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On the volume conjecture for hyperbolic Dehn-filled
3-manifolds along the figure-eight knot

Ka Ho Wong and Tian Yang

Abstract. Using Ohtsuki’s method, we prove the asymptotic expansion conjecture and the vol-
ume conjecture of the Reshetikhin–Turaev and the Turaev–Viro invariants for all hyperbolic
3-manifolds obtained by doing a Dehn-surgery along the figure-8 knot.

1. Introduction

In [40], Witten interpreted values of the Jones polynomial using the Chern–Simons
gauge theory, and constructed a sequence of complex valued 3-manifold invariants
satisfying striking properties. This idea was mathematically rigorously formalized by
Reshetikhin and Turaev [32, 33] though the representation theory of quantum groups
and surgery descriptions [18] of 3-manifolds. In [39], Turaev, and Viro developed a
different approach from triangulations, constructing a sequence of real valued invari-
ants of 3-manifolds. These two invariants turned out to be closely related [34,38,40],
and are expected to contain geometric and topological information of the manifold.

Kashaev’s volume conjecture [16, 17] (see also Murakami–Murakami [23]) ful-
filled such expectation by relating the colored Jones polynomials of a knot to the
hyperbolic geometry of its complement. More precisely, the volume conjecture asserts
that value of the nth normalized colored Jones polynomial of a hyperbolic knot eval-

uated at the nth primitive root of unit t D e
2�
p
�1
n grows exponentially in n, and

the growth rate is proportional to the hyperbolic volume of the complement of the
knot. Recently, Chen and the second author [4] conjectured, now known as the Chen–

Yang volume conjecture, that for odd r the values at the root of unity q D e
2�
p
�1
r

of the r th Reshetikhin–Turaev and Turaev–Viro invariants of a hyperbolic 3-manifold
grow exponentially in r , with growth rate, respectively, proportional to the complex
volume and the hyperbolic volume of the manifold. This conjecture was later refined
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independently by Ohtsuki [27] and Gang–Romo–Yamazaki [12] to include the adjoint
twisted Reidemeister torsion [31] of the manifold in the asymptotic expansion of the
invariants.

In [1], Belletti, Detcherry, Kalfagianni, and the second author proved the Chen–
Yang volume conjecture for the family of fundamental shadow link complements.
The fundamental shadow link complements were shown [5] to form a universal class
of 3-manifolds in the sense that any orientable 3-manifold with empty or toroidal
boundary is obtained from the complement of a fundamental shadow link by doing
a Dehn-surgery along suitable components. Therefore, understanding the asymptotic
behavior of the invariants under Dehn-surgeries becomes a necessary step toward the
solution to the Chen–Yang volume conjecture.

An earlier work of Ohtsuki [27] was a result along this direction, where he obtained
the asymptotic expansion of the Reshetikhin–Turaev invariants of all hyperbolic 3-
manifolds obtained by doing an integral Dehn-surgery along the figure-8 knot. To-
gether with a sequence of his works [25, 26, 28–30], Ohtsuki developed a method
of attacking Kashaev’s and Chen–Yang’s volume conjectures consisting of a circle
of creative ideas including the use of Faddeev’s quantum dilogarithm functions, the
Poisson summation formula, and the saddle point approximation.

The main result of this article is our first attempt to understand the asymptotic
behavior of the Reshetikhin–Turaev and the Turaev–Viro invariants under Dehn-sur-
geries, which generalizes Ohtsuki’s result from integral Dehn-surgeries to rational
Dehn-surgeries along the figure-8 knot. We note that our approach also works for the
integral Dehn-surgeries, and is up to details the same as Ohtsuki’s. A new idea in our
approach is a use of the reciprocity of generalized Gaussian sum in the simplification
of our formula for the Reshetikhin–Turaev invariants. Another new feature is that we
clarify the geometric meaning of the critical values of certain involved functions relat-
ing them to the desired geometric quantities (see Section 5), which previously could
only be done by numerical computations. The argument in Section 3 can be directly
applied to rationally Dehn-filled 3-manifold along any other knot, and together with
Section 5 provides a reinforcement of Ohtsuki’s method.

Theorem 1.1. LetM be a closed oriented hyperbolic 3-manifold obtained by doing a
Dehn-surgery along the figure-8 knot, and let RTr.M/ be its r th Reshetikhin–Turaev

invariant evaluated at the root q D e
2�
p
�1
r . Then, as r varies along positive odd

integers,

RTr.M/ D
Cr

2

1p
Tor.M IAd�/

e
r
4� .Vol.M/C

p
�1CS.M//

�
1CO

�
1

r

��
;

where Cr is a constant of norm 1 independent of the geometric structure of M ,
Tor.M IAd�/ is the adjoint twisted Reidemeister torsion, Vol.M/ is the hyperbolic
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volume and CS.M/ is the Chern–Simons invariant of M . As a consequence,

lim
r!1

4�

r
log RTr.M/ D Vol.M/C

p
�1CS.M/ .mod

p
�1�2Z/:

It is proved in [34, 38, 40], and at the root q D e
2�
p
�1
r in [7], that for a closed

oriented 3-manifold, the Turaev–Viro invariant is up to a scalar the square of the
norm of the Reshetikhin–Turaev invariant. As a consequence, we have the following
theorem.

Theorem 1.2. Let M be a closed oriented hyperbolic 3-manifold obtained by doing
a rational Dehn-surgery along the figure-8 knot, and let TVr.M/ be its r th Turaev–

Viro invariant evaluated at the root q D e
2�
p
�1
r . Then, as r varies along positive odd

integers,

TVr.M/ D
2b2.M/�b0.M/

jTor.M IAd�/j
e
r
2� Vol.M/

�
1CO

�
1

r

��
;

where b0.M/ and b2.M/ are, respectively, the zeroth and the second Z2 Betti-number
of M . As a consequence,

lim
r!1

2�

r
log TVr.M/ D Vol.M/:

Outline of the proof. The proof follows the guideline of Ohtsuki’s method. In Propo-
sition 3.4, we compute the Reshetikhin–Turaev invariants of M and write them as a
sum of values of a holomorphic function fr at integral points; and a key ingredi-
ent in the computation is Lemma 3.6 that iteratively using a reciprocity of generalized
Gaussian sums, we can simplify a multi-sum into a single sum. The function fr comes
from Faddeev’s quantum dilogarithm function. Using Poisson summation formula in
Proposition 4.3, we write the invariants as a sum of the Fourier coefficients of fr .
In Proposition 5.4, we show that the critical values of the functions in the two lead-
ing Fourier coefficients Ofr.sC; mC; 0/ and Ofr.s�; m�; 0/ for s˙ and m˙ defined in
Lemma 3.3 coincide with the complex volume of M and the determinant of the Hes-
sian matrix gives the adjoint twisted Reidemeister torsion of M . The key observation
is Lemmas 5.1 and 5.2 that the system of critical point equations is equivalent to the
system of hyperbolic gluing equations (consisting of an edge equation and a Dehn-
surgery equation) for a particular ideal triangulation of the figure-8 knot complement.
In Proposition 6.4, we verify the conditions for applying the saddle point approxima-
tion showing that the growth rates of the leading Fourier coefficients are those critical
values, i.e., the complex volume; and in Section 6.2, we estimate the other Fourier
coefficients. Finally, we complete the proof by showing in Proposition 6.10 that the
two leading Fourier coefficient do not cancel each other and the sum of all the other
Fourier coefficients is neglectable.
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2. Preliminaries

2.1. Reshetikhin–Turaev invariants

In this article, we will follow the skein theoretical approach of the Reshetikhin–Turaev

invariants [2, 19] and focus on the case q D e
2�
p
�1
r , and equivalently t D q2 D

e
4�
p
�1
r , for odd integers r > 3.
A framed link in an oriented 3-manifold M is a smooth embedding L of a dis-

joint union of finitely many thickened circles S1 � Œ0; "� for some " > 0 into M . The
Kauffman bracket skein module Kr.M/ of M is the C-module generated by the iso-
topy classes of framed links in M modulo the following two relations:

(1) Kauffman bracket skein relation:

D e
�
p
�1
r C e�

�
p
�1
r :

(2) framing relation:

L [ D

�
� e

2�
p
�1
r � e�

2�
p
�1
r

�
L:

There is a canonical isomorphism

h i W Kr.S3/! C

defined by sending the empty link to 1. The image hLi of a framed link L is called
the Kauffman bracket of L.

Let Kr.A � Œ0; 1�/ be the skein module of the product of an annulus A with
a closed interval. For any link diagram D in R2 with k ordered components and
b1; : : : ; bk 2 Kr.A � Œ0; 1�/, let

hb1; : : : ; bkiD

be the complex number obtained by cabling b1; : : : ; bk along the components of D
considered as an element of Kr.S3/ then taking the Kauffman bracket h i.

On Kr.A � Œ0; 1�/, there is a commutative multiplication induced by the juxta-
position of A, making it a C-algebra; and as a C-algebra, Kr.A � Œ0; 1�/ Š CŒz�,
where z is the core curve of A. For an integer n > 0, let en.z/ be the nth Cheby-
shev polynomial defined by the recursive relations e0.z/D 1, e1.z/D z, and en.z/D
zen�1.z/ � en�2.z/. The Kirby coloring !r 2 Kr.A � Œ0; 1�/ is then defined by

!r D

r�2X
nD0

.�1/nŒnC 1�en;
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where Œn� is the quantum integer defined by

Œn� D
e
2n�
p
�1

r � e�
2n�
p
�1

r

e
2�
p
�1
r � e�

2�
p
�1
r

:

Suppose M is obtained from S3 by doing a surgery along a framed link L, D.L/
is a standard diagram of L; i.e., the blackboard framing of D.L/ coincides with the
framing of L, and �.L/ is the signature of the linking matrix of L. Let UC be the
diagram of the unknot with framing 1, and let

�r D
sin 2�

r
p
r
:

Then, the r th Reshetikhin–Turaev invariant of M is defined as

RTr.M/ D �rh�r!r ; : : : ; �r!riD.L/h�r!ri
��.L/
UC

: (2.1)

2.2. Dilogarithm and Lobachevsky functions

Let log W CX.�1; 0�! C be the standard logarithm function defined by

log z D log jzj C
p
�1 arg z;

with �� < arg z < � .
The dilogarithm function Li2 W CX.1;1/! C is defined by

Li2.z/ D �
Z z

0

log.1 � u/
u

du;

where the integral is along any path in CX.1;1/ connecting 0 and z, which is holo-
morphic in CXŒ1;1/ and continuous in CX.1;1/.

The dilogarithm function satisfies the following properties (see, e.g., Zagier [42]):

Li2

�
1

z

�
D �Li2.z/ �

�2

6
�
1

2
.log.�z//2: (2.2)

In the unit disk ¹z 2 C j jzj < 1º,

Li2.z/ D
1X
nD1

zn

n2
; (2.3)

and on the unit circle ¹z D e2
p
�1� j 0 6 � 6 �º,

Li2.e2
p
�1� / D

�2

6
C �.� � �/C 2

p
�1ƒ.�/; (2.4)
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whereƒ W R! R is the Lobachevsky function (see, e.g., Thurston’s notes [37, Chap-
ter 7]) defined by

ƒ.�/ D �

Z �

0

log j2 sin t jdt:

The Lobachevsky function is an odd function of period � . It achieves the abso-
lute maximums at k� C �

6
, k 2 Z, and the absolute minimums at k� C 5�

6
, k 2 Z.

Moreover, it satisfies the functional equation

1

2
ƒ.2�/ D ƒ.�/Cƒ

�
� C

�

2

�
:

2.3. Quantum dilogarithm functions

We will consider the following variant of Faddeev’s quantum dilogarithm functions
[9,10]. All the results in this section are essentially due to Kashaev and some of them
could also be found in [3]. For the readers’ convenience, we also include a proof here.

Let r > 3 be an odd integer. Then, the following contour integral

'r.z/ D
4�
p
�1

r

Z
�

e.2z��/x

4x sinh.�x/ sinh.2�x
r
/
dx (2.5)

defines a holomorphic function on the domain²
z 2 C

ˇ̌̌̌
�
�

r
< Re z < � C

�

r

³
;

where the contour is

� D .�1;�"� [
®
z 2 C j jzj D "; Im z > 0

¯
[ Œ";1/

for some " 2 .0; 1/. Note that the integrand has poles at n
p
�1, n 2 Z, and the choice

of � is to avoid the pole at 0.
The function 'r.z/ satisfies the following fundamental properties.

Lemma 2.1. We have the following fundamental properties.

(1) For z 2 C with 0 < Re z < � ,

1 � e2
p
�1z
D e

r

4�
p
�1
.'r .z�

�
r /�'r .zC

�
r //: (2.6)

(2) For z 2 C with ��
r
< Re z < �

r
,

1C er
p
�1z
D e

r

4�
p
�1
.'r .z/�'r .zC�//

: (2.7)
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Proof. In the region enclosed by � in the upper half plane, the function e.2z��/x

2x sinh.�x/

has simple poles at x D n
p
�1, n 2 ZC. Hence, by the residue theorem,

r

4�
p
�1

�
'r

�
z �

�

r

�
� 'r

�
z C

�

r

��
D �

Z
�

e.2z��/x

2x sinh.�x/
dx

D �

1X
nD1

2�
p
�1 � ResxDn

p
�1

�
e.2z��/x

2x sinh.�x/

�
D �

1X
nD1

.e2
p
�1z/n

n
D log.1 � e2

p
�1z/;

which proves (1).
In the same region, the function e2zx

2x sinh. 2�xr /
has simple poles at x D rn

p
�1
2

, n 2

ZC. Hence, by the residue theorem, we have

r

4�
p
�1

�
'r.z/ � 'r.z C �/

�
D �

Z
�

e2zx

2x sinh.2�x
r
/
dx

D �

1X
nD1

2�
p
�1 � Res

xD rn
p
�1
2

�
e2zx

2x sinh.2�x
r
/

�
D �

1X
nD1

.er
p
�1z/n

.�1/nn
D log.1C er

p
�1z/;

which proves (2).

Using (2.6) and (2.7), for z 2 C with � C 2.n�1/�
r

< Re z < � C 2n�
r

, we can
define 'r.z/ inductively by the relation

nY
kD1

�
1 � e2

p
�1.z� .2k�1/�r /

�
D e

r

4�
p
�1
.'r .z�

2n�
r /�'r .z//

; (2.8)

extending 'r.z/ to a meromorphic function on C. The poles of 'r.z/ have the form
.aC 1/� C b�

r
or �a� � b�

r
for all nonnegative integer a and positive odd integer b.

Let t D e
4�
p
�1
r , and let

.t/n D

nY
kD1

.1 � tk/:
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Lemma 2.2. We have the following properties.

(1) For 0 6 n 6 r � 1,

.t/n D e
r

4�
p
�1
.'r .

�
r /�'r .

2�n
r C

�
r //: (2.9)

(2) For r�1
2

6 n 6 r � 1,

.t/n D 2e
r

4�
p
�1
.'r .

�
r /�'r .

2�n
r C

�
r ��//: (2.10)

Proof. Inductively, using (2.6), we have (1). To see (2), by (1), we have

.t/n D e
r

4�
p
�1
.'r .

�
r /�'r .

2�n
r C

�
r ��//e

r

4�
p
�1
.'r .

2�n
r C

�
r ��/�'r .

2�n
r C

�
r //:

By analyticity, (2.7) holds for all z that is not a pole. In particular, it holds for z D
2�n
r
C

�
r
� � , and we have

e
r

4�
p
�1
.'r .

2�n
r C

�
r ��/�'r .

2�n
r C

�
r // D 1C er

p
�1. 2�nr C

�
r ��/ D 2;

which proves (2).

We consider (2.10) because there are poles in .�; 2�/, and we move everything
into .0; �/ to avoid those poles.

The function 'r.z/ and the dilogarithm function are closely related as follows.

Lemma 2.3. We have the following properties.

(1) For every z with 0 < Re z < � ,

'r.z/ D Li2
�
e2
p
�1z

�
C

2�2e2
p
�1z

3.1 � e2
p
�1z/

1

r2
CO

�
1

r4

�
: (2.11)

(2) For every z with 0 < Re z < � ,

'0r.z/ D �2
p
�1 log

�
1 � e2

p
�1z

�
CO

�
1

r2

�
: (2.12)

(3) As r !1, 'r.z/ uniformly converges to Li2.e2
p
�1z/ and '0r.z/ uniformly

converges to �2
p
�1 log.1 � e2

p
�1z/ on a compact subset of ¹z 2 C j 0 <

Re z < �º.

Proof. For (1), since

1

sinh.2�x
r
/
D

r

2�x
�
�x

3r
CO

�
1

r3

�
;
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we have

'r.z/ D
p
�1

Z
�

e.2z��/x

2x2 sinh.�x/
dx �

�2
p
�1

r2

Z
�

e.2z��/x

3 sinh.�x/
dx CO

�
1

r4

�
:

By the residue theorem, we have

p
�1

Z
�

e.2z��/x

2x2 sinh.�x/
dx D �2�

1X
nD1

ResxDn
p
�1

�
e.2z��/x

2x2 sinh.�x/

�
D

1X
nD1

.e2
p
�1z/n

n2
D Li2.e2

p
�1z/;

where the last equality holds by (2.3) for z so that e2
p
�1z is in the unit disk, and it

holds by analyticity for all z with 0 < Re z < � .
By the residue theorem again, we have

�
�2
p
�1

r2

Z
�

e.2z��/x

3 sinh.�x/
dx D

2�3

r2

1X
nD1

ResxDn
p
�1

�
e.2z��/x

3 sinh.�x/

�
D
2�2

3r2

1X
nD1

�
e2
p
�1z

�n
D

2�2e2
p
�1z

3.1 � e2
p
�1z/

1

r2
:

This proves (2.11).
(2) follows from (1), and (3) follows from (1) and (2).

2.4. A geometric proposition

Proposition 2.4. There is an " > 0 such that for any relatively prime pair .p; q/ ¤
.˙5;˙1/ so that the closed oriented 3-manifold M obtained by doing a p

q
Dehn-

surgery along the figure-8 knot K41 is hyperbolic,

Vol.M/ >
1

2
Vol.S3XK41/C ":

Proof. By Futer–Kalfagianni–Purcell [11, Theorem 1.1], if M is obtained from the
complement of a hyperbolic knot K in S3 by a Dehn-surgery along a boundary curve

 , then

Vol.M/ >
�
1 �

�
2�

L.
/

�2� 32
Vol.S3XK/;

where L.
/ is the length of 
 in the induced Euclidean metric on the boundary of the
embedded horoball neighborhood of the cusp. For the K41 complement, the bound-
ary of the maximum horoball neighborhood is a tiling of eight regular triangles of
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a1 a2 � � � � � � ak�1

ak

Figure 1. The link L.

side 1. Hence, as drawn in Figure 4 (see also Thurston’s notes [37]), L.x/ D 4 and
L.y/ D 1. As a consequence, the meridian m D y and the longitude l D x C 2y

are perpendicular, L.m/ D 1, L.l/ D 2
p
3 and L.pmC ql/ D

p
p2 C 12q2. As a

consequence,

Vol.M/ >
�
1 �

4�2

p2 C 12q2

� 3
2

Vol.S3XK41/:

If p2 C 12q2 > 4�2

1�. 12 /
2
3

� 106:67, then .1 � 4�2

p2C12q2
/
3
2 > 1

2
and

Vol.M/ >
1

2
Vol.S3XK41/:

Therefore, by the symmetry of K41 complement, we only need to check for the pairs
.p; q/D .6; 1/, .7; 1/, .8; 1/, .9; 1/ .1; 2/, .3; 2/, .5; 2/, and .7; 2/, where p2C 12q2 <
107, which could be numerically done by using SnapPy [8].

Remark 2.5. The end of the proof of Proposition 2.4 is the only place in this article
where we need a numerical computation.

3. Computation of the Reshetikhin–Turaev invariants

The main result of this section is Proposition 3.4 where we compute the Reshetikhin–
Turaev invariants of the closed oriented 3-manifold obtained by doing a p

q
Dehn-

surgery along the figure-8 knot K41 . Recall that if M is the 3-manifold obtained
from S3 by doing a p

q
Dehn-surgery along a knot K, then it can also be obtained by

doing a surgery along a framed link L (see Figure 1) of k components with framings



On the volume conjecture for hyperbolic Dehn-filled 3-manifolds 429

a1; : : : ; ak coming from the continued fraction

p

q
D ak �

1

ak�1 �
1

���� 1
a1

:

See, e.g., [35, page 273].

3.1. Continued fractions

We recall some notations related to the continued fraction of p
q

, which will be used in
the computation of the Reshetikhin–Turaev invariants. For a pair of relatively prime
integers .p; q/, let

p

q
D ak �

1

ak�1 �
1

���� 1
a1

be a continued fraction. For each i 2 ¹1; : : : ; kº, consider the matrix"
Ai Bi

Ci Di

#
D T aiS � � �T a1S;

where

S D

"
0 �1

1 0

#
and T D

"
1 1

0 1

#
;

and as a convention, let "
A0

C0

#
D

"
1

0

#
: (3.1)

Lemma 3.1. We have the following properties.

(1) For i 2 ¹1; : : : ; kº, Ai D aiAi�1 � Ci�1 and Ci D Ai�1.

(2) We have
Ak

Ck
D
p

q
:

Proof. (1) follows directly from induction. For (2), we show that

Ai

Ci
D ai �

1

ai�1 �
1

���� 1
a1

for each i 2 ¹1; : : : ; kº. For i D 1, we have"
A1

C1

#
D

"
a1

1

#
; (3.2)



K. H. Wong and T. Yang 430

and A1
C1
D a1. Assume (2) holds for i � 1. Then, by (1), we have

Ai

Ci
D
aiAi�1 � Ci�1

Ai�1
D ai �

Ci�1

Ai�1
D ai �

1

ai�1 �
1

���� 1
a1

:

Let us observe that Ak and Ck are relatively prime because AkDk � BkCk D
det.T akS � � � T a1S/ D 1. Then, by Lemma 3.1 (2),

�
Ak
Ck

�
D ˙

�
p
q

�
. Since a .p; q/

Dehn-surgery and a .�p;�q/Dehn-surgery provide the same 3-manifoldM , we may
without loss of generality assume that"

Ak
Ck

#
D

"
p

q

#
: (3.3)

As a consequence, we have "
Ak�1
Ck�1

#
D

"
q

�p C akq

#
: (3.4)

We also let "
p0

q0

#
D

"
Dk
�Bk

#
(3.5)

so that pp0 C qq0 D 1.
For i 2 ¹1; : : : ; kº, we also consider the quantity

Ki D
.�1/iC1

Pi
jD1 ajCj

Ci
: (3.6)

The following Lemmas 3.2 and 3.3 are crucial in the computation of the Reshetikhin–
Turaev invariants ofM and the study of their asymptotics. The proofs are elementary,
and the readers can skip them at the first time and come back later when needed.

Lemma 3.2. Ck�1Kk�1 C Ck�1q is an even integer.

Proof. By Lemma 3.1 and the definition of Kk�1, we have

Kk�1Ck�1 D .�1/
k

k�1X
iD1

aiCi D .�1/
k

�
a1 C a2A1 C

k�1X
iD3

aiAi�1

�

D.�1/k
�
A1 C .A2 C C1/C

k�1X
iD3

.Ai C Ci�1/

�

D.�1/k
�
A1 C .A2 C 1/C

k�1X
iD3

.Ai C Ai�2/

�

D.�1/k
�
1C 2

k�3X
iD1

Ai C Ak�1 C Ak�2

�
� 1C q C Ck�1 .mod 2/ (3.7)
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and

Kk�1Ck�1 C Ck�1q � 1C q C Ck�1 C Ck�1q .mod 2/

D .1C q/.1 � p C akq/:

Now, if q is odd, then 1C q is even and the product is even. If q is even, then p must
be odd since p and q are relatively prime. As a result, 1 � p C akq is even and the
product is even.

Lemma 3.3. (1) Let

I W ¹0; : : : ; jqj � 1º ! ¹0; : : : ; 2jqj � 1º

be the map defined by

I.s/ D �Ck�1.2s C 1CKk�1/ .mod 2jqj/:

Then, I is injective and its image is equal to the set of integers in ¹0; : : : ; 2jqj � 1º
that have the same parity as 1 � q.

In particular, there exist a unique .sC; mC/ 2 ¹0; : : : ; jqj � 1º � Z such that

I.sC/ D 1 � q C 2mCq

and a unique .s�; m�/ 2 ¹0; : : : ; jqj � 1º � Z such that

I.s�/ D �1 � q C 2m�q:

Moreover,
sC � s� � p0 .mod q/: (3.8)

(2) Let
J W ¹0; : : : ; jqj � 1º ! Q

be the map defined by

J.s/ D
2s C 1

q
C .�1/k

k�1X
iD1

.�1/iC1Ki

CiC1
:

Then, for the sC and s� in .1/, we have

J.sC/ �
p0

q
.mod Z/

and

J.s�/ � �
p0

q
.mod Z/:
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Moreover,
J.sC/ � �J.s�/ .mod 2Z/:

(3) Let
K W ¹0; : : : ; jqj � 1º ! Q

be the map defined by

K.s/ D
Ck�1.2s C 1CKk�1/

2

q
C

k�2X
iD1

CiK
2
i

CiC1
:

Then, for the sC and s� in .1/,

K.sC/ � �
p0

q
.mod Z/

and

K.s�/ � �
p0

q
.mod Z/:

Proof. For (1), suppose otherwise that there exist distinct s and s0 in ¹0; : : : ; jqj � 1º
such that I.s/ D I.s0/ modulo 2jqj. Then, 2Ck�1.s � s0/ D 2hq for some integer h,
and Ck�1

q
D

h
s�s0

. Since Ak�1Dk�1 � Bk�1Ck�1 D det.T ak�1S � � �T a1S/ D 1 and
Ck�1 and q DAk�1 are relatively prime, q j .s � s0/, which is a contradiction because
js � s0j 6 jqj � 1. This proves that the map I is injective. To determine the image of
I , for each s 2 ¹0; : : : ; jqj � 1º, by (3.7), we have

I.s/ D �Ck�1.2s C 1/ � Ck�1Kk�1

� �Ck�1.2s C 1/ � 1 � q � Ck�1 .mod 2/

D �2Ck�1.s C 1/ � 1 � q

� 1 � q .mod 2/:

Since ¹0; : : : ; 2jqj � 1º contains exactly jqj even integers and jqj odd integers and I
is injective, the image of I consists of all integers with parity of 1 � q.

For (3.8), by computing I.sC/ � I.s�/, we have

�2Ck�1.s
C
� s�/ D 2C 2.mC �m�/q;

which by the fact that �Ck�1 D p � akq implies

p.sC � s�/ �
�
ak.s

C
� s�/C .mC �m�/

�
q D 1:

This completes the proof of (3.8).
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For the first two identities of (2), it suffices to show that

pqJ.s˙/ D ˙1 .mod q/:

To this end, for each i 2 ¹2; : : : ; kº, we consider the quantity

Ei D Ci

i�1X
jD1

.�1/jC1Kj

CjC1
:

Then, by that p D akq � Ck�1 D akCk � Ck�1, we have

pqJ.s˙/ D .akq � Ck�1/.2s
˙
C 1/C .�1/k.akCk � Ck�1/q

k�1X
iD1

.�1/iC1Ki

CiC1

D �Ck�1.2s
˙
C 1CKk�1/

C q

�
ak.2s

˙
C 1/C .�1/kak

�
Ck

k�1X
iD1

.�1/iC1Ki

CiC1

�
� .�1/k

�
Ck�1

k�2X
iD1

.�1/iC1Ki

CiC1

��
D I.s˙/C q

�
ak.2s

˙
C 1/C ak.�1/

kEk � .�1/
kEk�1

�
:

Since I.s˙/ � ˙1 .mod q/ by (1), the result will follow if we can prove that both
Ek�1 and Ek are integers. For this, by a direct computation, we have that E2 D a1
and E3 D a2a1 C a2 are integers. For i > 4, by Lemma 3.1, we have

Ci D Ai�1 D ai�1Ai�2 � Ci�2 D ai�1Ci�1 � Ci�2:

Then,

Ei D Ci

i�2X
jD1

.�1/jC1Kj

CjC1
C .�1/iKi�1

D ai�1Ci�1

i�2X
jD1

.�1/jC1Kj

CjC1
� Ci�2

i�2X
jD1

.�1/jC1Kj

CjC1
C .�1/iKi�1

D ai�1Ci�1

i�2X
jD1

.�1/jC1Kj

CjC1
� Ci�2

i�3X
jD1

.�1/jC1Kj

CjC1

� Ci�2
.�1/i�1Ki�2

Ci�1
C .�1/iKi�1

D ai�1Ei�1 �Ei�2 C ai�1;
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where the last equality comes from that

� Ci�2
.�1/i�1Ki�2

Ci�1
C .�1/iKi�1

D
�.�1/i�1Ci�2Ki�2 C .�1/

iKi�1Ci�1

Ci�1

D
�
Pi�2
jD1 ajCj C

Pi�1
jD1 ajCj

Ci�1
D
ai�1Ci�1

Ci�1
D ai�1:

By induction, all Ei ’s, in particular Ek�1 and Ek , are integers; and the first two iden-
tities follow.

For the last identity of (2), by the first two identities, it suffices to show that

J.sC/ � J.s�/ �
2p0

q
.mod 2Z/:

To see this, by (3.8), we have sC � s� D p0 C nq for some integer n. Then, by the
definition of J ,

J.sC/ � J.s�/ D
2.sC � s�/

q
D
2p0

q
C 2n;

which completes the proof.
For (3), by the definition of Ki and Ei , we first compute

k�1X
iD1

CiK
2
i

CiC1
D

k�1X
iD1

iX
jD1

.�1/iC1
ajCjKi

CiC1

D

k�1X
jD1

k�1X
iDj

.�1/iC1
ajCjKi

CiC1

D

k�1X
jD1

k�1X
iD1

.�1/iC1
ajCjKi

CiC1
�

k�1X
jD2

j�1X
iD1

.�1/iC1
ajCjKi

CiC1

D

�k�1X
jD1

ajCj

��k�1X
iD1

.�1/iC1Ki

CiC1

�
�

k�1X
jD2

aj

�
Cj

j�1X
iD1

.�1/iC1Ki

CiC1

�

D .�1/kCk�1Kk�1

k�1X
iD1

.�1/iC1Ki

CiC1

�

k�1X
jD2

ajEj � .�1/
kCk�1Kk�1

k�1X
iD1

.�1/iC1Ki

CiC1
.mod Z/;
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where the last equality uses that Ei ’s are integers from the proof of (3). Then, by that
Ck D q,

K.s˙/ D
Ck�1..2s

˙ C 1/2 C 2.2s˙ C 1/Kk�1/

q
C

k�1X
iD1

CiK
2
i

CiC1

�
Ck�1..2s

˙ C 1/2 C 2.2s˙ C 1/Kk�1/

q

C .�1/kCk�1Kk�1

k�1X
iD1

.�1/iC1Ki

CiC1
.mod Z/

D
2s˙ C 1

q
Ck�1.2s

˙
C 1CKk�1/

C Ck�1Kk�1

�
2s˙ C 1

q
C .�1/k

k�1X
iD1

.�1/iC1Ki

CiC1

�
D �

2s˙ C 1

q
I.s˙/C Ck�1Kk�1J.s

˙/

� �
2s˙ C 1

q
˙
Ck�1Kk�1p

0

q
.mod Z/;

where the last equality comes from (1) and (2). To prove the result, it suffices to show
that

pq

�
�
2s˙ C 1

q
˙
Ck�1Kk�1p

0

q

�
� �1 .mod q/:

To this end, since pp0 C qq0 D 1 and p D akq � Ck�1, we have

pq

�
�
2sC C 1

q
C
Ck�1Kk�1p

0

q

�
D �p.2sC C 1/C Ck�1Kk�1pp

0

� �p.2sC C 1/C Ck�1Kk�1 .mod q/

D �.akq � Ck�1/.2s
C
C 1/C Ck�1Kk�1

D �akq.2s
C
C 1/ � I.sC/ � �1 .mod q/;

where the last equality comes from (2); and

pq

�
2s� C 1

q
�
Ck�1Kk�1p

0

q

�
D p.2s� C 1/ � Ck�1Kk�1pp

0

� p.2s� C 1/ � Ck�1Kk�1 .mod q/

D .akq � Ck�1/.2s
�
C 1/ � Ck�1Kk�1

D akq.2s
�
C 1/C I.s�/ � �1 .mod q/;

where the last equality comes from (2). This completes the proof.
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3.2. The computation

Proposition 3.4. For an odd integer r > 3 and at the root of unity t D e
4�
p
�1
r , the r th

Reshetikin–Turaev invariant of the closed oriented 3-manifold M obtained by doing
the p

q
Dehn-surgery along the figure-8 knot can be computed as

RTr.M/ D �r

jqj�1X
sD0

r�2
2X

mD� r�22

r�2
2X

nDmax¹�m;mº

gr.s;m; n/;

where

�r D
.�1/

3.kC1/
4 C

Pk
iD1 ai e

�
p
�1
r .3�.L/�

Pk
iD1 ai�

Pk
iD2

1
Ci�1Ci

/C�
p
�1r
4 .�.L/C3ak/

2r
p
q

;

with �.L/ the signature of the linking matrix of the link L in Figure 1, Ci and Ki as
defined in Section 3.1, the first summation over integers s in between 0 and jqj � 1, the
second summation over half-integers m in between � r�2

2
and r�2

2
and the third sum-

mation over half-integers n in between max¹�m;mº and r�2
2

. For s 2 ¹1; : : : ; jqj � 1º,
let I.s/, J.s/ and K.s/ be as defined in Lemma 3.3. Then,

gr.s;m; n/

D sin
�
2�m

r

1

q
� J.s/�

�
"

�
2�m

r
;
2�n

r

�
e
�
2�m
p
�1

r C r

4�
p
�1
Vr .s;

2�m
r ; 2�nr /

;

where the functions ".x; y/ and Vr.s; x; y/ are defined as follows: let 'r be the quan-
tum dilogarithm function as defined by (2.5).

(1) If both 0 < y ˙ x < � , then ".x; y/ D 2 and

Vr.s; x; y/ D �
px2

q
C I.s/

2�x

q
C 4xy � 'r

�
� � y � x �

�

r

�
C 'r

�
y � x C

�

r

�
CK.s/�2:

(2) If 0 < y C x < � and � < y � x < 2� , then ".x; y/ D 1 and

Vr.s; x; y/ D �
px2

q
C I.s/

2�x

q
C 4xy � 'r

�
� � y � x �

�

r

�
C 'r

�
y � x C � �

�

r

�
CK.s/�2:
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(3) If � < y C x < 2� and 0 < y � x < � , then ".x; y/ D 1 and

Vr.s; x; y/ D �
px2

q
C I.s/

2�x

q
C 4xy � 'r

�
2� � y � x �

�

r

�
C 'r

�
y � x C

�

r

�
CK.s/�2:

Remark 3.5. Here, by half-integers we mean rational numbers of the form n C 1
2

,
n 2 Z.

Proof of Proposition 3.4. A direct computation shows that

h�r!riUC D e
.� 3r�

rC1
4 /�

p
�1:

Let

�0r D �
kC1
r h�r!ri

��.L/
UC

D

�
sin 2�

r
p
r

�kC1
e��.L/.�

3
r�

rC1
4 /�

p
�1:

Then, by (2.1), we have

RTr.M/ D �0rh!r ; : : : ; !riD.L/

D �0r

r�2X
m1;:::;mkD0

.�1/mkC
Pk
iD1 aimi t

Pk
iD1

aimi .miC2/

4 Œm1 C 1�

�

k�1Y
iD1

Œ.mi C 1/.miC1 C 1/�hemk iD.K41 /
;

where the second equality comes from the fact that em is an eigenvector of the pos-
itive and the negative twist operator of eigenvalue .�1/mt˙

m.mC2/
4 , and is also an

eigenvector of the circle operator c.en/ (defined by enclosing em by en) of eigenvalue
.�1/n Œ.mC1/.nC1/�

ŒmC1�
. By Habiro’s formula [14] (see also [22] for a skein theoretical

computation),

hemiD.K41 /
D .�1/mŒmC 1�J 0mC1.K41/

D
.�1/m

¹1º

min¹m;r�2�mºX
nD0

¹mC 1C nºŠ

¹m � nºŠ

D
.�1/mC1

¹1º

min¹m;r�2�mºX
nD0

t�.mC1/.nC
1
2 /
.t/mC1Cn

.t/m�n
;

where J 0m.K/ is themth normalized colored Jones polynomial so that J 0m.unknot/D1.
Here, ¹mº D t

m
2 � t�

m
2 , ¹mºŠ D

Qm
kD1¹kº and .t/m D

Qm
kD1.1 � t

k/.
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Then,

RTr .M/

D �
�0r
¹1º

r�2X
m1;:::;mkD0

min¹mk;r�2�mkºX
nD0

.�1/
Pk
iD1 aimi t

Pk
iD1

aimi .miC2/

4 �.mkC1/.nC
1
2 /

� Œm1 C 1�

k�1Y
iD1

Œ.mi C 1/.miC1 C 1/�
.t/mkC1Cn

.t/mk�n

D�
�0r
¹1º

r�1X
m1;:::;mk�1D0

r�1X
mkD1

min¹mk�1;r�1�mkºX
nD0

.�1/
Pk
iD1 ai .mi�1/t

Pk
iD1

ai .m
2
i
�1/

4 �mk.nC
1
2 /

� Œm1�

k�1Y
iD1

ŒmimiC1�
.t/mkCn

.t/mk�n�1
;

where the last equality is obtained by changing the variables mi to mi � 1 for i 2
¹1; : : : ; kº and the fact that Œ0� D 0. By reordering the summations, we have

RTr.M/ D �
�0r
¹1º

�

r�1X
mkD1

min¹mk�1;r�1�mkºX
nD0

� r�1X
m1;:::;mk�1D0

.�1/
Pk�1
iD1 ai .mi�1/t

Pk�1
iD1

ai .m
2
i
�1/

4

� Œm1�

k�1Y
iD1

ŒmimiC1�

�
� .�1/ak.mk�1/t

ak.m
2
k
�1/

4 �mk.nC
1
2 /
.t/mkCn

.t/mk�n�1

D �00r

r�1X
mkD1

min¹mk�1;r�1�mkºX
nD0

S.mk/.�1/
akmk t

akm
2
k

4 �mk.nC
1
2 /
.t/mkCn

.t/mk�n�1
;

where

�00r D �
.�1/

Pk
iD1 ai t�

Pk
iD1

ai
4

¹1ºkC1
�0r

is a constant independent of m1; : : : ; mk , and

S.mk/ D

r�1X
m1;:::;mk�1D0

.�1/
Pk�1
iD1 aimi t

Pk�1
iD1

aim
2
i

4

�
t
m1
2 � t�

m1
2

�
�

k�1Y
iD1

�
t
mimiC1

2 � t�
mimiC1

2

�
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is a quantity depending only on mk . By Lemma 3.6 in Section 3.3, the multi-sum
S.mk/ can be computed as the following single sum:

S.mk/ D �
C

2jqj�1X
sD0

e
�
�
p
�1
r

Ck�1
q .mkCsrC

Kk�1r

2 C
.�1/k

Ck�1
/2

� ��
2jqj�1X
sD0

e
�
�
p
�1
r

Ck�1
q .mkCsrC

Kk�1r

2 �
.�1/k

Ck�1
/2
;

where

�˙ D

.�1/
k�1
4

p
q

2k�2r
k�1
2 e
�
�
p
�1
r

Pk�2
iD1

1
CiCiC1

�
�
p
�1r
4

Pk�2
iD1

CiK
2
i

CiC1
��
p
�1

Pk�2
iD1

.�1/iC1Ki
CiC1

are constants independent of mk .
Then, we observe that, for each s 2 ¹0; : : : ; jqj � 1º,

e
�
�
p
�1
r

Ck�1
q .mkC.sCq/rC

Kk�1r

2 ˙
.�1/k

Ck�1
/2
D e

�
�
p
�1
r

Ck�1
q .mkCsrC

Kk�1r

2 ˙
.�1/k

Ck�1
/2
:

Indeed, since all of Ck�1, mk , s, q, and r are integers, a direct computation shows
that

e
�
�
p
�1
r

Ck�1
q .mkC.sCq/rC

Kk�1r

2 ˙
.�1/k

Ck�1
/2

e
�
�
p
�1
r

Ck�1
q .mkCsrC

Kk�1r

2 ˙
.�1/k

Ck�1
/2
D e��

p
�1r.Kk�1Ck�1CCk�1q/ D 1;

where the last equality comes from Lemma 3.2 that Kk�1Ck�1 C Ck�1q is an even
integer.

As a consequence, we have

S.mk/

D 2�C
jqj�1X
sD0

e
�
�
p
�1
r

Ck�1
q .mkCsrC

Kk�1r

2 C
.�1/k

Ck�1
/2

� 2��
jqj�1X
sD0

e
�
�
p
�1
r

Ck�1
q .mkCsrC

Kk�1r

2 �
.�1/k

Ck�1
/2

D 2�

�jqj�1X
sD0

e
�
�
p
�1
r

Ck�1
q ..mkCsrC

Kk�1r

2 /2C 1

C2
k�1

/��
p
�1.

.�1/k

rq .2mkC2srCKk�1r/C
Pk�2
iD1

.�1/iC1Ki
CiC1

/

�

jqj�1X
sD0

e
�
�
p
�1
r

Ck�1
q ..mkCsrC

Kk�1r

2 /2C 1

C2
k�1

/C�
p
�1.

.�1/k

rq .2mkC2srCKk�1r/C
Pk�2
iD1

.�1/iC1Ki
CiC1

/
�

D � 0
jqj�1X
sD0

e�
�
p
�1
r

Ck�1
q .mkCsrC

Kk�1r

2 /2 sin
�
��

�
.�1/k

rq
.2mk C 2sr/C

k�1X
iD1

.�1/iC1Ki

CiC1

��
;

where in the computation of the quantity in the sine we use that Ck D q,

� D
.�1/

k�1
4

p
q

2k�2r
k�1
2 e
�
�
p
�1
r

Pk�2
iD1

1
CiCiC1

�
�
p
�1r
4

Pk�2
iD1

CiK
2
i

CiC1
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and

� 0 D 4
p
�1�e

�
�
p
�1
r

Ck�1
q

1

C2
k�1

D
.�1/

kC1
4

p
q

2kr
k�1
2 e
�
�
p
�1
r

Pk�1
iD1

1
CiCiC1

�
�
p
�1r
4

Pk�2
iD1

CiK
2
i

CiC1 :

As a consequence,

RTr.M/ D �00r �
0

jqj�1X
sD0

r�1X
mkD1

min¹mk�1;r�1�mkºX
nD0

e�
�
p
�1
r

Ck�1
q .mkCsrC

Kk�1r

2 /2

� sin
�
��

�
.�1/k

rq
.2mk C 2sr/C

k�1X
iD1

.�1/iC1Ki

CiC1

��
� .�1/akmk t

akm
2
k

4 �mk.nC
1
2 /
.t/mkCn

.t/mk�n�1
:

Let
m0 D

r

2
�mk; n0 D

r � 2

2
� n

and

�r D .�1/
3akr

4 Cke
�
p
�1r
4

Pk�2
iD1

CiK
2
i

CiC1 �00r �
0;

we have

RTr .M/

D �r

jqj�1X
sD0

r�2
2X

m0D� r�22

r�2
2X

n0Dmax¹�m0;m0º

e
�
�
p
�1
r

Ck�1
q .�m0C

.2sC1CKk�1/r

2 /2�
�
p
�1r
4

Pk�2
iD1

CiK
2
i

CiC1

� sin
�
2�m0

r

1

q
� J.s/�

�
t
akm
02

4 �m0.n0C 12 /
.t/r�m0�n0�1

.t/n0�m0
: (3.9)

By a direct computation and that Ck D q, we have

�r D

.�1/
3.kC1/
4 C

Pk
iD1 ai e

�
p
�1
r .3�.L/�

Pk
iD1 ai�

Pk
iD2

1
Ci�1Ci

/C�
p
�1r
4 .�.L/C3ak/C

�
p
�1
4 �.L/

2r
p
q

;

e
�
�
p
�1
r

Ck�1
q .�m0C

.2sC1CKk�1/r

2 /2��
p
�1r
4

Pk�2
iD1

CiK
2
i

CiC1

D e
r

4�
p
�1
.
Ck�1
q . 2�m

0

r /2C 2�I.s/q . 2�m
0

r /CK.s/�2/

and

t
akm
02

4 �m0.n0C 12 / D e
�
2�m0

p
�1

r C r

4�
p
�1
.�ak.

2�m0

r /2C4. 2�m
0

r /. 2�n
0

r //
I
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and by Lemma 2.2, we have the following:

(1) if 0 6 n0 ˙m0 6 r�1
2

, then

.t/r�m0�n0�1

.t/n0�m0
D 2e

4�
p
�1
r .�'r .��

2�n0

r �
2�m0

r ��r /C'r .
2�n0

r �
2�m0

r C�r //;

(2) if 0 6 n0 Cm0 6 r�1
2

and r�1
2

6 n0 �m0 6 r � 1, then

.t/r�m0�n0�1

.t/n0�m0
D e

4�
p
�1
r .�'r .��

2�n0

r �
2�m0

r ��r /C'r .
2�n0

r �
2�m0

r ��C�r //;

(3) if r�1
2

6 n0 Cm0 6 r � 1 and 0 6 n0 �m0 6 r�1
2

, then

.t/r�m0�n0�1

.t/n0�m0
D e

4�
p
�1
r .�'r .2��

2�n0

r �
2�m0

r ��r /C'r .
2�n0

r �
2�m0

r C�r //:

Putting all these together and using the fact that

Ck�1 D �p C akq;

we complete the proof.

3.3. Lemma 3.6

Lemma 3.6. For each i 2 ¹1; : : : ; kº and two non-zero integers m0 and miC1, let

Si .m0; miC1/ D

r�1X
m1;:::;miD0

.�1/
Pi
jD1 ajmj t

Pi
jD1

ajm
2
j

4

iY
jD0

�
t
mjmjC1

2 � t�
mjmjC1

2

�
:

Let Ai , Ci , and Ki be the quantities introduced in Section 3.1. Then,

Si .m0; miC1/ D �
C

i

2jAi j�1X
sD0

e
�
�
p
�1
r

Ci
Ai
.miC1CsrC

Kir

2 C
.�1/iC1m0

Ci
/2

� ��i

2jAi j�1X
sD0

e
�
�
p
�1
r

Ci
Ai
.miC1CsrC

Kir

2 �
.�1/iC1m0

Ci
/2
;

where

�˙i D

.�1/
i
4

p
Ai

2i�1r
i
2 e
�
�
p
�1
r m2

0

Pi�1
jD1

1
CjCjC1

�
�
p
�1r
4

Pi�1
jD1

CjK
2
j

CjC1
��
p
�1m0

Pi�1
jD1

.�1/jC1Kj
CjC1 :
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In particular, the quantity S.mk/ in the proof of Proposition 3.4 equals Sk�1.1;mk/,
and by Ak�1 D q, we have

S.mk/ D �
C

k�1

2jqj�1X
sD0

e
�
�
p
�1
r

Ck�1
q .mkCsrC

Kk�1r

2 C
.�1/k

Ck�1
/2

� ��k�1

2jqj�1X
sD0

e
�
�
p
�1
r

Ck�1
q .mkCsrC

Kk�1r

2 �
.�1/k

Ck�1
/2
:

The proof of Lemma 3.6 relies on the following reciprocity of generalized Gaus-
sian sums.

Proposition 3.7 ([15, Proposition 2.3]). For m; n 2 Z, if mn is even and n 2 Z,
then

jnj�1X
�D0

e
m�2�

p
�1

n e2 ��
p
�1
D

�p
�1n

m

� 1
2
jmj�1X
sD0

e�
n.sC /2�

p
�1

m :

Proof of Lemma 3.6. We observe that, for any integer a, the quantities .�1/amt
am2

4

and t
am
2 are periodic in m with period r . As a consequence, we have

Si .m0; miC1 C r/ D Si .m0; miC1/; Si .m0;�miC1/ D �Si .m0; miC1/: (3.10)

Now, we use induction. For i D 1 and non-zero integers m0 and m2, we have

S1.m0; m2/ D

r�1X
m1D0

.�1/a1m1 t
a1m

2
1

4 .t
m0m1
2 � t�

m0m1
2 /.t

m1m2
2 � t�

m1m2
2 /

D

r�1X
m1D0

.�1/a1m1 t
a1m

2
1

4 .t
m0m1
2 � t�

m0m1
2 /t

m1m2
2

�

r�1X
m1D0

.�1/a1m1 t
a1m

2
1

4 .t
m0m1
2 � t�

m0m1
2 /t�

m1m2
2 :

For the second sum, we have

�

r�1X
m1D0

.�1/a1m1 t
a1m

2
1

4 .t
m0m1
2 � t�

m0m1
2 /t�

m1m2
2

D

r�1X
m1D0

.�1/a1.�m1/t
a1.�m1/

2

4 .t
m0.�m1/

2 � t�
m0.�m1/

2 /t
.�m1/m2

2

D

0X
m1D�rC1

.�1/a1m1 t
a1m

2
1

4 .t
m0m1
2 � t�

m0m1
2 /t

m1m2
2

D

2r�1X
m1Dr

.�1/a1m1 t
a1m

2
1

4 .t
m0m1
2 � t�

m0m1
2 /t

m1m2
2 ;
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where the last equality comes from the periodicity of the summands in m1 and that
both ¹�r C 1; : : : ; 0º and ¹r; : : : ; 2r � 1º are a full period. Therefore,

S1.m0; m2/ D

2r�1X
m1D0

.�1/a1m1 t
a1m

2
1

4 .t
m0m1
2 � t�

m0m1
2 /t

m1m2
2

D

2r�1X
m1D0

.�1/a1m1 t
a1m

2
1

4 t
m0m1
2 t

m1m2
2

�

2r�1X
m1D0

.�1/a1m1 t
a1m

2
1

4 t�
m0m1
2 t

m1m2
2

D

2r�1X
m1D0

e
2a1m

2
1
�
p
�1

2r e2.
m2Cm0

r C
a1
2 /m1�

p
�1

�

2r�1X
m1D0

e
2a1m

2
1
�
p
�1

2r e2.
m2�m0

r C
a1
2 /m1�

p
�1:

Then, by Proposition 3.7 with m D 2a1, n D 2r and  D m2˙m0
r
C

a1
2

, we have

S1.m0; m2/ D

�p
�1r

a1

� 1
2
2ja1j�1X
sD0

e
�
2r.sC

m2Cm0
r C

a1
2
/2�
p
�1

2a1

�

�p
�1r

a1

� 1
2
2ja1j�1X
sD0

e
�
2r.sC

m2�m0
r C

a1
2
/2�
p
�1

2a1

D

�p
�1r

A1

� 1
2
2jA1j�1X
sD0

e
�
�
p
�1
r

C1
A1
.m2CsrC

K1r

2 C
.�1/2m0
C1

/2

�

�p
�1r

A1

� 1
2
2jA1j�1X
sD0

e
�
�
p
�1
r

C1
A1
.m2CsrC

K1r

2 �
.�1/2m0
C1

/2
;

where the last equality uses the fact that A1 D K1 D a1 and C1 D 1. In this case, we
have �˙1 D .

p
�1r
A1

/
1
2 .

Now, assume that

Si�1.m0; mi / D �
C

i�1

2jAi�1j�1X
sD0

e
�
�
p
�1
r

Ci�1
Ai�1

.miCsrC
Ki�1r

2 C
.�1/im0
Ci�1

/2

� ��i�1

2jAi�1j�1X
sD0

e
�
�
p
�1
r

Ci�1
Ai�1

.miCsrC
Ki�1r

2 �
.�1/im0
Ci�1

/2
: (3.11)
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By (3.10), we have

Si .m0; miC1/ D

r�1X
miD0

.�1/aimi t
aim

2
i

4 .t
mimiC1

2 � t�
mimiC1

2 /Si�1.m0; mi /

D

r�1X
miD0

.�1/aimi t
aim

2
i

4 t
mimiC1

2 Si�1.m0; mi /

C

r�1X
miD0

.�1/ai .�mi /t
ai .�mi /

2

4 t
.�mi /miC1

2 Si�1.m0;�mi /

D

� r�1X
miD0

C

0X
miD�rC1

�
.�1/aimi t

aim
2
i

4 t
mimiC1

2 Si�1.m0; mi /

D 2

r�1X
miD0

.�1/aimi t
aim

2
i

4 t
mimiC1

2 Si�1.m0; mi /;

where the last equality comes from that both ¹�r C 1; : : : ; 0º and ¹0; : : : ; r � 1º are a

full period for mi . Since the quantities .�1/amt
am2

4 and t
am
2 have period r in m, we

have, for any integer s,

.�1/aimi t
aim

2
i

4 t
mimiC1

2 D .�1/ai .miCsr/t
ai .miCsr/

2

4 t
.miCsr/miC1

2

D .�1/�.�1/
iai .miCsr/t

ai .miCsr/
2

4 t
.miCsr/miC1

2

D e
�
p
�1
r ai .miCsr/

2C2�
p
�1.

miC1
r �

.�1/i ai
2 /.miCsr/:

Then, by this and (3.11), we have

Si .m0; miC1/

D 2�Ci�1

r�1X
miD0

2jAi�1j�1X
sD0

� e
�
p
�1
r ai .miCsr/

2C2�
p
�1.

miC1
r �

.�1/i ai
2 /.miCsr/�

�
p
�1
r

Ci�1
Ai�1

.miCsrC
Ki�1r

2 C
.�1/im0
Ci�1

/2

� 2��i�1

r�1X
miD0

2jAi�1j�1X
sD0

� e
�
p
�1
r ai .miCsr/

2C2�
p
�1.

miC1
r �

.�1/i ai
2 /.miCsr/�

�
p
�1
r

Ci�1
Ai�1

.miCsrC
Ki�1r

2 �
.�1/im0
Ci�1

/2

We observe that, as s runs over ¹0; : : : ; 2jAi�1j � 1º and mi runs over ¹0; : : : ; r � 1º,
the quantity mi C sr runs over all integers in ¹0; : : : ; 2jAi�1jr � 1º. Thus, by letting
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� D mi C sr , we can change the double sum above into the following single sum:

Si .m0;miC1/ D 2�
C

i�1

2jAi�1jr�1X
�D0

e
�
p
�1
r ai�

2C2�
p
�1.

miC1
r �

.�1/i ai
2 /��

�
p
�1
r

Ci�1
Ai�1

.�C
Ki�1r

2 C
.�1/im0
Ci�1

/2

� 2��i�1

2jAi�1jr�1X
�D0

e
�
p
�1
r ai�

2C2�
p
�1.

miC1
r �

.�1/i ai
2 /��

�
p
�1
r

Ci�1
Ai�1

.�C
Ki�1r

2 �
.�1/im0
Ci�1

/2

D2�
C

i�1

2jAi�1jr�1X
�D0

e
�
p
�1
r .ai�

Ci�1
Ai�1

/�2C2�
p
�1.

miC1
r �

.�1/i ai
2 �

Ki�1Ci�1
2Ai�1

�
.�1/im0
Ai�1r

/��
�
p
�1
r

Ci�1
Ai�1

.
Ki�1r

2 C
.�1/im0
Ci�1

/2

� 2�
C

i�1

2jAi�1jr�1X
�D0

e
�
p
�1
r .ai�

Ci�1
Ai�1

/�2C2�
p
�1.

miC1
r �

.�1/i ai
2 �

Ki�1Ci�1
2Ai�1

C
.�1/im0
Ai�1r

/��
�
p
�1
r

Ci�1
Ai�1

.
Ki�1r

2 �
.�1/im0
Ci�1

/2

:

By Lemma 3.1, we have Ai�1 D Ci , ai �
Ci�1
Ai�1

D
Ai
Ci

, and by the definition of Ki ,

we have .�1/iai C
Ki�1Ci�1

Ci
D �Ki . As a consequence,

Si .m0; miC1/ D 2�
C

i�1e
�
�
p
�1
r

Ci�1
Ai�1

.
Ki�1r

2 C
.�1/im0
Ci�1

/2

�

2jCi jr�1X
�D0

e
2Ai�

2�
p
�1

2Ci r e
2.
miC1
r C

Ki
2 C

.�1/iC1m0
Ci r

/��
p
�1

� 2��i�1e
�
�
p
�1
r

Ci�1
Ai�1

.
Ki�1r

2 �
.�1/im0
Ci�1

/2

�

2jCi jr�1X
�D0

e
2Ai�

2�
p
�1

2Ci r e
2.
miC1
r C

Ki
2 �

.�1/iC1m0
Ci r

/��
p
�1
:

Finally, letting

�˙i D 2e
�
�
p
�1
r

Ci�1
Ai�1

.
Ki�1r

2 ˙
.�1/im0
Ci�1

/2
�p
�1Cir

Ai

� 1
2

�˙i�1:

By Proposition 3.7 with mD2Ai ; nD2Cir and  D miC1
r
C

Ki
2
˙
.�1/im0
Ci

, we have

Si .m0; miC1/ D �
C

i

2jAi j�1X
sD0

e
�
2Ci r.sC

miC1
r C

Ki
2
C
.�1/iC1m0

Ci r
/2�
p
�1

2Ai

� ��i

2jAi j�1X
sD0

e
�
2Ci r.sC

miC1
r C

Ki
2
�
.�1/iC1m0

Ci r
/2�
p
�1

2Ai

D �Ci

2jAi j�1X
sD0

e
�
�
p
�1
r

Ci
Ai
.miC1CsrC

Kir

2 C
.�1/iC1m0

Ci
/2

� ��i

2jAi j�1X
sD0

e
�
�
p
�1
r

Ci
Ai
.miC1CsrC

Kir

2 �
.�1/iC1m0

Ci
/2
:
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By induction and the fact that Aj�1 D Cj for each j ,

�˙i D

�p
�1r

A1

� 1
2

iY
jD2

�
2e
�
�
p
�1
r

Cj�1
Aj�1

.
Kj�1r

2 ˙
.�1/jm0
Cj�1

/2
�p
�1Cj r

Aj

� 1
2
�

D
.�1/

i
4

p
Ai

2i�1r
i
2

� e
�
�
p
�1
r m2

0

Pi�1
jD1

1
CjCjC1

�
�
p
�1r
4

Pi�1
jD1

CjK
2
j

CjC1
��
p
�1m0

Pi�1
jD1

.�1/jC1Kj
CjC1 :

4. Poisson summation formula

The main result of this section is Proposition 4.3 where, using the Poisson summation
formula, we write the r th Reshetikhin–Turaev invariant of M as a sum of integrals.

Proposition 4.1. For " > 0 and s 2 ¹1; : : : ; jqj � 1º, we can choose a sufficiently
small ı > 0 so that if one of 2�n

r
C

2�m
r

and 2�n
r
�
2�m
r

is not in .ı; �
2
� ı/ [ .� C

ı; 3�
2
� ı/, then

jgr.s;m; n/j < O
�
e
r
4� .

1
2 Vol.S3XK41 /C"/

�
:

To prove Proposition 4.1, we need the following estimate, which first appeared

in [13, Proposition 8.2] for t D e
2�
p
�1
r , and in [6, Proposition 4.1] for t D e

4�
p
�1
r .

Lemma 4.2. For any integer 0 < n < r and at t D e
4�
p
�1
r ,

log j¹nºŠj D �
r

2�
ƒ

�
2n�

r

�
CO.log r/:

Proof of Proposition 4.1. By (3.9), we have

jgr.s;m; n/j D

ˇ̌̌̌
sin
�
2�m

r

1

q
� J.s/

�ˇ̌̌̌ˇ̌̌̌
¹r �m � n � 1ºŠ

¹n �mºŠ

ˇ̌̌̌
;

and by Lemma 4.2, we have

log jgr.s;m; n/j D �
r

2�
ƒ

�
2�.r �m � n � 1/

r

�
C
r

2�
ƒ

�
2�.n �m/

r

�
CO.log r/:

Choose ı > 0 so that
ƒ.ı/ <

"

2
:

Now, if one of 2�n
r
C

2�m
r

and 2�n
r
�
2�m
r

is not in .ı; �
2
� ı/ [ .� C ı; 3�

2
� ı/,

then

log jgr.s;m; n/j <
r

2�

�
ƒ

�
�

6

�
C
"

2

�
D

r

4�

�
1

2
Vol.S3XK41/C "

�
:
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y

�

D0
ı

D00
ı

Dı

�� 0 �
x

Figure 2. Regions Dı , D0
ı
, and D00

ı
.

The last equality is true because by the properties of Lobachevsky function ƒ.�
6
/ D

3
2
ƒ.�

3
/, and the volume of S3XK41 equals 6ƒ.�

3
/.

For ı > 0, let

Dı D

²
.x; y/ 2 R2

ˇ̌̌̌
ı < y C x <

�

2
� ı; ı < y � x <

�

2
� ı

³
;

D0ı D

²
.x; y/ 2 R2

ˇ̌̌̌
ı < y C x <

�

2
� ı; � C ı < y � x <

3�

2
� ı

³
and

D00ı D

²
.x; y/ 2 R2

ˇ̌̌̌
� C ı < y C x <

3�

2
� ı; ı < y � x <

�

2
� ı

³
;

and let Dı D Dı [D
0
ı
[D00

ı
. If ı D 0, we omit the subscript and write D D D0,

D0 D D00, D00 D D000 and D D D [D0 [D00. See Figure 2.
For a sufficiently small ı > 0, we consider a C1-smooth bump function  on R2

such that 8̂̂<̂
:̂
 .x; y/ D 1; .x; y/ 2 D ı

2
;

0 <  .x; y/ < 1; .x; y/ 2 DXD ı
2
;

 .x; y/ D 0; .x; y/ … D ;

and let

fr.s;m; n/ D  

�
2�m

r
;
2�n

r

�
gr.s;m; n/:
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Then, by Proposition 4.1, we have

RTr.M/ D �r

jqj�1X
sD0

X
.m;n/2.ZC 12 /

2

fr.s;m; n/CO
�
e
r
4� .

1
2 Vol.S3XK41 /C"/

�
: (4.1)

Since fr is C1-smooth and equals zero outside of D , it is in the Schwartz space
on R2. Recall that by the Poisson summation formula (see, e.g., [36, Theorem 3.1]),
for any function f in the Schwartz space on Rk ,X

.m1;:::;mk/2Zk

f .m1; : : : ; mk/ D
X

.n1;:::;nk/2Zk

Of .n1; : : : ; nk/;

where Of .n1; : : : ; nk/ is the .n1; : : : ; nk/th Fourier coefficient of f defined by

Of .n1; : : : ; nk/ D

Z
Rk
f .x1; : : : ; xk/e

Pk
jD1 2�

p
�1njxj dx1 � � � dxk :

As a consequence, we have the following proposition.

Proposition 4.3. We have

RTr.M/ D �r

jqj�1X
sD0

X
.m;n/2Z2

Ofr.s;m; n/CO
�
e
r
4� .

1
2 Vol.S3XK41 /C"/

�
;

where

Ofr.s;m; n/ D .�1/
mCn

�
r

2�

�2 Z
D

 .x; y/ sin
�
x

q
� J.s/�

�
".x; y/

� e
�x
p
�1C r

4�
p
�1
.Vr .s;x;y/�4�mx�4�ny/

dx dy:

Proof. To apply the Poisson summation formula, we need to make the summation
in (4.1) over integers instead of half-integers. To do this, let m0 D mC 1

2
and n0 D

nC 1
2

. Then, for each s 2 ¹0; : : : ; jqj � 1º,X
.m;n/2.ZC 12 /

2

fr.s;m; n/ D
X

.m0;n0/2Z2

fr

�
s;m0 �

1

2
; n0 �

1

2

�
:

Now, by the Poisson summation formula, the right-hand side equalsX
.a;b/2Z2

Z
R2
fr

�
s;m0 �

1

2
; n0k �

1

2

�
e2�
p
�1am0C2�

p
�1bn0dm0dn0:

Using the change of variables x D 2�m
r
D

2�m0

r
�
�
r

and y D 2�n
r
D

2�n0

r
�
�
r

, we
get the result.
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In Section 6, we will show that among all the Fourier coefficients in this summa-
tion, the two Ofr.sC;mC; 0/ and Ofr.s�;m�; 0/ are the leading ones, where s˙ andm˙

are as defined in Lemma 3.3 (1). In the rest of the paper, let

V Cr .x; y/ D Vr.s
C; x; y/ � 4�mCx;

and let
V �r .x; y/ D Vr.s

�; x; y/ � 4�m�x:

Then, by Lemma 3.3 (1), we have

V Cr .x; y/ D
�px2 C 2�x

q
� 2�x C 4xy � 'r

�
� � y � x �

�

r

�
C 'r

�
y � x C

�

r

�
CK.sC/�2

and

V �r .x; y/ D
�px2 � 2�x

q
� 2�x C 4xy � 'r

�
� � y � x �

�

r

�
C 'r

�
y � x C

�

r

�
CK.s�/�2

on the region D, and we have a similar formula on the regions D0 and D00. As stated
in Lemma 6.2 in Section 6, the functions V ˙r are closely related to the functions

V C.x; y/ D
�px2 C 2�x

q
� 2�x C 4xy � Li2

�
e�2
p
�1.yCx/

�
C Li2

�
e2
p
�1.y�x/

�
CK.sC/�2

and

V �.x; y/ D
�px2 � 2�x

q
� 2�x C 4xy � Li2

�
e�2
p
�1.yCx/

�
C Li2

�
e2
p
�1.y�x/

�
CK.s�/�2

whose critical values will determine the exponential growth rate of the invariants.
We also notice that V ˙r .x; y/ and V ˙.x; y/ define holomorphic functions on the

regions DC;ı , D0C;ı , and D00C;ı of C2, where for ı > 0,

DC;ı D

°
.x; y/2C2

ˇ̌̌
ı<Re.y/CRe.x/ <

�

2
�ı; ı<Re.y/�Re.x/<

�

2
�ı
±
;

D0C;ı D
°
.x; y/2C2

ˇ̌̌
ı<Re.y/CRe.x/<

�

2
�ı; �Cı<Re.y/�Re.x/<

3�

2
�ı
±
;
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A A"

A0

A0

A" A

B B"

B 0

B 0

B" B

Figure 3. Thurston’s ideal triangulation of the figure-8 knot complement.

and

D00C;ı D
°
.x; y/2C2

ˇ̌̌
�Cı<Re.y/CRe.x/<

3�

2
�ı; ı<Re.y/�Re.x/<

�

2
�ı
±
:

When ıD 0, we denote the corresponding regions byDC ,D0C andD00C , and let DC D

DC [D
0
C [D

00
C .

5. Geometry of the critical points

The goal of this section is to understand the geometric meaning of the critical points
and the critical values of the functions V ˙ defined in the previous section. The main
result is Proposition 5.4, which shows that the real and imaginary parts of the critical
values of V ˙ are the volume of M and modulo �2Z the Chern–Simons invariant of
M respectively, and the determinants of the Hessian matrices of V ˙ at the critical
points give the adjoint twisted Reidemeister torsion of M . The key observation is
Lemmas 5.1 and 5.2 that the system of critical point equations of V ˙ is equivalent
to the system of hyperbolic gluing equations (consisting of an edge equation and
a p
q

Dehn-surgery equation) for a particular ideal triangulation of the figure-8 knot
complement.

According to Thurston’s notes [37], the complement of the figure-8 knot has an
ideal triangulation as drawn in Figure 3. Let A and B be the shape parameters of the
two ideal tetrahedra, and let

A0 D
1

1 � A
; A00 D 1 �

1

A
; B 0 D

1

1 � B
; B 00 D 1 �

1

B
:

In Figure 4 is a fundamental domain of the boundary of the complement of a
tubular neighborhood of the figure-8 knot.

Recall that for z 2 CX.�1; 0�, the logarithmic function is defined by

log z D ln jzj C
p
�1 arg z;

with �� < arg z < � .
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y

x
A
B 0

e

B B"
A"

B 0
A
B 0 B

A"
B" B 0

A0 A"
B"
A

e
A0
B
A0 A"

B"
A A0

B

Figure 4. Combinatorics around the boundary.

Then, the holonomy H.e/ around the edge e depicted in Figure 4 is

H.e/ D logAC 2 logA00 C logB C 2 logB 00;

and the holonomies of the curves x and y depicted in Figure 4 are, respectively,

H.x/ D 2 logB C 2 logB 00 � 2 logA � 2 logA00

and
H.y/ D logB 0 � logA00:

By [37], we can choose the meridianmD y and the longitude l D xC 2y. Hence,

H.m/ D logB 0 � logA00;

and

H.l/ D 2 logB C 2 logB 0 C 2 logB 00 � 2 logA � 4 logA00

D 2�
p
�1 � 2 logA � 4 logA00:

Then, the system of hyperbolic gluing equations´
H.e/ D 2�

p
�1;

pH.m/C qH.l/ D 2�
p
�1

can be written as´
logAC 2 logA00 C logB C 2 logB 00 D 2�

p
�1;

p.logB 0 � logA00/C q.2�
p
�1 � 2 logA � 4 logA00/ D 2�

p
�1:

(5.1)
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Now, for the critical point equations of V ˙, by taking the partial derivatives, we
have

@V ˙

@x
D
�2px ˙ 2�

q
C 4y � 2� � 2

p
�1 log

�
1 � e�2

p
�1.yCx/

�
C 2
p
�1 log

�
1 � e2

p
�1.y�x/

�
and

@V ˙

@y
D 4x � 2

p
�1 log

�
1 � e�2

p
�1.yCx/

�
� 2
p
�1 log

�
1 � e2

p
�1.y�x/

�
:

Hence, the system of critical point equations of V ˙.x; y/ is8̂̂<̂
:̂
4x � 2

p
�1 log

�
1 � e�2

p
�1.yCx/

�
� 2
p
�1 log

�
1 � e2

p
�1.y�x/

�
D 0;

�2px˙2�
q

C 4y � 2� � 2
p
�1 log

�
1 � e�2

p
�1.yCx/

�
C2
p
�1 log

�
1 � e2

p
�1.y�x/

�
D 0:

(5.2)

Lemma 5.1. In DC , if we let A D e2
p
�1.yCx/ and B D e2

p
�1.y�x/, then the sys-

tem of critical point equations (5.2) of V C is equivalent to the system of hyperbolic
glueing equations (5.1).

Proof. In DC , we have8̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂:

logA D 2
p
�1.y C x/;

logA0 D �
p
�1 � 2

p
�1.y C x/ � log

�
1 � e�2

p
�1.yCx/

�
;

logA00 D log
�
1 � e�2

p
�1.yCx/

�
;

logB D 2
p
�1.y � x/;

logB 0 D � log
�
1 � e2

p
�1.y�x/

�
;

logB 00 D �
p
�1 � 2

p
�1.y � x/C log

�
1 � e2

p
�1.y�x/

�
:

For one direction, we assume that .x; y/ 2 DC is a solution of (5.2) with the “C”
chosen. Then,

H.e/ D logAC 2 logA00 C logB C 2 logB 00

D 4x
p
�1C 2 log

�
1 � e�2

p
�1.yCx/

�
C 2 log

�
1 � e2

p
�1.y�x/

�
C 2�

p
�1

D 2�
p
�1;

where the last equality comes from the first equation of (5.2). Hence, the edge equa-
tion is satisfied.
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Next, we compute H.m/ and H.l/. We have

H.m/ D logB 0 � logA00

D � log
�
1 � e2

p
�1.y�x/

�
� log

�
1 � e�2

p
�1.yCx/

�
D 2x

p
�1; (5.3)

where the last equality comes from the first equation of (5.2); and

H.l/ D 2�
p
�1 � 2 logA � 4 logA00

D 2�
p
�1 � 2 logAC

�
4x
p
�1 � 2 logB 0

�
� 2 logA00

D �4y
p
�1C 2�

p
�1 � 2 log

�
1 � e�2

p
�1.yCx/

�
C 2 log

�
1 � e2

p
�1.y�x/

�
;

(5.4)

where the second equality comes from (5.3). Equations (5.3), (5.4) and the second
equation of (5.2) then imply that

pH.m/
p
�1C 2�

q
C H.l/

p
�1 D 0;

which is equivalent to the p
q

Dehn-surgery equation

pH.m/C qH.l/ D 2�
p
�1:

For the other direction, assume that .A; B/ is a solution of (5.1). Then, the edge
equation implies the first equation of (5.2); and (5.3), (5.4), and the Dehn-surgery
equation imply the second equation of (5.2).

Lemma 5.2. InDC , if we let AD e2
p
�1.y�x/ and B D e2

p
�1.yCx/, then the system

of critical point equations (5.2) of V � is equivalent to the system of hyperbolic glueing
equations (5.1).

Proof. This time we have8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

logA D 2
p
�1.y � x/;

logA0 D � log
�
1 � e2

p
�1.y�x/

�
;

logA00 D �
p
�1 � 2

p
�1.y � x/C log

�
1 � e2

p
�1.y�x/

�
;

logB D 2
p
�1.y C x/;

logB 0 D �
p
�1 � 2

p
�1.y C x/ � log

�
1 � e�2

p
�1.yCx/

�
;

logB 00 D log
�
1 � e�2

p
�1.yCx/

�
:
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The rest of the proof is similar to that of Lemma 5.1. For one direction, we assume
that .x; y/ 2 DC is a solution of (5.2) with the “�” chosen. Then,

H.e/ D logAC 2 logA00 C logB C 2 logB 00 D 2�
p
�1:

Hence, the edge equation is satisfied.
For the computation of H.m/ and H.l/, we have

H.m/ D logB 0 � logA00

D �4x
p
�1 � log

�
1 � e2

p
�1.y�x/

�
� log

�
1 � e�2

p
�1.yCx/

�
D �2x

p
�1; (5.5)

where the last equality comes from the first equation of (5.2); and

H.l/ D 2�
p
�1 � 2 logA � 4 logA00

D 2�
p
�1 � 2 logAC

�
�4x
p
�1 � 2 logB 0

�
� 2 logA00

D 4y
p
�1 � 2�

p
�1C 2 log

�
1 � e�2

p
�1.yCx/

�
� 2 log

�
1 � e2

p
�1.y�x/

�
;

(5.6)

where the second equality comes from (5.5). Equations (5.5), (5.6) and the second
equation of (5.2) then imply that

�pH.m/
p
�1 � 2�

q
� H.l/

p
�1 D 0;

which is equivalent to the p
q

Dehn-surgery equation

pH.m/C qH.l/ D 2�
p
�1:

For the other direction, assume that .A; B/ is a solution of (5.1). Then, the edge
equation implies the first equation of (5.2); and (5.5), (5.6), and the Dehn-surgery
equation imply the second equation of (5.2).

By Thurston’s notes [37], for each coprime of integers .p;q/¤ .˙1;1/, .˙2;˙1/,
.˙3;˙1/ and .˙4;˙1/, there is a unique solution A0 and B0 of (5.1) with ImA0 > 0
and ImB0 > 0. Then, by Lemmas 5.1 and 5.2, we have the following corollary.

Corollary 5.3. The point

.x0; y0/ D

�
logA0 � logB0

4
p
�1

;
logA0 C logB0

4
p
�1

�
is the unique critical point of V C in DC , and .�x0; y0/ is the unique critical point of
V � in DC .
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Proposition 5.4. (1) Let Vol.M/ and CS.M/, respectively, be the hyperbolic volume
and the Chern–Simons invariant of M . Then,

V C.x0; y0/ �

�
K.sC/C

p0

q

�
�2 D V �.�x0; y0/ �

�
K.s�/C

p0

q

�
�2

for the integer p0 defined in (3.5), and

V C.x0; y0/ � V
�.�x0; y0/ �

p
�1
�
Vol.M/C

p
�1CS.M/

�
.mod �2Z/:

(2) Let�D pmC ql , let � be the holonomy representation of the hyperbolic structure
on M restricted to S3XK41 and let Tor�.S3XK41 IAd�/ be the Reidemeister torsion
of S3XK41 twisted by the adjoint action of � with respect to the curve � [31]. Then,

det.HessV C/.x0; y0/ D det.HessV �/.�x0; y0/ D
16

q
Tor�.S3XK41 IAd�/ ¤ 0:

(3) Let � be the holonomy representation of the hyperbolic structure onM and let
Tor.M IAd�/ be the Reidemeister torsion ofM twisted by the adjoint action of � [31].
Then,

sin.x0
q
� J.sC/�/p

det.HessV C/.x0; y0/
D �

sin.�x0
q
� J.s�/�/p

det.HessV �/.�x0; y0/
D ˙

p
�q

8
p

Tor.M IAd�/
;

with the sign˙ equal to .�1/J.s
C/�p

0

q .

Proof. For (1), .x; y/ 2 DC , we have

�Li2
�
e�2
p
�1.y˙x/

�
D Li2

�
e2
p
�1.y˙x/

�
C
�2

6
C
1

2

�
log
�
�e2

p
�1.y˙x/

��2
D Li2

�
e2
p
�1.y˙x/

�
C
�2

6

� 2y2 � 2x2 � �2 � 4xy C 2�y ˙ 2�x;

where the first equality comes from (2.2), and the second equality comes from that
0 < Re.y/˙ Re.x/ < �

2
, and hence,

log
�
�e2

p
�1.y˙x/

�
D 2
p
�1.y ˙ x/ � �

p
�1:

From this, we have, for all .x; y/ with 0 < Re.y/˙ Re.x/ < �
2

,

V C.x; y/ �

�
K.sC/C

p0

q

�
�2

D

�
�
p

q
� 2

�
x2 C

2�x

q
� 2y2 C 2�y �

5�2

6

C Li2
�
e2
p
�1.yCx/

�
C Li2

�
e2
p
�1.y�x/

�
�
p0�2

q
(5.7)
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and

V �.�x; y/ �

�
K.s�/C

p0

q

�
�2

D

�
�
p

q
� 2

�
x2 C

2�x

q
� 2y2 C 2�y �

5�2

6

C Li2
�
e2
p
�1.yCx/

�
C Li2

�
e2
p
�1.y�x/

�
�
p0�2

q
; (5.8)

which proves the first equality of (1).
For the second equality of (1), by (5.7) and (5.8) and Lemma 3.3 (3) thatK.s˙/C

p0

q
is an integer, we have

V C.x0; y0/ � V
�.�x0; y0/ .mod �2Z/;

and it suffices to show that

V C.x0; y0/ �
p
�1.Vol.M/C

p
�1CS.M// .mod �2Z/:

To this end, we need the following result of Yoshida [41, Theorem 2] that if the
manifoldM is obtained by doing a hyperbolic Dehn-filling from the complement of a
hyperbolic knot K in S3, m and l are, respectively, the meridian and longitude of the
boundary of a tubular neighborhood of K, 
 is isotopic to the core curve of the filled
solid torus, and H.m/, H.l/ and H.
/ are, respectively, the holonomy of them, then

Vol.M/C
p
�1CS.M/ D

ˆ.H.m//
p
�1

�
H.m/H.l/

4
p
�1

C
�H.
/
2

.mod
p
�1�2Z/;

whereˆ is the function (see Neumann–Zagier [24]) defined on the deformation space
of hyperbolic structures on S3XK parametrized by the holonomy of the meridian
u D H.m/, characterized by´

@ˆ.u/
@u
D

H.l/
2
;

ˆ.0/ D
p
�1
�
Vol.S3XK/C

p
�1CS.S3XK/

�
:

(5.9)

We will show that

ˆ.H.m// D 4x0y0 � 2�x0 � Li2
�
e�2
p
�1.y0Cx0/

�
C Li2

�
e2
p
�1.y0�x0/

�
; (5.10)

�
H.m/H.l/

4
D
�px20 C �x0

q
(5.11)

and
�
p
�1

2
H.
/ D

�x0

q
�
p0�2

q
(5.12)
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so that

V C.x0; y0/ �

�
K.sC/C

p0

q

�
�2 D ˆ.H.m// �

H.m/H.l/
4

C
�
p
�1

2
H.
/;

from which the result follows.
For (5.10), let

U.x; y/ D 4xy � 2�x � Li2
�
e�2
p
�1.yCx/

�
C Li2

�
e2
p
�1.y�x/

�
;

and define
‰.u/ D U.x; y.x//;

where u D 2x
p
�1 and y.x/ is such that

@V C

@y

ˇ̌̌̌
.x;y.x//

D 0:

Since
@U

@y
D
@V C

@y
and

@V C

@y

ˇ̌̌̌
.x;y.x//

D 0;

we have

@‰.u/

@u
D

�
@U

@x
C
@U

@y

ˇ̌̌̌
.x;y.x//

@y

@x

�
@x

@u
D
@U

@x

@x

@u
D

H.l/
2
;

where the last equality comes from (5.4). Also, a direct computation shows y.0/D �
6

,
and hence,

‰.0/ D U

�
0;
�

6

�
D 4
p
�1ƒ

�
�

6

�
D
p
�1
�
Vol.S3XK41/C

p
�1CS.S3XK41/

�
:

Therefore, ‰ satisfies (5.9), and hence, ‰.u/ D ˆ.u/.
Since y.x0/ D y0, and by (5.3) H.m/ D 2x0

p
�1, we have

ˆ.H.m// D ‰.2x0
p
�1/ D U.x0; y0/;

which verifies (5.10).
For (5.11), by (5.3), we have that H.m/ D 2x0

p
�1 and

H.l/ D
2�
p
�1 � pH.m/
q

D
2�
p
�1 � 2px0

p
�1

q
:

Then,

H.m/H.l/ D 2x0
p
�1 �

2�
p
�1 � 2px0

p
�1

q
D �4 �

�px20 C �x0

q
;

from which (5.11) follows.
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For (5.12), since pp0 C qq0 D 1, we can choose 
 D �q0mC p0l so that � � 
 D
.pmC ql/ � .�q0mC p0l/ D 1. Then,

H.
/ D �q0H.m/C p0H.l/ D �q0 � 2x0
p
�1C p0 �

2�
p
�1 � 2px0

p
�1

q

D
2

�
p
�1
�
�x0 � p

0�2

q
; (5.13)

from which (5.12) follows.
This completes the proof of (1).
For (2), by (5.7), we have

HessV C.x0; y0/

D

264� 2pq �4� 4e2
p
�1.y0Cx0/

1�e2
p
�1.y0Cx0/

� 4e2
p
�1.y0�x0/

1�e2
p
�1.y0�x0/

� 4e2
p
�1.y0Cx0/

1�e2
p
�1.y0Cx0/

C 4e2
p
�1.y0�x0/

1�e2
p
�1.y0�x0/

� 4e2
p
�1.y0Cx0/

1�e2
p
�1.y0Cx0/

C 4e2
p
�1.y0�x0/

1�e2
p
�1.y0�x0/

�4� 4e2
p
�1.y0Cx0/

1�e2
p
�1.y0Cx0/

� 4e2
p
�1.y0�x0/

1�e2
p
�1.y0�x0/

375;
and by (5.8), we have

HessV �.�x0; y0/

D

264� 2pq �4� 4e2
p
�1.y0�x0/

1�e2
p
�1.y0�x0/

� 4e2
p
�1.y0Cx0/

1�e2
p
�1.y0Cx0/

4e2
p
�1.y0Cx0/

1�e2
p
�1.y0Cx0/

� 4e2
p
�1.y0�x0/

1�e2
p
�1.y0�x0/

4e2
p
�1.y0Cx0/

1�e2
p
�1.y0Cx0/

� 4e2
p
�1.y0�x0/

1�e2
p
�1.y0�x0/

�4� 4e2
p
�1.y0�x0/

1�e2
p
�1.y0�x0/

� 4e2
p
�1.y0Cx0/

1�e2
p
�1.y0Cx0/

375:
Hence,

det.HessV C/.x0; y0/ D det.HessV �/.�x0; y0/;

and it suffices to prove that

det.HessV C/.x0; y0/ D
16

q
Tor�.S3XK41 IAd�/:

To this end, for simplicity, let X0 D e2
p
�1x0 and Y0 D e2

p
�1y0 . Then, the first

equation of (5.2) implies

X0 CX
�1
0 D Y0 C Y

�1
0 C 1: (5.14)

We have

@2V C

@x2
.x0; y0/ D �

2p

q
� 4 �

4X0Y0

1 �X0Y0
�

4X�10 Y0

1 �X�10 Y0

D �
2p

q
C

4.Y0 � Y
�1
0 /

Y0 C Y
�1
0 �X0 �X

�1
0

D �
2p

q
� 4.Y0 � Y

�1
0 /;
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where the last equality comes from (5.14). Similarly, by (5.14), we have

@2V C

@y2
.x0; y0/ D �4 �

4X0Y0

1 �X0Y0
�

4X�10 Y0

1 �X�10 Y0
D �4.Y0 � Y

�1
0 /

and
@2V C

@x@y
.x0; y0/ D �

4X0Y0

1 �X0Y0
C

4X�10 Y0

1 �X�10 Y0
D �4.X0 �X

�1
0 /:

Therefore,

det.HessV C/.x0; y0/

D

�
�
2p

q
� 4.Y0 � Y

�1
0 /

��
�4.Y0 � Y

�1
0 /

�
�
�
�4.X0 �X

�1
0 /

�2
D
8p

q
.Y0 � Y

�1
0 /C 16

�
.Y0 � Y

�1
0 /2 � .X0 �X

�1
0 /2

�
D
8p

q
.Y0 � Y

�1
0 /C 16

�
.Y0 C Y

�1
0 /2 � .X0 CX

�1
0 /2

�
D
8p

q
.Y0 � Y

�1
0 /C 16.Y0 C Y

�1
0 CX0 CX

�1
0 /.Y0 C Y

�1
0 �X0 �X

�1
0 /

D
8p

q
.Y0 � Y

�1
0 / � 16.Y0 C Y

�1
0 CX0 CX

�1
0 /; (5.15)

where the last equality comes from (5.14).
Next, we will show that 16

q
Tor�.S3XK41 IAd�/ equals the same quantity. For

this, by the change of curve formula [31, Theorem 4.1 (ii)], we have

Tor�.S3XK41 IAd�/ D
@H.�/
@H.m/

ˇ̌̌̌
�

� Torm.S3XK41 IAd�/: (5.16)

To compute the right-hand side, let X D e2
p
�1x and Y D e2

p
�1y . Then, as the con-

vention in Lemma 5.1, the shape parametersADXY andB DX�1Y . Recall that the
deformation space of the hyperbolic structures onM with this ideal triangulation con-
sists of the shape parameters A and B that satisfy the edge equation H.e/ D 2�

p
�1,

which can be written as the first equation of (5.1). Then, by Lemma 5.1, it is equivalent
to the first equation of (5.2), which implies

X CX�1 D Y C Y �1 C 1: (5.17)

As a consequence,
@Y

@X
D
Y 2.X2 � 1/

X2.Y 2 � 1/
: (5.18)

By (5.3) and (5.4), we have

H.m/ D 2x
p
�1 D logX (5.19)
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and

H.l/ D 2�
p
�1 � 2 logA � 4 logA00

D 2�
p
�1 � 2 log.XY / � 4 log.1 �X�1Y �1/:

Then,
@H.m/
@X

D
1

X
;

and by (5.18), we have

@H.l/
@X

D �
2

X
�

4

X.XY � 1/
�
@Y

@X

�
2

Y
C

4

Y.XY � 1/

�
D �

2

X
�

4

X.XY � 1/
�
Y 2.X2 � 1/

X2.Y 2 � 1/

�
2

Y
C

4

Y.XY � 1/

�
D
�2.X CX�1 C Y C Y �1/

X.Y � Y �1/
I

and by the chain rule,

@H.l/
@H.m/

D

@H.l/
@X

@H.m/
@X

D
�2.X CX�1 C Y C Y �1/

Y � Y �1
:

As a consequence,

@H.�/
@H.m/

D
@.pH.m/C qH.l//

@H.m/
D p �

2q.X CX�1 C Y C Y �1/

Y � Y �1
: (5.20)

On the other hand, by [31, Example 1, page 113], for the holonomy representation
�H.m/ of a (possibly incomplete) hyperbolic structure on S3XK41 with H.m/ the
holonomy of the meridian m,

Torm.S3XK41 IAd�H.m// D ˙

p
.eH.m/ C e�H.m/ � 3/.eH.m/ C e�H.m/ C 1/

2

D ˙

p
.X CX�1 � 3/.X CX�1 C 1/

2

D ˙
Y � Y �1

2
; (5.21)

where the second equation comes from (5.19) and the last equation comes from (5.17).
Notice that the Reidemeister torsion is a quantity defined up to˙, and here we choose
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the “C” sign. Then, by (5.16), (5.20), and (5.21), we have

16

q
Tor�.S3XK41 IAd�/ D

16

q

@H.�/
@H.m/

ˇ̌̌̌
�

� Torm.S3XK41 IAd�/

D
16

q

Y0 � Y
�1
0

2

�
p �

2q.X0 CX
�1
0 C Y0 C Y

�1
0 /

Y0 � Y
�1
0

�
D
8p

q
.Y0 � Y

�1
0 / � 16.X0 CX

�1
0 C Y0 C Y

�1
0 /:

Comparing with (5.15), we have

det.HessV C/.x0; y0/ D
16

q
Tor�.S3XK41 IAd�/:

Finally, since the adjoint twisted Reidemeister torsion Tor�.S3XK41 IAd�/ is a
non-zero quantity, det.HessV C/.x0; y0/D det.HessV �/.�x0; y0/¤ 0 and the Hes-
sian matrices HessV C.x0; y0/ and HessV �.�x0; y0/ are non-singular.

For (3), by Lemma 3.3 (2) that J.sC/ � �J.s�/ .mod 2Z/, we have

sin
�
x0

q
� J.sC/�

�
D � sin

�
�x0

q
� J.s�/�

�
: (5.22)

Together with (2), we have

sin.x0
q
� J.sC/�/p

det.HessV C/.x0; y0/
D �

sin.�x0
q
� J.s�/�/p

det.HessV �/.�x0; y0/
;

and it suffices to prove that

sin.x0
q
� J.sC/�/p

det.HessV C/.x0; y0/
D ˙

p
�q

8
p

Tor.M IAd�/
:

To this end, we will use the surgery formula [31, Theorem 4.1 (iii)] that

Tor.M IAd�/ D
1

4 sinh2 H.
/
2

Tor�.S3XK41 IAd�/: (5.23)

By (5.13), we have
x0

q
�
p0�

q
D

p
�1

2
H.
/:

Then, by Lemma 3.3 (2) that J.sC/ � p0

q
.mod Z/, we have

sin
�
x0

q
� J.sC/�

�
D .�1/J.s

C/�p
0

q sin
�
x0

q
�
p0�

q

�
D .�1/J.s

C/�p
0

q

p
�1 sinh

H.
/
2
: (5.24)
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Finally, by the surgery formula (5.23) and (2), we have

sin.x0
q
� J.sC/�/p

det.HessV C/.x0; y0/
D .�1/J.s

C/�p
0

q

p
�q sinh H.
/

2p
16Tor�.S3XK41 IAd�/

D .�1/J.s
C/�p

0

q

p
�q

8
p

Tor.M IAd�/
:

The following Lemmas 5.5 and 5.6 are crucial in the estimate of the Fourier coef-
ficients in Section 6.

Lemma 5.5. In DC D DC [ D
0
C [ D

00
C , Im V ˙.x; y/ is strictly concave down in

Re.x/ and Re.y/, and is strictly concave up in Im.x/ and Im.y/.

Proof. Using (5.7), taking the second derivatives of ImV ˙ with respect to Re.x/ and
Re.y/, we have

Hess.ImV ˙/

D

264� 4 Im e2
p
�1.yCx/

j1�e2
p
�1.yCx/j2

�
4 Im e2

p
�1.y�x/

j1�e2
p
�1.y�x/j2

�
4 Im e2

p
�1.yCx/

j1�e2
p
�1.yCx/j2

C
4 Im e2

p
�1.y�x/

j1�e2
p
�1.y�x/j2

�
4 Im e2

p
�1.yCx/

j1�e2
p
�1.yCx/j2

C
4 Im e2

p
�1.y�x/

j1�e2
p
�1.y�x/j2

�
4 Im e2

p
�1.yCx/

j1�e2
p
�1.yCx/j2

�
4 Im e2

p
�1.y�x/

j1�e2
p
�1.y�x/j2

375
D �

"
2 �2

2 2

#24 Im e2
p
�1.yCx/

j1�e2
p
�1.yCx/j2

0

0 Im e2
p
�1.y�x/

j1�e2
p
�1.y�x/j2

35" 2 2

�2 2

#
:

Since in DC , Im e2
p
�1.yCx/ > 0 and Im e2

p
�1.y�x/ > 0, the diagonal matrix in the

middle is positive definite, and hence, Hess.Im V ˙/ is negative definite. Therefore,
Im V is concave down in Re.x/ and Re.y/. Since Im V ˙ is harmonic, it is concave
up in Im.x/ and Im.y/.

Lemma 5.6. We have Im.x0/ ¤ 0.

Proof. By (5.3), the holonomy of the meridian H.m/ D 2x0
p
�1. We prove by con-

tradiction. Suppose Im.x0/ D 0; then, H.m/ is purely imaginary. As a consequence,
H.l/D 2�

p
�1�pH.m/
q

is also purely imaginary. This implies that the holonomy of the
core curve of the filled solid torusH.
/D q0H.m/� p0H.l/ is purely imaginary; i.e.,

 has length zero, which is a contradiction.

6. Asymptotics of the Reshetikhin–Turaev invariants

The goal of this section is to prove Theorem 1.1 by estimating each of the Fourier
coefficients Ofr.s;m;n/ in Proposition 4.3. In Section 6.1, we estimate the two leading
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ones Ofr.sC; mC; 0/ and Ofr.s�; m�; 0/, and in Section 6.2, we estimate the others.
Finally, in Section 6.3, we show that Ofr.sC; mC; 0/C Ofr.s�; m�; 0/ has the desired
asymptotic behavior and the sum of all the other Fourier coefficients are neglectable,
which completes the proof. We will also prove Theorem 1.2 at the end of Section 6.3.

6.1. Estimates of the leading Fourier coefficients

The main result of this section is Proposition 6.4, where we estimate the integrals
in the Fourier coefficients Ofr.sC; mC; 0/ and Ofr.s�; m�; 0/ on the region DC;ı as
defined in Section 4, which turn out to be the leading terms in the summation of
Proposition 4.3.

We need the following Proposition 6.1, which is a generalization of the standard
steepest descent theorem (see, e.g., [21, Theorem 7.2.8]) and is also stated and proved
by Ohtsuki [25, Proposition 3.5, Remarks 3.3, 3.6] in a slightly different form. For the
readers’ convenience, we include a proof in the appendix.

Proposition 6.1 ([25]). Let D be a region in Cn and let f .z1; : : : ; zn/, g.z1; : : : ; zn/
be holomorphic functions onD independent of r . Let fr.z1; : : : ; zn/ be a holomorphic
function of the form

fr.z1; : : : ; zn/ D f .z1; : : : ; zn/C
�r.z1; : : : ; zn/

r2
:

Let S be an embedded real n-dimensional closed disk in D and let .c1; : : : ; cn/ be a
point on S . If

(1) .c1; : : : ; cn/ is a critical point of f in D,

(2) Re.f /.c1; : : : ; cn/>Re.f /.z1; : : : ; zn/ for all .z1; : : : ; zn/2SX¹.c1; : : : ; cn/º,

(3) the domain ¹.z1; : : : ; zn/ 2 D j Ref .z1; : : : ; zn/ < Ref .c1; : : : ; cn/º defor-
mation retracts to SX¹.c1; : : : ; cn/º,

(4) the Hessian matrix Hess.f /.c1; : : : ; cn/ of f at .c1; : : : ; cn/ is non-singular,

(5) g.c1; : : : ; cn/ ¤ 0, and

(6) j�r.z1; : : : ; zn/j is bounded from above by a constant independent of r in D,

then Z
S

g.z1; : : : ; zn/e
rfr .z1;:::;zn/dz1 � � � dzn

D

�
2�

r

�n
2 g.c1; : : : ; cn/p

det.�Hess.f /.c1; : : : ; cn//
erf .c1;:::;cn/

�
1CO

�
1

r

��
:
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To apply Proposition 6.1, we need the following Lemma 6.2. Recall from Sec-
tion 4 that for ı > 0, the region

DC;ı D

²
.x; y/ 2 C2

j ı < Re.y/C Re.x/ <
�

2
� ı; ı < Re.y/� Re.x/ <

�

2
� ı

³
;

and for .x; y/ in DC;ı , the functions

V ˙r .x; y/ D Vr.s
˙; m˙; 0/ � 4�m˙x

D
�px2 ˙ 2�x

q
� 2�x C 4xy � 'r

�
� � y � x �

�

r

�
C 'r

�
y � x C

�

r

�
CK.s˙/�2;

and

V ˙.x; y/ D
�px2 ˙ 2�x

q
� 2�x C 4xy � Li2

�
e�2
p
�1.yCx/

�
C Li2

�
e�2
p
�1.y�x/

�
CK.s˙/�2:

Lemma 6.2. In ¹.x; y/ 2 DC;ı j j Im xj < L; j Imyj < Lº for ı > 0 and L > 0,

V ˙r .x; y/ D V
˙.x; y/

�
2�
p
�1.log.1 � e�2

p
�1.yCx//C log.1 � e2

p
�1.y�x///

r

C
�r.x; y/

r2
;

with j�r.x; y/j bounded from above by a constant independent of r .

Proof. Expanding in 1
r

, we have

'r

�
� � x � y �

�

r

�
D 'r.� � x � y/ � '

0
r.� � x � y/ �

�

r
CO

�
1

r2

�
and

'r

�
y � x C

�

r

�
D 'r.y � x/C '

0
r.y � x/ �

�

r
CO

�
1

r2

�
:

By Lemma 2.3 (1), we have

� 'r.� � x � y/C 'r.y � x/

D �Li
�
e�2
p
�1.yCx/

�
C Li

�
e2
p
�1.y�x/

�
C

�
�

2�2e�2
p
�1.yCx/

3.1 � e�2
p
�1.yCx//

C
2�2e2

p
�1.y�x/

3.1 � e2
p
�1.y�x//

�
1

r2
CO

�
1

r4

�
;
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Re.y/

SCtop

.x0; y0/

SCside

D ı
2
nDı

Re.x/

Figure 5. The deformed surface SC.

and by Lemma 2.3 (2), we have

'0r.� � x � y/ �
�

r
C '0r.y � x/ �

�

r

D �
2�
p
�1

r
log
�
1 � e�2

p
�1.yCx/

�
�
2�
p
�1

r
log
�
1 � e2

p
�1.y�x/

�
CO

�
1

r3

�
:

The result then follows with

�r.x; y/ D �
2�2e�2

p
�1.yCx/

3.1 � e�2
p
�1.yCx//

C
2�2e2

p
�1.y�x/

3.1 � e2
p
�1.y�x//

CO

�
1

r

�
:

Let .x0; y0/ be the unique critical point of V C in DC , and by Corollary 5.3,
.�x0; y0/ is the unique critical point of V � inDC . Let ı be as in Proposition 4.1, and
as drawn in Figure 5, let SC D SCtop [ S

C
side [ .D ı

2
XDı/ be the union ofD ı

2
XDı with

the two surfaces

SCtop D
®
.x; y/ 2 DC;ı j .Im.x/; Im.y// D .Im.x0/; Im.y0//

¯
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and

SCside D
®
.�1 C

p
�1t Im.x0/; �2 C

p
�1t Im.y0// j .�1; �2/ 2 @Dı ; t 2 Œ0; 1�

¯
I

and let S� D S�top [ S
�
side [ .D ı

2
XDı/ be the union ofD ı

2
XDı with the two surfaces

S�top D
®
.x; y/ 2 DC;ı j .Im.x/; Im.y// D .� Im.x0/; Im.y0//

¯
and

S�side D
®
.�1 �

p
�1t Im.x0/; �2 C

p
�1t Im.y0// j .�1; �2/ 2 @Dı ; t 2 Œ0; 1�

¯
:

Then, S˙ are homotopic to D ı
2

; and since ı is sufficiently small, S˙, respectively,
contain .˙x0; y0/.

Proposition 6.3. ImV C achieves the only absolute maximum at .x0; y0/ on SC, and
ImV � achieves the only absolute maximum at .�x0; y0/ on S�.

Proof. First, by Propositions 4.1 and 2.4, onD ı
2
XDı , ImV.x;y/6 1

2
Vol.S3XK41/C

" < Vol.M/ D ImV C.x0; y0/.
By Lemma 5.5, ImV C is concave down on SCtop. Since .x0; y0/ is the critical point

of ImV C, it is the only absolute maximum on SCtop.
On the side SCside, for each .�1; �2/ 2 @Dı , consider the function

gC
.�1;�2/

.t/
:
D ImV C

�
�1 C

p
�1t Im.x0/; �2 C

p
�1t Im.y0/

�
on Œ0; 1�. We show that gC

.�1;�2/
.t/ < ImV C.x0; y0/ for each .�1; �2/ 2 @Dı and t 2

Œ0; 1�. Indeed, since .�1; �2/ 2 @Dı , gC.�1;�2/.0/D ImV C.�1; �2/ < 1
2

Vol.S3XK41/C

" < Vol.M/ D Im V C.x0; y0/; and since .�1 C
p
�1 Im.x0/; �2 C

p
�1 Im.y0// 2

SCtop, by the previous step

gC
.�1;�2/

.1/ D ImV C.�1 C
p
�1 Im.x0/; �2 C

p
�1 Im.y0// < ImV C.x0; y0/:

Now, by Lemma 5.5, gC
.�1;�2/

is concave up; hence,

gC
.�1;�2/

.t/ 6 max
®
gC
.�1;�2/

.0/; gC
.�1;�2/

.1/
¯
< ImV C.x0; y0/:

Putting all these together, we have ImV C.x; y/ 6 ImV C.x0; y0/ on SC.
The other case is similar. By Lemma 5.5, Im V � is concave down on S�top. Since

.�x0; y0/ is the critical point of ImV �, it is the only absolute maximum on S�top.
On the side S�side, for each .�1; �2/ 2 @Dı , consider the function

g�.�1;�2/.t/
:
D ImV �

�
�1 �

p
�1t Im.x0/; �2 C

p
�1t Im.y0/

�
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on Œ0; 1�. We show that g�
.�1;�2/

.t/ < ImV �.�x0; y0/ for each .�1; �2/ 2 @Dı and t 2
Œ0; 1�. Indeed, since .�1; �2/ 2 @Dı , g�.�1;�2/.0/D ImV �.�1; �2/ < 1

2
Vol.S3XK41/C

" < Vol.M/ D ImV �.�x0; y0/; and since .�1 �
p
�1 Im.x0/; �2 C

p
�1 Im.y0// 2

S�top, by the previous step g�
.�1;�2/

.1/DImV �.�1�
p
�1 Im.x0/; �2C

p
�1 Im.y0//<

ImV ˙.�x0; y0/. Now, by Lemma 5.5, g�
.�1;�2/

is concave up; hence,

g�.�1;�2/.t/ 6 max
®
g�.�1;�2/.0/; g

�
.�1;�2/

.1/
¯
< ImV �.˙x0; y0/:

Putting all these together, we have ImV �.x; y/ 6 ImV �.x0; y0/ on S�.

Proposition 6.4. We have the following estimations.

(1) For the integral in Ofr.sC; mC; 0/, we haveZ
D ı
2

 .x; y/ sin
�
x

q
� J.sC/�

�
".x; y/

� e
�x
p
�1C r

4�
p
�1
.Vr .s

C;x;y/�4�mCx/
dx dy

D
cCrp

Tor.M IAd�/
e
r
4� .Vol.M/C

p
�1CS.M//

�
1CO

�
1

r

��
;

where

cCr D �
2�2
p
q

r
.�1/J.s

C/�p
0

q e�
�
p
�1r
4 .K.sC/Cp

0

q /:

(2) For the integral in Ofr.s�; m�; 0/, we haveZ
D ı
2

 .x; y/ sin
�
x

q
� J.s�/�

�
".x; y/

� e
�x
p
�1C r

4�
p
�1
.Vr .s

�;x;y/�4�m�x/
dx dy

D
c�rp

Tor.M IAd�/
e
r
4� .Vol.M/C

p
�1CS.M//

�
1CO

�
1

r

��
;

where

c�r D
2�2
p
q

r
.�1/J.s

C/�p
0

q e�
�
p
�1r
4 .K.s�/Cp

0

q /:

Proof. By Lemma 6.2, we have

e
�x
p
�1C r

4�
p
�1
.Vr .s

˙;x;y/�4�m˙x/

D e
�x
p
�1C r

4�
p
�1
V˙r .x;y/

D e
�x
p
�1�

log.1�e�2
p
�1.yCx//
2 �

log.1�e2
p
�1.y�x//
2 C r

4�
p
�1
.V˙.x;y/C�r .x;y/

r2
/
:
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By analyticity, the integrals remain the same if we deform the domains from D ı
2

to S˙.
Now, we apply Proposition 6.1, with the region

D D DL
:
D
®
.x; y/ 2 DC; ı2

j j Im xj < L; j Imyj < L
¯

for a sufficiently large L, the embedded disk S D S˙, the functions f .x; y/ D
1

4�
p
�1
V ˙.x; y/, fr.x; y/ D 1

4�
p
�1
.V ˙.x; y/C �r .x;y/

r2
/,

g.x; y/ D  .x; y/ sin
�
x

q
� J.s˙/�

�
".x; y/

� e�x
p
�1�

log.1�e�2
p
�1.yCx//
2 �

log.1�e2
p
�1.y�x//
2 ;

and the point .c1; c2/ D .˙x0; y0/.
Then, by Corollary 5.3, .˙x0; y0/ are, respectively, the critical points of V ˙,

and hence, of f , and (1) of Proposition 6.1 is satisfied. By Proposition 6.3, Re.f / D
1
4�

ImV ˙ achieves the only absolute maximum on S˙ at .˙x0;y0/, and (2) of Propo-
sition 6.1 is satisfied.

To verify (3) of Proposition 6.1, for each .�1; �2/ 2 D ı
2

, let

P.�1;�2/ D
®
.x; y/ 2 DL j Re.x/ D �1;Re.y/ D �2

¯
;

and let

D˙.�1;�2/ D
®
.x; y/ 2 P.�1;�2/ j ImV ˙.x; y/ < ImV ˙.˙x0; y0/

¯
:

Then, we claim that

DC
.Re.x0/;Re.y0//

D D�.Re.�x0/;Re.y0//
D ;;

DC
.�1;�2/

is homeomorphic to a disk for .�1; �2/ ¤ .Re.x0/;Re.y0//, and D�
.�1;�2/

is
homeomorphic to a disk for .�1; �2/ ¤ .Re.�x0/;Re.y0//, from which we conclude
that the domains ®

.x; y/ 2 DL j ImV ˙.x; y/ < ImV ˙.˙x0; y0/
¯
;

respectively, deformation retract to S˙X.˙x0;y0/ by shrinking eachD˙
.�1;�2/

, respec-

tively, to ¹.�1 ˙
p
�1 Im.x0/; �2 C

p
�1 Im.y0//º, verifying (3) of Proposition 6.1.

To prove the claim, we by Lemma 5.5 have that, on P.Re.˙x0/;Re.y0//, Im V ˙,
respectively, achieve the absolute minimum at .˙x0; y0/; hence, D˙

.Re.˙x0/;Re.y0//
D

;. For .�1; �2/ ¤ .Re.˙x0/;Re.y0//, we have

min
P.�1;�2/

ImV ˙ 6 ImV ˙
�
�1 ˙

p
�1 Im.x0/; �2 C

p
�1 Im.y0/

�
< ImV ˙.˙x0; y0/;
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where the last inequality comes from that both .�1˙
p
�1 Im.x0/;�2C

p
�1 Im.y0//

and .˙x0; y0/ are on S˙top and ImV ˙ achieve the only maximum at .˙x0; y0/. Then,
by Lemma 5.5 that Im V ˙ is concave up on P.�1;�2/, D.�1;�2/ is a convex subset of
P.�1;�2/, which is homeomorphic to a disk. This proves the claim, and verifies (3) of
Proposition 6.1.

By Proposition 5.4 (2), det.Hessf /.c1; c2/D� 1
16�2

det.HessV ˙/.˙x0;y0/¤ 0,
and (4) of Proposition 6.1 is satisfied. At the critical points .˙x0; y0/, by the first
equation of the system of critical equations (5.2), we have

�x0
p
�1 �

log.1 � e�2
p
�1.y0˙x0//

2
�

log.1 � e2
p
�1.y0�x0//

2
D 0:

Together with (5.24) and (5.22), we have

g.c1; c2/ D 2 sin
�
˙x0

q
� J.s˙/�

�
D ˙.�1/J.s

C/�p
0

q 2
p
�1 sinh

H.
/
2
¤ 0;

where the inequality comes from that Re.H.
// is the length of the core curve 
 of
the filled solid tori, which is non-zero. Hence, (5) of Proposition 6.1 is satisfied. (6) of
Proposition 6.1 follows from Lemma 6.2. Therefore, all the conditions of Proposi-
tion 6.1 are satisfied.

By Proposition 5.4 (1), the critical values

f .c1; c2/ D
V ˙.˙x0; y0/

4�
p
�1

D
1

4�
p
�1

�
p
�1
�
Vol.M/C

p
�1CS.M/

�
C

�
K.s˙/C

p0

q

�
�2
�
;

and by Proposition 5.4 (3), we have

g.c1; c2/p
det.�Hess.f /.c1; c2//

D
2 sin.˙x0

q
� J.s˙/�/q

�
1

16�2
det Hess.V ˙/.˙x0; y0/

D �
.�1/J.s

C/�p
0

q �
p
qp

Tor.M IAd�/
;

from which the result follows.

6.2. Estimate of other Fourier coefficients

For s 2 ¹0; : : : ; jqj � 1º and .x; y/ 2 DC D DC [D
0
C [D

00
C , let

V.s; x; y/ D
�px2

q
C I.s/

2�x

q
C 4xy � Li2

�
e�2
p
�1.yCx/

�
C Li2

�
e2
p
�1.y�x/

�
CK.s/�2:
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Then, similar to Lemma 6.2, we have the following lemma.

Lemma 6.5. In ¹.x; y/ 2 DC;ı [D
0
C;ı [D

00
C;ı j j Imxj < L; j Imyj < Lº for ı > 0

and L > 0,

Vr.s; x; y/ D V.s; x; y/

�
2�
p
�1.log.1 � e�2

p
�1.yCx//C log.1 � e2

p
�1.y�x///

r

C
�r.x; y/

r2

with j�r.x; y/j bounded from above by a constant independent of r .

6.2.1. Estimate on D ı
2

.

Proposition 6.6. There is an " > 0 such that for each triple .s; m; 0/ with .s; m/ ¤
.sC; mC/ and .s;m/ ¤ .s�; m�/,ˇ̌̌̌Z

D ı
2

 .x; y/ sin
�
x

q
� J.s/�

�
".x; y/e

�x
p
�1C r

4�
p
�1
.Vr .s;x;y/�4�mx/

dx dy

ˇ̌̌̌
6 O

�
e
r
4� .Vol.M/�"/

�
:

Proof. We recall the surface S˙ D S˙top [ S
˙
side [ .D ı

2
XDı/ from Section 6.1, where

S˙top D
®
.x; y/ 2 DC;ı j .Im.x/; Im.y// D .˙ Im.x0/; Im.y0//

¯
and

S˙side D
®
.�1 ˙

p
�1t Im.x0/; �2 C

p
�1t Im.y0// j .�1; �2/ 2 @Dı ; t 2 Œ0; 1�

¯
;

with .˙x0; y0/ the critical points of V ˙ given in Corollary 5.3. We will prove that for
some " > 0,

Im
�
V.s; x; y/ � 4�mx

�
< Vol.M/ � "

either on SC or on S�. Then, the result follows form Lemma 6.5 and the analyticity
of Vr that the domain of integral D ı

2
could be deformed to S˙.

By Lemma 5.6, Im.x0/ ¤ 0. Without loss of generality, we may assume that
Im.x0/ > 0, since otherwise, we can consider Im.�x0/.

Now, for s 2 ¹0; : : : ; jqj � 1º and m 2 Z, let

kC.s;m/ D �
I.s/ � 1

q
� 1C 2m

and

k�.s;m/ D �
I.s/C 1

q
� 1C 2m:
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Then, by a direct computation,

V.s; x; y/ � 4�mx D V C.x; y/ � 2�kC.s;m/x C
�
K.s/ �K.sC/

�
�2

D V �.x; y/ � 2�k�.s;m/x C
�
K.s/ �K.s�/

�
�2:

By Lemma 3.3 (1), .s; m/ D .sC; mC/ is the only pair such that kC.s; m/ D 0,
and .s; m/ D .s�; m�/ is the only pair such that k�.s; m/ D 0. By Lemma 3.3 (1),
elements of ®

k˙.s;m/ j s 2 ¹0; : : : ; jqj � 1º and m 2 Z
¯

differ by a multiple of 2
q

; and for each .s;m/, kC.s;m/� k�.s;m/D 2
q

. This implies
that for each pair .s; m/ other than .s˙; m˙/, kC.s; m/ and k�.s; m/ are either both
strictly positive, or both strictly negative.

By Proposition 6.3, for any .x; y/ 2 S˙top we, respectively, have

ImV ˙.x; y/ 6 ImV ˙.˙x0; y0/ D Vol.M/:

Then, for .s;m/ with k˙.s;m/ > 0, we have on SCtop that

Im
�
V.s; x; y/ � 4�mx

�
D ImV C.x; y/ � 2�kC.s;m/ Im.x0/ < Vol.M/ � "

for some " > 0; and for .s;m/ with k˙.s;m/ < 0, we have on S�top that

Im
�
V.s; x; y/ � 4�mx

�
D ImV �.x; y/C 2�k�.s;m/ Im.x0/ < Vol.M/ � "

for some " > 0.
By (2.4), Proposition 2.4, and the same computation as in the proof of Lemma 4.2

and the " therein, we have on D ı
2
XDı that

Im
�
V.s; x; y/ � 4�mx

�
D ImV.s; x; y/ D 2ƒ.y C x/C 2ƒ.y � x/

6 2ƒ

�
�

6

�
C " D

1

2
Vol.S3XK41/C " < Vol.M/ � ":

On S˙side, we notice that V.s; x; y/ � 4�mx differs from V ˙ by a linear function.
Hence, by Lemma 5.5, for each .�1; �2/ 2 @Dı , the function

g˙.�1;�2/.t/

:
D Im

�
V
�
s; �1 ˙

p
�1t Im.x0/; �2 C

p
�1t Im.y0/

�
� 4�m

�
�1 ˙

p
�1t Im.x0/

��
is concave up on Œ0; 1�. Therefore, for .s;m/ with k˙.s;m/ > 0, we have on SCside that

Im
�
V.s; x; y/� 4�mx

�
D gC

.�1;�2/
.t/6 max

®
gC
.�1;�2/

.0/; gC
.�1;�2/

.1/
¯
< Vol.M/� "I
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and for .s;m/ with k˙.s;m/ < 0, we have on S�side that

Im
�
V.s; x; y/� 4�mx

�
D g�.�1;�2/.t/ 6 max

®
g�.�1;�2/.0/; g

�
.�1;�2/

.1/
¯
< Vol.M/� ":

Putting all these together, we have for .s;m/ with k˙.s;m/ > 0, Im.V .s; x; y/ �
4�mx/ < Vol.M/ � " on SC, and for .s; m/ with k˙.s; m/ < 0, Im.V .s; x; y/ �
4�mx/ < Vol.M/ � " on S�.

Proposition 6.7. There is an " > 0 such that for each triple .s;m; n/ with n ¤ 0,ˇ̌̌̌Z
D ı
2

 .x; y/ sin
�
x

q
� J.s/�

�
".x; y/e

�x
p
�1C r

4�
p
�1
.Vr .s;x;y/�4�mx�4�ny/

dx dy

ˇ̌̌̌
6 O

�
e
r
4� .Vol.M/�"/

�
:

Proof. For L > 0, let

S˙L D S
˙
L;top [ S

˙
L;side [

�
D ı
2
XDı

�
;

where
S˙L;top D

®
.x; y/ 2 DC;ı j Im.x/ D 0; Im.y/ D ˙L

¯
and

S˙L;side D
®
.�1; �2 ˙

p
�1l/ j .�1; �2/ 2 @Dı ; l 2 Œ0; L�

¯
:

Then, S˙L are homotopic to D ı
2

.
We want to show a stronger statement: if L is sufficiently large, then there is an

" > 0 such that, for each triple .s;m; n/ with n ¤ 0,

Im
�
V.s; x; y/ � 4�mx � 4�ny

�
< Vol.M/ � "

either on SCL or on S�L .
Then, the result follows form Lemma 6.5 and the analyticity of Vr .
To this end, first on D ı

2
XDı , by Propositions 4.1 and 2.4, we have

Im
�
V.x; y/ � 4�mx � 4�ny

�
D ImV.x; y/ 6

1

2
Vol.S3XK41/C " < Vol.M/ � ":

In DC , we have

0 < arg.1 � e�2
p
�1.yCx// < � � 2.Re.y/C Re.x//

and
2.Re.y/ � Re.x// � � < arg.1 � e2

p
�1.y�x// < 0:
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For n > 0, let y D Re.y/C
p
�1l . Then,

@ Im.V .s; x; y/ � 4�mx � 4�ny/
@l

D 4Re.x/C 2 arg
�
1 � e�2

p
�1.yCx/

�
C 2 arg

�
1 � e2

p
�1.y�x/

�
� 4n�

< 4Re.x/C 2.� � 2.Re.y/C Re.x///C 0 � 4n�

D 2� � 4Re.y/ � 4n� < �2�;

where the last inequality comes from that 0 < Re.y/ < �
2

and n > 0. Therefore, push-
ing the domain Dı along the

p
�1l direction far enough (without changing Im.x/),

the imaginary part of V.s; x; y/ � 4�mx � 4�ny becomes as small as possible. In
particular, for a sufficiently large L, there is an " > 0 such that

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � "

on SCL;top.
Since Im.V .s; x; y/ � 4�mx � 4�ny/ is already smaller than the volume of M

on @Dı and on @SCL;top, by Lemma 5.5, it becomes even smaller on the side, i.e.,

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � "

on SCL;side.
Putting all these together, we have, for a sufficiently large L,

Im
�
V.s; x; y/ � 4�mx � 4�ny

�
< Vol.M/ � "

on SCL for each triple .s;m; n/ with n > 0.
For n < 0, let y D Re.y/ �

p
�1l . Then,

@ Im.V .s; x; y/ � 4�mx � 4�ny/
@l

D �4Re.x/ � 2 arg
�
1 � e�2

p
�1.yCx/

�
� 2 arg

�
1 � e2

p
�1.y�x/

�
C 4n�

< �4Re.x/ � 0 � 2.2.Re.y/ � Re.x// � �/C 4n�

D 2� � 4Re.y/C 4n� < �2�;

where the last inequality comes from that 0 < Re.y/ < �
2

again and n < 0. Therefore,
pushing the domain Dı along the �

p
�1l direction far enough (without changing

Im.x/), the imaginary part of V.s; x; y/ � 4�mx � 4�ny becomes as small as pos-
sible. In particular, for a sufficiently large L, there is an " > 0 such that

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � "

on S�L;top.



K. H. Wong and T. Yang 474

Since Im.V .s; x; y/ � 4�mx � 4�ny/ is already smaller than the volume of M
on @Dı and on @S�L;top, by Lemma 5.5, it becomes even smaller on the side, i.e.,

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � "

on S�L;side.
Putting all these together, we have, for a sufficiently large L,

Im
�
V.s; x; y/ � 4�mx � 4�ny

�
< Vol.M/ � "

on S�L for each triple .s;m; n/, with n < 0.

6.2.2. Estimate on D0
ı
2

.

Proposition 6.8. There is an " > 0 such that, for each triple .s;m; n/,ˇ̌̌̌Z
D0
ı
2

 .x; y/ sin
�
x

q
� J.s/�

�
".x; y/e

�x
p
�1C r

4�
p
�1
.Vr .s;x;y/�4�mx�4�ny/

dx dy

ˇ̌̌̌
6 O

�
e
r
4� .Vol.M/�"/

�
:

Proof. For L > 0, let

S 0˙L D S
0˙
L;top [ S

0˙
L;side [

�
D0ı
2

XD0ı
�
;

where
S 0˙L;top D

®
.x; y/ 2 D0C;ı j Im.x/ D 0; Im.y/ D ˙L

¯
and

S 0˙L;side D
®
.�1; �2 ˙

p
�1l/ j .�1; �2/ 2 @D

0
ı ; l 2 Œ0; L�

¯
:

Then, S 0˙L are homotopic to D0ı
2

.

We want to show a stronger statement: if L is sufficiently large, then there is an
" > 0 such that, for each triple .s;m; n/,

Im
�
V.s; x; y/ � 4�mx � 4�ny

�
< Vol.M/ � "

either on S 0CL or on S 0�L .
Then, the result follows form Lemma 6.5 and the analyticity of Vr .
To this end, first on D0ı

2

XD0
ı
, by Propositions 4.1 and 2.4, we have

Im
�
V.x; y/ � 4�mx � 4�ny

�
D ImV.x; y/ 6

1

2
Vol.S3XK41/C " < Vol.M/ � ":

Then, in D0C;ı , we have

0 < arg
�
1 � e�2

p
�1.yCx/

�
< � � 2.Re.y/C Re.x//
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and
2.Re.y/ � Re.x// � 3� < arg

�
1 � e2

p
�1.y�x/

�
< 0:

For n > 0, let y D Re.y/C
p
�1l . Then,

@ Im.V .s; x; y/ � 4�mx � 4�ny/
@l

D 4Re.x/C 2 arg
�
1 � e�2

p
�1.yCx/

�
C 2 arg

�
1 � e2

p
�1.y�x/

�
� 4n�

< 4Re.x/C 2.� � 2.Re.y/C Re.x///C 0 � 4n�

D 2� � 4Re.y/ � 4n� < �2ı;

where the last inequality comes from that �
2
C

ı
2
< Re.y/ < � � ı

2
and n > 0. There-

fore, pushing the domainD0
ı

along the
p
�1l direction far enough (without changing

Im.x/), the imaginary part of V.s; x; y/ � 4�mx � 4�ny becomes as small as pos-
sible. In particular, for a sufficiently large L, there is an " > 0 such that

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � "

on S 0CL;top.
Since Im.V .s; x; y/ � 4�mx � 4�ny/ is already smaller than the volume of M

on @D0
ı

and on @S 0CL;top, by Lemma 5.5, it becomes even smaller on the side, i.e.,

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � "

on S 0CL;side.
Putting all these together, we have, for a sufficiently large L,

Im
�
V.s; x; y/ � 4�mx � 4�ny

�
< Vol.M/ � "

on S 0CL for each triple .s;m; n/ with n > 0.
For n < 0, let y D Re.y/ �

p
�1l . Then,

@ Im.V .s; x; y/ � 4�mx � 4�ny/
@l

D �4Re.x/ � 2 arg
�
1 � e�2

p
�1.yCx/

�
� 2 arg

�
1 � e2

p
�1.y�x/

�
C 4n�

< �4Re.x/ � 0 � 2.2.Re.y/ � Re.x// � 3�/C 4n�

D 6� � 4Re.y/C 4n� < �2ı;

where the last inequality comes from that �
2
C

ı
2
< Re.y/ < � � ı

2
again and n < 0.

Therefore, pushing the domain D0
ı

along the �
p
�1l direction far enough (without

changing Im.x/), the imaginary part of V.s; x;y/� 4�mx � 4�ny becomes as small
as possible. In particular, for a sufficiently large L, there is an " > 0 such that

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � "

on S 0�L;top.
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Since Im.V .s; x; y/ � 4�mx � 4�ny/ is already smaller than the volume of M
on @D0

ı
and on @S 0�L;top, by Lemma 5.5, it becomes even smaller on the side, i.e.,

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � "

on S 0�L;side.
Putting all these together, we have, for a sufficiently large L,

Im
�
V.s; x; y/ � 4�mx � 4�ny

�
< Vol.M/ � "

on S 0�L for each triple .s;m; n/ with n < 0.

6.2.3. Estimate on D00
ı
2

.

Proposition 6.9. There is an " > 0 such that, for each triple .s;m; n/,ˇ̌̌̌Z
D00
ı
2

 .x; y/ sin
�
x

q
� J.s/�

�
".x; y/e

�x
p
�1C r

4�
p
�1
.Vr .s;x;y/�4�mx�4�ny/

dx dy

ˇ̌̌̌
6 O

�
e
r
4� .Vol.M/�"/

�
:

Proof. For L > 0, let

S 00˙L D S 00˙L;top [ S
00˙
L;side [

�
D00ı
2

XD00ı
�
;

where
S 00˙L;top D

®
.x; y/ 2 D00C;ı j Im.x/ D 0; Im.y/ D ˙L

¯
and

S 00˙L;side D
®
.�1; �2 ˙

p
�1l/ j .�1; �2/ 2 @D

00
ı ; l 2 Œ0; L�

¯
:

Then, S 00˙L are homotopic to D00ı
2

.

We want to show a stronger statement: if L is sufficiently large, then there is an
" > 0 such that for each triple .s;m; n/,

Im
�
V.s; x; y/ � 4�mx � 4�ny

�
< Vol.M/ � "

either on S 00CL or on S 00�L .
Then, the result follows form Lemma 6.5 and the analyticity of Vr .
To this end, first on D00ı

2

XD00
ı

, by Propositions 4.1 and 2.4, we have

Im
�
V.x; y/ � 4�mx � 4�ny

�
D ImV.x; y/ 6

1

2
Vol.S3XK41/C " < Vol.M/ � ":

Then, in D00C;ı , we have

0 < arg
�
1 � e�2

p
�1.yCx/

�
< 3� � 2.Re.y/C Re.x//
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and
2.Re.y/ � Re.x// � � < arg

�
1 � e2

p
�1.y�x/

�
< 0:

For n > 0, let y D Re.y/C
p
�1l . Then,

@ Im.V .s; x; y/ � 4�mx � 4�ny/
@l

D 4Re.x/C 2 arg
�
1 � e�2

p
�1.yCx/

�
C 2 arg

�
1 � e2

p
�1.y�x/

�
� 4n�

< 4Re.x/C 2.3� � 2.Re.y/C Re.x///C 0 � 4n�

D 6� � 4Re.y/ � 4n� < �2ı;

where the last inequality comes from that �
2
C

ı
2
< Re.y/ < � � ı

2
and n > 0. There-

fore, pushing the domainD00
ı

along the
p
�1l direction far enough (without changing

Im.x/), the imaginary part of V.s; x; y/ � 4�mx � 4�ny becomes as small as pos-
sible. In particular, for a sufficiently large L, there is an " > 0 such that

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � "

on S 00CL;top.
Since Im.V .s; x; y/ � 4�mx � 4�ny/ is already smaller than the volume of M

on @D00
ı

and on @S 00CL;top, by Lemma 5.5, it becomes even smaller on the side, i.e.,

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � "

on S 00CL;side.
Putting all these together, we have, for a sufficiently large L,

Im
�
V.s; x; y/ � 4�mx � 4�ny

�
< Vol.M/ � "

on S 00CL for each triple .s;m; n/ with n > 0.
For n 6 0, let y D Re.y/ �

p
�1l . Then,

@ Im.V .s; x; y/ � 4�mx � 4�ny/
@l

D �4Re.x/ � 2 arg
�
1 � e�2

p
�1.yCx/

�
� 2 arg

�
1 � e2

p
�1.y�x/

�
C 4n�

< �4Re.x/ � 0 � 2.2.Re.y/ � Re.x// � �/C 4n�

D 2� � 4Re.y/C 4n� < �2ı;

where the last inequality comes from that �
2
C

ı
2
< Re.y/ < � � ı

2
again and n 6 0.

Therefore, pushing the domain D00
ı

along the �
p
�1l direction far enough (without

changing Im.x/), the imaginary part of V.s; x;y/� 4�mx � 4�ny becomes as small
as possible. In particular, for a sufficiently large L, there is an " > 0 such that

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � "

on S 00�L;top.
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Since Im.V .s; x; y/ � 4�mx � 4�ny/ is already smaller than the volume of M
on @D00

ı
and on @S 00�L;top, by Lemma 5.5, it becomes even smaller on the side, i.e.,

V.s; x; y/ � 4�mx � 4�ny < Vol.M/ � " on S 00�L;side:

Putting all these together, we have, for a sufficiently large L,

Im
�
V.s; x; y/ � 4�mx � 4�ny

�
< Vol.M/ � "

on S 00�L for each triple .s;m; n/ with n 6 0.

6.3. Proof of Theorems 1.1 and 1.2

Theorem 1.1 follows from the following proposition.

Proposition 6.10. (1) The sum of the two leading Fourier coefficients

Ofr.s
C; mC; 0/C Ofr.s

�; m�; 0/

D
crp

Tor.M IAd�/
e
r
4� .Vol.M/C

p
�1CS.M//

�
1CO

�
1

r

��
;

where
cr D �.�1/

mCCJ.sC/�p
0

q e�
�
p
�1r
4 .K.sC/Cp

0

q /r
p
q ¤ 0:

(2) The sum of all the other Fourier coefficientsX
.s;m;n/¤.s˙;m˙;0/

ˇ̌
Ofr.s;m; n/

ˇ̌
6 O

�
e
r
4� .Vol.M/�"/

�
for some " > 0:

Proof. For (1), recall that D ı
2
DD ı

2
[D0ı

2

[D00ı
2

. Then, by Propositions 4.3, 6.4, 6.8,

and 6.9, we have

Ofr.s
C; mC; 0/C Ofr.s

�; m�; 0/

D .�1/m
C

�
r

2�

�2 Z
D ı
2

 .x; y/ sin
�
x

q
� J.sC/�

�
".x; y/

� e
�x
p
�1C r

4�
p
�1
.Vr .s

C;x;y/�4�mCx/
dx dy

C .�1/m
�

�
r

2�

�2 Z
D ı
2

 .x; y/ sin
�
x

q
� J.s�/�

�
".x; y/

� e
�x
p
�1C r

4�
p
�1
.Vr .s

�;x;y/�4�m�x/
dx dy

D

�
r

2�

�2
..�1/m

C

cCr C .�1/
m�c�r /p

Tor.M IAd�/
e
r
4� .Vol.M/C

p
�1CS.M//

�
1CO

�
1

r

��
CO

�
e
r
4� .Vol.M/�"/

�
;
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where

cCr D �
2�2
p
q

r
.�1/J.s

C/�p
0

q e�
�
p
�1r
4 .K.sC/Cp

0

q /

and

c�r D
2�2
p
q

r
.�1/J.s

C/�p
0

q e�
�
p
�1r
4 .K.s�/Cp

0

q /

are the constants in Proposition 6.4; and we are left to prove that�
.�1/m

C

cCr C .�1/
m�c�r

�� r

2�

�2
D cr :

We claim that

�.�1/m
C

e�
�
p
�1r
4 K.sC/

D .�1/m
�

e�
�
p
�1r
4 K.s�/; (6.1)

from which the result follows. Indeed, by the definition of K and Lemma 3.3 (1), we
have

K.sC/ �K.s�/ D �
2

q
.I.sC/C I.s�//.sC � s�/ D �4.mC Cm� � 1/.sC � s�/:

Then,

�.�1/m
C

e�
�
p
�1r
4 K.sC/

.�1/m
�
e�

�
p
�1r
4 K.s�/

D .�1/m
CCm��1e�

�
p
�1r
4 .K.sC/�K.s�//

D .�1/.m
CCm��1/.1Cr.sC�s�//:

The result will follow if we can prove that .mC Cm� � 1/.1C r.sC � s�// is even.
For this, by Lemma 3.3 (1) and computing I.sC/ � I.s�/, we have

Ck�1.s
C
� s�/C .mC �m�/q D �1:

Therefore, sC � s� and mC �m� cannot be both even. As a consequence, since r is
odd,mCCm� � 1 and 1C r.sC � s�/ cannot be both odd. This completes the proof
of (1).

For (2), let

� D
®
.s;m; n/ 2 ¹0; : : : ; jqj � 1º � Z2 j .s;m; n/ ¤ .sC; mC; 0/; .s�; m�; 0/;

and .m; n/ ¤ .0; 0/
¯
:

Then, � contains all but finitely many triples in ¹0; : : : ; jqj � 1º � Z2. By Propo-
sitions 6.6, 6.7, 6.8, and 6.9, for each .s; m; n/ ¤ .s˙; m˙; 0/, especially for those
finitely many that are not in � ,ˇ̌

Ofr.s;m; n/
ˇ̌

6 O
�
e
r
4� .Vol.M/�"/

�
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for some " > 0. Therefore, it suffices to prove thatX
.s;m;n/2�

ˇ̌
Ofr.s;m; n/

ˇ̌
6 O

�
e
r
4� .Vol.M/�"/

�
for some " > 0.

Now, for each s, let

hr.s; x; y/ D  .x; y/ sin
�
x

q
� J.s/�

�
".x; y/

� e
�x
p
�1�

log.1�e�2
p
�1.yCx//
2 �

log.1�e2
p
�1.y�x//
2 C

�r .x;y/

4�
p
�1r :

Then, for each .s;m; n/ in � , since  .x; y/ vanishes outside of D , by the integration
by parts, we have

r4.m4 C n4/

Z
D

hr.s; x; y/e
r

4�
p
�1
.V.s;x;y/�4�mx�4�ny/

dx dy

D

Z
D

hr.s; x; y/e
r

4�
p
�1
V.s;x;y/

��
@4

@x4
C

@4

@y4

�
e

r

4�
p
�1
.�4�mx�4�ny/

�
dx dy

D

Z
D

��
@4

@x4
C

@4

@y4

��
hr.s; x; y/e

r

4�
p
�1
V.s;x;y/��

e
r

4�
p
�1
.�4�mx�4�ny/

dx dy

D

Z
D

Qhr.s; x; y/e
r

4�
p
�1
.V.s;x;y/�4�mx�4�ny/

dx dy;

where

Qhr.s; x; y/ D
. @

4

@x4
C

@4

@y4
/.hr.s; x; y/e

r

4�
p
�1
V.s;x;y/

/

e
r

4�
p
�1
V.s;x;y/

is a smooth function independent of m and n, and has the form

Qhr.s; x; y/ D Qh.s; x; y/ � r
4
CO.r3/

for a smooth function Qh.s; x; y/ independent of r . (Here, the remaining term being
of order O.r3/ uses the fact that as r !1 all the partial derivatives @i�r .x;y/

@xi
and

@j �r .x;y/

@yj
of �r.x; y/ uniformly converge on a compact subset of ¹z 2 C j 0 < Re z <

�º; hence, for i; j 6 4 are bounded by a constant independent of r .) Therefore, on
the compact subset S˙ [ S˙L [ S

0˙
L [ S

00˙
L of DC ,

Qhr .s;x;y/

r4
is bounded from above

by some C > 0 independent of .s; m; n/, where S˙, S˙L , S 0˙L and S 00˙L are the sur-
faces constructed in the proof of Propositions 6.6, 6.7, 6.8, and 6.9. Let A be the
maximum of the areas of these surfaces, and let "0 be the minimum of those "’s in
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Propositions 6.6, 6.7, 6.8 and 6.9. Then, we haveX
.s;m;n/2�

ˇ̌
Ofr.s;m; n/

ˇ̌
D

�
r

2�

�2 X
.s;m;n/2�

ˇ̌̌̌Z
D

hr.s; x; y/e
r

4�
p
�1
.V.s;x;y/�4�mx�4�ny/

dx dy

ˇ̌̌̌
D

�
r

2�

�2 X
.s;m;n/2�

1

m4 C n4

ˇ̌̌̌Z
D

Qhr.s; x; y/

r4
e

r

4�
p
�1
.V.s;x;y/�4�mx�4�ny/

dx dy

ˇ̌̌̌
6
�
r

2�

�2� X
.s;m;n/2�

3AC

m4 C n4

�
O
�
e
r
4� .Vol.M/�"0/

�
6 O

�
e
r
4� .Vol.M/� "

0

2 /
�
:

The summation converges because
P
.m;n/¤.0;0/

1
m4Cn4

does; and the proof is com-

pleted with " D "0

2
.

Proof of Theorem 1.1. By Propositions 4.3 and 6.10, we only need to compute the
constant Cr . By a direct computation, we have

�rcr D
.�1/

3.kC1/
4 C

Pk
iD1 ai e

�
p
�1
r .3�.L/�

Pk
iD1 ai�

Pk
iD2

1
Ci�1Ci

/C�
p
�1r
4 .�.L/C3ak/

2r
p
q

�
�
�.�1/m

CCJ.sC/�p
0

q e�
�
p
�1r
4 .K.sC/Cp

0

q /r
p
q
�

D
.�1/

3k�1
4 C

Pk
iD1 aiCm

CCJ.sC/�p
0

q e
�
p
�1
r .3�.L/�

Pk
iD1 ai�

Pk
iD2

1
Ci�1Ci

/

2

� e
�
p
�1r
4 .�.L/C3ak�K.s

C/�p
0

q /:

Therefore, Cr D 2�rcr has norm equal to 1.
To compute the exponential growth rate, by Lemma 3.3 (3), we have thatK.sC/C

p0

q
is an integer, and

lim
r!1

4�

r
log RTr.M/ D Vol.M/C

p
�1CS.M/

C
p
�1

�
�.L/C 3ak �K.s

C/ �
p0

q

�
�2

� Vol.M/C
p
�1CS.M/ .mod

p
�1�2Z/:

Proof of Theorem 1.2. At the root of unity q D e
2�
p
�1
r for an odd integer r , let

TV0r.M/ be the SO.3/ Turaev–Viro invariants as defined in [7], namely, summing
over even colors instead of all integral colors in the definition. Then, by [7, Theo-
rem 2.9],

TVr.M/ D 2b2.M/�b0.M/ TV0r.M/I
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and by the same argument as in [7, 34, 38, 40], we have

TV0r.M/ D jRT0.M/j2;

where RT0r.M/ is the SO.3/ Reshetikhin–Turaev invariants. (See [2, 20, 32], and for
the exact definition used here, see [7, Definition 2.1].)

Next, we show that
RT0r.M/ D 2RTr.M/:

Indeed, in the SO.3/ theory, the Kirby coloring

!0r D

r�3
2X

nD0

Œ2nC 1�e2n:

Then, by [2, Lemma 6.3 (iii)], we have

!r D 2!
0
r

in the Kauffman bracket skein module Kr.D2 � S1/ of the solid torus, and the con-
stant

�0r D
�
h!0riUCh!

0
riU�

�� 12 D 2 sin 2�
r

p
r
D 2�r ;

where U˙ are the diagram of the unknot with framing˙1. As a consequence,

�0r!
0
r D �r!r

in Kr.D2 � S1/, and

RT0r.M/ D �0rh�
0
r!
0
r ; : : : ; �

0
r!
0
riD.L/h�

0
r!
0
ri
��.L/
UC

D 2�rh�r!r ; : : : ; �r!riD.L/h�r!ri
��.L/
UC

D 2RTr.M/:

Putting all these together, we have

TVr.M/ D 2b2.M/�b0.M/C2
jRT.M/j2;

and by Theorem 1.1, we have

TVr.M/ D
2b2.M/�b0.M/

jTor.M IAd�/j
e
r
2� Vol.M/

�
1CO

�
1

r

��
:

A. Proof of Proposition 6.1

To prove Proposition 6.1, we need the following lemmas, where the first one is the
standard complex Morse lemma (see, e.g., [43, Lemma 1.6]).
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Lemma A.1 (Complex Morse lemma). Let f W Cn ! C be a holomorphic function
with a non-degenerate critical point at .c1; : : : ; cn/. Then, there exists a holomor-
phic change of variables .z1; : : : ; zn/ D  .Z1; : : : ; Zn/ on a neighborhood V of
.c1; : : : ; cn/ such that  .0; : : : ; 0/ D .c1; : : : ; cn/,

f . .Z1; : : : ; Zn// D f .c1; : : : ; cn/ �Z
2
1 � � � � �Z

2
n

and

det D .0; : : : ; 0/ D
2
n
2p

det.�Hess.f /.c1; : : : ; cn//
:

Lemma A.2. For any " > 0, there exists a ı > 0 such that

(1) the asymptotics of the integral of e�rz
2

over Œ�"; "� is given byZ "

�"

e�rz
2

dz D

r
�

r
CO.e�ır/

and

(2) the asymptotics of the integral of z2e�rz
2

over Œ�"; "� is given byZ "

�"

z2e�rz
2

dz D
1

2

r
�

r3
CO.e�ır/:

Proof. For (1), we haveZ "

�"

e�rz
2

dz D

Z 1
�1

e�rz
2

dz �

Z �"
�1

e�rz
2

dz �

Z 1
"

e�rz
2

dz;

where the first term Z 1
�1

e�rz
2

dz D

r
�

r

is a Gaussian integral, and the other two termsZ �"
�1

e�rz
2

dz D

Z 1
"

e�rz
2

dz 6
Z 1
"

e�r"zdz D
e�r"

2

r"
D O.e�ır/:

For (2), by integration by parts, we haveZ "

�"

e�rz
2

dz D ze�rz
2 ˇ̌"
�"
C 2r

Z "

�"

z2e�rz
2

dzI

hence, by (1),Z "

�"

z2e�rz
2

dz D
1

2r

�Z "

�"

e�rz
2

dz � 2"e�r"
2

�
D
1

2

r
�

r3
CO.e�ır/:

Lemma A.3. LetD be a region in Cn containing the origin 0 and g be a holomorphic
function on D. Then, there exist functions h1; : : : ; hn, and k1; : : : ; kn such that

(1) hi has variables ziC1; : : : ; zn and is holomorphic in them,
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(2) ki has variables zi ; : : : ; zn and is holomorphic in them, and

(3) the holomorphic function g can be written as

g.z1; : : : ; zn/ D g.0/C
nX
iD1

hi .ziC1; : : : ; zn/zi C

nX
iD1

ki .zi ; : : : ; zn/z
2
i :

Proof of Lemma A.3. We use induction on n. For n D 1, if z1 ¤ 0, then we can write

g.z1/ D g.0/C
dg

dz1
.0/z1 C

�
g.z1/ � g.0/ �

dg
dz1
.0/z1

z21

�
z21 ;

and let
h1 D g.0/

and

k1.z1/ D
g.z1/ � g.0/ �

dg
dz1
.0/z1

z21
:

By computing the Laurent expansion of k1.z1/, one sees z1 D 0 is a removable sin-
gularity, and k1.z1/ extends as a holomorphic function. This proves the case n D 1.

Now, assume that the result holds when n D l . For n D l C 1, if z1 ¤ 0, then we
have

g.z1; : : : ; zlC1/

D g.0; z2; : : : ; zlC1/C
@g

@z1
.0; z2; : : : ; zlC1/z1

C

�
g.z1; : : : ; zlC1/ � g.0; z2; : : : ; zlC1/ �

@g
@z1
.0; z2; : : : ; zlC1/z1

z21

�
z21 ;

and let

h1.z2; : : : ; zlC1/ D
@g

@z1
.0; z2; : : : ; zlC1/

and

k1.z1; : : : ; zlC1/ D
g.z1; : : : ; zlC1/ � g.0; z2; : : : ; zlC1/ �

@g
@z1
.0; z2; : : : ; zlC1/z1

z21
:

By computing the Laurent expansion again, one can see that k1 holomorphically
extends to z1 D 0. Since g.0; z2; : : : ; zlC1/ has l variables, by the induction assump-
tion,

g.0; z2; : : : ; zlC1/ D g.0/C
lC1X
iD2

hi .ziC1; : : : ; zlC1/zi C

lC1X
iD2

ki .zi ; : : : ; zlC1/z
2
i :
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As a consequence, we have

g.z1; z2; : : : ; zlC1/ D g.0/C
lC1X
iD1

hi .ziC1; : : : ; zlC1/zi C

lC1X
iD1

ki .zi ; : : : ; zlC1/z
2
i :

This completes the proof.

Proof of Proposition 6.1. For simplicity, we use the bold letters z D .z1; : : : ; zn/,
dz D dz1 � � � dzn, c D .c1; : : : ; cn/ and 0 D .0; : : : ; 0/.

We first consider a special case

c D 0; S D Œ�"; "�n � Rn � Cn

and

f .z/ D �
nX
iD1

z2i :

Let

�r.z/ D �r.z/
Z 1

0

e
�r .z/
r sds:

Then, we can write

e
�r .z/
r D 1C

�r.z/
r

;

and
g.z/erfr .z/ D g.z/erf .z/ C

1

r
g.z/�r.z/erf .z/: (A.1)

Since j�r.z/j < M for some M > 0 independent of r ,

j�r.z/j < M
Z 1

0

e
M
r sds DM

�
e
M
r � 1
M
r

�
< 2M:

If M is big enough, then jg.z/j < M on S , and by Lemma A.2 (1), we haveˇ̌̌̌Z
S

1

r
g.z/�r.z/erf .z/

ˇ̌̌̌
<
2M 2

r

Z
S

erf .z/dz

D
2M 2

r

�
�

r

�n
2

CO.e�ır/ D O

�
1

p
rnC2

�
: (A.2)

By Lemma A.3, we have

g.z1; : : : ; zn/ D g.0/C
nX
iD1

hi .ziC1; : : : ; zn/zi C

nX
iD1

ki .zi ; : : : ; zn/z
2
i
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for some holomorphic functions ¹hiº and ¹kiº on D, where i D 1; : : : ; n. Then, by
Lemma A.2 (1), we haveZ

S

g.0/erf .z/dz D g.0/
�
�

r

�n
2

CO.e�ır/: (A.3)

Since each zie�rz
2
i is odd, we haveZ "

�"

zie
�rz2

i dzi D 0:

As a consequence, for each i , we haveZ
Œ�";"�n

hi .ziC1; : : : ; zn/zie
rf .z/dz

D

Z
Œ�";"�n�1

hi .ziC1; : : : ; zn/e
�r

P
j¤i z

2
j

Y
j¤i

dzj �

Z "

�"

zie
�rz2

i dzi D 0: (A.4)

Besides, ifM is big enough, jki .z/j<M for all z 2 S , i 2 ¹1; : : : ; nº. By Lemma A.2,
we have for each i 2 ¹1; : : : ; nºˇ̌̌̌Z

S

ki .z/z2i e
rf .z/dz

ˇ̌̌̌
< M

�Z "

�"

z2i e
�rz2

i dzi

�Y
j¤i

�Z "

�"

e
�rz2

j dzj

�
D O

�
1

p
rnC2

�
: (A.5)

Putting (A.3), (A.4), and (A.5) together, we have the result for this special case.
For the general case, let .V;  / be the change of variable for f in the complex

Morse lemma, and let U � V such that

 �1.U / D

nY
iD1

®
Zi 2 C j �" < Re.Zi / < ";�" < Im.Zi / < "

¯
:

LetA be the volume of SXU . By the compactness and by conditions (2) and (5), there
exist constants M > 0 and ı > 0 such that

jg.z/j < M

and
Refr.z/ < Ref .c/ � ı

on SXU . Then,ˇ̌̌̌Z
SXU

g.z/erfr .z/dz
ˇ̌̌̌
< MAer.Ref .c/�ı/

D O
�
er.Ref .c/�ı/�: (A.6)



On the volume conjecture for hyperbolic Dehn-filled 3-manifolds 487

C n

 �1.U /

 �1.S \ U/
S 0

Œ�"; "�n
RnS 0

Figure 6. The image of  �1 around the non-degenerate critical point c of f .

In Figure 6, the shaded region is where

Re
�
�

nX
iD1

Z2i

�
< 0:

In  �1.U /, there is a homotopy H from  �1.S \ U/ to Œ�"; "�n � Rn defined by
“pushing everything down” to the real part. This is where we need condition (3). Let

S 0 D H.@ �1.S \ U/ � Œ0; 1�/:

Then,  �1.S \ U/ is homotopic to S 0 [ Œ�"; "�n. Denote Z D .Z1; : : : ; Zn/. Then,
by analyticity,Z

S\U

g.z/erfr .z/dz D
Z
 �1.S\U/

g. .Z// det D. .Z//erfr . .Z//dZ

D

Z
S 0
g. .Z// det D. .Z//erfr . .Z//dZ

C

Z
Œ�";"�n

g. .Z// det D. .Z//erfr . .Z//dZ: (A.7)

Since  .S 0/ � SXU ,Z
S 0
g. .Z// det D. .Z//erfr . .Z//dZ D

Z
 .S 0/

g.z/erfr .z/dz D O
�
er.Ref .c/�ı/�

I

(A.8)
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and by the special case,Z
Œ�";"�n

g. .Z// det D. .Z//erfr . .Z//dZ

D erf .c/
Z
Œ�";"�n

g. .Z// det D. .Z//er.�
Pn
iD1Z

2
i
C
�r . .Z//
r2

/
dZ

D erf .c/g. .0// det D. .0//
�
�

r

�n
2
�
1CO

�
1

r

��
D

�
2�

r

�n
2 g.c/erf .c/p

det.�Hess.f /.c//

�
1CO

�
1

r

��
:

Together with (A.6), (A.7), and (A.8), we have the result.
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