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Singular Riemannian foliations and I -Poisson manifolds

Hadi Nahari and Thomas Strobl

Abstract. We recall the notion of a singular foliation (SF) on a manifold M, viewed as an appropri-
ate submodule of X (M), and adapt it to the presence of a Riemannian metric g, yielding a module
version of a singular Riemannian foliation (SRF). Following Garmendia—Zambon on Hausdorff
Morita equivalence of SFs, we define the Morita equivalence of SRFs (both in the module sense as
well as in the more traditional geometric one of Molino) and show that the leaf spaces of Morita
equivalent SRFs are isomorphic as pseudo-metric spaces.

In a second part, we introduce the category of I-Poisson manifolds. Its objects and morphisms
generalize Poisson manifolds and morphisms in the presence of appropriate ideals I of the smooth
functions on the manifold such that two conditions are satisfied: (i) The category of Poisson man-
ifolds becomes a full subcategory when choosing I = 0 and (ii) there is a reduction functor from
this new category to the category of Poisson algebras, which generalizes coistropic reduction to the
singular setting.

Every SF on M gives rise to an I-Poisson manifold on 7* M and g enhances this to an SRF if
and only if the induced Hamiltonian lies in the normalizer of I. This perspective provides, on the
one hand, a simple proof of the fact that every module SRF is a geometric SRF and, on the other
hand, a construction of an algebraic invariant of singular foliations: Hausdorff Morita equivalent
SFs have isomorphic reduced Poisson algebras.

1. Introduction

The first purpose of this article is to introduce and study a notion of singular Riemannian
foliations which is adapted to the module definition of a singular foliation. More precisely,
following I. Androulidakis and G. Skandalis [2], a singular foliation is defined as follows.

Definition 1.1. A singular foliation (SF) on M is defined as a C°° (M )-submodule ¥ of
the module of compactly supported vector fields on M, which is locally finitely generated
and closed with respect to the Lie bracket of vector fields.

Remark 1.2. A singular foliation can be equivalently defined as an involutive and locally
finitely generated subsheaf of the sheaf of smooth vector fields on M closed under mul-
tiplication by C (M) [17] (see also [10]). This has the advantage that one can replace
C°°(M) by an arbitrary sheaf of rings @ on M. Definition 1.1, however, is more conve-
nient for the present purposes.
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This definition induces a decomposition of M into injectively immersed submanifolds
called leaves [14], thus yielding singular foliations in the more traditional sense (see, e.g.,
[19]). But the association is not one-to-one: several SFs give rise to the same leaf decom-
position. However, in the case where all the leaves have the same dimension, the relation
is one-to-one and Definition 1.1 becomes equivalent to the usual notion of a regular folia-
tion. Examples of SFs are induced on the underlying manifold by, e.g., Poisson manifolds,
Lie algebroids, and Lie infinity algebroids.

Now let us add a Riemannian structure g to the above setting. Inspired by [15, 16], but
stripping off unnecessary data from the definitions given there, we propose

Definition 1.3. A singular Riemannian foliation (SRF) on a Riemannian manifold (M, g)
is defined as an SF ¥ on (M, g) such that for every vector field X € ¥ we have

£xg € Q' (M) © g (¥), (1.1)

where gy: (M) — Q1(M), X +— g(X,-) is the standard musical isomorphism and ©
stands for the symmetric tensor product.

With this definition, every geodesic perpendicular to one leaf turns out to stay perpen-
dicular to all the leaves it meets, thus yielding singular Riemannian foliations in the more
traditional sense [21]. The converse is not always true: A singular Riemannian foliation in
the sense of Molino is not always an SRF. For a regular foliation, Definition 1.3 becomes
equivalent to the usual notion of a (regular) Riemannian foliation [12, 24]. Examples of
SRFs are given by isometric Lie group actions on Riemannian manifolds and, more gen-
erally, orbit decompositions induced by Riemannian groupoids [7].

Our notion of SRFs behaves well under the pullback operation of [2]. This permits us
to provide a definition of Morita equivalence between SRFs. It implies Hausdorff Morita
equivalence for the underlying SFs, as defined in [10]. In the fore-cited work it is shown
that the leaf spaces of Hausdorff Morita equivalent SFs are homeomorphic. Here we will
establish

Theorem 1. Let (N1, g1, 1) and (N2, g2, F2) be Morita equivalent SRFs. Then their
leaf spaces are isometric as pseudo-metric spaces.

A second purpose of this article is to introduce the category of I-Poisson manifolds
IPois. For its objects, the intention is to generalize coisotropic submanifolds (see, e.g.,
[20]) to the singular setting. For simplicity of the presentation, in the Introduction we
provide the definition of objects for the subcategory of semi-strict I-Poisson manifolds
ssIPois of IPois, which are constructed simply out of Poisson manifolds:'

Definition 1.4. A semi-strict I-Poisson manifold is a triple (P, {-,-}, I) where I is a
subsheaf of smooth functions on a Poisson manifold (P, {-,-}) which is closed under

"For the complete version see Definitions 4.3, 4.20, and 4.22 below. The more general notion permits
to cover also examples such as Hamiltonian quasi-Poisson manifolds [1], see Example 4.7.
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multiplication by smooth functions, locally finitely generated, and for every open subset
UcCP,I(U)CC*®UU)isaPoisson subalgebra, i.e.,

(I(), I(U)} C I(U).

To describe dynamics, one needs a compatible Hamiltonian, i.e., a function H € N(I)
where

NI) = {f € C*®(P): {f|U,I(U)} C I(U) for every open subset U}.

We then call (P, {-,-}, I, H) a (semi-strict) dynamical I-Poisson manifold and the corre-
sponding category (ss)dynIPois.

The property that a singular foliation is locally finitely generated is crucial for the
existence of the induced leaf decomposition. Similarly, the condition “locally finitely
generated” in Definition 1.4 is essential for showing that the flow of any H € N(I),
if complete, preserves the sheaf I (see Proposition 4.18 for the precise statement).

Definition 1.5. A smooth map ¢: Py — P, between (P1,{:,-}1,Z1) and (P3,{-, :}2, I2)
is a morphism of (semi-strict) I-Poisson manifolds, iff the two obvious conditions

¢*(I2(P2)) C I1(P1) and @*N(Iz) C N(Iy)
are complemented by

{o* fio*gh —o™{fgha € I1(P1) VfgeN(). (1.2)
For dynamical I-Poisson manifolds we add the condition ¢* H, — Hy € 1.

These are also the morphisms of the general category, when “semi-strict” in the paren-
thesis is dropped. With this notion of morphisms, the category Pois of Poisson manifolds
is a full subcategory of (ss)IPois for the choice of the zero ideal. In general, however, the
morphisms between (semi-strict) I-Poisson manifolds are not necessarily Poisson maps
between the underlying Poisson manifolds—an important feature in several applications.

The condition (1.2) is optimal to ensure that ¢* descends to a Poisson morphism on the
level of reductions: In fact, every (semi-strict) Z-Poisson manifold (P, {-, -}, I) induces a
Poisson algebra structure on N(I)/Z(P). In the case of coisotropic reductions [20], this
algebra coincides with the algebra of smooth functions on the reduced Poisson manifold.
The algebraic formulation here is, however, also applicable in the general context of I-
Poisson manifolds, where, e.g., the vanishing set of the ideal I (P) does not need to be
a submanifold anymore. The conditions in Definition 1.5 ensure that there is a canonical
contravariant functor F' from (ss)IPois to PoisAlg, the category of Poisson algebras.

The final purpose of this article is to bring the two aforementioned subjects together
and, in particular, to use I-Poisson geometry so as to learn more about SFs and SRFs.

Starting from an SF (M, ¥') and viewing every vector field in ¥ as a smooth function
on T* M, we construct a semi-strict 7-Poisson manifold (7* M, {-,-} 7+, I #). Moreover,
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every metric g on M defines a compatible Hamiltonian (making the semi-strict I-Poisson
manifold dynamical) if and only if the metric satisfies condition (1.1). Thus there is a
canonical map from SFs and SRFs to the objects of ssIPois and ssdynIPois, respectively.
As we will see, this construction is not only conceptually illuminating, it also has technical
advantages: we will use it to find elegant proofs of several properties of SFs and SRFs like
to show, e.g., that Definition 1.3 automatically induces an SRF in the sense of [21].

To complete the above map on objects to a functor, one would need a proper definition
of the categories SF and SRF of singular (Riemannian) foliations. Surprisingly, already
for SFs, in the literature there is not yet any satisfactory proposal for what a morphism
between general SFs should be. However, the situation changes if one restricts to submer-
sions and Riemannian submersions in the case of SFs and SRFs, respectively, because in
these cases the previously mentioned pullback operations are defined. For example, a Rie-
mannian submersion 7: (N, h) — (M, g) between two SRFs (N, h, ¥x) and (M, g, Far)
which satisfies 77! %3 = Fy should definitely be considered as a morphism. Let us call
SF, and SRF, the two (sub)categories with such restricted morphisms. In this paper, we
show, in particular, the following.

Theorem 2. There are canonical functors V: SFy — IPois and ®: SRFy, — dynIPois.

As a side result, we will find that for 3y = 0, ®(;r) becomes an ordinary Poisson map
if and only if the horizontal distribution (kerds)= is integrable—correcting [4], where this
map has been considered as well, but claimed to always be Poisson.

Composing the functor ¥, evaluated on an SF (M, ¥), with the functor F:IPois —
PoisAlg, we obtain the (reduced) Poisson algebra A(¥) := N(I%)/I#(T*M). This
algebra provides an invariant of Hausdorff Morita equivalence, since we will prove

Theorem 3. Let (M, ¥1) and (M, ¥1) be Hausdorff Morita equivalent singular folia-
tions. Then the reduced Poisson algebras A(¥1) and A(¥3) are isomorphic.

The structure of this paper is as follows.

Section 2 contains a short review of the definitions and main properties of SFs related
to the goal of this paper, in particular the notion of Hausdorff Morita equivalence of SFs.

In Section 3, we introduce SRFs and study some of their properties. We show (in
Theorem 3.6 below) that every finitely generated SRF admits an almost Lie algebroid
structure with connection to turn the SRF into an almost Killing Lie algebroid [16]. We
define Morita equivalence of SRFs, show that it defines an equivalence relation, and prove
Theorem 1.

Section 4 introduces the category IPois, the reduction functor F to PoisAlg, and pro-
vides several examples and properties of .I-Poisson manifolds.

In Section 5, we show how SFs and SRFs give rise to particular .I-Poisson and dynam-
ical I-Poisson manifolds, respectively.

In Section 6, finally, we prove Theorems 2 and 3.

The definition of almost Killing Lie algebroids as well as part of the proof of Theo-
rem 3.6 (in the form of Proposition A.5) are deferred to the appendix.
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2. Background on singular foliations and their Morita equivalence

In what follows, M is assumed to be a smooth manifold and X, (M) denotes the C*° (M )-
module of compactly supported vector fields on M. For more details and examples of
singular foliations see [2] or [17].

Definition 2.1. A C°°(M)-submodule ¥ C X.(M) is called locally finitely generated if
for every point ¢ € M there exist an open neighborhood U C M around ¢ such that the
submodule ;' ¥ C X (U) defined as

' F = {X € F:supp(X) C U}

is finitely generated; i.e., there exist finitely many vector fields X1,..., Xy C X(U) for
some positive integer N, such that

Lalff’v = (X1.....Xn)cxw)-
Remark 2.2. Note that the generators of L{,l (#) in Definition 2.1 are not required to be

compactly supported. This allows for more flexibility in constructing singular foliations
on M.

Example 2.3. Let M = R. Then the C°°(R)-module X.(R) is globally generated by the
single vector field %. On the other hand, the C °*°(R)-submodule of compactly supported
vector fields which vanish on R_ is not locally finitely generated around O.

Definition 2.4. A singular foliation on M —SF for short—is defined as C *° (M )-submod-
ule ¥ of X.(M) which is locally finitely generated and closed with respect to the Lie
bracket of vector fields. The pair (M, F) is then called a foliated manifold.

Remark 2.5. One can equivalently define SFs as an involutive and locally finitely gen-
erated subsheaf of the sheaf of vector fields X. This is equivalent to Definition 2.4 in the
smooth setting, but it has advantages if we wish to work with the sheaves of algebraic,
real analytic or holomorphic functions (See [17] or [10]). In particular, since the men-
tioned sheaves of rings are Noetherian, the condition of being locally finitely generated is
automatically satisfied and therefore can be dropped.

A classical theorem of R. Hermann [14] implies that an SF defined as above partitions
M into smooth, connected, and injectively immersed submanifolds (of possibly different
dimensions) called leaves.

Let L, be the leaf passing through the point ¢ € M in a foliated manifold (M, ¥).
Then, by definition of the leaves, T, L, can be identified with {X|,: X € ¥} C T, M,
which motivates

Definition 2.6. For every point ¢ € M in a foliated manifold (M, ), the tangent of ¥ at
q is defined as
Fo=X|lgpXeFycTyM.
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If g — dim(Fy) is constant on M, we obtain regular foliations as particular singular
ones. In this case, by the Frobenius theorem, there is a one-to-one correspondence between
the leaf decomposition of the foliation and the module of vector fields generating it. This is
no more the case if the SF is non-regular; there always exist different modules generating
the same leaf decomposition then (for an example, see Example 2.9 below). Note also
that in the non-regular case all the vector fields tangent to the leaves of a given SF do not
necessarily define an SF anymore: the module of Example 2.3, despite not being an SF
since not finitely generated, induces a leaf decomposition, which can be obtained also by
an honest SF with the single generator X%~ Here y € C*°(R) can be chosen, e.g., as the

function
=1 0,
x(x) = op(5z) x> @.1)
0 x <0.

Remark 2.7. The function M — N given by g +— dim(F}) is lower semi-continuous. As
a result, the subset U C M of the continuity set of dim(Fy) is open and dense, and ¥ |
induces a regular foliation over each connected component of U [2].

The following example shows the importance of being locally finitely generated.

Example 2.8. On M = R?, consider the module § generated by the vector fields 9, and
X (x)dy,, where y is the function defined in (2.1), together with all their multiple commu-
tator Lie brackets. Then, by construction, § is closed under the Lie bracket. However, it
is not locally finitely generated as a C ®°(M )-module since with each derivative on X we
obtain a new, independent coefficient in front of d,. As a consequence, we loose the well
behavedness of a leaf-decomposition: although every two points in R? can be connected
by a sequence of flows of vector fields in § (so that, in this sense, there would be only
one leaf that is R? itself), the tangent of § at every point in the left half-plane is only
one-dimensional.

As mentioned above, Definition 2.4 contains more information than a well-behaved
decomposition of M into leaves.

Example 2.9. Let M = R and let ¥ be an SF generated by vector fields vanishing at the
origin of at least order k € N. The leaf decomposition induced by ¥ isR = R_UO0UR
for every choice of k. Thus, ¥ is not completely determined by its leaf decomposition.

To capture some of this additional information contained in the definition of an SF, we
extract some more data from the module F by the following definition of [2].

Definition 2.10. Let (M, ¥) be a foliated manifold. For every point g € M, the fiber of
F at q is defined as:

Fg=F/1g-F
where I, := {f € C*(M): f(q) = 0} is the vanishing ideal of g in C*°(M).
Remark 2.11. The function M — N sending ¢ —dim(¥;) is upper semi-continuous, and
dim(¥) gives the minimal number of vector fields locally generating ¥ around g € M [2].
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Note that for every point ¢ € M the evaluation map ev,: ¥y — Fy, [X] — X[ is a
homomorphism of vector spaces and induces the following short exact sequence:

0 — ker(evy) > ¥4 — F;, — 0

where [X] denotes the equivalence class of the vector field X € ¥ .
It is not difficult to see that the Lie bracket on ¥ induces a Lie bracket on the finite-
dimensional vector space ker(ev,) C .

Definition 2.12. The vector space gf := ker(evy) together with the bracket inherited by
F4 defines the isotropy Lie algebra of ¥ at q.

In the case of regular foliations, the map evy: ¥; — Fy is a vector space isomorphism
and gi = 0. So one can say that the isotropy Lie algebra gf characterizes in part the
singularity of ¥ atq € M.

In Example 2.9 all fibers and isotropy Lie algebras at the origin are isomorphic. This
changes, if we increase the dimension of M.

Example 2.13. Let M = R”, n > 2, and let ¥ be the SF generated by vector fields
vanishing at the origin at least of order k € N. There are always only two leaves M \ {0}
and {0}, but the fiber at the origin has different dimensions for different choices of k,
dim % = (*1"7Y).
Definition 2.14. Let (M, ¥) be an SF and 7: N — M a submersion, then the C*°(N)-
module generated by vector fields on N projectable to ¥ defines the pullback foliation
(N, n71'F).

Here a vector field V' on N is called projectable to ¥ if there exists a vector field
X € ¥ such that for every point ¢ € N we have

qu[(V|q) = X|ﬂ(q).

As shown in [2], Propositions 1.10 and 1.11, the pullback foliation is indeed finitely gen-
erated and involutive, i.e., it is an SF. This notion behaves well under composition of
submersions: For submersions 7p: P — M and wrps: M — N, one has

(mym omp) LF = n;l(nz\}lfif").

As an example, if U is an open subset of a foliated manifold (M, ), then for the inclusion
map ty: U — M, the SF Lal F is compatible with Definition 2.1.

Definition 2.15 ([10]). Two foliated manifolds (M, #1) and (M, ;) are Hausdorff
Morita equivalent if there exists a smooth manifold N and surjective submersions with
connected fibers 7;: N — M;,i = 1,2 such that

JTI_]\(FI = 712_1}72.
In this case, we write (M1, 1) ~ye (M>, 53).

It is shown in [10] that the SFs underlying Morita equivalent Lie algebroids [11]
or Morita equivalent Poisson manifolds [27] are Hausdorff Morita equivalent. Also the
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Morita equivalence of regular foliations [21] is a special case. Hausdorff Morita equiva-
lence defines an equivalence relation on foliated manifolds—something that holds true for
Poisson manifolds only upon restriction to those integrating to a symplectic groupoid. The
main fact about Hausdorff Morita equivalent foliated manifolds is that they have Morita
equivalent Holonomy groupoids (as open topological groupoids) defined in [2].

Theorem 2.16 ([10]). Let (M1, 1) and (M, 57) be foliated manifolds which are Haus-
dorff Morita equivalent by means of (N, 71, w2). Then, the following statements hold true:
(1)  The map sending the leaf passing through q € M, to the leaf of ¥ contain-
ing w2(w71(q)) is @ homeomorphism between the leaf spaces. It preserves the
codimension of leaves and the property of being an embedded leaf.
(i) Letqy € Ny and g2 € Ny be points in corresponding leaves. Choose transversal
slices Sq, at q1 and Sy, at q». Then the foliated manifolds (Sql,tgql1 F1) and
(Sq, LE;Z F>) are diffeomorphic and the isotropy Lie algebras g,i‘ and g[iz are
isomorphic.

Example 2.17. For smooth, connected manifolds M and N, (M, X.(M)) and (N,X.(N))
are always Hausdorff Morita equivalent. On the other hand, (M, 0) and (N, 0) are Haus-
dorff Morita equivalent only if M and N are diffeomorphic.

3. Singular Riemannian foliations and their Morita equivalence

In what follows, (M, g) denotes a Riemannian manifold. We first recall the traditional
notion of a singular Riemannian foliations (SRF) motivated by [21], to which we will add
the suffix “geometric” so as to distinguish it from a second one that we will introduce
directly below.

Definition 3.1. Let ¥ be an SF on (M, g). We call the triple (M, g, ¥) a geometric SRF,
if every geodesic orthogonal to a leaf at one point is orthogonal to all the leaves it meets.

In this text, we focus mainly on the following definition of SRFs, streamlining the one
given in [16]2.

Definition 3.2. Let ¥ be an SF on (M, g). We call the triple (M, g, ) a module SRF, if
for every vector field X € ¥ we have

£xg € QYM) O gy(F). @3.1)

Here © stands for the symmetric tensor product and g}, is the map on sections induced
by the musical isomorphism gy: TM — T*M, (q,v) > g4(v,-). Let (g,) " 1: Q1 (M) —
X (M) denote the corresponding inverse map and g~ € T'(S2TM) the 2-tensor induc-
ing it. Then, by means of £x(g,)~! = —(g,) "' o (£xgb) © (g5) !, we can express the
defining property of a module SRF also in the following form.

2For the relation of module SRFs with the notion defined in [16], see the appendix as well as Theo-
rem 3.6 below.
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Lemma 3.3. The triple (M, g, ¥) is a module SRF if and only if
Exg e X¥M)OF
for every vector field X € ¥ .

As a consequence of the following lemma and proposition, it is enough to check equa-
tion (3.1) locally for a family of generators.

Lemma 3.4. Let (M, ) be a foliated manifold such that ¥ = (X1, ..., Xn)cee ) for
some positive integer N. Then the triple (M, g, ) is a module SRF if and only if there
exista)fz7 € QY (M) fora,b =1,...,N such that

N

Ex,g =Y 0h © g (Xp).
b=1

Proof. First assume that (M, g, ¥) is a module SRF. Choose a partition of unity {p; }{2,
subbordinate to a locally finite cover {U;}72, of M. Foreverya = 1,..., N we have

Lx,g =) pifx,g =Y (Lrx,8— (o)) © gr(Xa))
i=1 i=1

N
3 (Z 10 © &(Xp) — (dpi) © gb(xa))

o0
i=1 “b=1

N

=Y 0l o g (Xp).
b=1

for some 1-forms nf{ ., on M and wb =32, nﬁ .= 8bdp;. For the converse, let X be
a vector field in % . By assumption, there exist f!,..., fN ¢ C°(M) such that X =
SN %X, Tt follows that
N N
txg =Y Lrax,g =Y fLx,g+ [Af") O g(Xa)
a=1 a=1
N
=Y 0l O &(fXp) + (df*) O & (Xa) € Q1 (M) © g,(F). =
a=1

An important property of the definition of a geometric SRF is that the defining condi-
tion is local. This is less trivial in the case of module SRFs.

Proposition 3.5. The triple (M, g, ¥) is a module SRF if and only if for every point
q € M there exist an open neighborhood U C M around q such that (U, gy, Lal Fisa
module SRF, where gy is the restriction to U of g.



H. Nahari and T. Strobl 1094

Proof. 1f (M, g, ¥) is a module SREF, then restricting both sides of equation (3.1) to any
open subset U € M implies that (U, gy, L(_]l F') is a module SRF. It remains to prove the
converse. Choose a partition of unity {p; }$2, subbordinate to a locally finite cover {U; }72

of M, with open subsets U; small enough such that 1{1337 = (Xi1,.... Xi,n ) e, for
some positive integer N; and vector fields X; 1, ..., X; n; € X(U;). Then for every vector
field X € 7,
o0
X=> pX.
i=1
Moreover, for every positive integer i, there exist functions f L1 f LN ¢ CXU)
such that
Ni
0iX = Z [ Xiq,
a=1

and consequently
oo Nj

X33 e
i=1a=1
This together with Lemma 3.4 now permit us to prove that (M, g, ¥) is a module SRF.

We have
oo N;

txg =YY fEx,8u + (S O (£)(Xia).

i=1a=1

which proves £xg € Q1 (M) © g,(F) since X is compactly supported and only finitely
many f%¢ are non-zero on supp(X). L]

Every finitely generated SF is image of the anchor map of an almost Lie algebroid [17]
(see the appendix). For module SRFs, one has furthermore the following theorem.

Theorem 3.6. Let (M, g) be a Riemannian manifold. The following statements hold true:

(i)  Forevery module SRF (M, g, ¥ ) with ¥ finitely generated, there exists an almost
Lie algebroid (A, p, [-, -]a) over M equipped with a connection V:T'(A) —
I'(T*M ® A) such that ¥ := p(I'c(A)) and

Ayg =0, (3.2)

where 4V is the A-connection induced by V, see equation (A.1) in the appendix.

(i) Let (A, p,[,-]4a) be an almost Lie algebroid over a Riemannian manifold (M, g),
such that the triple (M, g, ¥ := p(L¢(A))) is a module SRF. Then there exists
a connection V on A such that (3.2) holds true.

Proof. The proof of the first part of the theorem can be performed by a straightforward
adaptation of the proof of Proposition A.5 in the appendix. In particular, the almost Lie
algebroid A then can be chosen to be trivial, A = M x R”, where r is the number of
generators of ¥ .
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We prove the second part of the Theorem, where now one is given a particular, not
necessarily trivial almost Lie algebroid A inducing ¥, as follows: There exists a vector
bundle V — M such that (4 := A @® V) — M is a trivial vector bundle of rank N.
Consequently, there exist sections eq,...,ey € ['(A) and vy, ...,vy € T'(V) such that
e1 + vi1,...,en + vy is a global frame for A. Now we define the almost Lie algebroid
(A, 5. 1)» where the bracket and the anchor map are the trivial prolongation of [-, ]4
and p to A (since in an almost Lie algebroid one does not need to satisfy the Jacobi
identity for the bracket, this extension does not pose any problems here). By assumption
p(Te(A)) = p(Tc(A)) defines a module SRF on (M, g). According to Lemma 3.4, this is
equivalent to the existence of 1-forms a)iJ € Q1(M) such that

N
fxag:Zwé’@tng Ya=1,...,N. 3.3)
b=1

Here X, := p(eq + va) = p(eq). Now define a connection V on A by

N
V(eq +vq) = ng ® (ep + vp).
b=1

which induces a connection on A as follows: Let s € I'(4) C T'(A), then
Vxs :=Pryo(Vxs) VX e€X(M),

where Pry: A — A is the projection to the first component. In particular, for every e,, there
exist unique functions fab eC®(M)forb=1,...,N suchthate, = Zf,vzl fab (ep + vp)
and we have

N N N
Vxeq = Pryo (VX(Z fher + Ub))) =Y X(fDey+ D (frxwp)ec.
b=1 b=1 be=1
Now for every vector field X € X(M), we have

N
Z (fabtxwlf)ec), X)

b,c=1

N
22(p(Vxe). X) = 26(p( X XCADrer +
b=1

N

> f,

b=1 c=1 b=1
N
> fd

N N
=2 f(Z(waz)gm,X)) +2) " X(fD)g(Xp. X)
b

N N
(ng o txcg)(X, X)+ ) ([dff ouw,e)(X. X)

=1 b=1 b=1

N

=) (fP€x,8 +df) O ux,)(X.X)
b=1

= (£x,8) (X, X),

and, by Lemma A .4 in the appendix below, the statement then follows. ]
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So locally one can define SFs also as an equivalence class of almost Lie algebroids
and module SRFs as an equivalence class of almost Lie algebroids over a Riemannian
base with an appropriately compatible connection. (For some related cohomology see
also [13]).

Using the language of almost Lie algebroids, the following proposition is [16, Theo-
rem 7]. It will be proven in an alternative, more direct way in the present paper, using the
techniques of I-Poisson geometry.

Proposition 3.7. Every module SRF is a geometric SRF.
Note that the converse is not true, at least not for every choice of the module .

Example 3.8. Consider # = ((x?+ y?)(xd, —y0x)) coo(r2) on M =R? equipped with the
standard metric ds2. The leaves are circles centered at the origin, which is a geometric SRF,
but it does not satisfy equation (3.1). More precisely, for V := (x? + y?)(xdy — ydy), a
simple calculation implies that

xdx 4 ydy

Lyds® =4
e [xz+y2

} © (ds*)(V),
on R?\ (0,0). Evidently, the 1-form xiﬁ% fails to have a smooth extension to the
origin.

Remark 3.9. One can pose the following question as well: Assume that a leaf decom-
position of a Riemannian manifold is given, such that the compatibility condition of
Definition 3.1 is satisfied. Is there an SF generating a module SRF with the given leaf
decomposition? A counter-example for the polynomial or analytic setting is the singular
octonionic Hopf foliation [22]: albeit there do exist such (real analytic or polynomial) SFs
generating the leaf decomposition, the condition (3.1) is not satisfied for any of them. For
the smooth setting, this is still an open problem.

For SFs there is a pullback under submersions, see Definition 2.14 and the text follow-
ing it. To adapt this to the context of SRFs, we consider the following:

Definition 3.10. Let 7: (N, h) — (M, g) be a smooth submersion between Riemannian
manifolds. It is called a Riemannian submersion if, for every ¢ € N, the restriction
dgm: Hy — TryM of dym to H, = (kerd,m)te C T, N is an isometry. The smooth
distribution # = (#;)4en of rank dim(M ) is called the horizontal distribution of 7.

Lemma 3.11. Let w: (N, h) — (M, g) be a Riemannian submersion and (M, ¥) an SF.
Then the pullback SF can be generated as follows

7' F = (F 4 Tkerdm)) ooy (34

where ¥ is the horizontal lift of ¥ .

Proof. By Definition 2.14 the inclusion (¥ % + I'(ker dr))ceovy C 771 F is evident.
Now let W be a projectable vector field on N projecting to ¥, i.e., there exists a vector
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field X € ¥ such that d;m(W ;) = X|z(g). On the other hand, if we decompose W into
its horizontal part Wy and its vertical part Wy, we have dym(Wg|q) = X|z(g), Which
gives Xg = V7. This means that generators of 7% belongs to ¥ + I'(ker dr),
consequently 771 F = (¥ + I'(kerdm))coo(n)- |

Proposition 3.12. Let w: (N, h) — (M, g) be a Riemannian submersion and let (M, g, F)
be a module SRF. Then (N, h, t ') is a module SRF as well. The same statement holds
true for geometric SRF's.

Proposition 3.12 will be proven in Section 6 below. As a consequence, and by the
fact that (regular) Riemannian foliations are locally modeled on Riemannian submersions
[21], we obtain

Proposition 3.13. Let (M, F) be a regular foliation on a Riemannian manifold (M, g).
Then (M, g, ) is a geometric SRF if and only if it is a module SRF.

Example 3.14. Let G be a Lie group acting by isometries on (M, g). Then after Lemma 3.4
the C°°(M )-submodule ¥ C X.(M) generated by fundamental vector fields is a module
SRF on (M, g), since every fundamental vector field X is a Killing vector field: £x g = 0.

Example 3.15. The proof of [16, Theorem 1] shows that the geometric SRF induced on
the manifold of objects of a Riemannian Groupoid—as defined in [7]—is a module SRF.

Definition 3.16. Two module SRFs (M1, g1, ¥1) and (M>, g2, 3) are Morita equivalent
if there exists a Riemannian manifold (N, &) together with two surjective Riemannian
submersions with connected fibers 7;: (N, h) — (M;, g;) fori = 1,2 such that

7'[1_1‘771 = 7T2_1.(f72
and we write (N1, g1, 1) ~me (N2, g2, 72).

Remark 3.17. This notion of Morita equivalence can be defined for geometric SRFs as
well as for module ones. Consequently, if two module SRFs are Morita equivalent then
they are also Morita equivalent as geometric SRFs. Moreover, if we forget about Rieman-
nian metrics, we obtain Hausdorff Morita equivalent foliated manifolds.

While for Hausdorff Morita equivalence of SFs transitivity of the equivalence relation
is relatively easy to show, this is more involved in case of the additional Riemannian
structure due to the presence of the metric.

Proposition 3.18. The Morita equivalence of module SRFs defines an equivalence rela-
tion.

Proof. Reflexivity is evident from the definition and for the self-equivalence the identity
map defines a Morita equivalence between a module SRF and itself. Now we prove the
transitivity as follows: Assume that (M1, g1, 1) ~me (M2, g2, ¥2) given by

Ttii(U,gU) — (Mi,g,‘) fori = 1,2
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and (M3, g2, ¥2) ~mEe (M3, g3, ¥3) given by
ni: (W, gw) — (M;,g;) fori =2,3.
Now consider the smooth manifold U, x,, W defined as
U, X W= {(u,w) € U x W | mp(u) = n2(w) € My}
with canonical projections py: Uy, Xy, W — U and pw: Uy, x,;, W — W. Note that
the tangent space at (u, w) € Uy, X, W is given by
Ta,w) (U, xg, W) = {(X, Y)e LU X TyW | dyma(X) = dwnz(Y)}
since every smooth curve on Uy, X,, W can be expressed as (yy, yw) where yy and yw

are smooth curves on U and W, respectively, such that 7z, (yy) = n2(yw). We now define
a Riemannian metric g on Uy, X5, W as follows:*

g((X1. Y1), (X2,Y2)) := gu (X1, X2) + gw (Y1, Y2) — g2(dum2(X1), dum2(X2)) (3.5)
where (X;,Y;) € Ty w)(Ux, Xy, W) fori = 1,2, and note that d, 7y (X1) = dwnw (¥;)
fori = 1, 2. Itis clearly smooth and symmetric. In addition we have

2 2
(X, Y), (X, 7)) = [XIP + 1Y * = [|duma(X)|” = X + 1Y I = |dwn2(¥)]|" = 0

for every (X,Y) € Ty w)(Ux, X4, W) since my and ny are Riemannian submersions,
and it is zero if and only if both X and Y are zero vectors. Hence (Uy, x5, W, g) defines
a Riemannian manifold. Now we claim that the projections py and py are Riemannian
submersions. We have

ker(d(u,w)pU) = {(Oa Y)e LU X TyuyW | dyna(Y) = 0},
so its orthogonal complement is given by
Hawy = {(X.Y) € Tuu)(Uny Xy, W) | gw (Y, Z) =0 VZ € ker(dwn2)}.

Using the fact that 1y is a Riemannian submersion, for every two vectors (X1, Y1) and
(X2.Y>) in Hy,,y) we have

g((X1. 7). (X2.12))
= gu (X1, X2) + gw (dwn2 (Y1), dwn2(Y2)) — g2(dwn2(Y1), dwn2(Y2))
= gu (X1, X2) = gu(d@w,w) Pu (X1. Y1), d@w,w) Pu (X2, Y2))

which proves that py is a Riemannian submersion. It has connected fibers since for every
u € U, we have pal(u) = {u} x n3 ! (7r2(u)), which is connected. Similarly it is shown
that py is a Riemannian submersion with connected fibers. These two Riemannian sub-
mersions are surjective by construction. So the Riemannian manifold (U, x5, W, g) and
the surjective Riemannian submersions with connected fibers 7 o py and 7, o py define
a Morita equivalence between (N1, g1, 1) and (N3, g3, F3). This completes the proof. m

3We were informed that this idea has been used already in [7,26].
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Although the leaf space of an SRF may not be topologically well behaved, it inherits a
pseudo-metric space structure from the Riemannian metric. Following [23], for every two
leaves L and L, of an SRF (M, g, ), the distance between them is defined by

N

dmys (L1, La) := inf{ ZLg(Vi)}«

i=1

Here the infimum is taken over all discrete paths (y1, ..., yn) joining Ly and L, i.e., a
family of piecewise smooth curves y1, ..., yn:[0, 1] = M for some positive integer N,
such that y;(0) € Ly, yny(1) € L5 and y;(1) and y;+1(0) belong to the same leaf for each
i=1,....,n—1.

As a corollary of Remark 3.17 and Theorem 2.16, there exists a homeomorphism
between the leaf spaces of Morita equivalent module SRFs. The following theorem is the
Riemannian counterpart of part (i) of Theorem 2.16.

Theorem 3.19. Let (N1, g1, 1) and (N3, g2, F2) be Morita equivalent module SRFs.
Then the homeomorphism between the leaf spaces given in Theorem 2.16 is distance pre-
serving.

Proof. Assume that (M, g1, 1) ~me (M3, g2, %3) is given by 7;: (N, h) — (M;, gi)
fori = 1,2. Let L; and L/ be two leaves in (M1, g1, ¥1) and let L, and L/, be their
corresponding leaves in (M3, g2, ¥2). Consider a discrete path (y1, ..., ¥,) joining L;
and L. By lifting each y; into finitely many piecewise smooth horizontal paths, one
obtains a discrete path (71, . .., 7,/) for some 7’ > n on n joining 77 ' (L) and 7 1(L))
with the same length as (yq, ..., yn)—since the lifts are horizontal with respect to the
Riemannian submersion 7. Since 75 is a Riemannian submersion, (72(11), ..., 72(1,))
is a discrete path joining L, and L), with a length which is smaller than or equal to the
length of (y1, ..., yn)—since the lifts are not necessarily horizontal with respect to 5.
Consequently,

dMl/‘Tl (L1, Lll) = sz/Tz(LZv L/Z)
Similarly,

sz/'fz(LZv le) = dMl/'Fl (L1, L/l)’

which implies day, /5, (L1, L)) = dp, /%, (L2, L}). This proves the statement. L]

To define a category SRF of module SRFs one needs to specify their morphisms. We
are not going to do this in the present article. But since any good notion of such morphisms
should include Riemannian submersions which satisfy that the pullback of the SF on the
base agrees with the SF on the total space, we define the following full subcategory SRF.

Definition 3.20. The category SRF, has module SRFs as its objects and Riemannian
submersions
w:(N,h, Fn) — (M, g, Fpr)

satisfying 7 =1 3 = Fy as its morphisms.
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4. I-Poisson manifolds

In what follows, (P, {-,-}) stands for a manifold P equipped with an R-bilinear bracket

2
{3 \C®(P)— C=(P)

satisfying the Leibniz rule. In other words, { f, g} = I1(d f, dg) for some bivector field
ITeTI( /\2 TP). The bracket does not necessarily satisfy the Jacobi identity; if it does,
(P,{-,-}) is a Poisson manifold [5, 6, 18]. By abuse of notation, we denote the restriction
of the bracket to any open subset U C P simply by {-, -}. Given a function H € C*°(P),
we call Xy := {H,-} the Hamiltonian vector field of H and denote its flow by ®,. We
denote the sheaf of smooth functions on P by C*°.

Definition 4.1. A subsheaf I of a sheaf of rings @ on a manifold P is called locally
finitely generated if for every g € P there exist an open neighborhood U C P containing
¢ and finitely many sections g1,...,gn € O(U) suchthat I(V) = (g1|v.....gnlv)ow)
for every open subset V C U.

Remark 4.2. In this article, we mostly work with @ being the sheaf of smooth func-
tions, but one may equally consider sheaves of polynomial, real analytic or holomorphic
functions for the appropriate choice of P.

Definition 4.3. An I-Poisson manifold is a triple (P, {-,-}, I') where I is a locally finitely
generated subsheaf of smooth functions on P, such that for every open subset U C P we
have

(1) I(U)isa C®(U)-module,

(2) I(U) is closed under the bracket,

@) Hfghhy+Ug.hy, [+ {h f).g} € I(P), ¥V f.g.he NI,
where N(I) :={f € C®(P):{flu,L(U)} C I(U) for every open subset U }.
We call {-, -} the I-Poisson bracket and N(I) the I-Poisson normalizer.

Example 4.4. Every Poisson manifold (P, {-,}) is canonically an I -Poisson manifold for
I generated by the zero function.

Example 4.5. Let (P, {-,-}) be a Poisson manifold and I = (fi,..., fn)ce(p) be a
finitely generated ideal of C ®°(P) which is a Poisson subalgebra. Then the sheaf I defined
by

Ut IWU) = {filu..... fnlo)em)

defines an J-Poisson manifold.

Example 4.6. Let (P, {-,-}) be a Poisson manifold and C C P an embedded coisotropic
submanifold. Then the triple (P, {-,-}, I¢) where I¢(U) :={f € C*®°U): f|lchv =0}
for every open subset U C P defines an I-Poisson manifold. Note that in this example,
I ¢ is in general not finitely generated, only locally so.
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Example 4.7. Let (P, {-, -}, ®) be a Hamiltonian quasi-Poisson manifold [1]: P is a G-
manifold for a compact Lie group G, {-,-}: /\2 C®°(P) — C°°(P)isan R-bilinear bracket
satisfying the Leibniz rule, such that

Wiy + gy [} + k. f)g} = ¢p(dfidg.dh) Y f.g.heC®(P) (4.1)

where ¢p € X3(P) is a 3-vector field induced by the cartan 3-tensor ¢ € /\3 g, and
®: P — G a G-equivariant map satisfying the moment map condition

(@° £ = 30 ((ek + e fealr VS €C¥(G), @2

where (e,) is a basis for g, eaL, ef € X(G) are the left-invariant and right-invariant vector
fields associated to e, respectively, and (e,)p € X(P) is the fundamental vector field
induced by e,.

Let P be the open subset of P on which G acts freely. Fix a conjugacy class C C G
and let 7 C C%(P) to be defined as the vanishing ideal of Cy := ®~1(C) N P,. Now
the triple ( Py, {-, -}, I) defines an I-Poisson manifold: In Definition 4.3, condition (1) is
clear and condition (2) is a consequence of the moment map condition and G-equivariance
of @. It remains to show that condition (3) is satisfied: The moment map condition gives

N(I) = {f € C®(P): flc, € C™(CL)},

which implies that for f, g, h € N (1), the function ¢p (df, dg, dh) vanishes on C, since
prlc, € X3 (Cy).

Under some conditions, a reduction process applied to Examples 4.6 and 4.7 results in
reduced Poisson manifolds.

Example 4.8. In Example 4.6, the Hamiltonian vector fields of functions in I¢ are tan-
gent to C and they are closed under the Lie bracket, hence defining an SF on C. If this SF
is regular and the quotient map 77: C — Cieq to the leaf space Creq is a smooth submersion,
then C,eq inherits a Poisson bracket {-, -};eq such that 7*{ f, g}rea = {F, G}|c, Where F
and G are smooth functions on P satistying F'|c = n* f and G|c = n*g. This process
is called the coisotropic reduction [20].

Example 4.9. In Example 4.7, [1, Theorem 6.1] implies that the quotient Cieq := Cx/G
inherits a Poisson bracket {-, -} eq-

Remark 4.10. The notion of an I-Poisson manifold is motivated by generalizing Exam-
ples 4.6 and 4.7 and their reductions to a potentially singular setting, where the quotient
C'.q does not need to exist as a manifold and the reduction is performed algebraically.

As a consequence of conditions (2) and (3) of Definition 4, the quotient N(I)/I(P)
forms a Poisson algebra. This motivates the following definition.

Definition 4.11. The reduced Poisson algebra of the I-Poisson manifold (P, {-,-}, I) is
defined to be the Poisson algebra R(I) := N(I)/I(P).
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Remark 4.12. This is a straightforward generalization of the set of Dirac observables [9].
The algebra (1) also appears in [25] as an algebraic method of reducing Hamiltonian
G-spaces with singular moment maps.

Example 4.13. If C,.q in Example 4.8 is smooth, then R (I ¢) is isomorphic to the Poisson
algebra C*°(Ceq). Similarly, in Example 4.9, the Poisson algebra of functions on Cyeq is
isomorphic to the Poisson algebra R (7).

Example 4.14. Let G be a connected Lie group acting on a Poisson manifold (P, {-,-})
by Poisson diffeomorphisms with a G-equivariant moment u: P — g*. Following [25],
the subsheaf I C C* generated by smooth functions (i, g) is a Poisson subalgebra and
one has

R(I) = (C=(P)/1)°.
Moreover, if G is compact, then Proposition 5.12 in [3] states that
R(I) = C®(P)%/IC.

Example 4.15. Let P = T*R", n > 1, with coordinates (ql, 4", p1, ..., pn) and
I C C the subsheaf generated by the n(n — 1)/2 functions ¢’ p; — g’ p; for 1 <i <
Jj < n. This is a special case of Example 4.14 for the diagonal action of G = SO(n) on
T*R". We have

R(I) = W*(D),

where D C R3 is defined by
D := {(x1.x2,x3) € R?[x] + x5 = x5 and x3 > 0}

and W (D) stands for the smooth functions on D in the sense of Whitney, i.e., the
restriction of C*®°(R3) to D. For more details and proofs see [3, Theorem 5.6 and Exam-
ple 5.11 (a)].

The Poisson bracket on W (D) can be understood as follows: Identify R3 with the
Poisson manifold so(2, 1)* and, simultaneously, with 2+1 dimensional Minkowski space.
The symplectic leaves of s0(2, 1)* then consist of spacelike vectors of a fixed Minkowski
norm (one-sheeted hyperboloids), null vectors decompose into the origin, the forward light
cone, and the backward light cone as three distinct leaves, and finally timelike vectors of
a fixed norm yield two leaves each (two-sheeted hyperboloids). Then restriction to D cor-
responds precisely to restricting to the forward lightcone and the origin in this Minkowski
space. This bracket does not depend on the extension of a function on D to the ambient
space since D is the collection of (two) symplectic leaves.

Remark 4.16. If in the previous example one restricts to the polynomial functions, such
that T C R[g',....q", p1..... pa], one finds

R(I) = S*(s0(2,1))/(x] + x5 — x3),

i.e., the polynomial functions on so(2, 1)* modulo the ideal generated by the quadratic
Casimir. So one looses the restriction x3 > 0 that one finds in the smooth setting.
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Definition 4.17. A dynamical I-Poisson manifold denoted by (P, {-,-}, I, H) consists of
an I-Poisson manifold (P, {-,-}, Z) and a Hamiltonian function H € N(I). Its reduction
is defined to be the pair (R(Z), [H]) where [H] € R(I) is the equivalence class of H.

The following proposition reveals one of the main properties of dynamical I-Poisson
manifolds.

Proposition 4.18. Let (P, {-,-}, I, H) be a dynamical I-Poisson manifold. Then the
Hamiltonian flow of H locally preserves I, i.e., for every qo € P there exists an open
neighborhood U C P around qq such that O |y is defined fort € (—¢, ¢) and

(@) * I (P (U)) = I(U). 4.3)

In the case that the Hamiltonian vector field Xy is complete, this implies that, for all
t € R, one has (9%)* I o &Yy = I and, in particular, that the ideal I(P) is preserved,

(®)*I(P) = I(P).

Proof. Choose an open neighborhood W C P around gy where I (W) is generated by
finitely many functions g1, ..., gy for some positive integer N. Then by the existence
and uniqueness theorem for ODEs there exist an open subset U C W containing g and an
interval (—¢, ), € > 0, such that CD’H |r is defined for ¢ € (—¢, €). By the definition of the -
Poisson normalizer in Definition 4.3, there exist functions )LZ eC®WU),a,b=1,...,N,
such that:

N
{H,ga} =) Aogs.
b=1
Using this equation, we obtain:
d N
(@) ga) = (@) "{H. ga} = bZ (@) 22)(®5)"ga). (44
=1
Now, let X,(¢) € RY be a column vector with a-th component equal to g, o % (p)

fora =1,..., N andlet A,(t) be the N by N matrix (AZ o @7, (p))fzvb=1' Equation (4.4)

then transforms into the following family of non-autonomous linear ODEs

d
X0 = 4, (OX, (). 4.5)

This equation and its initial conditions depend smoothly on p € U. It is standard knowl-
edge that solutions to (4.5) take the form:

X, (1) = W, (1) X, (0). (4.6)

Here W, (1) = (wf (¢, p))flv p— 1s the fundamental matrix of the ODE, satisfying W, (0) =
Iy and

d
d_t‘l’p(l) = Ap()Wp(1).

W, (¢) is sometimes also called the (time-) ordered exponential of A, (¢).
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Since A,(¢) and X,(0) depend smoothly on p, the components of the fundamental
matrix, 1//[117 (¢, p), depend smoothly on p as well. Now, equation (4.6) can be written as

N
(®5)*2a(p) = Y V2. P)&b(p),
b=1
which implies the inclusion (®%,)* I (@, (U)) C I(U).
To prove equality, we first observe that the inclusion yields also

(PF)*I(U) C I(Py(U)) foreveryt € (—¢,¢).

Thus, for every f € I(U), one has (®7)* f € I(®%(U)). But on the other hand, we
have the obvious identity

f = (@)*((®F)* f),
and therefore f € (®%)* I (P} (V)). [

The following example shows that the condition of being locally finitely generated in
the definition of I-Poisson manifolds is crucial for Proposition 4.18 to hold true.

Example 4.19. Consider the Poisson manifold M = T*R 2 R? with coordinates (g, p)
and standard Poisson bracket

_9fdg 9fdg

8= ap dg g dp’

Let I be the subsheaf of C°° vanishing on {g < 0} C M, which is not locally finitely
generated around every point on the p-axis, but still closed under the Poisson bracket.
Then the coordinate function p is an element of N(I) since X, = % preserves I. But
the Hamiltonian flow of X, is given by <I>§(p (g, p) = (g +t, p), which evidently does not
preserve I if ¢ > 0.

In order to define the category of I-Poisson manifolds, we introduce a notion of mor-
phisms and show that they can be composed:

Definition 4.20. Let ¢: (P1,{-,-}1,21) = (P2, {-,}2, L2) be a smooth map between two
I-Poisson manifolds. We call it an I-Poisson map if the following three conditions are
satisfied:

¢*(I2(P2)) C I1(Py), 4.7
P*N(I) C N(Iy), (4.8
{* f.9*gh —o™{f. g} € T1(P1) Vf.g e N(>). 4.9)

For dynamical I-Poisson manifolds we add the condition ¢* H, — Hy € 1.

Proposition 4.21. The composition of two I-Poisson maps is an I-Poisson map.
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Proof. Consider the following I-Poisson maps:

o (Pr. {31, 1) = (P2 {2, I2)
Vi (P2 {2, I2) = (P3.{ )3, I3).

Equations (4.7) and (4.8) for ¥ o ¢ follow directly from those equations for ¥ and ¢. It is
thus enough to verify equation (4.9) for the composition. For all f, g € N(I3) we have

{fovyop goyoph —{fglsoyop
={(foy)op.(goy)op}, —{fov.goy}r0p
+({fov.govla—{fghoy)oy
€ I1(P)) + ¢* I2(P2) C I1(Py).

where we used equations (4.7) and (4.9) for ¢ and equations (4.8) and (4.9) for ¥ in the last
line of the proof. A similar computation shows that morphisms of dynamical I-Poisson
manifolds can be composed as well. ]

Definition 4.22. The category IPois and dynIPois consist of I-Poisson manifolds together
with I-Poisson maps and dynamical I-Poisson manifolds together with dynamical I-
Poisson maps, respectively. By requiring the .I-Poisson bracket to be a Poisson bracket, we
obtain a subcategory which we call (dynamical) semi-strict I-Poisson manifolds ssIPois
(ssdynIPois). Similarly, the category sIPois (sdynIPois) of strict (dynamical) I-Poisson
manifolds is defined by requiring that the I-Poisson bracket is a Poisson bracket and that
the morphisms are Poisson maps.

Remark 4.23. While ssIPois is a full subcategory of IPois, sIPois is not.

Remark 4.24. The three conditions in Definition 4.20 are the minimal conditions for the
map ¢* to induce a morphism of Poisson algebras ¢: R(I,) — R(I1). In particular, we
obtain a functor F from IPois °? to PoisAlg, the category of Poisson algebras. We call F
the reduction functor.

Remark 4.25. Viewing Poisson manifolds (P, {-,-}) as I-Poisson manifolds (P, {-,-},0),
I-Poisson maps are precisely Poisson maps. This identifies the category of Poisson man-
ifolds Pois with a full subcategory of sIPois.

Remark 4.26. There is a functor from IPois to C3Alg, the category of coisotropic triples
of algebras as introduced in [8]. On the level of objects, one associates the triple (C*°(P),
N(I),I(P)) toevery I-Poisson manifold (P,{-,-}, I), while a morphism ¢ in our sense
gives rise to a morphism ¢* in C3Alg due to the first two defining conditions (4.7) and
(4.8).

S. Singular (Riemannian) foliations through .I-Poisson manifolds

Let M be a smooth manifold. We denote by CZ°(T*M) C C°°(T*M) the algebra of
homogeneous polynomials of degree k in the fiber coordinates of T* M with coefficients
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in C%°(M). Every vector field X € X(M) defines an element X € C>°(T*M) on the
cotangent bundle of M, defined as

X(q.p) = (p.X|g)

for every (¢, p) € T*M, where ¢ € M and p € T/ M and (-, -) denotes the canonical
pairing. This construction can be naturally extended to the sections of I'(S¥(TM)) to
obtain elements in C (T*M).

Lemma 5.1. Let X,Y € X(M) be two vector fields on M. Then
(X, Vyrew = [X,Y], .1

where {-, -}7+ is the canonical Poisson bracket on T*M and [-, -] is the Lie bracket of
vector fields on M.

Proof. Let (¢',....q") be alocal coordinate system on M, and (¢'.....q", p1.....pn)
the corresponding canonical local coordinates on 7* M . In this coordinate system X and
Y can be writtenas X = Y '_, X'p;and Y = Y7_, Y p;, where X', Y are the com-
ponents of V, W in the above coordinate system. The following calculation proves the
lemma:

_ _ n s 9Y! ) n . -
— J _Vv/J J— Ly, —
{x,Y}T*M—Z(ZX 37 Y aqj)pl—izzl[x,n pi=[XY]. =

i=1 “j=1

Lemma 5.1 and the Leibniz rule for the Lie derivative of tensor fields imply the fol-
lowing result.

Corollary 5.2. Let S be an element of T (S¥(TM)) for some k > 0, and S be its corre-
sponding element in CZ°(T*M). Then for every vector field X € X(M) we have:

{X.S}rm = LxS. (5.2)
Now let (M, ) be a foliated manifold. Define a C°°(T* M )-submodule
F5 CCX(T*M)

by
J7 =(X:X € ‘KF)CCO"(T*M)'
Note that the generators of §¢ are not required to be compactly supported on 7* M.
Then we define the sub-presheaf I # of the sheaf of smooth functions on 7* M by

Is(U):={f € C®U):pf € g5 Yp € C°(U)} (5.3)
for every open subset U C T*M.

Proposition 5.3. The presehaf I defined in equation (5.3) is a subsheaf of the sheaf of
smooth functions on T* M.
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Proof. The locality of I is evident, since I is a sub-presheaf of the sheaf of smooth
functions on T* M . To verify the gluing property, let {U; }72 | be an arbitrary open cover of
T*M andlet f € C>®°(T*M)be suchthat f|y, € I (U;) for every positive integer i. We
prove that f € I (T*M) as follows: it is enough to show that for every p € CX(T*M),
we have pf € J#. Since supp(p) is compact, it can be covered by finitely many open
subsets Uj,, ..., Uiy in {U;}72 . Choose a partition of unity 09, 0y, .. ., 07, subordinate
to the open cover {Up := T*M \ supp(p), Uj,, ..., Uiy} of T*M and write

N
pf = roiflu,-

k=1

The latter implies that pf € g, since by definition of I5 (U;, ), foreachk =1,..., N
we have PUikf|U,~k e ds. |

We prove that the sheaf I ¢ satisfies the properties of Definition 4.3, in the following
lemmas.

Lemma 5.4. For every open subset U C T*M we have

7 U), Ix(U)} 1y C L5 (U)

Proof. Let f, g € I#(U). It is enough to show that for every p € CX°(U) we have
ol f.g} C . Choose a compactly supported function o € CZ°(U) such that o |gpp(p) = 1.
One obtains

o fogtrem = {of, pgtr=m —{of, ptr*mg — pflo. glr*m € 5,

since the first term belongs to {4 by Lemma 5.1, the second term is inside §# by Def-
inition of I#(U), and the last term vanishes identically. Consequently, { f, g}7*m €
I#U). L]

Lemma 5.5. Let U C M be an open subset such that LEI? = (X1,.... Xn)cxw) for
finitely many vector fields X1, ..., Xy € X(U). Then

If(V) = (X_1|V’ e ’X_N|V)C00(V)7
for every open subset V.C T*U.

Proof. We first prove that (Xi|y, ..., Xn|v)cew) C Iz (V). Let ij:l 29X,y be an
element of (Xi|y,... ,Hlv)cm(v) and take an arbitrary p € C°(V). By choosing a
compactly supported function 2 € C2°(U) such that |gpp) = 1 (When viewing & as an
element of C§°(T*U)), we have

N N
pZAaX_ah/ = Zplath € (137,
a=1

a=1
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since pA® € C°(V)and hX, € ¥ foralla =1,..., N. To prove equality, let f € T (V).
Choose a partition of unity {p;}2, subordinate to a locally finite cover {V;}$2, of V.
Since for every i we have p; f € g and V C T*U, there exist functions A}, ..., AIN €
C2°(T*U) such that

N
pif =Y MlvXalv.

a=1
This implies
[} oo N N o
f=ZPif=ZZA?|VXalv=Z( A?|V)Xalv,
i=1 i=1a=1 a=1 Vi=1
which completes the proof. ]

Corollary 5.6. Let (M, ) be a foliated manifold. Then the triple (T* M, {-, }7+p, I %)
is an I-Poisson manifold.

For every Riemannian manifold (M, g), its cotangent bundle 7*M carries a natural
Hamiltonian function Hyg:

Hg(q.p) = %(p,gb_l(p))

forevery (¢, p) € T*M, where g,: TyM — T M is the musical isomorphism v > g(v,-).
In local Darboux coordinates this becomes

1 <
Hg(q',....q" p1,..., pn) = 3 Z g" pipj
i,j=1
where the matrix (g') is the inverse to the matrix of the Riemannian metric (g;;) in the
coordinates (¢!, ..., ¢"). Equivalently, we can define also H, using the isomorphism

[(S*(TM)) = C5°(T*M),

under which it becomes identified with ¢! := Y7 ., g7 0; © 9;, i.e., Hg = lg71.

The following fact about Hy is standard knowledge, which we still prove for com-
pleteness.

Proposition 5.7. The Hamiltonian flow of Hg is the image of the geodesic flow under the
musical isomorphism, i.e., for every geodesic y: (—¢,&) — M and every t € (—¢,¢€), we
have

@y (v(0), 2(7(0),-)) = (y(1), g(¥(0),))-
Proof. Assume that (¢!, ..., ¢") is a normal coordinate system centered at ¢ € M, i.e.,

gij(q) = 6ij and 9k gij(q) = Ofori, j,k =1,...,n. Forevery p € T*M we have

n
0
Xu,(q.p) = Zpia—qﬁq'

i=1
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Let y: (—e, &) — M be a geodesic passing through ¢ at ¢ = 0; in particular, §’(0) = 0.
Then (y(¢), g(y(t),-)) is a curve on T*M passing through (¢, p) = (y(0), g(y(0)), -) at
t = 0; in local coordinates, (y(¢), g(y(t)),") = (g'(t),....q"(t), p1(t)...., pa(t)) where
pi(t) = Z;'Zl 8ij (q(1))g’ (¢). Then, since p; (0) = 0, we have

|tuﬂ0gym 2ﬁ<m
On the other hand, ¢’ (0) = g(y(0), %7 |q) pi(0), which indeed gives

d .
X, (g, p) = 3 li=o(v(®).8(7(©).)). n
Lemma 5.8. Let (M, ¥) be a foliated manifold. We have

NIg)={f € C¥(T"M):{f J5}r*m C J5}.

Proof. The inclusion N(I¢) C{f € C®(T*M):{f, $#}r*m C $#} is satisfied by
Definition 4.3 and the fact that £ is equal to the set of compactly supported elements in
I (T*M).Nowlet f € C®°(T*M)besuchthat{f, J&}r+m C $5.LetU C T*M be
an open subset and g € I# (U). For every p € C°(U) we have

o flu.gyr*m = f oM —{f.P}T*M8 € 5.

since pg € §# and {f, p}r*p is compactly supported in U. The definition of I# (U)
then implies that { f|y, L#(U)}r*pm C T4 (U). Since U is arbitrary, we obtain f €
N(Ig). (]

Now we can state an equivalent definition of module SRFs through I-Poisson geom-
etry.

Proposition 5.9. A singular foliation ¥ on a Riemannian manifold (M, g) defines a mod-
ule SRE, if and only if
Hy € N(Ig). 54

Proof. Assume that (M, g, ¥) is a module SRF. By Lemma 3.3, for every X € ¥ we have
Exg lex(M)oF

Using the isomorphism I'(S?(TM)) =~ C$°(T*M) and Corollary 5.2, we obtain

— 1
X, Hg}repm = 5éﬁxg_1 EXM)OF

which together with the Leibniz rule imply {§ %, Hg }7*pm C $5. Lemma 5.8 then implies
that H, € N(Ig). Conversely assume that H, € N(Ig). After Proposition 3.5 we can
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assume that ¥ = (Xy,..., Xn)cee(ar). Using Lemma 5.5, Hg € N(Ig) implies that for

everya = 1,..., N there exist functions £}, ..., £,N € C®(T*M) such that
1 N
T 1 v by
5Ex,g7" = (X, Hg} = ;fa Xp, (5.5)

where we used Corollary 5.2 for the first equality. Locally, for each a and b, consider the
first-order Taylor approximation of fab (g, p) with respect to the fiber coordinates {p;}
around (g, 0)

1. p) = 12(q.0) + 25 p) + ol pl) (5.6)

where A2(g, p) is linear in fiber coordinates. equations (5.5) and (5.6) then imply that

N N
{(Xa Hgy =Y AXy = > [£2(q.0) + o(ll p11) ] X5
b=1

b=1

The left-hand side of the last equation is quadratic in fiber-coordinates, while the right-
hand side is not. This implies that both sides are identically zero. Consequently,

N
(Xa Hy) = YA,
b=1
for some A2 € C°(T*M). Lemma 3.4 then implies that £xg~! € ¥(M) © . "
Now we are able to present the proof of Proposition 3.7.

Proof of Proposition 3.7. Let (M, g, ¥) be a module SRFE. As the statement is local, we

can assume that ¥ is finitely generated, i.e., there exist vector fields Xy,..., Xy € X(M)
for some positive integer N, such that ¥ = (X1, ..., Xn)ceo(m). By Lemma 5.5, I
is generated by functions X1,.... Xn. By Proposition 5.9, for everya = 1, ..., N there
exist functions )L}l, e /\flv € C°(T*M) such that
N
{Hy. Xa} =Y A0
b=1

Assume that y: (—&, &) — M is a geodesic such that y(0) L Fy (g, i.e., the geodesic
is orthogonal to the leaf at + = 0. Then the ideal I (T* M) vanishes at (qo, po) =
(7(0), g(y(0),.)) € T*M. Since CD’Hg (qo) is defined for —e < ¢ < ¢, for every r < &
there exists an open neighborhood U C M of g¢ such that CIDtHg is defined for ¢t € (—r, 1)
on U. According to Proposition 5.7,

g(y(0). Xa(y(1)) = Xa(y(®). gy (7). "))
=Xy 0 Dy v (7(0), g(0)(7(0), )
= q>g,g|;,x_a(qo,p0) fora=1,...,N.
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But now, according to Proposition 4.18, the function (<I>tHg lv)* (X_a|q>tH ()) 1s an element
4

in I#(U) fort € (—r,r). This means that for ¢ in this interval, y(t) L F, ). Asr < gis
arbitrary, the proof is complete. ]

6. The functor ® and reduction

At the end of Section 3 we introduced the category SRFy and in Section 4 we introduced
the category of .I-Poisson manifolds IPois. In this section we will provide a functor from
the first to the second category, by sending a module SRF (M, g, ¥) to the I-Poisson
manifold (T*M, {-,-}, I#) and every surjective Riemannian submersion n: (M1, g1) —
(M2, g2) to the bundle map ¢ = (g2), 0 dr 0 (g2); '+ (T* My {}1) = (T*Ma. {-.-}2),
see Theorem 6.9 below. ¢, is precisely the map making the following diagram commute:

M, (&1 T M,

o |

TM2 —_— T*Mz
(82)b

The map ¢ is not a Poisson map in general.*

Example 6.1. Let 7: R3 — R? be the projection (x, y, z) ~ (x, y) in the canonical
coordinates. Equipping R3 and R? with the following metric tensors

g3 =dx®dx + (1 +x?)dy ®dy —xdy ® dz — xdz ® dy + dz ® dz
and
g2 =dx®dx +dy ®dy.

respectively, turns 7 into a Riemannian submersion. Here (x, y) denote the coordinates
on R2. In the induced coordinates (x, Y, Px, py) and (x, y,z, px, py, pz) on T*R? and
T*R3, respectively, the map ¢, is given by

$r(X, 9,2, pxs Pys Pz) = (X, ), Px, Py + XPz).

This is not a Poisson map, since {¢y px, ¢z Py} = {Px, Py + Xpz} = pz # 0.

In the last example the obstruction for ¢, to be a Poisson map is that the horizontal
distribution of the Riemannian submersion 7, which is generated by vector fields % and
% + x%, is not integrable; the corresponding connection has curvature.

The map ¢, still preserves the Poisson bracket up to some ideal of functions e ds -

4In contrast to what is claimed in [4].



H. Nahari and T. Strobl 1112

Definition 6.2. Let w: M; — M, be a submersion. The subsheaf of smooth functions
Tyerar On T* M is defined as the corresponding sheaf I ¢ for the regular foliation ¥ :=
Ic(kerdr).

When there is no ambiguity, for simplicity, we denote the ideal Iye qr (T*My) by
I kerdrm -

Remark 6.3. It is not difficult to see that for every open subset U C T*M, The ideal
Txerdn (U) is the vanishing ideal of the submanifold

Ann(kerdr) NU C U.

Here Ann(ker dr) stands for the annihilator of the subbundle kerdw C TM;. Moreover,
since Ann(ker dr) is an embedded submanifold, we have:

€:={(q.p) € T*My: f(q.p) =0V f € Iierar} = Ann(kerdrm). 6.1)

Lemma 6.4. Let w: (My, g1) — (M>, g2) be a Riemannian submersion. Then for every
fog € C(T*M>):

{fopr,goprtt —{f 8}2°0r € Tkerdn, (6.2)

U o 0n, Txeran 1 C Lrerdr- (6.3)

Proof. Choose local Darboux coordinates (q2 Dj 2) on T*M, and (q1 qy, pl pl) on
T* M, such that q2 omw = ql (this is possible since 7 is assumed to be a submersion). In
particular, Ty dr is generated by the momenta pl. Now note that at every point ¢ € My,

0 0
d == bl
qr”(aq1 |q) 8q2 7 lr@

since for every function f € C*°(M>)

9 e em) af 8(6]2 o7r) af
dqn(aqli |q) /= g’ (@) = 0q] ( @) —25—(9) = qé(n(q)),

In particular, since ¢, is a bundle map, we have
q’i = qé o Q. 6.4)
Next we prove that upon restriction to the vanishing submanifold € of Ixerdr,
={(q.p) € T*My: f(q.p) =0V f € Ieran} = Ann(kerdr), (6.5)

one has pil = pl.2 o ¢r. Indeed, let (¢, p) be a pointin T7*M; and X = (gl)b_l(p). Then

a0 =p(gggh) = () = (% (o) ) v () )
n@p=r (8 ’|q)_g1 X’Bq‘i'q =t 8qi|q TalX 8q1|q
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where ( | ) and ( -|4)" are the horizontal and vertical parts of the vector % |4 with
1

respect to g1 respectlvely Using that  is a Riemannian submersion and that there exist
functions A4 such that ( | YW =3, 4a (q)aqia |4 this implies:
1

ad d
Pla.p) =g (dqn(xx —,.|ﬂ(q)) Yo (x, Aa<q)—a|q).
995 o g7
Consequently, by definition of ¢,

PHG.p) = PP own(q.p) + D Au(@) P4 (q. P)

and thus
pile = (P} o pn)le. (6.6)
Now for every f € C*°(T*M,), we have:
3(f °¢r) af 3(q3 © ¢x)
———@.p) = ¢x(q.P))——1(q. p)
9q} dq; ( ) g3
af A(p; o ¢x)
+ F(‘Pn(q’ P)U)]—i(q, p)- 6.7
D gy
Since ai’ le is tangent to €, for every point (¢, p) € €, we may use equation (6.6) to
transform equation (6.7) into:
I(f © ¢x) af dq{ f op;
——>(q.p) = A( x(4. )3 1(q P) + 5 (e (q. p)) g (q p)
dqq g3 ap7
)
= 3f (¢x(q. p))- (6.8)

In a similar way, using the chain rule and that a’% |e and qu" |e are tangent to €, for
i 1

every function f € C*(T*M;) and every (g, p) € ‘l€, one finds

A(f o ¢r) of

—317;0 (q,p)=@(<pn(q,p)), (6.9)

A(f 0@y

%(q, p)=0. (6.10)
41

For every two functions f, g € C°°(T*M,), upon restriction to |¢ we have:

IS opn) d(gogr) d(gopn)d(f o (Pn))|€

1

{fopn.gogrtile = Z( op) o ap} gt
i 14

d(f opr)d(go ‘Pn) (g o @r) 0(f o @x)
" Z ( Pa dqy Ipg, dqy )lrf
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0(f o@yr) 0(g o @r 0(g o @r) 0(f 0@y
22((1’ ¢r) (g 0 px) (g 0 pn) IS w))hf

ap} 34} p} dq}
af g g af
= 2(37 o gon)w(aqé o)l - (8]7 o <p,f)|e(3—qé o0 )le
={/gho¢xle.

Here in the first equality we used just the definition of the Poisson bracket, in the second
one we used equation (6.10), thereafter equations (6.8) and (6.9), and finally again the
definition of the bracket. Note that every function on 7* M vanishing on € is an element
of Iyerds, Which proves equation (6.2).

Equation (6.10) implies equation (6.3) as well, since Iye 4, is locally generated by

coordinate functions p, fora = 1,...,k, and we have
A(f o ¢r)
{Pas [ opztile = —a”|‘€ = 0.
841
which gives { f o ¢, pa}1 € Lkerdrn- L]

Corollary 6.5. The restriction ¢ |e: € — T* M, is a surjective submersion. It coincides
with the projection to the leaf space for the coisotropic reduction of € C T* M.

Proof. Choosing the same local coordinates as in the proof of Lemma 6.4, (q’i, qy, pl.l)
give local coordinates for € and equations (6.4) and (6.6) ensure that ¢, (q’i, qy, pl.l) =

(4} p}). n

To study the obstruction for ¢, to be a Poisson map, we first prove the following
lemma which describes the horizontal distribution in terms of the map @ :

Lemma 6.6. Let w: (N, h) — (M, g) be a Riemannian submersion and let X be a vector
field on M. Then the horizontal lift of X is given by a vector field V on N satisfying

V= (¢)*X, (6.11)
which is an element in CY°(T*N).

Proof. Define V € X(N) by V := (p)*(X) € C°(T*M). Using Corollary 5.2 and
Lemma 6.4 for every function f € C*°(M), we have
Verf ={V.7* [} = {(g)" X, 7" [} = {(0x)* X, (92)" [}
= ()X, [} =7"(X" f),

which means that V' is projectable and projects to X . In addition, for every vertical vector
vekerdymandi =1,...,n we have

h(,V|g) = V(b () = (92)* X (hy(v)) = X (¢ 0 hy(v))
= )?(gb o dqn(v)) =0,

showing that V' is the horizontal lift of X . ]
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The following identifies the obstruction for ¢, to be a Poisson map.

Proposition 6.7. Let w: (N, h) — (M, g) be a Riemannian submersion. Then the map
Or = gpodmo hb_l is a Poisson map if and only if the horizontal distribution 3 C TM
of  is integrable.

Proof. Let{ f;}]_, be alocal orthonormal frame around a point g € M and {e;}7_, their

horizontal lifts. By Lemma 6.6 we have &; = (p)* f; fori = 1,...,n.If ¢, is a Poisson
map, the family of functions (¢ )*(f;) € C 2°(T*N) is closed under the Poisson bracket,
and consequently the horizontal distribution locally generated by vector fields e; is inte-
grable. This proves the if part of the proposition.

Conversely assume that # is integrable. It is enough to check the condition of being
a Poisson map on smooth functions in C§°(T*M) @ C°(T* M) only. First, for every
f.g € C§(T*M) we have { f o ¢r. g o ¢z }r*N = {f. g}T*m = 0. Second, for every
X € C(T*M) and f € CS°(T*M) we have

{(Xogn, fopatrn =X" - (fopr)=(X-f)opx =X, firem 0 ¢x.

Finally, by Lemma 6.6 and integrability of #, for every X,Y € C 2°(T*M) one obtains

(Xopn,Yopuhren = [XH, YH] = [X,Y]H = [X,Y]o gy ={X,V}rsm 0@y m
Lemma 6.8. Let w: (N, h) — (M, g) be a Riemannian submersion. Then
Hh - Hg oYx € Ikerdn-

Proof. 1t is enough to show that the left-hand side vanishes on €, defined in equation
(6.1). For every (¢, p) € €, we have

(p. ()™ () = 3p. [00) ()]")
()~ (), [(n) " ()] )
h([) " )] [0n) (2]™)

g(dg7 o (hy) ™' (p).dgm o (hy) ™ (p))

Hyp(q.p) =

— R = R = R = N —

= E(wn(p), (g)) ' (@x(p))) = Hg 0 ¢x(q. p). n

Now we are able to prove the well behavedness of module SRFs under Riemannian
submersions.

Proof of Proposition 3.12. Let (M, g, ¥) be a module SRF and 7: (N, h) - (M, g) a
Riemannian submersion. By Lemma 3.11

Fn = (Fif + [(kerdn)) 6.12)

CE&(N)
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where ¥ A‘f consists of horizontal lifts of vector fields in . By Lemma 6.6 we have
3.771\/ = (((Pn)*ﬁ + Ikerdn)ccoO(T*N)a

where F3 :={X: X € Fu). Finally, it remains to check Hg € N(I,-14).ByLemma5.8
it is enough to verify the following:

{Hg. (0x)* i + Txeran ) = {Hg — Hp 0 9z, (02)* Far} + {Hp 0 0n. (92)* Faa }
+{Hg — Hp © ¢n, Lxerdn} + {Hp © ¢rs Tkerarn}
C (@) Fu + Tieran-
Here we used Lemmas 6.4 and 6.8 to prove the inclusion. ]
The following theorem is the main result of this section.

Theorem 6.9. The map sending every module SRF (M, g,%) to the corresponding dynam-
ical I-Poisson manifold (T*M {-,-}r+m. I 5, Hg) and every morphism st of SRFs within
SRF to the map ¢ defines a functor ®: SRFy — dynIPois.

Proof. It is enough to show that ® preserves the morphisms. A morphism 7 within SRF,
is a Riemannian submersion : (N, h, Fx) — (M, g, Far) such that Fy = 7~ 1(Fyy).
Similar to the previous proof we have

3%\; = (((pn)*ﬁ + Ikerd:rr)CCOO(T*N)

and therefore both the pullback (¢r)* I %, (T*M) and Iyerar lie inside I, (T*N). By
Lemma 6.4, for every f € N(I#,) we have

{f 0 0r, (02) " Fut + Dieranf puy
C AL Farom © @n + S © 0n. Dieran )TN + Tieran C (02)*Fur + Theran
which implies that { f 0 ¢z, $ 7y } 7N C $ %y, and consequently (¢ )* N(I 5, ) lies inside
N(I#,).Using Lemma 6.4 again, for every f,g € N(Ig,)
{f o¢n.gown}ren —{f 8}1*M © ¢x € Ticrar C Iy (T*N).
These together with Lemma 6.8 complete the proof. ]

Theorem 6.10. Let (M1, 1) and (M1, ¥1) be Hausdorff Morita equivalent singular foli-
ations. Then the Poisson algebras R(Iz,) and R(Ig,) are isomorphic.

Here R(I5) = NIg)/ 15 (T*M;),i = 1,2, see Definition 4.11.
The proof of this theorem will be a consequence of the following two lemmas.

Lemma 6.11. Let v: (N, h) — (M, g) be a surjective Riemannian submersion with con-
nected fibers and ¥ be an SFon M. If f o 9, € I -1 (T*N) for some f € C®(T*M),
then f € I¢(T*M).
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Proof. We first demonstrate that the result holds true for finitely generated singular foli-
ations. Let ¥ = (X1,..., Xn)cowr) and let Yy, ..., Yx € X(N) be generators of the
regular foliation I';(ker d7r) for some positive integers N and K. Lemma 3.11 implies
that 771F = (Xi% cees X;\y,e, Y1, ..., Yk)ce vy Consequently, for every open subset
V C T*N, we obtain

In_lf(V) = (710 (pT[|V5 e ’X_NO ¢ﬂ|V7?l|Va e sﬁh/)cooa/)’ (613)

where we used Lemmas 6.6 and 5.5.

Let us assume for a moment that there exists a global section s: T* M — € for the sur-
jective submersion @ |e: € — T*M (see Corollary 6.5). Since f o ¢, € I,-15(T*N),
equation (6.13) implies that there exist smooth functions

A AN gt K e C®(T*N)

such that

N K
fopn =) 2 Xaogx)+ Y 1" Y. (6.14)
a=1 b=1

Since ¢y 05 0 9 = @5 and Yp|e = 0, composing both sides of equation (6.14) by s o ¢
gives

fopr=fopros0¢y

N
=Y (2% 050¢n) (Xao pr 050¢r)
a=1

b4

(S )
a=1
This implies that f = Zflv:l (A%o0s)- X, € I5(T*M), since ¢y is surjective.

If a global section does not exist, we can choose an open covering {U;}?2, of T*M
such that for every positive integer i there exists a local section s;: U; — €. Using the
same argument as for the global case, we may show that f|y;, € I#(U;) for eachi. Since
Ig isasheafon T*M,wehave f € I¢(T*M).

For the general case, choose an open covering {U;}72, of M such that for every posi-
tive integer i the pullback La_l F is finitely generated. The finitely generated case discussed
before then implies that f|7+y, € T#(T*U;) for every i, and since I is a sheaf, we
obtain f € I#(T*M). L]

Lemma 6.12. Let w: (N, h) — (M, g) be a surjective Riemannian submersion with con-
nected fibers and ¥ be a finitely generated SF on M. Then for every F € N(I-1%),
there exists some f € C®(T*M) such that F — f ooy, € I-1(T*N).

Proof. We proceed as in the beginning of the proof of Lemma 6.11, establishing equation
(6.13) and assuming first again that there is a global section s: T*M — € = Ann(kerdr)
for the surjection ¢ |e: € — T*M. Define, in addition, f := Fos € C®(T*M).
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We now will prove that for every x € T* M, there exists an open neighborhood V. C
T*N such that (F — f o ¢z)|v, € I,-15(Vx). Since I,-1# is a sheaf, this implies the
desired F — f o ¢r € I,-15(T*N). The proof is divided into the following three cases:

Case 1: x ¢ €. We choose an open subset Vy C T*N such that V, N€ = ¢. Let p €
C(T*N) with supp(p) C T*N \ € and p|y- = 1. Then since p - (F — f o ¢r) vanishes
on €, we obtain

(F _f o(pﬂ)h/x =p- (F_f 0(,07[)|Vx € Ikerdn(Vx) - In*IW(Vx)-

Case 2: x € s(T*M) C €. Choose local coordinates (g, g%) centered at the base-point
of x and (q;'u) on N and M, respectively, were i € {1,...,m :=dimM} anda € {m +
1,...,n := dim N}, which are compatible with the submersion 7, i.e., 7(¢’, ¢%) = (¢*).
Let (¢*. g%, pi. pa) be the corresponding Darboux coordinates on some open neighbor-
hood V, C T*N centered at x. As a consequence, in particular ¢ (¢*,q%, p;.0) = (¢', pi)
(see Corollary 6.5) and Jieran (Vx) = {pa)coo(v,). For simplicity also assume that, in
these local coordinates, s o ¢ (q*, g%, pi,0) = (¢*,0, p;,0). Then, for every arbitrary
point (g5, &, p?,0) in Vx N'€, we have

(F—fogpn)(q(i),qg,p?,O) = F(qf)’CIg’plo»O)_F(q(l)vo’plo»o)

1
d .
=/ d—F(qé,tqﬁ‘,pf’,O)dt
0 t
= I(Z{ﬂ F}ory )(@h.tqd. pl.0)dt
= o 4o PB» 7+n )40 90> Di >
B

1
=/O (qu{l’ﬂvF}T*N)(‘If)’tqgvl’?’o)dﬁ (6.15)
B

Since F € N(I,-14),forevery B there exist smooth functions A%, ... ,)Lf;’, n};, s, r]ff €

C>(Vx) suchthat {pg, Fir+n =Y, A% - (Xa 0 9xlv;) + 25 ng - (Ysv,). Implementing
this into equation (6.15) gives

1
(F = f o px)(gh.q5. pP.0) =/0 (D a8 (D228 (Kaoenl)) @b 1ag. pP. 0)dr
B a
=Y (A (Xa 0 9xlv,))(gh. 45 p?.0) (6.16)
a
where A% € C*°(Vy) is defined as

1
A*(q".q%. pi. pa) == [0 (Zqﬂk%)(q’,lq“, pi- pa)dt.
5

Equation (6.16) implies that
(F=fogn)—Y A (Xa0¢xlv,)
a
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vanishes on V, N € and consequently this difference is an element of Tye g (Vy). Since
> A (X 0 @rly,) € In-15(Vy) we obtain

(F = fopalv, € In15(Va).

Case 3: x € €\ s(T*M). Define xo = s o ¢ (x). Since x and x( belong to the same fiber
of ¢ e, there exist compactly supported functions %y, ..., h; € Iyerdr for some positive
integer / such that their Hamiltonian flows connect xg to x, i.e.,

x=® 0---0® (x0).

Then the global section s":= <I>}1” 0-:-0 CID}ll1 o s passes through the point x. After Case 2
for the function f’ := F o s’, there exists an open neighborhood V, around x such that
(F = f'opn)|v, € I-14(Vy). It remains to show that (f' — f) o ¢r € I ,-1(T*N).
For arbitrary y € €, defining @ZO ;= Idr=y and yo = 5 0 @ (y) gives

(f'=flowz(y) =(Fos'—Fos)opz(y)

1
= Z(Focbllli o---o<I>}110 —FOCD;IH_1 0"'0(1);1,0)(YO)
i=1

l 1
d
= [ B 0Bl oo B, o)

i=1
l 1

= Z/O {hi. Firsn o ®) 0o ®) o0---0®} (yo)dt.  (6.17)
i=1

Since F € N(I,-15), forevery i there exist smooth functions A}, ..., AN p} ... nK €
C°°(T*N) such that {h;, F}r=n =Y 4, A% - (Xa 0 @n) + Y 775-’ - (Yp). Implementing
this into equation (6.17), making use of the fact that the flows of the 4;s preserve €, and
noting that the Y5 s vanish on €, this gives

l 1
(1= Nogx =3 [ (L at-Wogm)oth, 00}, or0a), o
i=1 a
=Y A (Xa 0 px(1). (6.18)

Here we defined A% € C°(T*N) by

! 1
A%(z) ;= Z/(; Af o QZi o d),llH 0.4+ 0 cb}“ osopg(z)dt VYzeT*N.
i=1
Equation (6.18) implies that (f' — f) o @y — Y, A%(y) - (X4 © ¢z (y)) vanishes on €
and, equivalently, it thus belongs to Jyerar and since ), A% - Xaopr) el 15 (T*N).
This gives (f' — f) o ¢ € I -1 (T*N), which completes the proof in Case 3.
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If a global section does not exist, we can choose a locally finite open covering {U; }{2
of T*M with a partition of unity {p; }$2, subordinate to it, such that for every positive inte-
ger i there exists a local section s;: U; — €. Similar to the global case, we can show that for
Ji = Fos; € C®(U;), wehave F| -1y — f o ¢xl,-11,) € 1,15 (9, (U)). Defin-
ing f =72, pi fi» we claim that F — f o ¢ € I,-15(T*N). This is equivalent to
showing that for every 0 € C°(T*N) wehave o - (F — f o ¢z) € $,-1%. Since supp(o)
is compact, it can be covered by finitely many open subsets o1 (U;,), ..., ¢, ' (U;,) of
the covering {g; ! (Ui)}$2,. This gives

o-(F— fowpz)

= S0 (e en (P f o)

i=1

n
= Zo “(Piy © #2) - (Flozr ) = Jia © Prlozi ) € Fx-15s (6.19)
a=1
since 0 - (i, © ¢z) € CX (971 (U;,)). This completes the proof. ]

Proof of Theorem 6.10. It is enough to show that for every surjective submersion 7: N —
M with connected fibers over a foliated manifold (M, ¥), the Poisson algebras R(I#)
and R (I ,-14) are isomorphic.

To do so, we first choose Riemannian metrics gy and gn such that & becomes a
Riemannian submersion. This can be done as follows: choose a Riemannian metric gas
on M, a fiber metric gl on kerdmr C TN, and a subbundle #¢ C TN complementary
to ker dzr; one then declares these two subbundles to be orthogonal to one another and
defines gy = (w*gm)se + g™

Injectivity of @y is a direct consequence of lemma (6.11). It remains to prove that @ is
surjective. It follows from showing that, for every F € N(I,-1¢), there exists f € N(I#)
such that ' — f o ¢ € I,-1(T*N). To do so we choose an open covering {U;}72
of M such that, for every positive integer i, the pullback L{]ilj" is finitely generated. Let
{Va}52, be alocally finite refinement of the covering {7*U; }72 | of T*M and let {ps }52
be a partition of unity subordinate to {V,}52 ;. Lemma 6.12 then implies that for every a
there exists f, € C°°(V,) such that

Flyziwy = Ja 0 0xlozivry) € Tnmiz (07 (Va))-

Using the same argument as in the proof of Lemma 6.12 (see equation (6.19)), for f :=
Y o 1 Pafa wehave F — f ogp € I-1%(T*N). To complete the proof, we show that
f € N(Ig#) as follows: Since f o ¢, € N(I,-14),equation (6.2) of Lemma 6.4 implies
that

{f 37)r*M 09 C9rd5 C Lp15(T*N).

As a consequence of Lemma 6.11 we have {f, #}r*m C J#, which together with
Lemma 5.8 gives f € N(Ig). |
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Appendix: Almost Killing Lie algebroids

In this appendix, we recall the notion of almost Killing Lie algebroids as defined previ-
ously in [16] and provide their relation to module SRFs defined in this paper. (See, in
particular, Proposition A.5 below, but also Theorem 3.6 in the main text.)

Definition A.1. A vector bundle A — M equipped with a vector bundle morphism p: A —
TM covering the identity is called an anchored bundle. Let (A, p) be an anchored bundle
equipped with a skew-symmetric bracket [-, -|4 on I'(A4). The triple (4, p, [-, ]4) is called
an almost Lie algebroid if the induced map p: I'(4) — X (M) preserves the brackets, and
the Leibniz rule is satisfied:

[s. f5'la = (p(s) - f)s" + [ls.5"]a.
Definition A.2. Let (A, p) be an anchored bundle over M and £ — M a vector bundle
over the same base. An A-connection on E is a C%(M)-linear map 4V from I'(A4) to
Homg (T'(E), ' (E)) satisfying

Avs(fe) = (,O(S) : f)e + fAVse,
forevery f € C*(M),e e I'(E) and s € T'(A).

An anchored bundle (A, p) together with an ordinary connection on 4, V:T'(4) —
['(T*M ® A), defines an A-connection 4V on TM by:

AVSX = ;ﬁp(s)X + p(Vxs), (A.1)

valid for every s € I'(A4) and X € X(M). Note that by assuming the Leibniz rule and the
commutativity of 4V, with contractions, these derivations can be extended to arbitrary
tensor powers of TM and T*M.

Definition A.3. Let (A4, p, [, -]4) be an almost Lie algebroid over a Riemannian manifold
(M, g)and V:T'(A) - I'(T*M ® A) a connection on A. Then (4, V) and (M, g) are
called compatible if

AVg =0,
where the A-connection 4V is defined by equation (A.1). The triple (4, V, g) is called a
Killing almost Lie algebroid over M .

Lemma A4. Let (A, p) be an anchored vector bundle over a Riemannian manifold (M, g),
and let V be an ordinary connection on A. The triple (A, V, g) satisfies *Vg = 0 if and
only if for every X, Y € X(M) and s € T'(A) we have

(£()8)(X.Y) = g(p(Vx5).Y) + g(X. p(Vys)).
Proof. By equation (A.1), for every vector field X € X(M)
(V) (X. X) = Vs ((X. X)) = 28 (Vs X, X) = (£, 8) (X. X) = 28 (p(Vx5). X).
Consequently, 4Vg = 0 if and only if
(L&) (X. X) = 2g(p(Vxs). X). n
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Proposition A.5. Let (M, F) be an SF on a Riemannian manifold (M, g). Then the triple
(M, g, F) is a module SRF if and only if it is locally generated by Killing almost Lie
algebroids, i.e., Yq € M, there exist an open neighborhood U € M containing q and a
Killing almost Lie algebroid (Ay, V, gu) over (U, gu) such that p(T'.(Ay)) = 15137.

Proof. Assume that (M, g, ¥) is a module SRF and ¢ € M. Then there exists an open
neighborhood U € M containing g such that LEI? is generated by finitely many vector

fields V1, ..., Vn € X(U) for some positive integer U. By involutivity of (' ¥, the trivial
vector bundle Ay of rank N with a frame eq,...,eny € I'(Ay) together with the anchor
map p: Ay > TM, eq — V, fora =1,..., N, can be equipped with an almost Lie

algebroid structure. By Lemma 3.4 there exist 1-forms wfl’ € Q1(U) such that

N
Ly, g = Za)g@Lng VYa,b=1,...,N.
b=1

Now if we define Ve, = fo:l a)g ® ep, forevery X,Y € X(U), we have

(Loe8)(X.Y) = (Ly,8)(X.Y)

N
=Y ((x))g(Vs. Y) + (tyol)g(X. Vy))
=1

= g(p(g; wafeb), Y) + g(X,p(étYwSEb))

=g(p(Vxea).Y) + g(X. p(Vyea)).

Consequently, by Lemma A.4, (Ay, Vy, gu) is a Killing almost Lie algebroid and we
have p(T'; (Ay)) = L{JI F . Conversely, Assume that (M, ) is locally generated by Killing
almost Lie algebroids. Let ¢ € M, and take a neighborhood U € M containing g with a
Killing almost Lie algebroid (Ay, V, gu) over (U, gy ) such that p(T'. (Ay)) = LZJITF. By
choosing U small enough, we can assume that Ay is trivial and there is a global frame

S

e1,...,en € I'(Ay). Then there exist 1-forms a)fl7 € QI(U) such that
N
Ve, = Za)é’ ®ep, VYa,b=1,...,N.
b=1

With V, := p(ey) fora,b =1,..., N, by Lemma A.4, for every X,Y € X(U) one has

N
(Zr,)X.Y) =Y (xo2)g(Vs. Y) + (tywl)g(X. Vp))
b=1

N
(X ot oue)or.

1

b=
This implies, using Lemma 3.4 and Proposition 3.5, that (M, g, ¥) is a module SRE. m
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