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Singular Riemannian foliations and 	 -Poisson manifolds

Hadi Nahari and Thomas Strobl

Abstract. We recall the notion of a singular foliation (SF) on a manifoldM , viewed as an appropri-
ate submodule of X.M/, and adapt it to the presence of a Riemannian metric g, yielding a module
version of a singular Riemannian foliation (SRF). Following Garmendia–Zambon on Hausdorff
Morita equivalence of SFs, we define the Morita equivalence of SRFs (both in the module sense as
well as in the more traditional geometric one of Molino) and show that the leaf spaces of Morita
equivalent SRFs are isomorphic as pseudo-metric spaces.

In a second part, we introduce the category of 	-Poisson manifolds. Its objects and morphisms
generalize Poisson manifolds and morphisms in the presence of appropriate ideals 	 of the smooth
functions on the manifold such that two conditions are satisfied: (i) The category of Poisson man-
ifolds becomes a full subcategory when choosing 	 D 0 and (ii) there is a reduction functor from
this new category to the category of Poisson algebras, which generalizes coistropic reduction to the
singular setting.

Every SF on M gives rise to an 	-Poisson manifold on T �M and g enhances this to an SRF if
and only if the induced Hamiltonian lies in the normalizer of 	. This perspective provides, on the
one hand, a simple proof of the fact that every module SRF is a geometric SRF and, on the other
hand, a construction of an algebraic invariant of singular foliations: Hausdorff Morita equivalent
SFs have isomorphic reduced Poisson algebras.

1. Introduction

The first purpose of this article is to introduce and study a notion of singular Riemannian
foliations which is adapted to the module definition of a singular foliation. More precisely,
following I. Androulidakis and G. Skandalis [2], a singular foliation is defined as follows.

Definition 1.1. A singular foliation (SF) on M is defined as a C1.M/-submodule F of
the module of compactly supported vector fields onM , which is locally finitely generated
and closed with respect to the Lie bracket of vector fields.

Remark 1.2. A singular foliation can be equivalently defined as an involutive and locally
finitely generated subsheaf of the sheaf of smooth vector fields on M closed under mul-
tiplication by C1.M/ [17] (see also [10]). This has the advantage that one can replace
C1.M/ by an arbitrary sheaf of rings O on M . Definition 1.1, however, is more conve-
nient for the present purposes.
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This definition induces a decomposition ofM into injectively immersed submanifolds
called leaves [14], thus yielding singular foliations in the more traditional sense (see, e.g.,
[19]). But the association is not one-to-one: several SFs give rise to the same leaf decom-
position. However, in the case where all the leaves have the same dimension, the relation
is one-to-one and Definition 1.1 becomes equivalent to the usual notion of a regular folia-
tion. Examples of SFs are induced on the underlying manifold by, e.g., Poisson manifolds,
Lie algebroids, and Lie infinity algebroids.

Now let us add a Riemannian structure g to the above setting. Inspired by [15,16], but
stripping off unnecessary data from the definitions given there, we propose

Definition 1.3. A singular Riemannian foliation (SRF) on a Riemannian manifold .M;g/
is defined as an SF F on .M; g/ such that for every vector field X 2 F we have

LXg 2 �
1.M/ˇ g[.F /; (1.1)

where g[WX.M/! �1.M/, X 7! g.X; �/ is the standard musical isomorphism and ˇ
stands for the symmetric tensor product.

With this definition, every geodesic perpendicular to one leaf turns out to stay perpen-
dicular to all the leaves it meets, thus yielding singular Riemannian foliations in the more
traditional sense [21]. The converse is not always true: A singular Riemannian foliation in
the sense of Molino is not always an SRF. For a regular foliation, Definition 1.3 becomes
equivalent to the usual notion of a (regular) Riemannian foliation [12, 24]. Examples of
SRFs are given by isometric Lie group actions on Riemannian manifolds and, more gen-
erally, orbit decompositions induced by Riemannian groupoids [7].

Our notion of SRFs behaves well under the pullback operation of [2]. This permits us
to provide a definition of Morita equivalence between SRFs. It implies Hausdorff Morita
equivalence for the underlying SFs, as defined in [10]. In the fore-cited work it is shown
that the leaf spaces of Hausdorff Morita equivalent SFs are homeomorphic. Here we will
establish

Theorem 1. Let .N1; g1;F1/ and .N2; g2;F2/ be Morita equivalent SRFs. Then their
leaf spaces are isometric as pseudo-metric spaces.

A second purpose of this article is to introduce the category of 	-Poisson manifolds
IPois. For its objects, the intention is to generalize coisotropic submanifolds (see, e.g.,
[20]) to the singular setting. For simplicity of the presentation, in the Introduction we
provide the definition of objects for the subcategory of semi-strict 	-Poisson manifolds
ssIPois of IPois, which are constructed simply out of Poisson manifolds:1

Definition 1.4. A semi-strict 	-Poisson manifold is a triple .P; ¹�; �º; 	/ where 	 is a
subsheaf of smooth functions on a Poisson manifold .P; ¹�; �º/ which is closed under

1For the complete version see Definitions 4.3, 4.20, and 4.22 below. The more general notion permits
to cover also examples such as Hamiltonian quasi-Poisson manifolds [1], see Example 4.7.
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multiplication by smooth functions, locally finitely generated, and for every open subset
U � P , 	.U / � C1.U / is a Poisson subalgebra, i.e.,®

	.U /;	.U /
¯
� 	.U /:

To describe dynamics, one needs a compatible Hamiltonian, i.e., a functionH 2N.	/
where

N.	/ WD
®
f 2 C1.P /W

®
f jU ;	.U /

¯
� 	.U / for every open subset U

¯
:

We then call .P; ¹�; �º;	;H/ a (semi-strict) dynamical 	-Poisson manifold and the corre-
sponding category (ss)dynIPois.

The property that a singular foliation is locally finitely generated is crucial for the
existence of the induced leaf decomposition. Similarly, the condition “locally finitely
generated” in Definition 1.4 is essential for showing that the flow of any H 2 N.	/,
if complete, preserves the sheaf 	 (see Proposition 4.18 for the precise statement).

Definition 1.5. A smooth map 'WP1 ! P2 between .P1; ¹�; �º1;	1/ and .P2; ¹�; �º2;	2/
is a morphism of (semi-strict) 	-Poisson manifolds, iff the two obvious conditions

'�
�
	2.P2/

�
� 	1.P1/ and '�N.	2/ � N.	1/

are complemented by

¹'�f; '�gº1 � '
�
¹f; gº2 2 	1.P1/ 8f; g 2 N.	2/: (1.2)

For dynamical 	-Poisson manifolds we add the condition '�H2 �H1 2 	1.

These are also the morphisms of the general category, when “semi-strict” in the paren-
thesis is dropped. With this notion of morphisms, the category Pois of Poisson manifolds
is a full subcategory of (ss)IPois for the choice of the zero ideal. In general, however, the
morphisms between (semi-strict) 	-Poisson manifolds are not necessarily Poisson maps
between the underlying Poisson manifolds—an important feature in several applications.

The condition (1.2) is optimal to ensure that '� descends to a Poisson morphism on the
level of reductions: In fact, every (semi-strict) 	-Poisson manifold .P; ¹�; �º;	/ induces a
Poisson algebra structure on N.	/=	.P /. In the case of coisotropic reductions [20], this
algebra coincides with the algebra of smooth functions on the reduced Poisson manifold.
The algebraic formulation here is, however, also applicable in the general context of 	-
Poisson manifolds, where, e.g., the vanishing set of the ideal 	(P) does not need to be
a submanifold anymore. The conditions in Definition 1.5 ensure that there is a canonical
contravariant functor F from (ss)IPois to PoisAlg, the category of Poisson algebras.

The final purpose of this article is to bring the two aforementioned subjects together
and, in particular, to use 	-Poisson geometry so as to learn more about SFs and SRFs.

Starting from an SF .M;F / and viewing every vector field in F as a smooth function
on T �M , we construct a semi-strict 	-Poisson manifold .T �M;¹�; �ºT �M ;	F /. Moreover,
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every metric g onM defines a compatible Hamiltonian (making the semi-strict 	-Poisson
manifold dynamical) if and only if the metric satisfies condition (1.1). Thus there is a
canonical map from SFs and SRFs to the objects of ssIPois and ssdynIPois, respectively.
As we will see, this construction is not only conceptually illuminating, it also has technical
advantages: we will use it to find elegant proofs of several properties of SFs and SRFs like
to show, e.g., that Definition 1.3 automatically induces an SRF in the sense of [21].

To complete the above map on objects to a functor, one would need a proper definition
of the categories SF and SRF of singular (Riemannian) foliations. Surprisingly, already
for SFs, in the literature there is not yet any satisfactory proposal for what a morphism
between general SFs should be. However, the situation changes if one restricts to submer-
sions and Riemannian submersions in the case of SFs and SRFs, respectively, because in
these cases the previously mentioned pullback operations are defined. For example, a Rie-
mannian submersion � W .N; h/! .M; g/ between two SRFs .N; h;FN / and .M; g;FM /
which satisfies ��1FM D FN should definitely be considered as a morphism. Let us call
SF0 and SRF0 the two (sub)categories with such restricted morphisms. In this paper, we
show, in particular, the following.

Theorem 2. There are canonical functors ‰WSF0 ! IPois and ˆWSRF0 ! dynIPois.

As a side result, we will find that for FM D 0,ˆ.�/ becomes an ordinary Poisson map
if and only if the horizontal distribution .kerd�/? is integrable—correcting [4], where this
map has been considered as well, but claimed to always be Poisson.

Composing the functor ‰, evaluated on an SF .M;F /, with the functor F W IPois!
PoisAlg, we obtain the (reduced) Poisson algebra A.F / WD N.	F /=	F .T

�M/. This
algebra provides an invariant of Hausdorff Morita equivalence, since we will prove

Theorem 3. Let .M1;F1/ and .M1;F1/ be Hausdorff Morita equivalent singular folia-
tions. Then the reduced Poisson algebras A.F1/ and A.F2/ are isomorphic.

The structure of this paper is as follows.
Section 2 contains a short review of the definitions and main properties of SFs related

to the goal of this paper, in particular the notion of Hausdorff Morita equivalence of SFs.
In Section 3, we introduce SRFs and study some of their properties. We show (in

Theorem 3.6 below) that every finitely generated SRF admits an almost Lie algebroid
structure with connection to turn the SRF into an almost Killing Lie algebroid [16]. We
define Morita equivalence of SRFs, show that it defines an equivalence relation, and prove
Theorem 1.

Section 4 introduces the category IPois, the reduction functor F to PoisAlg, and pro-
vides several examples and properties of 	-Poisson manifolds.

In Section 5, we show how SFs and SRFs give rise to particular 	-Poisson and dynam-
ical 	-Poisson manifolds, respectively.

In Section 6, finally, we prove Theorems 2 and 3.
The definition of almost Killing Lie algebroids as well as part of the proof of Theo-

rem 3.6 (in the form of Proposition A.5) are deferred to the appendix.
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2. Background on singular foliations and their Morita equivalence

In what follows,M is assumed to be a smooth manifold and Xc.M/ denotes the C1.M/-
module of compactly supported vector fields on M . For more details and examples of
singular foliations see [2] or [17].

Definition 2.1. A C1.M/-submodule F � Xc.M/ is called locally finitely generated if
for every point q 2 M there exist an open neighborhood U � M around q such that the
submodule ��1U F � Xc.U / defined as

��1U F WD
®
X 2 F W supp.X/ � U

¯
is finitely generated; i.e., there exist finitely many vector fields X1; : : : ; XN � X.U / for
some positive integer N , such that

��1U F D hX1; : : : ; XN iC1c .U /:

Remark 2.2. Note that the generators of ��1U .F / in Definition 2.1 are not required to be
compactly supported. This allows for more flexibility in constructing singular foliations
on M .

Example 2.3. LetM D R. Then the C1.R/-module Xc.R/ is globally generated by the
single vector field d

dx . On the other hand, the C1.R/-submodule of compactly supported
vector fields which vanish on R� is not locally finitely generated around 0.

Definition 2.4. A singular foliation onM—SF for short—is defined asC1.M/-submod-
ule F of Xc.M/ which is locally finitely generated and closed with respect to the Lie
bracket of vector fields. The pair .M;F / is then called a foliated manifold.

Remark 2.5. One can equivalently define SFs as an involutive and locally finitely gen-
erated subsheaf of the sheaf of vector fields X. This is equivalent to Definition 2.4 in the
smooth setting, but it has advantages if we wish to work with the sheaves of algebraic,
real analytic or holomorphic functions (See [17] or [10]). In particular, since the men-
tioned sheaves of rings are Noetherian, the condition of being locally finitely generated is
automatically satisfied and therefore can be dropped.

A classical theorem of R. Hermann [14] implies that an SF defined as above partitions
M into smooth, connected, and injectively immersed submanifolds (of possibly different
dimensions) called leaves.

Let Lq be the leaf passing through the point q 2 M in a foliated manifold .M;F /.
Then, by definition of the leaves, TqLq can be identified with ¹X jq WX 2 F º � TqM ,
which motivates

Definition 2.6. For every point q 2M in a foliated manifold .M;F /, the tangent of F at
q is defined as

Fq WD ¹X jq WX 2 F º � TqM:
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If q 7! dim.Fq/ is constant on M , we obtain regular foliations as particular singular
ones. In this case, by the Frobenius theorem, there is a one-to-one correspondence between
the leaf decomposition of the foliation and the module of vector fields generating it. This is
no more the case if the SF is non-regular; there always exist different modules generating
the same leaf decomposition then (for an example, see Example 2.9 below). Note also
that in the non-regular case all the vector fields tangent to the leaves of a given SF do not
necessarily define an SF anymore: the module of Example 2.3, despite not being an SF
since not finitely generated, induces a leaf decomposition, which can be obtained also by
an honest SF with the single generator � d

dx . Here � 2 C1.R/ can be chosen, e.g., as the
function

�.x/ D

´
exp

�
�1
x2

�
x > 0;

0 x � 0:
(2.1)

Remark 2.7. The functionM !N given by q 7! dim.Fq/ is lower semi-continuous. As
a result, the subset U � M of the continuity set of dim.Fq/ is open and dense, and F jU
induces a regular foliation over each connected component of U [2].

The following example shows the importance of being locally finitely generated.

Example 2.8. On M D R2, consider the module G generated by the vector fields @x and
X.x/@y , where � is the function defined in (2.1), together with all their multiple commu-
tator Lie brackets. Then, by construction, G is closed under the Lie bracket. However, it
is not locally finitely generated as a C1.M/-module since with each derivative on X we
obtain a new, independent coefficient in front of @y . As a consequence, we loose the well
behavedness of a leaf-decomposition: although every two points in R2 can be connected
by a sequence of flows of vector fields in G (so that, in this sense, there would be only
one leaf that is R2 itself), the tangent of G at every point in the left half-plane is only
one-dimensional.

As mentioned above, Definition 2.4 contains more information than a well-behaved
decomposition of M into leaves.

Example 2.9. Let M D R and let F be an SF generated by vector fields vanishing at the
origin of at least order k 2N. The leaf decomposition induced by F is RDR� [ 0[RC
for every choice of k. Thus, F is not completely determined by its leaf decomposition.

To capture some of this additional information contained in the definition of an SF, we
extract some more data from the module F by the following definition of [2].

Definition 2.10. Let .M;F / be a foliated manifold. For every point q 2 M , the fiber of
F at q is defined as:

Fq WD F =Iq � F

where Iq WD ¹f 2 C1.M/Wf .q/ D 0º is the vanishing ideal of q in C1.M/.

Remark 2.11. The functionM!N sending q!dim.Fq/ is upper semi-continuous, and
dim.Fq/ gives the minimal number of vector fields locally generating F around q2M [2].
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Note that for every point q 2 M the evaluation map evq WFq ! Fq , ŒX�! X jq is a
homomorphism of vector spaces and induces the following short exact sequence:

0! ker.evq/! Fq ! Fq ! 0

where ŒX� denotes the equivalence class of the vector field X 2 F .
It is not difficult to see that the Lie bracket on F induces a Lie bracket on the finite-

dimensional vector space ker.evq/ � Fq .

Definition 2.12. The vector space gF
q WD ker.evq/ together with the bracket inherited by

Fq defines the isotropy Lie algebra of F at q.

In the case of regular foliations, the map evq WFq ! Fq is a vector space isomorphism
and gF

q D 0. So one can say that the isotropy Lie algebra gF
q characterizes in part the

singularity of F at q 2M .
In Example 2.9 all fibers and isotropy Lie algebras at the origin are isomorphic. This

changes, if we increase the dimension of M .

Example 2.13. Let M D Rn, n � 2, and let F be the SF generated by vector fields
vanishing at the origin at least of order k 2 N. There are always only two leaves M n ¹0º
and ¹0º, but the fiber at the origin has different dimensions for different choices of k,
dim F0 D

�
kCn�1
n�1

�
.

Definition 2.14. Let .M;F / be an SF and � WN ! M a submersion, then the C1.N /-
module generated by vector fields on N projectable to F defines the pullback foliation
.N; ��1F /.

Here a vector field V on N is called projectable to F if there exists a vector field
X 2 F such that for every point q 2 N we have

dq�.V jq/ D X j�.q/:

As shown in [2], Propositions 1:10 and 1:11, the pullback foliation is indeed finitely gen-
erated and involutive, i.e., it is an SF. This notion behaves well under composition of
submersions: For submersions �P WP !M and �M WM ! N , one has

.�M ı �P /
�1F D ��1P .��1M F /:

As an example, ifU is an open subset of a foliated manifold .M;F /, then for the inclusion
map �U WU ,!M , the SF ��1U F is compatible with Definition 2.1.

Definition 2.15 ([10]). Two foliated manifolds .M1; F1/ and .M2; F2/ are Hausdorff
Morita equivalent if there exists a smooth manifold N and surjective submersions with
connected fibers �i WN !Mi , i D 1; 2 such that

��11 F1 D �
�1
2 F2:

In this case, we write .M1;F1/ �ME .M2;F2/.

It is shown in [10] that the SFs underlying Morita equivalent Lie algebroids [11]
or Morita equivalent Poisson manifolds [27] are Hausdorff Morita equivalent. Also the
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Morita equivalence of regular foliations [21] is a special case. Hausdorff Morita equiva-
lence defines an equivalence relation on foliated manifolds—something that holds true for
Poisson manifolds only upon restriction to those integrating to a symplectic groupoid. The
main fact about Hausdorff Morita equivalent foliated manifolds is that they have Morita
equivalent Holonomy groupoids (as open topological groupoids) defined in [2].

Theorem 2.16 ([10]). Let .M1;F1/ and .M2;F2/ be foliated manifolds which are Haus-
dorff Morita equivalent by means of .N;�1;�2/. Then, the following statements hold true:

(i) The map sending the leaf passing through q 2 M1 to the leaf of F2 contain-
ing �2.��11 .q// is a homeomorphism between the leaf spaces. It preserves the
codimension of leaves and the property of being an embedded leaf.

(ii) Let q1 2N1 and q2 2N2 be points in corresponding leaves. Choose transversal
slices Sq1 at q1 and Sq2 at q2. Then the foliated manifolds .Sq1 ; �

�1
Sq1

F1/ and
.Sq2 ; �

�1
Sq2

F2/ are diffeomorphic and the isotropy Lie algebras gF1
q1 and gF2

q2 are
isomorphic.

Example 2.17. For smooth, connected manifoldsM andN , .M;Xc.M// and .N;Xc.N //
are always Hausdorff Morita equivalent. On the other hand, .M; 0/ and .N; 0/ are Haus-
dorff Morita equivalent only if M and N are diffeomorphic.

3. Singular Riemannian foliations and their Morita equivalence
In what follows, .M; g/ denotes a Riemannian manifold. We first recall the traditional
notion of a singular Riemannian foliations (SRF) motivated by [21], to which we will add
the suffix “geometric” so as to distinguish it from a second one that we will introduce
directly below.

Definition 3.1. Let F be an SF on .M; g/. We call the triple .M; g;F / a geometric SRF,
if every geodesic orthogonal to a leaf at one point is orthogonal to all the leaves it meets.

In this text, we focus mainly on the following definition of SRFs, streamlining the one
given in [16]2.

Definition 3.2. Let F be an SF on .M; g/. We call the triple .M; g;F / a module SRF, if
for every vector field X 2 F we have

LXg 2 �
1.M/ˇ g[.F /: (3.1)

Hereˇ stands for the symmetric tensor product and g[ is the map on sections induced
by the musical isomorphism g[WTM ! T �M , .q; v/ 7! gq.v; �/. Let .g[/�1W�1.M/!

X.M/ denote the corresponding inverse map and g�1 2 �.S2TM/ the 2-tensor induc-
ing it. Then, by means of LX .g[/

�1 D �.g[/
�1 ı .LXg[/ ı .g[/

�1, we can express the
defining property of a module SRF also in the following form.

2For the relation of module SRFs with the notion defined in [16], see the appendix as well as Theo-
rem 3.6 below.
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Lemma 3.3. The triple .M; g;F / is a module SRF if and only if

LXg
�1
2 X.M/ˇ F

for every vector field X 2 F .

As a consequence of the following lemma and proposition, it is enough to check equa-
tion (3.1) locally for a family of generators.

Lemma 3.4. Let .M;F / be a foliated manifold such that F D hX1; : : : ; XN iC1c .M/ for
some positive integer N . Then the triple .M; g;F / is a module SRF if and only if there
exist !ba 2 �

1.M/ for a; b D 1; : : : ; N such that

LXag D

NX
bD1

!ba ˇ g[.Xb/:

Proof. First assume that .M; g;F / is a module SRF. Choose a partition of unity ¹�iº1iD1
subbordinate to a locally finite cover ¹Uiº1iD1 of M . For every a D 1; : : : ; N we have

LXag D

1X
iD1

�iLXag D

1X
iD1

�
L�iXag � .d�i /ˇ g[.Xa/

�
D

1X
iD1

� NX
bD1

�bi;a ˇ g[.Xb/ � .d�i /ˇ g[.Xa/
�

D

NX
bD1

!ba ˇ g[.Xb/;

for some 1-forms �bi;a on M and !ba WD
P1
iD1 �

b
i;a � ı

b
ad�i . For the converse, let X be

a vector field in F . By assumption, there exist f 1; : : : ; f N 2 C1c .M/ such that X DPN
aD1 f

aXa. It follows that

LXg D

NX
aD1

Lf aXag D

NX
aD1

f aLXag C .df
a/ˇ g[.Xa/

D

NX
aD1

!ba ˇ g[.f
aXb/C .df a/ˇ g[.Xa/ 2 �1.M/ˇ g[.F /:

An important property of the definition of a geometric SRF is that the defining condi-
tion is local. This is less trivial in the case of module SRFs.

Proposition 3.5. The triple .M; g; F / is a module SRF if and only if for every point
q 2M there exist an open neighborhood U �M around q such that .U; gU ; ��1U F / is a
module SRF, where gU is the restriction to U of g.
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Proof. If .M; g;F / is a module SRF, then restricting both sides of equation (3.1) to any
open subset U 2M implies that .U; gU ; ��1U F / is a module SRF. It remains to prove the
converse. Choose a partition of unity ¹�iº1iD1 subbordinate to a locally finite cover ¹Uiº1iD1
of M , with open subsets Ui small enough such that ��1Ui F D hXi;1; : : : ; Xi;Ni iC1c .Ua/ for
some positive integer Ni and vector fields Xi;1; : : : ; Xi;Ni 2 X.Ui /. Then for every vector
field X 2 F ,

X D

1X
iD1

�iX:

Moreover, for every positive integer i , there exist functions f i;1; : : : ; f i;Ni 2 C1c .Ui /
such that

�iX D

NiX
aD1

f i;aXi;a;

and consequently

X D

1X
iD1

NiX
aD1

f i;aXi;a:

This together with Lemma 3.4 now permit us to prove that .M; g;F / is a module SRF.
We have

LXg D

1X
iD1

NiX
aD1

f i;aLXi;agUi C .df
i;a/ˇ .g/[.Xi;a/;

which proves LXg 2 �
1.M/ˇ g[.F / since X is compactly supported and only finitely

many f i;a are non-zero on supp.X/.

Every finitely generated SF is image of the anchor map of an almost Lie algebroid [17]
(see the appendix). For module SRFs, one has furthermore the following theorem.

Theorem 3.6. Let .M;g/ be a Riemannian manifold. The following statements hold true:

(i) For every module SRF .M;g;F /with F finitely generated, there exists an almost
Lie algebroid .A; �; Œ�; ��A/ over M equipped with a connection rW �.A/ !
�.T �M ˝ A/ such that F WD �.�c.A// and

A
rg D 0; (3.2)

where Ar is theA-connection induced byr, see equation (A.1) in the appendix.

(ii) Let .A;�; Œ�; ��A/ be an almost Lie algebroid over a Riemannian manifold .M;g/,
such that the triple .M; g;F WD �.�c.A/// is a module SRF. Then there exists
a connection r on A such that (3.2) holds true.

Proof. The proof of the first part of the theorem can be performed by a straightforward
adaptation of the proof of Proposition A.5 in the appendix. In particular, the almost Lie
algebroid A then can be chosen to be trivial, A D M � Rr , where r is the number of
generators of F .
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We prove the second part of the Theorem, where now one is given a particular, not
necessarily trivial almost Lie algebroid A inducing F , as follows: There exists a vector
bundle V ! M such that . QA WD A ˚ V / ! M is a trivial vector bundle of rank N .
Consequently, there exist sections e1; : : : ; eN 2 �.A/ and v1; : : : ; vN 2 �.V / such that
e1 C v1; : : : ; eN C vN is a global frame for QA. Now we define the almost Lie algebroid
. QA; Q�; Œ�; �� QA/, where the bracket and the anchor map are the trivial prolongation of Œ�; ��A
and � to QA (since in an almost Lie algebroid one does not need to satisfy the Jacobi
identity for the bracket, this extension does not pose any problems here). By assumption
Q�.�c. QA// D �.�c.A// defines a module SRF on .M; g/. According to Lemma 3.4, this is
equivalent to the existence of 1-forms !ba 2 �

1.M/ such that

LXag D

NX
bD1

!ba ˇ �Xbg 8a D 1; : : : ; N: (3.3)

Here Xa WD Q�.ea C va/ D �.ea/. Now define a connection Qr on QA by

Qr.ea C va/ D

NX
bD1

!ba ˝ .eb C vb/;

which induces a connection on A as follows: Let s 2 �.A/ � �. QA/, then

rXs WD PrA ı . QrXs/ 8X 2 X.M/;

where PrAW zA!A is the projection to the first component. In particular, for every ea, there
exist unique functions f ba 2 C

1.M/ for b D 1; : : : ;N such that ea D
PN
bD1 f

b
a .eb C vb/

and we have

rXea D P rA ı

�
QrX

� NX
bD1

f ba .eb C vb/

��
D

NX
bD1

X.f ba /eb C

NX
b;cD1

.f ba �X!
c
b/ec :

Now for every vector field X 2 X.M/, we have

2g
�
�.rXea/; X

�
D 2g

�
�

� NX
bD1

X.f ba /eb C

NX
b;cD1

.f ba �X!
c
b/ec

�
; X

�

D 2

NX
bD1

f ba

� NX
cD1

.�X!
c
b/g.Xc ; X/

�
C 2

NX
bD1

X.f ba /g.Xb; X/

D

NX
bD1

f ba

� NX
bD1

!cb ˇ �Xcg

�
.X;X/C

NX
bD1

.df ba ˇ �Xbg/.X;X/

D

NX
bD1

.f ba LXbg C df ba ˇ �Xbg/.X;X/

D .LXag/.X;X/;

and, by Lemma A.4 in the appendix below, the statement then follows.
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So locally one can define SFs also as an equivalence class of almost Lie algebroids
and module SRFs as an equivalence class of almost Lie algebroids over a Riemannian
base with an appropriately compatible connection. (For some related cohomology see
also [13]).

Using the language of almost Lie algebroids, the following proposition is [16, Theo-
rem 7]. It will be proven in an alternative, more direct way in the present paper, using the
techniques of 	-Poisson geometry.

Proposition 3.7. Every module SRF is a geometric SRF.

Note that the converse is not true, at least not for every choice of the module F .

Example 3.8. Consider F Dh.x2Cy2/.x@y�y@x/iC1c .R2/ onMDR2 equipped with the
standard metric ds2. The leaves are circles centered at the origin, which is a geometric SRF,
but it does not satisfy equation (3.1). More precisely, for V WD .x2 C y2/.x@y � y@x/, a
simple calculation implies that

LV ds2 D 4
�
xdx C ydy
x2 C y2

�
ˇ .ds2/[.V /;

on R2 n .0; 0/. Evidently, the 1-form xdxCydy
x2Cy2

fails to have a smooth extension to the
origin.

Remark 3.9. One can pose the following question as well: Assume that a leaf decom-
position of a Riemannian manifold is given, such that the compatibility condition of
Definition 3.1 is satisfied. Is there an SF generating a module SRF with the given leaf
decomposition? A counter-example for the polynomial or analytic setting is the singular
octonionic Hopf foliation [22]: albeit there do exist such (real analytic or polynomial) SFs
generating the leaf decomposition, the condition (3.1) is not satisfied for any of them. For
the smooth setting, this is still an open problem.

For SFs there is a pullback under submersions, see Definition 2.14 and the text follow-
ing it. To adapt this to the context of SRFs, we consider the following:

Definition 3.10. Let � W .N; h/! .M; g/ be a smooth submersion between Riemannian
manifolds. It is called a Riemannian submersion if, for every q 2 N , the restriction
dq� WHq ! T�.q/M of dq� to Hq D .ker dq�/?g � TqN is an isometry. The smooth
distribution H D .Hq/q2N of rank dim.M/ is called the horizontal distribution of � .

Lemma 3.11. Let � W .N; h/! .M; g/ be a Riemannian submersion and .M;F / an SF.
Then the pullback SF can be generated as follows

��1F D
˝
F H
C �.ker d�/

˛
C1c .N/

; (3.4)

where F H is the horizontal lift of F .

Proof. By Definition 2.14 the inclusion hF H C �.ker d�/iC1c .N/ � �
�1F is evident.

Now let W be a projectable vector field on N projecting to F , i.e., there exists a vector
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field X 2 F such that dq�.W jq/ D X j�.q/. On the other hand, if we decompose W into
its horizontal part WH and its vertical part WV , we have dq�.WH jq/ D X j�.q/, which
gives XH D V H . This means that generators of ��1F belongs to F H C �.ker d�/,
consequently ��1F D hF H C �.ker d�/iC1c .N/.

Proposition 3.12. Let � W .N;h/! .M;g/ be a Riemannian submersion and let .M;g;F /
be a module SRF. Then .N; h; ��1F / is a module SRF as well. The same statement holds
true for geometric SRFs.

Proposition 3.12 will be proven in Section 6 below. As a consequence, and by the
fact that (regular) Riemannian foliations are locally modeled on Riemannian submersions
[21], we obtain

Proposition 3.13. Let .M;F / be a regular foliation on a Riemannian manifold .M; g/.
Then .M; g;F / is a geometric SRF if and only if it is a module SRF.

Example 3.14. LetG be a Lie group acting by isometries on .M;g/. Then after Lemma 3.4
the C1.M/-submodule F � Xc.M/ generated by fundamental vector fields is a module
SRF on .M;g/, since every fundamental vector fieldX is a Killing vector field: LXg D 0.

Example 3.15. The proof of [16, Theorem 1] shows that the geometric SRF induced on
the manifold of objects of a Riemannian Groupoid—as defined in [7]—is a module SRF.

Definition 3.16. Two module SRFs .M1; g1;F1/ and .M2; g2;F2/ are Morita equivalent
if there exists a Riemannian manifold .N; h/ together with two surjective Riemannian
submersions with connected fibers �i W .N; h/! .Mi ; gi / for i D 1; 2 such that

��11 F1 D �
�1
2 F2

and we write .N1; g1;F1/ �ME .N2; g2;F2/.

Remark 3.17. This notion of Morita equivalence can be defined for geometric SRFs as
well as for module ones. Consequently, if two module SRFs are Morita equivalent then
they are also Morita equivalent as geometric SRFs. Moreover, if we forget about Rieman-
nian metrics, we obtain Hausdorff Morita equivalent foliated manifolds.

While for Hausdorff Morita equivalence of SFs transitivity of the equivalence relation
is relatively easy to show, this is more involved in case of the additional Riemannian
structure due to the presence of the metric.

Proposition 3.18. The Morita equivalence of module SRFs defines an equivalence rela-
tion.

Proof. Reflexivity is evident from the definition and for the self-equivalence the identity
map defines a Morita equivalence between a module SRF and itself. Now we prove the
transitivity as follows: Assume that .M1; g1;F1/ �ME .M2; g2;F2/ given by

�i W .U; gU /! .Mi ; gi / for i D 1; 2
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and .M2; g2;F2/ �ME .M3; g3;F3/ given by

�i W .W; gW /! .Mi ; gi / for i D 2; 3:

Now consider the smooth manifold U�2 ��2 W defined as

U�2 ��2 W WD
®
.u;w/ 2 U �W j �2.u/ D �2.w/ 2M2

¯
with canonical projections pU WU�2 ��2 W ! U and pW WU�2 ��2 W ! W . Note that
the tangent space at .u;w/ 2 U�2 ��2 W is given by

T.u;w/.U�2 ��2 W / D
®
.X; Y / 2 TuU � TwW j du�2.X/ D dw�2.Y /

¯
since every smooth curve on U�2 ��2 W can be expressed as .U ; W / where U and W
are smooth curves on U andW , respectively, such that �2.U /D �2.W /. We now define
a Riemannian metric g on U�2 ��2 W as follows:3

g
�
.X1; Y1/; .X2; Y2/

�
WD gU .X1; X2/C gW .Y1; Y2/ � g2

�
du�2.X1/; du�2.X2/

�
(3.5)

where .Xi ; Yi / 2 T.u;w/.U�2 ��2 W / for i D 1; 2, and note that du�U .X1/ D dw�W .Yi /
for i D 1; 2. It is clearly smooth and symmetric. In addition we have

g
�
.X;Y /; .X;Y /

�
D kXk2CkY k2 �

du�2.X/
2 D kXk2CkY k2 � dw�2.Y /

2 � 0
for every .X; Y / 2 T.u;w/.U�2 ��2 W / since �U and �W are Riemannian submersions,
and it is zero if and only if both X and Y are zero vectors. Hence .U�2 ��2 W; g/ defines
a Riemannian manifold. Now we claim that the projections pU and pW are Riemannian
submersions. We have

ker.d.u;w/pU / D
®
.0; Y / 2 TuU � TwW j dw�2.Y / D 0

¯
;

so its orthogonal complement is given by

H.u;w/ D
®
.X; Y / 2 T.u;w/.U�2 ��2 W / j gW .Y;Z/ D 0 8Z 2 ker.dw�2/

¯
:

Using the fact that �W is a Riemannian submersion, for every two vectors .X1; Y1/ and
.X2; Y2/ in H.u;w/ we have

g
�
.X1; Y1/; .X2; Y2/

�
D gU .X1; X2/C gW

�
dw�2.Y1/; dw�2.Y2/

�
� g2

�
dw�2.Y1/; dw�2.Y2/

�
D gU .X1; X2/ D gU

�
d.u;w/pU .X1; Y1/; d.u;w/pU .X2; Y2/

�
which proves that pU is a Riemannian submersion. It has connected fibers since for every
u 2 U , we have p�1U .u/ D ¹uº � ��12 .�2.u//, which is connected. Similarly it is shown
that pW is a Riemannian submersion with connected fibers. These two Riemannian sub-
mersions are surjective by construction. So the Riemannian manifold .U�2 ��2 W;g/ and
the surjective Riemannian submersions with connected fibers �1 ı pU and �2 ı pW define
a Morita equivalence between .N1;g1;F1/ and .N3;g3;F3/. This completes the proof.

3We were informed that this idea has been used already in [7, 26].
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Although the leaf space of an SRF may not be topologically well behaved, it inherits a
pseudo-metric space structure from the Riemannian metric. Following [23], for every two
leaves L1 and L2 of an SRF .M; g;F /, the distance between them is defined by

dM=F .L1; L2/ WD inf

² NX
iD1

Lg.i /

³
:

Here the infimum is taken over all discrete paths .1; : : : ; N / joining L1 and L2, i.e., a
family of piecewise smooth curves 1; : : : ; N W Œ0; 1�! M for some positive integer N ,
such that 1.0/ 2 L1, N .1/ 2 L2 and i .1/ and iC1.0/ belong to the same leaf for each
i D 1; : : : ; n � 1.

As a corollary of Remark 3.17 and Theorem 2.16, there exists a homeomorphism
between the leaf spaces of Morita equivalent module SRFs. The following theorem is the
Riemannian counterpart of part .i/ of Theorem 2.16.

Theorem 3.19. Let .N1; g1;F1/ and .N2; g2;F2/ be Morita equivalent module SRFs.
Then the homeomorphism between the leaf spaces given in Theorem 2.16 is distance pre-
serving.

Proof. Assume that .M1; g1;F1/ �ME .M2; g2;F2/ is given by �i W .N; h/! .Mi ; gi /

for i D 1; 2. Let L1 and L01 be two leaves in .M1; g1;F1/ and let L2 and L02 be their
corresponding leaves in .M2; g2;F2/. Consider a discrete path .1; : : : ; n/ joining L1
and L01. By lifting each i into finitely many piecewise smooth horizontal paths, one
obtains a discrete path .�1; : : : ; �n0/ for some n0 � n on n joining ��11 .L1/ and ��11 .L01/

with the same length as .1; : : : ; n/—since the lifts are horizontal with respect to the
Riemannian submersion �1. Since �2 is a Riemannian submersion, .�2.�1/; : : : ; �2.�n0//
is a discrete path joining L2 and L02 with a length which is smaller than or equal to the
length of .1; : : : ; n/—since the lifts are not necessarily horizontal with respect to �2.
Consequently,

dM1=F1.L1; L
0
1/ � dM2=F2.L2; L

0
2/:

Similarly,
dM2=F2.L2; L

0
2/ � dM1=F1.L1; L

0
1/;

which implies dM1=F1.L1; L
0
1/ D dM1=F2.L2; L

0
2/. This proves the statement.

To define a category SRF of module SRFs one needs to specify their morphisms. We
are not going to do this in the present article. But since any good notion of such morphisms
should include Riemannian submersions which satisfy that the pullback of the SF on the
base agrees with the SF on the total space, we define the following full subcategory SRF0.

Definition 3.20. The category SRF0 has module SRFs as its objects and Riemannian
submersions

� W .N; h;FN /! .M; g;FM /

satisfying ��1FM D FN as its morphisms.
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4. 	 -Poisson manifolds

In what follows, .P; ¹�; �º/ stands for a manifold P equipped with an R-bilinear bracket

¹�; �ºW

2̂

C1.P /! C1.P /

satisfying the Leibniz rule. In other words, ¹f; gº D ….df; dg/ for some bivector field
… 2 �.

V2
TP /. The bracket does not necessarily satisfy the Jacobi identity; if it does,

.P; ¹�; �º/ is a Poisson manifold [5, 6, 18]. By abuse of notation, we denote the restriction
of the bracket to any open subset U � P simply by ¹�; �º. Given a function H 2 C1.P /,
we call XH WD ¹H; �º the Hamiltonian vector field of H and denote its flow by ˆtH . We
denote the sheaf of smooth functions on P by C1.

Definition 4.1. A subsheaf 	 of a sheaf of rings O on a manifold P is called locally
finitely generated if for every q 2 P there exist an open neighborhood U � P containing
q and finitely many sections g1; : : : ; gN 2O.U / such that 	.V /D hg1jV ; : : : ; gN jV iO.V /
for every open subset V � U .

Remark 4.2. In this article, we mostly work with O being the sheaf of smooth func-
tions, but one may equally consider sheaves of polynomial, real analytic or holomorphic
functions for the appropriate choice of P .

Definition 4.3. An 	-Poisson manifold is a triple .P; ¹�; �º;	/where 	 is a locally finitely
generated subsheaf of smooth functions on P , such that for every open subset U � P we
have

(1) 	.U / is a C1.U /-module,

(2) 	.U / is closed under the bracket,

(3) ¹¹f; gº; hº C ¹¹g; hº; f º C ¹¹h; f º; gº 2 	.P /, 8f; g; h 2 N.	/,

where N.	/ WD ¹f 2 C1.P /W ¹f jU ;	.U /º � 	.U / for every open subset U º.
We call ¹�; �º the 	-Poisson bracket and N.	/ the 	-Poisson normalizer.

Example 4.4. Every Poisson manifold .P; ¹�; �º/ is canonically an 	-Poisson manifold for
	 generated by the zero function.

Example 4.5. Let .P; ¹�; �º/ be a Poisson manifold and I D hf1; : : : ; fN iC1.P / be a
finitely generated ideal ofC1.P /which is a Poisson subalgebra. Then the sheaf 	 defined
by

U 7! 	.U / WD
˝
f1jU ; : : : ; fN jU

˛
C1.U /

defines an 	-Poisson manifold.

Example 4.6. Let .P; ¹�; �º/ be a Poisson manifold and C � P an embedded coisotropic
submanifold. Then the triple .P; ¹�; �º;	C / where 	C .U / WD ¹f 2 C

1.U /Wf jC\U � 0º

for every open subset U � P defines an 	-Poisson manifold. Note that in this example,
	C is in general not finitely generated, only locally so.
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Example 4.7. Let .P; ¹�; �º; ˆ/ be a Hamiltonian quasi-Poisson manifold [1]: P is a G-
manifold for a compact Lie groupG, ¹�; �ºW

V2
C1.P /!C1.P / is an R-bilinear bracket

satisfying the Leibniz rule, such that®
¹f; gº; h

¯
C
®
¹g; hº; f

¯
C
®
¹h; f º; g

¯
D �P .df; dg; dh/ 8f; g; h 2 C

1.P / (4.1)

where �P 2 X3.P / is a 3-vector field induced by the cartan 3-tensor � 2
V3 g, and

ˆWP ! G a G-equivariant map satisfying the moment map condition

¹ˆ�f; �º D
1

2
ˆ�
�
.eLa C e

R
a / � f

�
.ea/P 8f 2 C1.G/; (4.2)

where .ea/ is a basis for g, eLa ; e
R
a 2 X.G/ are the left-invariant and right-invariant vector

fields associated to ea respectively, and .ea/P 2 X.P / is the fundamental vector field
induced by ea.

Let P� be the open subset of P on which G acts freely. Fix a conjugacy class C � G
and let 	 � C1.P / to be defined as the vanishing ideal of C� WD ˆ�1.C / \ P�. Now
the triple .P�; ¹�; �º;	/ defines an 	-Poisson manifold: In Definition 4.3, condition (1) is
clear and condition (2) is a consequence of the moment map condition andG-equivariance
of ˆ. It remains to show that condition (3) is satisfied: The moment map condition gives

N .	/ D
®
f 2 C1.P /Wf jC� 2 C

1.C�/
G
¯
;

which implies that for f; g; h 2 N .	/, the function �P .df; dg; dh/ vanishes on C� since
�P jC� 2 X3.C�/.

Under some conditions, a reduction process applied to Examples 4.6 and 4.7 results in
reduced Poisson manifolds.

Example 4.8. In Example 4.6, the Hamiltonian vector fields of functions in 	C are tan-
gent to C and they are closed under the Lie bracket, hence defining an SF on C . If this SF
is regular and the quotient map � WC ! Cred to the leaf space Cred is a smooth submersion,
then Cred inherits a Poisson bracket ¹�; �ºred such that ��¹f; gºred D ¹F; GºjC , where F
and G are smooth functions on P satisfying F jC D ��f and GjC D ��g. This process
is called the coisotropic reduction [20].

Example 4.9. In Example 4.7, [1, Theorem 6.1] implies that the quotient Cred WD C�=G

inherits a Poisson bracket ¹�; �ºred.

Remark 4.10. The notion of an 	-Poisson manifold is motivated by generalizing Exam-
ples 4.6 and 4.7 and their reductions to a potentially singular setting, where the quotient
Cred does not need to exist as a manifold and the reduction is performed algebraically.

As a consequence of conditions (2) and (3) of Definition 4, the quotient N.	/=	.P /
forms a Poisson algebra. This motivates the following definition.

Definition 4.11. The reduced Poisson algebra of the 	-Poisson manifold .P; ¹�; �º;	/ is
defined to be the Poisson algebra R.	/ WD N.	/=	.P /.
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Remark 4.12. This is a straightforward generalization of the set of Dirac observables [9].
The algebra R.	/ also appears in [25] as an algebraic method of reducing Hamiltonian
G-spaces with singular moment maps.

Example 4.13. IfCred in Example 4.8 is smooth, then R.	C / is isomorphic to the Poisson
algebra C1.Cred/. Similarly, in Example 4.9, the Poisson algebra of functions on Cred is
isomorphic to the Poisson algebra R.	/.

Example 4.14. Let G be a connected Lie group acting on a Poisson manifold .P; ¹�; �º/
by Poisson diffeomorphisms with a G-equivariant moment �WP ! g�. Following [25],
the subsheaf 	 � C1 generated by smooth functions h�; gi is a Poisson subalgebra and
one has

R.	/ Š
�
C1.P /=	

�G
:

Moreover, if G is compact, then Proposition 5:12 in [3] states that

R.	/ Š C1.P /G=	G :

Example 4.15. Let P D T �Rn, n > 1, with coordinates .q1; : : : ; qn; p1; : : : ; pn/ and
	 � C1 the subsheaf generated by the n.n � 1/=2 functions qipj � qjpi for 1 � i <
j � n. This is a special case of Example 4.14 for the diagonal action of G D SO.n/ on
T �Rn. We have

R.	/ Š W1.D/;

where D � R3 is defined by

D WD
®
.x1; x2; x3/ 2 R3jx21 C x

2
2 D x

2
3 and x3 � 0

¯
and W1.D/ stands for the smooth functions on D in the sense of Whitney, i.e., the
restriction of C1.R3/ to D. For more details and proofs see [3, Theorem 5.6 and Exam-
ple 5.11 (a)].

The Poisson bracket on W1.D/ can be understood as follows: Identify R3 with the
Poisson manifold so.2; 1/� and, simultaneously, with 2+1 dimensional Minkowski space.
The symplectic leaves of so.2; 1/� then consist of spacelike vectors of a fixed Minkowski
norm (one-sheeted hyperboloids), null vectors decompose into the origin, the forward light
cone, and the backward light cone as three distinct leaves, and finally timelike vectors of
a fixed norm yield two leaves each (two-sheeted hyperboloids). Then restriction toD cor-
responds precisely to restricting to the forward lightcone and the origin in this Minkowski
space. This bracket does not depend on the extension of a function on D to the ambient
space since D is the collection of (two) symplectic leaves.

Remark 4.16. If in the previous example one restricts to the polynomial functions, such
that 	 � RŒq1; : : : ; qn; p1; : : : ; pn�, one finds

R.	/ Š S�
�
so.2; 1/

�
=hx21 C x

2
2 � x

2
3i;

i.e., the polynomial functions on so.2; 1/� modulo the ideal generated by the quadratic
Casimir. So one looses the restriction x3 � 0 that one finds in the smooth setting.
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Definition 4.17. A dynamical 	-Poisson manifold denoted by .P; ¹�; �º;	;H/ consists of
an 	-Poisson manifold .P; ¹�; �º;	/ and a Hamiltonian function H 2 N.	/. Its reduction
is defined to be the pair .R.	/; ŒH �/ where ŒH � 2 R.	/ is the equivalence class of H .

The following proposition reveals one of the main properties of dynamical 	-Poisson
manifolds.

Proposition 4.18. Let .P; ¹�; �º; 	; H/ be a dynamical 	-Poisson manifold. Then the
Hamiltonian flow of H locally preserves 	, i.e., for every q0 2 P there exists an open
neighborhood U � P around q0 such that ˆtH jU is defined for t 2 .�"; "/ and

.ˆtH /
�	
�
ˆtH .U /

�
D 	.U /: (4.3)

In the case that the Hamiltonian vector field XH is complete, this implies that, for all
t 2 R, one has .ˆtH /

�	 ıˆtH D 	 and, in particular, that the ideal 	.P / is preserved,

.ˆtH /
�	.P / D 	.P /:

Proof. Choose an open neighborhood W � P around q0 where 	.W / is generated by
finitely many functions g1; : : : ; gN for some positive integer N . Then by the existence
and uniqueness theorem for ODEs there exist an open subset U �W containing q0 and an
interval .�";"/, " > 0, such thatˆtH jU is defined for t 2 .�";"/. By the definition of the 	-
Poisson normalizer in Definition 4.3, there exist functions �ba 2 C

1.U /, a; b D 1; : : : ;N ,
such that:

¹H;gaº D

NX
bD1

�bagb :

Using this equation, we obtain:

d

dt

�
.ˆtH /

�ga
�
D .ˆtH /

�
¹H;gaº D

NX
bD1

�
.ˆtH /

��ba
��
.ˆtH /

�ga
�
: (4.4)

Now, let Xp.t/ 2 RN be a column vector with a-th component equal to ga ıˆtH .p/
for a D 1; : : : ;N and let Ap.t/ be the N by N matrix .�ba ıˆ

t
H .p//

N
a;bD1

. Equation (4.4)
then transforms into the following family of non-autonomous linear ODEs

d
dt
Xp.t/ D Ap.t/Xp.t/: (4.5)

This equation and its initial conditions depend smoothly on p 2 U . It is standard knowl-
edge that solutions to (4.5) take the form:

Xp.t/ D ‰p.t/Xp.0/: (4.6)

Here‰p.t/D . ba .t; p//
N
a;bD1

is the fundamental matrix of the ODE, satisfying‰p.0/D
IN and

d
dt
‰p.t/ D Ap.t/‰p.t/:

‰p.t/ is sometimes also called the (time-) ordered exponential of Ap.t/.
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Since Ap.t/ and Xp.0/ depend smoothly on p, the components of the fundamental
matrix,  ba .t; p/, depend smoothly on p as well. Now, equation (4.6) can be written as

.ˆtH /
�ga.p/ D

NX
bD1

 ba .t; p/gb.p/;

which implies the inclusion .ˆtH /
�	.ˆtH .U // � 	.U /.

To prove equality, we first observe that the inclusion yields also

.ˆ�tH /
�	.U / � 	

�
ˆtH .U /

�
for every t 2 .�"; "/:

Thus, for every f 2 	.U /, one has .ˆ�tH /
�f 2 	.ˆtH .U //. But on the other hand, we

have the obvious identity
f D .ˆtH /

�
�
.ˆ�tH /

�f
�
;

and therefore f 2 .ˆtH /
�	.ˆtH .U //.

The following example shows that the condition of being locally finitely generated in
the definition of 	-Poisson manifolds is crucial for Proposition 4.18 to hold true.

Example 4.19. Consider the Poisson manifold M D T �R Š R2 with coordinates .q; p/
and standard Poisson bracket

¹f; gº D
@f

@p

@g

@q
�
@f

@q

@g

@p
:

Let 	 be the subsheaf of C1 vanishing on ¹q < 0º �M , which is not locally finitely
generated around every point on the p-axis, but still closed under the Poisson bracket.
Then the coordinate function p is an element of N.	/ since Xp D @

@q
preserves 	. But

the Hamiltonian flow of Xp is given by ˆtXp .q; p/ D .q C t; p/, which evidently does not
preserve 	 if t > 0.

In order to define the category of 	-Poisson manifolds, we introduce a notion of mor-
phisms and show that they can be composed:

Definition 4.20. Let 'W .P1; ¹�; �º1;	1/! .P2; ¹�; �º2;	2/ be a smooth map between two
	-Poisson manifolds. We call it an 	-Poisson map if the following three conditions are
satisfied:

'�
�
	2.P2/

�
� 	1.P1/; (4.7)

'�N.	2/ � N.	1/; (4.8)

¹'�f; '�gº1 � '
�
¹f; gº2 2 	1.P1/ 8f; g 2 N.	2/: (4.9)

For dynamical 	-Poisson manifolds we add the condition '�H2 �H1 2 	1.

Proposition 4.21. The composition of two 	-Poisson maps is an 	-Poisson map.
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Proof. Consider the following 	-Poisson maps:

'W
�
P1; ¹�; �º1;	1

�
!
�
P2; ¹�; �º2;	2

�
 W
�
P2; ¹�; �º2;	2

�
!
�
P3; ¹�; �º3;	3

�
:

Equations (4.7) and (4.8) for  ı ' follow directly from those equations for  and '. It is
thus enough to verify equation (4.9) for the composition. For all f; g 2 N.	3/ we have

¹f ı  ı '; g ı  ı 'º1 � ¹f; gº3 ı  ı '

D
®
.f ı  / ı '; .g ı  / ı '

¯
1
� ¹f ı  ; g ı  º2 ı '

C
�
¹f ı  ; g ı  º2 � ¹f; gº3 ı  

�
ı '

2 	1.P1/C '
�	2.P2/ � 	1.P1/;

where we used equations (4.7) and (4.9) for ' and equations (4.8) and (4.9) for in the last
line of the proof. A similar computation shows that morphisms of dynamical 	-Poisson
manifolds can be composed as well.

Definition 4.22. The categoryIPois and dynIPois consist of	-Poisson manifolds together
with 	-Poisson maps and dynamical 	-Poisson manifolds together with dynamical 	-
Poisson maps, respectively. By requiring the 	-Poisson bracket to be a Poisson bracket, we
obtain a subcategory which we call (dynamical) semi-strict 	-Poisson manifolds ssIPois
(ssdynIPois). Similarly, the category sIPois (sdynIPois) of strict (dynamical) 	-Poisson
manifolds is defined by requiring that the 	-Poisson bracket is a Poisson bracket and that
the morphisms are Poisson maps.

Remark 4.23. While ssIPois is a full subcategory of IPois, sIPois is not.

Remark 4.24. The three conditions in Definition 4.20 are the minimal conditions for the
map '� to induce a morphism of Poisson algebras Q'WR.	2/! R.	1/. In particular, we
obtain a functor F from IPois op to PoisAlg, the category of Poisson algebras. We call F
the reduction functor.

Remark 4.25. Viewing Poisson manifolds .P; ¹�; �º/ as 	-Poisson manifolds .P; ¹�; �º; 0/,
	-Poisson maps are precisely Poisson maps. This identifies the category of Poisson man-
ifolds Pois with a full subcategory of sIPois.

Remark 4.26. There is a functor from IPois to C3Alg, the category of coisotropic triples
of algebras as introduced in [8]. On the level of objects, one associates the triple .C1.P /;
N.	/;	.P // to every 	-Poisson manifold .P; ¹�; �º;	/, while a morphism ' in our sense
gives rise to a morphism '� in C3Alg due to the first two defining conditions (4.7) and
(4.8).

5. Singular (Riemannian) foliations through 	 -Poisson manifolds

Let M be a smooth manifold. We denote by C1
k
.T �M/ � C1.T �M/ the algebra of

homogeneous polynomials of degree k in the fiber coordinates of T �M with coefficients
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in C1.M/. Every vector field X 2 X.M/ defines an element xX 2 C11 .T
�M/ on the

cotangent bundle of M , defined as

xX.q; p/ D hp;X jqi

for every .q; p/ 2 T �M , where q 2 M and p 2 T �qM and h�; �i denotes the canonical
pairing. This construction can be naturally extended to the sections of �.Sk.TM// to
obtain elements in Ck.T �M/.

Lemma 5.1. Let X; Y 2 X.M/ be two vector fields on M . Then

¹ xX; xY ºT �M D ŒX; Y �; (5.1)

where ¹�; �ºT �M is the canonical Poisson bracket on T �M and Œ�; �� is the Lie bracket of
vector fields on M .

Proof. Let .q1; : : : ; qn/ be a local coordinate system on M , and .q1; : : : ; qn; p1; : : : ; pn/
the corresponding canonical local coordinates on T �M . In this coordinate system xX and
xY can be written as xX D

Pn
iD1 X

ipi and xY D
Pn
iD1 Y

ipi , where X i ; Y i are the com-
ponents of V; W in the above coordinate system. The following calculation proves the
lemma:

¹ xX; xY ºT �M D

nX
iD1

� nX
jD1

Xj
@Y i

@qj
� Y j

@X i

@qj

�
pi D

nX
iD1

ŒX; Y �ipi D ŒX; Y �:

Lemma 5.1 and the Leibniz rule for the Lie derivative of tensor fields imply the fol-
lowing result.

Corollary 5.2. Let S be an element of �.Sk.TM// for some k � 0, and xS be its corre-
sponding element in C1

k
.T �M/. Then for every vector field X 2 X.M/ we have:

¹ xX; xSºT �M D LXS: (5.2)

Now let .M;F / be a foliated manifold. Define a C1.T �M/-submodule

JF � C
1
c .T

�M/

by
JF WD h

xX WX 2 F iC1c .T �M/:

Note that the generators of JF are not required to be compactly supported on T �M .
Then we define the sub-presheaf 	F of the sheaf of smooth functions on T �M by

	F .U / WD
®
f 2 C1.U /W �f 2 JF 8� 2 C

1
c .U /

¯
(5.3)

for every open subset U � T �M .

Proposition 5.3. The presehaf 	F defined in equation (5.3) is a subsheaf of the sheaf of
smooth functions on T �M .
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Proof. The locality of 	F is evident, since 	F is a sub-presheaf of the sheaf of smooth
functions on T �M . To verify the gluing property, let ¹Uiº1iD1 be an arbitrary open cover of
T �M and let f 2C1.T �M/ be such that f jUi 2	F .Ui / for every positive integer i . We
prove that f 2 	F .T

�M/ as follows: it is enough to show that for every � 2 C1c .T
�M/,

we have �f 2 JF . Since supp.�/ is compact, it can be covered by finitely many open
subsets Ui1 ; : : : ; UiN in ¹Uiº1iD1. Choose a partition of unity �0; �i1 ; : : : ; �iN subordinate
to the open cover ¹U0 WD T �M n supp.�/; Ui1 ; : : : ; UiN º of T �M and write

�f D

NX
kD1

��ikf jUik
:

The latter implies that �f 2 JF , since by definition of 	F .Uik /, for each k D 1; : : : ; N
we have ��ikf jUik 2 JF .

We prove that the sheaf 	F satisfies the properties of Definition 4.3, in the following
lemmas.

Lemma 5.4. For every open subset U � T �M we have®
	F .U /;	F .U /

¯
T �M

� 	F .U /

Proof. Let f; g 2 	F .U /. It is enough to show that for every � 2 C1c .U / we have
�¹f;gº�JF . Choose a compactly supported function � 2C1c .U / such that � jsupp.�/� 1.
One obtains

�¹f; gºT �M D ¹�f; �gºT �M � ¹�f; �ºT �Mg � �f ¹�; gºT �M 2 JF ;

since the first term belongs to JF by Lemma 5.1, the second term is inside JF by Def-
inition of 	F .U /, and the last term vanishes identically. Consequently, ¹f; gºT �M 2
	F .U /.

Lemma 5.5. Let U � M be an open subset such that ��1U F D hX1; : : : ; XN iC1c .U / for
finitely many vector fields X1; : : : ; XN 2 X.U /. Then

	F .V / D
˝
X1jV ; : : : ; XN jV

˛
C1.V /

;

for every open subset V � T �U .

Proof. We first prove that hX1jV ; : : : ; XN jV iC1.V / � 	F .V /. Let
PN
aD1 �

aXajV be an
element of hX1jV ; : : : ; XN jV iC1.V / and take an arbitrary � 2 C1c .V /. By choosing a
compactly supported function h 2 C1c .U / such that hjsupp.�/ � 1 (when viewing h as an
element of C10 .T

�U/), we have

�

NX
aD1

�aXajV D

NX
aD1

��ahXa 2 JF ;
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since ��a 2C1c .V / and hXa 2F for all aD 1; : : : ;N . To prove equality, let f 2	F .V /.
Choose a partition of unity ¹�iº1iD1 subordinate to a locally finite cover ¹Viº1iD1 of V .
Since for every i we have �if 2 JF and V � T �U , there exist functions �1i ; : : : ; �

N
i 2

C1c .T
�U/ such that

�if D

NX
aD1

�ai jVXajV :

This implies

f D

1X
iD1

�if D

1X
iD1

NX
aD1

�ai jVXajV D

NX
aD1

� 1X
iD1

�ai jV

�
XajV ;

which completes the proof.

Corollary 5.6. Let .M;F / be a foliated manifold. Then the triple .T �M; ¹�; �ºT �M ;	F /

is an 	-Poisson manifold.

For every Riemannian manifold .M; g/, its cotangent bundle T �M carries a natural
Hamiltonian function Hg :

Hg.q; p/ D
1

2

˝
p; g�1[ .p/

˛
for every .q;p/2 T �M , where g[WTqM ! T �qM is the musical isomorphism v 7! g.v; �/.
In local Darboux coordinates this becomes

Hg.q
1; : : : ; qn; p1; : : : ; pn/ D

1

2

nX
i;jD1

gijpipj

where the matrix .gij / is the inverse to the matrix of the Riemannian metric .gij / in the
coordinates .q1; : : : ; qn/. Equivalently, we can define also Hg using the isomorphism

�
�
S2.TM/

�
Š C12 .T

�M/;

under which it becomes identified with g�1 WD
Pn
i;jD1 g

ij @i ˇ @j , i.e., Hg D 1
2
g�1.

The following fact about Hg is standard knowledge, which we still prove for com-
pleteness.

Proposition 5.7. The Hamiltonian flow of Hg is the image of the geodesic flow under the
musical isomorphism, i.e., for every geodesic  W .�"; "/! M and every t 2 .�"; "/, we
have

ˆtHg

�
.0/; g

�
P.0/; �

��
D
�
.t/; g

�
P.t/; �

��
:

Proof. Assume that .q1; : : : ; qn/ is a normal coordinate system centered at q 2 M , i.e.,
gij .q/ D ıij and @kgij .q/ D 0 for i; j; k D 1; : : : ; n. For every p 2 T �qM we have

XHg .q; p/ D

nX
iD1

pi
@

@qi
jq :
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Let  W .�"; "/! M be a geodesic passing through q at t D 0; in particular, Rqi .0/ D 0.
Then ..t/; g. P.t/; �// is a curve on T �M passing through .q; p/ D ..0/; g. P.0//; �/ at
t D 0; in local coordinates, ..t/; g. P.t//; �/D .q1.t/; : : : ; qn.t/;p1.t/; : : : ; pn.t// where
pi .t/ D

Pn
jD1 gij .q.t// Pq

j .t/. Then, since Ppi .0/ D 0, we have

d
dt
jtD0

�
.t/; g

�
P.t/; �

��
D

nX
iD1

Pqi .0/
@

@qi
jq :

On the other hand, Pqi .0/ D g. P.0/; @
@qi
jq/ D pi .0/, which indeed gives

XHg .q; p/ D
d
dt
jtD0

�
.t/; g

�
P.t/; �

��
:

Lemma 5.8. Let .M;F / be a foliated manifold. We have

N.	F / D
®
f 2 C1.T �M/W ¹f;JF ºT �M � JF

¯
:

Proof. The inclusion N.	F / � ¹f 2 C
1.T �M/W ¹f; JF ºT �M � JF º is satisfied by

Definition 4.3 and the fact that JF is equal to the set of compactly supported elements in
	F .T

�M/. Now let f 2 C1.T �M/ be such that ¹f;JF ºT �M � JF . Let U � T �M be
an open subset and g 2 	F .U /. For every � 2 C1c .U / we have

�¹f jU ; gºT �M D ¹f; �gºT �M � ¹f; �ºT �Mg 2 JF ;

since �g 2 JF and ¹f; �ºT �M is compactly supported in U . The definition of 	F .U /

then implies that ¹f jU ; 	F .U /ºT �M � 	F .U /. Since U is arbitrary, we obtain f 2
N.	F /.

Now we can state an equivalent definition of module SRFs through 	-Poisson geom-
etry.

Proposition 5.9. A singular foliation F on a Riemannian manifold .M;g/ defines a mod-
ule SRF, if and only if

Hg 2 N.	F /: (5.4)

Proof. Assume that .M;g;F / is a module SRF. By Lemma 3.3, for everyX 2F we have

LXg
�1
2 X.M/ˇ F :

Using the isomorphism �.S2.TM// Š C12 .T
�M/ and Corollary 5.2, we obtain

¹ xX;HgºT �M D
1

2
LXg�1 2 X.M/ˇ F ;

which together with the Leibniz rule imply ¹JF ;HgºT �M � JF . Lemma 5.8 then implies
that Hg 2 N.	F /. Conversely assume that Hg 2 N.	F /. After Proposition 3.5 we can
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assume that F D hX1; : : : ; XN iC1c .M/. Using Lemma 5.5, Hg 2 N.	F / implies that for
every a D 1; : : : ; N there exist functions f 1a ; : : : ; f

N
a 2 C

1.T �M/ such that

1

2
LXag

�1 D ¹Xa;Hgº D

NX
bD1

f ba Xb; (5.5)

where we used Corollary 5.2 for the first equality. Locally, for each a and b, consider the
first-order Taylor approximation of f ba .q; p/ with respect to the fiber coordinates ¹piº
around .q; 0/

f ba .q; p/ D f
b
a .q; 0/C �

b
a.q; p/C o

�
kpk

�
(5.6)

where �ba.q; p/ is linear in fiber coordinates. equations (5.5) and (5.6) then imply that

¹Xa;Hgº �

NX
bD1

�baXb D

NX
bD1

�
f ba .q; 0/C o

�
kpk

��
Xb :

The left-hand side of the last equation is quadratic in fiber-coordinates, while the right-
hand side is not. This implies that both sides are identically zero. Consequently,

¹Xa;Hgº D

NX
bD1

�baXb;

for some �ba 2 C
1
1 .T

�M/. Lemma 3.4 then implies that LXg
�1 2 X.M/ˇ F .

Now we are able to present the proof of Proposition 3.7.

Proof of Proposition 3.7. Let .M; g;F / be a module SRF. As the statement is local, we
can assume that F is finitely generated, i.e., there exist vector fields X1; : : : ;XN 2 X.M/

for some positive integer N , such that F D hX1; : : : ; XN iC1c .M/. By Lemma 5.5, 	F

is generated by functions X1; : : : ; XN . By Proposition 5.9, for every a D 1; : : : ; N there
exist functions �1a; : : : ; �

N
a 2 C

1
1 .T

�M/ such that

¹Hg ; Xaº D

NX
bD1

�baXb :

Assume that  W .�"; "/ ! M is a geodesic such that P.0/ ? F.0/, i.e., the geodesic
is orthogonal to the leaf at t D 0. Then the ideal 	F .T

�M/ vanishes at .q0; p0/ D
..0/; g. P.0/; :// 2 T �M . Since ˆtHg .q0/ is defined for �" < t < ", for every r < "

there exists an open neighborhood U �M of q0 such that ˆtHg is defined for t 2 .�r; r/
on U . According to Proposition 5.7,

g
�
P.t/; Xa

�
.t/

��
D Xa

�
.t/; g.t/

�
P.t/; �

��
D Xa ıˆ

t
Hg
jU

�
.0/; g.0/

�
P.0/; �

��
D ˆtHg j

�
UXa.q0; p0/ for a D 1; : : : ; N:
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But now, according to Proposition 4.18, the function .ˆtHg jU /
�.XajˆtHg .U /

/ is an element
in 	F .U / for t 2 .�r; r/. This means that for t in this interval, P.t/ ? F.t/. As r < " is
arbitrary, the proof is complete.

6. The functor ˆ and reduction

At the end of Section 3 we introduced the category SRF0 and in Section 4 we introduced
the category of 	-Poisson manifolds IPois. In this section we will provide a functor from
the first to the second category, by sending a module SRF .M; g;F / to the 	-Poisson
manifold .T �M; ¹�; �º;	F / and every surjective Riemannian submersion � W .M1; g1/!

.M2; g2/ to the bundle map '� WD .g2/[ ı d� ı .g2/�1[ W .T
�M1; ¹�; �º1/! .T �M2; ¹�; �º2/,

see Theorem 6.9 below. '� is precisely the map making the following diagram commute:

TM1

TM2

T �M1

T �M2

d�

.g2/[

.g1/[

'�

The map '� is not a Poisson map in general.4

Example 6.1. Let � WR3 ! R2 be the projection .x; y; z/ 7! .x; y/ in the canonical
coordinates. Equipping R3 and R2 with the following metric tensors

g3 WD dx ˝ dx C .1C x2/dy ˝ dy � xdy ˝ dz � xdz ˝ dy C dz ˝ dz

and

g2 WD dx ˝ dx C dy ˝ dy;

respectively, turns � into a Riemannian submersion. Here .x; y/ denote the coordinates
on R2. In the induced coordinates .x; y; px ; py/ and .x; y; z; px ; py ; pz/ on T �R2 and
T �R3, respectively, the map '� is given by

'�.x; y; z; px ; py ; pz/ D .x; y; px ; py C xpz/:

This is not a Poisson map, since ¹'��px ; '
�
�pyº D ¹px ; py C xpzº D pz ¤ 0.

In the last example the obstruction for '� to be a Poisson map is that the horizontal
distribution of the Riemannian submersion � , which is generated by vector fields @

@x
and

@
@y
C x @

@z
, is not integrable; the corresponding connection has curvature.

The map '� still preserves the Poisson bracket up to some ideal of functions 	ker d� .

4In contrast to what is claimed in [4].
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Definition 6.2. Let � WM1 ! M2 be a submersion. The subsheaf of smooth functions
	ker d� on T �M1 is defined as the corresponding sheaf 	F for the regular foliation F WD

�c.ker d�/.

When there is no ambiguity, for simplicity, we denote the ideal 	ker d�.T
�M1/ by

	ker d� .

Remark 6.3. It is not difficult to see that for every open subset U � T �M , The ideal
	ker d�.U / is the vanishing ideal of the submanifold

Ann.ker d�/ \ U � U:

Here Ann.ker d�/ stands for the annihilator of the subbundle ker d� � TM1. Moreover,
since Ann.ker d�/ is an embedded submanifold, we have:

C WD
®
.q; p/ 2 T �M1Wf .q; p/ D 0 8f 2 	ker d�

¯
� Ann.ker d�/: (6.1)

Lemma 6.4. Let � W .M1; g1/! .M2; g2/ be a Riemannian submersion. Then for every
f; g 2 C1.T �M2/:

¹f ı '� ; g ı '�º1 � ¹f; gº2 ı '� 2 	ker d� ; (6.2)

¹f ı '� ;	ker d�º1 � 	ker d� : (6.3)

Proof. Choose local Darboux coordinates .qi2; p
2
i / on T �M2 and .qi1; q

˛
1 ; p

1
i ; p

1
˛/ on

T �M1, such that qi2 ı � D q
i
1 (this is possible since � is assumed to be a submersion). In

particular, 	ker d� is generated by the momenta p1˛ . Now note that at every point q 2M1,

dq�
�
@

@qi1
jq

�
D

@

@qi2
j�.q/;

since for every function f 2 C1.M2/

dq�
�
@

@qi1
jq

�
� f D

@.f ı �/

@qi1
.q/ D

@f

@q
j
2

�
�.q/

�@.qj2 ı �/
@qi1

.q/ D
@f

@qi2

�
�.q/

�
:

In particular, since '� is a bundle map, we have

qi1 D q
i
2 ı '� : (6.4)

Next we prove that upon restriction to the vanishing submanifold C of 	ker d� ,

C D
®
.q; p/ 2 T �M1Wf .q; p/ D 0 8f 2 	ker d�

¯
� Ann.ker d�/; (6.5)

one has p1i D p
2
i ı '� . Indeed, let .q; p/ be a point in T �M1 and X D .g1/�1[ .p/. Then

p1i .q; p/ D p

�
@

@qi1
jq

�
D g1

�
X;

@

@qi1
jq

�
D g1

�
X;

�
@

@qi1
jq

�H�
C g1

�
X;

�
@

@qi1
jq

�V�
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where . @

@qi1
jq/

H and . @

@qi1
jq/

V are the horizontal and vertical parts of the vector @

@qi1
jq with

respect to g1, respectively. Using that � is a Riemannian submersion and that there exist
functions A˛ such that . @

@qi1
jq/

V D
P
˛ A˛.q/

@
@q˛1
jq , this implies:

p1i .q; p/ D g2

�
dq�.X/;

@

@qi2
j�.q/

�
C

X
˛

g1

�
X;A˛.q/

@

@q˛1
jq

�
:

Consequently, by definition of '� ,

p1i .q; p/ D p
2
i ı '�.q; p/C

X
˛

A˛.q/p
1
˛.q; p/

and thus
p1i jC D .p

2
i ı '�/jC : (6.6)

Now for every f 2 C1.T �M2/, we have:

@.f ı '�/

@qi1
.q; p/ D

@f

@q
j
2

�
'�.q; p/

�@.qj2 ı '�/
@qi1

.q; p/

C
@f

@p2j

�
'�.q; p/v

�@.p2j ı '�/
@qi1

.q; p/: (6.7)

Since @

@qi1
jC is tangent to C , for every point .q; p/ 2 C , we may use equation (6.6) to

transform equation (6.7) into:

@.f ı '�/

@qi1
.q; p/ D

@f

@q
j
2

�
'�.q; p/

�@qj1
@qi1

.q; p/C
@f

@p2j

�
'�.q; p/

�@p1j
@qi1

.q; p/

D
@f

@qi2

�
'�.q; p/

�
: (6.8)

In a similar way, using the chain rule and that @

@p1i
jC and @

@q˛1
jC are tangent to C , for

every function f 2 C1.T �M2/ and every .q; p/ 2 C , one finds

@.f ı '�/

@p1i
.q; p/ D

@f

@p2i

�
'�.q; p/

�
; (6.9)

@.f ı '�/

@q˛1
.q; p/ D 0: (6.10)

For every two functions f; g 2 C1.T �M2/, upon restriction to jC we have:

¹f ı '� ; g ı '�º1jC D
X
i

�
@.f ı '�/

@p1i

@.g ı '�/

@qi1
�
@.g ı '�/

@p1i

@.f ı '�/

@qi1

�
jC

C

X
˛

�
@.f ı '�/

@p1˛

@.g ı '�/

@q˛1
�
@.g ı '�/

@p1˛

@.f ı '�/

@q˛1

�
jC
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D

X
i

�
@.f ı '�/

@p1i

@.g ı '�/

@qi1
�
@.g ı '�/

@p1i

@.f ı '�/

@qi1

�
jC

D

X
i

�
@f

@p2i
ı '�

�
jC

�
@g

@qi2
ı '�

�
jC �

�
@g

@p2i
ı '�

�
jC

�
@f

@qi2
ı '�

�
jC

D ¹f; gº2 ı '� jC :

Here in the first equality we used just the definition of the Poisson bracket, in the second
one we used equation (6.10), thereafter equations (6.8) and (6.9), and finally again the
definition of the bracket. Note that every function on T �M1 vanishing on C is an element
of 	ker d� , which proves equation (6.2).

Equation (6.10) implies equation (6.3) as well, since 	ker d� is locally generated by
coordinate functions p˛ for ˛ D 1; : : : ; k, and we have

¹p˛; f ı '�º1jC D
@.f ı '�/

@q˛1
jC D 0:

which gives ¹f ı '� ; p˛º1 2 	ker d� .

Corollary 6.5. The restriction '� jC WC ! T �M2 is a surjective submersion. It coincides
with the projection to the leaf space for the coisotropic reduction of C � T �M1.

Proof. Choosing the same local coordinates as in the proof of Lemma 6.4, .qi1; q
˛
1 ; p

1
i /

give local coordinates for C and equations (6.4) and (6.6) ensure that '�.qi1; q
˛
1 ; p

1
i / D

.qi1; p
1
i /.

To study the obstruction for '� to be a Poisson map, we first prove the following
lemma which describes the horizontal distribution in terms of the map '� :

Lemma 6.6. Let � W .N; h/! .M; g/ be a Riemannian submersion and let X be a vector
field on M . Then the horizontal lift of X is given by a vector field V on N satisfying

xV D .'�/
� xX; (6.11)

which is an element in C11 .T
�N/.

Proof. Define V 2 X.N / by xV WD .'�/
�. xX/ 2 C11 .T

�M/. Using Corollary 5.2 and
Lemma 6.4 for every function f 2 C1.M/, we have

V � ��f D ¹ xV ; ��f º D
®
.'�/

� xX;��f
¯
D
®
.'�/

� xX; .'�/
�f
¯

D .'�/
�
¹ xX; f º D ��.X � f /;

which means that V is projectable and projects to X . In addition, for every vertical vector
v 2 ker dq� and i D 1; : : : ; n we have

h.v; V jq/ D xV
�
h[.v/

�
D .'�/

� xX
�
h[.v/

�
D xX

�
'� ı h[.v/

�
D xX

�
g[ ı dq�.v/

�
D 0;

showing that V is the horizontal lift of X .
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The following identifies the obstruction for '� to be a Poisson map.

Proposition 6.7. Let � W .N; h/ ! .M; g/ be a Riemannian submersion. Then the map
'� WD g[ ı d� ı h�1

[
is a Poisson map if and only if the horizontal distribution H � TM

of � is integrable.

Proof. Let ¹fiºniD1 be a local orthonormal frame around a point q 2M and ¹eiºniD1 their
horizontal lifts. By Lemma 6.6 we have ei D .'�/�fi for i D 1; : : : ; n. If '� is a Poisson
map, the family of functions .'�/�.fi / 2 C11 .T

�N/ is closed under the Poisson bracket,
and consequently the horizontal distribution locally generated by vector fields ei is inte-
grable. This proves the if part of the proposition.

Conversely assume that H is integrable. It is enough to check the condition of being
a Poisson map on smooth functions in C10 .T

�M/
L
C11 .T

�M/ only. First, for every
f; g 2 C10 .T

�M/ we have ¹f ı '� ; g ı '�ºT �N D ¹f; gºT �M D 0. Second, for every
xX 2 C11 .T

�M/ and f 2 C10 .T
�M/ we have

¹ xX ı '� ; f ı '�ºT �N D X
H
� .f ı '�/ D .X � f / ı '� D ¹ xX; f ºT �M ı '� :

Finally, by Lemma 6.6 and integrability of H , for every xX; xY 2 C11 .T
�M/ one obtains

¹ xX ı '� ; xY ı '�ºT �N D ŒXH ; YH � D ŒX; Y �H D ŒX; Y � ı '� D ¹ xX; xY ºT �M ı '� :

Lemma 6.8. Let � W .N; h/! .M; g/ be a Riemannian submersion. Then

Hh �Hg ı '� 2 	ker d� :

Proof. It is enough to show that the left-hand side vanishes on C , defined in equation
(6.1). For every .q; p/ 2 C , we have

Hh.q; p/ D
1

2

˝
p; .h[/

�1.p/
˛
D
1

2

˝
p;
�
.h[/

�1.p/
�H ˛

D
1

2
h
�
.h[/

�1.p/;
�
.h[/

�1.p/
�H �

D
1

2
h
��
.h[/

�1.p/
�H
;
�
.h[/

�1.p/
�H �

D
1

2
g
�
dq� ı .h[/�1.p/; dq� ı .h[/�1.p/

�
D
1

2

˝
'�.p/; .g[/

�1
�
'�.p/

�˛
D Hg ı '�.q; p/:

Now we are able to prove the well behavedness of module SRFs under Riemannian
submersions.

Proof of Proposition 3.12. Let .M; g; F / be a module SRF and � W .N; h/ ! .M; g/ a
Riemannian submersion. By Lemma 3.11

FN D
˝
F H
M C �.ker d�/

˛
C1c .N/

(6.12)
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where F H
M consists of horizontal lifts of vector fields in FN . By Lemma 6.6 we have

JFN D
˝
.'�/

�FM C 	ker d�
˛
C1c .T �N/

;

where FM WD ¹ xX WX 2FM º. Finally, it remains to checkHg 2N.	��1F /. By Lemma 5.8
it is enough to verify the following:®

Hg ; .'�/
�FM C 	ker d�

¯
D
®
Hg �Hh ı '� ; .'�/

�FM
¯
C
®
Hh ı '� ; .'�/

�FM
¯

C ¹Hg �Hh ı '� ;	ker d�º C ¹Hh ı '� ;	ker d�º

� .'�/
�FM C 	ker d� :

Here we used Lemmas 6.4 and 6.8 to prove the inclusion.

The following theorem is the main result of this section.

Theorem 6.9. The map sending every module SRF .M;g;F / to the corresponding dynam-
ical 	-Poisson manifold .T �M; ¹�; �ºT �M ;	F ;Hg/ and every morphism � of SRFs within
SRF0 to the map '� defines a functor ˆWSRF0 ! dynIPois.

Proof. It is enough to show that ˆ preserves the morphisms. A morphism � within SRF0
is a Riemannian submersion � W .N; h;FN /! .M; g;FM / such that FN D �

�1.FM /.
Similar to the previous proof we have

JFN D
˝
.'�/

�FM C 	ker d�
˛
C1c .T �N/

and therefore both the pullback .'�/�	FM .T
�M/ and 	ker d� lie inside 	FN .T

�N/. By
Lemma 6.4, for every f 2 N.	FM / we have®

f ı '� ; .'�/
�FM C 	ker d�

¯
T �N

� ¹f;FM ºT �M ı '� C ¹f ı '� ;	ker d�ºT �N C 	ker d� � .'�/
�FM C 	ker d�

which implies that ¹f ı '� ;JFN ºT �N �JFN , and consequently .'�/�N.	FM / lies inside
N.	FN /. Using Lemma 6.4 again, for every f; g 2 N.	FM /

¹f ı '� ; g ı '�ºT �N � ¹f; gºT �M ı '� 2 	ker d� � 	FN .T
�N/:

These together with Lemma 6.8 complete the proof.

Theorem 6.10. Let .M1;F1/ and .M1;F1/ be Hausdorff Morita equivalent singular foli-
ations. Then the Poisson algebras R.	F1/ and R.	F2/ are isomorphic.

Here R.	Fi / � N.	Fi /=	Fi .T
�Mi /, i D 1; 2, see Definition 4.11.

The proof of this theorem will be a consequence of the following two lemmas.

Lemma 6.11. Let � W .N; h/! .M; g/ be a surjective Riemannian submersion with con-
nected fibers and F be an SF onM . If f ı '� 2 	��1F .T

�N/ for some f 2 C1.T �M/,
then f 2 	F .T

�M/.
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Proof. We first demonstrate that the result holds true for finitely generated singular foli-
ations. Let F D hX1; : : : ; XN iC1c .M/ and let Y1; : : : ; YK 2 X.N / be generators of the
regular foliation �c.ker d�/ for some positive integers N and K. Lemma 3.11 implies
that ��1F D hXH

1 ; : : : ; X
H
N ; Y1; : : : ; YKiC1c .N/. Consequently, for every open subset

V � T �N , we obtain

	��1F .V / D
˝
X1 ı '� jV ; : : : ; XN ı '� jV ; Y1jV ; : : : ; YK jV

˛
C1.V /

; (6.13)

where we used Lemmas 6.6 and 5.5.
Let us assume for a moment that there exists a global section sWT �M ! C for the sur-

jective submersion '� jC WC ! T �M (see Corollary 6.5). Since f ı '� 2 	��1F .T
�N/,

equation (6.13) implies that there exist smooth functions

�1; : : : ; �N ; �1; : : : ; �K 2 C1.T �N/

such that

f ı '� D

NX
aD1

�a � .Xa ı '�/C

KX
bD1

�b � Yb : (6.14)

Since '� ı s ı '� D '� and YbjC D 0, composing both sides of equation (6.14) by s ı '�
gives

f ı '� D f ı '� ı s ı '�

D

NX
aD1

.�a ı s ı '�/ � .Xa ı '� ı s ı '�/

D

� NX
aD1

.�a ı s/ �Xa

�
ı '� :

This implies that f D
PN
aD1.�

a ı s/ �Xa 2 	F .T
�M/, since '� is surjective.

If a global section does not exist, we can choose an open covering ¹Uiº1iD1 of T �M
such that for every positive integer i there exists a local section si WUi ! C . Using the
same argument as for the global case, we may show that f jUi 2 	F .Ui / for each i . Since
	F is a sheaf on T �M , we have f 2 	F .T

�M/.
For the general case, choose an open covering ¹Uiº1iD1 of M such that for every posi-

tive integer i the pullback ��1Ui F is finitely generated. The finitely generated case discussed
before then implies that f jT �Ui 2 	F .T

�Ui / for every i , and since 	F is a sheaf, we
obtain f 2 	F .T

�M/.

Lemma 6.12. Let � W .N; h/! .M; g/ be a surjective Riemannian submersion with con-
nected fibers and F be a finitely generated SF on M . Then for every F 2 N.	��1F /,
there exists some f 2 C1.T �M/ such that F � f ı '� 2 	��1F .T

�N/.

Proof. We proceed as in the beginning of the proof of Lemma 6.11, establishing equation
(6.13) and assuming first again that there is a global section sWT �M ! C D Ann.ker d�/
for the surjection '� jC WC ! T �M . Define, in addition, f WD F ı s 2 C1.T �M/.
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We now will prove that for every x 2 T �M , there exists an open neighborhood Vx �
T �N such that .F � f ı '�/jVx 2 	��1F .Vx/. Since 	��1F is a sheaf, this implies the
desired F � f ı '� 2 	��1F .T

�N/. The proof is divided into the following three cases:

Case 1: x 62 C . We choose an open subset Vx � T �N such that Vx \ C D �. Let � 2
C1.T �N/with supp.�/� T �N nC and �jVx � 1. Then since � � .F � f ı '�/ vanishes
on C , we obtain

.F � f ı '�/jVx D � � .F � f ı '�/jVx 2 	ker d�.Vx/ � 	��1F .Vx/:

Case 2: x 2 s.T �M/ � C . Choose local coordinates .qi ; q˛/ centered at the base-point
of x and .qiM / on N and M , respectively, were i 2 ¹1; : : : ; m WD dimM º and ˛ 2 ¹mC
1; : : : ; n WD dimN º, which are compatible with the submersion � , i.e., �.qi ; q˛/ D .qi /.
Let .qi ; q˛; pi ; p˛/ be the corresponding Darboux coordinates on some open neighbor-
hood Vx � T �N centered at x. As a consequence, in particular '�.qi ; q˛;pi ; 0/D .qi ;pi /
(see Corollary 6.5) and 	ker d�.Vx/ D hp˛iC1.Vx/. For simplicity also assume that, in
these local coordinates, s ı '�.qi ; q˛; pi ; 0/ D .qi ; 0; pi ; 0/. Then, for every arbitrary
point .qi0; q

˛
0 ; p

0
i ; 0/ in Vx \ C , we have

.F � f ı '�/.q
i
0; q

˛
0 ; p

0
i ; 0/ D F.q

i
0; q

˛
0 ; p

0
i ; 0/ � F.q

i
0; 0; p

0
i ; 0/

D

Z 1

0

d
dt
F .qi0; tq

˛
0 ; p

0
i ; 0/dt

D

Z 1

0

�X
ˇ

®
q
ˇ
0 pˇ ; F

¯
T �N

�
.qi0; tq

˛
0 ; p

0
i ; 0/dt

D

Z 1

0

�X
ˇ

q
ˇ
0 ¹pˇ ; F ºT �N

�
.qi0; tq

˛
0 ; p

0
i ; 0/dt: (6.15)

Since F 2 N.	��1F /, for every ˇ there exist smooth functions �1
ˇ
; : : : ; �N

ˇ
; �1
ˇ
; : : : ; �K

ˇ
2

C1.Vx/ such that ¹pˇ ;F ºT �N D
P
a�

a
ˇ
� .Xa ı'� jVx /C

P
b �
b
ˇ
� .YbjVx /. Implementing

this into equation (6.15) gives

.F � f ı '�/.q
i
0; q

˛
0 ; p

0
i ; 0/ D

Z 1

0

�X
ˇ

q
ˇ
0

�X
a

�aˇ � .Xa ı '� jVx /
��
.qi0; tq

˛
0 ; p

0
i ; 0/dt

D

X
a

�
ƒa � .Xa ı '� jVx /

�
.qi0; q

˛
0 ; p

0
i ; 0/ (6.16)

where ƒa 2 C1.Vx/ is defined as

ƒa.qi ; q˛; pi ; p˛/ WD

Z 1

0

�X
ˇ

qˇ�aˇ

�
.qi ; tq˛; pi ; p˛/dt:

Equation (6.16) implies that

.F � f ı '�/ �
X
a

ƒa � .Xa ı '� jVx /
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vanishes on Vx \ C and consequently this difference is an element of 	ker d�.Vx/. SinceP
aƒ

a � .Xa ı '� jVx / 2 	��1F .Vx/ we obtain

.F � f ı '�/jVx 2 	��1F .Vx/:

Case 3: x 2 C n s.T �M/. Define x0D s ı '�.x/. Since x and x0 belong to the same fiber
of '� jC , there exist compactly supported functions h1; : : : ; hl 2 	ker d� for some positive
integer l such that their Hamiltonian flows connect x0 to x, i.e.,

x D ˆ1hl ı � � � ıˆ
1
h1
.x0/:

Then the global section s0 WDˆ1
hl
ı � � � ıˆ1

h1
ı s passes through the point x. After Case 2

for the function f 0 WD F ı s0, there exists an open neighborhood Vx around x such that
.F � f 0 ı '�/jVx 2 	��1F .Vx/. It remains to show that .f 0 � f / ı '� 2 	��1F .T

�N/.
For arbitrary y 2 C , defining ˆt

h0
WD IdT �N and y0 D s ı '�.y/ gives

.f 0 � f / ı '�.y/ D .F ı s
0
� F ı s/ ı '�.y/

D

lX
iD1

.F ıˆ1hi ı � � � ıˆ
1
h0
� F ıˆ1hi�1 ı � � � ıˆ

1
h0
/.y0/

D

lX
iD1

Z 1

0

d
dt
F ıˆthi ıˆ

1
hi�1
ı � � � ıˆ1h0.y0/dt

D

lX
iD1

Z 1

0

¹hi ; F ºT �N ıˆ
t
hi
ıˆ1hi�1 ı � � � ıˆ

1
h0
.y0/dt: (6.17)

Since F 2 N.	��1F /, for every i there exist smooth functions �1i ; : : : ; �
N
i ; �

1
i ; : : : ; �

K
i 2

C1.T �N/ such that ¹hi ; F ºT �N D
P
a �

a
i � .Xa ı '�/ C

P
b �

b
i � .Yb/. Implementing

this into equation (6.17), making use of the fact that the flows of the hi s preserve C , and
noting that the Ybs vanish on C , this gives

.f 0 � f / ı '�.y/ D

lX
iD1

Z 1

0

�X
a

�ai � .Xa ı '�/
�
ıˆthi ıˆ

1
hi�1
ı � � � ıˆ1h1.y0/ dt

D

X
a

ƒa.y/ �
�
Xa ı '�.y/

�
: (6.18)

Here we defined ƒa 2 C1.T �N/ by

ƒa.z/ WD

lX
iD1

Z 1

0

�ai ıˆ
t
hi
ıˆ1hi�1 ı � � � ıˆ

1
h1
ı s ı '�.z/dt 8z 2 T �N:

Equation (6.18) implies that .f 0 � f / ı '� �
P
a ƒ

a.y/ � .Xa ı '�.y// vanishes on C

and, equivalently, it thus belongs to 	ker d� and since
P
aƒ

a � .Xa ı '�/ 2 	��1F .T
�N/.

This gives .f 0 � f / ı '� 2 	��1F .T
�N/, which completes the proof in Case 3.
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If a global section does not exist, we can choose a locally finite open covering ¹Uiº1iD1
of T �M with a partition of unity ¹�iº1iD1 subordinate to it, such that for every positive inte-
ger i there exists a local section si WUi!C . Similar to the global case, we can show that for
fi WD F ı si 2 C

1.Ui /, we have F j'�1� .Ui /
� f ı '� j'�1� .Ui /

2 	��1F .'
�1
� .Ui //. Defin-

ing f WD
P1
iD1 �ifi , we claim that F � f ı '� 2 	��1F .T

�N/. This is equivalent to
showing that for every � 2 C1c .T

�N/we have � � .F � f ı '�/ 2 J��1F . Since supp.�/
is compact, it can be covered by finitely many open subsets '�1� .Ui1/; : : : ; '

�1
� .Uin/ of

the covering ¹'�1� .Ui /º
1
iD1. This gives

� � .F � f ı '�/

D

1X
iD1

� � .�i ı '�/ � .F � f ı '�/

D

nX
aD1

� � .�ia ı '�/ �
�
F j'�1� .Uia /

� fia ı '� j'�1� .Uia /

�
2 J��1F ; (6.19)

since � � .�ia ı '�/ 2 C
1
c .'

�1
� .Uia//. This completes the proof.

Proof of Theorem 6.10. It is enough to show that for every surjective submersion � WN !
M with connected fibers over a foliated manifold .M;F /, the Poisson algebras R.	F /

and R.	��1F / are isomorphic.
To do so, we first choose Riemannian metrics gM and gN such that � becomes a

Riemannian submersion. This can be done as follows: choose a Riemannian metric gM
on M , a fiber metric g? on ker d� � TN , and a subbundle H � TN complementary
to ker d� ; one then declares these two subbundles to be orthogonal to one another and
defines gN D .��gM /jH C g?.

Injectivity of f'� is a direct consequence of lemma (6.11). It remains to prove that f'� is
surjective. It follows from showing that, for everyF 2N.	��1F /, there exists f 2N.	F /

such that F � f ı '� 2 	��1F .T
�N/. To do so we choose an open covering ¹Uiº1iD1

of M such that, for every positive integer i , the pullback ��1Ui F is finitely generated. Let
¹Vaº

1
aD1 be a locally finite refinement of the covering ¹T �Uiº1iD1 of T �M and let ¹�aº1aD1

be a partition of unity subordinate to ¹Vaº1aD1. Lemma 6.12 then implies that for every a
there exists fa 2 C1.Va/ such that

F j'�1� .Va/
� fa ı '� j'�1� .Va/

2 	��1F

�
'�1� .Va/

�
:

Using the same argument as in the proof of Lemma 6.12 (see equation (6.19)), for f WDP1
aD1 �afa we have F � f ı '� 2 	��1F .T

�N/. To complete the proof, we show that
f 2 N.	F / as follows: Since f ı '� 2 N.	��1F /, equation (6.2) of Lemma 6.4 implies
that

¹f;JF ºT �M ı '� � '
�
�JF � 	��1F .T

�N/:

As a consequence of Lemma 6.11 we have ¹f; JF ºT �M � JF , which together with
Lemma 5.8 gives f 2 N.	F /.
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Appendix: Almost Killing Lie algebroids
In this appendix, we recall the notion of almost Killing Lie algebroids as defined previ-
ously in [16] and provide their relation to module SRFs defined in this paper. (See, in
particular, Proposition A.5 below, but also Theorem 3.6 in the main text.)

Definition A.1. A vector bundleA!M equipped with a vector bundle morphism �WA!

TM covering the identity is called an anchored bundle. Let .A; �/ be an anchored bundle
equipped with a skew-symmetric bracket Œ�; ��A on �.A/. The triple .A; �; Œ�; ��A/ is called
an almost Lie algebroid if the induced map �W�.A/! X.M/ preserves the brackets, and
the Leibniz rule is satisfied:

Œs; f s0�A D
�
�.s/ � f

�
s0 C f Œs; s0�A:

Definition A.2. Let .A; �/ be an anchored bundle over M and E ! M a vector bundle
over the same base. An A-connection on E is a C1.M/-linear map Ar from �.A/ to
HomR.�.E/; �.E// satisfying

A
rs.fe/ D

�
�.s/ � f

�
e C f Arse;

for every f 2 C1.M/, e 2 �.E/ and s 2 �.A/.

An anchored bundle .A; �/ together with an ordinary connection on A, rW �.A/!
�.T �M ˝ A/, defines an A-connection Ar on TM by:

A
rsX WD L�.s/X C �.rXs/; (A.1)

valid for every s 2 �.A/ and X 2 X.M/. Note that by assuming the Leibniz rule and the
commutativity of Ars with contractions, these derivations can be extended to arbitrary
tensor powers of TM and T �M .

Definition A.3. Let .A; �; Œ�; ��A/ be an almost Lie algebroid over a Riemannian manifold
.M; g/ and rW �.A/! �.T �M ˝ A/ a connection on A. Then .A;r/ and .M; g/ are
called compatible if

A
rg D 0;

where the A-connection Ar is defined by equation (A.1). The triple .A;r; g/ is called a
Killing almost Lie algebroid over M .

Lemma A.4. Let .A;�/ be an anchored vector bundle over a Riemannian manifold .M;g/,
and let r be an ordinary connection on A. The triple .A;r; g/ satisfies Arg D 0 if and
only if for every X; Y 2 X.M/ and s 2 �.A/ we have

.L�.s/g/.X; Y / D g
�
�.rXs/; Y

�
C g

�
X; �.rY s/

�
:

Proof. By equation (A.1), for every vector field X 2 X.M/

.Arsg/.X;X/ D
A
rs

�
g.X;X/

�
� 2g.ArsX;X/ D .L�.s/g/.X;X/ � 2g

�
�.rXs/; X

�
:

Consequently, Arg D 0 if and only if

.L�.s/g/.X;X/ D 2g
�
�.rXs/; X

�
:
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Proposition A.5. Let .M;F / be an SF on a Riemannian manifold .M;g/. Then the triple
.M; g;F / is a module SRF if and only if it is locally generated by Killing almost Lie
algebroids, i.e., 8q 2 M , there exist an open neighborhood U 2 M containing q and a
Killing almost Lie algebroid .AU ;r; gU / over .U; gU / such that �.�c.AU // D ��1U F .

Proof. Assume that .M; g;F / is a module SRF and q 2 M . Then there exists an open
neighborhood U 2 M containing q such that ��1U F is generated by finitely many vector
fields V1; : : : ; VN 2 X.U / for some positive integer U . By involutivity of ��1U F , the trivial
vector bundle AU of rank N with a frame e1; : : : ; eN 2 �.AU / together with the anchor
map �WAU ! TM , ea 7! Va for a D 1; : : : ; N , can be equipped with an almost Lie
algebroid structure. By Lemma 3.4 there exist 1-forms !ba 2 �

1.U / such that

LVag D

NX
bD1

!ba ˇ �Vbg 8a; b D 1; : : : ; N:

Now if we define rea D
PN
bD1 !

b
a ˝ eb , for every X; Y 2 X.U /, we have

.L�.ea/g/.X; Y / D .LVag/.X; Y /

D

NX
bD1

�
.�X!

b
a /g.Vb; Y /C .�Y!

b
a /g.X; Vb/

�
D g

�
�

� NX
bD1

�X!
b
aeb

�
; Y

�
C g

�
X; �

� NX
bD1

�Y!
b
aeb

��
D g

�
�.rXea/; Y

�
C g

�
X; �.rY ea/

�
:

Consequently, by Lemma A.4, .AU ;rU ; gU / is a Killing almost Lie algebroid and we
have �.�c.AU //D ��1U F . Conversely, Assume that .M;F / is locally generated by Killing
almost Lie algebroids. Let q 2 M , and take a neighborhood U 2 M containing q with a
Killing almost Lie algebroid .AU ;r; gU / over .U;gU / such that �.�c.AU //D ��1U F . By
choosing U small enough, we can assume that AU is trivial and there is a global frame
e1; : : : ; eN 2 �.AU /. Then there exist 1-forms !ba 2 �

1.U / such that

rea D

NX
bD1

!ba ˝ eb 8a; b D 1; : : : ; N:

With Va WD �.ea/ for a; b D 1; : : : ; N , by Lemma A.4, for every X; Y 2 X.U / one has

.LVag/.X; Y / D

NX
bD1

�
.�X!

b
a /g.Vb; Y /C .�Y!

b
a /g.X; Vb/

�
D

� NX
bD1

!ba ˇ �Vbg

�
.X; Y /:

This implies, using Lemma 3.4 and Proposition 3.5, that .M; g;F / is a module SRF.
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