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Minimizing movements for forced anisotropic curvature
flow of droplets

Shokhrukh Kholmatov

Abstract. We study forced anisotropic curvature flow of droplets on an inhomogeneous horizontal
hyperplane. As in Bellettini and Kholmatov [J. Math. Pures Appl. 117 (2018), 1-58], we estab-
lish the existence of smooth flow, starting from a regular droplet and satisfying the prescribed
anisotropic Young’s law, and also the existence of a 1/2-Holder continuous in time minimizing
movement solution starting from a set of finite perimeter. Furthermore, we investigate various prop-
erties of minimizing movements, including comparison principles, uniform boundedness, and the
consistency with the smooth flow.
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1. Introduction

In this paper, we are interested in the forced anisotropic mean curvature flow of droplets
on an inhomogeneous hyperplane. Representing the droplets by subsets of the half-plane

Q :=R"! x (0, +00)
and the relative adhesion coefficient of the hyperplane

0 :=R"! x {0}
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by a function B : Q2 — R, we write the corresponding evolution equation of droplets
{E(#)}tefo,) as

vrp(x) = —Kl?(t)(x) — f(t,x) fort € (0,T)and x € T'(2),

al'(t) c aQ fort €0, 7), (L.1)
VO(vr()(x)) - e, = —B(x) fort € (0,T) and x € aT'(¢), '
E(O) = Fo,

where I'(¢) := Q N JE(t) is the free boundary of E(¢) in 2, ® is an even anisotropy in
R”, i.e., a positively one-homogeneous even convex function in R” satisfying

colx| < ®(x) < Colx|, xeR", (1.2)

for some 0 < cp < Co, vr(;) and Kl?(t) are the normal velocity and the anisotropic mean
curvature of I' (), respectively, vr(y) is the unit normal, outer to E(¢), f : IR(')" x Q2 —Ris
a forcing term, e, = (0,...,0, 1), and Ey is the initial droplet; here, ]R{;“ :=[0, +00). In the
literature, the third equation in (1.1) is called the anisotropic Young’s law or anisotropic
contact-angle condition [16]. We refer to solutions of (1.1) as the ®-curvature flow starting
from Ey, with forcing f and anisotropic contact angle S.

The following result shows that equation (1.1) is well posed.

Theorem 1.1 (Existence of smooth flows). Let ® be an elliptic C3*-anisotropy in R",
f e C%’“(Rg x Q), B € C1T¥RQ) with ||Blleo < P(e,), and Ey C Q a bounded set
such that Ty := Q N 3Eg is a C?T%-hypersurface with boundary satisfying

0y C 02 and V&(vr,)-e, = ondly,

where o € (0, 1]. Then, there exist a maximal time TT > 0 and a unique ®-curvature flow
LE (1) }sefo, Ty Starting from Eo, with forcing f and anisotropic contact angle f.

In Section 4, we establish this theorem in a more general form (see Theorem 4.3) by
following the arguments presented in [4,27]. Specifically, we begin by introducing a con-
venient parametrization and linearize the problem near the initial and boundary conditions.
Subsequently, we employ the Solonnikov method [37] to solve the linearized problem, and
next, utilizing fixed-point arguments in the Holder spaces, we solve the nonlinear problem
for small time intervals. Finally, through iterative application of this short-time argument,
we extend the solution till the maximal time. Since the fixed-point method is quite robust,
the flow is stable with respect to small perturbations of initial condition, ®, 8, and f (The-
orem 4.8). Moreover, as in the Euclidean case (see, e.g., [4,36]), the smooth ®-curvature
flow satisfies a strong comparison principle (Theorem 4.9), which, in particular, shows
the uniqueness of the flow. The stability of the smooth flow allows to flow tubular neigh-
borhoods of initial sets (Theorem 4.12); we anticipate here that the evolution of tubular
neighborhoods is an important ingredient in the proof of the consistency of GMM (Defi-
nition 1.2) with the smooth flow.
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The evolution equation (1.1) can be seen as mean curvature flow of hypersurfaces with
a prescribed Neumann-type boundary condition. There are quite a few results related to the
well-posedness of the classical mean curvature flow with Neumann boundary condition;
see, e.g., [2,4,8,22-24,27]. See also [21,25,34,38] for mean curvature flow with Dirichlet
boundary conditions.

When f = 0, the evolution equation (1.1) is a gradient flow for the functional

Cs(E) := Po(E, Q) +[ Bxed¥"', E e BV(Q:{0,1}), (1.3)
Q

where for simplicity we drop the dependence of Cg on @,

Po(E,U) :=/ O(vg)d H !
UNY*E
is the ®-perimeter of E in an open set U, and 0* E and vg are the reduced boundary and
the generalized outer unit normal of E. To maintain the L' (£2)-lower semicontinuity and
coercivity of the capillary functional, we always assume that

I e0.1/2) 1 [Blloo = (1 —2n)P(en). (1.4)
Under this assumption and a priori estimates (see (A.1) below),
nPe(E) < Cg(E) < Po(E), E€S. (1.5)

In the literature, Cg is usually referred to as the anisotropic capillary functional. Origi-
nated in the work of Young, Laplace, Gauss, and others, this functional allows to consider
more general classes of anisotropies @ (such as crystalline) and relative adhesion coef-
ficients B not necessarily constant (see, e.g., [16, 19,30]). The global minimizers of this
functional (usually under a volume constraint) are related to the equilibrium shapes of
liquid or crystalline droplets in the container, which sometimes are called Winterbottom
shapes [28, 30, 35]. Therefore, the problems, such as the existence of minimizers, the reg-
ularity of their free boundaries and contact sets, the validity of an anisotropic version of
Young’s contact-angle law, and the characterization of the shape of the minimizers, have
been extensively investigated and addressed in numerous papers in the literature (see,
e.g., [7,9,16,19,20,26,28,30,35] and the references therein).

To study a weak evolution of droplets, let

S:={E e BV(Q:;{0,1}): E = EW}

be the metric space endowed with the L!(2)-distance d(E, F) := |EAF |, where ED is
the set of points of density 1 for E, i.e.,

EW :={x eR": lim r"|B,(x)\ E| =0},
r—0t
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and let

|EAE|., k=0,

?ﬂ,f(E; Eo, T, k) =
Ca(E) + L [pap, deodx + [ ds [ f(xs.x)dx, k=1

be the anisotropic capillary Almgren—Taylor—Wang functional with a nonautonomous
(time-dependent) forcing, which generalizes the isotropic setting of [4], where E, Eg € S,
7> 0,k € Ng :=N U{0},dg (x) := dist(x, dE), and f is a suitable forcing term. When
J =0, we shortly write Jg.

Definition 1.2 (Generalized minimizing movements [15]). (a) Given t > 0, a family
{E(t,k)}ken, C S is called a (discrete) flat flow starting from Eq provided that E(t,0) :=
Ey,

E(t,k) € argminFg (- E(r,k —1),1,k), k=1

(b) A family { E(¢)}, R} is called a generalized minimizing movement (GMM) starting

from Ej if there exist a sequence z; — 0T and flat flows {E(t;, -)} such that

Jim |En lt/n)AED] =0, 10, (1.6)

where | x| is the integer part of x € R.
The collection of all GMMs starting from Ey and associated to Fg_r will be denoted
by GMM(Jg, 1, Eop).

In applications, it is enough to establish (1.6) in any finite interval [0, T"). (Thus, dif-
ferent 7 may require different sequences t; — 0, but at the end, we can use a diagonal
argument.)

Starting from the seminal papers [1, 15, 29], the minimizing movement approach
has been employed in numerous papers, especially in proving the existence of weak
(anisotropic) mean curvature flows (see, e.g., [11-13]). Moreover, the robustness of the
method allows for applications in other settings, such as in (anisotropic) mean curva-
ture evolution in Finsler geometry with forcing [10], a volume-preserving mean curvature
flow [33], mean curvature flow with Dirichlet and Neumann-type boundary conditions [4,
32] (see also Theorem 1.3), and a mean curvature evolution of bounded Caccioppoli par-
titions, including anisotropies and forcing [3,5].

The first main result of this paper is the following theorem.

Theorem 1.3 (Existence of generalized minimizing movements). Assume that

(@)
feLli (R xR and f~ e Ll (RF; L' (RY), (H1)
(b)
1 connap’"
VYT >03yr >0: sup — | |f(t,x)|dx < ————, (H2)
0<|A|<w,y7,0<t<T |A|T A
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© -
limsup—/ ds/ | f(s,x)|dx € [0, +00), (H3)
—o0t+t T Jo R~
(d) forany T > O either
cr = sup || f(t.)||lLeomn) < +00 (H4")
t€[0,T]

or there exists ct > 0 such that
/ | f(s,x)— f(s +1,x)|dx <cr7, s,54+71€][0,T],r>0. (H4”)
]Rn

Then, for any Eg € 8§, GMM(Jg, . Eo) is nonempty. Moreover, there exists Co > 0
depending only on @, B, f, and Ey such that, for any E(-) € GMM(Jg, s, Ey),

|E(t)AE(s)| < Colt —s|?, 5.t >O0with|t —s| < 1. (1.7)

If|0Eo| = 0O, then (1.7) holds for all s,t > 0.
Furthermore, assume that Eg is bounded and for T > 0,

dar,by >0: [~ (t,x) <ar +brlx|, t€][0,T], |x| € R". (H5)

Then, each E(-) € GMM(Jg, 7, Eg) is bounded in [0, T]; i.e., there exists R > 0 such that
E(t) C Bg(0) foranyt € [0,T].
Some comments on assumptions (a)—(d) are in order.

» The hypothesis (a) is necessary for the well definiteness of g, r and is related to the
prescribed curvature functional.

* The condition (b) will be used in establishing uniform density estimates in Theo-
rem 2.2 and also in proving the boundedness of minimizers.

* The hypothesis (c) is a technical assumption implying Fg, 7 (Eo; Eo, 7, k) < +o0 for
any E( € § and will be necessary to estimate the forced capillary energies of flat flows
E(z, k) with that of E(t,0) (see, e.g., (2.21), (2.25) and subsequent estimates).

* An example of forcing f satisfying (a)—(c) is

f(t,x) = a(t)h(x)
for some a € L°°(]R3') and h € L'(R™) N L?(R") for some p > n.

e Assumptions (H4") and (H4”) in (d) are two (in general different) sufficient conditions
for the existence and local 1/2-time Holder continuity of GMMs.

e In [10], the authors established the local uniform boundedness of GMM for bounded
forcing terms using comparison with balls. In this paper, we show that the same prop-
erty holds also for forcing terms with at most linear growth, using comparison with
Winterbottom shapes in place of balls (see Section 2.2).
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To prove Theorem 1.3, we apply the already well-established machinery of Almgren—
Taylor—Wang and Luckhaus—Sturzenhecker (see, e.g., [1,4,5, 10,29, 33]). The main dif-
ficulty here is that as in [10] because of the time dependence of f, given a flat flow
{E(z, k)}, the sequence

k+1

k— Cp(E(r,k)) + / ds/ f(rs,x)dx
k E

is not necessarily nonincreasing. This creates numerous technical difficulties to bound
the perimeter P(E(t, k)) uniformly in t and k, which is important for the sequential
compactness of {£(z, |¢/7])} in 7. To overcome such an issue, we use assumption (d). It
is worth to mention that under the assumption (H4") every GMM is globally 1/2-Holder
continuous in time; i.e., in (1.7) the assumption |t — 5| < 1 is not necessary. This is true,
for instance, in the case of an autonomous (time-independent) forcing 1.

As in the Euclidean case without forcing [4, Section 6], minimizers of Fg s satisfy
various comparison principles (Theorem 3.1), which yield the following comparison prin-
ciple for GMMs.

Theorem 1.4 (Comparison of GMMs). Assume that 1 > o K" '-a.e. on dQ, E} C EZ
and f1 > f> a.e. in Rg‘ x Q. Then,

(a) forany E*(-) € GMM(F,. 1,, EZ) there exists E'(-)« € GMM(F,, 1,, E}) such

that
EYt)« C E*(t) forallt > 0; (1.8)
(b) forany E'(-) € GMM(Fp, 1, E}) there exists E*(-)* € GMM(F,. 1,, E3) such
that

EY(t) c E>(t)* forallt > 0.
Finally, we study the relation of GMM with the smooth flow solving (1.1).

Theorem 1.5 (Consistency). Assume that n < 3 and ® is an elliptic C3"%-anisotropy
in R™ for some o € (0,1], or n < 4 and ® is Euclidean. Let B € C'T*(0Q), f €
C 29([0, +00) x Q), and {E(t)}1eq0,1) be a smooth ®-curvature flow starting from Eo,
with forcing f and anisotropic contact angle B. Then, for any F(-) € GMM(Jg, 7, Eo),

E(t)=F(t), te[0,Th.

Similar consistency result in the three-dimensional Euclidean case without forcing
has been recently obtained in [36] using the techniques originated in [1]. To prove The-
orem 1.5, we adapt those techniques adding anisotropy and also forcing. Note that the
smallness of dimension 7 implies that the free boundary 9 E; of minimizers E; of
Fp.7 (- Eo, 7,k) is a C?-hypersurface up to the boundary [16,17], satisfying the anisotrop-
ic contact angle condition with . This allows to establish smooth inner and outer barriers
for minimizers of Fg ¢ in Proposition 3.3. To extend this proposition to higher dimen-
sions, one need to show that a smooth hypersurface I' C 2 with boundary in 02 can be
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an outer or inner barrier for 3% E. either only at points of the reduced boundary or only
at regular points of 9 E. Recall that the assertion for the reduced boundary is true since
there are no singular minimizing cones for P containing a halfspace (see [1, Lemma
7.3]). However, currently not much seems known about such a behavior of singular mini-
mizing cones for capillary functional Cg.

The paper is organized as follows. In Section 2, we provide a full proof of Theorem 1.3.
Various comparison results are established in Section 3. In Section 4, we establish the
well-posedness of (1.1), proving Theorem 1.1 in more general form, and various properties
of the smooth flows. Finally, we prove Theorem 1.5 in Section 5. We conclude the paper
with an appendix, where we obtain some a priori estimates for capillary functional and a
characterization of elliptic smooth anisotropies.

2. Existence of GMM

Notation

Given an anisotropy ® in R”, the dual anisotropy is defined as

P%(x) := q)I(I;E)lilx - y.

The following Young inequality holds:
x-y = %(x)P(y), x,y€eR"

The set W® := {®°(x) < 1} are called the Wulff shape for ®. With a slight abuse of the
definition, the translations and scalings Wfp (x) = x + rW® of W are still called Wulff
shapes.

We say an anisotropy ® in R” is CK+* if d e C{;j’“ (R™\ {0}). We denote by V& and
V2 ® the spatial gradient and Hessian of ®. If there exists y > 0 such that x > ®(x) — y|x|
is also an anisotropy, ® is called elliptic. By Proposition A.2, a C¥+®_anisotropy with
k > 2 is elliptic if and only if its dual is an elliptic C**-anisotropy.

Given an anisotropy ®, we define

). xeQ\L

xe,
—d%c(x), x €E,

d2(x):=inf{®(x —y):y eQNI*E}, sdP(x):= {
for E € §. When & is Euclidean, we write shortly dg and sdg.
To shorten the notation, we use
CE :=QnNIE

and
E<F <<= ECF and dist(d%E,0%F)>0
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for E, F € §. Note that

ECF <= sdf>sdf inQ, resp, E<F <= sdf>sdf inQ.

2.1

The following proposition shows the connection between the regular surfaces and dis-
tance functions (see also [36, Proposition 2.1]).

Proposition 2.1. Let I" be a C?**-hypersurface (not necessarily connected and with or
without boundary) in an open set Q C R” for some o € [0, 1]. Then,

(a) forany x € T there exists ry > 0 such that
» T divides B, (x) into two connected components,
e dist(-,T) € C>*¥(B, (x) \ ),

(b) if T is compact and has no boundary, then infycr ry > 0, i.e., the radius r in (a)
can be taken uniform in x;

(¢) if T = Q NIE for some E C Q and ® is an elliptic C3T*-anisotropy, then for
any x € T there exists ry > 0 such that B,(x) C Q and sd% € C2T% (B, (x)).
In this case,
Vsd®(x) = ve (x)®

forany x € T, where vEg is the outer unit normal of E and

(>34 n n
n- = , 0#neR". 2.2)
@2 (n)

(d) Assume that in (c), additionally, Q has a C*T*-boundary. Then, under assump-
tions of (b), for any xo € dQ N T and for any n € S"~! with n-vg(xo) < 0,
where vo (x¢) is the outer unit normal of Q at xo, one has

sdg(xo +sn) — sdg(xo) = s(vE(xo)q>o -+ 0(1)) ass — 0.

These assertions can be proven using the local geometry of I' and Q, i.e., passing to
the local coordinates (see also [18]).

Given an elliptic C2-anisotropy ® and a C2-hypersurface I' C R” oriented by a unit
normal vr, the ®-curvature of I at x € T" is defined as [1, Section 2.2]

kP (x) 1= Tr[VZ0° (ur (x)) V2R (x)],
where R is any C2-function in a ball B, (x) with small radius r > 0 satisfying
B,(x)NT ={R=0} and VR(x)=vg(x).

Writing T" as a graph near x, one can show that lcl? (x) is independent of the choice of R.
When I' = 99 E for some E C 2, we orient I" along the outer unit normal of E and write

[ [
KE - Kl".
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By this convention, convex sets admit a nonnegative ®-curvature. We also set

I11E |loo := sup [1Ir(x)],

xel

where I It is the second fundamental form of I'.
Recall that if
E,=0+tX)(E)

isaC 1-perturbation of E C 2 forsome X € CCI(U; R") with X - e, = 0 on 92, then the
first variation of the capillary functional Cg at E is computed as [26]

d e
Eeﬂ(E;)|t=0=LKEX-UEd% !
+/ X - [Ryj2(m(VO(vr))) + Bn]d H" 2, (2.3)
aQNar

where I' := 9% E, v is the outer unit normal to T, n is the conormal of T at its boundary
points (i.e., tangent vector to I, but normal to dT"), 7 is the orthogonal projection onto the
hyperplane T spanned to {vr, n} (both defined at dI"), and Ry is the counterclockwise
rotation in 7" by angle 0.

Recall that by [4, Lemma 2.1] forany £ € §

yg € LY(0Q) and E €. (2.4)

By (2.4) we can rewrite the anisotropic capillary functional (1.3) as
€ (F) = Pa(F) + [ (8= (eird ™.

Moreover, since Gyg € L'(2) for any G € §, up to an additive constant independent of
E, we can write

k+1)t

1 1
I, r(E; Eo,t,k) :== Cg(E) + —/ sdg, dx + —/ / f(s,x)dxds, k>1.
TJE T Jk E

T

2.1. Proof of Theorem 1.3

For the convenience of the reader, we divide the proof into smaller steps. In each step, we
highlight which of the assumptions on f (mentioned in Theorem 1.3) will be used in that
step.

2.1.1. Existence of minimizers. Given Eg € §, t > 0, and k € N, let {E;} be a mini-
mizing sequence of Ig £ (; Eo, 7, k). We may assume that

g:ﬂ,f(Ei;E(),T,k) < grlg’f(Eo n BR;E(),T,k)



Sh. Kholmatov 358

for some R > 0 and for all i > 1. (We need such a truncation with Bg(0) because a priori
Ey is not bounded, and thus, in general, the integral f ,f s f Eo ft(zs, x)dx need not
to be finite.) Then,

1 1 &+Dz
Cp(E;) + —/ dg,dx + — / ds/ FT(ts, x)dx
T T

Ei\Eo
1
< 5.7 (Eo N Br: Eo.t.k) + ;/ dg,dx
Ey

1 (k+1)T
+ ;/ ds/ S (xs,x)dx := C;. (2.5)

In particular, by (1.5), {Ps(E;)} is bounded, and hence, by LIOC(Q)-compactness of §,
there exists Eoo € BVjoc(€2;{0, 1}) such that, up to a relabeled subsequence, E; — E in
1OC(Q) as i — 400. Moreover, for any bounded U C €,

1 C
Po(E,U) < liminf Po(E;, U) < liminf Pe(E;) < — sup Cp(E;) < —.
i—>—+o00 i—>+o00 n n

Thus, letting U " R”, we get Po(E) < +00. Moreover, by the isoperimetric inequality

Po(W®)

n—1
Po(E) = conlEl ™, con=—77>
|W |

(2.6)

for any bounded U C R”, we have

__n_ n C n—1
[UNE|= lim |UNE;| <liminf|E;| < cg" " liminf Po(E;)n-1 5( ! ) .
i——+o00 i—>-+o00 ’ i—+o0 Co.nn

Thus, |E| < 400, i.e., E € §. Then, the L
that £ is a minimizer.
Notice that if £, is a minimizer, then as in (2.5)

L .(Q2)-lower semicontinuity of Fg s implies

1 1 r&+D7
Cp(Er) + —[ dg,dx + — / ds/ fT(s.x)dx < Cy,
T Er\EO T

and hence, £ € L([kz, (k + 1)1] x E-).
2.1.2. Density estimates for minimizers. In this section besides (H1), we assume (H2).

Theorem 2.2. Let Eg € 5, 7> 0, k € N, and E; be a minimizer of 5g 7 (-; Eo, 7, k). Let
T > (k + 1)t. Then, there exists 6 € (0,87") depending only on n, ®, and n (see (1.5))
such that

JT

sup dg,(x) < — 2.7
x€E.AE, o
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provided 0./t < yr, where yr > 0 is given by (H2). Moreover, if x € dE; and r €
(0,0./7], then

|Br(x) N E|
f<———<1-80, 2.8
= T IBm) @9
P(E:, By(x))
— > 0. 2.9

In what follows, we refer to (2.8) and (2.9) as the uniform density estimates for E.

Proof. For shortness, we write

k+1

h() = f(ts,)ds.
k

Let us establish (2.7). For each x € EAEj, let p, € 3% E be such that
rx 1= |px — x| = dg,(x).
By the 1-lipschitzianity of dg,,

|dEy ()| < |dEo (px)| + [x = px| = 1x.

Thus, we need to estimate ry. Fix r € (0, ry) and set B, := B, (x).
Let x € E \ Ey so that sdg, > ry —r in B,(x). Then, for a.e. r € (0, ry) with
H"1(9* E; N 0B,) = 0, summing the equalities
Po(E\ B @)~ Po(Ee®) = [ 05 )d k" - Po(En 201 By)
E.N3B;

= 2/ ®(vp,)d H" ' — Po(E. N B,,Q),
E.NJB,

/ Brs,dd"" — / Brp.dien— = — / B.nm,dH",
Q2 Q Q

/ sdg, dx —f sdg, dx —[ sdg, dx,
E\B, E; E:NB,

/ hdx — hdx —/ hdx
E:\B, E; E.NB,

and using the minimality of E, we find
0< fFﬂjf(Er \ By; Eg, 1, k) — fFﬂ,f(Er; Ey,1,k)

= 2/ ®(vp,)dH" ' — Po(E. N B,, Q)
E.N3B,

1
—[ ByEe.np, d K" — —/ sdg, dx —/ hdx.
kle} T JE.NB, E.NB,
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Thus,

Iy —F

2/ O(vg,)d K" > Cp(E. N B,) + |E; N B,| +/ hdx. (2.10)
E.NJB,

T E.NB,

By (1.5), the definition of the ®-perimeter, (1.2), and the Euclidean isoperimetric inequal-

1ty
Cg(E: N By) = nPe(E: N By) = 77€<1>nw,1/"|Er n Brln";l~

On the other hand, if r < y7, then by (H2)

f Ihldx <
E.NB,

and therefore, by (2.10) and (1.2),

connan’™ -1
———|E:NB,| ",

3 1/n .
2CNOn g B, < 2Ce X"V (E, N 0B).

Integrating this inequality, we get

3can
E,N B,| >
|Ex ’l—(scq>

n
) wur"™, 1 €10, yr Ary]. (2.11)

Inserting this in (2.10), we get

e —71 3con\” B
xt (8Cq> ) onr™ < 2Conw,r™ 1,
and therefore,
C2‘L'
re <g(r):=r+—, r1re(0,yr Aryl, (2.12)
r
where "
8C.
Cy = 2C¢n( d’) .
3can

On the other hand, if x € Ey \ E, then using
0< fFﬂ’f(Et U B;; Ey, 1, k) — fF,g’f(Et; Ey, ‘L’,k)

= 2/ d(vp,)d H" ' — Po(EE N B, Q)
E{NdB,

1
+/ Brecnp, dH"! ——/ sdg, dx—/ hdx
% T JEENB, ESNB,

for a.e. r € (0, ry] with ry := dist(x, dEg), we get

I'x

2/ D(vp,)d I > C_g(ES N B,) + =—|ES N B, | +/ hdx.
ESNOB, T ESNB,
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Now, repeating the above arguments, we obtain

3 n
|E€ N B,| > (%) ot 1€ [0, 77 A i, (2.13)

and hence, again, (2.12) follows.

In the remaining part of the proof, we assume that /C,t < y7. The function g
in (2.12) admits its unique global minimum at «/C,t. Thus, if 7, > 4/C,1, then 7, <
g(/Cy7) = 24/C, 1. Therefore,

sup dg,(x) = sup rx <2+/Cht.
x€E:AEy x€EAE)

Now, we prove density estimates. Fix any x € dE;, r € (0, /Ca7], and let B, :=
B, (x). First, assume that B, N 9% E, = @. Then, B, intersects only the flat part of 0E,
and hence,

n

JH" VB, NOEL) = 1™V, |By N E,| = 22
Thus, consider the case B, N 9 E, # @ so that
sup dg,(y) <r + sup dg,(y) <r +2/Cst. (2.14)

YEB, yEBrﬂ[EAE()]
By (H2),

1/n 1/n
|h|dx§w|ErmBr|%, |h|dx§w|Ean,|"n;‘,
T
E.NB, 4 ESNB, 4

Moreover, by (2.14),

/E . dg,dx < (r + 2/Co1)|E: N By|"" |Ex N By|n
< 0! (r +2y/Ca1)|E; N B
and
/Em dgydx < (r +2y/Co1)|ES N B,|"% |ES N B, |7
<M (r +2y/Cor)|ES N B,

Thus, if we choose r < C3./T, where Cj satisfies

conn
C3(C3 +2VCy) = 4,7 ,

then
1/n

d n—
/ (ﬂ + h)dx < LM\ p o g
E.nB, \ T 2
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and

de connwy’" -
/ (—°+h)dx§—|E§ﬂBr| "o
ESnB, \ T 2

Thus, as in the proof of (2.11) and (2.13), we get

C<1>)’})” - |E: N By - (Cq;?’])”

1-(——), € (0,C . 2.15
(4Cq> =5 ' g,) eV (15)
Finally, (2.9) follows from (2.15) and the relative isoperimetric inequality for balls. ]

From the lower perimeter density estimate in Theorem 2.2 and a covering argument,
we get the following corollary.

Corollary 2.3. Under assumptions of Theorem 2.2, any minimizer E; of Fg_ s satisfies
H'VOE,) = H"V(E; \Int(E;)) < +00 and H" Y(OE.\d*E;) = 0.

In particular, E; may be assumed open.

Another corollary of density estimates is the following analog of the volume-distance
inequality of [1].

Corollary 2.4. Let Eg € S, T > 0, and k € N be such that
P(Eo. B, (x)) = 0r"', r e (0,07, (2.16)

for some 0,8 > 0. Then, for any p > 0 and a minimizer E; of Fg_r(:; Eo, T, k), we have

C
|E:AEo| < —2Cp(Eo)T + 3/ dg,dx 2.17)
p T JE:AEy
provided T < 02 p?, where
_ S'oy
T el

and n > 0 is given in (1.5).

Specific choices of p will be made in the proof of the almost-continuity of flat flows
in the next section.

Proof. Let
A= {x € E;AEq : dg,(x) < 3}, B = {x € E.AEo : dg,(x) > 1}.
p p

By the Chebyshev inequality, we have

|B| < 3/ dg,dx.
T JE.AE,
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The set A can be covered by balls {B;;,(x)}es2g,- By the Vitali covering lemma, there
exists an at most countable disjoint family {B/,(x;)};>1 such that 4 is still covered by
{Bs¢/p(xi)}i>1. Then, by (2.16) applied with 7/ p € (0, 6.,/7), we have

A =3 Bseyp)] = 225 (1)”“

i>1 N
5 ,
i o= 2 P(E, Beyp(x)) < P¢(E)
i>1
Now, using (1.5) and the equality |E;AEy| = |A| + | B|, we get (2.17). L]

2.1.3. Flat flows. In this section besides (H1)-(H2), we assume (H3). Some further con-
ditions on f will be assumed later.

Notice that under assumption (H1) for any t > 0 and Ey € §, we can define a flat flow
{E(z,k)} starting from Eg. By Theorem 2.2, E(z, k) for k > 1 satisfies the uniform lower
perimeter estimates, and thus, by (2.17), forany p > Oand 1 < m; < my,

myp
|E(t.m)AE(@my)| <= Y |E(r.k)AE(z.k + 1)
k=m;+1
my
<= Y ep(E(.k-1)r
P k=mi+1
my
+ é / dg@k—1dx (2.18)
kemi1 Y E@k=DAE(wk)

whenever t < 62 p2. Further, we will estimate both sums separately.
By the minimality of E(z, k) and (H3) for k > 1,

(k+1t 1
Cp(E(z, k)) + —/ dS/ f(s,x)dx + —/ dgk—1)dx
T Jkt E (k) T JE(r,k—1)AE(t,k)

1 U+De
< Cg(E(r,k—1)) + —/ ds/ f(s,x)dx. (2.19)
T Jk E(t,k—1)

T

To estimate the differences of forcing terms, we need some extra regularity conditions
on f. Further, we fix T > 0 and let  be so small that

T > max{10z, (k + 1)t}
and 1 f02 “ds | £, |/ |dx is uniformly bounded (by assumption (H3)).

Condition 1: Forcing is bounded. Assume (H4"). Then, applying (2.17) with

1

P =20t ery
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we get

1 (k+1)t
—/ ds|:/ f(s,x)dx—/ f(s,x)dx]
T Jkt E(t,k—1) E(t,k)

< cr|E(t,k — )AE(t. k)|

1
< 2C4cr(1 4+ c7)C(E(t. k — 1)1 + —

dE k—1 dx
2t /E(r,k—l)AE(r,k) (k=1

provided T < #%/(2(1 + c7))?. Inserting this estimate in (2.19), we obtain

1
Cg(E(t, k) + oy de@ik-ndx < (1 +art)Cp(E(r,k — 1)), (2.20)

T /E(r,k—l)AE(r,k)

where a7 := 2C4cr (1 + c7). By induction,
Cp(E(r. k) <1+ aTr)k_leﬁ(E(t, 1), k=>1.
As k < |T/t], using the elementary inequality

(1 +aTT)|_T/‘L’J—1 — ((1 +aT_C)$)aTT(LT/TJ_1) < eaTT,

we deduce
Cp(E(t,k)) <eTTCs(E(zr,1)), k=1,...,[T/t] -1 (2.21)
Moreover, given 1 < my <my < |T/t]|, summing (2.20)ink =my + 1,...,m,, we get
1 &
7 / dE (¢ k—1)dx
kg1 ) E@R=DAE (zk)

< Cp(E(r,m)) — Cp(E(r,ma)) +ar Y Cp(E(r.k—1)r
k=m;+1

< eTTCg(E(t, 1)) + are®TT Cg(E(z, 1)) (my — my)r, (2.22)

where in the last inequality we used (2.21).

Next, fix 0 <s <t < T, and let t > 0 be so small that s > 10t and t — s > 107.
Applying (2.18) with m, = [s/t]|, my = |t/t], and p = |t — s|'/2, and using (2.21)
and (2.22), we get

|E(t. [s/tDAE(x, [1/7])]
- C4e“TT€ﬂ(E(t, D)) —s+1)
- |t —s|1/2

+2(e*TCR(E(z, 1)) + are T Cg(E(r, 1)(t — s + 1)) |t —s|'/2,
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and therefore,

|E(r.|s/T)AE(z. [t/t))] < CsCp(E(r, 1))(|t =52 J =52 + W)
(2.23)

where
Cs:= (Cs +2+2arT)erT.

It remains to estimate Cg (£ (7, 1)) uniform in 7. Applying (2.19) with k = 1, we get
1 2T 1 2T
Cp(E(r, 1)) < Cg(Eo) + —/ ds f(s,x)dx — —[ ds/ f(s,x)dx
T J: Eo TJz E.

2 2t
< Cg(Eo) + —/ ds/ f(s,x)dx := ¢,
T Jo R~

where by assumption (H4’) ¢, is uniformly bounded as 7 — 0F. Owing to this and (2.23),
and repeating the standard arguments in the existence of GMM (see, e.g., [4]), we con-
clude that GMM (T, 1, E¢) # @ and each GMM is locally 1/2-Hélder continuous in time.
Condition 2: Forcing is locally time-Lipschitz. Assume (H4”) and set

1 (k+1)t
O = GB(E(‘L',k)) + ;/

kt

By (H4”) forall 1 <k < |T/t] — 1, we have

(k+1)t kt
/ ds/ f(s,x)dx—/ ds/ f(s,x)dx
kt E(t,k) (k—1)z E(t,k—1)

(k+1)t
5/ ds/ | f(s,x) — f(s + 1.x)|dx < crT>.
E(t,k—1)

ds/ f(s,x)dx, k=>0.
E(z,k)

kt
Therefore, by (2.19),
1

ox + —

/ dg@ik-—ndx < op_1 + 7T,
T JE(t,k—1)AE(z,k)

and summing these inequalities, we get

k
1
Ok + - Z/ dg(i—1ndx < oo + crkr.

T JE@i—-1AE(zi)

Let us rewrite this inequality as

1 k
Co(E(T.h) + -

i=1

/ dg(ri-ndx
E(t,i—1)AE(z,i)

1 U+De
<o+ crkt — — / ds/ f(s,x)dx. (2.24)
k E(t,k)

T T
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By (H47),

1 (k+1)t 1 T
—/ ds/ f(s,x)dx——/ ds/ f(s,x)dx
T Jkz E(t,k) T Jo E(t,k)

ko pitl
< Z ds | f(st,x)— f(st + 7,x)| < cTkT.
i—1Yi R~

Inserting this in (2.24), for any k < [T/t ], we get

k
1
Cp(E(T.k)) + — Z/ dg(,i-1)dx
T = JE@i—-DAE(z,i)
2 2t
< Cg(Eo) +2¢rT + ;/ dSA | f(s,x)|dx =: C;, (2.25)
0 n

where ¢/, is uniformly bounded for small t. Now, take any 0 < s < ¢ < T, and let 7 be so
small that  — s > 107 and s > 107. Applying (2.18) with m; := |s/t|, m, := [t/7] and
p = |t —s|'/2, and employing (2.25), we obtain

@ As/eDAE /D] = (oot (i =512 4 1)

This implies that GMM(Jg ¢, E¢) # @ for any Eo € § and each GMM is 1/2-Hoélder
continuous in time.

2.2. Uniform boundedness of GMM

In this section, we obtain L°°-bounds for GMM starting from a bounded set Eg, assuming
the growth condition (HS5).

Recall that in the literature (see, e.g., [1, 10, 33]) without boundary conditions the
following comparison can be established: if Fy C quO’ and F; of the standard Almgren—
Taylor-Wang functional with forcing f satisfies F; C Wr?, then the following hold:

* if f =0, then (by truncation with convex sets [1,29]) r; = ro,
o if f £ 0, then (by truncation with balls [10])

for some constant ¢ > 0.

Below we establish similar comparison principle, but due to the boundary term, we
cannot apply Wulff shapes. Rather, we use Winterbottom shapes [28, 30, 35]: given a
constant By € (—®P(e,), P(e,)), the part of the Wulff shape Wg, g := 2N ng’(ﬂoRe,,)
centered at Bg Re, of radius R, the so-called Winterbottom shape, satisfies

_ eﬂo(WﬂoﬁR)

n—1
eﬂo(E) Z c¢,ﬂ0,n|E| n ’ cd’,ﬂo,n = n—1 ° (226)
[Weo,r| ™
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Figure 1. Comparison with Winterbottom shapes.

for all E € §. Note that the isoperimetric constant ce g, , is independent of R and hori-
zontal translations of the Winterbottom shape. Recall that without forcing, in [4], we used
a sort of “mean convex” sets (for capillary functional) to bound the minimizers of Jg
uniformly.

Lemma 2.5. Let 1 > 0, k € N, Fy € § be a bounded set, and F; be a minimizer of
T, 7 (- Fo,t,k), whichis bounded in view of (2.7). Let —®(e,) < o < —(1 —2n)D(e,) be
a constant, Wg, ,, contain Fo, and Wg, .. be the smallest Winterbottom shape containing
F;. Then, either r; < ry, or

ro <rr; < (14 Cgt)ro + Cyt

for some constants Cg, C7, depending only on ®, By, and T, and for all T < 4—é6.

Proof. Note that for each r > 0 there exists a unique Winterbottom shape W, , whose
center lies on the vertical line passing through the origin (see Figure 1), and Wg, ,» C
Wpg,.r» whenever r’ < r”. Therefore, if r < ry, we are done. Otherwise, fix € € (0,7, —rp)

and consider the Winterbottom shape Wg, , .. By the minimality of r;,
[ Fe\ Wgyri—el (O ase — ot.
Let us estimate

0< Srg’f(Wﬂojrr_g N F;; Fo, 1, k) — ffﬂ,f(Fr; Fo, 1, k)
= GB (Wﬂo,rr—s N Fr) — GB (F?)

1 1 &+
——[ sdpodx——/ ds/ fdx
T Fr\WﬁO,rz—a T Jkt Ft\WﬂO,rr—s

=: 11—12—13.
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Since
@0 .
sdg, = dg, > Cq>dE0 > coBo(re —ro—¢e) in Fr \ Way r.—s,

and, recalling r; > rg, by (H5) and (1.2),
| f(s.X)| = ar + brlx| < ar + br(|x + Po(rr — e)en| + [Bo(rr — &)en|)
b
<ar + (bTﬂo + —T)(Vz —¢)
(&)
forany s € [kt, (k + 1)t] and x € F; \ W, , . Therefore,

I > coPo(ry —ro—¢)
2=

|Fr \ WBo,rr—£| and |I3| <(ar + CTrr)|Fr \ Wﬂo,r,—s|-
Moreover, for a.e. ¢ using (2.26), we get
Iy = Cgy (Wpgro—s) — Cpy (Fr U Wy r—e) + /a (Bo — B)xFouwy, . dH"™!
Q

n=1 n—1
= Co By,n (lWﬂo,r,—s| n—|Fp U Wﬂo,r,—a| " ) <0.

Since I, < Iy + |I3], from these estimates, we deduce

e —To—& <01T—i—bTrr

T ~  coPo
Thus, letting ¢ — 07, we get
r art
res—p—+ -
1= caBo © cofo(l — caoBo 2

provided bt < cgBo- This implies the thesis with suitable Cg and C7 depending only on
Cq>,aT,bT,and ,30. |

Now, consider any flat flow {E(z, k)} starting from Eg, and let Wg, ,(; ) be Winter-
bottom shapes, containing E(z, k), such that k > r(z, k) is nondecreasing and r(z,0) =
ro. By Lemma 2.5 for each k > 1 we may assume either r(z,k) = r(t,k — 1) or

r(t,k —1) <r(r,k) < (1 + Cet)r(r,k — 1) + Cy7.
Then, applying an induction argument, we find

(1 + Cer)k =1

r(t.k) < (1 + Cet)rro + Crt TFCo 1

C
< (ro + —7)(1 + C6t)k.
Ce
Thus, if kK < |T/t], then
(1+ Cor)F < ((1 4 Cor) o) eT/e < oG

Therefore, for every E(-) € GMM(J, ¢, Eo) and 1 € [0, T), we get E(1) C Wp, ,cer.
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3. Some comparison principles
In this section, we establish some comparison principles as in [4, Section 6].

3.1. Discrete comparison and comparison of GMMs
We start this section with the following theorem.

Theorem 3.1 (Discrete comparison principle). Let t > 0, k € N, B; satisfy (1.4) and f;
satisfy (H1), and E§ € S, i = 1,2.

(@) Assume that B1 > Bo H" '-a.e. on IR, Eé C Eg and f1 > fr a.e. in Rg‘ x Q.
Then, for any minimizer E. of Fg,, 5, (- Eé, 7, k),

El c EZ.

(b) Assume that B1 > By H" -a.e. on 0L, Eé =< Eg and f1 > frae. in Ra' x Q.
Then, for any minimizer Ei of Fg,, 1, (- Eé, 7, k),

El c EZ.

(c) Assume that By > By K" L a.e.on dQ, E} C EZ and f1 > f> ae inR{ x Q.
Then, there exist minimizers Erl* of Fp.5(: E(}v k) and Egz)* of
Fpy. 1, (s EZ. 7, k) such that

El, CE? and E!c E®*

) Ifp1=Pp2=:B, fi=fr=:f,and E} = E2 =: E, then there exist minimizers
E.x and E} of Fg ¢ (; Eo, 1, k) such that every minimizer E; satisfies

E.« CE. CE}.

Setting
1 1 (k+1)t
hi == —sdg; +—/ fi(s,)ds, i=1,2,
T 0 T Jke

we observe that assumptions (a) and (b), resp., (¢) imply &y > hj, resp., b1 > hs. Since
Fp,. 5 (E;Eb,t,k) = Cp,(E) + /E hidx,

Fp;., 7 is a sort of prescribed curvature functional, for which comparison principles are
well established (see also [4, Section 6]). Therefore, we omit the proof.
We refer to E;« and E as the minimal and maximal minimizers of g ¢ (:; Eo, 7, k).
Now, we are ready to establish the comparison principles between GMMs.
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Proof of Theorem 1.4. (a) Take any E?(-) € GMM(F,, 1,. E3) and let { E*(t;,k)} be flat
flows satisfying

'1@ |E%(t;, [t/ ])AE?(t)] =0 foranyt > 0; (3.1
1—>100

here, r; — 0. For each i, let { E'(7;, k)« } be a flat flow starting from Eol, consisting of
minimal minimizers. By the discrete comparison principle (Theorem 3.1 (¢)),

EY(ti, k)« € E*(t;, k) foranyk > 0. (3.2)

Repeating the same arguments of the proof of Theorem 1.3, we can show that there exists
a subsequence {7;; } and a E'(-)x € GMM(J,.1,, E}) such that

lim |E1(tij,Lt/rijj)*AEl(t)*| =0 forany? > 0.
J—>+oo

Then, (3.1) and (3.2) imply (1.8).
(b) is proven analogously using the maximal minimizers of Fg, . ]

3.2. Smooth inner and outer barriers

In this section, we assume that ® is an elliptic C3 anisotropy, B € C1(9Q) satifies (1.4),
and f € CI(RS' x Q).

Lemma 3.2. Let Eq € § be a bounded set, for t > 0 and k € N let E; be a (bounded)
minimizer of Fp ¢ (-; Eo, T, k), and let T := 9% E;. Then,

(a) there exists a closed set & C T with H"3(Z) = 0 such that T \ ¥ is a C?>+%-
hypersurface with boundary; if ® is Euclidean, then " ~*(X) = 0;

(b) forevery x € QN (T \ X) from the first variation formula (2.3), it follows

1 1 &+De
- sdg,(x) + kg, (x) + ;/ f(s,x)ds = 0;

kt

(¢) ateveryx € 02 N (I"\ X), the anisotropic contact angle condition holds:
VO(vg, (x))-e, = —p.

Proof. The assertions (a) and (c) follow from [16, 17] while (b) follows from (a) and the
regularity of f and the first variation formula (2.3). ]

The main result of this section is the following analog of [1, Lemma 7.3] (see also
[36, Lemma 2.13]).

Proposition 3.3. Assume either n < 3 if ® is any elliptic C3-anisotropy or n < 4 if ® is
Euclidean. Let Eg € § be a bounded set, and for t > 0, k € N, let E; be a minimizer of
I, 7 (s Eo, T, k) and let Go, G be bounded sets with C?™® free boundaries 92 Ggy and
09 G,.
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(@) Let Eg C Go, E; C G, Gy satisfy the anisotropic contact angle condition with
B — s for some s € (0,1n) and

sdg, (x) (k+Dt
T

1
+ /cg>r (x) + ;/k f(s,x)ds >0 onQNIG,. (3.3)
T

Then, E; < G.

(b) Let Gy C Eo, Gy C E;, G, satisfy the anisotropic contact angle condition with
B + s for some s € (0, n) and

1 k+1)t
—i—l(g (x)—i——/ f(s,x)ds <0 onQNaiGy.
v T

kt

sdg, (x)

Then, G; < E;.

Proof. (a) By the assumption on the dimension Q N 0*E; = 9% E.. Thus, there exists
X0 € QN I%E, NI2G,; then, by assumption Eo C Fy, we get sdg, (xo) > sdF,(xo) and
by assumption E; C Fy, we get Kg:)t (x0) > ngr (x0). Therefore,

1 (k+1)t
+ kg (x0) + — / (s, x0)ds
T Jkt
k
- sdp, (xo) k+D)e

1
= SR [ fads,

kt

0= sdg, (x0)

which contradicts to (3.3). Hence, 2 N 0E; N dG, = @. Moreover, by Lemma 3.2 (a),
09 E. satisfies the anisotropic contact angle condition with A at the boundary. Since 9% G,
satisfies this condition with 8 — s, we have also 0 E; N 0% G, = @. This implies E; < G-.

(b) is proven similarly. |

3.3. Comparison of flat flows with truncated Wulff shapes
In this section, we assume that f is bounded.

Theorem 3.4. Let Eg € S, B satisfy (1.4) and p € Q with Ry := dist(p, % E¢) > 0. For
7 > 0, let {E(t, k)} be flat flows starting from Ey. Then, for any Bo € (|| Bllcos 1),

QNWg(p) CEr = QNWS, (p) CE(wk), (3.4)
16®(en)
We(p)NEy=0 = W%, (P)NETk) =0 (3.5)
16®(en)
B0 R2

whenever 0 < 7 < ﬁoR("; and0 <kt < RoTl’
only on By and the constant 6 of Theorem 2.2.

where ¥y € (0, 1) is a constant depending

Theorem 3.4 is a generalization of [1, Theorem 5.4] and [36, Theorem 2.11] in the
anisotropic capillary setting. Notice that due to the presence of boundary terms in Fg, 7,
we cannot argue as in the proof of [1, Theorem 5.4]. We postpone the proof after the
following lemma.
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Lemma 3.5. Let Eq, Fy be bounded sets of finite perimeter in Q with |0Eq| = |0Fy| = 0,
B1, B2 satisfy (1.4), f is bounded, and for t > 0 and k € N, let E; be a minimizer of
:}.ﬁuf('; Eg, 1, k).
(a) Let Fo C Eo, B2 = B1, and Fyx be the minimal minimizer of Fg, r(-; Fo, T, k).
Then, F« C E;.

(b) Let EgN Fy =0, 1 + B2 = 0, and Fr« be the minimal minimizer of
Fp,—r (s Fo. v, k). Then, Frs N E; = 0.

Proof. (a) follows from Theorem 3.1 (c). To prove (b), we sum the inequalities

3:51,f(Et; Eg,1,k) < ffrﬂl’f(ET \ F.i; Ey, 1, k),
Fpo,—f (Fexi Fo. 1. k) < Fp, g (Fou \ Ex Fo. 7.k),

and using

P(E:.Q) + P(Frx, Q)

A

< P(E.NF,, Q)+ P(F5, UE,, Q)

= P(E; \ Frs, Q) + P(Fzx \ E¢, Q),

we get
%/Fz*ﬂE,[SdFO +sdg,Jdx + /{;Q[ﬂl + BalaFoung, d "L <0.

Since Eg N Fp = @ and |0Fy| = |0Eo| = 0, we have sdg, +sdF, > 0 a.e. in Q2. Therefore,
recalling B; + B> > 0, we find that the last inequality holds if and only if

|Er N Fr*| =0. ]
Now, we are ready to prove the relations (3.4)—(3.5).

Proof of Theorem 3.4. We establish only (3.5), the proof of (3.4) being similar. We follow
the arguments of [36, Theorem 2.11] and divide the proof into smaller steps. Fix By €
((1 —2n)P(e,), P(ey)). Depending on the position of p, we distinguish three cases.

Case I: ng’ (p) C Q2. Before we proceed, we need some preliminaries. For shortness, set
W2 .= W2(p). Let Fp := Q N W2 for some r > 0, and for t > 0 and k € N, let Fy.
be the minimal minimizer of Fg, _ 7 (-; Fo, 7, k). Because of the forcing, in general, Fy«
is not necessarily a Wulff shape. By Theorem 2.2,

sup dg, < ﬁ
FisAF, 0
22,2
thus, further assuming 0 < t < C“’zesr and using (1.2) and the definition of ®?, we get
1
— dist@W,, W2 5) = distes (W2, 0W2)5) = = > N
(o) 5 cel

and therefore, Wfr’ /5 C Fr«. Let qu’ be the maximal Wulff shape such that Q2 N qu’ C

Fr.. Clearly, p > 4r/5. We would like to estimate p from above.
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Claim 1: either p > r or
C
r>,02r—(Cg+79)T (3.6)

for some constants Cg, Co9 > 0 depending only on ®, n, and || f || co-
Indeed, assume that p < r and fix any ¢ € (0,7 — p). By the minimality of Fi.,

0<Fpy—r(Frx U quig; Fo,t.k) =g, — r(Fex; Fo, 7, k)

1
= Pq;(Ft* @] qu:_g) — Pq;(F-L-*) + ;/ SdF0 dx

W o\ Fra

1 &+DT
+ —/ ds/ f(s,x)dx
W<I>

T Jkt p+8\F,*

=L+ 1L+ Is
Notice that by the maximality of p, |qu_18 \ Fre| \y 0as e — 0T. Since f is bounded,
1I3] < 11 oo We \ Fesl-
Moreover, by the assumption p + ¢ < r,
—sdg, =dg, > Cq>d§; > ¢ diStgo (BW,CD, 8Wp<i£) =co(r—p—2¢)

in we

e \ Fr«, and therefore,

co(r—p—e)
—lyz T W Fral.

Finally, for a.e. ¢ > 0 with # ”_l(aqu_’H N 0* Fr«) = 0 using the isoperimetric inequal-
ity (2.6), we get

Iy = Po(W,) — Po(W,5, N Fry)
n—1 n—1
< con(IWS"T — W2, 0 Ful'T)

n—1 |Wq_)|. \F‘L’*l
p+e

n—1
”n ) - C¢,n|Wp<I_>{-g\FT*|
IquisP/"

_ Co,n o)
= Walnp 1) Veve Vel
where in the last inequality we used
1-x)*>1-—x, a,xe(0,1). 3.7

Now, using —I, < I + |I3] and the above estimates for /;, we get

co(r—p—e) < Con
T T W (p +¢)

+ 1[f lloo-

Now, letting ¢ — 0T, and recalling p > 4r/5, we get (3.6).
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Now, let { E(t, k)} be any flat flow starting from E, and associated to Jg, 7, and let
{F(z,k)x} be the flat flow starting from Fy := Wg:] and associated to Fg, _ s, consisting
of the minimal minimizers. By the choice of Bo, one has B + B¢ > 0 H" !-a.e. on 9L,
and therefore, by Lemma 3.5 (b), F(t,k)« N E(t,k) = 0. Let

k — p(t,k)

be a nonincreasing sequence such that either p(z, k) = p(t,k — 1) or qu() k) is the maxi-
mal Wulff shape contained in F(z, k)«. By definition, p(z,0) = Ry. By Claim 1, for any
k > 1, we may assume that

Co ) - c302%p(t.k — 1)

p(r,k—l)>p(r,k)2p(r,k—1)—(Cg+m T < 25

(3.8)
Let ko > 1 be some element for which p(t, ko) > Ro/2. By (3.8) forany 1 < k < ky,

k—1

o(t. k) > p(z,0) — Z (Cg + p(C ))r > Ro — (Cs + %)kr.

i=0

Thus, if 7 < c30°Rg andkt<R—‘2’
100 — 2CgRp+4Cy°

definition of Fi4,

then p(t, k) > Rp/2. In particular, by the

® c30?R} R
WRO/Z(p)ﬂE(r,k)Zﬂ, O<T<W, Ofk fm

Step 2: Wg} (p)\ Q # 0, but Wf;RO (p) C 2, where Ay :=
with R() = )L()Ro),

Sqig(e By step 1 (applied

209292 p2 2p2
c50°A5R AGRG
W NEtk)=0, 0<t1<2_"%90 (0<kr<_—_—--00
Joko/2(P) (1 E(T.K) ‘ 100 =" = 2CshoRg + 4Cy
Step 3: Wf;RO (P)\ QL #D, ie, p-es < AgRo. Fix any n € dd(e,), i.e., any vector in
R” satisfying ®°(n) = 1 and - e, = ®(e,). When ® is smooth, n = VP(e,) and is an
outer normal to the Wulff shape W at e;ID °. For any r > 0, let us define

Porn
W= n w2,
! D(e,)
Since e, - <I£3(e = Bo, W, is the horizontal translation of the Winterbottom shape 2 N

W,<I> (Bore,) with contact angle B, and thus, is itself a Winterbottom shape. For simplicity
of the presentation, horizontally translating if necessary, we assume that p = An for some
A > 0. One can readily check that W, € W, if r < r/.

By the assumption of step 3, there exists a Winterbottom shape W, C WIEI:) (p). In the
notation of Figure 2, let W, C Wg} (p) be the largest. Since W, is the translation in the



Minimizing movements for forced anisotropic curvature flow of droplets 375

Figure 2. Winterbottom shapes contained in Fo and Frx.

n-direction of a Wulff shape qu; (p), we have

Ro+ A
Roy=po+®°(q—p) = po= O—ﬁO- (3.9)
I+ 36
Let Fo := W)y, and F« be the minimal minimizer of Fg, _ s (-; Fo, 7, k). As in step 1
2
assuming 0 < 7 < 29522‘; and using (2.7), we can show that
[

QAW2 5(q) C Fra. (3.10)

Next, let W, and W5 be the largest Winterbottom shapes contained in F4 and in Wf;o /5 (@),
respectively. By (3.10) and (3.9) (applied with Ry := 4pg/5),

4po/S+A _ 4po/5

p>p= > . (3.11)
B B
I+ 3wy 11 36
Claim 2: either p > pg or
C
Po > p = po— (Clo + %)r (3.12)
0

where Cig, C11 > 0 are some constants depending only on ®, 8¢, n, and || f || co-
Indeed, assume that p < pg and fix € € (0, pp — p). Consider the Winterbottom shape
Wpy+e. The maximality of p implies |Wyte \ Frx| \, 0 as ¢ — 07 As in step 1, by the
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minimality of Fr,
0< 3"50,f(FT* U Woye: Fo, T, k) — Ty, (Fesxs Fo, 7, k)

1
=y (Fon U W) — Cpy (Fre) — - [ dr,dx
Wp+£\Fr*

T
1 (k+1)t
+ —/ ds/ f(s,x)dx
T Jkr Wp+e\Fr*
= 11 + 12 + 13.
By the boundedness of f,

3] < 1 f lloo| Wote \ Frxl.

Moreover, since the centers of the Winterbottom shapes W), and W, lie on the same line,

—I, =df, > ccpd?;g >co(po—p—e—D(g—qe)) in Wyge \ Frx,

where g, € €2 and g are the centers of W, and W), . Since g, = W andg = g’(’;%',
1 ca(po — p—¢) Bo
- dp,dx > 1-— W, Fryl.
T /W,JH\FZ* Foft = T d(e,) Wore \ Ful

Finally, for a.e. & with "~ 1 (0% W, N 0% Fy.) = 0 using (2.26) and (3.7), we get

n—1 n—=1
I = fﬂo(Wp-i-a) - \eﬂo(Wp-i-e N Fr*) < Cd),ﬂo,n(|Wp+s| "o |Wp+s n Fr*| n )

n—1
_ [Wote \ Frsl| ” ) < Co,Bo,n
| Wotel Mo+ &)
Using —1, < I; + |I3] and letting ¢ — 0, we get

co(po — p) (1_ Bo )< Co,Bo.n
T D(e,)) ~ |Wi|Vmp

n—1
fCCD,,Bo,nIWp+6| " (1_‘1 |Wp+e\Fr*|~

+ 11f lloo-

Now, in view of (3.11), we deduce (3.12) for suitable C;9, C1; > 0 depending only on @,

n, ﬂo’ and ”f”OO

Now, take any flat flows {E(z, k)} starting from Ey, and given pg in (3.9), let the
numbers pg = p(7,0) > p(t, 1) > --- be defined as follows. For each k > 1, if p(t, k) <
p(t, k — 1), then W,(; k) is the maximal Winterbottom shape staying inside the minimal
minimizer of Fg, _ 7 (-; Wy(r,k—1), T, k). By the choice of R¢ and the definition of po,

E(t,0) N Wyr,0) = 0.
Therefore, applying Lemma 3.5 (b) inductively, we deduce

E(T.k)NWyery =0, k=0,12,.... (3.13)
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2.2
As in step 1, let kg > 1 be such that p(z, kg) > po/2 and assume that 7 < i Then,

100C2 "
02p(t,k—1)2
25C3

T < for any 1 < k < kg and hence, by Claim 2,

C
p(t.k) > p(t.k—1)—Cro + —— )z, k=1,... ko
p(t.k —1)

From this inequality, we deduce

2C
p(t, k) EPO—(C10+ 11>kT-
o

2
< m’ then p(z,k) > po/2. Notice that by (3.13) for
such 7 and k, we have E(t,k) N Wy, /» = 0.
Let us show W) r,(p) C W), /2. Since p = An and the Wulff shape W), /, is centered

2’3;’(’; Z) n, it suffices to show

Thus, if we choose 0 < k1 <

at

Bopo
20(ey)

A+ AoRo <
By assumption of step 3 and the choice of p, the origin lies in Wf; Ro (p), and therefore,
A = ®°(p—0) < AgRo,

and hence, by the choice of py and assumption fy < P(e,), we obtain

Bopo - BoRo
2®(e,) 4d(e,)

=2A0Ro > A + ApRp.

Thus, W, ¢ (p) C Wpy/2-
Theorem is proved. ]

Notice that when the forcing f is zero, then the coefficients Cy and Cy; in claim 1
and 2 can be taken 0.

4. Smooth anisotropic curvature flow of hypersurfaces with boundary

Throughout this section, o € (0, 1] stands for a constant representing the Holderinanity
exponent, ® is an elliptic at least C 3T%-anisotropy in R”, 8 € C 7% (3Q) satisfying (1.4),
and f € C'T21H¢RE x Q).

In this section, we prove that the evolution equation (1.1) is well posed and is solvable
even in a more general setting.

Definition 4.1 (®-curvature flow of hypersurfaces). A family {I"(¢)};¢[o,1) (for some T >
0) of smooth hypersurfaces in €2 with boundary is called a (smooth) ®-curvature flow,
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starting from a smooth hypersurface I'q C 2, with forcing f and anisotropic contact
angle f provided that

Ur@) = _Kl?(t) — f(@,) onQNTI(),tel0,T),

ar(t) C 00 tel0,7), wn
V®(rg) en =—B  ondl(1),1 €[0,T), '
I'(0) = T.

4.1. Short-time existence

In this section, following the ideas of [4,27], we prove the following short-time existence
of the ®-curvature flow.

Theorem 4.2. Let Iy C Q be a bounded C>**-hypersurface with boundary on dS2 ori-
ented by a unit normal field vr, and satisfying the anisotropic contact angle condition

V&(vr,) e, =—B ondly.

Let
H = min X-e,.
x€lo,vr, (x)=e,
Then, there exist T > 0, depending only on ®, H, B, |1 It,| 00, and a C 1+5 in time family
{T(1)}repo.1] of C*T¥-hypersurfaces in Q which satisfies (4.1).

To prove this theorem, we first translate geometric PDE (4.1) into a nonlinear parabolic
system using parametrizations. For the convenience of the reader, we divide the proof of
the theorem into smaller steps.

4.1.1. Holder spaces. For T > 0, an open set U C R”! and a noninteger real num-
ber y > 0, let C%/ 27 be the Banach space C?/2 ([0, T] x U) of the Holder continuous
functions for which

' w M w
lwlly,r = Z o Z P
0<i<[y/2] ®©  o<lulsly] &
[3[y/2]w} [3[y]w}
J— + J—
A PR PSS R IO P
is finite. Here, [x] is the integer part of x € R, u = (141, ..., tn—1) € NI~! is a multi-index
and || :== g + -+ tn—1,
P12 ol

oxM 8M1x1 e aﬂnflxn_l ’

for a continuous function f € C°([0, T] x U)

Iflleo = max_|f],

,TIxU
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and for 6 € (0, 1] and f € C°([0,T] x 1_1),
| f(t,x) — f(s,%)]

[flie = sup - ,
7 |t —s|
(t,x),(s,x)€[0,T]xU ,s#t
and
_ |f(t,x) = f(z, )
[f]x,H = sup 5 .
i lx =yl
(t,x),(t,y)€[0,T1xU ,x#y

We consider Holder spaces C}'/z’y only for y = o and y = 2 + « for some « € (0, 1].
By [C}'/z’y]m we denote the Banach space of vectors f = (f1,..., fm), where each
fi € C}’/Z”', and the norm of f is given by

1Ay =D I fillyr-

i=1

4.1.2. Introducing the parametrization. For simplicity, we assume that I"(¢) are param-
etrized by a single chart p : [0, 7] x U — Q, where U is a bounded C2*-open setin R"~!.
In this case, we write

p! pa P, o PE
p= e and Px = cee = N
px p)rél cee p;ln—l s

N

and recall that {py, :1;11 is the set of basis vectors of the tangent hyperplane of I'(¢),

e e,
N 1 n
b (pe) = PN = e x pryy = det | P T e
N ()
Pxoy P

is its “outward” unit normal field, where X is the vector product of two vectors,

ap

—, ,j=1,...,n—1,
8x,~ J

gij = Px; * pxj'v Px; =

are entries of the first fundamental form of T'(¢), {g/ } is its inverse, and

_ »p
- axi 3)Cj ’

hij = —Vr@) * Pxixj> DPxix; i,j=1,....,n—1,

are the entries of the second fundamental form of I'(¢). Under these notations, the ®-
curvature of I'(¢) = p({t} x U) is represented as (see, e.g., [14])

n—1

ki = D & Thrli.
i,j=1
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where
VT (1)

[hI‘(z)]ij = (V CDO(U t)) )'ijv i,j =1,...,.n—1,

. . . . . ] .
is the entries of the anisotropic version of the second fundamental form. Here, ;;E” is

understood as a covariant derivative of vr() in R” and can be defined as

v -
m) Z hikg py == D" (vra) - Prin )€ -
k, =1 k=1

Then, the normal velocity of I'(¢) is defined as

Ur@e) = —Pr " Vr@)

and the ®-curvature is defined as

n—1

Kfq‘)(t) = Z gijgkl ([qu)(”r‘(z))le] . pxj)pxixk ° Ul—‘(t)-
i,j.k,l=1

This suggests choosing the tangential velocity such that the equation vy = —I(F fis
represented by means of the parametrization p as

}j g7 g" (IV*®(vr () px,] * Px;) Pixe + fr@y  on a0 ().
i,7,k,l=1

The boundary condition dI"'(¢) C d<2 is equivalent to p - e, = 0 on dU and since VO is
positively 0-homogeneous, the anisotropic contact angle condition V®(vr()) - e, = —f
on dI'(¢) together with (4.2) becomes as VO(N(py)) - e, = —B(p) on .

Asin [4,27], to keep the presentation simpler, we assume that 'y admits a parametriza-
tion p° : U — Q with the property

pO(x) e, =0,
VO(N(p(x))) - en = —B(p°(x)), (4.3)
VIVa®(N(p2(x))] = po(x) X721 nd(x) p2, (x)

for x = (x1,...,X4—1) € OU, where V,® = V® -¢,,n% := (ny,...,n?_)) is the outer
unit normal to dU, and po(x) is a scaling factor. The first condition in (4.3) maintains that
0Ty C 92, while the second one is the anisotropic contact angle condition. These two
conditions are related solely to the geometry of I'g. The third condition in (4.3) is possible
since V2O(N)N = V[V®(N)]- N = 0, which in particular implies

VIVa®(N(p2x)]- N = 0.

In view of the ellipticity, V,%nCIJ(N ) > 0, and hence, po > 0.
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To make the problem well posed, we still need to impose n — 2 conditions on the
boundary which should determine the boundary tangential velocity of I'(¢). Let r?, cees
t,?_z be the basis of the tangent plane of 92 N dy. We assume that

n—1 n—1
Zn?pxi't]p(po)zzn?pgi"[jo(po)v ] = 1,...,1’1—2,

i=1 i=1

for x = (x1,...,Xxp—1) € IU.
Now, (4.1) is represented as

n—1
pe= Y. &7 ()" (p) (VR (px) Pl Px;) Prixs
i,j.k,l=1
+ f(t, p)v(px) in[0, 7] x U,
p-e =0 on [0, T'] x U,
(4.4)
VO(N(px))-en = —B(p) on [0, 7] x U,

n—1 n—1
ano-pxj -2(p%) = Zn?pﬁj 2(p®) in[0,TIx0W, i=1,...,n—2,
j=1 j=1

p(0.) = p°,

where v := vr is given as in (4.2).

Now, we linearize this system around the initial and boundary conditions, solve the
linearized problem using Solonnikov theory [37], and then apply a fixed-point theory in
Holder spaces to show the solvability of (4.4).

4.1.3. Linearization. Using (4.3), we rewrite (4.4) as

[Aw, Pw, Cw, Tw, Tw] = [f,0,b,0, p°] + [F(w, p°),0, B(w, p°),0,0],  (4.5)

1+2 240

where w € [Cr, ]* for some T > 0, which will be chosen later,
n—1 3
Aw:=w,— Y gD (VRO (PN)PY] - PY ) wxines
ijk,l=1

Pw=w-e,,
Cw = V>O(N(p))VN(pD)[wx] - en + VB(p°) - w,

n—1
T — 0 0,0
Tw =Y 0w, -1 (p°).
—

Tw = w(0,)
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are homogeneous linear operators, a linearized part of the system (4.4), where

n n—1 n n—1 T
VN(p)lw] = (ZZV,,;},N‘@Q)w;j, s ZZV,,;},N”(pS)w;,.) ,

i=1j=1 i=1j=1

the vector functions
f_ = f(? po)v(pg)’
b=V2O(N(PD)VN(p)[pL]-en + VB(P®) - p°
are the main parts of the right-hand side (independent of w) after linearization, and

n—1

Fw. p®) = Y g7 w)g" wo)([VOwwa))ws] - we, )Wz, + [ w)v(wy)
i,j,k,l=1

n—1
— > YD PNV (PP pY ) wxim, — £, POV (D),
i,j,k,l=1
B(w, p°) = —[VO(N(wy)) = VO(N(p?) = VZO(N(PR)VN(pD[wx — p3l] - en
—[Bw) — B(PY) — VB(p)[w — p°1]IN(pD)]
are nonlinear parts. Notice that F(p°, p®) = 0 and B(p°, p°) = 0.

4.1.4. Parabolicity of the linearized system. Let us show that the linear operator 4 in
the system (4.5) is parabolic in the sense of Solonnikov [37, p. 9], the linear operators
[P, €, T] satisfy the complementary conditions at the boundary [0, 7] x 0U and at the
initial time ¢ = 0 [37, pp. 11-12], and the boundary conditions and initial datum in the
right-hand side of (4.5) are compatible of order 0 [37, p. 87].

Parabolicity of A. For (t,x) € [0, T] x U, zeC, and £ € C™* 1 let A(t, x, z, £) be the
n x n-diagonal matrix whose all diagonal entries are equal to

n—1
2= Y &) D (VPR (P PY) - pY)Eikk,
i,7.k,l=1
and L(t,x,z,£) :=detA(t, x,z,&). Then, for any § € R*~1, the equation L(¢,x,z,i§) =0
in z € C has a unique solution (with multiplicity n)

n—1

z=— > 10D PO(VRw(pD)PY]- Pl )Eikk.
i,j.k,l=1

Being a basis of the tangent hyperplane at p°(-), pY.(-) are orthogonal to v(p?(-)), and
hence, using the ellipticity of ® and Proposition A.2 (b), we find

2 == (Voo X e et | [ X sy ]) = —v| D event,
k,l ij ij

2
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for some y := y(®,n) > 0. Since pgi -pgj = gij, {g"} is the inverse matrix to {g;; } and
{g"} is positive definite (by the linear independence of { pgl_ b,

y 2
‘Zgljg"pgj
ij

o deMaa () - pY) = ) &7 e gkt

i,J.k.l i,j.k.l

=Y gMas = ylEl

k,l

for some ¥ > 0 depending only on I'y. Thus, z < —y¥|£|? and s is (uniformly) parabolic.

Complementary condition for the boundary conditions. Let By(t, x, z, €) be the matrix,
corresponding to the highest-order part of the boundary operator [#, 8, 7| whose entries
are

Sins k=1,
B (t,x.2.§) = Zz—l 2 O(N(p2) Y= V,,;j Ni(pYE. k=2,
rk 2n £, i=3,...,n,

where 6y, = 1forx = y and =0forx # y,and [ = 1,..., n. By the definition (4.2) of
N and the third relation in (4.3),

AN
le
n
. D0 0
D Vi NPV, N'(pY) = det o = —puon? det | 77
Px0 D0

j+1 n—1

L px,?_l .
= —ponI N’ (p?).

Therefore, we have also
€n
—pon® - EIN(p?)
Bo(t,x,z,8) = [n° - E]tl
[n° E]

By [37, p. 11], the complementary conditions at the boundary holds iff at every (¢, x) €
[0, T] x OU and every tangent vector {(x) € R"~! of dU at x, the rows of the matrix

D(t,x,2,i( + An)) := Bo(t, x,z,i(C + An)At, x,2,i({ + An))
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are linearly independent modulo the polynomial
Mt (@t x,z,50) = (A= Af(t,x.2,0) ",

where fl(t, x,z,8):=L(t, x,z,8)A(, x, z, 5)_1, )L;t(t, x, z, ¢) are the zeros (of multi-
plicity n) of L(¢,x,z,i(¢{ + An)) = 0in A for %(z) > —§;|¢|? and |z|?> + |¢|> > O with
81 > 0. In our case, A is the identity matrix multiplied by (A — A])*~1(A — A;)""!, and
hence, in view of the explicit expression of By, the compatibility condition is equivalent
to the linear independence of the vectors

e, N(Y, < ..., 0, (4.6)

Take cq,...,c, € R such that

n
cie, + c2N(p?) + Zcifio—z =0.
i=3
By definition, r}) -e, = 0 and ‘L’](-) - N( pg) = 0, and hence, from the linear independence
of ‘L’jp (being a basis), ¢; = 0 for i > 3. Moreover, if ¢; # 0 (hence, ¢, # 0), then

c2
€, = __N(pg)’
C1

and therefore, by the angle-condition (the second equality in (4.3)) and the evenness of @,

sign cp

B = VON(Y) e = —2ON(GD) = S 22N () =
1

. D(en).
s1g2n Cq C1

signc

However, in view of (1.4), this equality cannot happen, and therefore, c; = ¢, = 0; i.e.,
the vectors in (4.6) are linearly independent.

Complementary conditions for the initial datum. Let C be the identity matrix, which cor-
responds to the operator €. By [37, p. 12], the complementary condition for the initial
datum is read as follows: for each x € U, the rows of the matrix

@(x,z) = C(x,0, z)fl(O,x,z,O)

are linearly independent modulo polynomial z”. As we have seen above, fl(O, x,z,0)is
identity matrix multiplied by z"~1 and hence, by the definition of C, so is D(x, z). Then,
clearly, the rows of D(x, z) are linearly independent modulo z".

Compatibility conditions. Notice that while linearizing we obtained the identity
[#p°.€p°. T p°l = [0.b + B(p°, p°).0],

which reads as the 0-order compatibility of the boundary datum in the right-hand side of
(4.5) with the initial datum in the sense of [37, p. 87].
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4.1.5. Solvability of the linearized system. For L > 1 and T > 0, let Xz, 1 be the col-
lection of all w € C;+7’2+a such that

(1) w(0,) = p°()in U,

2) w-e, =0in [0, T] x U,

(3) YiZi nfwy, - 7P(p°) = 0in [0, 7] x 3L,

(4) the vectors {wy, :1;11 are linearly independent,

Q) ||w||Cl+%,l+ot <L
Clearly, X7, 7 # @, since conditions (1), (2), (3), and (5) allow to construct w first in the
neighborhood of dU, and then to extend to interior of U. The condition (4) holds at least
for small 7'; in fact, since

t

welt.0) = p200) + [ winCs.ds, w e Xu(T),
0
| P2 — wx(t,*)|loo < LT whenever ¢ < T. Thus,

det({wy; - wy;}) = det({py, - p3, ) — CiT,

where C; > 0 depends only on 7, || p2 ||, and L. Thus, if we choose

_det({p2, - P}

T < Tl =,
Ci
then wy, are linearly independent. We can also show that X, 7 is a closed convex subspace
144,240
of Cp, .

Notice that for any w € X 7 the vectors [f + F(w, p°),0,b + B(w, p°),0, p°]

satisfy the 0O-order compatibility condition, and therefore, there exists a unique 8, €

1+%,2+
Cr? * such that

[A[Sw]. P[Sw]. €[Sw]. T[Sw]. I[8w]l = [f + F(w. p®),0.b + B(w, p°).0. p°] (4.7)
and

I8wll2ta,r < Co(lf + Fw, p)lla,r + 16 + Bw, pO)lo,T + [P%llasr)  (4.8)

for some Co > 0 (continuously) depending only on B, ®, p°, and also on U and n. By
uniqueness and linearity, from (4.8) for any w;, wa € X1 7, we have

||8w1 - Sw2||2+ot,T = ||Sw1—wz||2+ot,T
< Co(IF(wy, p°)—F(wa, p))lla,7 + | B(wi, p°)—B(w2, p°)la,7)-

Using the explicit expressions of F* and B, the definition of X, 7, and the equality

t

u(t,x) = p°(x) +/ u; (s, x)ds, weC“0([0,T] xU), (4.9)
0
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we can compute

| F (w1, p°) — F(wa, p*) et < C1T |w1 — wall24a,T

and
IB(wy. p°) — B(wz, pO)lla.r < C1T |wy — wall24e,7

for some C; depending on L but not on T, wy and w,. Thus, if we choose

1

T<T2::W,
0¢1

then w — &y, is a contraction. To apply a fixed-point theorem, it remains to show that 8, €
Xr,r whenever w € Xy 7. The equalities (1)—(3) for &,, follow from the system (4.7).
Moreover, since T < T7, the vectors {(Sy )y, } are also linearly independent. It remains
to check condition (5). Consider the estimate (4.8). By definition of F and B (they are
somehow estimated by a power of L times the norm of w — p?),

IFw, p°Y T < C2L™T, | B(w, p°)lla,r < C2L'°T,
where C; does not depend on 7 > 0 and L > 1, and hence, by (4.9),

If + Fw, pOllar + 156 + Bw, p)la,r + I17° a7
<1 fller + 10ler + 1%l +2C2L1°T.

Now, if we choose

L:=1+2Co[ flla.r + Iblla,r + |P°lla7].

then 8,, € X 7 provided

_ 1+ Colllflar + 16l + 17°lla7]

=T 2CoCoL10

Now, the Banach fixed-point theorem implies that there exists a unique w € Xy, 7 which
satisfies 8, = w. Then, (4.7) implies that w is a solution of (4.4) for small 7" > 0.

4.2. Long-time evolution
Applying Theorem 4.2 inductively, we obtain the following generalization of Theorem 1.1.

Theorem 4.3. Let I'y C Q be a bounded C?***-hypersurface with boundary satisfying
0Ty C 02 and VO&(vr,)- e, = —f on Q.

Then, there exist a maximal time TT > 0 and a smooth ®-curvature flow {T’ (D)} tefo, 1)
starting from Ty, with the forcing [ and anisotropic contact angle B.
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The term “maximal” refers to the fact that there is no smooth ®-curvature flow
{TC(t)}sefo0,77y for any T’ > TT. Notice that at the maximal time 7T for the set I'(T'T)
(defined, for instance, as a Kuratowski limit of I'(¢) as¢z T") at least one of the follow-
ing holds (otherwise applying Theorem 4.2 we would extend the flow slightly after 7T):

» T'(T%)is not C2-anymore (the curvature blows up),
« I(TY)is not injective,
« some interior point of I'(7T) touches to 9 (because of the forcing).

In this paper, we do not deal with the singularity analysis.

Remark 4.4. The ®-curvature flow equation is represented by means of the signed dis-
tances as

%sdE(,)(x) =Kppn@) + f(t.x). 1€[0.T.x € %EQ®). (4.10)

4.3. Stability of the anisotropic curvature flow

The classical mean curvature flow of boundaries has the following remarkable stability
property: if { E(¢)};e[o, 1) is the smooth mean curvature flow of C 2+ _gets, then for every
0 < T < T there exists ¢ > 0 such that if F(0) is such that dF (0) belongs to the C*>+¢-
neighborhood of 0E(0), then there exists a unique mean curvature flow {F(t)}:e[o,17)
starting from F(0) and T' > T (see, e.g., [1, Theorem 7.1]).

In this section, we prove that the flow solving (1.1) admits such a stability property. As
in [36], we are mainly interested in droplets with nonempty contact on d€2, and therefore,
it is natural to restrict ourselves to the regular droplets without connected components
“hanging” in 2.

Definition 4.5 (Admissibility). (a) We say a bounded set £ C 2 is admissible provided
there exist a bounded C2?*%-open set U C R”™! and a C?*%-diffeomorphism p €
C21%(U; R™) satisfying

plUl=T, poU =4, p-e,>0inU, and p-e, =0ondlU,

where ' := 0% E. Any such map p is called a parametrization of T.
(b) We say E is admissible with anisotropic contact angle § if E is admissible and

VO(vg)-e,=—f ondQNT. 4.11)

We call the number
hg:= _ min X-e, (4.12)
x€lvg(x)=e,
the minimal height of E. Since E satisfies (4.11) and B satisfies (1.4), hg > 0.
(c) Let O be a compact set in R™ for some m > 1. We say a family {E[g]}4ep of
bounded subsets of Q2 is admissible if there exist a € (0, 1], a bounded C2*-open set
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U c R" !, and amap p € C2T%2+%(Q x U; R") such that p[g, -] is a parametrization of
I E[q].

(d) We say a family { £[q, t]}4e0,s[0,) of bounded subsets of 2 admissible if for any
T’ € (0, T) there exist & € (0, 1], a bounded C?**-open set U C R"~!, and a map p €
crtelt32te (g [0, T'] x U; R™) such that p[g, 1, ] is a parametrization of 3% E[q, t].

Remark 4.6. (a) By definition, if E is an admissible set, then the C 2+ _qurface IN:= 99 E
is diffeomorphic to a bounded smooth open set in R”~! and not necessarily connected.
(Clearly, boundaries of two connected components do not touch.) In particular, I" cannot
not have “hanging” components compactly contained in 2. Moreover, its boundary aT"
lies on d€2 and the relative interior of I does not touch to 92.

(b) When Q is empty in Definition 4.5 (d), then we simply write {E[t]};e[0,7) tO
denote the corresponding admissible family.

(o) If

pe C2+oc,1+%,2+ot(Q x [0, T/] « E;Rn)

is a parametrization of {E[q, {]}4e0,rejo,7) and W C R"7! is a bounded C > open set
diffeomorphic to U via a map ¥ : W — U, then p[q,z, ¥ ()] is also a parametrization of

Elq,1].

Remark 4.6 (c) allows to introduce the closeness of the free boundaries of two droplets.

Definition 4.7. For any two admissible sets £ and E,, we write
d(E1, E;) = inf — ()
(Ev. Ez) = inf [|p1 = pallcaveq)

where p; € C2T%(U; R") is a parametrization of 3% E;. Similarly, if { E1[q,]}4e0 reo.T)
and {E3[q, t]}4e0,r[0,T) are two admissible families, we write

d(E (1), Ex(t)) = pill,lli):2 lp1 — p2”C”“’H%’”“(QX[O,T']xﬂ)’

where p; € C2H®1+3.24¢ (0 » [0, T'] x U; R™) is a parametrization of E;[-, -].

One can readily check that the infimum in the definition of d is in fact a minimum.

As we have observed in the proof of Theorem 4.2, the constants Cy, C1, C, and bounds
Ty, T, T3 for local time T continuously depend on ”f”Ca/%“(Ra'xS_Z)’ I1Bllcr+ean)s
[|®||c3+a(sn-1y, and || P2l cota (i0)- This implies the following stability of the flow which
generalizes [1, Theorem 7.1].

Theorem 4.8 (Stability of ®-curvature flow). Let ®y be an elliptic C3*%-anisotropy,
Bo € C'T¥(0Q) satisfy (1.4), fo € C%=°‘(R3' x Q), and {Eo(t)}iel0,1,) be a bounded
smooth ®;-curvature flow with forcing f; and anisotropic contact angle B; for some Ty >
0. Then, forany T € (0, Ty), there exist g9 > 0 and a nondecreasing function  : Rg‘ — Rg’
with ¥ (0) = 0 with the following property. For i = 1,2, let ®; be an elliptic C31%-
anisotropy, Bi € C'7*(3Q) satisfying (1.4), and f; € C % (]RBL x Q) and ®;-curvature
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Sflow {E;(t)}serefo, ;) With forcing f; and anisotropic contact angle B; for some T; > 0 be
such that

19: = @oll c3+a B, 00\B, 200 T 1P = Pollcrean)
+ 11 fi = foll carzao. ryay + 4(Ei (0, Eo(0))) < &o.

Then, T; > T and
d(E\(t), E2(t)) < ¥ (d(E1(0), E2(0))), t€[0,T]. (4.13)

In what follows, we refer to (4.13) as smooth dependence on the initial condition.
Let us consider some applications of the stability.

4.3.1. Comparison principle for anisotropic curvature flows. The main result of this
section is the following.

Theorem 4.9 (Strong comparison). Let ® be an elliptic C3+%-anisotropy, B; € C1T*(0Q)
satisfy (1.4) and f; € C 2 (R(')" x Q), {E; (t)}sef0,1) be a bounded smooth ®-curvature
flow with forcing f; and anisotropic contact angle B;, i = 1,2. Then,

,31 > /31, fl > fz, E](O) < E2(0) — El([) < Ez(f), 1 e [O, T) (414)

In other words, 0% E1(t) N 0% Ey(t) = @ forallt € [0,T) ifsoatt = 0.
Further, we refer to assertion (4.14) as the strong comparison principle.

Proof. In view of Theorem 4.8, decreasing f; and f; a bit, it is enough to prove (4.14)
when the inequalities between f; and f; are strict. For ¢ € [0, T, let

ag(t,x) :=sdg ) (x). a'(t.x):=sdg @ (x).
and
de(t) ;= min{x € Q : aclp(t,x) —afl,(t,x)}, d(t) :=min{x € Q :a'(t,x) — >, x)).

Since E(0) < F(0), by (2.1) d(0), d$(0) > 0. By contradiction, assume that there exists
to € (0, T) such that d(¢), de(t) > 0in (0, tp) and d(t9) = de(tp) = 0. Thus, for some
xo € IR Eq(t9) N IR Ex(to), da(to) = ak(to, xo) — aj(to, xo) = 0.

First, assume that xo € dQ2 and let n := VO(vE, (1) (X0)) — VP(VE, (1) (¥0)). Since
—e,, is the outer unit normal to €2, by the anisotropic contact angle condition, 7 - (—e,) =
B1 — B2 > 0. Thus, applying Proposition 2.1 (d) with —7 and recalling the definitions of
xo and dg(9), we find

0 < ag(to, xo — s1) — ag(to, x0) — ap(to, Xo — s1) + a3 (o, Xo)

= ([vg:)(to) - vg):(to)] - +o(1))
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as s — 0%, where 7%’ is defined in (2.2). Since V®(-) is strictly maximal monotone (as a
subdifferential of convex functions) and positively 0-homogeneous,

(ol (ol _ [0l [0l [0l
0= ~[VE ) = Vo)) 1= ~[VErte) ~ VEro)] - [VROE (1) = VOWE, (1))] <O,

a contradiction. Thus, x¢ € Q. By the time-smoothness of the flows E;(-), there exists
8 > 0 such that for any ¢ € [tg — §, 9] minimum points of f(¢,-) — g(z,-) lie in Q (basically
the minimizers belong to a union of half-lines in €2 starting from 92 and crossing both
02 E|(to) and 9% E5(t) orthogonally). Therefore, using a Hamilton-type trick (see, e.g.,
[31, Chapter 2]), we can show that

i i
d'(t) = o sdg 0 () = 5 sdg,@ (). 1 € [t — 8. 10],

where y; € 0% E,(¢) is any point satisfying d(t) = sde,(y(¥e) — sdg, ) (V). Let z; €
0% E (t) and u; € 9% E5(t) be such that d(t) = de,@)(¥e) = |ys — z¢| and dg, (1) (¥2) =
|y: — u;|. By the minimality of y;, Vg, ¢)(z¢) = VE,(¢)(4:) =: vo and y;, z;, u, lie on the
same straight line parallel to vg, ) (u,). Now, applying (4.10), we find

d'(t) = K%’l(,)(zt) - ng(t)(ut) + fit z0) = fat.up).

By the minimality of y, € 3% E5(¢) and smoothness and the ellipticity of ®, translating
E1(t) along vg, () (u,) until we reach to u, € dE,(¢) we deduce that £;(¢) C E»(¢) and
8E1(t) is tangent to 0E,(t) at u,, where E1(¢) is the translated E(¢). Then, /cgfl(t)(z,) =
E © (uy) > KE o (u;), and therefore, by the C%/2*-regularity of f>,
d'(t) = filt,z) — falt.ug) = fi(t.z0) — fo(t, 20 + d(t)vo)
2 fl(tv Zl) - fz(tv Zt) - szd(t)a»

where Cy, is the Holder constant of f>. Since {£;(¢)} is bounded uniformly in ¢ € [to —
8, tp] and by assumption f > f>, there exists yy > 0 independent of ¢ such that f;(z,z;) —
f2(t, z¢) = yo. Thus, recalling the continuity of d(-) and assumption d(#y) = 0 possibly
decreasing § a bit, we get d’(¢) > yo/2 for any t € [ty — 8, to]. Therefore, d is strictly
increasing in this interval so that 0 = d(f9) > d(tp — §) > 0, a contradiction.

These contradictions show that

ICE(M) NICF(t) =0
for any ¢ € [0, T'). Hence, E(t) < F(t). |

4.3.2. Evolution of tubular neighborhoods. Recall that a crucial part in the proof of the
consistency in [1, Theorem 7.4] is the evolution of tubular neighborhoods [1, Corollary
7.2] which is given by the level sets of signed distance functions. Unfortunately, in our
setting, due to the contact angle condition we cannot use signed distances. Therefore, as
in [36], we construct a sort of tubular neighborhoods, which possess similar properties of
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the true tubular neighborhoods in case of without boundary, important in the proof of the
consistency.

To this aim, in the following lemma, we define a “foliation” of a tubular neighborhood
of the boundary of an admissible set, consisting of boundaries of admissible families with
a prescribed anisotropic contact angle.

Lemma 4.10 (Foliations). Let E¢ be an admissible set with anisotropic contact angle B.
Then, there exist positive numbers p € (0, 1) and o € (0, n), depending only on |1 1E, | o
and hg, (see (4.12)), and admissible families {GOi [, 1} .5)€[0,p]x[0,0] SUch that

GE[0,0] = Eo

and for all (r,s) € [0, p] x [0,0]:
(@) dist(d®Gilr,s],0%Eo) > r + s and

Gylr,s] C Eo C G 1, s),
dist(@GEr, 5], 92GE[0, s]) = 7,
dist(32 G[0, 5], % Eg) = s;

(b) Gat [r, 5] is admissible with anisotropic contact angle 8 F s.

Note that we ignore the dependence on « and 7. Since this lemma is a generalization
of [35, Lemma 2.4] to the anisotropic setting which can be done along the same lines, we
omit the proof.

Corollary 4.11. Let {E[t]}:e[0,T) be an admissible family contact angle B. Then, for any
T' € (0, T), there exist p € (0, 1) and o € (0,n) depending only sup,cfo, 71 |1 IE[1 oo
and inf;efo, 711 hE[r), and admissible families {GOi [, 5, al}(r.s,a)€l0,p]x[0,6]x[0,T7] SUch that
Gg*' [0,0,a] = E[a] and for all (r,s,a) € [0, p] x [0,0] x [0, T"]:

(a) dist(aﬂGgE[r,s,a], 0%Ela]) > r + s and

Gy lr,s.a]l C Eld) C G [r,s,a],
dist(3 G [r, 5, al, 9% G§F[0,5,a]) = r,
dist(92GF[0,s,al, 02 E[a]) = s;

(b) th [r, s, a] is admissible with anisotropic contact angle  F s.

By the definition of the admissibility, GOi [r,s,a] is close to E[a] in the sense of Defi-
nition 4.7. Therefore, applying Theorem 4.8, we deduce the following.

Theorem 4.12. Let a family {E[t]},c[o, 1ty of admissible sets be a ®-curvature flow with
forcing f and anisotropic contact angle B, and let T € (0, TT). Let p € (0,1) and o €
(0, n), and for a € [0, T), the families {th[r, S, al}(r.s.a)€l0,0]x[0,0]x[0,T] be given by
Corollary 4.11. Then (possibly decreasing p and o slightly, depending only on {E(t)}),
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there exist unique admissible families {G*[r, s, a, 11} (r.5,a)€10,0]x[0,61x[0,T"],t€[a,T] SUCh
that

e G*[r,s,a,a] = th[r,s,a],

. G* [r,s,a,t] is admissible with anisotropic contact angle B F s,

o "G*[r,s,a,t] solves the equation

VG+r,s.a.0](X) = —KG[rs,a,(X) — [, X) £ 5 (4.15)
fort € (a,T)and x € 3%G*[r,s,a,t].
Furthermore,
(@ G*[0,0,a,t] = E[t] forallt € [a,T];

(b) there exists an increasing continuous function
g : [0, +00) — [0, +00)
with g(0) = 0 such that
max dist(x,0°G*[0,0,a.1]) < g(s)

x€dRG*[0,s,a,t]
foralls € [0,0],a €[0,T]andt € [0, T];
(¢c) there exists t* € (0, p/64) (independent of r, s and a) such that

G lp/2,5s.a] C Gtlp,s,a,a+1] and Gylp/2,5.a] D> G [p,s,a,a+1']
(4.16)
forallt’' € [0,t*] witha +1t <T.

Notice that the assertions (a)—(c) follow from the continuous dependence of G* on
[r,s,a,t]. In view of (4.10), we can represent (4.15) as

0

P sdG(r.5,a,00(X) = KG[r.5,0.(X) + f(t,x) F s

fort € (a,T)and x € E?QGi[r,s,a,t].

Proposition 4.13. For any s € (0, o], there exists To(s) > 0 such that, for any r € [0, p],
ael0,T),te(0,1) andt €a+1,T],

$d6-+ir.s.a,0-11 () (k+1)7

f(s,x)ds > %, X € 8QG+[r,s,a,t],
T

+ KG"'[r,s,a,t](x) + ; /

kt
and

SdG*[r,s,a,z‘—r] (x) (e+1)e

T
where k := [t/t].

1
+KG—[,’S’a’t](x)+—/ f(s,x)ds<—§, x689G+[r,s,a,t],
T Jk

T

This result is proven along the same lines of [36, Proposition 2.7]. Therefore, we
omit it.
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5. Consistency of GMM with smooth anisotropic curvature flow

In this section, we prove Theorem 1.5.

Let {E(#)}e[o,7t) be a smooth ®-curvature flow starting from Eo, with a bounded
forcing f and anisotropic contact angle 8. Given T € (0, TT), let p, o, {GOi [r,s,al},
{G*[r,s,a,t]}, and t* > 0 be as in Theorem 4.12. Let also F(-) € GMM(TFg, r, Eo),
7; \ 0, and {F (7}, k)} be such that

dim |F(zj, |t/7;])AF(t)] =0 forallt > 0. 5.1
Jj—>+o0
We show that
E(t)=F(t) forany0 <t <T. 5.2)

We start with an ancillary technical lemma. For s € (0, o], let 79(s) > 0 be given by
Proposition 4.13, and for B¢ := w € (|| Blloos P(en)), let ¥g be given by Theorem
3.4. We may assume that t; < t9p?/642 for all j.

Lemma 5.1. Assume that ty € [0, T) and ko € Ny are such that
Gy [0,5.10] C F(tj, ko) C G40, 5,10]. (5.3)
Then, there exists t € (0,1*] depending only on t* and p such that
G7[0,5,10.10 + ktj] C F(zj, ko + k) C G¥[0, 5,10, 70 + k)]

foralls € (0,0], j = 1 with tj € (0,70(s)) and k = 0,1, ..., |t/7;] with tg + kt; <
T. Moreover, let tg +t < T, the increasing continuous function g be given by Theorem
4.12(b), and & € (0,0/2) be such that 4g(26) < o. Then, for any s € (0,0), there exists
j(s) > 1 such that

Gy [0,4g(25),t0 + 7] C F(tj, ko + kj) € GJ[0,4g(25), 10 + 1] (5.4)
whenever j > j(s), where k; := |i/7;].
Proof. The proof runs along the similar lines of [36, Lemma 3.1]. By Corollary 4.11 (a),
dist(32 G [p/4, 5. 10], 3R GE0, 5, 10]) = p/4,
and therefore, by (5.3),
Gy [p/4.5.t0] < Gy [0,5,t0] C F(tj,ko) C G(‘,"[O,s,to] < GS'[p/4,s,t0] (5.5)

and by (5.5) B,/4(x) C F(tj,ko)if x € Gy [p/4,5,t0] and By/4(x) N F(z,ko) =0 if x €
Q\ G(')"[p/4,s, to]. Therefore, using Theorem 3.4 (with Ry = p/4 and B¢ := W)
and again (5.3), we obtain

B gy (x) C F(zj, ko + k). x € Gylp/4,s.to],
64P(en) N 0 S k 5 I_[**/tjj,
B sy ()0 F(tko+K) =0, x€Q\Gflp/4.5.10,

64P(en)

(5.6)
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where )
= 1}0/)

: 6

By (5.6) and Corollary 4.11 (b),
G_I:B,SJO]CG_ 2_@7571(0 CF(T,kO +k)
) °l4 64 J
p_ Bop o
- GJ[Z - a,s,to} c G;r[z,s,zo] (5.7)

forall0 < k < [t**/7;]. Set

7 :=min {r*,1**},
where t* is given by Theorem 4.12 (c). Then, by (4.16) and (5.7),
Gy lp.s.to + k] C F(tj, ko + k) C G [p.s,to + k1], k=0,1,...,1i/7;], (5.8)
with to + kt; < T. We claim for such k and j > 1 with 7; € (0, 7o(s))
G7[0,s,t0,t0 + kt;] C F(tj, ko + k) C G0, 5,10, 1o + kt;].

Indeed, let

ri= inf{r €[0,p] : F(zj ko + k) C Gtlr.s to, to + kt;],
k=0,1,..., Lf/TjJ, lo—l—kl’j < T}.
By (5.8), the infimum is taken over a nonempty set. By contradiction, assume that 7 > 0.

In view of the continuity of G [r, s, tg, o + kt;] atr =r, there exists the smallest integer
k < |t/7j] (clearly, k > 0 by (5.5)) such that

3QF(‘Ej,k0 +k)NIRGH[r, s, ty, to + kt;] # 0. 5.9
By the minimality of k > 1,
F(‘L’j,ko+k—1)CG+[f,S,lo,lo+(k—1)‘ljj], F(‘L’_/,ko-i-k)CG+[f,S,to,l0+k‘Ej].

Moreover, by construction, G V[F, s, fo, to + kt;] satisfies the contact angle condition with
B — s and by Proposition 4.13 applied with T = ; € (0, 7o(s)):

SAG+7,5.10,t0+ (ke —1)7;] (X) (k+1)
Tj

s
+ KG+ 7 s,t0,10+k7,] (X) + ;/ f(s,x)ds > >

kt
forall x € 89G+[f .8, to, to + ktj]. However, in view of Proposition 3.3 (a), these prop-
erties imply F(tj, ko + k) < G+[f, s, to, to + kt;], which contradicts (5.9). Thus, 7 = 0.
Analogous contradiction argument based on Proposition 3.3 (b) shows G~[0, s, o, o +
ktj] C F(tj, ko + k) forall0 <k < |7/7;].
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Finally, let us prove (5.4). Recall that by construction G [0, 25, t9] < G [0, s, fo] and
G [0,s,20] < G§ [0,2s, 1]; therefore, by the strong comparison principle (Theorem 4.9),
G7[0,2s,10,t] < GT[0, s, tg, t] and G1[0, 5,19,1] < GT[0, 2s, to, t] for all ¢ € [to, T].
Now, by the continuity of G*[0, s, o, ¢] on its parameters, we could find j = j(s) > 1
such that, for all j > ]_ ,

G7[0,25, 10,10 + 7] < GT[0, 5,10, 1o + k; /]
C F(‘L’j,];j) C G+[0,S,lo,lo —i—]gj‘fj]
< G1[0,25,t9,t0 +1]. (5.10)

By the definition of g,

max dist(x, 0% E(to + 1)) < g(2s), (5.11)
x€0RGE[0,25,t0,00+1 ]

and therefore, by construction in Corollary 4.11 (a),
dist(3RGE[0,4g(25). 10 + 1], 0% E(tg + 7)) = 4g(2s) > 0.
Combining this with (5.11) and the construction of G, we deduce
Gy [0,4g(25),t0 +1] < GT[0,25,t0, 10 + 1]

and
Gt(0,2s,10,10 + 1] < G [0,4g(25),t0 +1].

These inclusions together with (5.10) imply (5.4). [

Now, we are ready to prove the equality (5.2). Let 7 be given by Lemma 5.1 as follows:
N :=|T/t] +1,
and let o € (0, 0/16) be such that the numbers
o; =4gQ0;-1), [ =1,...,N,

satisfy 0; € (0, 0/16). By the monotonicity and continuity of g together with g(0) = 0,
such choice of oy is possible.
Fix any s € (0, 0¢) and let

ap(s) :=s, aj(s):=4gQRaj—1(s)), I =1,...,N.

Note that a;(s) € (0, 7). In particular, the numbers fls := j(a;(s)), given by the last
assertion of Lemma 5.1, are well defined. Let also

Ji=max{j = 1:7; ¢ (0.70(ai(s5))}
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and
=14+ max max{j’, ).
Js | pax Uil

s

By Corollary 4.11 (a),
Gy [0,5,0] C E(0) = Eq = F(z;,0) C G4 [0,s,0]

forall j > js. Therefore, by Lemma 5.1 applied with ko = 0 and #y = 0, we find

G~[0,5,0,kt;] C F(tj,k) C GT[0,5,0,k7;], k=0,1,....k;,
where Igj := |£/1;]. Moreover, since s € (0, g9, ) by the last assertion of Lemma 5.1,

Gy l0,a1(s),7] C F(zj,k;) € G§[0,a1(s), 7]

forall j > j,. Hence, we can reapply Lemma 5.1 with s := a;(s), fo = 7, and ko = kj to
find

G7[0,a;(5),0,7 + kt;] C F(zj,k; +k) C G1[0,a1(5),0,f +kt;], k=0,1,...,kj.
In particular, since j > js > j(a;(s)), again by the last assertion of Lemma 5.1, we deduce
Gy [0,aa(s),2f] C F(zj,2k;) € GF[0,ax(s),27].

Repeating this argument at most N times, for all j > j;, we find

G7[0,a;(s),0,17 + kt;] C F(tj,lk; + k)
C GT[0,a;(5),0,1f + kt;], k=0,1,....k; (5.12)
whenever/ =0,...,N and /7 + kt; <T.

Now, take any 7 € (0, T), and let] := |¢/f]| and k = [t/7] —l];j so that IIEJ- +k =
[#/7;]. By means of / and k, as well as the definition of k;, we represent (5.12) as

6 [0.ar.0.07+ 5 £ |-15] ]
cr(n| L)) corpamoiig| ][ L]] e

forall j > jy. Since
e ol

by the continuous dependence of G* on its parameters, as well as the convergence (5.1)
of the flat flows, letting j — 400 in (5.13), we obtain

G7[0,a;(s),0,¢] C F(t) € GT[0,a;(s),0,1], (5.14)
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where due to the L!-convergence the inclusions in (5.1) are up to some negligible sets.
Now, we let s — 0 and recalling that a;(s) — 0 (by the continuity of g and assumption
g(0) = 0), from (5.14), we deduce

G~[0,0,0,t] C F(r) c GT[0,0,0,1].
Then, by Theorem 4.12 (a),

F(t) = G%[0,0,0,1] = E(t).

A. Some useful results

The following lemma extends analogous results in the Euclidean case [4, Sections 2
and 3].

Lemma A.1 (A priori estimates for capillary functional). Let 8 € L°°(d2). Then,
(a) forany E € BV(R2;{0,1}),

Pa(E) < C(E) < max{%, Po(E): (A1)

d(e,) + inf B
20(ey,)
(b) Cp is Ll _(Q2)-lower semicontinuous if and only if | Bllee < P(en).

loc

Proof. (a) The upper bound is clear. To prove the lower bound, let
Bo := inf B.
By the anisotropic minimality of the half-spaces (see, e.g., [6, Example 2.4]),
Pu(E) = Weey) [ yrd e (A2)

for any anisotropy W in R”. Thus, if §, > 0, then by (A.2)

€4(E) = yPo(E. Q) + (1 — y) Po(E. Q) + o /8 szt

> yPo(E.Q) + (1 —y+ q)’?e” ))<b<en)/m ypd 3",

and hence, choosing y = %):39”, we deduce (A.1).

Assume that 8, < 0. Then, ¥ := %@ is an anisotropy. By (A.2),

q> n) — —
[ wemdre = wen [ gpanr = 2(en) —Fo [ xzawr
QNI*E 9 2 0
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Thus,

. D(e,) + Bo n—1 n—1
Cg(E) = /;zma*E —2q>(en) S(vg)d H +/;203*E V(vg)dH

d]fn_l

+ [39 Bre

P(en) + fo
20(ey)

_ O +ho
- 2d(ey)

yxedI"!

d(ey) — Bo +28
Pe(E, Q) + /asz —

Po(E).

(b) Repeat arguments of [4, Lemma 3.5]. [
The following proposition provides a characterization of elliptic C2-norms.

Proposition A.2. For any C**t% anisotropy ® with k > 2 and « € [0, 1], the following
assertions are equivalent:

(a) @ is elliptic;
(b) there exists y > 0 such that

V2o (x)yT - yT > |)/_| forany x e R\ {0}, y € S" Y withx -y = 0;
X

(c) there exists y > 0 such that

V2d>(x)yT 'yT > |y_| forany x e R" \ {0}, y € S" ' with Vd(x)-y = 0;
X

(d) there exists y > 0 such that

Y X\ X |2
VZ(D(X)yT'yTEE‘y—(y-m)m‘ forany x € R" \ {0}, y € R";

(e) forany segment [x, y], lying on the line not passing through the origin, the second
derivative of the function t + h(t) := ®(x + t (y — x)) is strictly positive in [0, 1];

() ®° is Ck+* and elliptic;

(g) the principal curvature of the boundary of W is strictly positive;

(h) there exists r € (0, 1) such that for any z € 9W ® there exist x, y, € R" such that

B, (x;) CW® CByr(yz) and 03By(x;) NOW® =3By, (y;) NOW® = {z}.
Proof. Since @ is C? and

V2o(x)xT =0, x eR™\ {0},
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the ellipticity of ® is equivalent to the strict positivity of its Hessian V2®(x) on T :=
{y : x -y =0}. Thus, passing to local coordinates, one can show (a)=(g)=(h)=(g)=(a).
Moreover, the assertions

(@)= ()= ()= (b)=(d)=(e)=(b)=(a)

follow directly from the definition of ellipticity.
Finally, let us show (a)=(f). Since W ® does not contain segments and

Vo(x)-x =d(x) and P°(VP(x)) =1, xeR”,

@ is differentiable on R” \ {0}. Hence, by convexity, ®° is C !. The implication (g)<> (h)
follows from the fact that the second fundamental form of 3W ® is bounded from below
and from above by that of ball. Similar arguments can be used in the proof of the impli-
cation (a)=>(h) using the strict positive definiteness of Vde(x) on Ty (in view of the
convexity of x > ®(x) — y|x|).

Finally, we prove (b)=(f). Since dW ® has no segments, ®° is differentiable in R” \
{0}, and by convexity, V®° is continuous. Since the map x € IW® > Vd(x) € oW’
is a homeomorphism. By (b) and (c),

Y

Ve T 2

for any x € 9W® and y € S"~! with x - y = 0. This implies that V2® maps the tangent
plane of 9W ® at x to the tangent plane of W ®° at V®(x). Thus, by the inverse mapping
theorem, the V® is a C*¥~1+2_homeomorphism. In particular, 3W ®° is locally a C*+e-
manifold, and hence, ®° is C¥*%_ Finally, to prove the ellipticity, it is enough to observe

V2e2(x)yT - yT >0

forany x € aWw® and yE S*1 with y - VO?(x) = 0; thus, assertion (c) holds, and hence,
d? is also elliptic. |
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