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The low-dimensional homology of projective linear group
of degree two

Behrooz Mirzaii and Elvis Torres Pérez

Abstract. In this article we study the low-dimensional homology of the projective linear group
PGL;(A) over a commutative ring A. In particular, we prove a Bloch-Wigner type exact sequence
over local domains. As application we prove that

Hy(PGL2(A). Z[$]) ~ K2(A)[4] and H3(PGLy(A),Z[3]) ~ K§4(A)[1].
provided |A/my4| # 2,3.4,8.

1. Introduction

Let A be a commutative ring with 1. Let GE;(A) be the subgroup of GL,(A) generated
by elementary and diagonal matrices. We say that A is a GE,-ring if GE;(A) = GL,(A).
This is equivalent to the condition that E; (4) = SL,(A).

A ring A is called universal for GE; if the unstable K-group K, (2, A) is generated by
Steinberg symbols (see Section 3). We say that A4 is a universal GE,-ring if it is a GE,-ring
and is universal for GE,. If G is any subgroup of GL,(A) containing the central subgroup
Z = A*I, of scalar matrices, then we will let PG denote the quotient group G/Z.

As our first main result we show that for any commutative ring A, we have the exact
sequence

ab
HZ(PGEZ(A), Z) — (M) — Agx — H, (PGEZ(A), Z) —->8G4—1, (1.1)
C2.4) ) pce,a)
where C(2, A) is the central subgroup of K,(2, A) generated by Steinberg symbols, G4 is
the square class group of A4, i.e., §4 := A*/(A*)?,and Ayx := A/{a —1:a € AX) (see
Theorem 4.1). It follows from this that if A is a universal GE,-ring, then

H] (PGLz(A),Z) ~ gA (&) AAX.

As our second main result we show that if A4 is a universal GE,-ring, then we have the
exact sequence

H;3(PGL,(A), Z) — P(A) A H,(PB1(A), Z) — Hz (PGLy(A), Z) = pa(A) — 1, (1.2)
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where # (A) is the scissors congruence group of A and PB,(A) is the group of upper trian-
gular matrices in PGL,(A) (for the general statement see Theorem 8.4 and Corollary 8.6).

Let A be a local ring such that |A/mu4| # 2, 3,4. Then Hy(PB(A),Z) ~ A* A A®
(Proposition 9.7) and we show that the map A is given by

A(la]) =2(a A (1 —a))

(Proposition 10.1). As an application we show that if A is a local domain (local ring) such
that |A/mg| # 2,3,4 (|A/my| # 2,3,4,5,8,9,16), then

H>(PGL,(A). Z[1]) ~ K2 (4)[1]. (1.3)

Let BE(A) be the kernel of A. Then as our third main result we show that if A4 is a
local domain such that |A/my| # 2, 3, 4, 8, then we obtain the sequence

0 — Tor? (11(A), u(A)) — H3(PGLy(A),Z) — B (A) — 0, (1.4)

which is exact at every term except possibly at the term H3(PGL,(A), Z), where the
homology of the sequence is annihilated by 4 (see Theorem 11.7 for the general state-
ment). As an application we prove the Bloch—Wigner exact sequence

0 — Tor? (u(A), u(A))[1] — H3(PGL2(4),Z[1]) — B(D[i] =0, (1.5

where B(A4) C £ (A) is the Bloch group of A. As an application of this exact sequence
we show that
H3(PGL2(4), Z[1]) ~ K§*(A)[1].

The earliest version of the celebrated Bloch—Wigner exact sequence that we found in
the literature is the exact sequence

0 — Tor? (u(C), u(C)) = H3(PGL,(C),Z) — B(C) - 0

(see [5, Theorem 4.10]). The exact sequence (1.5) can be seen as a generalization of this
classical result to local domains. As we will see, in general the coefficients Z[%] cannot
be replaced with integral coefficients Z, even over infinite fields (see for example Propo-
sition 11.9). Moreover, we study the sequence (1.4) over quadratically closed fields, real
closed fields, finite fields and non-dyadic local fields (see Propositions 11.5 and 11.9).
Finally, we prove a Bloch-Wigner type exact sequence for PGL;(Z) and PGL, (Z[%]).
Here we outline the organization of the present paper. In Section 2, we recall some
needed results from the literature over algebraic K-groups, the scissors congruence group
and the Bloch—Wigner exact sequence. In Section 3, we recall the Steinberg group St(2, A),
the K-group K;(2, A) and give some of its basic properties. In Section 4, we give a
detailed account of the action of PGE;(A) over K, (2, A), construct the important map

_ (Kz(Z,A))ab
o (22 > Ayx
C(2,4) ) pcE,(4)
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and prove our first main result, i.e., the exactness of the sequence (1.1). In Section 5,
we study two chain complexes Yo(A?) € Lo(A?) made out of unimodular vectors in 42
which are columns of matrices in GE;(A) and GL,(A), respectively, and study the con-
nection between their homology groups. In Section 6, we study the connection between
the first homology group of these complexes and the group (% ;%Ez( A)- In Section 7,
we introduce and study a spectral sequence which will be our main tool in handling the
second and the third homology groups of PGE;(A). In Section 8, we study certain terms
of the spectral sequence and prove the exactness of the sequence (1.2). In Section 9, the
homology groups of PB,(A) have been studied. In Section 10, we calculate the map A and
prove the isomorphism (1.3). In Section 11, we prove our claim about the sequence (1.4)
and present the proof of the Bloch—Wigner exact sequence (1.5). Moreover, we prove a
Bloch—Wigner type exact sequence over finite fields, real closed fields, non-dyadic local
fields and the Euclidean domains Z and Z[%].

Notations. In this paper all rings are commutative, except possibly group rings, and have
the unit element 1. For a commutative ring A let GL,(A) be the group of invertible matri-
ces of degree two. If G(A) is a subgroup of GL,(A) which contains A* I, = Z(GL,(A4)),
by PG(A) we mean G(A4)/A*I,. Let u(A) denote the group of roots of unity in 4, i.e.

(A) :={a € A : thereisn € N such that a”” = 1},

and pp(A) :={a € A:a® = 1}. Let G4 := A*/(A*)?. The element of g4 represented by
a € A* is denoted by {(a). If B — + is a homomorphism of abelian groups, by #A/8B we
mean coker(B — ). For an abelian group -4, by A[%] we mean A Rz Z[%].

2. Algebraic K -theory and scissors congruence group
Let A be a commutative ring. For any non-negative integer n > 1, we associate two type
K-groups to A: Quillen’s K-group K, (A4) and Milnor’s K-group Ki‘” (A).

Quillen’s K-group K, (A) is defined as the n-th homotopy group of the plus-construc-
tion of the classifying space of the stable linear group GL(A), with respect to the perfect
elementary subgroup E(A4):

K, (A) := 7, (B GL(A)Y).
Since BE(A4)™ is homotopy equivalent to the universal cover of B GL(A)™, forn > 2 we
have
K, (A) ~ my(BE(A)Y).

The Hurewicz map in algebraic topology induces the commutative diagram (for n > 2)

 Ha(E(4).2)

Ka(d) _
\n}

H,(GL(A),Z).



B. Mirzaii and E. Torres Pérez 1160

If A’ is another commutative ring, there is a natural anti-commutative product map
Kin(4) ®z Kn(A) = Kpin (A ®z A), XQ@Y > Xx*y.

When A’ = Aandn: A®z A — Ais given by a ® b — ab, then we have the product
map

NxO*
Kin(4) ®z Ky (A) — Kp1m(4), x Q@ y > nu(x % y).

For more on these K-groups and the construction of the product map see [26, Chapter 2].
The n-th Milnor K-group Kgl (A) is defined as the abelian group generated by sym-

bols {ay,...,an},a; € A, subject to the following relations
) Afai,....aa;,....apy ={ay,...,ai,...,a,} +1{ay,....a;,...,a,}, for any
1<i=<n,

(i) {ai,....an) = Oifthereexisti, j,i # j,suchthata; +a; =0or 1.

Clearly we have the anti-commutative product map

Ko (4) ®z Ky (4) — KM, (4),
{lay,...,am} ®{b1,....by} —>{ay,...,am,b1,...,by}.

It can be shown that
1 Iy
K1 (4) % Hy(GL(4).Z) ~ GL(A)/E(4). Ka(4) = Hy(E(A).Z).

For n = 1, we have the natural homomorphism

K~ K, e (5 0)
The determinant induces the isomorphism
K;(4) >~ A% x SK;(4) ~ KM (4) x SK; (A),

where
SK;(A) := SL(A)/ E(A).

If A is a local ring, then SK;(A) = 1 and thus
K;(4) ~ KM (4).

For n = 2 we have the natural homomorphism

a 0 0 b 0 0
KM (4) > Ko (A), {a.byr>n||0 a' o]«x0 1 o0
0 0 1 0 0 b1

The following result is well known.
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Theorem 2.1 (Matsumoto—van der Kallen). Let A be either a field or a local ring such
that its residue field has more than five elements. The natural homomorphism

K3 (4) = Ka(4)
is an isomorphism
(A ®z A)/[a® (1 —a):a(l —a) € A*) = K (4) ~ Ka(A).
Proof. See [26, Theorem 1.14] and [18, Proposition 3.2]. [

Using products of K-groups, one can show that for any positive integer n, there is a
natural map
Yn K (4) = K (4).

For the group K3(A) we have the following general result.

Theorem 2.2 (Suslin). For any ring A we have the exact sequence
* 1’
K1(Z) ®z K2(A) = K3(4) —> H3(E(A),Z) — 0.

Proof. See [28, Corollary 5.2] [

Let Wy :={a € A:a(l —a) € A*}. By definition, the classical scissors congruence
group P(A) of A is the quotient of the free abelian group generated by symbols [a],
a € Wy, by the subgroup generated by the elements

-+ 2] - [+ [ 5]

where a,b,a/b € Wy. Let

S7(AX) = (A" ®z A)/(a®b+b®a:a,beA”).

The map
A P(A) — S7(A), [a]l—a®(1—a)

is well defined. The kernel of A is called the Bloch group of A and is denoted by B(A).
If A is either a field or a local ring such that its residue field has more than five elements,
then we have the exact sequence

0 — B(A) - P(A) — SZ(A) — KM (4) — 0.

The group K3(A) is closely related to the Bloch group of A. Over a local ring, the
indecomposable part of K3(A) is defined as follows:

K39(4) := K3(4)/ KY (4).
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Theorem 2.3 (A Bloch—Wigner exact sequence). Let A be either a field or a local domain

such that its residue field has more than 9 elements. Then there is a natural exact sequence
0 — Tor? (1L(A). 1(A))” — K5 (A4) > B(4) — 0,

where TorlZ (u(A), u(A))~ is the unique non-trivial extension of TorlZ (u(A), u(A)) by
w2 (A).

Proof. The case of infinite fields has been proved by Suslin in [28, Theorem 5.2] and the
case of finite fields has been settled by Hutchinson in [7, Corollary 7.5]. The case of local
rings has been dealt in [18, Theorem 6.1]. [

Let A be either a field or a local domain such that its residue field has more than
five elements. Then by Theorem 2.1, K5 (A4) ~ Ké” (A). Since Ky (Z) ~ {£1} [26, Exam-
ple 1.9 (vii)], we have

im (K1 (Z) ®2z K2(4) > Ka(4)) € im (KY (4) - K3(4)).
Let a4 be the following composite
H3(SLy(A). Z) . — H3(SL(A). Z) ~ K3(4)/(K1(Z) ®z K2(4)) — K§(A4).

Note that over local rings E(4) =SL(A) and A* ~GL(A)/E(A) acts trivially on the group
H3(SL(A), Z). The following question was asked by Suslin (see [24, Question 4.4]).

Question 2.4. For an infinite field F, is the map a.p : H3(SLy(F), Z) px — K§(F) an
isomorphism?

Hutchinson and Tao proved that o always is surjective [11, Lemma 5.1]. The answer
of the above question is true for all finite fields except for F = [F,, 3, F4, Fg (see [18,
Proposition 6.4, Example 6.6]). For more on the above question see [17].

Theorem 2.5. Let A be a local domain such that |A/wy| # 2,3, 4, 8. Then the map
@4 : Ha(SLa(4), Z[3]) 4 — K5 (4)[ 5]
is an isomorphism.

Proof. See [16, Theorem 3.7], [18, Theorem 5.4] and [14, Theorem 6.4]. [

3. Elementary matrices and the Steinberg group of degree two

Let A be a commutative ring. The elementary group of degree two over A, denoted by
E;(A), is the subgroup of GL;(A) generated by the elementary matrices

Ei2(a) := ((1) Cll) . Ez(a) = (clz (1)) a e A.

The elementary matrices satisfy the following relations
(@) Eij(x)Eij(y) = Eij(x + y) forany x, y € A,
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(b) I/V,-j(u)Eji(x)I/Vij(u)’1 =E; (—u?x),foranyu € A* and x € A,
where W;j (u) := E;j (u)Ej; (—u~ ) E;j (u).
The Steinberg group of A, denoted by St(2, A), is the group with generators x1,(r) and
x21(s), r, s € A, subject to the relations
(@) x;ij(r)xi;(s) = xi;(r +s) forany r,s € 4,
(B) wij(u)x;i (rw;j (w)~' = x;;(—u?r), foranyu € A" and r € A,
where w;; (1) := x;; (u)xj; (—u~)xi; ().
The natural map

¢ :St(2,A) - Ex(A), x;(r)— Eij(r)
is a well-defined epimorphism. The kernel of this map is denoted by K, (2, A):

K>(2, A) := ker(¢).
Always there is a natural map
K2(2, A) —> KZ(A),

which in general neither is surjective nor injective. If A is a local ring, then this map
always is surjectve [27, Theorem 2.13].
For any u € A*, let
hl-j(u) = wij(u)w,-j(—l).
It is not difficult to see that /;; w)~'= hji(u) [10, Corollary A.5]. For any u,v € A, the
element

{u, v}ij o= hijuo)hi; ) hijp(v) ™!

lies in K»(2, A) and in the center of St(2, A) [4, Section 9]. It is straightforward to check
that {u, v};; = {v, u};1 An element of form

{v,u} :={v,u}p = hlz(uv)hl_zl (u)hlz(v)_1

is called a Steinberg symbol in K5(2, A).

Let C(2, A) be the subgroup of K;(2, A) generated by the Steinberg symbols {u, v},
u,v € A*. Then C(2, A) is a central subgroup of K, (2, A4).

We say that A is universal for GE; if K5 (2, A) = C(2, A). This definition of universal
for GE, is equivalent to the original definition of Cohn in [3, p. 8]. For a proof of this fact
see [10, Appendix A]. A commutative semilocal ring is universal for GE, if and only if
none of the rings Z /2 x 7Z/2 and Z/6 is a direct factor of A/J(A), where J(A) is the
Jacobson radical of A [13, Theorem 2.14].

The elementary group E,(A) is generated by the matrices

E(a) = (_al (1)) ace€A.
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In fact,
Enz(a) = E(—a)E(0)™'.  Ezi(a) = E(0)"'E(a),
EQ©) = E12(1)Ex (—1)Eq2(1).

For any a € A, let

D(a) := (g a(_)l) € Dy(A).

Since D(—a) = E(a)E(a"')E(a), we have D(a) € E»(A). It is straightforward to check
that

(1) E(x)E(0)E(y) = D(=D)E(x + y),
(2) E(x)D(a) = D(a™")E(a*x),
(3) D(ab)D(@ YD) =1,

where x,y € Aanda,b € A*. Let C(A) be the group generated by symbols g(a), a € A,
subject to the relations

1) e(x)e(0)e(y) = h(—1)e(x 4+ y) forany x,y € A4,
(i) e(x)h(a) = h(a ")e(a®x), forany x € Aand a € A%,
(iii) h(ab)h(aY)h(b~') = 1 forany a,b € A%,

where

h(a) == e(—a)e(—aHe(—a).

Note that by (iii), #(1) = 1 and h(—1)? = 1. Moreover, &(—1)3 = h(1) = 1 and &(1)3 =
h(—1). There is a natural surjective map

C(A) —> Ex(A), &(x)— E(x).
We denote the kernel of this map by U(A4). Thus we have the extension
1 > U(A) - C(A) -> Ez(A) — 1.
Proposition 3.1 (Hutchinson). Let A be a commutative ring. Then the homomorphism
St(2, A) — C(A)

given by x12(a) — e(—a)e(0)? and x,1(a) — £(0)3e(a) induces isomorphisms

St(2, A) K>(2, A)
~C(A), ———= ~U(4).
C(2,4) (4) C(2,4) (A)
Proof. See [10, Theorem A.14, Appendix A]. ]

It follows from this theorem that A is universal for GE; if and only if U(A) = 1.
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4. The group K;(2, A) and the abelianization of GE,(A4)

Let A be a commutative ring. Let D, (A) be the subgroup of GL,(A4) generated by diagonal
matrices and let GE;(A4) be the subgroup of GL,(A) generated by D> (A) and E;(A4). Itis
easy to see that E;(A) is normal in GE;(A) [3, Proposition 2.1] and the center of GE;(A)
is A*I,. Observe that we have the split extensions

1 = SLa(A) = GLy(A) <5 4% 51, 1 = Ey(A) — GEx(4) <5 4% > 1,

and thus
GL,(A) = SLy(A) x d(A™), GEx(A) = Ex(A) xd(A™),

where
d(A*) = {d(a) := diag(a, 1) :a € A} ~ A,

We say that A is a GE;-ring if GE>(A) = GL,(A) (or equivalently E;(A4) = SL,(A)).
Semilocal rings and Euclidean domains are GE,-rings [25, p. 245], [3, Section 2].

A ring A is called an universal GE;-ring if it is a GE,-ring and is universal for GE,. A
semilocal ring is a universal GE,-ring if none of the rings Z /2 x 7Z /2 and Z/6 is a direct
factor of A/J(A). In particular, any local ring is a universal GE,-ring. For more example
of GE,-rings and rings universal for GE; see [3, 10].

There is a natural action of PGE,(A4) on K;(2, A). Here we give a detailed description
of this action. From the extension

1 — Ka(2, A) — St(2, 4) — E»(4) — 1,

we see that E5(A) acts naturally on K5 (2, A). More explicitly, E1,(¢) acts as conjugation
by x12(t) and E5;(¢) acts as conjugation by x5 (¢). Note that D(a) = diag(a,a™!) acts
as conjugation by f15(a). It is straightforward to check that

X122 @ = x15(a72),  x21 (1)@ = xp1(a?1).

In particular, the scalar matrix —I, = D(—1) € E;(A) acts trivially on K5 (2, A).
Fora € A%, let d(a) := diag(a, 1) € GE,(A). Forany ¢ € A,

Epn()?@ = Epn@@™'t), En()?? = Ey(ar).

It is straightforward to verify that there is a compatible well-defined action of d(A™) on
St(2, A) determined by

Xlz(t)d(a) = Xlz(a_lt), le(t)d(a) = X721 (at).

One verifies easily that this proposed action preserves the two defining families of relations
of St(2, A).
This implies that
GE»(A) = Ex(4) x d(4%)
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acts on St(2, A) via the conjugation formula given above. Using this action we define
GSt(2, A) := St(2, A) x d(A™)

and extend the canonical epimorphism ¢ : St(2, A) — E;(A) to a surjective homomor-
phism
® : GSt(2, A) — GE,(A).

Furthermore, the inclusion St(2, A) — GSt(2, A) induces an isomorphism
K7(2,A) = ker¢ >~ ker ®.
Thus we have the extension
1 - K5(2,4) - GSt(2, A) —> GEz(4) — 1.

Thus GE;(A) acts by conjugation on K, (2, A) which is compatible with the above action
of Ex(A).

The matrix d(a) acts by the formula given above. If we let d’(a) := diag(l, a), then
d'(a) = diag(a™',a)d(a) which lifts to (h12(a~"), d(a)) in GSt(2, A). Then this matrix
acts on St(2, A) via the formulas

Xlz(l)d/(a) = x12(at), le(l)d,(a) = xa1(a"'1).

It follows in turn that the scalar matrices al, = d(a)d’(a) act trivially. Hence the above
action descends to an action of PGE;(A4) on K3 (2, A).

Since C(2, A) is central in St(2, A), the action by conjugation of St(2, A) on C(2, A)
is trivial and hence E;(A) acts trivially on the image, C(2, 4), of C(2, A) in K»(2, A)™. It
can be easily verified that the action of d(A4*) on K, (2, A) induces an action on C(2, A)
given by

{0, 9D = Ly a7 Y a ).

Hence the action of PGE;(A4) on K;(2, A) induces an action on the group
Ka(2, A)® (KZ(Z,A))ab
ce.4 —\cea /)

Let Agyx := A/{a—1:a € A*). Since —2 = (—1) — 1, we have 2 = 0 in A4x. Hence
we have a natural map

AJ2A — Ayx.
There is a natural homomorphism
fiSt(2,A) = Aax

which sends both x1,(¢) and x51(¢) to (the class of) ¢, for t € A. Observe that this map
sends the elements w;;(a) to 1. Thus it sends £;j(a) to 2 = 0. Therefore f extends to a
homomorphism

f 1 GSt(2, A) = St(2, A) x d(A*) = Aax, (x,d) > f(x).
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For example x5 (¢)?® = x,(a~'¢) and both sides map to . Now the diagram

GSt(2, A)

TS

Ay s PGE,(A)™

commutes: Here the map
Agx — PGE,(A)®

sends ¢ to E1»(t) and observe that in PGE; (A4)* we have
Epn(t) = Enn()"2 W = By (—1) = Ex(-0)*CY = Ex (0).
We denote the restriction of f to K,(2, A) again by f"
f 1 Ka(2, A) — Au.

Note that since f(h;; (1)) = 0 forallu € A%, then f({u,v}) = Oforallu,v € A*. Thus
f naturally defines a map

~ (Ka2(2,4)\*®
K=f:((:2((2—1‘1))) — Ayx.

Using the action of d(A*) on St(2, A), we can define an action of d(A*) on C(A).
More precisely, for any a € A* and x € A we have

Ex)*@ = D(a)E(a 'x).
Thus the compatible action of d(A*) >~ A* on C(A) is determined by
()@ = h(a)s(a'x).

It is easy to verify that (b))% @ = h(b). If GC(A) := C(A) x d(A*), then we have the
extension
1 - U(A) - GC(A4) — GE,(A) — 1.

Observe that we have the natural morphism of extensions

I — Ky(2,A) —— GSt(2,4) —— GE,(A) —— 1

| | !

1 > U(A) > GC(A) —— GE(4) —— 1.

It is easy to check that the action of a1, on GC(A) is trivial. Note that

al, = D(a™Y)d(a?).
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Let L(A) be the subset of GC(A) consisting of the elements (h(a™ '), d(a?)),a € A*.
Note that (h(a™"), d(a?)) lies in the center of GC(A):

(h(@™"), d(@?))(e(x), d(b)) = (h(a™")e(x)?@D d(a?b))
h(a—")h(a*)e(a2x),d(a*b))
h(a)h(a_l)s(x)h(a_l), d(azb))
e(x)h(a™'),d(a*b))
e(X)h(@)?® d(ba?))

= (s(x), d(b)) (h(a_l), d(az)).

Thus L(A) is a central subgroup of GC(A). Now set

A~ N N~

PGC(A) := GC(A)/L(A).
Then we have the extension
1 - U(A) - PGC(A) — PGE;(A) — 1.
Theorem 4.1. For any commutative ring A, we have the exact sequence

K (2, A))ab

K
Agx H{(PGE»(A), Z g, 1,
caA — Agx — Hi(PGEy(A),Z) — 64 —

HzC(PGEz(A), Z) — (
PGE2(A)

where the map on the right has a splitting 4 — H1(PGE»(A), Z).

Proof. From the Lyndon/Hochschild—Serre spectral sequence associated to the above ex-
tension we obtain the five term exact sequence

Hz(PGC(A), Z) — Hz(PGEz(A), Z) — H1 (U(A), Z)PGEZ(A)
— H;(PGC(A),Z) — H(PGEx(A4).Z) — 0

(see [2, Corollary 6.4, Chapter VII]). By Theorem 3.1,

K, (2. A))ab

Hy (U(A). Z) g, 4y = (m

PGE2(A4) '

We prove that
HI(PGC(A),Z) ~ 64 @ Agx.

From the split extension 1 — C(A4) — GC(A) — A* — 1 we get the split exact sequence

0 — Hy(C(A),Z) . — H1(GC(A).Z) > A — 1.

AX

‘We show that
HI(C(A),Z) ~A/M,
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where M is the additive subgroup of A generated by x(a? — 1) and 3(b + 1)(c + 1),
x € A,a,b,c € A*. Consider the map

®:C(A) > A/M. []et@) ) (@i —3).

This map is well defined: In A/ M we have a = a~! and 12 = 0. Hence

®(h(a)) = —3a —9 = -3(a—1).
It is straightforward to check that
CID(s(x)s(O)s(y)) = <I>(h(—1)8(x + y)), @(s(x)h(a)) = @(h(a_l)s(axa)),

®(h(ab)h(@ Hh(b™")) = =3(a + 1) (b + 1).

Thus & is a well-defined homomorphism. Hence we have the homomorphism

®:C(A)/[C(A).C(A)] - A/M, &(x) > x—3.

Now define
U:A/M — C(4)/[C(4).C(4)]. x> e(x)e(0)~".

This map is a well-defined homomorphism: Consider the items (i), (ii) and (iii) from the
definition of C(A) (Section 3). If in (i) we put y = —x, then &(x)e(0)e(—x) = h(—1)&(0).
Thus in C(A)/[C(A), C(A)], we have h(—1)e(x)e(—x) = 1. From this we obtain

h(a)? = h(=Dh(a)h(—a) = h(=De(—a)e(—a"He(—a)e(a)e(a He(a) = 1.
Therefore
U(axa) = e(axa)e(0) ! = h(a)e(x)h(a)e(0)™! = ¥(a).
Using (ii) for x = 0, in C(4)/[C(A), C(A)] we have e(a) = h(a)s(a " )h(a) = e(a™1).
This implies that 2(—a) = e(a)e(a™')e(a) = e(a)® and hence h(a) = h(—1)e(a)?® =
h(—1)e(a™")3. Furthermore, by (i), we have £(3x) = h(—1)e(x)3. Using this formula we
obtain
8(3(61 + 1)+ 1)) = ¢(0)e(ab)’c(a)3e(b)e(1)?
= ¢(0)e(ab)’c(a)3e(b)3h(-1)
= e(0)h(=D)e(ab)*h(—=)e(a )3 h(=1)e(b™ )3
= ¢(0)h(ab)h(a Hh(b™Y).

Thus
V(3@ + Db+ 1)) =e(3a@+ )b+ 1))e(0)" = h(ab)h(@ Hr(b™).

This shows that W is well defined. It is easy to see that ¥ is a homomorphism of groups.
Moreover, one can easily show that ® and W are mutually inverse. Thus ® is an isomor-
phism.
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Now following the action of A* on C(A), we see that the action of A* on A/ M,
through H;(C(A), Z), is given by

ax :=—(a'x+3)(a—-1).
Therefore
Hi(C(A),Z) e ~ (A/M)gx ~ A/{y(a—1) 1y € A, a € A} = Ayx.
Now it follows from the above exact sequence that
Hi(GC(A).Z) ~ A* & Ay~.
From the extension 1 — L(A4) — GC(A4) — PGC(A4) — 1 we obtain the exact sequence
Hi(L(A),Z) - Hi(GC(A).Z) — Hi(PGC(A).Z) — 0.
Now under the isomorphism H;(GC(A),Z) ~ A* & Aax, we have
(h(a™"),d(a*)) — (a*,—3(a — 1)) = (a?,0).

Thus
HI(PGC(A),Z) ~ G4 D Ayx.

From the above arguments one sees that the above isomorphism is induced by the map
PGC(A) > 94 ® Aax, (s(x).d(a)) — ((a),x —1).
Composing this with PGSt(2, A) — PGC(A), we get the map
a :PGSt(2,4) > G4 ® A=, (x4 (1), d(a)) — ((a).1).
It follows from this that the restriction of « to St(2, A) is given by
a:St2,A) > 94D Agx,  xii(1) — ((1),7) = ((1). f(xi;(1))).

This shows that the map

K> (2, A))“‘*’
2257 S G4 D Ayx
( C(2,4) ) pcE, )

is given by x — ({1), k(x)). The determinant det : PGE,(A) — 94 induces the map det, :
H{(PGE;(A), Z) — §4. This map splits the composition

G4 — G4 D Agx — H,; (PGEZ(A),Z).

All these give the exact sequence of the theorem. |
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Leta, b € A be any two elements such that 1 —ab € A*. We define

—-b
(a, b),’j = Xjj (m)xlj (—Cl)x]'i(b)x,'j (ﬁ)hﬁ(l — ab)_l.

It is easy to verify that (a, b);; € K2(2, A). This element is called a Dennis—Stein symbol.

Ifu,v € A%, then
1—v 1—u
{u,v};j = <u > = < ,v> .
Ui v ij

Hence Dennis—Stein symbols generalize Steinberg symbols.

Corollary 4.2. IfK5(2, A) is generated by Dennis—Stein symbols, then
H; (PGEz(A), Z) ~ G4 D Ayx.

Proof. 1t is easy to check that «({a, b);;) = 0. This implies that « = 0. Now the claim
follows from the above theorem. ]

Corollary 4.3. If2 € A%, then H;(PGE,(A),Z) ~ §4.

Proof. Since2€ AX,1=2—1€{a—1:a e A*). Thus A4x = 0 and the claim follows
from the above theorem. ]

Example 4.4. In this example we calculate the first homology of PGL;(A4) for some rings.

(i) If A is local with maximal ideal 1y, then A4x = 0 when |A/my| # 2 and
Aygx = A/my ~ F, when |A/wmy| = 2. Thus

94 if |A/my| #2

Hy (PGLy(A), Z) ~
1(PGL2(4). Z) {§A®Z/2 i |A4/tmy) = 2.

(ii) Let A be a semilocal ring such that none of Z/2 x Z/2 and Z/6 is a direct
factor of A/J(A). Then A is a universal GE,-ring and so by the above theorem
H](PGLz(A), Z) ~ G4 D Ayx.

(iii) The ring of integers Z is a universal GE,-ring [ 10, Example 6.12]. Since Zzx =~
Z,/2 by the above theorem we have

Hi(PGLy(Z).Z) ~Z/2® Z/2.
(iv) Let m be a square free integer. The ring A, := Z[%] is a GE,-ring and

0 if2|m,

(Am)A,X,L :{ .
Z/2 if2} m.
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If m is odd, then the inclusion A, € Z ) ={a/b:a,b € Z, 2 t b} induces the commu-
tative diagram with exact rows

~
(e

(Am)A,f, E— HI(PGLZ(Am),Z) > gAm

I l |

0—— (Z(Z))Zé) —_— HI(PGLz(Z(Z)),Z) > gz(z) > 0.

Since the left map is an isomorphism, it follows from this diagram that the map
(Am)A;;, — H1 (PGLz(Am), Z)
is injective. Therefore

ﬁAm if 2 | m,

HI(PGLz(Am)’Z) . {gA @Z/Z if 2 + m

This implies that the map « is trivial and it follows from this and the above theorem that
for any m, the natural map

1 ab
H,(PGL, (Z[1]),2) — (KZ(z—Z[m]))

C(2, Z[%]) PGL2(Z[L])

is surjective. The K-group K5 (2, Z[%]) has been studied in many articles. For example
see [8,20] and their references.

5. The GE,-unimodular vectors

A column vector u = (3;}) € A? is called unimodular if there exists v = (1) € A% such
that (,v) := (3 1)) € GL2(A) and it is called GE-unimodular if (u,v) € GE;(A).

Lemma 5.1. If v € A? is GE,-unimodular and if M = (v, w) € GL,(A), then M €
GE;(A) and w is GE-unimodular.

Proof. By definition, v is GE;-unimodular if there exists N € GE;(A4) with Ne; = v,
where e := (). Hence v is GE;-unimodular if and only if there exists P € GE»(A) with
Pv = e;. Thus

PM = (e;, Pw).

It is clear that a matrix of the form (e, u) is invertible if and only if it lies in GE;(A). =

For any non-negative integer n, let L,(A?) be the free abelian group generated by
the set of all (n + 1)-tuples ({(vo),..., (v,)) of unimodular vectors v; € 42 such that for
any i # j, the matrix (v;,v;) is invertible. Note that for a vector v € A2, (v) means the
equivalence class up to multiplication by a unit, i.e., (v) = vA*.
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We consider L, (A?) as a left PGL,(A4)-module in a natural way. If necessary, we
convert this action to a right action by the definition m.g := g~ 'm. We define the n-th
differential operator

0L L,(A%) — Ly—1(4%), n=>1,
as an alternating sum of face operators which throws away the i -th component of genera-
tors. Then
2 2, %2 2, 01 2
Le(A%): -+ = Ly(A°) — L1(4A°) — Lo(4°) =0

is a complex. This complex has been studied in [10].

Let Y,(A?) be the free abelian subgroup of L,(A?) generated by the set of all
(n + 1)-tuples ((vg), ..., (v,)) of GEy-unimodular vectors. Thus Y, (A?) is a PGE,(A)-
subcomplex of Le(A%). We say that Y(A?) (resp. Le(A?)) is exact in dimension k if
Hi(Ye(A%)) = 0 (resp. Hg(L+(4%)) = 0).

For a subgroup H of a group G and any H-module M, let Indg M :=7[G]®u M.
This extension of scalars is called induction from H to G.

Lemma 5.2. The natural inclusion Ye(A%) — L4(A?) induces the isomorphism

2\ PGL2(A) 2
Lo(A?) ~ Indpo2(y) Ye(42).

Proof. Clearly
¢ : Z| PGL2(A)] ®pcE,(4) Yo(A?) — La(A4?)
given by
g ® ((vo). (v1)..... (va)) = ((gvo). {gv1).....(gVn)).

is a well-defined morphism of complexes of Z[PGL,(A)]-modules. In fact, ¢, is an iso-
morphism with the inverse morphism

Ve : Lo(A?) — Z[ PGL2(A)] ®pcE,(4) Yo(A4?)
defined by

((Do), (vl)’ cees ('Un)) = g® ((el)v (g_lvl>v cees (g_lvn>)s
where ge; = vg. Note that by Lemma 5.1, v, is well defined. ]
Corollary 5.3. For any non-negative integer n,

Hy(Lo(42)) ~ Indpo2() Ha (Ye(42)).

Proof. Since the functor Indig;g; is exact on the category of Z[PGE;(A)]-modules

(since Z[PGL,(A)] is a free Z[PGE;(A)]-module), the claim follows from the previous
lemma. ]
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The group SL,(A) (resp. E2(A)) acts transitively on the sets of generators of Lo(A2)
(resp. Yo(A?)). Let

oo := (e1), 0:=(ey), a:={e +aey), acA”,
wheree; := (})and ey := (9). Lete : Lo(A?) — Z be defined by Y, n; ((vo,i)) > Y_; ni.
We denote the restriction €|y, (42) : Yo (A?) — Z again by e.
Proposition 5.4 (Hutchinson). For any commutative ring A, Ho(Y+(A?)) < 7. In other
words, the complex
2 o 2y €
Y1i(A°) — Yo(A4°) > Z — 0

PGL>(4)

always is exact. Moreover, Hy(Le¢(A?)) ~ IndPGEZ(A)

Proof. Here we follow the proof of [10, Theorem 3.3]. Clearly € : Yy(A2?) — Z is surjec-
tive. Let X € ker(¢). We may assume X = ((u)) — ({(v)). Since GE;(A) acts transitively
on the generators of Yy(A42), we may assume X = oo — Eoo, where E € GE,(4). For
any x € Aand a,b € A%, we have

E(x) diag(a, b) = diag(h,a)E (b~ 'xa).

Thus any element of GE,(A) can be written as product E’D’, where D’ € D,(A4) and
E’ € E5(A). Since D’oo = 00, we may assume that E € E»(A). Let

E = E(a1)" -+ E(an)™,
where ¢; € {1,—1}.If E; := E(a;)'--- E(a;)¢ for 1 <i <n,and E¢ = I, then
n
Y =) (Ei00, E;—100) € Y1(4%)
i=1
and €(Y) = X. This proves our claim. |
Over the class of local rings we have the following result of Hutchinson.

Proposition 5.5 (Hutchinson). Let A be a local ring. Then the complex Yo(A?) S Zis
exact in dimension < |A/wm4]|.

Proof. See [9, Lemma 3.21]. [

It follows from Lemma 5.2 and Shapiro’s lemma that the inclusion Yo(42) — Le(A42)
induces isomorphisms of the homology groups

Hy(PGE»(A), Y,(A?)) =~ Hy(PGLy(A), L, (A))

(for all p, g), which occur in the spectral sequences in Section 7 and in [10, Section 7].
For any n > 0, let

7982 (42) ;= ker(dY), ZS2(4%) := ker(3L).
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PGL;(A)

PGE, () 15 exact on the

Now from the above isomorphism and the fact that the functor Ind
category of Z[PGE, (A)]-modules, we obtain the isomorphism

- T 1PGL2(4)
Z82(4?) ~ Indpge? () ZSE2(42),

From this we obtain the following lemma.

Lemma 5.6. Forall p,q > 0, we have the isomorphism

H,(PGEy(A), Z5™(A%)) ~ Hy(PGLy(A), ZJ™(A?)).

6. The homology group H,(Y,(A?))

Let I"(A) be the graph of unimodular rows introduced and studied in [10, Section 2] and
let TE(A) be the analogous graph of GE,-unimodular rows. Then Lemma 5.1 shows
that T'E(A) is precisely the path component of 0o = (e;) in I'(A4). Furthermore, the
transitive action of PGL,(A) on I'(A) shows that it decomposes into homeomorphic path
components

I'(4) = | | g.TOE(A).

g€PGL,(A)/ PGE2(A)

If we now let Y (A) denote the clique complex of I"(A4) as in [10, Section 2] and if we let
Y SE(A) denote the clique complex of T'SE(A), then it follows that

Y(A) = | | g.YE(A).
gEPGL,(A4)/ PGE2(4)
Taking geometric realizations it again follows that

Y= L e[

g€PGL,(A)/ PGE»(A)

and that |Y 9E(A4)| is the path component at co of |Y(4)|. In particular, it follows that the
inclusion |Y 9E(A4)| — |Y(A)| induces the following result.

Proposition 6.1 (Hutchinson). For any commutative ring A, we have the isomorphism

K2, 4)

]'[1(|YGE(A) ,OO)_CZ(Z—A)

,00) = 11 (|Y(A4)

Proof. See [10, Theorem 6.9]. [
Since the space |Y SE(A)| is path-connected, it follows from the above theorem that

ab
H; (|75 (4) K22, A))

C(2, A)

,Z) ~ 71 (|[YSE(4)|,00) =~ (
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Let ASE(A) denote the standard ordered chain complex of the simplicial complex Y S (4).
As in [10, Section 7], the complex Y, (AZ) in the current article is the complex of non-
degenerate ordered simplices of the simplicial complex ¥ SE(A4) and the natural map of
complexes Yo(A?) — ACE(A) induces an isomorphism on first homology groups. Thus

K>(2, A)\®
Hy(Ye(A%)) = H{(AF(A),Z) = H{(|Y"(4)].Z) ~ (m) .
Thus, we have the following.

Theorem 6.2 (Hutchinson). For any commutative ring A, we have the isomorphisms

Ko (2, 4)\® 2 (Ko 2, A\
HI(Y.(AZ)):(CZQ—,A)) L Hy(Lo(47)) = Ind?32(D) (ﬁ) :

In particular, if A is universal for GEy, then Yo(A2) = Z and L4(A%) <> Z are exact in
dimension 1.

Remark 6.3. In [10, Theorem 7.2], Hutchinson states that H(L+(A?)) ~ (%)ab. In

fact, this is only valid when the space Y (A) is path-connected; i.e., when A is a GE;-ring.
Theorem 6.2 above gives a corrected statement valid for all commutative rings.

7. The main spectral sequence

Let A be a commutative ring. The group PGE;(A) acts naturally on Z lG F2(42), By Propo-
sition 5.4, the sequence of PGE, (A4)-modules

inc o
0— Z92(42) 5 v,(4%) — Yo(4?) - Z — 0

is exact. Let E4(A?) be the sequence

. BY
0— Z52(4%) 55 v, (4%) 5 Yo(4?) - 0

and Be(PGE;(A)) — Z be the bar resolution of PGE,(A) over Z [2, Chapter I, Section
5]. Let D, o be the double complex

Be(PGE2(A)) ®pcE,(4) Ee(A?).

From this double complex we obtain the first quadrant spectral sequence

Hy(PGE»(4),Y,(4%))  p=0,1,
E), =4 Hy(PGEy(A4),Z{™(4%) p=2, = Hpiq(PGEx(A).Z)
0 p>2

(see [2, Section 5, Chapter VII]).
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The group PGE,(A) acts transitively on the set of generators of ¥;(A?) fori = 0, 1.
We choose (00) and (00, 0) as representatives of the orbit of the generators of Yy (A?) and
Y1(A?), respectively. Then

A A
Yo(4?) ~ Indip 2 2, ¥1(4%) = Indpo 20 2, (71.1)
where
a b x x
PB;(A) := Stabpgg, (4)(00) = 0 d ra,d e A%, be Ay /AT,

a O

PTz(A) = StaprEz(A)(OO,O) = { (0 d

) :a,d (S] AX}/Axlz.

Note that PT,(A4) = A*, which is given by diag(a,d )+ ad . The inverse of this map is
A* = PT,(A), a > diag(a, 1) = diag(1,a™ ).

Usually in our calculations we identify PT,(A) with A*. The group PB,(A) sits in the
split extension
1 — N»(A) — PB,(A) — PT1(A4) — 1,

NZ(A):={((1) ]i):beA}:A.

So we have the split extension 0 — A — PB,(A) — A* — 1, where the action of A* on
A is given by a.x := ax. This implies that

where

Ho(A*,A) = Agx = A/{a—1:a € A%).
By Shapiro’s lemma, applied to (7.1), we have
Eg, ~ Hy(PBy(A).Z), E|,~ Hy(PT2(A).Z).
In particular, E(}’O ~7 ~E 11’0. Moreover,

df’q = 04 — INCy,

where
o PTz(A) — PBz(A)

is given by o(X) = wXw™" for w = (% ;). This easily implies that d{  is trivial, d{ ,
is induced by the map PT,(A4) — PB,(4), X — X2, and

d{ 5 : Hy(PT2(A), Z) — H>(PB(A).Z)

is trivial.
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8. The scissors congruence group

Following Coronado and Hutchinson we define the scissors congruence group of A as
follows:
P(A) := Ho(PGLy(A), Z5"(4?)).

It follows from Lemma 5.6, that
P (A) ~ Ho(PGE(A), Z5%(A?)).

Remark 8.1. Let 4 satisfy the condition that the complex Y,(A?) — Z is exact in dimen-
sion < 4 (for example see Proposition 5.5). Then & (A) is isomorphic with the classical
scissors congruence group defined in Section 2. In fact, from the exact sequence

Y4(A%) = Y3(4%) — Z5%2(4%) -0
we obtain the exact sequence
Ya(A?)poEy(4) = Y3(A%)poE,(4) > P(A) — 0.
The orbits of the action of PGE;(A) on Y3(A) and Y4(A) are represented by
[x] :=(00,0,1,x), and [x,y] :=(00,0,1,x,y), x,y,x/y € Wy,

respectively. Thus Y3(A42)pgE, (4) is the free abelian group generated by the symbols [x]’,
x € Wy and Y4(A?)pgE,(4) is the free abelian group generated by the symbols [x, y],
x,y,x/y € Wy.Itis straightforward to check that

A (v o)) = 4T =T + [ﬁ] i :x_l}, [ _x}l'

y! 1—y

This proves our claim.
Lemma 8.2. If A satisfies the condition that Y+(A?) is exact in dimension one, then
P(A) ~ Hi(GEx(A), Z7% (4?)).
Proof. Since Yo(A?) is exact in dimension one, the sequence
0 — Z5%(4%) — Y,(A?%) — 27 (4%) - 0
is exact. From this we obtain the long exact sequence
---— H1(PGE2(A), Y2(A%)) — H1(PGEx(A), Z{™ (42)) — Ho(PGEa(A), Z5™ (4%))
— Ho(PGE»(A), Y2(A%)) — Ho(PGE2(A), Z{™(4%)) — 0.

The group PGE,(A) acts transitively on the generators of Y,(A42). We choose (00,0, 1) as
representative of the orbit of the generators of Y (A42). Then

Y2(4%) ~ Indg > Z.
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Thus by Shapiro’s lemma,

7 ifqg=0,
H,(PGE,(A), Y2(A%)) ~ Hy ({1}, Z) ~
4(PGE2(4), Y2(4?)) ({1}, Z) {0 ifq > 0.
The map 8; : Y5(A?) — Y1(A?) induces the identity map
0¥ 1 Z = Ya(A?)pcEy(4) = Y1(A)pcE (1) = Z.

Since @ factors through

Z72 (A%)porya)  and  Ya(A%)parya) — 257 (A)pcE, (4)

is surjective, we conclude that the map

Y2(A?)poe, () = Z772 (A)poE, (4)
must be an isomorphism. Therefore
H1(PGE2(A), Z7™ (A4%)) ~ Ho(PGEa(A), Z5™(4%)) = P(A). "

Lemma 8.3. The differential dzl,1 is trivial. In particular, if Ye(A) is exact in dimension
one, then Eil ~ P(A).
Proof. Let D, , be the double complex Fe ®gg,(4) Ee (A?), where F, — 7 is a projective

resolution of GE,(A) over Z. From DLJ, we obtain the first quadrant spectral sequence

Hy(GEx(A),Y,(4%)  p=0,1,
E', .=\ Hy(GEy(A), Z52(42)) p=2, = Hpiq(GE2(A).Z).
0 p>2

The natural map p : GE>(A) — PGE;(A) induces the morphism of spectral sequences

E/;,q == Hp+q(GE2(4).Z)

l"* l \ 8.1)

E), == Hp4,(PGEx(A),Z).

As in case of the spectral sequence E,l,, discussed in the previous section, we can show
that
1 1
E/O,q = Hq(Bz(A),Z), E’l,q = Hq(Tz(A),Z),

where

Bz(A):z{(g Z):a,deAx,beA}, TZ(A):={(3 2):a,deAX}.
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From the above morphism of spectral sequences we have the commutative diagram

/71 d/;,l d/i,l
E'5y — H((T2(A),Z) —— H,(B2(A).Z)
ll al, ’ at, l
E2,1 —— H; (PTz(A), Z) —— H; (PBz(A),Z)
The differential d’ i | can be calculated similar to dll,l. In fact, d’ }’1 = 0’4 —inc,, where
o’ : To(A) — By (A), diag(a, b) — diag(b, a). It is easy to see that

d’}’l(diag(a, b)) = diag(ba™"',ab™").

It follows from this that ker(d’{,l) = A*I, and thus py o d/;,1 = 0. Since the vertical
maps are surjective [2, Corollary 6.4, Chapter VII], the differential dzl,1 must be trivial.
The second part follows from the first part and Lemma 8.2. ]

Theorem 8.4. Let A be a commutative ring which satisfies the condition that Ye(A?)
is exact in dimension one. Then H(PGE(A),Z) >~ §4 & A= and we have the exact
sequence

H3(PGEx(A),Z) — P(A) — H»(PB2(A).Z) — H>(PGEx(A),Z) — pa(A) — 1.

Proof. Consider the composite

aY .
Y2(42%) 2> 25%2(42) 55 v, (4?).

Since Hy(Ye(A?))=0, the left map is surjective. As we discussed in the proof of Lemma 8.2,
the map

Y 2 Z =~ Ya(AH)pcry () = Y1(ADpcEy(a) = Z

is an isomorphism. This implies that the differential

dy o =inc: Z 7 (A%)pGeya) = Y1(A%)pay(a) = Z

8Y
is surjective. On the other hand Y2(A2)pgE,(4) —> Z 2 (A2)pgE,(4) is surjective. Thus
dj , is injective too and therefore
E3o=0.

On the other hand, we have
E? | ~ pua(A), EJ, = Hr(PBa(A).Z).

From the split extension 0 — A — PB,(4) — A* — 1, we obtain the five term exact
sequence

H(PB2(A),Z) — H2(A*.Z) — Agx — H{(PB2(A4).Z) > A* — 1,
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(see [2, Corollary 6.4, Chapter VII]). Since the above extension splits, the left-side map in
the above exact sequence is surjective. Thus

H] (PBz(A),Z) ~ Ax (&) AAx.
Since under the differential
diy: A~ H{(PTy(A),Z) — H{(PB3(A),Z) >~ A & Ayx,

the element a € A* maps to (a~2,0), we have E(%,l ~ G4 ® Ay x. Now the theorem follows

from an easy analysis of the main spectral sequence. ]

Remark 8.5. Let A be a commutative ring. From the diagram with exact rows

Ya(A2) 2 Z5B(42) —y H\(Ya(42)) —— 0

lﬁg linc

Y1(4%) Y1(4%)

we obtain the commutative diagram with exact rows

b
Z = Ya(A)pcEs(a) —— Z7 2 (A2)pcEs(a) — Hi(Ye(42)) —0

lidz =3y ldzl,o =fnc

Z Z

PGE>(A)

(see the proof of the above theorem). Thus by the Snake lemma we have

Ezz,o = HI(Y'(Az))PGEz(A)'
Since
E}, ~pa(A), Ej, = Hy(PBy(A).Z), E§, >~ 64 ® Aux,

by an easy analysis of the main spectral sequence, we obtain the exact sequence

H,(PGE,(A), Z) — H;(Ye(4%)) — G4 @ Agx — H;(PGE(4),Z) — 0.

PGE; (A)

Combining this with Theorem 6.2 we obtain the exact sequence

K>(2, A))ab

— AAX — Hl (PGEz(A),Z) — gA — 1.
PGE, (A)

We believe that this exact sequence coincides with the exact sequence of Theorem 4.1.
It seems very difficult to describe the map (%((22,’:)) f‘,bGEz 7 Ayx in the above exact
sequence using the differentials of the spectral sequence, while it was reasonably easy to

describe a similar map in Theorem 4.1.
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Corollary 8.6. If A is universal for GE,, then we have the exact sequence
H3(PGE»(A),Z) — P(A) — Hp(PB2(A),Z) — H2(PGE2(A), Z) — p2(A) — 1.
Proof. Since A is universal for GE,, by Theorem 6.2 we have

K2(2,A))ab _o

Hy(Ye(A?)) (C(2 D

Now the claim follows from the above theorem. [

Example 8.7. Let A be a semilocal ring such that none of Z/2 x Z /2 and Z /6 is a direct
factor of A/J(A). Then A is a universal GE,-ring and thus by the above corollary we have
the exact sequence

H3(PGL,(A), Z) — $P(A) — H>(PB2(A),Z) — Hy(PGLy(A),Z) — p2(A) — 1.

9. The homology groups of PB,(A)

Let study the Lyndon/Hochschild—Serre spectral sequence associated to the split extension
1 — N2(A) — PB3(A) — PT,(A4) — 1.
This is the extension 0 — A — PB,(4) — A* — 1. Thus we have the spectral sequence
€2, = Hp(A*. Hy(A,Z)) = Hpy4(PB2(A). Z).
We showed in the proof of Theorem 8.4 that
Hi(PB2(A),Z) ~ A* & Agx ~ H{(PT2(A),Z) & Ayx.
Recall that Ayx = Ho(A*,A) = A/{a —1:a € A).

Lemma 9.1. Let G be an abelian group, A a commutative ring, M an A-module and ¢ :
G — A a homomorphism of groups which turns A and M into G-modules. If Hy(G, A)
=0, then foranyn > 0, H,(G,M) = 0.

Proof. See [21, Lemma 1.8]. [
Corollary 9.2. If Agyx = 0, then H,(A*, A) = 0 for any n > 0.

Proof. Use the above lemma by considering ¢ = idgx : A — A*. |
Corollary 9.3. If2 € A%, then H,(A*, A) = 0 for any n > 0.

Proof. If 2 € A%, then A4x = 0. Now use the previous corollary. ]
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Lemma 9.4. If Ay« = 0, then Hy(PB»(A), Z) ~ H,(PT»(A),Z) ® H»(A, Z)x.

Proof. By Corollary 9.2, we have H{(A*, A) = 0. Now the claim follows from an easy
analysis of the above spectral sequence. ]

Proposition 9.5. If A is a subring of Q, then for any n > 0,
H,(PB2(A). Z) ~ H,(PT2(A),Z) & Hy—1(A*, A).
In particular, if 2 € A, then H,(PT,(A),Z) ~ H,(PB,(A),Z).

Proof. 1t is well known that any finitely generated subgroup of Q is cyclic. Thus the
additive group A is a direct limit of infinite cyclic groups. Since H,(Z,Z) = 0 for any
n > 2[2, p. 58] and since homology commutes with direct limit [2, Exercise 6, Section 5,
Chapter V], we have H, (A,Z) = 0 for n > 2. Now the claim follows from an easy analysis
of the above Lyndon/Hochschild—Serre spectral sequence. The second claim follows from
Corollary 9.3. ]

Example 9.6. (i) Since Z> acton Z by (—1).n = —n, we have (Z)zx ~ 7 /2. Moreover,
using the structure of the homology of finite cyclic groups [2, p. 58-59], we have

0 if k is odd,

Hy(Z%,7) ~ .
W®7.2) {Z/Z if k is even.

Therefore, by the above proposition,

Hy (PB2(2).7) ~ | [ (PT2(2).2) if n is even,
e Hn(PTZ(Z)yZ)EBZﬂ if n is odd
Z ifn =0,
=140 if n is even,

Z)2@®7)2 ifnisodd.

(ii) Let A4,, = Z[%], where m is a square free integer. We calculated (A4y,)4x in
Example 4.4(iv). Now if 2 | m, then by Corollary 9.3, for any non-negative integer n,
H, (A}, Apn) = 0. Thus by Proposition 9.5

Hy (PB2(Am), Z) ~ Hy(PTa(Am), Z).

Let p be an odd prime. Then (A,,)A; >~ Z/2. Note that Ay ~ {+1} x (p) = Z/2 x Z.
By an easy analysis of the spectral sequence

&7, = H (121}, Hy({p). 4p)) = Hyrs(A%. Ap)

and the calculation of the homology of cyclic groups [2, P. 58-59], one can show that for
any n > 0,
Hy (A, Ap) ~7/2.
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Thus by Proposition 9.5, H, (PB,(A4,),Z) ~ H,(PT2(Ap).Z) @ Z/2, n > 1. Finally, by
the Kiinneth formula applied to

H, (PT2(A4,), Z) ~ H,({£1} x (p), Z),

we obtain
7 ifn =0,
Hn(PBz(Ap),Z): Z/2®Z/260Z ifn=1,
Z]2®7]2 ifn > 2.

The following result is known for the inclusion of groups T2(A4) € B, (A).

Proposition 9.7. Let v, : H;(PT2(A), Z) — H;(PB2(A), Z) be induced by the natural
inclusion PTy(A) C PB,(A).

(1)  Let A be a semilocal ring such that for any maximal ideal m, |A/m| # 2,3, 4.
Then V4 is isomorphism for q < 2.

(i) Let A be a semilocal domain such that for any maximal ideal m either A/m is
infinite or if |A/m| = p?, then ¢ < (p — 1)d. Then Vg is an isomorphism.

(iii) Let A be a semilocal ring such that for any maximal ideal w either A/m is
infinite or if |A/w| = p¢, then ¢ < (p — 1)d — 2. Then Y, is an isomorphism.

Proof. This can be proved as in [18, Section 2], which the case of local rings is treated.
]

10. The second homology of PGE,

Let A be a commutative ring. Recall that Wy = {a € A : a(a — 1) € A*}. The differential
Y 1 ¥3(4) — Z9(A%) C Y2(A) induces the map

Y : Ho(PGE,(A), Y3(42)) — P(A).

We choose X, := (00,0,1,a), a € Wy, as representatives of the orbits of the generators
of Y3(A?) and set

[a] := 3 (X,) € P(A).
Proposition 10.1. Let A be a ring such that Yo(A?) is exact in dimension 1. Then under
the composite
3,
d3 | : P(A) —> Hy(PB2(A), Z) - Ha(PT2(A),Z) =~ A* A A
[a] € P (A) maps to2(a A (1 —a)).
Proof. 1tis proved in [15, Lemma 3.2] that E /i,l ~ P (A) and the composite

3, H,(B2(A).Z) N H>(T2(A),Z)
(0% — inc*)(Hz(Tz(A), Z)) (0% — inc*)(Hz(Tz(A), Z))

P(A)



The low-dimensional homology of projective linear group of degree two 1185

a O 1—a 0
[“]'_)(0 1)A( 0 (1—a)—1)

(see [15, Lemma 4.1] and its proof). We introduced and studies the spectral sequence

is given by

E',, = Hpyiq(GEx(A).Z)

in the proof of Lemma 8.3. Observe that in [15] the author works over rings with many
units, which satisfy the condition of this proposition. But [15, Lemma 4.1] (used above)
is also valid in our more general setting here. Now from the commutative diagram

430 Hy(Ba(A).2) H(T2(4),Z)
P(A) ’ 1£(of—mc*) ’ ini(o*z—inC*)

H lp* lp*
d2

P(A) — Ha(PBa2(A),Z) —— Ha(PT2(A),Z)
we obtain the desired result. [

Let A satisfy the condition that Y,(A42) is exact in dimension 1. Then by Lemma 8.3,
Ezz,1 ~ P (A). We denote the kernel of the differential

d3,: P(A) — H>(PB2(A),Z)
with Bf (A) and we call it the GE,-Bloch group of A. Hence we have
E3 ~ Bg(A). (10.1)
Corollary 10.2. Let A satisfy the condition that Ye(A?) is exact in dimension 1. If
Hy (PT2(A), Z) ~ Hi(PB2(A),Z) fork <2,

then we have the exact sequence
AN A
2(aA(1—a)):a e W)

— Hy(PGEy(A), Z) — pa(4) — 1.

Moreover, if Yo(A%) — Z is exact in dimension < 3, then we have the exact sequence
A A A
—
2(an(1—a)):aec W)

— Hy(PGE,(A), Z) — pia(4) — 1.

Proof. This follows from Theorem 8.4 and Proposition 10.1. The second part follows
from the first part and the fact that the natural map

Y : Ho(PGE,(A), Y3(42)) — P(A)

is surjective. ]
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Theorem 10.3. Let A be a local domain (local ring) such that
|A/ma| #2,3,4 (|A/my| #2,3,4,5,8,9,16).
Then
H>(PGL2(A), Z[3]) ~ K2(4)[5]-

Proof. Since |A/my| # 2,3,4 (|[A/my| # 2,3,4,5,8,9, 16 for the case of local ring),
by Proposition 9.7,
Hy (PT2(A), Z) ~ H(PB2(A),Z)

for k < 2. Moreover, note that A is a GE,-ring and by Proposition 5.5 the complex
Ye(A?) — Z is exact in dimension < 4. Thus by the above corollary,

Ha (4%, Z15])
2@an(1—a)):aeW)

H>(PGL,(A), Z[1]) ~

Now it is easy to see that

Ha (A%, Z[4]) _ S3AMEI

~ KM 17 ~ 1
Rlarn(i—a):aeWs) [a®@(1—a):aeAX) " KY (A)[3] ~ Ka(A)5]

(see Theorem 2.1). Recall that
SZ(A) =~ (A ®z A)/(a®b+b®a:a,be AX). "

Example 10.4. The ring Z is a universal GE,-ring [10, Example 6.12]. Since Zzx ~ Z /2
and H,(PB,(Z), Z) = 0 (Example 9.6), by Corollary 8.6 we have

Example 10.5. Let p = 2,3. Then A4, := Z[%] is a universal GE,-ring [10, Exam-
ple 6.13]. By Example 9.6, we have

7)2 if p =2,

Ha (P2 (4p). 2) = {2/269 7)2 ifp=3

By Corollary 8.6, we have the exact sequence

A
H3(PGL2(Ap),Z) — P(Ap) = H>(PB2(Ap).Z) — H>(PGL2(4p).Z) — pa(Ap) — 1.
From these we obtain the exact sequences

Z/2 — Hz(PGLz(Az),Z) — /Lz(A2) — 1,
7)2® Z)2 — Hy(PGLy(A3),Z) — pa(A3) — 1.
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11. The third homology of PGE, and a Bloch—Wigner type theorem

Lemma 11.1. If A satisfies the condition that Y+(A?) is exact in dimension 1, then

A A A
El,~ T _~ g nba
L2 oAx A ax) AT

Proof. To prove our claim we must show that the image of the differential
dy , + Hy(PGEx(A). Z7™2(A%)) — Hy(PT2(A),Z) ~ A* A A™
is 2(A* A AX). The morphism of spectral sequences E’Il,,q — E;,q (see diagram (8.1) in

the proof of Lemma 8.3) gives us the commutative diagram

H,(GE,(4), 2% (42)) A, H,(T5(A). Z) _dha H»(Ba(4), Z)

! o |

d dl =
Hy(PGEy(A). Z9%2(42)) “225 Hy(PTo(4).Z) 2273 H,(PBa(4). 2).

From the five term exact sequence associated to the Lyndon/Hochschild—Serre spectral of
central extension 1 — A* I, — GE»(A) — PGE,(A) — 1 [2, Corollary 6.4, Chapter VII],
with coefficients in Z ?Ez (A?) and Lemma 8.2 we obtain the exact sequence

H>(GEx(A), 2§ (A4%)) — Ha(PGEa(A), Z{™(4%))
— Hy (4, Z7%(4)) e, (1) = H1(GEa(4), Z7(4%)) — P(4) — 0.
Since PGE;(A) acts trivially on A* I, we have

Hy (A%, Z7%(A4%)) pop, ay = Hi(A%, 2) @2 275 (A)pcey (4)-

In the proof of Lemma 8.2, we have proved that Z ?Ez (AZ)PGEZ( 4) =~ Z. Thus
Hy (A%, Z7%2(A)) pey ay = A
The composite Y, (A42) % 772 (42) e Y1(A?) gives us the composite
A ~ Hy(GEx(4).Y2(4%)) — Hy(GEx(4), Z7(4%)) — H1(GE,(4), Y1(4%)) ~ A
which coincide with the identity map id4x. This shows that the natural map
A* — Hy(GEx(4), Z7%(4%))

appearing in the above five term exact sequence is injective. Therefore the map

H»(GE2(A), Z7™ (4%)) — H»(PGE,(A), 2% (42))

is surjective, which appears as the left vertical map in the above diagram.
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By the Kiinneth formula,
H2(T2(A),Z) ~ Hy(AX,Z) ® Hy(A*,Z) ® A @z A™.
A direct calculation shows that ker(d '1’2) is generated by the elements of the form
(x,x,a®b—-b®a), xecHy(A*,Z), a,bec A"

It is easy to see that p.(kerd’ }’2) = 2H,(PT(A), Z). From the above commutative dia-
gram it follows that im(dzl’z) C 2H,(PT(A), Z). Finally, it is straightforward to check

6 916 6

€ Hz(PGEz(A), Z?EZ (Az))

(g ?) D ® ((00.0) + (0,00))

and
dy,(Y) =2(a nb).

This shows that irn(dzl’z) = 2H,(PT(A), Z). The final isomorphism follows from the
following lemma applied two A = Z — 7Z/2 = Band M = A*. ]

Lemma 11.2 (Base change). If A — B is a homomorphism of commutative rings and if
M is any A-module, then the natural map

(;\M>®AB—>;\(M®AB)
A B

is an isomorphism.
Proof. See [6, Proposition A2.2]. ]

Let # be an abelian group. Let o7 : TorlZ (A, A) — TorlZ (A, A) be obtained by inter-
changing the copies of #. This map is induced by the involution A4 ®z A — A Rz A,
a ® b — —b ® a (for this use [, Proposition 3.5]). Let ¥/, = {1, 0’} be the symmetric
group of order 2 and consider the following action of this group on TorlZ (A, A):

(0, x) = —o1(x).

We say that an abelian group + is an ind-cyclic group if # is direct limit of its finite cyclic
subgroups.
Proposition 11.3. Let A be an abelian group and T4, be its torsion subgroup. Then

(i)  We always have the exact sequence

3
0— A\ A — Ha(A Z) —> Tor (Ta. T4)™ — 0.
Z
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(i) If T4 is an ind-cyclic group, then X acts trivially on TorlZ (Ta, Ta) and the
exact sequence

3
0— \ A — H3(A.Z) > Torf (Ty. Ty) — 0
Z

splits naturally.

(iii) For any integer m € Z, let m : A — A be given by a — ma. Then the map
my : Hz(A, Z) — Hs(A, Z) induces multiplication by m> on /\% A and mul-
tiplication by m? on TorIZ(TA, T,A,)E,z.

Proof. (1) By [28, Lemma 5.5] or [1, Section 6] we have the exact sequence

3
0— /\A — H3(A,Z) — Torlz(f/‘o,eA)E,Z — 0.
Z

Since
TorZ (A, ) ~ TorZ (T4, Ta).

we obtain the first exact sequence.
(i1) Now let T4 be an ind-cyclic group. Since

Tor?(Z/n,Z/n) ~ Z/n,

the action of X/, on TorlZ (Z/n,Z/n) is trivial. Now by passing to the limit, we see that the
action of X, on TorlZ (T4, Ty) is trivial. For the last part note that since T4 is ind-cyclic,

3
/\TAZO.
Z

Now applying the first part to the inclusion 74 < 4, we obtain the following commuta-
tive diagram with exact rows

H3(T4,Z) —— Tor¥ (T, Ta)

I I-

0 —— Ay A —— Hi(A,Z) — TorZ(A, A) — 0.
Now from this diagram we obtain a natural splitting map
TorZ (T, Tw) = H3(Ta, Z) — Hi(A, 7).
(iii) This part follows from (i) and (ii). [

Lemma 11.4. If H3(PT2(A),Z) >~ H3(PB3(A), Z), then E§’3 sits in the exact sequence

3
/\ﬁA — E§,3 — Tor? (n(A). ,u,(A))E2 — 0.
Z
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Proof. By Proposition 11.3, H3(PT,(A), Z) sits in the exact sequence

3
0— /\AX — H3(PT»(A), Z) — Tor” (M(A),M(A))E/Z — 0.
Z

Consider the commutative diagram with exact rows

0 — AL A —— Hy(PTa(A). Z) —— Tor? (u(A). u(4))™ —— 0

| L !

0 —— AL A —— Hy(PTa(A). Z) —— Tor? (u(A). u(4))™ — 0.

It is straightforward to see that d 11,3 induces multiplication by 2 on the left vertical map
and O on the right vertical map (use Proposition 11.3 for m = 1 and m = —1). Thus by
the Snake lemma we have the exact sequence

3
(/\ AX)/2 — E§ 3 — Tor} (u(A), /L(A))22 — 0.
z

Now the claim follows from this and Lemma 11.2. [

Over algebraically closed fields of characteristic zero the following result is called the
classical Bloch—Wigner exact sequence.

Proposition 11.5 (Classical Bloch—Wigner exact sequence). Let F be either a quadrati-
cally closed field, real closed field or a finite field, where |F| # 2,3, 4, 8. Then we have
the exact sequence

0 — Tor? (w(F), u(F)) — H3(PGLy(F),Z) — Bg(F) — 0.

Proof. First note that Y,(F?) — Z is exact in dimension < 4 (Proposition 5.5). Second,
by Proposition 9.7,
H, (PTZ(F), Z) ~ H, (PBZ(F), Z)

for n < 3. Since |§F| < 2, we have
E}, =0, E§;~Tor? (u(F), u(F))

(see Lemmas 11.1 and 11.4). Now by an easy analysis of the main spectral sequence we
obtain the exact sequence

Tor? (w(F), w(F)) — H3(PGLy(F),Z) — Bg(F) — 0.
Let F be the algebraic closure of F. Since

Tor? (w(F), w(F)) — Tor? (u(F), u(F))
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is injective, it is sufficient to prove the claim for F. The isomorphism
PSL,(F) — PGL,(F)

gives us the morphism of spectral sequences

. _
E", , — Hp+q(PSL2(F), Z)

! |

Ey, == Hpyq(PGLa(F). Z).

This morphism gives us the commutative diagram with exact rows

1 (@n(1—a))

0 — Tor? (i(F), i(F)) —> H3(PSLx(F),Z) — P(F) [a] Nz F*

Js. = H s
TorZ ((F), w(F)) —— Hs(PGLy(F), Z) —» P(F)@22@r=a) A2 5
where [I(F) = j1(F)/u>(F). For the upper exact sequence, see [5, Appendix A]. Note
that the right and the left vertical maps are induced by

2
Y

and both are isomorphism. Therefore the map
Tor? (w(F), 1(F)) — H3(PGLy(F), Z)
is injective. This completes the proof of the proposition. ]

Remark 11.6. Let F be a quadratically closed field. All the groups of the commutative
diagram
SLy(F) —» PSLa(F)

{ I

act on the complex L,(F?) (see Section 5). So from the above diagram we obtain the
diagram of morphisms of spectral sequences

E",q Hptq(SLo(F), Z)

n1 ‘
P4 l

E', Hp1q(GLa(F), Z)

p.q

E! Hy 44 (PGLy(F), Z)

p.q

Hpq(PSLa(F), Z)
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By studying the spectral sequence in the above diagram, we obtain the following commu-

tative diagram with exact rows

0 < () {— (“19d)°H

e

0 <— (*19)°H =

0 < (D)1 ¢— (“ISD°H

7

0 <— (“19°%H <

¢ «d N oo — (D& 4 Aﬁw&mm A| (D7 4—0
AN
Z Z
DTS @ xd TV $757- A_Zzs%_ﬁv : Aﬁovf QE <
< % xd ZV 4 e C A Em&mm T“" (DY <— 0
\ ) awia\
<A ZV ¢ (D& < Emvi (D7 <

(r—D)vo) € [n]
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where
alanb) =2(@nrb,a®b), Blarb,c®®d)=anrb—cnrd, i(F):= u(F)/us(F)

and H3(GL,) is the cokernel of the composite

3
/\T2(F) > Hs(T2(F). Z) — Hs(GLo(F). Z).
Z

In the above diagram, the exact sequences corresponding to SL,(F) and PSL,(F) are
proved in [5, Appendix A]. For these see also [7, 19]. For the exact sequence related to
GL,(F) see [15,28]. The exact sequence related to PGL,(F) is the topic of the current
article (but also see [22, Appendix C, (C.3)]). The maps on the right vertical square sit in
the following exact sequences

0— Hz(SLz(F),Z) — Hz(PSLz(F),Z) — /,Lz(F) — 1,
0 — Hy(SLy(F). Z) — Hy(GLy(F). Z) <> Hy(F*.Z) — 0,
F* ®z F* — Hy(GLa(F). Z) — Hy(PGLy(F).Z) — F* 5 F* & gp 1.

These exact sequences can be obtained by analysis of the Lyndon/Hochschild—Serre Spec-
tral sequences associated to the group extensions 1 — ,(F) — SLy(F) — PSL,(F) —

1,1 - SLy(F) — GLy(F) o F* —>1land1— F*I, - GLy(F) — PGL,(F) — 1,
respectively.

Theorem 11.7. Let A be a domain satisfying the condition that Y.(A) is exact in dimen-
sion 1 and H3(PT,(A),Z) ~ H3(PB3(A), Z). Then we have the sequence

0 — Tor% (11(A), u(A)) — H3(PGE2(A),Z) — BE(A) — 0,

which is exact at every term except possibly at the term Hz(PGL,(A), Z), where the
homology of the complex is annihilated by 4.

Proof. The main spectral sequence gives us a filtration
0 C FoH3 C FiH3 C F>H3 € F3H; = H3(PGE,(A). Z),

where E;?%p ~ Fp,H3/F,_1H3, 0 < p < 3. Since E31’0 = 0, we have F, H3 = F3Hj;.
From E% >~ Bg(A) (see (10.1)) we obtain the exact sequence

By Lemma 11.4 and Proposition 11.3 (i), E§’3 sits in the exact sequence

3
/\5,4 — E&S — TorlZ (pL(A), ,u(A)) — 0.
Z
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Let 7 = im(/\% Gy — Eg’3). From the natural inclusion p(A4) < A* >~ PT,(A), we
obtain the diagram with exact rows

H3(1(A). Z) —= Tor{ (1u(4). 11(4))

| H

0 > T > Eg,3 _ TorlZ (/L(A),,M(A)) — 0

This shows that the bottom exact sequence splits and thus we have the exact sequence
0 — Tor? (n(A), 1(A)) — E§,3 — T3 — 0.

Now from the surjective map E§’3 — Eg5 =~ FoH3, we obtain an exact sequence of the
form
Tor? (u(A), 1(A)) — FoHs — T, — 0,

where 7 is a 2-torsion group. Let « be the composite TorlZ (u(A), u(A)) - FoH3z —
Fy H3. From the commutative diagram

Tor{ (1(4), i(A)) == Tor} (1(A), u(4))
l L=
0 ————— FoHs > FiH3 » EYy —— 0

we obtain the exact sequence
0 — T, — coker(a) - E{5 — 0.

But by Lemma 11.1, EY%, >~ 94 A §4. This implies that 7 := coker(a) is a 4-torsion

group. To complete the proof of the theorem we need to prove that the composite
o
Tor? (11(4), ju(4)) = FiHs < Hs(PGEs(A), Z)

is injective. Let F be the quotient field of A and F the algebraic closure of F. By Propo-
sition 11.5, we have the classical Bloch—Wigner exact sequence

0 — Tor? (w(F), w(F)) — H3(PGLy(F),Z) — Bg(F) — 0.

Now from the commutative diagram

Tor{ (4(A), u(4)) —— H3(PGEx(4), Z)

[ !

0 — Tor? (W(F), u(F)) — H3(PGLo(F),Z) — Bg(F) —— 0

we obtain the injectivity of the map Tor% (u(A), u(A)) — H3(PGE;(A), Z). This com-
pletes the proof of the theorem. ]
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Corollary 11.8. Let A be a semilocal domain such that for any maximal ideal m, |A/m|
# 2,3,4,8. Then we have the Bloch-Wigner exact sequence

0 — Tor? (1(A), w(4))[1] = Hs(PGL,(4), Z[1]) — B(4)[L] — 0.
Moreover, H3(PGL,(A), Z[%]) s Kgld(A)[%]'

Proof. First note that A is a GE,-ring and thus GE,(A) = GL;(A4). Second, by Proposi-
tion 9.7, H, (PT2(A),Z) ~ H,(PB3(A), Z) for n < 3. Consider the commutative diagram
with exact rows

P(A) —2— S2(4%)

H b
dz

P(A) — Ha(PT2(A),Z),

where y(a @ b) = 2089 A (g 9). Note that B(A) := ker(A) is the Bloch group of A
(see Section 2). Since S% (AX)[%] ~ H,(PT,(A), Z[%]), we have B(A)[%] ~ Bg (A)[%]
Now the first claim follows from the above theorem.

The natural map GL,(A) < PGL,(A), induces the commutative diagram with exact
rows

0 — Tor? (u(A), w(A[L]) — H3(SL2(A). Z[1]) . — BA[L] — 0

B l L

0 — Tor? (u(A), w(A)[3]) — H3(PGL2(A). Z[3]) — Bp(A)[3] — 0

Note that the first exact sequence can be proved as [15, Corollary 5.4]. By the Snake
lemma, H3(SL,(A),Z [%])Ax ~ H3(PGL,(A),Z [%]) Now the second claim follows from
this and the isomorphism H3(SL,(A4), Z[%])Ax ~ Kg‘d(A)[%] (see Theorem 2.5). |

Proposition 11.9. For any non-dyadic local field F we have the exact sequence
0 — Tor (u(F), w(F))~ — H3(PGL2(F),Z) — Bg(F) — 0,
where TorlZ (W(F), w(F))® is an extension of Z./2 by TorlZ (U(F), u(F)).

Proof. Firstnote that §p ~ 7 /2 x 7Z./2 (see [12, Theorem 2.2, Chapter VI]). Thus E ff’z ~
9r NGF ~ 7 /2. Moreover, since /\% 9r =0, we have E§,3 ~ Tor% (u(F), n(F)). Now
by an easy analysis of the main spectral sequences we obtain the exact sequences
0— K — H3(PGL2(F),Z) — Be(F) =0,
Tor? (w(F), w(F)) — K — Z/2 — 0.

The injectivity of Tor% (u(F), u(F)) — K follows from Theorem 11.7. This completes
the proof of the proposition. ]
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Proposition 11.10. For the rings Z and Z[%] we have:
(i)  For the ring of integers Z, B (Z) = P(Z) and we have the exact sequence

0 — Tor? (w(Z), 1 (Z)) & Z/2 — H3(PGLL(Z),Z) — Br(Z) — 0.
(ii)  For the ring Z[%], BE (Z[%]) = J’(Z[%]) and we have the exact sequence
0 Tor? (1(2[2]). w(Z[4])) ~ H>(POLa (2[1]).Z) — B (Z[4]) .
where TorlZ (/,L(Z[%]), ,LL(Z[%]))z is an extension of 7./2 by TorlZ (/L(Z[%]), ,LL(Z[%])).

Proof. (i) First observe that E(},z = Hy(PB,(Z),Z) >~ H»(PT2(Z),Z) = 0 (see Exam-
ple 9.6). Thus Bg(Z) = P(Z). By Example 9.6 and Proposition 11.3

H3(PB2(Z),Z) ~ H3(PT2(Z),Z) & Z/2 =~ Tor? (w(Z), u(Z)) & Z/2.

Note that E 11,2 = H,(PT,(Z),7Z) = 0. Now by an easy analysis of the main spectral
sequence we obtain the exact sequence

Tor? (W(Z), w(Z)) ® Z/2 — H3(PGLy(Z), Z) — P(Z) — 0. (11.1)

Let us study the associated Lyndon/Hochschild—Serre spectral sequence of the split exten-
sion 1 — PSL,(Z) — PGL,(Z) — §7 — 1:

€7y = Hy(9z. Hs(PSL2(Z), Z)) = H,4s(PGL2(Z), Z).

Since PSL,(Z) is the free product of Z/2 and Z /3, i.e., PSL,(Z) ~ 7Z./2 * Z /3, we have

7 ifn =0,
H,(PSL2(Z),Z) ~ S Z/2 @ Z/3 ifnis odd,
0 if n is even

(see [2, Corollary 7.7, Chapter II]). Therefore for any r > 0, 83’2 = (0. Moreover,

Z ifr =0,
6o = Hy(§2.2) = { Z/2 ifrisodd,
0 if r is even.

It is known that the isomorphism Z /6 — H;(PSLy(Z), Z) is induced by 1 — E»(1) [3,
Theorem 9.3]. The conjugate action of (—1) € §z on PSL,(Z) is given by (—1).E1,(1) =
E15(—1). Thus if we replace Z /6 by H{(PSL»(Z),Z), we see that (—1) € §z actson Z /6
by (—1).F := —. Now by the known calculation of the homology of finite cyclic groups
([2, p- 58-59]) we have

€}y = Hy(§2.2/6) ~7/2.
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Since the extension splits, d320 : 832 0o— & 121 is trivial. Now by an easy analysis of the
spectral sequence we see that

|H3(PGL2(Z), Z)| < 24.

On the other hand, we know that PGL,(Z) is the free product with amalgamation of the
dihedral group D, of order 4 and the dihedral group D3 of order 6 amalgamated along
the subgroup D of order 2:

PGLz(Z) ~ D2 *D, D3, (112)

(see the proof of [23, Lemma 2]). Note that Dy ~ Z /2, D, >~ Z /2 x Z/2 and D3 >~ S3.
Since

Hy(D1,Z) =0, Hs(Dy,Z)~7/2, Hs(D2,7)~(Z/2), H3(D3,Z)~=17/6,

from the Mayer—Vietoris exact sequence associated to (11.2) [2, Section 9, Chapter VII]
we obtain the exact sequence

Z/2 — (Z/2)* ® Z/6 — H3(PGLy(Z),Z) — 0.

It follows that | H3(PGL2(Z), Z)| > 24. Therefore H3(PGL,(Z), Z) has 24 elements and
in fact H3(PGL,(Z),Z) ~ (Z/2)*> ® Z/6. Thus the left hand side map of the exact
sequence (11.1) must be injective. This proves our claim.

(ii) Let A, = Z[%] Then by Lemma 9.5, for any n > 0 we have

Hn (PBQ(Az), Z) i Hn (PTz(Az), Z)

Since §4,~7/2%x7Z/2, wehave E{%~7/2 (Lemma 11.1) and ngg:TorlZ(u(Az), w(A42))
(Lemma 11.4). Now from the main spectral sequence, we obtain the exact sequences

0 — KX — H3(PGL,(A2).Z) - Bp(Az) — 0,
Tor? (1(A2), w(A2)) = K — Z/2 — 0.

As in the proof of Theorem 11.7, one can show that the map
Torf’ (11(42), i1(42)) — K S H3(PGLa(45), Z)
is injective. This completes the proof of the proposition. ]

Remark 11.11. Let A be a domain. Then, up to isomorphism, there are at most two exten-
sion of Z/2 by TorZ(u(A), ;1(A)): the split and the non-split extensions. This follows
from the isomorphism

0 if fpoo (F) is infinite or char(F) = 2,

1 Z ~
Exty (Z/2, Tor{ (ju(A), u(A))) ~ { 7.2 if oo (F) is finite and char(F) # 2,
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where F is the quotient field of A and o (F) is the 2-power roots of unity in F. We
believe the extension

0 — Tor? (u(A), u(A)) — Tor? (u(A), u(4))~ - Z/2 -0

appearing in the above two propositions is the non-split extension. But at the moment we
do not know how to prove this.
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