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Zero mean curvature surfaces in isotropic space with planar
curvature lines

Joseph Cho and Masaya Hara

Abstract. We give a comprehensive account of zero mean curvature surfaces with planar cur-
vature lines in isotropic 3-space. After providing a complete classification of all such surfaces,
we show that they belong to a 1-parameter family of surfaces. We then investigate their rela-
tionship to Thomsen-type surfaces in isotropic 3-space, those zero mean curvature surfaces in
isotropic 3-space that are also affine minimal.

1. Introduction

In surface theory, surfaces with specific geometric constraints—such as constant cur-
vature, embeddedness, or compactness—are highly sought after, with particular inter-
est in those satisfying multiple constraints. Among these, the condition of having
planar curvature lines has drawn significant attention from both classical and modern
geometers. The study of surfaces with planar curvature lines began in the middle of
19th century with the works of Monge [28], Joachimsthal [21], and Bonnet [8, 10],
who treated surfaces as graphs of functions of two variables. However, it was Enneper
[18,19] and his students [7,24,50] in the latter half of the 19th century who introduced
analytical methods for studying surfaces of constant curvature with planar curvature
lines, and these methods had a profound impact on modern surface theory. Notably,
following the discovery of Wente tori [52] in 1986, Abresch [1] and Walter [51]
independently observed that Wente tori possess one family of planar curvature lines,
providing a simplifying ansatz that enabled explicit descriptions of these tori follow-
ing the approach taken by Enneper.

Classical geometers were also interested in minimal surfaces with planar curva-
ture lines, with their classification completed by Bonnet [9] and Enneper [17]. For this
reason, such minimal surfaces are often referred to as Bonnet minimal surfaces. (For
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a modern treatment, see [29, Section 2.6].) Interestingly, Bonnet minimal surfaces
have an alternative characterization from the perspective of affine differential geom-
etry found in 1923: a minimal surface is a Bonnet minimal surface if and only if its
conjugate minimal surface is a Thomsen surface, a minimal surface that is also affine
minimal [49]. Through analytical methods, it was later demonstrated that Thomsen
surfaces form a 1-parameter family of surfaces [3, 37], which in turn implies that
Bonnet minimal surfaces also constitute a 1-parameter family (see also [12]).

Similar considerations were given to zero mean curvature surfaces in Minkowski
space. The classification of Bonnet-type maximal surfaces is provided in [23] in 2015,
while their connection to Thomsen-type maximal surfaces is explored in [26], and
they are also shown to form a 1-parameter family in [13]. Thomsen-type timelike min-
imal surfaces were first studied in [25], and Bonnet-type timelike minimal surfaces
received a comprehensive treatment, including their classification, in [2] in 2020.

In this paper, we shift our focus to simply isotropic space to explore analogous
problems. Isotropic plane geometry first emerged in early 20th century as one of the
Cayley—Klein geometries through a particular choice of the absolute quadric in pro-
jective geometry [4,5]. The study of surface theory within simply isotropic geometry,
which we refer to as isotropic geometry hereafter, followed soon after in the 1940s,
with foundational works by Strubecker [41-44]. Notably, a Weierstrass-type repre-
sentation for zero mean curvature surfaces in isotropic space was introduced in [42].
(For a more contemporary account of isotropic geometry, see [35].) In recent years,
interest in surface theory within isotropic geometry has seen renewed attention, par-
ticularly due to its applications in architecture [20,22,27,33,34,48].

This paper aims to provide an exhaustive account of zero mean curvature sur-
faces with planar curvature lines in isotropic space. This problem was considered by
Strubecker [47] as part of his examination of zero mean curvature surfaces in isotropic
space that are also affine minimal. In the work, Strubecker finds notable examples of
such surfaces, and shows that the conjugate zero mean curvature surfaces are zero
mean curvature surfaces with planar curvature lines. (We also note here that reflection
principles across geodesic planar curvature lines in isotropic planes for zero mean
curvature surfaces in isotropic space have been discussed in [45].)

We will consider this topic with an emphasis on the constraint of having pla-
nar curvature lines, allowing us to use modern analytical methods modeled after the
works of Abresch and Walter [1, 51] (also used in [2, 12, 13]). Thus, after briefly
describing surface theory of isotropic 3-spaces in Section 2, we will focus on zero
mean curvature surfaces with planar curvature lines in Section 3. In particular, we
will use the aforementioned analytical methods to give an analytic classification of
all zero mean curvature surfaces with planar curvature lines in Theorem 3.5. Then,
using the Weierstrass-type representation for zero mean curvature surfaces in isotropic
space [42] (see also [15,32,35,36,38]), we will recover the Weierstrass data for these
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surfaces, thereby obtaining a complete classification in Theorem 3.13. After noting
few geometric facts about zero mean curvature surfaces with planar curvature lines in
Section 4, we show that these surfaces constitute a 1-parameter family of surfaces in
Section 5 on the level of Weierstrass-data (see Theorem 5.2).

Finally, in Section 6, we explore zero mean curvature surfaces in isotropic space
that are also affine minimal, and show that they are conjugate zero mean curvature
surfaces of those zero mean curvature surfaces with planar curvature lines in Theo-
rem 6.1, recovering the result by Strubecker in [47]. This result quickly leads to a
complete classification of these surfaces in Theorem 6.2, and also allows us to con-
clude immediately that these surfaces also constitute a 1-parameter family of surfaces
in Theorem 6.3.

2. Preliminaries

We first briefly describe the isotropic 3-space and the surface theory within by follow-
ing the viewpoint taken in [11].

2.1. Isotropic 3-space

Denote by R*! the Minkowski 4-space equipped with the bilinear form (-, -) of sig-
nature (— + + + ), and let &£ denote the light cone, i.e.,

£ ={X eR> : (X, X) =0}
Choosing some p,p € £ with (p,p) = 1, the isotropic 3-space I3 is given by

I?={X eR>»!: (X,p) =0}
To consider coordinates, we will normalize p and p as

p=(1,0,0,1 and p= %(—1,0,0, 1),
and the simply isotropic space, referred to as isotropic space hereafter, is given by
I ={( x,y.0) eR>},
so that the induced metric is
ds]?3 = dx? 4+ dy?.

The isometries of I are then induced by the isometries of R3'!: denoting the set
of orientation-preserving isometries of the Minkowski 4-space that fix the origin as
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SO(3, 1), the set of orientation-preserving isometries of I3, denoted by SO(2, 0, 1),
are given by
S0(2,0,1) := {4 € SO3,1) : Ap = p}.
This in particular preserves the co-metric of 13 (see, for example, [14, 36]), as any
isotropic vector in I3 is parallel to p, and hence is preserved under the action.
We will often refer to the coordinate space {(x, y, £)"} as isotropic 3-space, and
refer to the £-direction as vertical.

2.2. Surface theory

Now for some simply-connected domain %, let X : ¥ — I3 ¢ R*! be a space-
like immersion so that they are admissible immersions in isotropic space, that is, the
induced metric on the tangent planes of X is Riemannian. Thus, we may locally find
conformal coordinates (u, v) € ¥ with induced conformal structure z = u + iv so
that there is some w : ¥ — R with

ds? = e2?(du? + dv?) = e*? dz dz. 2.1
This complexification also gives us the Wirtinger derivatives

1 1
0: = S —idy). and 9z = (3 +idy).

Viewing X as a surface of codimension two in R!, every fiber of the normal
bundle of X has signature (1, 1) with p being a constant null section of the normal
bundle. Therefore, we may find a unique n : ¥ — £ so that

(dX,n) =0 and (n,p)=1.

Such n is called the lightlike Gauss map of X, and can be used to calculate the second
fundamental form via

Il = Ldu? +2M dudv + N dv?
with
L= (Xyy,n), M:=(Xyy,n), N :=(Xyy,n).

From the lightlike Gauss map, the parabolic Gauss map v [42, §76] can be obtained
via

v:i=g—p.
In fact, the second fundamental form can also be calculated from the parabolic Gauss

map [31] via

L= _(Xuvvu>s M = _<Xu» Vv) = _<vavu>’ N = _(vavv)-
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The mean curvature H is then given by
1 —2w 1 —2w —2w
H = 7€ (L+N)=§e (Xuu + Xyv, 1) =2e°“(X;3,n),
while the Hopf differential is
1
Qdz? = Z(L — N —2iM)dz? = (X,,,n)dz>.
The Gauss—Weingarten equation now reads
X;; =2w;X; + Op,
1
X,z = Eez"’ Hp,
n, =—HX, —2e?°0Xs,
so that the Gauss—Codazzi equations are

wzz =0, (Gauss equation)
H, =2¢72°Q;. (Codazzi equation)

Now assume that X has zero mean curvature so that H = 0. Then the Codazzi
equation implies that the Hopf differential factor is holomorphic. As we are interested
in zero mean curvature surfaces with planar curvature lines, we reparametrize as in

[6, Lemma 2.3.2] to assume without loss of generality that Q = —% so that (u, v)

are conformal curvature line coordinates, or isothermic coordinates. Here, we are

assuming that there are no umbilics in .
The Gauss—Weingarten equations then simplify to

Xuu = 0uXu — 0y Xy — p,

Xuv = 0y Xy + 0u Xy,

Xyy = —0u Xu + 0y Xy + D,
ny = e %X,

Ny = — 2°X,,

while the compatibility equation becomes

Wyy + Wyy = 0.
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3. Classification of zero mean curvature surfaces with planar
curvature lines

In this section, we will obtain an analytic classification for zero mean curvature sur-
faces with planar curvature lines using the techniques from [1,2,12,13,51]. Then using
the Weierstrass-type representation for zero mean curvature surfaces in isotropic space
[42, §88], we will recover canonical Weierstrass data for these surfaces.

3.1. Analytic classification

We first calculate the condition on w for a zero mean curvature surface X to have
planar curvature lines.

Lemma 3.1. For an umbilic-free zero mean curvature surface in isotropic space, the
following are equivalent:

(1) u-curvature lines are planar.

(2) v-curvature lines are planar.

3) wyy + wywy, = 0.
Proof. We have that u-curvature lines are planar if and only if they have zero torsion;

thus, they are planar if and only if X,,, Xy, Xuuy are linearly dependent [40, equa-
tion (2.13)]. Calculating that

Xuuu = AXy + (—20y0y — 0yy) Xy — 0y P

for some function A, we have that X,,, X,,,,, Xy, are linearly dependent if and only
if

1 0 0
0=—|wy —wy —1 | = wyy + Oywy.
A —2a)ua)v — Wyv —Wy

One can show similarly that v-curvature lines are planar if and only if @y, + W,y
= 0. [ ]

Thus, every zero mean curvature surface with planar curvature lines corresponds
to a solution of the following system of partial differential equations for w:
Wyy + ®wyy = 0, (compatibility condition) (3.1a)
Wyy + Wy, = 0. (zero mean curvature and planarity condition) (3.1b)
Note that @ = ¢ for some real constant ¢ is a trivial solution to (3.1); to obtain non-

trivial solutions to the system of partial differential equations (3.1), we reduce the
problem to a system of ordinary differential equations.
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Proposition 3.2. The non-trivial solutions to (3.1) are given by

o _ S 8@

e , (3.2)

Ju(u) + gv(v)

where f(u) and g(v) are single-variable functions such that

fu) = wye®, (3.3a)
g() 1= wye®, (3.3b)

satisfying the system of ordinary differential equations
Suu = af. (3.4a)
fi=af*+b, (3.4b)
8vv = —ag, (3-40)
g, = —ag’ +b, (3.4d)

for some real constants a, b such that a*> + b? # 0.

Proof. Since w = c is a trivial solution to (3.1), we assume that @ # c. From (3.1b),

we see that
Wyy

= —a)u
Wy
so that integrating both sides with respect to u gives
logwy = — + k1(v)

for some function k1 (v). Therefore, we have

g) =M1W = g e®.
Similarly, (3.1b) also implies that

Fu) = k2 = e

for some function k, (u). Thus, we have by (3.1a) that

0= wyu + wyy = (fe_w)u + (ge_w)v
= fue_w - fa)ue_w + gve_w - ga)ve_w = e_w(fu — fou + gv — gwy),

which in turn tells us
0= fu— fou+ gy —gwy = fu_f2e—w+gv_g26—a)

giving us (3.2).
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Now we will show that f and g satisfies (3.4). Taking the u-derivative of (3.2),
we see by (3.3a) that

— 2ffu(fu + gv) — (f2 + gz)fuu

f = oue” Vot g

so that
f(fuz _gi) - (f2 + gz)fuu =0.

Thus, we have

Juu =af (3.5)
where 5 5
a:= %. (3.6)

Note that since f,, and f are functions of u alone, (3.5) implies a, = 0.
On the other hand, taking the v-derivative of (3.2) and using (3.3b), we have

o _ 288v(fut80) = (f? + 8%)gv
(fu + &v)? ’

g = wye

which implies
—¢(f =g — (2 + &))gw = 0.
Therefore, we have by (3.6) that

fu2 — g%
RETaR

but since g,, and g are functions of v alone, we have a,, = 0. Thus we conclude that

gvv =

a is some real constant, giving us (3.4a) and (3.4c¢).
Finally, multiplying (3.4a) by 2 f,, and integrating by u gives us

fii =af?+b,
while multiplying (3.4c) by 2g, and integrating by v implies
g2 = —ag” + b
for some constants of integration b and b. Thus by (3.6), we have
b—b=fi-g —a(f>+g>)=0.
giving us (3.4b) and (3.4d). ]
Before we solve (3.4) explicitly, we derive an additional condition for b.

Lemma 3.3. The constant b in (3.4) is non-negative, that is, b > 0.
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Proof. Suppose for contradiction that b < 0. If a > 0, then (3.4d) gives us

go=—ag’+b <0,

which is a contradiction. If a < 0, then (3.4b) implies
fu2 =af2+b <0,
which is also a contradiction. ]

We also note here that by switching the parameters (u, v), the system of ordinary
differential equations (3.4) is symmetric in f and g: thus, we may assume without
loss of generality that @ > 0. Under these conditions of @ > 0 and b > 0, let us take
the constants « := /a and 8 := Vb, and in the case o # 0, we can solve (3.4a) and
(3.4¢) to obtain the general solutions

[ =Cie® + Cre™™", (3.72)
g = C3' + Cye™'®, (3.7b)

where Cy, C», C3, and Cj are constants such that C;, C, € R and C;3 = Cy4 € C since
f and g are real-valued functions. Then using (3.4b) and (3.4d), we obtain additional
relations on the constants,

132

C1Cy = —— = —C3Ca = |G, (3.8)

Using these relations, we can identify the initial conditions for f and g using the

following lemma.

Lemma 3.4. The solution f (resp. g) to (3.4) has a zero if and only ifb >0 or f =0
(resp. g = 0).

Proof. To show one direction, suppose that there exists some u such that f(ug) = 0.
Using Lemma 3.3 we know that b > 0; thus, we have only to see that if » = 0 then
f =0.When b = 0sothat 8 = 0 (and @ > 0), (3.8) implies that

C1C, =0.

Assuming without loss of generality that C; = 0, we have f = Cje** which has a
zero only if C; = 0, that is, f = 0. The statement for g is proven similarly.

To show the other direction, we only have to see that if » > 0 then f and g have
a zero. So let f be of the form (3.7a) satisfying (3.8) with 8 > 0. Then, if we let

1 B2
= —1 e R,
"= o Og(4c12a2)

we can check directly that f(ug) = 0.
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On the other hand, if g takes the form (3.7b) satisfying (3.8) with 8 > 0, then we
may write

64 = C3 = %eie

for some 6 € R. Then, if we have
vo = o —20),
2
we can verify that g(vg) = 0. ]
Now we are in a position to solve for f and g explicitly using (3.7) with (3.8).
Case (a): Let o > 0 and 8 = 0. Then we have by (3.8) that
C1C, =0 = |C5]?

so that we obtain

f =C e:l:ozu

g§=0,
for some nonzero real constant C. By considering a coordinate change in u +— —u,
we may assume without loss of generality that f = Ce®* which in turn implies that

C > 0O since 5 )
fTte €

D<e?=—=—¢
Ju + 8o o4
1 . .
Then a parameter change of the form of u > —u — - log C allows us to simplify so
that
f — e—ocu
{ g=0.

Case (b): If o = 0 and B > 0, then (3.4) becomes
fuuzov and gvv=0a
12 =B g2 = F*
and using Lemma 3.4, we have that
f = =xpu,
g = =pv.

Considering coordinate changes and the fact that f,, + g, # 0 from (3.2), we may
assume without loss of generality that

{f = Pu,
g = Pv.
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Case (c): Finally, if « > 0 and § > 0, then, using Lemma 3.4 on general solutions
(3.7), we may assume f(0) = g(0) = 0, so that

0=C1 4+ Cy, =C3 + Cy.
Thus, (3.8) tells us

B

Clzzl:ﬂ and C3 =+—,
2a 200

and the solutions are given by
==+ ﬁ sinhau,
o
g = £—sinav.
o

Again, by considering coordinate changes and shift in parameters v > v + 7, we
may assume

f = gsinhau,
g = —sinav.
o

We summarize the discussions in the section in the following classification of all
zero mean curvature surfaces with planar curvature lines (see also Figure 1).

Theorem 3.5. Let X : ¥ — I3 be a non-planar zero mean curvature immersion con-
formally parametrized by (u,v) € X so that

ds? = ??(du? + dv?)

with normalized Hopf differential factor Q dz? = —% dz?. Then X has planar curva-
ture lines if and only if w satisfies one of the following cases:

Case (1) If w is not constant, then

ot _ S +8@)

) + gu(v)
where
Juu = O[Zf’
fi = f? 4P
g = —a’g,

g =—a’g + B>,

fora > 0and B > 0 such that o* + % # 0.
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Case (1a) Fora > 0 and B = 0, we have

f — e—otu
{g:O
so that
e? = _le—txu
a bl

and thus the surface is a rotational surface.

Case (1b) For o = 0 and B > 0, we have

f = Bu,
g = pv,
implying
e’ = g(u2 +v?),

and thus the surface is non-periodic in both the u-direction and the v-direction.
Case (1c) Fora > 0and B > 0, we have

f= é sinh oy,
o

g = o sinxv,

giving rise to

e’ = ﬁz(coshom —cosav),
a

and thus the surface is non-periodic in the u-direction, but periodic in the v-
direction.

Case (2) We have that w = c for some ¢ € R.

Remark 3.6. Note that we have dropped the umbilic-free condition as the solutions
to (3.1) as given in Theorem 3.5 extend globally.

3.2. Recovering the Weierstrass data

As in the cases of zero mean curvatures surfaces in Euclidean space and Minkowski 3-
space, zero mean curvature surfaces in isotropic 3-space also enjoy a Weierstrass-type
representation (cf. [42, §88], see also [11,15,32,36,38]), given as follows.
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N\
\§ values of (o, f)  represents

A a>0,=0 surface (1a)
AN o=0,8>0 surface (1b)
NN\ a>0,>0 surface (1¢)

_(1a)

Figure 1. Bifurcation diagram of zero mean curvature surfaces with planar curvature lines
according to Theorem 3.5.

Fact 3.7. Any zero mean curvature surface X : ¥ — 13 over a simply-connected
domain % can be locally be represented as

X = Re/(l,—i,h)n

for some meromorphic function h and holomorphic 1-form n with holomorphic h?n.
Then the zero mean curvature surface has the induced metric

ds® = |n?
with the Hopf differential
1
0dz? = 37 dh

while the lightlike Gauss map is given by
1
n= —5(1 + |h|?,2Re h, —2Imh, —1 + |h|?).

We call (h, n) the Weierstrass data.

Furthermore, the conjugate zero mean curvature surface of a given zero mean
curvature surface can be defined as follows using Weierstrass data.

Definition 3.8 ([42, §89]). Let X : ¥ — I3 be a zero mean curvature surface rep-
resented by the Weierstrass data (%, ). A family of zero mean curvature surfaces
X% : ¥ — T3 given by the Weierstrass data (%1, ¢'%n) for # € R is called the asso-
ciate family of the zero mean curvature surface X. A special member of the associate
family X=Xx3% given by the Weierstrass data (%, in) is referred to as the conjugate
zero mean curvature surface of X. The pair of surfaces X and X are referred to as
conjugate zero mean curvature pair.
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We make two important remarks regarding Weierstrass representations.

Remark 3.9. The Weierstrass data of a zero mean curvature surface change as isome-
tries are applied to the surface. Therefore, the Weierstrass data are not uniquely deter-
mined from the intrinsic data of a given zero mean curvature surface. However, if
different Weierstrass data give the same intrinsic data of the zero mean curvature sur-
faces then the two surfaces are still congruent up to isometries of isotropic 3-space.

Remark 3.10. We note that the conformal factor @ and the Hopf differential Q dz?2
are given by the Weierstrass data. Thus, if a pair of zero mean curvature surfaces
share the same conformal factor, while the Hopf differential differs by a factor of i,
then we can deduce that the two zero mean curvature surfaces are a conjugate zero
mean curvature pair, up to isometries of isotropic space.

Under the current setting of normalizing Q = —%, we have that the holomorphic

1-form in the Weierstrass representation must take the form
1
n=——dz. 3.9
h;
To recover the Weierstrass data from the conformal factor, we will use the following

result [39, §4].

Fact3.11. Letn: ¥ — C be a holomorphic function with some given modulus |n|* =
R2. Then the holomorphic function can be recovered via

7’](2)2 1 RZ(Z_{_EO’Z_'EO)
n(zo) 2 2i

for some zg € X.

Remark 3.12. The holomorphic function recovered from its modulus via Fact 3.11
is not unique, as one can multiply the holomorphic function by a unit length complex
constant. This freedom can be observed in Fact 3.11 in the choice of 1(zg), as

In(z0)|> = R*(Re(z0), Im(zo)),

and thus
n(zo) = €' R(Re(zo). Im(zo))

for some 6 € R. However, by Remark 3.9, we are free to choose any 6 in recovering
the Weierstrass data.

Using Fact 3.11, Remark 3.12, and (3.9), we recover the Weierstrass data as fol-
lows.
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Case (1a): Let o > 0 and B = 0. In this case, the metric is
2 1 —20u d 2
M@o)|” = 079 |dz]*.

Therefore, we may take

1 _
N(a,0) = _&e i dz,

so that by (3.9), we have
l’l(a’o) = e“z.

Case (1b): If we have @ = 0 and 8 > 0, then the metric is given by

/32
Ino.pl*> = T(uz + v?)?|dz|?,

so that we may take

Bz?
n0.p) = - dz,
and thus
2
ho.p) = Bz

Case (1c): Now, let@ > 0 and § > 0, so that the metric becomes
2 'BZ h 2 d 2
M@.p)|” = y(cos au — cosav)?|dz|?.
Thus, we take

28 ., az
Na,p) = pel sinh? > dz,

so that
hap) = — coth (3.10)
(a,,B) ﬂ 2 ° °
Case (2): Finally, let @ = —c for some constant ¢ € R. Then the metric is
|776'|2 — e—2c
so that we may take
Ne = —e “dz,
implying that
he = ez

Noting that the change of coordinates n (z) := h(Cz) with 7 given by (3.9) corre-
sponds to the surface changing by

~ 1
X(u,v) = EX(Cu,Cv),
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so that it is a reparametrization of the surface up to some homothety factor, we sum-
marize our classification of zero mean curvature surfaces given with their Weierstrass
data (see also Figure 2) in the following theorem.

Theorem 3.13. Let X : ¥ — 13 be a zero mean curvature immersion with planar
curvature lines. Then X must be a piece of one, and only one, of

e plane (0,1dz),

» trivial Enneper-type surface (z,1dz),

* catenoid (e?,e % dz),

»  Enneper-type surface (%, z2dz), or

* one of Bonnet-type surfaces (y coth z, % sinh? z dz) for any constant y > 0,

given with the respective Weierstrass data, up to isometries and homotheties of the
isotropic space.

Figure 2. Examples of zero mean curvature surfaces with planar curvature lines in isotropic
space classified in Theorem 3.13: trivial Enneper surface and catenoid on the top row; Enneper
surface and Bonnet-type surface on the bottom row.
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4. Geometry of zero mean curvature surfaces with planar curvature
lines

Here, we note a few geometric facts about zero mean curvature surfaces with planar
curvature lines.

4.1. Trivial Enneper-type surface

The zero mean curvature surface pertaining to the trivial solution to the integrability
condition, that is, ® = ¢, has been studied in the context of higher order Enneper-type
surfaces in isotropic 3-space in [46, §9], and appears as the trivial example of such
surfaces. Assuming without loss of generality that ¢ = 0, the parametrization of the
surface reads

Xo(u,v) = —(u, v, %(uz — vz))

so that every curvature line of the surface is in the shape of a parabola in Euclidean
geometry. These are the parabolic circles [40, §11] of the isotropic 3-space, those
curves contained in isotropic planes with constant curvature. Thus, every curvature
line of the trivial Enneper surface is a circle in isotropic 3-space, so that the surface is
a doubly-channel surface.

In particular, the parametrization also shows that all the (parabolic) circles in a
family of curvature lines belong to planes that are parallel to each other. This alludes
to the fact that the surface may be invariant under certain actions of isometries of the
isotropic 3-space.

Isometries of the isotropic 3-space that fix the origin are inherited from the isome-
tries of R3! via

S0(2,0,1) := {4 € SO3,1) : Ap = p}

acting on the isotropic 3-space. To view parabolic circles as orbits under action of
isometries, let us consider the subgroup Py < SO(2,0, 1) given by

P, :={A4€S0(2,0,1) : Av=v,(v,v) = 1}.

Normalizing so that v = (0, 1,0, 0)" =: e, the subgroup Py can be parametrized via

2 2
0 1 0 0
=P .
v —v 0 —1 v er (V)
2 2
"7 0 v 1—”7

Now consider the following (well-defined) action on I3:

X Pey s (V)X = Pe,(V)(X +rP) —1P.
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This action acts as an isometry of I3; furthermore, applying this action to the origin
0 = (0,0,0,0)", we see that

t
r r
Pu s 0) = (<5200, -5).

that is, parabolic circles are obtained as orbits under the action of Py ,. We refer to
such actions as parabolic rotations.
Defining e, := (0,0, 1, 0)*, we can now similarly check that P,, can be parame-

trized via
1+%2 —y 0 -¥%
2 2
u -1 0 —u
ut— 0 0 1 O = ez(u)v
% —u 0 1-— %

and calculate that
1 1 !
Pe, 1 (1) 0 Poy —1(v)(0) = —(E(u2 —v?),u,v, E(u2 — vz)) .

Therefore, we not only observe that the trivial Enneper-type surface is invariant under
parabolic rotations, but also conclude that the surface is generated by applying two of
such rotations to a single point. As every rotational surface must have planar curvature
lines, we therefore also recover the result of [16, Proposition 3] for the case of zero
mean curvature surfaces.

4.2. Axial directions

As in the case of zero mean curvature surfaces in Euclidean space and Minkowski
space [2, 12, 13], we show that zero mean curvature surfaces with planar curvature
lines in isotropic 3-space also have axial directions following the techniques from
[51]. Axial direction is the unique direction contained in the planes of a family of
planar curvature lines, that is, there are some constants wy, w, € I3 such that

wi € span{Xy, Xy} and w; € span{X,, Xyp}

for all (u,v) € X. However, unlike the cases of zero mean curvature surfaces in
Euclidean space or Minkowski space, the difficulty of finding this direction lies in
the fact that there is no cross product structure in isotropic 3-space.
To obtain a characterization of a direction w € I being contained in a plane
P C 13, recall from [11, §2.1.1] that planes in I are given by m € R*! with (m,m) =
0 and (m,p) = 1via
Png =4{xel’:(x,m) =q}.
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When viewing the plane as a surface, m is the constant lightlike Gauss map of Py, 4.
Thus, if w € Py, 4, then we must have that

(m,w) =0.
Denoting by P;(v) the plane containing the u-curvature line at v, that is,
Py(v) = span{Xy (u, v), Xoy (1, v)},
we first find the (unnormalized) lightlike Gauss map m1 (v) of P;(v) by requiring that
(my,my) =0, (my,Xy) =0, (m,Xyy)=0, (mp,p)=wy,

where we have assumed w, % 0. Therefore, we can find

—2w

m; = —e 2 X, + wyn — P.
Wy
Similarly, denoting by P,(u) the plane containing the v-curvature line at u, we can

calculate the (unnormalized) lightlike Gauss map m,(u) of P,(u) as

—2w
my = e 2°X, + wyn — p.
Wy
Then we have
—2w
Wyp€
) D)
miy = wyé Xy + wypn + 52 P
2w
—2w
Wyu€
-2 uu
Moy = —wye Xy + oyyn + — 5P
2w;

Now, if we define wy, w, € I via

w1 1= WuuXy — Wy Xy + wyp,

Wy 1= Wyy Xy — Wyy Xy + 0P,
then we can show
(m1, w1) = Wyy + Wyw, =0 and  (ma, w2) = wWyy + Wy, =0,
while
(m1p, w1) = Ouuwy + wypwy =0 and (M2, W2) = GyOYy + GyOuu = 0.
Finally, using (3.1) and their partial derivatives, we can show that

Wiy = (Ouuu + Ouuy — Oupwy) Xy — (Oyuv + Ouuy + Oyyy) Xy =0,

Wi = (Wyuv + Ouu @y + Wy wy) Xy — (Oupy — Ouu®y + Wyywy) Xy =0,
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Wa2u = (a)uuv + Wyywy — wvva)v)Xu - (wuvv + wyywy + wvku)Xv =0,

Wa,v = (wuvv + wyywy + a)vva)u)Xu - (wvvv — WyyWy + a)vva)v)Xv =0.

Therefore, we have shown that w; and w, are constant vectors contained in the planes
defined by m; and m,, respectively, and we summarize as follows.

Proposition 4.1. If f(u) (resp. g(v)) is not identically equal to zero, then there is
a unique constant direction w (resp. wy) contained in all the planes of u-curvature
lines (resp. v-curvature lines), given by

{wl = Oyu Xy — Oy Xy + wyp,

W2 = Wyp Xy — Wyp Xy + 0yP.

Furthermore, if wy and wy both exist, then wy is orthogonal to w,. We call wy and
w, the axial directions of the surface.

Proof. We only need to verify that
0= (wy,wy) = a)uvezw(a)uu + wyy)
which vanishes by (3.1a). ]
To see the causality of the axial directions, using (3.3) tells us
(wl’ wl) — ela)wfw 4 eZa)wLZlu — fZgZe—Za) + (fu _ fZe—a))Z
200 2 2\ ,—20 —o 2 2fu2_g12) 2
=ffT+g)e ™ =2he )+ fy =—f W—i_fu
= _fze_w(fu — &)+ azfz + ,32 = ﬁ27
where we have used the fact that

o 128 (e (u—8) _ fu—g
fu+gv f,}—g% a2

coming from (3.4). Similarly, one can calculate that

(wa, wa) = B2

5. Deformation of zero mean curvature surfaces with planar curvature
lines

We will now show that the class of zero mean curvature surfaces with planar curva-
ture lines can be described via a continuous deformation, mirroring the result of zero
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mean curvature surfaces in Euclidean and Minkowski space [2, 12, 13]. In this paper,
we will consider a deformation to be continuous with respect to a parameter, if the
surface converges uniformly component-wise with respect to the parameter on com-
pact subdomains. To consider this, we will show that the deformation exists on the
level of Weierstrass data for these surfaces.

Note that with the Weierstrass data given in (3.10), we have a deformation con-
necting Bonnet-type surfaces to the Enneper-type surface while keeping the planar
curvature line condition, as

o oz 2
lim A = lim — coth — = — = h ),
S gy = Iim 8 coth = i (0,8)
28 az z2
li = lim = sinh® —dz = —dz = )
J{% N(.B) J\Iﬂ) o2 S —-dz 74z ="n0p

Thus, we only need to show that there exists a continuous deformation keeping the
planarity of curvature lines to the trivial Enneper surface and the catenoid.

5.1. Deformation to the trivial Enneper surface

To obtain a deformation to the trivial Enneper surface, let us reconsider the case o > 0
and B > 0, and take solutions to (3.4) as

f= o sinh i,

g = ——sinav.
o

Taking the path 8 = "‘2—2 (see Figure 3), we then have that

1
e%? = Z(coshozu + cosav)?.

Thus we may recover the holomorphic 1-form of the Weierstrass data to be

Na = — cosh? ol dz
so that by (3.9),
2
hy = — tanh %.
o 2

With these Weierstrass data, we observe that

limhy =z =hy and limny = —dz = 1y,
a\0 a\(0

corresponding to the Weierstrass data of the trivial Enneper surface.
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Figure 3. Path on classification diagram taken to find a deformation to the trivial Enneper sur-
face. For the meaning of the diagram, please refer to Figure 1.

In fact, one can obtain an explicit parametrization X, using the Weierstrass data
(hy, no) and choosing the correct initial condition as

a(sinhau cos av + au)

Xo = ) a(coshau sinav + av) |,
« 2(coshau cosav — 1)
and check that
u
li\r‘n Xo = — v
a0 L2 _ o2
5 W= —v%)

5.2. Deformation to the catenoid

The Weierstrass data given Theorem 3.13 alone are not sufficient to obtain a defor-
mation to the catenoid. This is due to the fact that we have normalized the initial
conditions of f and g to have zeroes, which excludes the case of catenoids as the
solutions to (3.4) corresponding to the case of catenoids, i.e., f = e¢~*¥, have no
Zeroes.

To find a suitable alternative initial condition, we observe that in every case of
Theorem 3.5, g has a zero, while there is always some 1o such that f(ug) = 1.
Therefore, in considering the problem of continuous deformation, we will revisit the
problem and solve for f using (3.4a) and (3.4c) assuming that f(0) = 1.
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However, note that in Theorem 3.5, f corresponding to case (1a) already satisfies
the new initial condition, while f in case (1b) can be easily modified to be f =
—pBu + 1 with g = —Bv. So let us consider case (1c), where @ > 0 and 8 > 0. Then,
using the general solution (3.7a), we have

1= £(0) = Cy + Cs

so that (3.8) implies

«— TP

C, =
! 20

Therefore, we have

f = coshau — sinhou.

a? + B2
o

Summarizing will leads us to the following result.

Lemma 5.1. Explicit solutions to (3.4) with f(0) = 1 and g(0) = 0 are given by:

Case (1a) Fora > 0 and = 0, the solutions are given by
f(a,O) = e—au’
8(a,0) = 0.

Case (1b) For o = 0 and B > 0, we have

f(o,ﬂ) =—Pu+1,
£(0,8) = —Pv.

Case (I¢c) Fora > 0 and B > 0, we calculate that

o

Sf(.p) = coshau — sinh ovu,
= ——sinav.
8(,B) o

With these solutions, we have

I = I = 2(0,8)>
lim fap) = fo.). M gw.p) = 0.5

B_mf(a,ﬁ) Jia,0) im &(p) = &)

To obtain Weierstrass data for the case « > 0 and 8 > 0, note that

| 2
[@p|* =e* = (;(a sinhou — /a? + B2 coshau + ﬂcosav)) .
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Using Fact 3.11 and Remark 3.12, we take

a—if

N.p) = m(a sinhaz — /a2 + B2coshaz + B)dz.

Thus, taking the correct constant of integration, we have

P _alatip)(Bet + Vo2 + B —a)
(@p) = B(o —iB)(a — B sinhaz)

Let us define constants r € (0,00) and 8 € (0, Z) so thatw = rcos 6 and f = rsin6.

Then we have )
229 cos 6

—rcos0z(cos @ 4 1) — sin

hae) = .

and

e (cos 6 sinh (r cos 6z) — cosh (r cos 6 z) + sin 6) d
z.

r6) = rcos? 0

For these Weierstrass data, we can verify that

~ 1
lim A =¢e'* and lim 7 =_——¢ %
O\0 .6 O\0 1.6) r
while 5
L~ o (rz—1)
lim A = and lim = —
0/% w0 = 0/Z 10.6) 2r

Therefore, the Weierstrass data (E .0 1(r,6) dz) provide a continuous deformation
connecting catenoid, Bonnet-type surfaces, and Enneper-type surfaces, allowing us to
conclude as in the next theorem (see also Figure 4).

Theorem 5.2. There exists a continuous deformation consisting exactly of the zero
mean curvature surfaces with planar curvature lines in isotropic 3-space.

Remark 5.3. We note here that since the holomorphic 1-form and its norm are chang-
ing in the deformation of Theorem 5.2, this deformation is not an isometric deforma-
tion. However it is a deformation that keeps the planarity of all curvature lines.

6. Zero mean curvature surfaces that are also affine minimal

Zero mean curvature surfaces in Euclidean and Minkowski space with planar curva-
ture lines enjoy a certain relationship to those zero mean curvature surfaces that are
also affine minimal [2,26,49]. In this section, we investigate the analogous relation-
ship in the case of isotropic 3-space and recover the result by Strubecker [47, Satz 9].
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Figure 4. Continuous deformation of zero mean curvature surfaces keeping planar curvature
lines. For the meaning of the diagram, please refer to Figure 1.

Using this result, we will obtain a classification of all zero mean curvature surfaces
in isotropic 3-space that are also affine minimal, and conclude that they also consti-
tute a 1-parameter family of surfaces. (For a detailed introduction to affine differential
geometry, we refer the readers to [30].)

Let X : ¥ — I3 be a non-planar zero mean curvature immersion in isotropic 3-
space viewed as an affine surface. If we define

Z = det(Xuy Xv? qu)’
M = det(Xu, X'Uy Xuv):

~

N = det(Xu, XU’ va)7

then for non-degenerate surfaces such that LN — M? does not vanish on >, the
Berwald—Blaschke metric of the affine surface is given by

1 ~ - -
7 (L du® 4+ 2M du dv + N dv?).

LN — M2
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In particular, since zero mean curvature implies that the Gaussian curvature is nega-
tive, we may assume without loss of generality that (4, v) € X are asymptotic coor-
dinates, i.e., we normalize the Hopf differential so that Q = —%. Then the Gauss—
Weingarten equations read

Xuu = 0y Xy — 0y Xy,
Xuy = 0y Xy + 0y Xy + 1,

Xopy = —wy Xy + 0y Xy, (6.1)
ny = _e_szv,
ny = —e 2°X,,

with the compatibility condition
Wyy + Wyy = 0.

Under these assumptions, we have L =N =0.To find M , we first split I3 =
R2 @ (p), and write X = x + yp for some x : ¥ — R? and y : ¥ — R. Then, we
calculate

M = det(Xy, Xy, 0y Xy + 0y Xy + p) = det(Xy,, Xy, p) = det(xy, Xy, ),

and thus M represents the area of the parallelogram spanned by x,, and x,, in R?. By
conformality (2.1), x,, and x, span a square with side length ¢, and thus the metric

becomes
ds? = 2V M du dv = 2¢® du dv.

The affine normal vector field 7 is then given by
ni=e Xy,
from which the affine shape operator S of X follows via
dii = —dX o §S.

Then the definitions of affine mean curvature H and affine Gaussian curvature K can
be given as

~ 1 -~ ~ ~
H=§trS, and K =detS.
In particular, we can verify directly that

ny = e_w((a)uv + wywy) Xy + (0 — wg)Xv),

My = e—w((a)vv — 03Xy + (0yy + a)ua)v)Xv),
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and thus
H = —e % (wyy + oywy).

Therefore, every zero mean curvature surface in isotropic space that is also affine
minimal corresponds to the solution to the following system of partial differential

equations:
Wyy + Wyy = 0, (compatibility condition) (6.2a)
Wyy + Wy, = 0, (zero mean curvature and affine minimality condition) (6.2b)

which is identical to the system of partial differential equations that corresponds to
zero mean curvature surfaces with planar curvature lines (3.1).

Thus, every zero mean curvature surface with planar curvature lines (with normal-
ized Hopf differential factor 0 = —%) corresponds to a zero mean curvature surface
that is also affine minimal (with normalized Hopf differential factor Q = —5), allow-
ing us to conclude as follows from Remark 3.10.

Figure 5. Zero mean curvature surfaces that are also affine minimal in isotropic space: trivial
Enneper surface and helicoid on the top row; Enneper surface and Thomsen-type surface on the
bottom row.
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Figure 6. Continuous deformation of zero mean curvature surfaces keeping affine minimality.
For the meaning of the diagram, please refer to Figure 1.

Theorem 6.1 ([47, Satz 9]). Every zero mean curvature surface in isotropic 3-space
that is also an affine minimal surface is a conjugate zero mean curvature surface of a
zero mean curvature surface with planar curvature lines.

Using the classification of zero mean curvature surfaces with planar curvature
lines in Theorem 3.13, we also obtain a classification of all zero mean curvature sur-
faces in isotropic 3-space that are also affine minimal (see also Figure 5).

Theorem 6.2. Let X : ¥ — I3 be a zero mean curvature immersion that is also affine
minimal. Then X must be a piece of one, and only one, of

e plane (0,1dz),

* trivial Enneper-type surface (z,i dz),

*  helicoid (e*,ie % dz),

»  Enneper-type surface (%, iz2dz), or
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* one of Thomsen-type surfaces (y coth z, ’; sinh? z) for some constant y > 0

given with the respective Weierstrass data, up to isometries and homotheties of the
isotropic space.

Furthermore, we can also conclude from Theorem 5.2 as follows, obtaining the
isotropic space analogue of results in [2, 3, 13,37] (see also Figure 6).

Theorem 6.3. There exists a continuous deformation consisting exactly of the zero
mean curvature surfaces that are also affine minimal in isotropic 3-space.
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