L,, is a nonnegative operator, where all the eigenvalues
satisfy the inequality (2.3), then A,, = O impliesm = 0 ¢ I (u). |

Corollary 2.6. Foralln > 1,
An = Ap—1 + 1 S (u| fn) =0.

In addition,
vy =vp—1+ 1, Vo> Ny & (u|fy) =0, Vi > Ns.

Remark 2.4. We refer to Appendix A.2 for an example that shows that N, is not neces-
sarily equal to N;.

Proof. For the defocusing case, suppose that A, = A,_; + 1. Then, on the one hand
we have by Proposition 2.4, Sf,—1 // fu, and on the other hand, we infer by the second
identity of Lemma 2.3,

(SSa—1lu)(ul fn) = 0.

That is, (u| f,,) = 0. The converse is a direct consequence of the second identity of Lemma
2.3 and the previous lemma.

For the focusing case, the same analysis can be applied. However, it should be noted
that, since not all the eigenvalues (v,,) satisfy v, > v,—1 + %, and v, # 0, foralln € N5,
but only for large n, thanks to Proposition 2.1, then the equivalence holds for n sufficiently
large. ]

3. Traveling waves for the defocusing (CS™)

3.1. Spectral characterization

One way to understand the behavior of a linear PDE’s solution is to consider its Fourier
transform. Specifically, on the periodic domain T, this consists of computing the inner
product with (-|e!”*) for all n € Z. The main idea behind this approach is to “diagonalize”
the problem in the (¢/"*)-basis, which facilitates solving the equation. However, by con-
sidering the Calogero—Sutherland DNLS equation (CS™), we are dealing with a nonlinear
integrable PDE, which can also be “diagonalized” in some coordinate system (think about
the Birkhoff coordinates). Thus, by imitating the idea of the linear case, we suggest taking
the inner product of the (CS™) equation with an appropriate orthonormal basis of Li (T).
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Before proceeding, observe that the defocusing Calogero—Sutherland DNLS equation can
be rewritten in terms of the Lax pair as [3, Lemmas 2.4, 5.2]

du = Byu —iL>u. (3.1)

u
This motivates the choice of the following orthonormal basis of L2 2(T).

Definition 3.1. Given u € €, Her (T)y, let (g%) be the evolving orthonormal basis of
Li (T) defined along the curve t — u(t) as

Vn e NZO»

uo

9:8% = Bugh,
g;lt:O = Jn >

where ( f,,' 0) is an orthonormal basis of L2 “ (T') made up of the eigenfunctions of Luo at
t =0, and Bu(t) is the skew-adjoint operator defined in (1.8).

Remark 3.1. Note that the (g/)) satisfy for all n € Nx¢ [20, Lemma 4.1],
Luy& = *n&p-

Therefore, as was established in [3, Lemma 3.6], by takmg the inner product of (3.1) with
the g/ and using that L, is a self- adjoint operator and B, is skew- symmetric, we find

3 (u(t)lgh) = —iAl (u(t)|gh).

or
(u(®)|gh) = {uol 1)t (3.2)
Lemma 3.2. Foranyu € €; Hﬁ (T)x a solution of (CS™) and for alln, p € N>,

(11gh) = (1] fro)e~ i,
(Sghlgh) = (Sfuo| fuo)e! ot P=2D1.

Proof. By Definition 3.1, and since By, isa skew-symmetric operator,
0:(117) = (11Bugy) = —(Bullgy,).
where by (1.8),

Byl = =T, Ty i1 + Ty, Tal + i (T, Tp)?1
= (1|u)(Oxu +iT, Tyu).

Note that L, 1 = —id,1+ T, T51 = (1|u)u. Therefore, B, 1 = i L21 and

3 (1lgh) = —i(L21]gh) = —iA2(1|gh).
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This achieves the proof of the first point. To prove the second one, we proceed in the same
manner. By Definition 3.1,

3:(gh1Sgh) = (Bugh|Sgh) + (gh|S Bugh) = ([S*. Bulglgh)-

Hence, applying the commutator identity (2.2), and since L, is a self-adjoint operator, we
infer

3:(gh1Sgh) = i{(S*LE — (Ly + 1d)*S*)gh|gh)
=i(h + (p + D) (gn1Sgh).

Therefore,
(gh1Sgh) = (fo|Sf10)e! Ra=Cot D1, .

Remark 3.2. The consideration of the evolution of (u|g},), (1]gy), and (Sg|g;,) is moti-
vated by the fact that any element u of the Hardy space can be written as follows.

Lemma 3.3 ([14,15]). Foranyu € L% (T),

u(z) = (Id—z8*)"ull), zeDb,

where S* is the adjoint operator of S in Lﬁ_ (T).

Therefore, by expressing the operator S$*, and the two vectors u and 1 in their matrix
representations with respect to the (g, )-basis, we obtain

u(t,z) = (Id—zM)'X|Y), zeD,
where X, Y are infinite column vectors and M is the infinite matrix representation:

X = ((ulgh). Y =(llgh). M= (gnlSgh).

Proof of Lemma 3.3 ([15]). The idea is to observe that any element u of the Hardy space
Li (T) can be read as an analytic function on the open unit disc D, whose trace on the
boundary 9D is in L2.* Thus, for any z € D,

u(z)= Y at)z* = Y (s 1)F = Y7 ((sM)kuln)zt,

kENzo kENZO keNz()

As a result, by Neumann series,

u(z) = (Id—zS8*)"tu|1). [

“For a simple introduction to the different definitions of Hardy spaces, we refer to [14, Chapter 3].
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At this stage, we consider u(z) := uo(x — ct) to be a traveling wave to the Calogero—
Sutherland DNLS equation (CS™). For all ¢, ¢t € R, we denote by t; the isometric linear
map

Ter: L3(T) — LA(T),  teuo(x) = uo(x — ct).

Our aim for this subsection is to prove the following theorem.

Theorem 3.4. Let u(t) := .U be a traveling wave to the (CS™) equation. Then there
exists at most one N € Nx such that

(uol fy°) # 0.

Moreover, the speed c is given by

2N—l
C:1+N2Ak
k=0

To this end, we shall need two key elements. First, we need Lemma 3.2 and iden-
tity (3.2). Second, we shall utilize the existence of a relationship (identity (3.3)) connecting
the eigenfunctions (g%,) of I:M(,) introduced in Definition 3.1, with the functions (z¢; f,'°),
where we recall that ( f,,"°) represents the eigenfunctions of Zuo.

To establish this connection, we present the following proposition, which also de-
scribes the behavior of the eigenfunctions ( f,'°) of 1:,,0 under the action of the translation
map on the spatial variable

0 e f1° et €R.

Proposition 3.5. Let u(t) := tc1ug be a solution to (CS™). There exists a sequence (6, (t))
C R, such that
T 0 = e Wg
n

In other words, the (t¢; f,'°) are also eigenfunctions of I:u(,).

Vn € Nxo. (3.3)

t
n’

Proof. By definition of L, = D + uTI(ii-), and since u(t) = te;uo,

Luer £ = DFY (x — et) + uo(x — )Tl (x — 1) £ (x — 1)),
= Tet (Z‘uo fnuo)
/\n(llo)‘tczfnuo, Vn € NZO'

In other words, t.; f,'° is an eigenfunction of I:u(,) associated with the eigenvalue A4, (u¢).
On the other hand, recall that all the eigenvalues A, (1) of I:u(t) are simple, as stated in
Proposition 2.1. Additionally, according to Remark 3.1, the (g?) are eigenfunctions of
I:u(,) associated to the eigenvalues A, (u¢). Therefore, for all n € N>, the two vectors
Ter f'® and gﬁl are collinear. Since both vectors belong to an orthonormal basis of L%r (T),
then each one has an L2-norm equal to 1. Thus, we infer for all n € N5, there exists
0,(t) € R such that for all € R,

Ter fnuo — eig"(t)g;. n
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Corollary 3.6. Foralln, p € Nxg, and for allt € R, we have

(1) if (1] f4'°) # O then
On(t) = —A2t,

() if (uol fa'®) # O then
On(t) = —A2t,

(3) if (S1 /) # O then
On(t) = ((Ap + 1)* = A0t —ct + 0,(0).
where 6, (t) is the angle obtained in (3.3).

Proof. By combining identity (3.2) and the two identities of Lemma 3.2 with identity (3.3)
of the previous proposition, we infer

eien(t)<1|fctfnu0) = (”fnuo)e_ik%t»
&0 O (zeuo|Ter fu0) = (ol fr'®)e ™,
e_iep(l)eien(t)<s'fctfpu0|Tctfnu0) — (SfpuoIfnu())ei(()t,,+1)2_)t,21)t.

Note that St.;(-) = e/“’1.,(S-), and since we are dealing with periodic functions, we
deduce

e IO (1] f0) = (1] f'0)e i,
e/ Deie fug| £30) = (uo| f'*)e™ 44",

e—iep(t)eif)n(t)eict(Sfpu0|anO) — (Sfpuo|fnu0)ei(()kp+l)2—)k,2,)t.
leading to the result. ]

At this point, we are ready to prove the spectral characterization of the traveling waves
for (CS™), namely Theorem 3.4.

Proof of Theorem 3.4. The proof relies on the spectral property of L, discussed in Sec-
tion 2 and on Corollary 3.6. Indeed, observe first by Lemma 2.5, we have (S £, | /,°) #0
for all n € N> . Hence, applying the third identity of Corollary 3.6 with p = n — 1 leads
to the recurrence relation

On(t) = (An—1 + 1> = At —ct + 0, 1(1), n=>1.

Taking the sum of all these expressions fromn = 1 ton € Nx, we infer

n—1
On(t) = A3t +2t Y Ak +nt — A2t —nct + 6o(1). (3.4)
k=0
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Our aim is to prove that for all n > 1, (ug| f,,"°) = 0 except for at most one 1. For the sake
of contradiction, suppose that there exist two integers 1 < ny < ny such that (ug| f,/;°) # 0
and (ug| ) # 0. Then by Corollary 3.6, we infer

O, (1) = =27 1,

(3.5
O, (1) = =A% 1.
Plugging (3.5) in (3.4) we obtain
ni—1
nict = nit + 2t Z Ak + 6o(2) + A2t
k=0 (3.6)
nzfl
nact =nat +2t Y A + 6o(1) + At
k=0
Further, notice that
bo(t) = —Adt. 3.7)

Indeed, if (uo|f,®) # O then by the second point of Corollary 3.6, we have the claimed
identity. Otherwise, if (ug| f,'°) = 0 then (1| f,*°) # 0, since if it is not the case, i.e. if there
exists h € Lﬁ_ (T) such that fouo = Sh, then we have by the commutator relation (2.1),

AoSh = Ly, Sh = SLy,h + Sh+ (Shlug)uo.
implying, as (Shluo) = (f;°uo) = 0,
Lugh = (Ag — D).

That means /4 is an eigenvector of iuo associated with an eigenvalue strictly less than A,
which is impossible. Therefore (1| f*°) # 0, and so by the first identity of Corollary 3.6,
we infer 0y (1) = —)L%t. Substituting (3.7) in (3.6), we obtain

n1—1

2
14+ — Ak,
+om D
k=0
ny—1

2
1+E;lk.

=0
That is,
ni -1 nz—l

ﬂzzlkznl Zkk,
k=0 k=0

or
ni—1 ny—1

(ny—ny) Z A =ny Z Ak.
k=0

k=n1



R. Badreddine 1058

But recall by (2.3), A,4+1 > Ay, for all n. Combining this fact with the last equality, we
conclude
ni(ny — nl)/\nl—l >ni(ny — nl)lnl,

leading to a contradiction. As a consequence, for any traveling wave solution u (¢, x) :=
up(x — ct) of (CS™), there exists at most one N € N5 such that

(uol fy°) # 0.

where (f,,'°) is any orthonormal basis of Lﬁ_(T) consisting of the eigenfunctions of ﬂuo.
Moreover, u travels with the speed

) N-—1
CZHN;M (3.8)

Remark 3.3. In view of the previous theorem and Corollary 2.6, it follows that any trav-
eling wave solution u of (CS™) propagates with a speed

¢ =N + 2. 3.9)
Indeed, since (ug| /°) = Oforall 1 <n < N, then by Corollary 2.6,
An=Ap—1+1, Vi<n<AN.

leading to the fact that (3.8) is equivalent to (3.9). Further, since Lyisa nonnegative
operator, then Ao > 0, which implies that the speed of the traveling wave solution satisfies
¢ > N.However, as will be observed in Section 3.3, the speed ¢ = N can only be reached
by traveling waves of the form u(z, x) = e!N&—=N1),

3.2. Explicit formulas for the traveling waves

Recall by Remark 3.2 that any elements of the Hardy space, in particular 1, can be written
as
up(z) = (Id—zM)~1X|Y), (3.10)

where X, Y are infinite column vectors and M is an infinite matrix:
X = ((uol £,°), Y = ((11£,°), M = ({1,IS,"). (3.11)

In the following, we denote by §; the set of the semi-trivial traveling waves, made up
from the constant and the plane wave solutions

G = {CeNOTND | € e C, N e Ny}
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Theorem (Theorem 1.1). The traveling waves u(t, x) = uo(x — ct) of (CS™) are the
potentials u(t, x) € §; and

0 B .
u(l,x).—e ((X—Fm), pED,QET,
where N € N>y, ¢ .= —N(1 + 2’7"‘) and («, B) are two real constants satisfying
ﬂz
af + ——— = —N. (3.12)
1—|[pf?

Proof. The proof is based on the inversion spectral formula
uo(z) = ((1d—zM)'X|Y)

of (3.10), and on the spectral characterization of u¢ described in Theorem 3.4. In the
sequence, to make the notation less cluttered, we denote f, := o

Let u(¢, x) := ug(x — ct). As a first step, we prove that the infinite matrices X, Y
and M reduce to finite matrices in the context of a traveling wave solution. Indeed, by
Theorem 3.4, there exists at most one N € N1, such that (ug| f&) # 0. We focus on the

case where such an N exists, that is,

{ (ol fv) # O,

(3.13)
(uol fu) = 0,¥n € Nx1\{N}.

The case where (u|f,) = 0 for all n € N> can be handled similarly, leading also to the
reduction of the study to finite matrices. From now on, we suppose (3.13) holds. Therefore,
it follows by Lemma 2.3 that A, (1] f,) = 0, implying that

(11/a) =0, Vn e N\{N},

as the eigenvalues A, are all positive for any n € N since Lyisa nonnegative operator.
Therefore, the two infinite column vectors X and Y of (3.11) reduce to

(uol fo) (1] o)
0 0
x=| o |. v=| o | (3.14)
(uol fN) (1 fn)
0 0

On the other hand, since (ug| f,) = 0, for all n € N\{N}, then by Corollary 2.6, we
have A, = A,—1 + 1 foralln € N\{N}. Whence, Sf,—1 // f, foralln € N\{N}, thanks
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to Proposition 2.4. More specifically,
Jn /I S™ fo. l<n<N-1,
Jall S" N fn, n=N.

As a consequence, the set {(S” fo)n=o,...N—1, (S" fN)n>0} is an orthonormal basis of
Li (T) and the matrix M = ({ f,|Sf»)) reduces to

(3.15)

0 1 0 0 0 0
0 1 0
M= (fIs"f) o 0 (fwISYfo) |0
0 0 1 0
0 0 0 1 0

Hence, the infinite matrices X, Y and M in formula (3.10) can be reduced to finite
matrices involving only the first N + 1 coordinates of X, Y, and M [15]. Indeed, denoting
&£ :=(1d—zM)7'X, we have

(Id—zM)é = X.
That is,
1 —z 0 0 0 0
&o
0 - TE 0 En—1
—(folSVf)z 0 .. 1 —(fwISNfo)z | O | oen
0 ! = 0 v
0 0 1 —2z 0 .

Thus, for all n > N + 1, the nth coordinate of & is &, = z§&,41, i.e.

Ent1=2"N1g,, Vn>N+1,
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and since ), [£|*> < oo, then
£,=0, Yn>N+1.
As aresult,

((Id _Z(an)m,nzN+l)_l (Xn)nzN+1 i(Ym)mzN+1) = 07
and therefore
up(z) = ((Id —ZMsN)_leN|Y§N)(CN+1><(CN+1 ,

where M<y = (Mun)o<mn<n> X<N = (Xn)o<n<n,and Y<y := (Yn)o<n<n. Conse-
quently, ug is a rational function

P(z)

10(2) = Geid =My’

where P(z) = YZy - Com(Id —zM<y)" - X<y. Computing the numerator P and the
denominator of 1 via these finite matrices, we obtain that 1 is of the form

azV +b
M()(Z) = m, a,beC, (3.16)
where p = (folS™ fo), [p| < 1.
If p = 0: Namely, if { fo|S®Y f5) = 0, then
SN fo =Y (S folfu) fu = (SN fol fw) S

n>n

since by (3.15), the set {(S” fo)n=o,...N—1. (S" fn)n>o0} is an orthonormal basis of
Li(rﬂ“). Thus, the two vectors fy and SV f; are collinear, leading to the following: for
alln € N>,

Ju Il S" fo.
thanks to (3.15). Consequently, {S” fo,n € Nx¢} is an orthonormal basis of Lﬁ_ (T), which
means that the vector fp is necessarily collinear to 1. Further, recall from (3.14) that
uog = (uol fo) fo + (uol fn) fn
= (uol fo) fo + (uolS™ fo)S™ fo.

= (uol1) + (uole’¥*)e' ™
and, as p = 0, i.e. (fo|SY fo) = 0, we have by the second identity of Lemma 2.3, either

(ol fo) =0 or (uo|SY fo) =0,
i.e.

(uo|1) =0 or (uple’™*) =o0.
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Therefore, either uo(x) is a complex constant, or ug(x) = C etV with C € C, N €
Ns>;. Taking u(t, x) = uo(x —ct) = Ce'N&=¢1 and substituting it into the defocus-
ing Calogero—Sutherland DNLS equation (CS™), we can infer, since the nonlinearity
DTI(|e!NG&r—et)|2)ei N(x—ct) yapishes, that

NceiN(x—ct) _ NZCiN(x—ct) =0
and thus ¢ = N. As aresult, if p = 0 then the traveling waves u (¢, x) := uo(x — ct) are
u(t,x) = CeN*=ND € eC, N e Nxy.

If p # 0: The potential u of (3.16) can be rewritten as

, a,peC, p,zeD,

In order to find the relation between «, 8 and obtain the speed ¢, we substitute u(z, z) :=
ug(e*“’z) into the defocusing Calogero—Sutherland DNLS equation (CS™). This equa-
tion can be rewritten as

i0:u — (205)%u — 220, T1(|ul*)u = 0, (3.17)
after observing that D = —i d, can be expressed as D = zd,. Thus, starting from
B

u = M(I,Z):Ol—i-l_pe_m,

and computing i d,u and (z9,)%u, we find

- 1 1
Lo = _C'BN<1 — pe—iNctzN - (1 _pe—ithZN)z)’

1 3 2
1 — pe—iNct ;N - (1 — pe—iNcizN)2 + (1— pe—ithZN)3)'

(28,)%u = ,BNZ(
For the nonlinear part,
aBﬁeiNCt O‘B
N _ ﬁeiN” 1— pe—ithZN

|B2="
(1 — pe-iNetzN)(zN _ peiNet)’

u|* = |o)® + aB + .

Recall that IT is an orthonormal projector into the Hardy space (in particular to a subspace
of the holomorphic functions on D). Thus, applying IT, it follows that

ap 1817 1

_ pe—ithZN 1— |P|2 1— pe—ithZN ?

M(ju?) = |o> + af + .
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and hence,

—a —B+u B )

2y, =
20 ([ - u = A(l — peiNci N T (1= pe—iNcizN)2 T ([ _ pe-iNci;N)3

where

|1BI? )
1—|pl?
Substituting the expressions of i d,u, (z9,)?u and zd, 1(Ju|?)u into (3.17), and compar-

ing the terms 1/(1 — pe™iN¢*zN) forn = 1,2, 3, we deduce the following:
+ Withn =3, 4 = —N?2. Thatis,

A=N(ap+

. 1B
ap + = —
1—|pl?
e Withn =2andn =1,
N(1+2a)
c=- — ).
B
As aresult, for p # 0,
,_ p .
u(t,z) =a+ peD* 0T,

1 — pe-iNeiZN’
where N € N>y, ¢ = —N(1 + %"‘), and («, B) € C x C satisfy

812

—— = —N. 3.18
e G-18)

af +
Finally, observe by (3.18) that the two complex constants («, B) satisfy &8 € R. Thus, by
a slight abuse of notation on « and 8, we have obtained that the traveling waves of (CS™)
with p # 0 are given by

B

u(l,Z) = eie(a—i-m), pED*, QET,

where N € N5y, ¢ := —N(1 + 2‘7"‘), and (o, B) € R x R satisfy

/32
af + ——— = —N. ]
1—|p|?

3.3. The L2-norm and the speed

In this subsection we analyze how the traveling waves of (CS™) behave, by providing
information regarding their L2-norms and their speed c. Recall that the set of traveling
wave solutions of the defocusing Calogero—Sutherland DNLS equation are made up by
the trivial solutions

G = {CNND | C e C, N € Ny}
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and by the set of functions

; B
M(l,x) = ele(a—i-W), pED*,HET, (319)
where N € N>, ¢ :=—-N(1+ 2‘7"‘), and («, B) are two real constants satisfying (3.12).

For u € 4y, it is easy to see that the L?-norm of the semi-trivial solution can be arbi-
trarily small or large in [0, +-00), and its speed c is given as ¢ = N € Nx¢. The following
proposition aims to provide those for the nontrivial traveling waves of (CS™).

Proposition 3.7 (L2-norm of a nontrivial traveling wave and the speed). We have the
following properties:

(i) For any r > 0, there exists a nontrivial traveling wave u(t, x) = uo(x — ct) for
(CS™) with
luollL =r.

In other words, the traveling waves of (CS™) can be arbitrarily small or large in
L%r (T).

(ii) Let u be a traveling wave for (CS™) of the form (3.19); then u propagates to the
right with a speed ¢ > N. In addition, when |u||p2 — oo then ¢ — oo and when
llu|lz2 — O thenc — N.

Remark 3.4 (Nonexistence of a stationary solution for (CS™)). Since for any traveling
wave ug(x — ct) of the defocusing Calogero—Sutherland DNLS equation (CS™) we have
¢ > N, where N is the degree of 1 in the denominator, then there is no stationary solution
(i.e. u(t, x) = ug(x)) for the (CS™) equation. Another way to see this is by observing that

if ¢ = 0, which occurs when o = —% according to Theorem 1.1, then we have by (3.12),
1 2
+ lpl2 52— _W.
1—|pl

which is impossible as p € D*.

Proof of Proposition 3.7. (i) The L?>-norm of the nontrivial traveling wave can be arbi-
trarily small or large. Let u be a traveling wave of the form (3.19),

B

.10
u(t,x) =¢C (O{ —+ m

), pGD*, NENzl,

where (a, B) € R? satisfies the identity (3.12). Recall that any function u in the Hardy
space can be seen as an analytic function on the open unit disc D, whose trace on the
boundary dD is in L?. Hence,

dz
2 =/ )P 22,
L z€€(0,1) 2mwiz
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where
N
2 _ B Bz
u(@)I” = (a + l_pefithZN)<a TN _I;eith>
iNct
_ 2 ape™“'p aB
=« +aﬂ+zN—ﬁeiNC’ = peiNei N
ﬂZZN
(1 _ pe—ithZN)(ZN _peith)'
Writing
IBZZN 132 1 peith
(1 — pe~iNctzN)(zN _ peiNet) R |p|2(1 ~ peiNezN T IN ﬁe"N“)’
we infer
2
2 _ 2 B ) 1
@l o faf + (a,B + 1—|p|2/ 1 — pe—iNct;N
ﬁ2 eithp—
o ——,
+( '3+ 1—|p|2)ZN—[36’NCt
Therefore,

2
s = o® + af +ap +

w, (3.20)
since for N € N>,
<]‘ 1 > _ / zN dz _
ZN _ I;eith 2€C(0,1) 1— pefithZN 2wiz

Consequently, by (3.12),’

||u||iz =a?+ aff — N.
In addition, since by (3.12),

B
B 1—|pP*
then
N IB 2 N IB
lull7> = (_F T1- Ip|2) + (_F 1 |p|2>ﬂ -
T & ’
B 1—|p|2(1—|p|2 +2N) v

Observe that |Ju|| iz is a continuous function of | p|? and B2. Moreover, by taking 8 — 0
then ||u[|?, — co. And if we take | p|> — O then

NZ
hellZ,  ~
lpPP—0 B
which can be arbitrary small when 8 > 1.

3 As we shall see in Corollary 5.5, this corresponds to ||u||i2 = Ay — N where Ay > N + 219 > N.

1065
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(ii) Speed ¢ > N. By Theorem 1.1, the speed of the traveling waves of the form (3.19) is
givenby ¢ = —N(1 + 2‘7"‘). Further, recall from (3.12), that

o N 1

B B 1—Ipl*
Substituting the latter identity in the expression For c, it follows that
1+ |pl*> 2N
- N(— + —) > N. 3.21)
1—|pP> B2
It remains to prove that
e when ||u| 2 = +00, we have ¢ — +00,

* and when ||u| ;2 — Othenc — N.

Indeed, observe that [[u|7, — oo when % — 0 or |p|> — 1, and in both cases
¢ — 0.

On the other hand, ||u ||i2 is arbitrarily small when | p|?> — 0 and B is big enough. Hence,
by passing to the limit | p|> — 0in (3.21), we infer

c ~ N(1+33_1;/>’

|pI2—0

which can arbitrarily close to N as ||u ||i2 is arbitrarily close to 0. |

4. Traveling waves for the focusing (CS™)

4.1. Toward the characterization of the traveling waves for (CS™)

Recall that to characterize the traveling waves of the defocusing equation (CS™), a spectral
analysis was initially conducted, followed by the derivation of explicit formulas. Here, we
aim to replicate the same strategy. But before proceeding, we shall require some analogous
lemmas to the defocusing case.

Lemma 4.1 (Analog of Lemma 3.2). Letu € €; H_%_ (T)y be the solution of (CS™). Then,
foralln, p € Nxy,

(11gh) = (1] fro)e=vit,
(ulgh) = (uo| fo)e Vit
(Sgplu) = (S luo)e!r D,

{
{

i 2_42
(Sglgh) = (Sl fropel r 1=,
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where (g!,) denotes the orthonormal basis of the Lﬁ_ (T) solution to the Cauchy problem

Vn € Nz(),

t _ fUo
gnlt=0_ n o

{3th = By &h.

and (f,'°) is an orthonormal basis of Li(T) made up of the eigenfunctions of Ly, and
By ) is the skew-adjoint operator defined in (1.8).

Proof. Since the focusing Calogero—Sutherland DNLS equation can also be rewritten in
terms of its Lax operators [3, Lemma 2.4]

d0;u = Byu — iLiu,
then one can repeat exactly the same proof of Lemma 3.2 and obtain the same results. m

Lemma 4.2 (Analog of Proposition 3.5). Let u := t.ug be a traveling wave of (CS™)
such that the eigenvalue v, (ug) is simple. Then there exists 0, (t) € R such that

T [0 = el Dg (4.1)

t
ne

where the (g!) denotes the orthonormal basis defined in the previous lemma.
Lemma 4.3 (Analog of Corollary 3.6 in the focusing case). Let ug be a function such

that the eigenvalues (v, (Uo)) are simple. Then, for all n, p € Nsq, t € R, we have the
following:
(1) if (1].f") # O then
On(t) = —v2t,

(2) if (uol fu"®) # O then
On(t) = —v2t,

() i (Sfp | fu'®) # O then
On(t) = ((vp + 1)* =)t —ct + 0,(1),
where 0, (t) is the angle obtained in (4.1).

At this stage, we are equipped with the necessary tools to replicate the proof of the
defocusing equation. However, it is important to emphasize two fundamental differences
between the Lax operators L,, and L,,, which ultimately offer a considerably expanded
set of traveling waves for (CS™) in comparison to (CS™):

* The gap between the eigenvalues differs between the focusing and the defocusing
cases (Proposition 2.1).

* The eigenvalues A, of 1:,, are not zero for any n € N> ;.
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Indeed, in the defocusing case, since all the eigenvalues satisfy 4, > 4,1 + % (inequal-
ity (2.3)) and A, # 0 for all n € N5, then we obtained in Lemma 2.5,

I(w)=@, VYueHX(T),

where I (u) was defined in (2.8). As a consequence, we inferred that if u(z, x) = ug(x —
ct) is a traveling wave of (CS™), then there exists at most one N € Nx; such that
(uo| f2°) = 0 for all n € N\{N}. Now, for the focusing equation, recall that we have
previously observed in the second point of Remark 2.3, that I (u) is of finite cardinal for
allu € H}_ (T). In particular, for uy € Hfr (T), we denote by my, ..., m, its elements

I(ug) = {my,...,my}.

Theorem 4.4 (Toward the characterization of the traveling waves of (CS™)). The travel-
ing waves ug(x — ct) of (CS™) are either rational functions or the plane waves u(t, x) =
Ce!NC=NO 1y addition, the potentials

B

6
u(t,x) =e (oc + T peiNG—D e NG—eD)

), peD* 0eT, NeNyy, 4.2)

where c = —N(1 + %"‘) (o, B) € R x R such that

ﬂZ
af + =N, 4.3)
1—|pf?
and the potentials
u(t, x) = elfeimtx—ct) (a n L) eD*, 0eT, meN (4.4)
) - 1 — pei(x—ct) ) p ) ) >1, .

where ¢ = m, («, B) € R x R such that

,32

aff + > =1, Bm—1) =2a,
1—|pl

are parts of the set of the traveling waves of (CS™).
Proof. We proceed in two steps:

Step 1 (Spectral characterization of the traveling waves of (CS™)). Let u(z, x) := ug(x —
ct) be a traveling wave for (CS™). Our goal is to prove that there exists N € N> such that
(uo| fa°) = 0 for all n > N. Once more, in order to simplify the notation, in the following
we write f; instead of f,'°. Recall by the second point of Remark 2.3 that I (1) is of
finite cardinal, that is, there exists m; < --- < m; € Nx; such that

{(an_nfn):o, Vi€ {my.....mj}.
(Sfaz1lfn) #0, Vn e N\{my,... ,m;}.

Suppose that there exists an integer £ > 1, £ > m; such that (u¢| fy) # 0. Otherwise, we
already have what we claim to prove. Then,
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o foralln > £ + 1, the quantities (S f,—1| fz) # O,

» since £ > 1, then by inequality (2.5), the eigenvalues (v,),>¢+1 are simple. This
implies that Lemma 4.2 holds forn > € + 1.

Therefore, using the third point of Lemma 4.3, we obtain, foralln > £ + 1,

On(t) = 2t + (V1 + 1%t —ct + 0,1 (¢)

= —2t + (Vy—1 + )%t — 02t + (Va—z + 1)%t — 2¢t + 0_o(2)

n—1
= —vZt + (n— Ot +vit — (n—Lct + 2t Z Vi + 0e(2),
k={
where 6, (t) is the angle obtained in Lemma 4.2, and 6 (t) = —vgt thanks to the second
point of Lemma 4.3. Hence, foralln > £ + 1,
n—1
On(t) = —v2t + (n — 0)t — (n = )ct + 20 Y vy (4.5)
k={

As a consequence, there exists at most one integer N > £ such that

(uol fv) # 0.

Indeed, suppose for the sake of contradiction that there exist n, > ny > £, such that
(uo| fn,) # 0 and (uol fr,) # 0. Then, combining the second point of Lemma 4.3, and
equation (4.5), we obtain

k={
2 n2—1
c=1+ Z V.
np —Z it
Hence,
ni—1 ny—1
(na—0) Y vk =(n1—0) Y i,
k=¢ k=t
or
}’l]—l nz—l
(np —ny) Z v = (np —4) Z Vk.
k=t k=n,
As aresult,

(ny =02 —ny)vp,—1 = (n1 — (2 —n1)vy,,

leading to a contradiction, since for k > £, we have vg; > vg. Therefore, there exists
N € N such that (ug| fn) = Oforalln > N.
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Step 2 (They are rational functions or potentials in §1). Since (ug| f,) =0foralln > N,
it follows by Corollary 2.6 that v, = v,_; + 1 for all n > N,. Note that the potentials
satisfying v, = v,—; + 1 for all n > N, are referred to as “finite gap potentials” for
(CS™), and are studied deeply in Section 5. In particular, Theorem 1.3 provides a full
characterization of these potentials in the state space. They are either u(x) = Ce/V*,
C € R*, N € Ny, or rational functions

imox 4 eix — 17] mj=1
ue) = (1= %)
J

=1

X(O“LZL‘)’ pj €D*, pi # pj. k # . (4.6)

— .elXx
]_211 pje

where, for N € N5y, mo € {0,...,N — 1}, my,...,m, € {1,..., N}, such that mo +
di—ymj=N,and (&, B1,...,B;) € Cx C satisfy forall j = 1,...,7,

O[,Olk
apj + Z 1—p,pk

It remains to verify that (4.2) and (4.4) are traveling waves for (CS™). To do so, one
can simply substitute them into the (CS™) equation and check that they satisfy it. ]

Remark 4.1. As was observed in the previous proof all the traveling waves ug(x — ct)
of (CS™) are either u(z, x) = Ce!NE=N1 or the rational functions u(z, x) = uo(x — ct),
where u is defined in (4.6) and the constants «, 8; and ¢ can be described by substituting
u into the (CS™) equation.

4.2. The L2-norm and the speed

In this subsection we analyze the L2-norm and the speed of the traveling waves of (CS™)
and establish the existence of stationary solutions for the focusing Calogero-Sutherland
DNLS equation (CS™).

Proposition 4.5. We have the following properties regarding the L? norm and the speed
of the traveling waves of (CS™):
(i) For any r > 0, there exists a nontrivial traveling wave u(t, x) == uo(x — ct) for
(CS™) with
luollL = r.
(ii) Let u be a traveling wave for (CS™) of the form (4.2); then u can propagate to the
right or to the left with any speed c € R.
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Remark 4.2. Contrary to the defocusing case, we do not necessarily have that the travel-
ing wave propagates with a speed ¢ — oo when ||u|| i2 — o0. For instance, take

N B B 5 2N
u(t,x) = — — S+ — , pr=—
— — (x—ct) 14|p|?
'B ! |p| ! pe‘ e 1—|5\2 - %

The proof of this statement will be achieved at the end of the following proof.
Proof of Proposition 4.5. We start by proving (i):

The L?-norm. Let u be a traveling wave for (CS™) of the form (4.2),

B

0
ut,x) =e (oz + 1 — peiN(x__cZ)

), p e D*.

Our goal is to prove that the L2-norm of these traveling waves can be arbitrarily small or
large. The computation of its L2-norm has been performed in the proof of Proposition 3.7.
Therefore, by identity (3.20),

2
2 =+ of + o+ ——
1—|pl
where the two reals (o, B) satisfies condition (4.3),
132
af + — =N
1—|p?
That is,
IpI? B> N2
2, = ( —2N) +e.
L 1—1pp\1—|p? B>

Like for the defocusing case, ||u ||]2d2 is a continuous function of 2 and | p|?. And by taking
B — 0 one has ||u||7, — oo. In addition, if | p| — O then
N2
lulz. ~ —5-
lpP—o0 B
Hence, it is sufficient to take 8 big enough so that ||u||z2 can be arbitrarily small.

Speed: ¢ € R. By Theorem 4.4, there exist traveling waves for (CS™) that propagate with
aspeed c = —N(1 + 2‘7"‘), where N € N> and the two reals («, B) satisfy

Bz
afp+ ——— =N, 0<|p|<L
1 —|p]
That is,
2N 2
= N1+ - =
=M1+~ 1=58)
1+ |pl> 2N
= _N(——_ 4+ ). 4.7
(= ) @D
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By taking, for example, 8 = | p|, we infer

_Aﬂm4+QN+4ﬂpP—2N
Ip|2(1 —[pl?)

Assume that N = 1, and by taking x = | p|? € (0, 1), we infer that the continuous function

x243x -2
c(x) =
x(1—x)
satisfies infxe(o,1) ¢(x) = —00 and sup,¢(g 1) €(x) = +00.

Proof of Remark 4.2. For a traveling wave u of the form (4.2),

B B _

M=t NGy P p =N

where N € N5, one has by (4.7) that u propagates with a speed

Thus, forany N € N5, let

where A is a parameter in R, and with | p|? big enough so that f is well defined. Hence,

one computes
1+ |p|? 2N
c=—-N|- + A eR.
( 1— | P|2 2N -

1+pl2 _ A
1—pl2 N

That is, u can propagate with any speed in R, regardless of the valued attained by the
L?-norm of u. ]

Corollary 4.6. The potentials

o [N(1—|p|?) 2
A0
u(t,x) =¢' ENTE) (1 — l—peiNx)’ peD*, NeNyy, 0T,

are stationary solutions for (CS™). Conversely, the defocusing (CS™) equation does not
exhibit stationary wave solutions except for the complex constant functions.

Proof. Through a straightforward calculation, one can easily check that the obtained
waves satisfy the (CS™) equation. On the other hand, for the defocusing equation, we have
already established via Remark 3.3, or the second point of Proposition 3.7, the nonexis-
tence of stationary waves u(f, x) = ug(x) for (CS™). |
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5. Finite gap potentials

This section aims to examine the finite gap potentials associated with the Calogero—
Sutherland DNLS equation (CS) in both the focusing and defocusing cases. Remarkably,
these potentials manifest as rational functions containing the traveling and solitary waves
of (CS).
In the following, we adopt a slight abuse of notation, where for all n € N>, we denote
by
Yn(U) = vy — vy — 1 (5.D

the gap between consecutive eigenvalues in the focusing context, and by
Yn(W) = Ap —Ap—1 — 1

the gap in the defocusing context. At this point, several observations can be made. First,
recall that in the defocusing case, the (1,) satisfy inequality (2.3), and thus, for all n €
N1, ¥n(u) is nonnegative in the defocusing case. Second, notice that since the eigenval-
ues (v,) and (A,) of the Lax operators L,, and L,, are invariant by the evolution, then for
alln € N>y,

Yn(U(t)) = yn(uo), V.

Definition 5.1 (Finite gap potential). A function u € Li(T) is said to be a finite gap
potential of (CS) if there exists m € Nx; such that

Yn(u) =0, Vn>m,
where y,, is defined in (5.1).

Recall that any function in the Hardy space Lﬁ_(T) can be seen as a holomorphic
function on the unit disc D whose trace on the boundary 0D is in L?. Hence, in what
follows, we denote by By the set of finite Blaschke products of degree N:

N ix _
Y = [[—2%. 6eR. peD,

1 — prei*

k=1
which can be identified as the set of functions

NA(l

N Z 2 _

v(z) = 6’9&, zeD:={z| <1}, 0 R,

0(z)

where
N
0(z):=[](1-pjz). pjeD.
j=1

In other words, zV 0 (%) is a Schur polynomial® of degree N.

A polynomial g(z) = Z,’Ll arzk

disc D.

is called a Schur polynomial if all its roots are in the open unit
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Remark 5.1. By convention, we suppose that a finite Blaschke product of degree O is a
constant in C.

Proposition 5.2. Let u be a finite gap potential of (CS™). There exist (v, V) € R x By,
n € Nxq such that
LuS*y = (v +k)S*y,  Vk € Nxo. (5.2)

In addition, the same goes for the defocusing Calogero—Sutherland DNLS equation (CS™).

Proof. Let u be a finite gap potential, that is, v, = v,—; + 1 for all n > m. We denote by
no the eventual indices where v,, may vanish. Then, by Proposition 2.4,

Sti-1/ fu, Yn >N :=max{m,ng}+ 2,
as the eigenvalues (v, ) are simple for n > m + 1. Therefore, letting ¥ := fy_1, we have
L.S*y = (wy_1 + k)S*y, Vk € Nso.

It remains to prove that v is a finite Blaschke product. Observe that, by taking the inner
product of both sides of the previous identity with v,

(Sky|y) =0, Vk € Nsj.
That is,

(ly[2le**) =0, ¥k e Ny
or
(lyPle’*>)y =0, ¥k € Z\{0},

as |y |? is a real value. Consequently, [y|? is a real constant, which can be supposed equal
to 1 since we have assumed that the eigenfunctions of L,, constitute an orthonormal basis
of L%r (T). Thus, || = 1 on T. In order to conclude, we need the following classical
lemma [8, Exercise 6.12], which we prove for the convenience of the reader.

Lemma 5.3. Let y be an analytic function on the open unit ball that extends continuously
to an inner function’ on the closed unit disc. Then y € B,.

Proof. Given a holomorphic function y on the open unit ball that extends continuously
to the unit circle while satisfying || = 1 > 0 on T , we know that its zeros are finite,
isolated, and all localized inside the open unit disc ). We denote them by py, ..., py.
Hence, y can be factorized as

n

1) = i) - [ 22

ioy | T PKZ

7 A bounded analytic function ¥ on ID is said to be inner if |y (¢’*)| = 1 for almost every x € T. Note
that a Blaschke product is a rational inner function.
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where v is a holomorphic function without zeros on . Therefore, 1/v is a holomorphic
function on I, which continuously extends to the unit circle while satisfying |1/v| = 1
on T. Thus, by the maximum principle, we infer that |I/v| < 1 on D. Using the same
argument on v instead of 1/v , we deduce that |[u| < 1 on the unit disc. As a consequence,
|v| = 1 on the closed unit disc {|z| < 1} and so

n J—
X(z):eie-nﬂ, 0 € R. |
ooy | T PKZ

Coming back to the proof of Proposition 5.2, we denote by y the function obtained
by the isometric isomorphism map

Y(2) =Y vk)z* zeD — ) =) Pk)e** xeT.

k>0 k>0

In particular, since ¥ € L%r (T) then ¢ € H>(DD), where
H(D) := {u € Hol(D); supy<, f02n|u(re"9)|2g < oo},

Hence, by [9, Theorem 4.5.3],

2
Y (re’™) = i/ P(x—0)y(e®)dt, 0<r<l,
— 2 0

where P, denotes the Poisson kernel

1—r2

Prix=0)= 1—2rcos(x — ) +r2’

Note that the function ¥ € Dom(L,,) := Hi (T) is continuous on T as
Dy = L,y + ull(ay) € LL(T). (5.3)

Therefore, the Poisson theorem [17, Theoreéme 30] implies that the holomorphic function
Y (re'™) extends continuously to ¥ (") as r — 1. In addition, recall that || = 1 on T.

Thus, applying the previous lemma, we infer that  is a Blaschke productand sois . m

At this stage, we aim to characterize the finite gap potentials of (CS). To this end, we
regroup them according to the following procedure: for any finite gap potential u of (CS),
we denote by N (1) the nonnegative integer

N () == min{n € Nxo | 3y € B,, L,S¥y = (v + k)S*y, Yk > 0}, (5.4)

and we define, for N € N3, the set

Uy = {u finite gap potential, N (u) = N}.
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This means that, for any u € Uy, there exists a finite Blaschke product ¥, of minimal
degree N, satisfying

LuS*y, = (v, + k)S*¥y,,  Vk € Nso, (5.5)

where v, is the corresponding eigenvalue of V. That is, {S¥vy, | k € Nso} are parts of
the orthonormal basis of Li (T). Further, observe that, since deg y,, = N, then there exist
N eigenfunctions fy, ..., fy—1 of L, that generate the model space (wuLi)J- which is of
dimension N [14, Corollary 5.18]. We denote by vy, ..., vy—1 the associated eigenvalues.
Note that the latter N eigenvalues are not necessarily smaller than v,,. We summarize this
discussion by the following diagram: for any v € Uy,

) S SZ ) Sn Sn+1
fo ave SV STV g Vu v
— 9 e ———eo e o @ —— & >
Vo V1 Vy vy + 1 vy +2 VN—1 ... vy +n vy +n+1

Of course, the same goes for the defocusing equation with L, instead of L,,, up to the
fact that the remaining N eigenvalues vy, ...,Vy—1 are necessarily smaller than v,,, since
the eigenvalues of L,, satisfy property (2.3). Further, note that by taking the minimum in
(5.4) we guarantee that

(1) ifu € {v finite gap potential, L,S¥y = (v +k)Sky, v € By}, thenu ¢ {v finite
gap potential, LyS*y = (v +k)S*y, ¥ € By},

(2) the set Uy is invariant under the evolution of (CS) (see Proposition 5.6).

The following theorem aims to characterize the finite gap potentials of the Calogero—

Sutherland DNLS (CS) in the state space.

Theorem 5.4. Let N € Nx1. A potential u is in Uy ifand only ifu(x) = Ce'N*, C € C*,
or u is a rational function,

. r eix — ITJ mj—1
M(X) = e’m"x H(l—)

pjezx
Ci )
X("JFZ—I_Jg), pj €D*, pk # pj. k # . (5.6)

where mg € {0,...,N =1}, my,...,m, €{1,...,N}, suchthatmo—i—z;:lmj =N,
and (a,cy,...,cr) € C x C" satisfy forall j = 1,...,N —m,

(i) in the focusing case,

Cj Ck
Y%
acj + E m;,

I_Pjpk

(ii) in the defocusing case,

cjCk
ac =—m;,
]+Zl—PJPk J
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with a # 0 if mg € {1,..., N — 1}. Further, if N = 0, then u is a complex constant
Sfunction.

Remark 5.2. As we shall see in Step 4 of the proof of Theorem 5.4, if u € Uy, then the
eigenvalue of L,, associated
« with the Blaschke product v, = e!?e'N*_if u = Ce'N*, is given by
(i) vy = N — C? in the focusing case,
(ii)) Ay = N + C?in the defocusing case;
» with the Blaschke product
i0 i ! eix — p_j mj
— et [T R, gy % pr, j £K
Y ,-1:[1 e pi # Pro J #
if u is the rational function (5.6), is given by
() vy =mo—lal* = Y;_, acj in the focusing case,
(i) Ay =mo + |a|* + X ;_, ac; in the defocusing case.
In order to establish this theorem, we recall a specific case of formula (3.10).
Remark 5.3. Let ( f;,) be an orthonormal basis of Li(T). For any n > 0,
fa(2) = (Md—zM)7'1,|Y )2, z €D,

where 1, and Y are the column vectors

1, = (Spn)PZO’ Y = ((”fm))mzo,

and M is the matrix representation of the operator S* in the ( f;,)-basis,

M = (Mup)mp>0s  Mmp = (fp|Sfm)-

In what follows, we denote by C<n[X] the set of polynomials P in complex coeffi-
cients with degree at most N and by C 5 [X] those of degree N.

Proof of Theorem 5.4. We present the proof for the focusing case. Note that the same
arguments can be performed to deduce the result in the defocusing case. The key ingredi-
ent is the inversion spectral formula (3.10),

u(z) = (Id—zM)~'X|Y), (5.7

where X, Y, and M are defined in (3.11). The proof will be split into five steps.
Let u € Uy ; then by Proposition 5.2 there exists a finite Blaschke product

_eiNx (] N

@ =200 o) =Tla-p. pep. 6
j=1

such that (5.2) is satisfied:

LuS*y, = (vu + k)S¥y, Yk € Nao.
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Step 1. As a first step, we prove that any u € Uy must be a rational function

_ P@)
()
where Q(z) is the same denominator as the Blaschke product v, (z) associated with u €

Uy . Indeed, first observe that combining (5.2) with the commutator identity (2.1) leads
to

u(z) P e Coyz],

u|S*y,) =0, Vk=>1.

Hence, we infer, thanks to Lemma 2.3, that the infinite matrices M, X, and Y of (5.7)
written in the basis (/i)Y -} U (S¥v,)x>0 are of the form

GolST) oo dlS) (Wl SAe)
. <fo|SgN_1> e UnalShna) <wu|sgsv_1> 1 Caen
0 0 0 1
(ul fo) (11 o)
R N awen
= s | T
0 0

Therefore, following the same procedure as presented in the proof of Theorem 1.1, one
can observe that the infinite matrices M, X, and Y can be reduced to finite matrices that
involve only the first N + 1 coordinates of each of these matrices. That is,

u(z) = (Id—zM<n) ' X<n|Y<n)cN+1xenN+1s

where M<y = (Myun)o<mn<N> X<N = (Xn)o<n<n,and Y<y = (¥Y3)o<n<n.Asacon-
sequence, u is a rational function,
P(z)

@) = Geld—zMon)’

P S (CfN[Z]°

Note that det(Id —zM<x) coincides with the denominator of the eigenfunction
w0z 0(1/2)
e —,
0(z)
since by Remark 5.3, i, is also expressed via the inversion spectral formula
(Com(ld —zM<n)"In|Y<n)
det(Id—zM<y) ’

Wu:

Yu(z) = ((Id—ZMSN)_IHN|Y5N)(CN+1XCN+1 =
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and hence det(Id —zM<y) = Q(z). Thus,

N
P(z)
u(z) = ——. PeCeylz]. Q@) =[] -pe2). px €D.
0() e
Step 2. In this step, we prove that if ¥ € U then
lul*> = 29, log ¥, — vy, on dD. (5.9)

Indeed, recall that L,,v,, = v,,v,,. Then by definition of L,, = zd, — T, Tj;,

20z Y — ull () = vy . (5.10)
On D, B B B
i0 ZNP(1/z2) ' ZNO(1/z) _ it zZNP(1/z2)
NOo(/z)  0Q(2) 0(2)
extends as a holomorphic function on D. Hence, IT1(u,) = uy,, and so identity (5.10)
can be read as

Yu

uyy(z) =e

= |u|2 + Vuy
implying that identity (5.9) holds.
Step 3. In this step, we prove that the rational function u obtained in Step 1 can be rewrit-

ten either as u(z) = CzV,C € C*, or

r

z—pj \mi~1 q(z) " .
u(z)zzmo ’ p‘ED7pk5ép"k7é]’
jl:[l(l—l’jz) [=—pjn)" ’

where mg € {0,...,N —1},my,...,m, € {1,..., N},

,
mo + Zm_/ =N,
j=1

and such that deg(q) = r if mo # 0. Indeed, we write (5.8) as ¥,, = /%2 (if all the py
in (5.8) vanish), or

r J—
Y = elf 7m0 H(ﬂ)m’, pieD* pr#p.k#j 0eR, (.11

=1 1—pjz
where mg €{0,...,N —1},mq,...,m, €{l,..., N}, such that mg + Z]r-:lm_/ = N.As
a first point, we prove that when mg > 1, then the numerator P of u can be factorized as
P(z) = 2™ Py _pmy(2) with Py_;, € Cy_p,[z]. Let mg > 1; then (u|vy) # 0, because
otherwise there exists a Blaschke product y,, = S* v, of degree N — 1, such that by the

commutator identity (2.1),

LuS¥pu = ok —14+k)S*pu, k>0,
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meaning that ¥ € Uxy_1, which is a contradiction with the fact that u € Uy . Hence,
(u]yy,) # 0. This leads to

(i) the numerator P of u(z) must be degree N,
(i) (lju) = 0.
Indeed, for (i), it is sufficient to note that
02V 0(1/2) P(1 d
0 ) = [ Z2OE LD
z€€(0,1) 0(z) QQ/z) 2niz

For (ii), observe by Lemma 2.3,

() (ul ) = —vu(1|¥n),

———
#0

= eiezNIS(l/z)|z=0.

where the right-hand side vanishes since ¥, = Sy, y € Li(T) for mg > 1. Therefore, if
mo = 1, then by (i) and (ii),

zPN_1(2)
1_[;=1(1 — pjz)™
Now, if mg = 2, we have by (ii), (u|1) = 0, thatis, u = Sv with v € Li(”ﬂ“). Thus, by
the definition of L,, = zd, — ull(u-),

u(z) = . Pn_1€Cpy_ilz]l. pr €D*, p; # pr.

Lyz =z — (1|v)u.
Taking the inner product of the latter identity with y,,,

(u = D{z[Yu) = —(1]v) (u|yn) .

——
#0
Note that for my = 2 we have (z|v,,) = 0. This implies that (1|v) = 0, leading to u = S2w
with w € Lﬁ_(T). Therefore, if my = 2, then u can be decomposed as
22PN _»(2)

[Ti=1 (1= pjz)m '
Now, if mg = 3, then by repeating the same procedure as above and taking the inner
product of

u(z) = Py, € Cyolz].  pr €D, p; # pr.

Lyz? =222 — (1|w)u

with v, one obtains

(u = 2) (22[Yu) = —(1w) (u[Y) .
—— ——
=0 £0

That is, (1|w) =0,i.e.u = S3w withw e Lﬁ_(T). Therefore, forallm € {0,..., N — 1},

2" PN o (2)
[1i=i (1= pjz)m

u(z) = . pj eD*, p; # px.



Traveling waves and finite gap potentials for the (CS) equation 1081

where Py_m, € Cn_m,[z] if mo > 1, thanks to (i). In addition, if m¢ = N, i.e. all the p;
in (5.11) vanish, then u(z) = Cz", C € C*. Finally, it remains to prove that (z — p; )™ !
divides the numerator of u. Indeed, by identity (5.9) of Step 2, u(z)ﬁ(%) =20, log ¥, —
vy, where one computes by (5.11),

r —
1 .
zazloglﬂuzmo—i—ij( + p"_).

o M epiz 2D

That is, for all mg € {0,...,N — 1},

PNomo(z)  ZVTMOPN _me(L) H
r mo (2) - mom o—Vu+ij< PJ_),
l_[j=1(1_pjz) 4 H]:](Z_pj) J 1— Z—pj

where p; € D*, pr # p; for k # j. Observe that on the right-hand side, p is a pole
of multiplicity 1. Then the same should hold for the left-hand side as well. Therefore
if mj =2, j =1,...,r, this implies that ; on the left-hand side must be a root of
multiplicity (m; — 1) of Px_py (). That is,

Pyomy(57) = 0,.... Py 2 (pj) = 0,

where Plf,m_)mo is the mth derivative of Py_p,. As a result, we see that (z — p;)™ -1
divides Py —m,(z), and so

r J—

z—pj\"! q(z) . .

u(z) =zM0 . pj €D, pr# pji. k# ],
]-1:[1<1 - sz) [[=(=piz) !

withmg €{0,...,N =1}, mq,...,m, €{1,...,N}, mg —i—Z;:lmj = N, and such that
deg(q) = r if mgy # 0 thanks to (i).

Step 4. In this step, we write the rational function u obtained in Step 3 in its partial
fractional decomposition

u(z)=2m°n(ﬂ)mj_l(a+z L ) pj €D*, pi # pj. k # .

=1 1—pjz j=11—pjz

where a # 0 if mg # 0, and we infer by (5.9) of Step 2 that, forall j = 1,...,r,

ke
acj + i (5.12)
/ Z T—pep; 7

Indeed, by applying IT to (5.9),

(Ju)?) = (29, log ¥, — vy).
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Observe, on the one hand, that

r

[(z0; log Yy — vyy) = Z

j=1

L— 4 mo — v,
1—pjz

and on the other hand,

,
.
() = 1a+ Y0 L)
o1-pz
r r c: ¢iCx
) _ = J J
= |a| +j§ac,+aj§l_pj ZZ(l_ —

— = (1= pip)(1 — pjz)

Therefore, forall j = 1,...,r, the requested conditions (5.12) and

,
v, = mo — |al® — chj.
j=1

Step 5. We prove the converse. For N € N, letu = CzN,CeC*or

r 5 — r .
o= T2 (e+X2) medmtp kA

iz 1—pjz 1211—1712

where mg € {0,...,N — 1}, mq,...,m, €{1,...,N}, suchthatmo—i—zjr-:lmj =N,
and (a,cy,...,cr) € C x C7, satisfy

CkC]
aci + i (5.13)
! Z —pp

with a # 0 if m # 0. Our aim is to prove that u € Uy, that is,

* there exists ¥ € By such that L, ¥y = (1 + k)S¥y for all k € Nso, where y is a
real constant,

* ¢ is of minimal degree, i.e. there does not exist y € By with £ < N, such that y
satisfies L, S¥y = (i1 + k)Sk y for all k € Nxo.

For the moment, let us deal with the more complicated case, i.e. u is a rational function.
We start by proving the first point. Let

r J—
L,
w—e’92m0|l<1—pf)]eBN, 0 R, pp € D*.
_ —Djz
j=

Observe that ©y extends as a holomorphic function on D as p; € D. Then, by definition
of Ly,

Ly = 20,9 — [ul?y,
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where

!
20, _mow+2(z_pk + l_pkz)w,

and thanks to (5.13),

u? = |al?

CcrCiz
D 3) P L

.
k= k=1j=1 Pr2)(E = P))
CkCj 1
=la*+a)  + (ack + _)
,; Z Zl_Pkpj 1= prz
CcrCi D
+Z(dc_/+z ’”_) Pi

l—pipj)z—Dpj

|a|2+a2ck+z

Z—Pk

r p—
m; pj

. 5.14

1—PkZ /ZIZ—PJ O

Therefore,
,

Ly = (mo —la]* —a Zc—k)vf
k=1

Additionally, observe that for all k € N>y, (S¥y|u) = 0. Hence, by applying the com-
mutator identity (2.1), we deduce

L,S*y = (u+ k)S*y,  Vk € Nso, (5.15)

where j :=mo —|al> —a y j_, Ck.

It remains to prove that ¥ is of minimal degree. Suppose for the sake of contradiction
that there exists y € By, with £ < N, such that L,,S/ y = (u; + k)S7 y forall j € Nxo.
By comparing the latter identity to (5.15), and thanks to (2.5), we infer that there exist
k' k € Ns; such that S¥y = S¥'y, ie.

J— r
/ - 1 m.'
X —e’92m0+k —k l_[<—z p,) ], mo+k—k’~|—ij ={ < N.

l1—-pjz
j=1 Pi i=1

Therefore, by repeating Steps 1 to 4, we infer that ¥ must be of the form

u(z) = Zmo+k—k’ ﬁ( ‘- Z_%)mj_l(a 4 i Gj . )7
, iz

=1 1— pj 11—p,z

which is a contradiction. [ ]
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Corollary 5.5. Given N € N>y, letu € Un. Then,
(i) in the focusing case, ||u||i2 =N —vy,
(i) in the defocusing case, ||u||1242 =A,—N,
where vy, is the eigenvalue introduced in (5.5) and A, is the corresponding one in the

defocusing case.

Remark 5.4. Based on the previous statement, one can conclude that for any potential
u € Uy, we have
{ vy < N (focusing case),

Ay > N (defocusing case).

Proof of Corollary 5.5. Letu € Uy . Then in light of the previous theorem, we have either
u=CeNX C eC*,oruis the rational function (5.6). Thus, if u = CeiN* then the results
follow easily by Remark 5.2. Now, if u is the rational function (5.6), then by computing
the L2-norm of u in the focusing case, we infer via (5.14), that

r R
Pk dz
Il = | (|a|2+a & + _) .
L z€C(0,1) Z Z Z 2miz

— PkZ Z— Dk

= |a|2+aZc—k+N—m,
k=1
which is equal to —v,, + N by the second (i) of Remark 5.2. For the defocusing case, we
shall have

||u||2=/ (|a| Y G-
2= con kZ Z

:|a|2+a2c_k—N+m,
k=1

Pk dz
a Z ) 2riz

l—pkz Zi-m

which is equal to A,, — N by the second (ii) of Remark 5.2. [

Proposition 5.6. Forany N € Nx, the set of finite gap potentials Uy is conserved along
the flow of the (CS) equation.

Proof. Let ug be a finite gap potential in Uy, that is, there exists ¥, € By of minimal
degree N satisfying

LugS*9uy = (Wug + k)S* Yy, Vk = 0. (5.16)
Our aim is to prove that there exists o(¢) € By of minimal degree® such that

LuyS*o(t) = (vu, +k)S*o(t), Yk > 0.

$In the sense, that there does not exist y(f) € By with £ < N, such that y(¢) satisfies L, S y(1) =
(w1 + k)S¥ y(¢) for all k € Nxo.
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Let o(#) be a solution of the Cauchy problem
d:0(1) = Bugo(r),

Hence, by Remark 3.1,
Ly@yo(t) = vy,0(1). (5.17)

In addition, recall that by Lemma 4.1,
—jp2
(So()|u(t)) = (Solug)e™ ",

where here (Svo|uo) vanishes after combining the commutator identity (2.1) and equa-
tion (5.16). Therefore, by (2.1),

LM(I)SQ(I) = (Uuo + 1)So(?). (5.18)
This yields

S0(0) = Svu,.
Indeed, by the commutator identity (2.2),

9:So(t) = SByo(t)
= Bu@ySo(t) —i(L2S — S(Ly +1d)*)o(?).

{a,Sg(t) = By So(t),

which is equal to 9;So(f) = By()So(t) thanks to (5.17) and (5.18). Consequently, by
repeating the same procedure, we obtain for all k € N,

Lu@yS () = (vu, +k)S*0(1),
with f f

{3tS o(t) = BuiS™o(1).
S*0(0) = S5y,
Further, observe that o(t) € By . Indeed, by applying Lemma 4.1,
(S5 0(1)]e(1)) = (S Vgl )! o) = 0, Vk € Noy,

leading to

(" llo@?) =0, ke Z\{0}.

Thus, following the same lines as the proof of Proposition 5.2, we deduce that o()
is a finite Blaschke product. To infer that the degree of this finite Blaschke product is
N, we should notice that each of the v, and o(#) enjoys an inverse spectral formula
(Remark 5.3),

Yuo = ((Id—zM<y (1))~ 1 |Y<n (o).
o(t) = ((1d—zM<y ()" I [Y<n (u(0))),
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where M<n (1) and M<y (u(t)) are the finite matrices of order (N + 1) x (N + 1)
obtained from the representation matrix of $* in the L? basis (hk)llc\:ol U (S%Yu0) k=0
constituted respectively from the eigenfunctions of Ly, at ¢ = 0, and from the eigenfunc-
tions (eg (t)),jc\’:_o1 U (SkQ(l))kZO of Ly () at any time ¢. Therefore, in view of the fourth

identity of Lemma 4.1, we infer
Moy (u()) = Diag(e_i(Vn‘*‘l)zt)MsN (1o) Diag(e—ivgz)_

That is,
|det(M<y (u0))| = |det(M<n (u(2)))

’

and so,
deg(det(ld —ZMﬁN(u(t)))) = deg(det(ld —ZMSN(MO))) = N.

As a result, u(¢) € U, with n < N. It remains to show that u(¢) ¢ U, with n < N.
Suppose that there exists y(¢) € B, withn < N such that

LuwyS*x(@0) = (vu + k) S* x(1).
Then applying the same procedure as above, we infer that y(0) € B, withn < N and
LugS*x(0) = (u + k) S* 2(0),

leading to ug € Uy, n < N, which is a contradiction.
Note that the same proof works in the defocusing case. ]

6. Remark on the regularity of u

Recall that at the beginning of Section 2, we supposed for more convenience that u is a
function with enough regularity, typically in H 42_ (T). However, the same strategy adopted
to derive the traveling waves of the Calogero—Sutherland DNLS equation (CS) and to
characterize the finite gap potentials can be extended to less regular spaces. In this sec-
tion, we discuss some remarks that allow the extension of the main results to the critical
regularity Lﬁ_ (T).

First, we recall from [3] the following theorem.

Theorem ([3]). Forany 0 <s <2, letug € H3 (T). Then there exists a unique potential
u € €(R, H{(T)) a solution of (CS™) such that, for any sequence (ugy) < H}r (T),

llug — uollas —> 0,
e—0
we have for all T > 0,

sup  [luf@®) —u(@)||gs —> 0, &—0.
te[-T.T]
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Moreover; the L?-norm of the limit potential u is conserved in time:
lu@lr2 = lluollL2, V2 €R.
Furthermore, the same holds for (CS™) under the additional condition |ug| 2 < 1.

At the second stage, recall that Lemma 3.2, Proposition 3.5, and Corollary 3.6 were
the keys to characterizing the traveling waves for the defocusing equation (CS™), and
Lemma 4.1, Proposition 4.2, and Corollary 4.3 for the focusing equation (CS™). As a
result, we need to extend these propositions/lemmas/corollaries to less regular potentials
u. Hence, we recall from [3, Corollary 3.12] the following result.

Corollary ([3, Corollary 3.12]). For any 0 < s < 2, let uy € Hi (T). There exists an
orthonormal basis (g',) of Li_ (T') constituted from the eigenfunctions of Lyy), such that
foralln € Nxy,

(u(t)lgh) = (uol f10)e 5@ vr e R,

where u(t) is the solution of (CS™) starting at ug at t = 0. Furthermore, the same holds
for (CS™) under the additional condition |ug||;2 < 1.

Remark 6.1. Note that there is a point hidden in the previous corollary, namely, the fact
that L,, is well defined with u € Li (T). We refer the readers to [16, Appendix A] for the
construction of this operator and to [3, Corollary 3.2] for a way to identify its spectrum.

By repeating the same analysis as the proof of [3, Corollary 3.12], one can establish
the existence of an orthonormal basis (g%) of L%r (T) satisfying

(11g}) = (1] froye~i4at,
(Sghlgh) = (S| fo)ei Gt D220

Finally, in Section 5, more precisely in (5.3), we made use of the fact that the domain
of the Lax operator L, with u € H3(T) is H}(T), in order to infer that IT(izy) € L.
However, it should be noted that the Lax operator L, with u € Li(T) has as its domain

a subset of H Jlr/ 2(11") [16, Appendix A]. Hence, we need the following lemma to infer the
result.

Lemma ([3, Lemma 2.7]). Leth € H}/*(T), u € L2 (T); then

| TahlZagy < (DRIRY + 11220 1]z )

where we recall T,, was defined in (1.9).

7. Open problems

(1) A full characterization of the traveling waves ug(x — ct) of (CS™) is still an open
problem.
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(2) Note that throughout this paper, we have treated the case where the traveling waves of
the Calogero—Sutherland DNLS equation (CS) are of the form

u(t,x) =up(x —ct), ceR.

But one may wonder whether there exist traveling wave solutions with a phase factor, such
as
u(t, x) = e *Oug(x —ct), ¢(t),c €R. (7.1)

However, let us underline the following feature: observe that the mean (u|1) is conserved
along the flow of the Calogero—Sutherland DNLS equation (CS), for any solution u in the
Hardy space of the circle T. Indeed, by applying an integration by parts and since u is in
the Hardy space, then

19, (u|1) = —(93ul1) £ 2(DT(|uf*)a) = 0.

Therefore, we have the following observations:
o If (ug|1) # 0, then (¢) in (7.1) must be a constant in time.

*  With regard to the case where (uo|1) = 0, the question of the existence of traveling
waves of (CS) of the form (7.1) remains an open problem. However, one can easily
prove that (¢(2), ¢) are related via the identity

¢'(t) — Ne = —N?2,

where N is the positive integer appearing after rewriting ug as uo = SVvy with
(vo]1) # 0, as (ug|1) = 0. Indeed, by writing the solution u(¢, x) as

u(t, x) = e ?Oug(x — cr)

— eiw(z)eiN(x—ct)vo(x —ct),
one observes that if u satisfies (CS), then

—(¢'(t) = Nc)vg — N2vg + P(dxvo, 3)261)0) F 2i8xH(|v0|2)vo =0,
P(w, W) = (2N —c¢)iw + w.

We conclude by taking the inner product of the last identity with 1, so that

¢'(t)— Nc = —N2.

A. Counterexamples

A.1. Counterexample if v, = 0 in Proposition 2.4

The following counterexample illustrates the necessity of the condition vy, # 0 in order to
obtain the first point in Proposition 2.4.
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Consider the 0-gap potential (i.e. a potential satisfying y, (1) = 0 for all n € N>,
where y, (1) is defined in (5.1))

JT=ToP

, peD.
1—pz

u(z) =

One can easily check that L,, fo = — fp for

N

1—pz

’

Jo(z) =

and that, for all k € N, LuSkw = kSklﬁ, where

z—p
1—pz’

v(z) =
Therefore, the spectrum of L, is given by
o(Ly) ={-1<0<l<2<---<n<n+1<---},
where we note that vy = vy + 1 and Sfy # V.

A.2. Integers N1 and NV, not necessarily equal in Corollary 2.6

In this part of the appendix we prove that the two integers N1 and N appearing in Corol-
lary 2.6 are not necessarily equal.

Let
_ V2 —=1p|H)z *
M(Z) = W, J2AS D*.
For such a u, one can check that
(z—=p)z+p)

Ve = Ao po)

is an eigenfunction of L, associated with the eigenvalue 0. Additionally, for all £ € N>,

(Skw.ulu) — [ Zk(Zz _132) \Y, 2(1 - |{7|4)Z dz

zee,) 1—p?z? z2 —p?2  2miz

leading, by (2.1), to L, Sk, = kSkv,, for all k € Ns¢. Note that deg v, = 2. Then it
remains to find two eigenvectors of L,,, generating the model space’ (wuL?Ir (T))*. First,
we have L,1 =0as L, 1 = —(1|u)1 and (u|1) = 0. Second, by taking

V1—=Ipl*z

l_pzzz ’

fo=

°[14, Corollary 5.18]
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one has L,, fo = — fo. Therefore, by denoting for all k € Nxg, foix := Sky, and f; =1,
we have (u| f,) = 0 for all n > 1. But, on the other hand, v; —v; — 1 =0—-0—1 # 0.

Acknowledgments. The author would like to thank her Ph.D. advisor Patrick Gérard for
proposing this problem and suggesting [15, Appendix B] as a useful reference to start the
investigation.
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