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Classification of Z /2Z-quadratic unitary fusion categories

Cain Edie-Michell, Masaki Izumi, and David Penneys
(with an appendix by Ryan Johnson, Siu-Hung Ng, David Penneys, Jolie Roat,
Matthew Titsworth, and Henry Tucker)

Abstract. A unitary fusion category is called Z /2Z-quadratic if it has a Z /27 group of invert-
ible objects and one other orbit of simple objects under the action of this group. We give a
complete classification of Z/27Z-quadratic unitary fusion categories. The main tools for this
classification are skein theory, a generalisation of Ostrik’s results on formal codegrees to ana-
lyse the induction of the group elements to the centre, and a computation similar to Larson’s
rank-finiteness bound for Z /3Z-near group pseudounitary fusion categories. This last compu-
tation is contained in an appendix coauthored with attendees from the 2014 AMS MRC on
Mathematics of Quantum Phases of Matter and Quantum Information.

1. Introduction

In the past several decades, unitary fusion categories (UFCs) have seen broad applica-
tions to many areas of mathematics and physics, including representation theory, oper-
ator algebras, topological quantum field theory (TQFT), theoretical condensed matter,
and quantum information. Given the complete list of 6 -symbols for a UFC, one can
build unitary TQFTs which compute quantum invariants of links and 3-manifolds [4,
15], together with physical lattice models which realise these TQFTs [31,32]. These
computations are increasingly difficult in the presence of multiplicity, i.e., where there
is a fusion channel with a dimension greater than 1, a.k.a. a fusion coefficient which
is larger than 1.

While many classification techniques work well for multiplicity free fusion cat-
egories, more techniques are required to achieve classification in the multiplicity
setting. We note that at the time of writing UFCs have only been classified up to
rank 3 [46,49]. For rank 4 fusion categories with a dual pair of simple objects, there
is a classification of possible fusion rings in the pseudounitary setting [30]; our The-
orem A (and Corollary B) below completes the classification of rank 4 UFCs with
a dual pair of simples. The case of rank 4 with 4 self-dual objects still seems out
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of reach at this time. Multiplicity free fusion rings up to rank 6 admitting unitary
categorifications have been classified [36].
Surprisingly, all currently known fusion categories fit into four families:

(1) those related to' groups,
(2) those related to quantum groups at roots of unity [1,2, 18,52, 54-56],
(3) the Haagerup-Izumi quadratic categories [3, 12, 13, 20, 24-26, 53],

(4) the extended Haagerup fusion categories [7, 19]. Given a finite group G, a
G-quadratic fusion category is a fusion category € with a finite group G of
simple objects and one other G-orbit {gp}gec of simple objects. (The col-
lection of all G-quadratic fusion categories over all finite groups G is exactly
the family (3) above.) The term “quadratic” comes from the existence of a
quadratic relation for the self-fusion of an object p which generates the other
G-orbit. For a family of fusion rings with a fixed rank, we say the family has
rank-finiteness if only finitely many of these rings admit a categorification.
Surprisingly, for a fixed group G beyond the trivial group, rank-finiteness is
not known for G-quadratic fusion categories (for the trivial group, see [46]).
The case

G =17/27

is classified in the pivotal setting in [49], and rank-finiteness for G = Z/3Z
is achieved in the pseudounitary setting in [30].

In this article, we give a complete classification of Z /2Z-quadratic unitary fusion
categories. While we do not find any new fusion categories in this article, we provide
important techniques for finding 6/ -symbols for fusion categories with multiplicity.
Our main theorem is as follows.

Theorem A. The complete list of Z./27. quadratic UFCs is as follows.
The 3 object categories are:

* the Ising/Tambara—Yamagami categories of the form TY(Z /27, y, t) [53] with
Aj fusion rules, of which there are exactly 2: the case “+” is Temperley—Lieb—
Jones at ¢ = exp(27i/8), and the case “—" is SU(2)5,

* the three UFCs with Rep(S3) fusion rules [11, Remark 6.6] and [25, Theorem
5.1],

* the two complex conjugate UFCs with Ad(E¢) fusion rules [8,24]: these are

exactly the adjoint subcategories of exceptional quantum subgroups of Temperley—
Lieb—Jones at ¢ = exp(2mwi/24) and SU(2)19 [29,45].

Here, “related to” means obtained by iterating known constructions, such as equivariantisa-
tion, Morita equivalence, etc.
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The 4 object categories are:

s the pointed categories Hilb(Z /4Z, w), where w € H3(Z/4Z,U(1)) and Hilb(Z /
27 x 7.]27, w), where

we H3Z)27 x 7.)27,,U(1))) Aut(Z /27 x 7./27)
~ (Z/22)%) Aw(Z /27 x Z./27)

[10, Remark 4.10.4],

s the Deligne products Fib & Hilb(Z /27, w) for € H*(Z/2Z,U(1)), which have
the Ay fusion rules: these two categories are also Temperley—Lieb—Jones at ¢ =
exp(27i/10) and SU(2)3,

o Ad(SU(2)s), which is also equivalent to the adjoint subcategory of A7 Temperley—
Lieb—Jones category with g = exp(27i/16),

* the even parts of the two complex conjugate subfactor planar algebras with prin-

§ = s

Jrom [26, 34]: these categories are also de-equivariantisations of 2LZIALY pear

cipal graphs

group fusion categories [25, Example 9.5] [35, Example 2.2].
* the even part of the 2D2 subfactor planar algebra with principal graph

L_._<>L_._l

Jrom [39] and [26, Corollary 9.3]: this category is also a de-equivariantisation of
the even part of the 3L/4L subfactor from [26,51].

All these UFCs are related to quantum groups at roots of unity or near group fusion
categories [13,25].

Remark 1.1. The results of Theorem A make no assumptions on the existence of a
braiding on the category. The categories appearing in our classification which do not
admit braidings are: the two UFC’s with Rep(S3) fusion rules which are not equival-
ent to Rep(S3) [47, Section 4.4], the two UFC’s with Ad(E¢) fusion rules [47, main
theorem], the even parts of the two complex conjugate subfactor planar algebras with
principal graphs 8§’ [34], and the even part of the 2D2 subfactor (which can be seen
to not admit a braiding from the centre analysis in Section 3.2). It is interesting to
note that the even parts of the subfactors with §’ principal graphs admit o-braidings
as defined in [34, Definition 3.2].

The result [30, Theorem 1.1] gave a finite list of possible fusion rings for rank
4 pseudounitary fusion categories with a dual pair of simple objects, but included
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one fusion ring not previously known to be categorifiable (the case ¢ = 2 from [30,
Theorem 1.1 (6)]), and left open the classification of those fusion rings from [30,
Theorem 1.1] which were previously known to be categorifiable.

Corollary B. We have a complete classification of rank 4 unitary fusion categories
with a dual pair of simple objects. In particular, there is no UFC with ¢ = 2 from
[30, Theorem 1.1 (6)].

One tool to prove our classification is an adaptation of Larson’s rank-finiteness
bound for Z/3Z-near group pseudounitary fusion categories [30, Section 4]. This
adaptation appears in Appendix A below, coauthored with attendees from the 2014
AMS MRC program on the Mathematics of Quantum Phases of Matter and Quantum
Information.

Our main new technical tool to achieve Theorem A is a generalisation of Ostrik’s
results on formal codegrees of a spherical fusion category [48,49]. We use the results
of [41, Section 5], but we use the conventions of [23]. Suppose that € is a spherical
fusion category, and denote by ¥ : Z(€) — € the forgetful functor and let I : € —
Z() be its adjoint. Let A be the tube algebra of €, and let Ax x be the corner of
A corresponding to X € Irr(€). We pick a non-degenerate trace Try on Ay x given
by

= Sw=1 dim(X) tre(f).

Given an irreducible representation (V, wy) of Axx, its formal codegree [38,48]
with respect to Try is given by

fvi= Z Try (7 (b)) (bY).
b

where {b} is a basis of Ay x and {b"} is the dual basis with respect to the non-
degenerate pairing (a, b) := Trx (ab) on Ax x. Observe that f is independent of
the choice of basis {b}, but depends on the choice of Try. We refer the reader to
Section 2.2 for more details.

Theorem C. There is a bijective correspondence between irreducible representations
(V, ty) of Ax—x and simple subobjects I'y C I(X) € Z(€). The formal codegree
fv of (V, ) with respect to Trx is a scalar, and the categorical dimension of 'y
is given by f‘fi?i—f&.
Ax <y, then

Moreover, if Y € Irr(€) and xmy is the action of Ax«x on

dim Home (£ (I'y) — Y) = dimHom(wry — x7my).
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In the case X =1 € Irr(€), this theorem recovers [49, Theorem 2.13], which
allowed the computation of the simple decomposition of I (1) in terms of representa-
tions of the fusion algebra of €. Our theorem generalises this result in several ways.
The main improvement is that this result allows us to determine the simple decom-
position of I(X) by studying the representations of the corner of the tube algebra
Ax —x.When X = 1, this algebra is isomorphic to the fusion algebra of €. However,
when X is non-trivial, this corner depends on certain 6 -symbols of the category
involving X . One immediate application of this theorem comes from the fact that the
dimensions of simple objects in Z(€) are highly restricted, which implies the rep-
resentations of Ax_,x (which depend on the 6 -symbols) are also restricted. Hence,
we obtain obstructions based on 6 -symbols. We make use of this application in this
article to determine several non-trivial 6 -symbols involving the invertible object of
a 7 /27Z-quadratic UFC.

The other improvement Theorem C offers is that for each simple I' C I(X), we
can determine % (I') € €. This information is encoded in the action of Ax. x acting
on the entire tube algebra A. As these algebras are semisimple, it is easy to decompose
this action into irreducibles and hence apply Theorem C. A surprising application of
this theorem comes from the fact that if we know the action of Ay x acting on the
entire tube algebra A up to isomorphism, we can often determine the action on the
nose. As this action is determined by the 6j-symbols of €, this allows us to find
many linear equations involving the 6 -symbols. We use this application later in this
article to get our hands on many 6, -symbols. In the general setting, this result allows
the combinatorial data of the forgetful functor Z(€) — € to be leveraged into the
categorical data of the 67 -symbols of €. As the forgetful functor can often be easily
determined from the fusion ring of € [40], we expect this application to have many
exciting future uses.

2. Preliminaries

We refer the reader to [10] for the basics of fusion categories. We refer the reader
to [22,50] for the basics of unitary fusion categories. In particular, we always assume
a unitary fusion category is equipped with its unique unitary spherical structure where
the daggers of cups are caps and the quantum dimensions are equal to the Frobenius—
Perron dimensions [37].

2.1. The tube algebra

One of the key tools in this paper is Ocneanu’s tube algebra (or equivalently the annu-
lar category) of a fusion category. This algebra was first introduced by [44] and [14] in
the context of subfactors and by [23,24] and [41] in the context of fusion categories.
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Definition 2.1. Let € be a spherical fusion category whose spherical trace is denoted
by tre. The tube algebra A of € is the finite dimensional semisimple algebra

P Arex. wheredy.x:= P WX >Y W)
X,Y elrr(€) W elrr(€)

We graphically represent a fixed basis element of A as

vV, feeWRX—->YQW).

The multiplication on A is defined by composition of the tubes and applying the fusion
relation obtained from semisimplicity to the strands around the outside. In more detail,
we pick a basis {a} C €U ® V — W) for all U, V, W € Irr(€), and let {a} C
C(W — U ® V) be the dual basis with respect to the non-degenerate pairing (-, -) :
CUQV > W)x€(W — U ® V) — C determined by the formula (&, k) idy =
h o k € Ende(W). We have the fusion relation

uv

which gives the following formula for composition in the tube algebra, which is inde-
pendent of the choice of basis {«}:
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Its restriction to Ay x is tracial for all X € Irr(€), and we denote it by Try.

Note that each of the spaces Ay« x is the corner 1y A1y of A, where we cut down

by the idempotent
: (BX
Iy := ,

and Ay x acts on the spaces Axy by multiplication.
The tube algebra of € is intimately related to the Drinfeld centre Z (€) of €. From
the data of Z(€), we obtain a basis of matrix units for the spaces Axyy given by

e(D)(x.i).v.j) = — difn(r) _ > dim(W)
dim(€)+/dim(X) dim(Y) o

where (I, Br) € Irr(Z(€)), {i} is a basis for €(X — F(I')), and {j} is a basis
for €(Y — F(I')), where ¥ : Z(€) — € is the forgetful functor. Here, {j'} C
€(F (') — Y) denotes the dual basis of {j} with respect to the pairing

k'oj =8i—idy.

With respect to our functional ¢ on A, we have that

dim(X) dim(T')

F . . = i.j )
P (e(D)(x.i).x.) = Ox.¥8i,; dim(€)

and so, the dual basis with respect to the ¢-pairing is given by

dim(€)
V . . .
M0 = Gim(x) dim() <D O

The construction above shows us that Z(€) entirely determines the structure of
the tube algebra of €. The converse is also true. The tube algebra of € entirely determ-
ines the Drinfeld centre of €. The following theorem gives a bijective correspondence
between representations of the tube algebra and objects of Z(€).

Theorem 2.2 ([23] and [41, Section 5]). There is a bijective correspondence between
equivalence classes of irreducible representations of the tube algebra of € and iso-
morphism classes of simple objects in Z(€). This bijection sends

V. Tyi= @ Vi yx ®X.
Xelr(€)
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Further, we have that the minimal central projection zy € A corresponding to (V, 1)
is given by
zy = > e(T'v)x,i,x.)-

X elrr(€),
{ilce(X—>F([Ty))

2.2. A new result on formal codegrees

If one knows the full tube algebra of €, then Theorem 2.2 essentially gives you the
full data of Z(€). However, in many situations, such as in this article, we only know
information about some sub-algebra of the tube algebra, and we wish to leverage this
information into partial information about Z(€). Towards this goal, we introduce the
formal codegree of a representation.

Definition 2.3 ([38,48]). Let B be a finite dimensional semisimple algebra equipped
with a non-degenerate trace Trp, and let (V, ) be a finite dimensional representation
of B. We define the formal codegree of (V, i) as follows:

fr =) _Try(x(b))m(bY) € n(B) C End(V),
b

where we sum over a basis {b} C B, and {b"} denotes the dual basis with respect to
the Trp-pairing. Observe that fy is independent of the choice of basis, but depends
on the choice of trace Trp.

The following theorem allows us to determine the simple summands of I(X) €
Z(€) by classitying the representations of the subalgebra Ay x. Here, I : € —
Z(€) is the induction functor which is adjoint to the forgetful functor ¥ : Z(€) — €.
Moreover, we can compute categorical dimensions in terms of formal codegrees of
Ay x with respect to Try.

Theorem (C). Let € be a spherical fusion category, and let A be the tube algebra of
€. Fix X € Irr(€). There is a bijective correspondence between equivalence classes
of irreducible representations (V, ) of Ax—x and isomorphism classes of simple
subobjects

I'y C I(X) e Z(€).

The formal codegree fy of (V, w) with respect to Try is a scalar, and the categorical
dimension of I'y is given by

dim(€)
fv dim(X)

Moreover, if Y € Irr(€) and x wy is the action of Ax«—x on Ax«y, then

dim(T'y) =

dim(e(Y — F(T'y))) = dim(Hom(zy — x7y)).
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Proof. Let (V, ) be an irreducible representation of Ay y. Since Ax x is semi-
simple, (V, ) corresponds to a simple summand of Ax. x. As Ax. x is a corner
of A, each simple summand of Ay x is of the form Ay yzr for a simple object
(I", B) € Irr(Z(€)). Hence, there is a simple (I'y, Br,, ) corresponding to (V, ), and
by Theorem 2.2,

zvlx =) e(Ty) iy -
i

Moreover, for any other simple object A € Irr(Z(€)), we have that
m(e(A)x,iy,(x,i)) =0
unless A = I'y. In particular,
Try (7w (e(A) (x,i),(x,/) =0
unless A = 'y and i = j. We now compute

fr=> Ty unx )M x.n)

ACI(X)
i,
dim(€)
— T . .
Xi:dim(X)dim(FV)ﬂ(e( V)(X.0).(X.i))
dim(€) (v ly)
= T\Z .
dim(X) dim(Ty) %
Thus, the formal codegree of (V, rr) is given by
dim(¢€ dim(€
fy = — im(%) and dim(Ty) = _dim(®)
dim(X) dim(T'y) fv dim(X)

Finally, we observe that
dim(Hom(V — xny)) = dim(Hom(V — 1xAly))
= dim(Hom(V — zylxyAly))
= dim(Hom(V — zylxAlyzy))

= Z dim(Hom(V —> Zy 1X Ae(FV)(Y,j),(Y,j)))
J

=1
=dim(€(Y — F(Ty))). [

Note that if we just consider the subalgebra A1 = Ko (€), the fusion algebra of
€, then the above theorem recovers [49, Theorem 2.13], which shows that irreducible
representations of Ky (€) are in bijective correspondence with simple summands of
I(1). Thus, our theorem generalises Ostrik’s in two ways: (1) it gives us the simple
summands of I (X) where X is any simple object of €, and (2) it tells us the image
under the forgetful functor of each of these summands.
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2.3. Z/2Z-quadratic fusion categories

A Z/27Z-quadratic fusion category is a fusion category € whose invertible objects
form the group Z/27Z, i.e., Inv(€) = {1, a} with «? = 1, with one other orbit of
simple objects under the Z/2Z-action. A simple associativity argument shows that
we have three cases:

(Q1) simple objects: 1, a, p; fusion rules determined by p? = 1 & mp & «a,

(Q2) simple objects: 1, a, p, ap, p not self-dual; fusion rules determined by p? =
mp @ nap O «o,

(Q3) simple objects: 1, a, p, ap, p self-dual; fusion rules determined by p? =
1 & mp & nap.

Note that in all three cases we have
«?~1 and ap = pa.

2.3.1. Multiplicity bounds and categorifiability. The case (Q1) was classified in
the pivotal setting in [49, Theorem 4.1], where it was shown that m < 2. The complete
classification of such unitary fusion categories which was known prior to this article
is as follows:

(m = 0) such a fusion category is a Tambara—Yamagami category of the form
TY(Z/2Z, y, ) [53], of which there are exactly 2. Both such categor-
ies are unitarisable.

(m = 1) such a fusion category has the fusion rules of Rep(S3). There are exactly
three such unitary fusion categories [25, Theorem 5.1].

(m = 2) such a fusion category has the fusion rules of Ad(E¢), and there are
exactly 4 such fusion categories [21], all within the same Galois orbit,
and each admits a spherical structure. Two of these are unitary and com-
plex conjugate to each other [24].

The case (Q2) was studied in the pseudounitary setting (dim(€) = FPdim(€))
in [30], where it was shown that m = n < 2. The classification of such fusion categor-
ies prior to this article is as follows:

(m = 0) such a fusion category is necessarily pointed with Z /47 fusion rules. It

is thus of the form Vect(Z /4Z, w) for w € H3*(Z/4Z,U(1)) = Z/AZ,
of which there are 4 categories [10, Remark 4.10.4].

(m = 1) this case was open. Two such unitary fusion categories which are com-

plex conjugate were known to exist from [26, 34].

(m = 2) this case was open. No such examples were known to exist.

We finish this classification for unitary fusion categories in Theorem 4.1 below.
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In Appendix A, we adapt the results of [30] in the pseudounitary setting to (Q3),
where we prove the following theorem.

Theorem 2.4. Suppose that € is a pseudounitary fusion category with the fusion
rules (Q3). Then, (m,n) must be equal to one of (0,0), (0, 1), (1,0), (1, 1), (2,2).

Proof. By Theorem A.12 in Appendix A, we must have m + n < 5. If either m or n is
zero, then there is a fusion subcategory with 3 simple objects, so (m, n) must be one
of (0,0),(0,1),(1,0) by [46]. If 0 £ m # n # 0, then m + n > 11 by Remark A.2
in Appendix A. The result follows. |

The proof that m 4+ n < 5 that appears in Appendix A below was written by Ryan
Johnson, Siu—Hung Ng, David Penneys, Jolie Roat, Matthew Titsworth, and Henry
Tucker at the 2014 AMS MRC on The Mathematics of Quantum Phases of Matter
and Quantum Information.

By [27,33] (and applying Galois conjugation), any fusion category with fusion
rules (Q3) with (m, n) € {(0, 1), (1, 0)} factorizes as a Deligne product of a fusion
category with Fibonacci fusion rules, of which there are two, namely, Fib and YL,
and a Z /2Z-pointed fusion category which must be of the form Vect(Z/2Z, w) for
w € H3(Z/27Z,U(1)), of which there are two. Thus, there are exactly 4 such fusion
categories, and 2 are unitarisable.

When m = n < 2, the complete classification of such unitary fusion categories as
in Theorem 2.4 is given in Theorem 3.1 below.

3. The self-dual case

In this section, we will focus on the unitary categorification of the fusion ring with
four simple objects 1, o, p, ap and fusion rules

eR@ax=1, pRpx=1&mp®dmap. (R(m))

Let us write (R(m)) for such a fusion ring. By Theorem 2.4 above, we know that
m < 2. Our main result of this section is as follows.

Theorem 3.1. The complete classification of unitary fusion categories €,, with Kg
(Cm) = (R(m)) for m < 2is as follows:

(m = 0) €y is pointed and thus equivalent to one of the four monoidally distinct
categories Vect® (2. /27, x 7./27), where

we H3Z)2Z x Z.)27.,U(1))/ Aut(Z /27 x 7./ 27)

[10, Remark 4.10.4].
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(m = 1) €y is equivalent to € (sl5,7)*, which is also equivalent to the even part
of the A7 Temperley-Lieb—Jones category with

q = exp(27i/16)

[26, Example 9.1].
(m = 2) ©, is equivalent to the even part of the 2D?2 subfactor from [26,39].

Proof. 1t suffices to restrict our attention to the cases of m = 1 and m = 2. The first
step in our proof is to provide a set of numerical data which fully classifies a cat-
egorification of (R(m)); we do this in Section 3.1. By describing a sufficient list of
local relations in our category, we are able to come up with such a set of numerical
data. This data consists of 8m* complex scalars and a collection of small roots of
unity. This data is precisely a subset of the 6j + 4k symbols of such a categorific-
ation. Using techniques developed in the subfactor classification program, we prove
that this subset of the 6 4+ 4k symbols is sufficient to describe the entire category.

In Section 3.2, in order to get a foothold on the numerical data of a categorification
of (R(m)), we study the Drinfeld centre of such a category. By studying certain small
representations of the tube algebra of the category (using basic combinatorial argu-
ments), we are able to deduce a surprising amount of numerical data of the category.
This centre analysis tells us nearly all of the small roots of unity in our numerical
data and even gives us highly non-trivial linear equations involving the 8m* complex
scalars.

To reduce the 8m* complex scalars down to a more manageable number, in Sec-
tion 3.4, we apply the tetrahedral symmetries of the 6; + 4k symbols. These symmet-
ries only apply in the unitary setting and give S4 symmetries of these 8m* complex
scalars”. This essentially reduces the complexity of the problem by a factor of 24. For
example, in the m = 2 case, we reduce from 128 complex scalars to roughly 10 (some
of the S4 symmetries are redundant). These symmetries turn an intractable amount of
data into a set that can easily be dealt with by hand.

To finish off this section, we explicitly solve for the remaining numerical data
which describes a categorification of (R (7)) in Section 3.5. The results of the previ-
ous sections essentially determine everything except the remaining complex scalars.
By evaluating diagrams in our category in multiple ways, we are able to obtain equa-
tions of these complex scalars. In the m = 2 case, we find a single solution, which
necessarily has to correspond to the even part of the 2D 2 subfactor. We prove this in
Theorem 3.31 below. u

2 While writing this article, the article [17] was posted to the arXiv, which describes tet-
rahedral symmetries for general fusion categories. It would be interesting to use their work to
extend our results to the non-unitary setting.
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3.1. Numerical data

Let €,, be a unitary fusion category with K(€,,) = (R(m)), m € {1, 2}. The goal
of this section is to pick nice basis for our morphisms spaces in €,, and to determine
some local relations that these basis elements satisfy. These local relations will depend
on the following data:

* two choices of signs A,, A, € {—1, 1} which are the 2nd Frobenius—Schur indic-
ators of o and p, respectively,

* achoice of sign u € {—1,1},
*  2m choices of x1,; € {—1,1} and yq,; € {—+Aa, v/ Ao} for0 <i < m,
*  2m choices of 3rd roots of unity wy;, wg,; € {1, ez’”%, ez’”%} for0 <i < m.

In the following section, we are able to pin down the data u and y by analysing the
centre of C,.
To simplify notation, we define

d := dim(p),

which is the largest solution to d> = 1 + 2md.If m = 1,thend =1 + V2, and if
m=2,thend =2+ ﬁ . We choose orthonormal bases for our hom spaces

14 o 14
i eECu(p®p— p), i €eCulp®p—ap), 0<i<m.
o P p )

We also choose unitary isomorphisms®

o o a o

I € Cpula — @), 1 €Cu(p—>p), and >< €ECh(P®u - ® p).
@ o0 o a
We can unambiguously write their inverses as

@ o o o

$ € Cp(ad — ), $ €Cn(p—>p), and >< ECL@R®p—> pRa).
a 7 a o

3Using the convention of switching the orientation of the a-strand through the crossing
works better for Z /27Z-equivariantisation, which is related to the 3%/4% _subfactor [26]. In the
non-self-dual case in Section 4 below, we will use a more natural convention from a diagram-
matic point of view which does not change the orientation of the «-strand.
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The duals of these first two isomorphisms are related to their inverses, respectively,
by the Frobenius—Schur indicators of « and p via the following equations:

= Ag =2p1 . Aadp € {E1)

’

R 1+ <=l
R >+ g
® <
> 1<

We can rescale the crossing so that

14 o P o
o o o o

due to the implicit inverses on both sides. Semisimplicity gives us the local relations

o

o o

o o

e

3.1)

Clearly, u? = 1.
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In order to choose a natural basis for the spaces €,,(p ® p — p) and €, (p ® p —
ap), we introduce the following linear operators on these spaces. We often suppress

the orientation on the « strands, as it may be inferred from the other orientations in
the diagram:

()G - =()-

We also define the anti-linear Frobenius operators

()it 0
Gy o0

These operators are unitary with respect to the tracial inner product on hom spaces.

By a straightforward but tedious calculation, one proves that these operators satisfy
the following relations:

K'o K = A4 1d, K% o K% =1d,
L'oL'=2,1d=R'o R, L*o L* = J,nId = R* o R®,
K'oL' = pu(L'o KY), K% o L% = ulg(LY 0 K9),
K'o R! = (R' o KV, K% o RY = idq(R% 0 K9),

(R10L1)3:1=(L10R1)3, (RaOLa)BZIZ(LaORa)B.

We can diagonalise our basis of €, (p ® p — p) and €, (p ® p — ap) with respect
to these operators to obtain the following lemma.

Lemma 3.3 («-jellyfish). We can choose bases for €,,(p @ p — p) and €,,,(p @ p —
ap) such that

() ()

where Xii = Ag, th,i =1, and ")13,1' = wii =1.
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In particular, we have the local relations

p o p U
FA =y = X _X/ygz
ap p ap p

Proof. From the above relations, we have that XK' and R' o L! commute. Further-

more, we have
(KH* =1 and (R'oLY) =1.

Hence, we can simultaneously diagonalise these operators to obtain the basis of €,
(p ® p — p) claimed in the statement of the lemma. As (K')? = 1., we have that
Xii = Ao, and as (R o L1)3 = 1, we have that a)13,i = 1. The same argument gives
the claimed basis for €, (p @ p — ap).

The local relations in the statement of the lemma follow by applying a local «
relation to the operators K and K. |

In the case that m = 1, we have that the spaces €, (p ® p — p) and €, (p ® p —
ap) are 1-dimensional. Hence, the earlier operators are all scalars. In this special case,
we determine the scalars Ay, A, and p.

Corollary 3.4. Ifm =1, then Ay = A, = p = 1.

Proof. As m = 1, we have that 111 acts by a scalar /! € C. As L! is anti-linear,
the relation L' o L' = A, gives /1/! = X ,,. Hence, A, = 1. The same analysis on the
relation L% o L% = A, gives that A, = 1, and so, i = 1. Finally, from Lemma 3.3,
the linear operator K“ is a real scalar. The relation

K%o L* = Ay (L% o K%)
then gives us that A, = 1. [

Note that when m = 1 and A, = 1, we have the classification of categories €;
from [26, Example 9.1]. Hence, we have the following corollary of the above lemma.

Corollary 3.5. The statement of Theorem 3.1 is true when m = 1.

Hence, for the remainder of this section, we may assume that m = 2.
Note that, at this point, we cannot fully determine the action of the operators L
and R on our basis. However, we can make the following observation.

Lemma 3.6. We have two cases depending on the value of Ay v € {1, —1}:

(1) If Agpt = 1, then the operators L' and R" preserve the eigenspaces of K1,
and the operators L® and R* preserve the eigenspaces of K%.
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(2) If Aqit = —1, then the operators L' and R' exchange the eigenspaces of K1,
and the operators L* and R* exchange the eigenspaces of K*. In particular,

X1,0 = —x1,1 and o0 = —Xa,1-

Proof. This follows from the commutation relations above, along with the fact that
our L and R operators are anti-linear. Let us illustrate a few examples.

Suppose that At = 1, and let v be an eigenvector for K1 (with eigenvalue ).
Then, the relation K!' o L! = pu(L! o K!) gives that

K'o L'(v) = Ae 7L (v).

If A, = 1, then y is real by Lemma 3.3, and we get that K1 o L1(v) = yL1(v).If 1o =
—1, then y is imaginary by Lemma 3.3, and we get that K! o L'(v) = —yL'(v) =
¥L'(v). The argument for the eigenspaces of K¢ is similar (and easier).

Suppose that Ao it = —1, and let v be an eigenvector for K! (again with eigenvalue
). Now, the relation K' o L' = pu(L! o K1) gives that

Ko L'(v) = —Ae xL(v).

The same argument as above shows that K! o L1(v) = —yL(v). Thus, L! exchanges
the eigenspaces of K!, which then must be 1-dimensional. In particular, we must have
that y1,0 = —y1,1- The same argument holds for the eigenspaces of K.

The above arguments also work verbatim for the operators R! and R®. |

3.2. Centre analysis

In this section, we will analyse the Drinfeld centre of the categories €, in order to pin
down the values of our data y, x and the operators L and R.

Our main tool in this section is Theorem 2.2. We remind the reader that, this result
states that for an object X € €, the irreducible representations V' of Ax_,x are in
bijective correspondence with simple summands I'y C I(X) € Z(€), the dimension
of I'y is given by %, where fy is the formal codegree of the representation 1/,
and the multiplicity of Y € % (I'y) is equal to the multiplicity of V in the left action
of AX—>X on AX_)Y.

With this tool in mind, we aim to study the tube algebra for €,:

Al(—l A1<—ot Al(—p Al(—ap
Aa<—l Aa(—tx A(x<—p Aa<—ap
Ap<—1 Ap<—a Ap(—p Ap<—ap

Aap<—1 Aap<—a Aozp(—p Aap<—otp
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By determining the irreducible representations of the sub-algebras Ay x, and their
multiplicities in the left action of Ay xy on Ay.y, we can determine the simple
objects of Z(€,) and their images under the forgetful functor.

Performing this computation over all of the tube algebra is far too computationally
taxing. Instead, we restrict our attention to the sub-algebra

A1<—1 @ Aa(—a S>) Al(—p S2) Aa(—p S Al(—ap-

We pick the following bases for these spaces:

A1<1 = span O, @, @, ’@ )

0 1
A1<p = span , , ) ,

Aaep:span })@’ @’ @

By direct computation, we obtain the following:

—

* The algebra A1 has four 1-dimensional representations, which are

°c©® ©

xo|1 1 245 2445

a1l 1 2=35 2-45
2|1 —1 1 -1
3|1 -1 —1 1

The formal codegrees of these representations are then 20 + 8+/5, 20 — 84/5, 4,
and 4, respectively. Hence, by Theorem C, the object I(1) is a direct sum of 4
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simple objects X; with dimensions
dim(Xo) =1, dim(X;)=9+4+/5, and dim(X,)=dim(X3) =54 2v5.

Direct computation on the basis elements of Aq«o gives the following multiplic-

ations:

1 000l[o 10 ol[0 o 1 0 0 0 0 1
01 0 0||A OO Of]O O 0 Ao 0 0 1 0
0010[|0 00 A||t O F= Je 0 et Aata JE |
000 1J[0 01 0|0 Aap Aaxa =] [Aart 0 Ao Aata

where y1 := v/Aq(x1,0 + x1.1) € {—2.0.2} and )¢ = Xa,0 + Xa,1 € {—2.0,2}.
Here, we fix our choice of square roots so that /A, = 1if Ay, = 1, and VA, =
i if Ay, = —1. From this, we determine that A, o has the four 1-dimensional

representations:

OB

Ve x+xa+/4ura+1+xe)? X1+ xe+ A dha+(1+Xa)?
o 2

70 1

24/ Aa
0|1 VA eyt gyt e?
|l 1 —VAs Xl_Xﬂt+\/W Xl—Xa-i'W
3] 1 =V XI_X“_W Xl_Xa—«/W

Hence, by Theorem C, the object I () is a direct sum of 4 simple objects ¥; with
dimensions

, dim(€)
dim(Yp) = - >
2+§|X1+Xa+ \/4ﬂka+(X1+Xa) |
. dim(€
dim(r) = — © .
2+ 3101+ xa — V4ura + (1 + 2a)?|
. dim(€
dim(¥) = — © .
24 3101 — fa + VA1Aa + (1 — 1a)?]
dim(€
dim(Y3) = im(c)

2+ 31— ta — VAha + (1 — 1a)??
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From [23, Lemma 5.4], we have that 7 - p;, = 0y, p,,, where p;;, =) , 1(b)b* €
Ay« 18 the minimal central idempotent corresponding to 7;, and in our case, the
operator ¢ is simply right multiplication by the 2nd basis element. Hence, we have

that
9Y0 = 0Y1 = /\a vV )&a and 9Y2 = 0Y3 = —)&a vV la.

* Let Z; be the remaining simple objects of Z(€;). Then
F(Zi) = pip ® giap
for some p;, q; € N. Further

dim Hom(Z (p), I(p)) = 20 = dim Hom(I («p), I (ap)),
dim Hom(Z (ap), I(p)) = 16.

* Let 7, be the action of A1« on A1«,. Then
¢ ¢
e (@) - R (@) - Lf% o

1
0
0
0
lep B /}

where ¢ and ¢’ are the operators on Hom(p ® p < p) defined by

(4)-

J
7
J
¢/ <;X§) - Z ’
7
which we can identify as operators on the two spaces:

o) Yol = [o)

O'—OO
- o O O
S O = O

\
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by local insertion, i.e., the elements of A;.; which involve ¢, ¢’ above act on
A1, by applying ¢, ¢’ locally on the trivalent vertices in our standard basis of
Arp.

* Let 17y, be the action of A1 on A1—qp. Then

0010
~loo o1 v v
(@108 wel@)-[s 3]
010 0

1Tap =:$, W/:|’

where ¥ and ¥’ are the operators on Hom(p ® p — «p) defined by

As before, we can naturally identify ¥, ¥ as operators on the following two spaces
by local insertion:

* Denoting by o7, the action of Ay_¢ 0N Ay« p, We have

0 0 10
o o0 01

o7 i 0 00
0 A 0 0
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We begin by analysing the corner of the tube algebra Ay, and its actions on
A1—p and Ay1qp. This gives us the following result.
Lemma 3.7. There exists b € {0, 1,2} such that
F(Xo) =1,
F(X1) =1&2p & 2ap,
F(X2)=1®bp® (2-b)ap,
F(X3) =18 2—-D)p® bap.

Furthermore, if b € {0, 2}, then the operators ¢ and  are both the same scalar

1+b—+/5
o=y =—5—
and if b = 1, the operators ¢ and  have the two eigenvalues
1-+/5 3—-45
5 and .

Proof. First, note that as Xy is the tensor unit of Z(€), we have that {7, and 174,
contain no copies of yo. From the above computations, we have that

(e (@)

As 17, is 4-dimensional, and xo is not a sub-representation, we must have that
1T =201 @by ®(2—b)y3, whereb €{0,1,2}.
Thus, ¥ (X1) contains two copies of p, and a dimension count shows that
F(X1) =18 2p P 20p.
From this, we can deduce three possibilities for the restrictions of X, and X3.

Casel. ¥(X;) =F(X3) =1® p @ ap,in which case, 17, = 17qp Z2(1 D y2 B

X3, and, in particular,
Tr (wp (@)) =4-25.

Case 2. ¥(X3) =1® 2pand F(X3) =1® 2ap, in which case, 17, = 2x1 ® 2>
and 17yp = 2)1 ® 2x3, and, in particular,

(@) o2
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Case 3. ¥(X2) =1@& 2ap and F(X3) =16 2p, in which case, 17, = 21 + 2)3
and 17, = 2)1 + 2)2, and in particular,

(@) 22

We now aim to deduce more information about the operator 1. Note that

71 = diml(‘€) O+@+(2+~/§)@+(2+\/§) @

is the minimal central idempotent corresponding to the representation yg; i.e.,

z1-X = xo(x) - 1.
As 17, contains no copies of yo, we get
lﬂp(zl) =0,

and so,
1 0 1 0
o rer et =0o= g =—(s+ |5 | |)
2+4/5

To solve for ¢, we use the fusion rule p?> = 1 ® 2p @ 2ap to get

¢2+(«/§—2)¢=[m ) }

1
0 2+4/5

Together with knowing the trace of 17,(p) in each of the above cases, we can solve

to get the statement of the lemma.
To obtain the statement about v, we repeat the above analysis with 1774,. |

This completes our analysis of .I(1). We now analyse the object I («). Our first
goal is to show that the object o never lifts to the centre. To begin, we prove the
following lemma.

Lemma 3.8. Suppose that o has a lift to the centre Z(€;). Then, b = 1.

Proof. For a contradiction, suppose that b = 2.

By a relabeling, we can assume that Y is a lift of o to Z(€5), and that ¥; =
Yo ® X;. As ¥ is a ®-functor, this gives us ¥ (¥;) in terms of the b from Lemma 3.7.
We then have

I(p) =2X1 ®2X, B2Y) B 2Y;3 @@Pz’zi,
I(ap) =2X1 ©2X; ®2Y, @2V, & (P ai Z:.
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This gives us the following:

20 = dimHom(I (p). 1(p)) = 16 + Y p?.
20 = dimHom(I (@p). I (@p)) = 16+ Y 47,
16 = dimHom(Z (p). I (@p)) =8+ Y _ pigi.

Hence,
ZP;‘Z =4= 26]12 and Zpiqz' =8,

which is impossible.
The contradiction when b = 0 is nearly identical. |

With this lemma in hand, we can now show that « never lifts to the centre.
Lemma 3.9. The object « does not have a lift to the centre.

Proof. For a contradiction, suppose that « lifts to the centre. We have two cases
depending on the value of A,.

First, suppose that A, = 1. From Lemma 3.8, we have that b = 1, the same style
of argument from the proof of this lemma shows that

Ip)=2X1 0 X0 Xs021 028V &P piZi,
Iep=2X10 X0 X:02Y10, Y0 PaZi.

with

S os= Y ad Y =4

> pilpi +qi) = 12.

We now use the Ng—Schauenburg formula for the 2nd Frobenius—Schur indicator of

In particular,

p to obtain

Apdim(€y) = 2(1 + 4d) (6%, + 07,) + (1 +2d) (6%, + 07, + 0%, + 0%,)
+ Y pi(pi + q)db3,
=8+24d + Y pi(pi +qi)db3,.

For either case of A,, we have that | > p; (p; + q,')G%i| > 44/5 4+ 8 > 12. Hence, «
cannot have a lift in this case.

Now, suppose that A, = —1. By analysing the dimensions formulas for Y; over
all the different cases of u, y1, and yo, we see that o can only lift if © = —1, and
|x1] = | x«| = 2. In this case, we have that the other ¥; have dimensions 9 + 4+/5 and
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5+ 245 occurring twice. Furthermore, we see that the dimension 1 object and the
dimension 9 + 4+/5 object have the same twist. Hence, by relabeling, we may assume

dim(Y,) = 1, dim(Yy) = 9+ 4+/5,  dim(Y,) = dim(Y3) = 5 + 2+/5,
by, = Oy, = £i, 0Oy, = Oy, = Fi, Yi =Yy ® Xi.
As Oy, = +i, we have that (X, Yy) is a modular subcategory of Z(€,). Hence, Z(€>)
factors as Z(€,)o X (Xo, Yo). Note that we have a simple W € Z(€,)y if and only if
9W®Y0 = QWGYO. This 1mphes that {X(), X1,Ys, Y3} € Z(t’z)o, and {Xz, X3, Yo, Yl} €

Z(€3)0 ® Yp. Let us write {Z; }; e, for the remaining simple objects of Z(€,) which
live in Z(€;). We then have

Ip=2X10X,0Xs02eheV:e P prZe P ez,

i€Ag i€Ag
Iep=2X19X,dX:@2" 0,030 P azie P ptod 2z
i€Ag i€eAo

From 20 = dim Hom(Z (p), Z(p)) and 16 = dim Hom(I («p), I(p)), we obtain
Yopi+ai=8 and ) 2pigi =4
i€y i€Ao

Hence,

Y (ita)?=12 and Y (pi-q)’ =4

i€Ao i€Ao

By Cauchy—Schwarz applied to the vectors (p; + ¢;); and (|p; — ¢il)i,

Z |pi —aqil* = Z(Pi+CIi)|pi_Qi|§\/12'4=4«/§.

ieAo ieAg

Again, we use the Ng—Schauenburg formula for the 2nd Frobenius—Schur indicator
of p to obtain

Ao dim(€y) = 2(1 + 4d)(0%, + 63,) + (1 +2d) (0%, + 07, + 0%, + 67,)
+ Y pilpi +40)d0%, + Y qi(pi +41)d05 g7,

i€Ao i€Ao

= > (p7 —q})db3,.

ieAg
From this, we obtain
dim(€
> pt-a?l = —c; 2) _ 45,
i€Ao

Hence, o cannot have a lift in this case. [
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We can now deduce that both y; and y, are 0. Thatis, y1,1 = —x1,2 and yq,1 =

—Xa,2-

Lemma 3.10. We have that 1,0 = —x1,1 and Xa,0 = —Ya,1- In particular, we may
assume that x1,0 = vAa X1,1 = —vVAw Xa0 = 1, and yo1 = —1.

Proof. If Aqu = —1, then we have the first statement of the lemma from Lemma 3.6.
Hence, we can assume that Ao = 1.

First, consider the case that | y1| = | y«| = 2. Then, the earlier dimension formulas
for dim(Y;) show that one of these dimensions is 1, which implies that « lifts to the
centre. But this contradicts Lemma 3.9.

In the case that y; = 0 and | yo| = 2, or | x1] = 2 and y = 0, then one of the ¥;’s
5+2ﬁ, which is impossible.
2+4/2

The only remaining case is that y; = 0 and y, = 0, which implies the first state-

has dimension

ment of the lemma.
As Xii = Aq and )(i,i = 1, we may reorder our basis to give the statement of the
lemma. ]

As a result of the above lemma, we know that the eigenspaces of K Land K* are
1-dimensional. We can pair this information with Lemma 3.6 to obtain the action of
the L and R operators on our eigenbasis.

Lemma 3.11. The basis of the spaces €2(p @ p — p) and €2(p @ p — ap) from
Lemma 3.3 can be chosen so that

()she (e
() ()

where i > 1 is an order two involution on the indexing set {0, 1}. If Aqut = 1, then
0=0and 1 =1. If Agpt = —1, then 0O=1land 1 = 0, and in this case, we have
that w10 = w1,1 and Wy,0 = Wa,1. Furthermore, if A, = —1, then Aq = —1, and if
UAp, = —1, then Agp = —1.

We are free to exchange our distinguished basis elements and to rescale them by

;XR’—)ZIJ;XK, ;ii'_)mﬂa Zl,i € U(1)7
><|—>Za,i><, ><l—>m><, Za,i € U(1).
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Proof. Let us begin with the operator R!. In the case of Agu = 1, we have from
Lemma 3.6 that R! preserves the eigenspaces of K!. As these eigenspaces are 1-
dimensional, by Lemma 3.10, we have that R! is of the form (using linear operator
notation, even though R! is anti-linear)

Rl — R(l),O 0
0 R},l '

As (RY)* = 1, we have that these coefficients are elements of U(1), and as R! is
anti-linear, we can rescale out two basis vectors by

VRbo €U and /R, €U(1)

to arrange that both these coefficients are 1. Note that this rescaling does not affect
the relations of Lemma 3.3 as the operators K! and R' o L! are linear.

In the case of Aqu = —1, we have from Lemma 3.6 that R! exchanges the eigen-
spaces of K1. We thus have that R! is of the form

Rl — (1) R(l),l .
Rio, O

By choosing our second basis vector as the image under R! of the first, we arrange
that R(l),1 = 1. Again, this does not affect the relations of Lemma 3.3 as R is unitary.
We now use the relation (R')? = 1, to see that R{,o = A,.

Together, these give the action of R! as in the statement of the lemma. The action
of L! follows from the action of R o L from Lemma 3.3, along with the relation
(RY)? = A,. In the case of Ayt = —1, we can perform that same argument on L' o
R = (R'o L") ! to see that w10 = wy 1.

Finally, from the relation (R')? = 1,, we can see that if A, = —1, then only the
case Ay = —1 is possible.

The same analysis on the operators R* and L% gives the remaining statement of
the lemma. ]

Now that we have pinned down y7 and y,, we can describe the objects ¥; C I («)
in more detail.

Lemma 3.12. We have that

F(Yo) =a®cop® (2—co)ap,
FYD)D=ad2—-c ® coap,

(1) ( 0)p & coap where cq, ¢y € {0,1,2}.
F(Y2) =a®cp® (2—ca)ap,

F(Y3) =a® (2—c2)p & crap,
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Proof. As y1,1 = —y1.2 and 4,1 = —)a,2, We have that y; = x4 = 0, and so each
of the objects ¥; has dimension 5 + 2+/5. We thus have

F(Yo) =a®cop® (2—co)ap,
FY1)=a®ci1p® 2—-cr)ap,
F2)=a®c20® (2—c2)ap,
F(Y3) =a®c3p®(2—c3)ap.

For some integers, ¢; € {0, 1,2}.
From the computations in Section 3.2 determining the matrix for the operator o7,
we see that

Tr | o7p =0.

On the other hand, from Theorem C, we have that

allp = CoTo D c171 D 212 © C373.
From the earlier tube algebra computations, we know the value of the representations
7; on the element . In particular, we know the trace of this value. As traces are

preserved under direct sums, we obtain that
co+c1—cy—c3=0.
From the formula
dim Hom(e, R I(p)) = dim Hom(I («), Z(p)) = 4,
we obtain cop + ¢ + ¢2 + c3 = 4. Together, we get the statement of the lemma. m

With the restrictions of the objects X; and ¥; now understood, we can give a fairly
explicit formula for the even Frobenius—Schur indicators of p. This formula will come
in handy at several points later in this article.

Lemma 3.13. We have that
V2n(p) dim(€) = 28 + 12+/5 + A%(Q20 + 8v5) + 2+ v5) Y pi(pi + 41)0F",

where p; and q; are integers satisfying Y pi(pi + qi) = 16, and the 0z, are roots of
unity.

Proof. From Lemmas 3.7 and 3.12, we know the image under the forgetful functor
of each of the simple objects appearing in (1) and I (), up to some small integers
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b, co, c2. Then, we can write
I(p)=2X18bXo P 2-b)X3PcoYo D 2—co)Y1 P22 ®(2—c2))3
® @Pizi,
T(ap) =2X1®2—-b) X2 ®bX3 B (2—co)Yo D oY1 ® 2—c2)Y2 D cr)3
@ @Qizi-
Using the fact that ¥ (I (p)) = @XGIH(E) XpX*, we obtain
20 = dimHom(ZI(p), I(p)) =4 +b*+ 2 —b)* +c3 + (2 — co)?
+3+Q2—c)*+ ) pl
16 = dimHom(I (ap), I(p)) =4 +2b(2—b) + 2¢o(2 —co) + 2¢2(2 —¢2)
+ Zpiqi,

50, 36 = dimHom(ZI (p ® ap), I(p)) =20+ X p7 + 3 piqi, and thus, 3 p; (p; +
gi) = 16.

We have from the earlier computations that 0)2(l_ =1 and 9)2,1, = Aq. We can use the
Ng—Schauenburg formula for the 2nth Frobenius—Schur indicator [42, Theorem 4.1]
to obtain

v2n(p)dim(€) = " dimHom(F (W) — p) dim(W)657
WeZ(€)

= 284+ 12v/5+A5(204+8V5) +2+V3) Y pi(pi+4i)63. =
We finish this section by showing that ;t = 1 in all cases.

Lemma 3.14. We have that u = 1.

Proof. First, suppose that A, = u, and for a contradiction, suppose that u = —1
so that A, = —1. We thus have that one of A, or ul, is —1. We thus get from
Lemma 3.11 that A, = —1, which is our contradiction.

Now, suppose that A, = —pu, and for a contradiction, suppose that & = —1 so that
Ao = 1. As u = —1, we can exchange p and ap if necessary to arrange A, = —1 (as
a direct computation shows that v, (p) = u - v2(ap)).

We can now use Lemma 3.13, along with the fact that the 2nd Frobenius—Schur
indicator of p is A, to get the equation

~20 - 8/5 = 48 + 2075 + 2 + v/5) 3 pilpi + 41)63,.

where Y pi (pi + ¢qi) = 16. Thus, Y p; (p; + qi)Q%i = —4 — 12+/5. However, The-
orem A.9 implies that it takes at least 12¢)(10) = 48 roots of unity to write —4 —
12+/5, contradicting 3_ p; (pi + ¢;) = 16. Hence, j = 1. [
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3.3. Sufficient relations to evaluate closed diagrams

In this section, we will introduce several more 6-; style local relations in our category
€, and furthermore show that the full collection of relations described completely
determine the category €,. We will do this via the standard technique of showing
that our relations suffice to evaluate every endomorphism of the tensor unit to a
scalar. These additional local relations will be determined by 8m* complex scalars
i,j pii bl i pihJ o pihd Al [isd

Aké’Bké’Cke’Dke’Aké’Bké’cke’D ki € C for0 <1i,j,k,€ < 2. These com-
plex scalars are entries of the F-tensors F), ppsp F‘fpp P F, PP and Fy O‘pp ?

3.3.1. Jellyfish relations. In this section, we will introduce the following 128 com-
plex scalars.

Lemma 3.15 (p-jellyfish). There exist scalars
i,j piJ o) piJ piJ pig Al HiJ o
Al B Colos D A By Clus Dy € C, 0<i,j,k,t<2

such that the following local relations hold in €;:

o
afT
o p
fo)
1 _ e \a/
d
o p o
+ B
o o
: _le+1wa
N d
o pp 14
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Proof. We provide the proof for the third relation, and the other two are left to the
reader. We compute

\

For the final four sums of diagrams after the Zi,k before the final equality above,
we express each of the sub-diagrams in the dotted blue boxes in terms of our chosen
basis for €,(p? — p) and €,(p> — ap). For instance, for the diagram directly after
the ), ;. the sub-diagram in the blue box lives in € (ap* — p) = C>(p> — ap), so
the sub-diagram can be expressed as a linear combination of 4-valent vertices. The
coefficients /f;cje §,’€]Z C ,ié ﬁ,’c’e then arise as arbitrary basis coefficients.
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For the second diagram in the last line above, we used the relation that for f €
C2(p* — ap),
]

- @

which can be verified by a straightforward diagrammatic calculation. We then use the
relation in Lemma 3.3 to obtain (L% o R¥)(f). We leave the final simplification of
this second diagram using the a-jellyfish relation of Lemma 3.3 to the reader. |

Remark 3.16. Recall that the associator F-tensors of a unitary fusion category are
determined by the formula

k Wiy 7
U — Z (Fu{,Y,Z) Vv
V4 WUsk,Dl) i
Velr(€)
0<i<dimHom(X®Y —V)
XY Z 0<j<dimHom(V®Z—>W) XY Z

We have the following identification between the above 128 complex scalars and cer-
tain F'-tensors of the category C,:

Ay = (Fpro) ol Ay = (Faeon) il
By, = (Fpeo)onis). Bih = (Fere)ar).
Gt = (F) iy Gt = (FSP") iy
Dy = (FEPe)ebl). Dyl = (Fgeeeyars).

In the name of readability, we will not use this F'-tensor notation in this article.

Remark 3.17. With the above jellyfish relations, we can describe the operators ¢ and
Y from Section 3.2 in terms of our free scalars. We have

J
o(4)-% Jh-sar,
Jo J-k
j .
J oo J-k
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005 g
)

and

()-8 Jhmegar
Jk

3.3.2. Absorption relations. Using the nomenclature from [7], a closed diagram in
our generators is said to be in jellyfish form if all trivalent and tetravalent vertices and
their labels appear on the external region of the closed diagram. By a slight abuse of
nomenclature, we will say that a morphism in a hom space is in jellyfish form (or a
train in the nomenclature of [6]) if all labels of trivalent and tetravalent vertices in the
morphism meet the leftmost region of the morphism. In the examples below, the left
diagram is not in jellyfish form, and the right diagram is in jellyfish form.

)

Lemma 3.18 (Absorption). Using the relations from Sections 3.1 and 3.3.1, any two
trivalent/tetravalent vertices in jellyfish form connected by two of their p strands so
that the composite is still in jellyfish form may be simplified into a diagram with no
trivalent/tetravalent vertices.

Proof. There are 16 words of length 2 on the symbols

AT X

and up to adjoints, 10 are distinct. Given any word of length 2, there is a unique
composite in jellyfish form with two p strands connected, up to labels and moving
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tags through crossings. There are thus 10 cases to consider:

3.3.3. Evaluation algorithm. With these local relations in hand, we can show that
the numerical data we have described uniquely determines the category €,.

Proposition 3.19. There is at most one unitary fusion category €, realising each
tuple of data
()ta,/lp,a),A, B,C,D,A,B,C, D).

Proof. The proof is an adaptation of Bigelow’s jellyfish algorithm [5, 7]. Given any
closed diagram in our generators, we show that it can be evaluated to a scalar using
our relations. This immediately implies the stated result by [9, Lemma 2.4] which
is the unshaded pivotal category version of [7, Proposition 3.5] for shaded planar
algebras. Indeed, let €’ be the quotient of the free category in our generators, modulo
the relations corresponding to the data (Ay, A, @, A, B,C, D, /f, §, 6 ﬁ). If we can
show that any closed diagram in our generators can be evaluated to a scalar using the
given relations, then we have that every ideal of €’ is contained in the negligible ideal.
We then have an equivalence

€’/ Neg(€') — €,

which shows that €, is uniquely determined by the above tuple of data.
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By the jellyfish relations from Lemmas 3.3 and 3.15, it suffices to show we can
evaluate any closed diagram in jellyfish form, in which all trivalent and tetravalent
vertices and their labels appear on the external boundary of the closed diagram. There
are 3 cases for such a diagram.

Case 1. There are no vertices at all in the closed diagram. Then, we may use (3.1) to
evaluate the closed diagram to a scalar.

Case 2. There is a trivalent/tetravalent vertex connected to itself. Then, we may use
(3.1) to show that this closed diagram is equal to zero.

Case 3. There are two neighbouring trivalent/tetravalent vertices that are connected
by at least 2 of their p strands. Then, using the absorption relations from Lemma 3.18,
we can express our closed diagram in jellyfish form as a linear combination of dia-
grams with strictly fewer vertices, which are still in jellyfish form.

We are finished by a simple induction argument on the number of vertices in our
closed diagram in jellyfish form. u

Remark 3.20. We wish to point out that we can also give an existence result for the
categories €,, by realising them as actions by endomorphisms on the Cuntz algebras

Oz2m+1 X Zs.

To obtain existence, one needs to verify a finite list of polynomial equations that the
above tuple needs to satisfy. As we can conclude existence of the examples in this
article from the existing literature, we will not include the details of this existence
result.

3.4. Symmetries

With the results of the last section in hand, the major task in front of us is to determine
the 128 complex scalars

iJ pid i pii

Ak,f’ Bk,@’ Ck,i’ Dk,@’
N B pi fi

Ak,f’ Bk,f’ Ck,[ ’ Dk,ﬂ‘

In theory, we could begin evaluating diagrams in our category in multiple ways in
order to obtain equations of these variables. However, in practice, this task is too
complicated, given that we have 128 unknowns. To make our task of pinning down
these scalars easier, we aim to find symmetries between them and to show that many
of them must in fact vanish. The symmetries of these scalars come from the tetrahedral
symmetries of the 6j symbols, which were rigorously studied in [16], and have been
used in previous works of the second author [25,26]. (See also footnote 2.)
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The main result of this section is as follows.

Lemma 3.21. The scalars Bk n C,i’é, k’je’ ]ié, D]lcj(Z can be expressed in terms of

By} = A v ha(= D w1, DY,

s

pi.j +j+Ly /3 ‘ 2 Li
Bk,JZ = Ap"‘]“" AO( Aa(_l)lwl,jwliwa,éDk j,

Cot = A d VA (D o, D’S’

Al _ g 14+j+k [y k 2 ik

Ck,E = )L J Ao (1) w1 oy ja)a’iDg 7

ANisJ k+ Jii

Dy = Via(=1) Tan ,a)l @a, ga)a]D
The scalars A;{’JE and A;{’JE satisfy S4 symmetries generated by the order three rotation

i _ 3 14itk Jk _ 3 14j+k ki gij _ 4 1+i+k [k g1k, 2 gk

Ak,e_kp a)l’[Af,l =2, w; ZA Ak{ Ap wa,gA;,, =2, ol AJZ
and the order two flips

i,j k. gk g qid 2 pkd
A e_wlkwle““ /\] zZ’ Ak,e_wotkwazA; =2

5

The D,l(]e scalars satisfy the 7./27. x 7./ 27 symmetries generated by

Dy, = MDY =y (- 1)+ oy 02, DH AT* g (=) Py kw2, D’ L
Finally, we have
Ake—Aléje_Dlche—O ifi+j+k+€#£0 (mod?2).

This result reduces the number of complex scalars to solve for down to 11 in the
Ao = 1 case and 7 in the A, = —1 case. This simplification makes it feasible to solve
for these scalars in the next section.

Lemma 3.22. We have
A, =AYy =D, =0 ifi+j+k+L#0 (mod?2).

Proof. We will prove the statement of the lemma in the case of the A;ce coefficients,
as the remaining two cases are nearly identical. We have

_ XLkX1

=X1,le,ZA;'(,]é :>Ak£_Xl,kX1,€A;'€,j£'
X1,i X1,j ’ i ’

X1,i X1,j X1,i X1,j
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Recall from Lemma 3.10 that y; ; = (—1)’ VAg. Thus,ifi +j +k+£#£0 (mod 2),

X1.kX1,¢ ohi : L] _
then it # 1, which implies that Ak,ﬁ =0. |

Now that we know that half of our coefficients vanish, we move on to describing
the symmetries between them. As mentioned before, these symmetries are the stand-
ard tetrahedral symmetries of the 6;-symbols. This completes the proof of the main
result of this section.

Proof of Lemma 3.21. We include enough examples to illuminate the necessary tech-
niques, all of which involve using the Frobenius maps defined in Section 3.1. The
symmetries of the A;c’,je coefficients are the easiest, as the diagrams only involve p
strands. We compute the following symmetries:

4 = ; - ; - Z“) - Zlif

i+k
_ Ap—i_ wlsk

d 6()1!1‘

Q _ 4i+k WLk i
Q _)\p —AEJ.

w1,i
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Together this shows that

i o_ itk Jk _ 2 14j+k k.i
Ake —)L a)l,gA;’ )k w”A

and

w1, i 7 w1, k7
Ak ) = A’l"r] +k+£ i Alf f — i A’f {
w1k I iJ

as claimed. These three tricks work to determine all of the symmetries in the statement
of the lemma. In order to show how to deal with « strands, we include one final

example as follows:

We leave the verification of the remaining identities to the reader. ]

To finish off this section, we explicitly compute the 4th Frobenius—Schur indicator
of p in terms of our free variables. This formula will be useful in the next section.

Lemma 3.23. We have that

v4(p) = ——f—k Za)l,wl,jA +/\ Ao Z( 1)l+1wa1wa,1Al]

i,j

Proof. We pick the following orthonormal basis of €, (p®* — 1):

AN TE TSN IE %
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With this basis, we compute

1
va(p) = q2

1 A,
=7 + Vi lzj:wl,iwl,j ;

1 2, i AphAa
=7 + i ;wl,iwl,,‘z‘lﬁj + 4 ; Xoi Xo,j Pai Da, j

1 - L o
=—41, ZC{)L[C()IJA;:;- + ApAq Z(—l)’ﬂa)a,iwa,jA;:;. L]

d — —
i,j L,J
3.5. Classification

In this final section, we complete the classification result in the self-dual case (Q3);
i.e., we complete the proof of Theorem 3.1 and classify all categorifications of the
rings (R (m)). We have two cases to consider depending on A, = 1.

3.5.1. The case A, = 1. In the case of A, = 1, we have determined that

A'p: 17 M: 17 ;:iv and Xl,l =X(X,i =(_1)l’
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Thus, all that remains is to deduce the 3rd roots of unity wy,0, w1,1, Wg,0, We,1, along
with the free variables A}/, Ay, D}, We express these free variables in the matrix
form

~v0,0 00 0,0 0,07
Xoo Xoa1 Xio Xii
Xoo Xon Xio XD A
Lo Lo Lo ol X =A,A, D. (3.3)
Xoo Xo1 Xio Xy
1,1 1,1 11 1,1
L X000 Xo1 Xio X1

By applying the symmetries of Lemma 3.21, we have that our free variables are of the
form

[ ao 0 0 1,042
A 0 as a)lz’oaz 0 ’
0 a)lz’oaz ar 0
| W1,042 0 0 ay
i &0 0 0 wa,O&Z
A _ 0 &2 wg,oﬁz 0 ’
0 wg,oflz CAlz 0
_a)a,()&z 0 0 &1
[ do 0 0 —gxid,
0 ds dy
D = 0o ,
0 —md4 d3 0
| dy 0 0 dy

all of which are real apart from d4. If these free coefficients are non-zero, then the
tetrahedral symmetries imply conditions on our twists . We have

a0 #0 = w10 =1,
a1 #0 = w11 =1,
Ao #0 = weo =1,
a1 #0 = w1 =1,
a #0 = w10 = 01,1,

ar 75 0 = We,0 = Wq,1-
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In order to solve for these complex variables, we evaluate certain morphisms in our
categories in two ways to obtain equations of these variables. We compute

k i
5k,k/5e,e+ =80 =i,
k/
k
w1y L
R - + A
2445 Z
k/

1,07 g/
= (sk,zak,,g, L Z A A ’fe, + B} Bk’/e,) +

1,40 1@/ K
= ((Sk,é(gk/,ﬁ/ ZAZ jAl j[’ +( 1) e W1,y Z’Dz L DZZ’)'%

1@1/

= ( S.ebpr 0 ——E
(k,ik,é 1+ 3

T "
toriy Y Al ALY + (D) o0}, DI D] )%
i,J

Note that if £ # £/, then the left-hand side vanishes, and we can cancel the wl,ga)lz v
terms. If £ = £/, then wl,gwlz v = 1. In either case, we can remove the a)l,gwlz  terms
from the above equation. This leaves us with the equation

ZAJkAz]ek/ + (=Y ZDZ ! DZ l- +2 = V5 Sk 0 = Sk prSupr-

i,j i,j
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In a similar fashion, we can evaluate the diagrams

K
k
’ 4 and
k

KTk
Z AP kA’ o+ Z D/ DIy — 2= V)b = Skdue.

i,j

s , L+ NisJ
ZD ]D ]Z’ + ( 1) + w1 K’a)l Y ZDk’ 4/Dk,jg = 8k,k’8€,€’7
i,j

ZAle—i—( 1)‘320%’”‘_(2—6)5,([:0
Z ’g+2( 1)D“ 2= /5)8 = 0.

i

in two ways” to obtain

In terms of our free variables, this gives us the following equations:

3—V5=a24+a2+di+d?=a?+a:+d?+d? =a%+ a2+ dE +d?
= a3 + a3 +di +d3, G4
1

3= @G+ = + i = & +|dsf? = dF + |

=d + |da|* = d3 + |da]?, (3.5)
2— /5= (ag + a1)az — dods — d1ds = (ao + 41)ds + dods + dvda,  (3.6)
2—\/§=a0+a2+d0+d3 =da +a2—d1—d2 =&0+&2+d0—d2

=a; + d, —dy + ds, 3.7
0 = (a0 + wio)ag + wa,owild‘f + wioa)a,ldj;z

— (0a0 + ©2,0)d3 + 02 gwe1d} + ds, (3.8)
0=(1- wa,Owil)(dzd_At - d32)

= du(dy + do) — da(0F yWa,1do + a0w} 1d1). (3.9)

4 When we say we evaluate a diagram in two ways to obtain a relation, one way is trivial,
and the other uses the jellyfish relations from Lemmas 3.3 and 3.15. For the non self-dual case
in Section 4 below, we use the jellyfish relations from (4.2), (4.3), and Lemma 4.4 instead.
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While we could begin solving these equations directly, instead we opt for a more
measured approach and use our previous centre analysis to simplify our solution.

Lemma 3.24. There exists a v € {—1, 1} such that

24+3t—4/5
4

a():al:flo:dl:

and
2—1’—\/5
1 .

In particular, as ay, a1, 4o, and 4y are all non-zero, we have w10 = wW1,1 = Wu,0 =

612:&2=d0=—d1=—d2=d3=

We,1 = 1.

Proof. We first observe from equation (3.5) that
1
G=ii=di=d} =} =d} =5~ il

and, in particular, we have that a,, d», dy, d1, d», and d3 are real numbers which are
equal up to sign. With this information in hand, we can now see from equation (3.4)
that

=a? =42 =4%=3—-+5-3d2

To make additional progress on solving these equations, we recall the operators ¢
and ¥ . In our case, via equation (3.7), we have that

¢:|:a0+a2 0 :|:|:2—\/§—d0—d3 0 :|

0 ap +as 0 2—V5+d +d,
ao + as 0 2—5—dy+ds 0
v = = )
0 ai +as 0 2—5+d —ds

From Lemma 3.7, we know that ¢ and ¢ have entries in {%g, I_T“E}, SO

3-45 1—«/5}.

2 72

d0+d3,—d1—d2,d()—d2,d3—d1 (S {

In particular, as the values dy, d1, d>, and d3 are real numbers which are the same up
to sign, we have that

2—\/5—1:

do = —dy = ~dy = dy = =

for some 7 € {—1, 1}.
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From equation (3.7), we can deduce that ag = a; and dg = d;. We know that a,
and ¢ are the same up to sign. If we have a, = —cp, then equation (3.7) would imply
that

ag = 2— \/g - do.

Plugging this value of a into equation (3.4) gives a contradiction. Thus, a; = ¢¢, and
s0, equation (3.7) gives
2+3t—+/5

2 .

A similar argument shows that d, = ¢y, and thus, g = ay. n

00:2—\/3—3d0:

To pin down the value of 7, we return to our analysis of the centre of €,. By
computing the 4th Frobenius—Schur indicator of p in two ways, we can show that
=1

Lemma 3.25. We have that t = 1.

Proof. From Lemma 3.23, we have that v4(p) = 37. On the other hand, we can use
Lemma 3.13 to obtain

v4(p)(20 + 8v/5) = 48 + 20v/5 + 2+ V5) Y pi(pi + 41)6;",
where > p;(p; + ¢i) = 16 and the 6;’s are roots of unity. Thus,
ZPi(Pi +4)0 = 4(—1-2V5+3tV/5).

If © = —1, then Theorem A.9 implies that it would take at least 24 roots of unity to
write 4(—1 — 2+/5 4+ 37+/5), and hence, }_ p; (p; + q;) > 24, giving a contradiction.
Thus, we must have T = 1. [

Now that we know all of our real free variables, we can solve for d4, the one
complex variable.

Lemma 3.26. We have that

i 1 [-1++/5
d4=771§+772§ Y where 1,12 € {—1,1}.

Proof. From Lemmas 3.24 and 3.25, we have a; = 15 By equations (3.5) and

4
(3.8), we have
- 5-3
and di + a’42 = V5 .
4
The 4 intersection points of this hyperbola and circle yield the statement of the lemma.
]

dgp = L5
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Now that we have pinned down all of our variables, we can prove part of our main
theorem which states that there is no fusion category when A, = 1.

Theorem 3.27. There is no unitary fusion category that categorifies R(2) with Ay = 1.

Proof. By evaluating the diagram

in two ways (see footnote 4), we obtain the equation

ket N Rkl Ry UK i
(DY D Dty + ) Dy Dy = 0.
i ij

Taking k = ¢’ =0and £ =k’ =1, we see that 3, ; D" Dy’ = d} — d} € R. Since
d> € R by Lemma 3.24, this means that d f € R, which contradicts Lemma 3.26. m

3.5.2. The case A, = —1. In the case of A, = —1, we have determined that
w=1, i=1-—1i, w1,0 = 1,1,
W0 = Ou1, f1i = (D', yei = (=1

Thus, all that remains is to deduce A,, the 3rd roots of unity w9 and wg o, along
with the free variables A;(JK A;{Je and D;{J( By studying the 4th Frobenius—Schur
indicator of p, we are able to show that A p=1land wy o = a)lz’o, along with the values
of several of our free variables.

Lemma 3.28. We have that A, = 1, and wq,0 = 0)12,0. Further, we have that

00 _ 3-+5 00 _ 3-+5
Ao = and Ay = 2
0721+ wr0) 21+ wlg
Proof. Recall the operators ¢ and . By applying the symmetries of Lemma 3.21, we
have that
o | Mo+ ATG 0 PG+ Apero) 0
0 A8:1 + A 0 Ag:g(l + Apw1,0) |
g |Aotdg 0 Age(+ Apee) 0
0 Agy + 47, 0 Ago(1 + Apwa,0)
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Thus, the operators ¢ and y are scalars, and Lemma 3.7 tells us that

2_\/§+T 20,0 2_\/§+T

YT 7" and A%
2(1 + Apw1,0) 0

Ao,o _ _ L NIt
0,0 0 2(1 4 Apwa0)

for some 7 € {—1, 1}.
From Lemma 3.23, we can write the 4th Frobenius—Schur indicator of p as

va(p) = V5 — 2+pr10(AOO+A01+AIO+A11
20,0 70,1 £1,0 | 11,1
- ’\pwa,o(Ao,o - AO,I - AI,O + A1,1)
= V524 Ap0f g Ag o2 + 24 pw1,0) — Apw2 g Ao (2 — 24 p0a0)

= V524 w2 g2 — V5 + 1) = Ayl (2 — V5 + )ﬂ

+ /\pa)a,g

Ao, 0
= -2+ 21,0%,02 — 2 1= Ap®a0
( + Ap01 (2 + 1) pa)ao( +T)1+kpwao

1—-A,0
V31 a) A2 P
+ Ap 10+ PYNT I a0 )

As v4(p) € Z[i], A, is a second root of unity, and wy,o and wg,o are third roots of

unity, we have

1— lpa)(xo
1— prlo-i_/\pwao—l—i—/lw 0:
pWa,

This implies that A, = 1, and that wg,0 = a)l_’ o- By simplifying the formula for v4(p)
further, we find that v4(p) = 1.
To determine 7, we use Lemma 3.13 to write

7(20 + 8+/3) = v4(p) = 48 + 2085+ 2+ V3) Y pilpi + 41)6}.
where
> pipi +ai) = 16,

and the 6;’s are roots of unity. If ¢ = —1, then we have
Y pi(pi + 406} = —4—12V5.

However, Theorem A.9 implies that it takes at least 48 roots of unity to write —4 —
12\/5, giving a contradiction. Thus, T = 1, which gives

AO’O — 3_—\/5 an _—
“0 7 2(1 + w10) 07T 2(1 + w2,

Now that we know A, = 1, the symmetries of Lemma 3.21 become much simpler.
Using the same matrix notation as in the A, = 1 case from (3.3), we can use these
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symmetries to express our free variables as

[wor 0 0 @ wlgr 0 0 g
A= 0 a)lz,or r 0 y 0 w1,07 r 0
0 rooofgr 0| 0 ro ower 0 |’
a 0 0  wor a 0 0 a)ior
[(dy 0 0 4,
0 dy d 0
D= oL ,
0 di —dy O
d, 0 0 —dp
where r = — 1 3_2*@ € R, and if either of a; or a; are non-zero, then we have

w1,0+w%0
that w10 = 1.

Now that we have reduced our free variables down to 5 complex variables, all that
remains is to solve for these variables and to determine the 3rd root of unity wy,g. As
in the A, = 1 case, we get equations of these variables by evaluating the diagrams

’ (XN

in two ways (see footnote 4). This gives us the following equations:

Skarbewr =Y A kA; b+ (=Dt Z D ijl Y= Q=i
i,j

Sk krSe0r = Z A A7 g/ AR (-t Z D]~ ,L;/:Z-Dll:ﬁj — (2= 58k ke
i,j i,j

ij i L+ i,j
Sk rbe = ZD Dy + (=) ZDI -0 D1k 1—
i,j

s IZ s k
0—2( D A Doy + (DY DAY,
i,

— 0f o(V/5 = 2)idk,1-e8kr 1—0
0= ZA’ + (—1)“%2 DY — (2= V3)be

Z IZ( 1)’+1D11 = 2= V)i

i
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In terms of our free variables, this gives us the following equations:

1-V5 _  ofp 1445

Im(do) = = - 3.10
m(do) = —4 T+, 2 ©-10)
345
r? + |do|* = 2f, 3.11)
r? +lar? + |di | + o> = r? + a1 + |di]? + |do|* = 1. (3.12)
1

|d1 > = |d|? = 3 |do|?, (3.13)
(@10 + 0202 — (dZ +dy) =2— 5, (3.14)
ray = dida, (3.15)
ra; = —dda, (3.16)
dray + a1d> = dyay + “ady = 0. (3.17)

2
Remark 3.29. From equation (3.10), we see that 1:’2}3 = 1/2, which implies that
1.0

w1,0 = 1.
It is now straightforward to solve the above system of equations.

Lemma 3.30. A general solution to equations (3.10)—(3.17) is given by

3-45 _
ao = do = 4f, a1 = 3+ VS)dids, a1 =—03 + V5)dida,
—14+ /5 1 1-45
|di|? = |da|* = — f, do = —5 +1i 4f.

With this lemma in hand, we can show the existence and uniqueness of the unitary
fusion category with fusion ring R(2).

Theorem 3.31. There exists a unique fusion category categorifying the ring R(2)
with Ay = —1. This unitary fusion category can be realised as the even part of the
2D?2 subfactor.

Proof. Note that, from Lemma 3.11, we are free to rescale our basis elements of
G (p® p — p)and C2(p ® p — ap) by

T
Mo e

[

[\
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where z1, z,, € U(1). This rescaling changes the phase of our free variables d; and d,

by z; 222 and zy 222, respectively. Thus, we can arrange so that

1 /1
d1=d2=i§ 5(—14—«/3).

Hence, up to choice of our basis elements, we have a unique solution of all free para-
meters determining our category. Thus, Proposition 3.19 gives that we have at most
one unitary fusion category with fusion ring R(2), and A, = —1.

We know that the even part of the 2.D2 subfactor is a unitary fusion category with
fusion ring R(2); hence, this must be the unique example. ]

Let us write €, for the categorification of R(2) we have classified in this section.

Remark 3.32. We wish to point out the above solutions to our free variables can be
used to construct a system of dualizable endomorphisms of the Cuntz algebra Os x
7Z,/27. This gives an independent construction of the category €.

3Z/4Z

To finish up, we connect €, to the even part of the category.

Corollary 3.33. There is a monoidal 7./ 27 action on €, such that equivariantisation
by this action gives the 3Z/AL category of [26,51].

Proof. Using the same gauge choice as in the previous theorem, we can define an
order two monoidal equivalence on €, by

o W =]

By equivariantising by this order two monoidal auto-equivalence, we obtain a unitary
fusion category generated by the four morphisms

e B

and the isomorphism
ﬂﬂ ca® S 1.

3Z/4Z

This is the presentation of the category from [26]. |
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4. The non-self-dual case

In this section, we focus on the unitary categorification of the fusion rings with four
simple objects 1, &, p, @p and fusion rules

a®@a=1l, pR®p=admp®mup. (S(m))

Let us write (S(m)) for such a fusion ring. By [30], we know that (S (1)) has a cat-
egorification only if m = 0, 1, 2.
Our main result of this section is as follows.

Theorem 4.1. Let Dy, be a unitary fusion category with Ko(€) = (S(m)). Then, either

o m =0, in which case Dy is equivalent to one of the four monoidally distinct
categories Hilb(Z /47, ), where w € H3(Z/4Z,C>), or

*  m =1, in which case D1 is equivalent to the monoidally distinct even parts of the
two complex conjugate subfactors with principal graphs S’ from [26,34].

In particular, the case m = 2 from [30, Theorem 1.1 (6)] is not categorifiable.

Proof. The m = 0 case is easily seen to be pointed, and hence, the claim of the above
theorem follows from [10, Remark 4.10.4]. Thus, it suffices to restrict our attention to
the casesm = 1 and m = 2.

The general outline of this section follows for the most part as in the self-dual case.
In Section 4.1, we begin by writing down a list of numerical data (essentially the 6- j
symbols of the category) which fully describe a unitary fusion category with fusion
ring (S(m)). In Section 4.2, by studying the Drinfeld centre via the tube algebra of the
category, we are able to deduce the precise values of some of these numerical data.
To reduce the complexity of our numerical data, in Section 4.3, we use tetrahedral
symmetries to essentially cut down the number of free variables in our numerical data
by a factor of 24. Finally, in Section 4.4, we solve for this numerical data by evaluating
various morphisms in our categories in multiple ways to obtain equations.

In the case m = 1, we reduce our numerical data to two possible solutions, which
shows that there are at most two distinct unitary fusion categories categorifying S(1).
From the subfactor classification literature [26,34] we know that two such categories
exist. We then show that there are no solutions to the numerical data in the case m = 2,
and hence, there are no such unitary fusion categories. ]

4.1. Numerical data

We now produce a set of numerical data which completely describes a categorification
of the ring S(m). Let us write Dy, for such a unitary fusion category. We will show
that the category £, can be described by the following data:

. 1
* an 8th root of unity v = eTing
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* m choices of signs y; € {—1,1},

* m choices of 3rd roots of unity w; € {1, i3 , ezi”%},

o 8m* complex scalars A;:;]é’ B,’c’Z C,ié D,’cje “i;c’;iz’ §;€2 6,22 ﬁ;’e e C for0 <
i, j,k,£ < m. These complex scalars are the entries of the F-tensors F5*** and
FEP®.

While the 128 complex scalars in the m = 2 case seem infeasible to deal with as is,

we will use tetrahedral symmetries later on to reduce this 128 to a more workable

number.

To simplify notation, we define d := dim(p), which is the largest solution to d? =
1+2md. Ifm=1,thend =1+ /2, and if m = 2, then d = 2 + /5. We pick
orthonormal bases for the hom spaces

o 14 o 1Y
TK € Dm(p® p— ), ;& € Dm(p® p— p), >< € Dm(p ® p—>ap),
p P p P p p

where 0 < i < m, so we have the local relations

4.1)

We also choose unitary isomorphisms

o P

€ Dy —> @) and >< EDp(pRa— a®p).

o o4

{ —T—< %I
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We normalise this last morphism so that

o 4

Rl
A

p o o o

We are still free to rescale the crossing up to sign.
Note that, as pointed out in the proof of [30, Theorem 5.8], we may assume that o
has second Frobenius—Schur indicator —1, so

R T8I
I
|

R 1< R

Let u be the scalar defined by

Jh-u ) @

Note that from our normalisation we have that pu? = —1.

Lemma 4.2. Without loss of generality, we have the relation

= 5# where v = exp(£mi/4).

Proof. First, by our normalisations for orthonormal bases of hom spaces, we observe
that

5%

Il
Q<
Hi
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we find that v? = . By rescaling the crossing by a sign, we may assume that v =

i
e 4 . |

In order to define natural orthonormal bases for the spaces D,,(p ® p — p) and
Dm(p ® p — ap), we define the operators

(1) = <[]

and the Frobenius operators

R1<i/tx):ﬁ,- |
R<>< _va Lﬁé}

L(>< =¢z{%{‘

on these spaces. Direct computation shows that these operators satisfy the following

relations:
KloK'=1, K%o K% = —1,
R¥o R = v, R'oR* =v7!,
Lo L' =v'K", L'oL* =v'K*,
Ko R' = (R'o K1), K%o L' = pu(L'o KY),
(R*o LY)3 = —1, (R'o L%)3 = uK®.

As a consequence of these relations, we can diagonalise the action of the operator K,

)

and set
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. . i1 ;2
to obtain that there exist scalars y; € {—1,1} and w; € {1,e?7'3,e2""3} such that

{3)-oi

In particular, this gives us the local relations

1Y a 1Y
i n R = o
p P 14 4

Remark 4.3. Note that we are free to change our basis of Dy, (p ® p — p) by a
unitary which commutes with the operator K!. In particular, if m = 2 and yo = x1,
then we are free to pick any other orthonormal basis of D,,(p ® p — p), and if yo #
X1, then we can only rescale each basis vector by an element of U(1).

With this special choice of bases, we can determine the following local relations
in Oy,.

Lemma 4.4. There are scalars

i,J pij obd piJ g pid Al i -
A B Clps Dy Al B G Dy €€ 0 <0 j ke, £ <m,
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such that the following local relations hold in D,,:

Proof. The proof is omitted as it is nearly identical to the proof of Lemma 3.15. m

Remark 4.5. As in the self-dual case described in Remark 3.16, the above complex
scalars are precisely entries of certain F'-tensors of Dy, .

With these local relations, we can show that our described numerical data fully
determines the category Dy, .

Proposition 4.6. There is at most one unitary fusion category D,, realising each
tuple of data
(v, x,w,4,B,C,D, A, B,C,D).

Proof. We omit the proof which is nearly identical to the proof of Proposition 3.19
replacing (3.1) with (4.1), the jellyfish relations from Lemmas 3.3 and 3.15 with
those from (4.3), (4.2), and Lemma 4.4, and using absorption relations similar to
Lemma 3.18. ]
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4.2. Centre analysis

As in the self-dual case, we study the centre of £, in order to determine information
about our free variables. We restrict our attention to the case of m = 2, as this is the
most difficult case, and we need as much information about our numerical data as
possible in order to make progress on the classification. While we could repeat the
analysis for m = 1, this is unnecessary as in this case the lack of multiplicity makes
it easy to solve for our numerical data.

Our main result of this section is as follows.

Lemma 4.7. Ifm =2 and xo = 1, then
i,0 Q+i)—+5 i1 (2—1)— /0
Yy =GOy A=Y ai=o
i i i

In the case of y1 = xo, knowing the above information about the free variables
A K will be the key starting point in showing non-existence of the category - later
on in this paper.

To show this result, we study the tube algebra of D,. As in the self-dual case, we
only study a small sub-algebra. We choose the following bases:

a-ml0. 9). © {O))]

0 1
A1 = span , , , ,

By direct computation, we obtain the following:

(1) The irreducible representations of A1, are

o © ©
xoll 1 245 2445
all 1 2=V5 2-45
X2 1 —1 i —i
il =1 —i i
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Hence, I (1) contains 4 simple objects X; with dimensions
dim(Xo) =1, dim(X;) =9+ 4+/5, dim(X,) = dim(X3) = 5 + 2+/5.

(2) The irreducible representations of Ay—¢ are

0 & @

. a(l+ip)++/2a2(1+ip)+4ipn  .a(l+ip)++/2a2(1+ip)+4ip
70 | 1 i > i >

. a(1—ip)++/2a2(1—ipn)—4in ca(l—ip)++/2a2(1—ip)—4ip
71 | 1 —i > —i >

. a(l+ip)—/2a2(1+ipw)+4ipn . a(1+ipn)—+/2a2(1+ip)+4ip
| 1 i > i >

. _: _ 2 s A . _: _ 2 s A3
3 1 i a(l1—iw) «/2;1 (1—ip)—4in _la(l in) «/2;1 (1—ip)—4in

where a := yo + y1 € {0, £2}. Hence, I () contains 4 simple objects Y;
with dimensions

20 +8+/5
2+ a(l +ip) £ 2a2(1 + ip) + 4ipl?

and
20 + 8+/5

2+ YHa(l —ip) £ 2421 — i) — 4ipl?

(3) Let 17, be the action of A1 on A1 ,. Then

0O 010
oo o1
1””(@3)_1000’
01 0 O

S
A~}
©
N—
I
S
S &

£
i~}

I
U
< <
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where ¢ and ¢’ are the operators on Hom(p ® p — p) defined by

¢<;K>,Z,A§Affk/&
(1) G mmerh

J

which we can naturally identify as operators on the two spaces

o)

by local insertion. That is, the elements of Aj«; which involve ¢, ¢’ above

acton Aj, by applying ¢, ¢ locally on the trivalent vertices in our standard
basis of A1« p.

With these computations in hand, we either pin down the scalars y¢ and y; or determ-
ine the operator ¢.

Proof of Lemma 4.7. Recall we have three possibilities for a € {—2,0,2}. If a = 0,
then we have yo = —x1. Thus, we can restrict our attention to the case of a = £2.

We begin by determining the decomposition of j7, into irreducible representa-
tions of A;—1. As Xy is the tensor unit of Z(Dy,), its restriction contains no copies
of p, and thus, {7, contains no copies of yo. We also know that Tr(;7,) = 0, and so,
from the character table of 4;_.1 above, we must have that

17, =201 @ hy2® (2—k)xs

with k € {0, 1, 2}. In particular, we find that

Tr(lnp(@)) =425+ 2i(k —1) = Tr(¢) =2 — V5 +ik —1).
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To determine k, we study the restriction of the objects X; and Y;. By the above
decomposition of {77, and from counting dimensions, we have

F(Xo) =1,
F(X1)=1d2p20p,
F(X2)=1®kp®d (2—k)ap,
F(X3)=1dQ2—k)p & kap.

By our assumption that a = £2, one of the objects ¥; must be invertible. Thus, we
can label our Y; so that

FYo) = «,

F(Y1) =a® 20 2ap,
FYo)=a® 2—k)p® kap,
F(Y3)=a®kpd (2—k)ap.

Hence, we now know the restriction of all the objects in both (1) and I (), up to
the integer k. Denote by Z; the remaining simple objects in Z(D), i.e., those simple
objects such that

F(Zi) = pip @ qiap,

where p;, g; are positive integers. This allows us to write
I(p) =2X, + kX2 + Q=) Xs + 2V + Q= Y2 + kY3 + Y piZi,
I(ap) =2X1 + 2= k)Xo + kX3 +2Y1 + kY2 + Q= K)Ys + Y i Z;.
Therefore,
20 = dimHom(Z (p), I(p)) = 4k> — 8k + 16+ Y _ p?.
20 = dim Hom(I (ap). I (ap)) = 4k> —8k + 16+ Y g7,
16 = dim Hom(Z (p). I (ap)) = —4k* + 8k + 8 + > _ pigi.
If k € {0, 2}, then we get

Y pP=>g'=4 and ) pigi =8,

which is impossible. Thus, we must have k = 1, and so, Tr(¢) = 2 — +/5. From

1
o | GmD) Q+@+(z+\/§)@+(2+\/§) =0
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and

(©) - (@) -+(©) -+ ()

we find that ¢ has the two distinct eigenvalues

Q+i)—+/5 Q2—-i)—+5
sy  amd

Finally, by Remark 4.3, we are free to unitarily change our basis of D,(p ® p —
p) by any element of U(2). In particular, we can choose this basis so that ¢ acts
diagonally. This gives the statement of the lemma. ]

4.3. Symmetries

We now use the tetrahedral symmetries to determine relations between the 128 com-
plex scalars:

i,J i,J i,J iL,J qisJ pi,Jj ALJ NisJ
Ao Ble Gl Diy Afy By Gy and Dy
Using the same techniques as in the self-dual case, we are able to show the following

lemma.

Lemma 4. 8 The scalars Bk’jz, Dk’]Z, Ak’Je, Ck’J D 7 ¢ can be expressed in terms of the

scalars A ke s follows:

i,j __ k,i i,j _
Bk,z = —v)(ga)eAﬂ, Dk,é = —v" a)gAlﬁ,

(i) 2 40 AL J Ni.J _ gk.J
Ay =—v weAk v G ﬁ“)ﬁAﬂ’ Dy = Ay

The scalars B Ilc]Z can be expressed in terms of the scalars C ]ié as follows:

i,j _ 3,.k,j
Bk’g—v Ccr.

The scalars A;{” y satisfy 7./4Z, symmetries generated by the relations
5 l
Akjé = v)(,a)]a)ka){z Aj Y= Xi X k@i 0] a)kA]
The scalars C ,i ¢ satisfy S3 symmetries generated by the order three rotation

Ckz—wgC —a)ZC
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and the order two flip
Ci,j _ X 2 Cksé
ko = XiXk®i Wl ;.

Finally, we have that if xo = — )1, then

A, =C] ifi+j+k+L=0 (mod2).

Proof. The proof of this lemma uses the exact same techniques as in the proof of
Lemma 3.21. The only real difference is that we have different Frobenius operators in
this case. ]

4.4. Classification

We now complete the proof of Theorem 4.1 to complete the classification in the non
self dual case. To prove this theorem, we break into three cases: (1) m =1, (2)m =2
and yo = —yx1,and 3) m = 2 and yo = y1.

The case m = 1. If m = 1, then from our previous analysis we only have to determine
the sign y¢, the 3rd root of unity wg, the 8th root of unity v, and the two complex
scalars a := Agjg and ¢ := C(?,’(?. Further, we have that if wg # 1, then ¢ = 0.

By evaluating the diagrams

k K
RS a“d?%g
k k

in two ways (see footnote 4), we obtain the following equations:
1 v
1+v2 1442

With the first two of these equations, we can solve to find

lal> + e =1, 2la)* =1 = a()owo — v).

1 1
la? =1— — and |c|> = —

V2 V2

and thus, we have wy = 1. The general solution to these equations is then given by

Vv

“Ta-y

xo=1, (-14++2), and ¢ = ei92_71,

where 6 is any phase.
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Lemma 4.9. There are exactly two unitary fusion categories, up to monoidal equi-
valence, which categorify S(1).

Proof. By unitarily renormalising the basis element

;)XRHZ- ;&, z e U(1),

we change ¢ to z72¢. We can thus renormalise so that ¢ = 2_71. Hence, we have two
solutions for our free variables, depending on the choice of v = e*i” 1. By Propos-
ition 4.6, there are at most 2 unitary fusion categories with these fusion rules. These
two unitary fusion categories are realised by the even parts of the two subfactors
8’ constructed in [34], which are monoidally non-equivalent and complex conjugate
to each other. Indeed, they each admit a Z/2Z-equivariantisation, which produces
monoidally non-equivalent 2%/4Z1 near-group fusion categories which are complex
conjugate [35, Example 2.2] and [25, Example 9.5]. ]

The case m =2 and yo = —x1 = 1. If m =2 and yo = —x1 = 1, then we have
to determine the 3rd roots of unity w;, the 8th root of unity v, and the free complex
variables A;(,]l and C li; . We can represent these free complex variables in the same
matrix notation as in (3.3) in the self-dual section. After applying the symmetries of
Lemma 4.8, we obtain

ao 0 0 0 co 0 0 O
0 ai —vewida; 0 0 00 O
A = 5 — s C =
vwidy a 0 0 0 O
0 0 as 0 0 ¢

Due to the large number of variables which are zero, it is fairly easy to derive a
contradiction in this case.

Lemma 4.10. There is no unitary fusion category that categorifies S(2) with yo =
—x1 =1

Proof. By evaluating



Classification of Z /27Z-quadratic unitary fusion categories 555

in two ways (see footnote 4), we obtain the equation

ki (k' .k gJ.k

XZXZ/a)ga)g/ Z Aj,é Aj’e/l + a)ga)c% Z Ail,( A{,K/ - (2 - \/g)gg,k(gg/’k/ = Se,e/gk’k/.
irj i.j

Takingk =k’ =0and £ = £’ = 1 gives |a,|*> = % andtakingk = k' =L =1 =

gives 2|ag|? 4 2|a1|> = 3 — +/5. These two equations imply 2|ag|? < 0, a contradic-

tion. |

The case m = 2 and y¢ = yi. Finally, we deal with the last case where m = 2 and
Xo = x1. Let us again represent our free variables A;c’ ; and C ,i ; in matrix form as in
(3.3). After applying the symmetries of Lemma 4.8, we obtain the following:

B ao aq woa)lzal an
4 —Vyowid; as T TE as
| —vpewddn —vyewlds as wiwias |
| —vXowow1dz —Vyowdds —VvYowids as
i Co 1 woC1 C2
c c wicy wiwic; wics
B wicr w1z wic c3
_Cl)oa)%Cz wi1C3 C3 C4

Recall from Lemma 4.7 that in this case we have

o_ 2+ =45 1 2—i)—+/5 i1 /0
I e R D S ay )
i i i i
which implies that
Q2+i)—+/5 _2-i)—5

ap+az = ——, as-—+as 5 s

) ay = —dg = —a)ga)la4.

With these linear equations in hand, it is straightforward to show non-existence in
this case.

Theorem 4.11. There is no unitary fusion category that categorifies S(2) with yo =
X1

Proof. Evaluating the diagram
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in two ways (see footnote 4) gives

K ki
ZA;ZK + U3)(ga)g ZAI.”Z — 8 x(2— \/g) =0.
i i

In terms of our free variables, this gives us the following:

2 — 5 =ag+ asz + 2v3 yowoao + 2d3
=i— 203 yowo(2vowads + 2a3 + (=2 —i) + V/3),
2—-+/5= as +as + 2v3)(0a)1a5 + 2a;
= —i— 20> w1 (2vyowids + 2az + (-2 +i) + x/g)
This system of equations of the complex variable a3 does not hold for any values of

. ir —im 2ir iz
our free variables yo € {—1,1},ve{e?,e 4 },and wg,w; € {l,e3 ,e 3 }. ]

A. A multiplicity bound for Z /2Z-quadratic categories
(by Ryan Johnson, Siu-Hung Ng, David Penneys, Jolie Roat,
Matthew Titsworth, and Henry Tucker)

In this appendix, we prove Theorem 2.4. That is, given a pseudounitary Z /27 quad-
ratic fusion category with simple objects 1, o, p, ap with p self-dual and fusion rules

determined by
a>=1 and p*> = 1@ mp® nap, (Q3)

(m, n) must be one of (0, 0), (0, 1), (1,0), (1, 1), (2, 2).

A.1l. Basic number theoretic constraints

Given a Z/27Z-quadratic category € with fusion rules (Q3), the fusion matrices are
given in the ordering 1, p, ap, @ by

01 0 0
1{m n O

L= L:

p oln m 1| 7% ’
0|0 1 O
0l0 0 1

La=0010
0|1 0 O
\ 10 0 0

Setting d := dim(p), we have dim(e) = 1 and d? = 1 + (m + n)d so that

d:%(m+n+ 4+ (m +n)?). (A.1)
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Then

N (m+n)®>+2m+n)/4+ m+n?2+4+m+n)?
2

dim(€) =2+ 2d? =2
=442(m+n)d.

Since K(€) is abelian of dimension 4, its irreducible representations are all 1-dimen-
sional. Hence, by [49, Remark 2.11], the element

4 2m 2n 0
2m 2n%*+2m?+4 dmn 2n

o 2 2 2 _
Ri=T+Lp+ Lo+ la= 2n dmn 2n?2+2m?+4 2m
0 2n 2m 4

is central in K¢ (), and the roots of its characteristic polynomial are called the formal
codegrees [48] of €:

Ji =44 () 4 (n ) VA (m )2,
fo =44 (m A+ n)* = (m+n)Va+ (m+n)2,
fr=4+(m—n)*+(m—n)yid+ (m—n)?,
fa =4+ (m—n)>—(m—n)Va+ (m—n).

A.2. Computing the induction and forgetful functor

We now assume that € is pseudounitary, and we analyse the centre Z(€), the forgetful
functor ¥ : Z(€) — €, and the induction functor I : € — Z(€). Recall that

FIe)= @ x®cox* Veet (A2)
xelrr(€)
and that ¥ is biadjoint to .I. We use the notation (a, b) := dim(€(a — b)) and
(A, B) :=dim(Z(€)(A — B)).
Lemma A.1 ([49, Theorem 2.13]). There are distinct simple objects 1zce), X2, X3,
X4 € Irr(Z(€)) such that

I(le) = lz(*g) P XD X3P Xy and dim(Xp) = %
k

|4+ (m+n)?
TN Ak m—n2

Setting
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it is straightforward to calculate that

5 .
dim(X,) = % - f{lﬁ — 1+ (m+n)d = dlmz(f) _1,
dim(X3) = % = 2;: =1+ %(m +n)d — g(m —n)d,
dim(X4) = % = 22 =1+ %(m +n)d + g(m —n)d.

Remark A.2. Since dim(X;), dim(X3), dim(X4) € Z(d), it must be the case that
eitherm =norr € Q(d). lf m =0 orn =0, then r = 1. One may check that if
0#£#m#n#0andr € Q(d), then m + n > 11. We will show below in Theorem A.12
thatm +n < 5.

Proposition A.3. The centre Z(€) has 8 distinct simple objects 1z¢ey, X2, X3, X4,
Y1, Ya, Y3, Y4 such that

Ile)=1zey P Xo® X3P X4 and I(a) =Y @Y, DYDY,

Denote the rest of the simple objects of Z(€) by {Zs}ses where S is some finite set.
The matrix F of the forgetful functor ¥ : Z(€) — € can then be represented as
follows, where zero entries are omitted:

lzeey X2 Xz Xq | Y1 Yo Y3 Y4 Zs
e 1 1 1 1

F= « 1 1 1 1
Y X2 X3 X4 | Y1 Y2 Y3 V4| Zs
ap XyooXyooXy | YLV Yy Vil Zs

and the induction matrix is given by FT. Moreover,

4 4
Y xj=2m and Y xj=2n, (A3)
i=2 j=2

X2+ X5 =m+n, (A.4)

, 1 r
X3+ x5 = S(m+n) = Z(m—n), (A5)
, 1 r
X4+ x5 = E(m—kn)—}—i(m—n), (A.6)
4 4
Y yi=2n and ) y;=2m. (A7)
=1 ji=1
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Proof. First, 1z¢ey decomposes as desired by Lemma A.1. Next, observe that, by
equation (A.2),

(Z(a), I(2)) =4,
(FI(le),a)=0.

Since the first Frobenius—Schur indicator vy satisfies Trze)(01(«)) = 0 [43, Remark
4.6] (see also [49, Theorem 2.4]), I () decomposes as 4 distinct simples which are
distinct from 1z(¢), X2, X3, X4. Equations (A.3) and (A.7) follow from calculating
F I(le)and ¥ I(«).Equations (A.4),(A.5), and (A.6) now follow from the formulas
for dim(Xy) for k = 2,3, 4. ]

We now compute the dimensions of all the hom spaces amongst I (p) and I (xp)
in two ways. The first way is by taking adjoints and using (A.2). The second way
is by using the induction matrix F7 computed in Proposition A.3. This gives us the

following:
4 4
(I(p). I(p) =4+2m>+202 =) x2+ ) y?+ ) z2, (A.8)
=2 = s
4 4
(I(p). I(ap)) =4mn = ijx} + Zyjyj'- + ZZSZ;, (A.9)
j=2 j=1 s

4 4
(I(@p). I(@p)) =4+ 2m* +2n% =D () + D (3> + D (z0)*  (A.10)
j=2 j=1 K
Lemma A.4. The non-negative integers x;j, X}, yj. ¥}, Zs, Zg satisfy

5 r? i
8+ E(Wl +n)? — ?(m —n)? = Z(yj +y)*+ Z(ZS + z5)2, (A.11)
Jj=1 s

4 4
B+dim—n) =) (—x)>+ ) =Pty (s —z)%
j=2 Jj=1 s
(A.12)

Proof. To get the first equation, sum equations (A.8) and (A.10) and twice equation
(A.9). Then, use equations (A.4), (A.5), and (A.6) and simplify. The second is similar.
]

Proposition A.5. We have the following upper bound:

D +z) <8+ %(m + n)2. (A.13)

N
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Proof. By equation (A.11), the desired inequality is implied by
2

4 4
1 r?

DIz | vty | = n)? = n ) = (m—n)?,

j=1 j=1
which is true. The second equality above holds by equation (A.7), and the first ine-
quality above follows from the fact that for any real numbers w, x, y, z, we have
4w+ x4+ ¥+ 2 - (wHx+y+2)?

=w-0)?+w-y’+w-2+ &=+ x-27+-2°20

The proof is complete. |

Proposition A.6. Denote the twists of Y1,...,Ya by 01, ..., 04. We have 07 = 63 =
03 = 67 = £1. Setting 0 = 6, without loss of generality, we have 6 € {1,i}.

Proof. We calculate the following Frobenius—Schur indicators [43] of «:

4
0 = Trzee)(O1) = ) 6; dim(¥), (A.14)
j=1
4
+dim(€) = Trzce)(037) = Y 07 dim(¥;). (A.15)
j=1

Since dim(I(«)) = dim(€) = Z};l dim(Y%), equation (A.15) implies that 67 =
63 = 02 = 67 = +1. By equation (A.14), the 6; s split up into two nonempty groups
of opposite sign, so without loss of generality, 6; € {1,i}. [

Definition A.7. For j =2,...,4, weletg; € {—1, +1} such that ¢;0 = 6; where
0 = 6, is the twist of Y;. We also set y := %(m +n)+ 5 and y := %(m +n)— 5.
Notice that y + = m + n and that y? + 72 = %(m +n)? + %(m —n)2.

Proposition A.8. We have the following equalities:

2
— 05z +2))%d = %(m +n)2d + %(m —n)%d +2(m + n)

4
+60) & (y + ¥+ (v + y))d), (A.16)
j=1

3 2
=Y 2+ P = A+ S+ + %(m —n)2d +2(m + n)
S
4

+62> (i + DA+ (v + y)d). (A.17)
j=1
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where A := :I:(Trz(g)(Gi(p)) + Trz(g)(Q%(ap))) € {0, £2dim(C) = =(8 4+ 4(m +
n)d)}.
Proof. To get (A.16), we add the following two equations for the first Frobenius—

Schur indicators [43] of I(p) and I(ap), and we use equations (A.4), (A.5), and
(A.6) in conjunction with Definition A.7:

0 = Try)(01(p)) = x2(1 + (m +n)d) + x3(1 + yd) + x4(1 + yd)

4
+6 Zsjyj(l + (yj +y)d) + ZHSZS(ZS +z.)d,

j=1 s

0 = Try)(O1(gp)) = X5(1 + (m 4+ n)d) + x5(1 + yd) + x4(1 + yd)
4
+0> ey (1+ (v +yDd) + > 6szi(zs + 20)d.

j=1 s
Obtaining equation (A.17) is similar using the second Frobenius—Schur indicators

[43] of p and ap:

+dim(€) = Trz(e) (03 () = x2(1 + (m +n)d) + x3(1 + yd) + xa(1 + 7d)

4
+ 602y (L4 (v + y)d) + Y 0225(z5 + 29)d,
Jj=1 s

+dim(€) = Trzee) (03, = x2(1 + (m 4+ n)d) + x5(1 + yd) + x4(1 + 7d)
4
+ 62> Y+ (y +yDd) + Y 02zi(zs + 20)d.
j=1 s

Adding the above equations, applying (A.4), (A.5), (A.6), and Definition A.7, and
rearranging give the result. ]

Theorem A.9 ([30, Proposition 5.6 and Theorem 5.7]). Suppose that u,v € 7 and
t € N is square free. We have the following:

(1) It requires at least |u| + 2|v| roots of unity to write u + v/2 as a sum of roots
of unity.
(2) It requires at least |v|@(2t) roots of unity to write u + v/t as a sum of roots
of unity.
Corollary A.10. Suppose thatu € Q, v € Z, and t € N is square free. We have the
following:
(1) It requires at least |u| + 2|v| roots of unity to write u + v+/2 as a sum of roots
of unity.
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(2) It requires at least |v|@(2t) roots of unity to write u + v/t as a sum of roots
of unity.

Proof. Suppose that ZzN=1 & =u + v+/2. Write u = p/q in lowest terms with g > 0
so that

N
g &=p+quV2.
s=1

By Theorem A.9(1), g N > |p| + 2q|v|,so N > |u| + 2|v]|.

Now, suppose that ZlN=1 & = u + v4/t. Again, write u = p/q in lowest terms
with ¢ > 0 so that ¢ Zévzl {s = p + qu+/t. By Theorem A.9(2), gN > q|v|e(2t), so
N > |v]p(2t). [

Lemma A.11. Forallt € N witht # 1,2,3,6, ¢(2t) > /1%L,

Proof. By [28], forall t € N, ¢(2¢) > 2(%)2/3. It is straightforward to show that for
t>42,2 (%)2/3 > /16t /5. One verifies directly that for t = 4,5and 7 <t < 42,
¢(2t) = /16t /5. The result follows. ]

Theorem A.12. [fthere is a pseudounitary fusion category € with fusion rules (Q3),
then (im 4+ n) < 5.

Proof. We consider the two cases for 8 € {1, i} afforded by Proposition A.6.
(1) Suppose that € = i. We add equation (A.16) to its complex conjugate, divide
by d, and simplify to obtain

— Z(QS +05)(zs + 20)? = (m + 1) + r2(m — n)® + 2(m + n) /4 + (m + n)2.
] (A.18)

Case 1. Suppose that (m + n)? + 4 = 2v2 for some integer vy > 0. Then, by Corol-
lary A.10 (1) with v = 2(m + n)vo, it requires at least

(m +n)? 4+ r*(m —n)> + 4(m + n) \/w > (1 +%)(m+n)2

=Vo

=2v

roots of unity to write the right-hand side of equation (A.18). Together with inequality
(A.13), we have the following:

16 + 3(m + n)* > 2;(23 +z0)* > (1 + %)(m +n)?,

which implies m +n < 4.
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Case 2. If 4 + (m + n)? # 2v2, then we can write 4 + (m + n)? = v?t, where
v, t are integers with v > 0 and ¢ > 2 is square free. Then, by Corollary A.10(2),
it requires at least 2(m + n)v(2t) roots of unity to write the right-hand side of equa-
tion (A.18). Since 4 + (m + n)?> = +1 mod 3, we know 4 + (m + n)? ¢ {1,2,3,6}.
By Lemma A.11,

16v2¢ 4 2
v2((21)% > 15) — vp2t) > 4“@.

Now, by inequality (A.13), we have the following:

16 + 3(m + n)* > ZZ(ZS +z)% > 2(m + n)ve(2t)
S

[4 2
5
which implies thatm 4+ n < 4.

(2) Suppose that & = 1. Then, dividing equation (A.17) by d and simplifying, we
get

A+4m+n) 3

_ 2 \2 A\ = 2
;es(zs +2{) Tty
7'2 4
+ = (m —n)? +]Z=;(yj + )2 (A.19)

There are now 2 cases depending on the value of A.

Case 1. Suppose that A = 0. Then, equation (A.19) becomes

=Y 62z +29)” =2(a+b)V4+ (m+n)? - %(m +n)?

2 4
r 2 2
+ 7(m —n) +j§_1(y,~ +y)%. (A.20)

Case 2. Suppose that A = £2dim(C) = £(8 4 4(m + n)d). Then, equation (A.19)

becomes

=Y 02z + 2 =20m +n £2)V4+ (m+n)?—2(m +n £ 2)(a + b)

3 2 4
£ 4 )4 S04 =) 30 40
(A.21)
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In either of the above cases, arguing as in (1) where 8 = i, we see that it takes at

min{8(m +n —2)\/@,4(m +n —2)\/@}

ziz(m+n)(m+n—2)

least

roots of unity to write the right-hand sides of equations (A.20) and (A.21). Now, by
inequality (A.13), we see that

3 4
8+§(m+n)22 E (zs+zé)22—2(m+n)(m+n—2),
S

%

which implies m + n < 5. |
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