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Torsors in super-symmetry

Akira Masuoka, Takuya Oe, and Yuta Takahashi

Abstract. Torsors under affine groups are generalized in the super context by super-torsors under
affine super-groups. We investigate those super-torsors by using Hopf-algebra language and tech-
niques. It is shown in an explicit way that, under suitable assumptions, every super-torsor arises from
an ordinary torsor. Especially, the objects with affinity restriction, or namely, the affine super-torsors
and the affine ordinary torsors are proved to be precisely in one-to-one correspondence. The results
play substantial roles in ongoing construction of super-symmetric Picard—Vessiot theory.

1. Introduction — basic notations and main theorems

Throughout this paper, we work over a fixed field k whose characteristic char k differs
from 2, that is, in notation, char k # 2.

This section, which is slightly long for an introduction, is devoted mainly to clarifying
the notion of super-torsors and to formulating our two main theorems on super-torsors.

1.1. Very basic algebraic super-geometry

Such basics are here presented mostly by using the functor-of-points approach.

Recall that a k-functor is a set-valued functor defined on the category Alg; of com-
mutative algebras (over k). A representable k-functor is called an affine scheme, and it is
called an affine group if it is group-valued. In addition, the category of k-functors includes
faisceaux (or sheaves), faisceaux dur (or dur sheaves), schemes and affine schemes, as sub-
categories. These notions as well as relevant basic notions and constructions are directly
generalized to the super context, in which everything is based on the tensor category
SMody, of vector spaces graded by the group Z, of order 2, equipped with the so-called
super-symmetry; see Section 2.1.

The generalized notions are called with “super” attached, in principle. For exam-
ple, a k-super-functor is a set-valued functor X defined on the category SAlg; of the
super-commutative super-algebras (over k). It is important that, given such an X, there
is associated the k-functor X, which is obtained from X, restricting it to Algy ; ordinary
algebras are regarded as purely even super-algebras, or namely, super-algebras consisting
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of even elements, only. We remark that the k-functor denoted here by X,, is alternatively
denoted by X in [17], in which the symbol X, is used to denote the k-super-functor
R — X(Ryp).

The category of k-super-functors includes the following full subcategories:

(faisceaux) D (faisceaux dur) D (super-schemes). D (affine super-schemes)

The definition of affine super-schemes, as well as that of affine super-groups, will be
obvious. A faisceaux dur (resp., faisceaux) is a k-super-functor which preserves finite
direct products and every equalizer diagram

R—>S=SQ®rS

that naturally arises from an fpgc (resp., fppf) morphism R — S in SAlg,. Here, fpqc
(resp., fppf) represents “faithfully flat” (resp., “faithfully flat and finitely presented”); see
Section 2.5. A super-scheme is a k-super-functor X which is local (or roughly speaking, X
behaves like a sheaf with respect to Zariski coverings {R — Ry, }, where f; € R (finitely
many) with >, fiRo = Ry), and which is covered by some open sub-functors that are
isomorphic to affine super-schemes. By convention, every super-scheme X is supposed to
be non-trivial in the sense that X(R) # @ for some 0 # R € SAlgy,.

If a k-super-functor X is contained in one of the categories noted above, then the associ-
ated k-functor X,y is in the corresponding one defined in the ordinary (non-super) context.
If G is an affine super-group, then G, is an affine group.

There is an alternative definition (see [1, Section 3.3], [8, Chapter 4, Section 1] or [17,
Section 4], and rely on Leites [7] for historical background) of an (affine) super-scheme,
which defines it as a super-ringed space satisfying some conditions that are naturally
inferred from the ordinary setup. We will use in part (in fact, essentially only in Sec-
tion 7) the word in this alternative, geometrical meaning. This is justified since we have a
natural equivalence (see [17, Theorem 5.14]) between the two categories of (affine) super-
schemes thus defined in the two distinct ways. The equivalence in one direction assigns to
every super-scheme Z, in the geometrical sense, the k-super-functor R +— Mor(Spec R, Z)
represented by it.

1.2. The first main theorem

Suppose that an affine super-group G acts on a super-scheme X. Here and in what follows,
actions are supposed to be on the right. We say that the action is free, or G acts freely on X,
if the morphism of k-super-functors

XXG—>XxX, (x,8)+ (x,xg) 1.1

is a monomorphism of super-schemes. Given a (free) G-action on X, there is a naturally-
induced (free) action by the affine group G, associated with G on the scheme X, associated
with X.

Suppose that an affine super-group G acts freely on a super-scheme X.
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Definition 1.1. A morphism X — Y of super-schemes is called a super G-forsor (in the
fpqc topology) if it constitutes the co-equalizer diagram of the faisceaux dur

XXG=2X—Y, (1.2)

where the paired arrows denote the action and the projection. Alternatively, we say that X
is a super G-torsor over Y.

A morphism of super G-torsors over Y is a G-equivariant morphism of super-schemes
over Y; such morphism is necessarily an isomorphism, as will be seen in the paragraph
following Proposition 1.7.

Remark 1.2. Demazure and Gabriel [2, Chapitre III, Section 4, Définition 1.3, p. 361]
define the notion of torsors in the category of faisceaux, where the relevant objects are
faisceaux and faisceaux en groupes. Our definition above, reduced to the ordinary situa-
tion, becomes equivalent to their definition, when the relevant objects are supposed to be
schemes and affine algebraic groups; this fact is easily seen from [2, Chapitre III, Sec-
tion 4, Corollaire 1.7, p. 362] and Corollary 1.8 below.

An affine super-group G is uniquely represented by a Hopf super-algebra. If the Hopf
super-algebra is finitely generated, G is called an affine algebraic super-group.

Example 1.3. Let G be an affine algebraic super-group, and let H be a closed super-
subgroup of G. Then H acts freely on G by right-multiplication. It is proved in [17, The-
orem 0.1] (and re-proved by [16, Theorem 4.12]) that we have a Noetherian (in fact,
algebraic) super-scheme G/H which fits into the co-equalizer diagram G x H = G — G/H
of faisceaux (dur); therefore, G/H may be presented alternatively by G7H (and by G7H),
by using the notation which will be introduced in the Section 1.3. One concludes that
G — G/H is a super H-torsor.

The first main theorem is the following: it shows, under some assumptions that include
affinity, a remarkable one-to-one correspondence between super-torsors and ordinary tor-
SOrs.

Theorem 1.4. Let G be a smooth affine algebraic super-group, and let Y be a Noetherian
smooth affine super-scheme. If X — Y is a super G-torsor, then the induced morphism
Xev = Yev Of schemes is a Ggy-torsor. Moreover, the assignment X — Xo, gives rise to a
bijection from

e the set of all isomorphism classes of super G-torsors over Y

onto

o the set of all isomorphism classes of Gey-torsors over Ye,.

Remark 1.5. For those super G-torsors X — Y and Ge,-torsors Z — Y., which constitute the
two sets above, X and Z are necessarily affine, Noetherian, and smooth. The first two prop-

erties follow from Proposition 1.7 (2) below. The remaining smoothness will be proved by
Proposition 5.1.



A. Masuoka, T. Oe, and Y. Takahashi 934

Since in Theorem 1.4, everything thus turns out to be affine, the theorem is re-for-
mulated in terms of (Hopf) super-algebras, which represent the relevant functors. A super
G-torsor X — Y with X, Y affine is translated into an H-Galois extension A/B (see Def-
inition 3.1), where H is the Hopf super-algebra representing G, and A and B are the
super-algebras representing X and Y, respectively. Theorem 1.4 will be obtained as an
immediate consequence of Theorem 3.12, which explicitly describes such a Hopf-Galois
extension in the super situation, in terms of the naturally associated extension in the ordi-
nary situation; see also Corollary 3.14.

Remark 1.6. (1) It will be seen in Remark 3.15 that the bijection shown in Theorem 1.4
does not result from a category-equivalence from the category of super G-torsors over Y to
the category of Ge,-torsors over Ye,; these categories are in fact groupoids, as is seen from
the paragraph following Definition 1.1.

(2) A super-scheme X, regarded as a super-ringed space, is said to be split (see [16,
Section 2.6], for example) if the structure sheaf Oy is isomorphic to the exterior algebra
A0y, (M) on some locally free Oy,,-module sheaf M, where Oy, denotes the structure
sheaf of the scheme associated with X; see the first paragraph of Section 7. Every affine
algebraic super-group G is split (see (2.6)—(2.7) below), while G/H such as in Example 1.3
can be non-split; see [16, Remark 4.20(2)]. In view of the cited example, it would be
hopeless to generalize Theorem 1.4, removing the affinity assumption.

1.3. The second main theorem

Suppose that an affine super-group G acts freely on a super-scheme X. We have the k-super-
functor which assigns to each R € SAlg, the set X(R)/G(R) of G(R)-orbits; it has the
property

X(R)/G(R) C X(S)/G(S) whenever R C S, (1.3)

since the action is supposed to be free. We can construct in a simple manner (see [17,
Remark 3.8], for example) the faisceau dur X7G which includes the k-super-functor above
as a sub-functor, and which is associated with that k-super-functor in the following sense:
every morphism from the k-super-functor to any faisceau dur extends uniquely to a mor-
phism from X7G. Clearly, this_ X7G is characterized by the co-equalizer diagram of the
faisceaux dur X x G =% X — X7G which is analogous to (1.2). An important consequence
is the following.

Proposition 1.7. Let G be an affine super-group.

(1) A super G-torsor refers precisely to the natural morphism X — X7G, where G acts
freely on a super-scheme X and the associated faisceau dur X7G is a super-scheme.
(Here, strictly speaking, one identifies a super G-torsor X — Y with X — X7G such
as above, through a unique isomorphismY — X7G compatible with the morphisms
from X.)
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(2) Suppose that X — Y is a super G-torsor. Then it is an affine and faithfully-flat
morphism of super-schemes. Moreover,

XXG—=>XxyX, (x,g2) (x,xg2) (1.4)

is an isomorphism of super-schemes. If G is an affine algebraic super-group, then
X — Y is a morphism of finite presentation.

This is proved essentially by the same argument as [6, Part I, Section 5.7, (1)], which,
in fact, uses property (1.3). The faithful flatness shown in Proposition 1.7 (2) implies that
a morphism of super G-torsors over some Y is necessarily an isomorphism.

Note that the last assertion of Proposition 1.7 (2) above follows from the algebraicity
assumption for G, by using (1.4), base-change, and faithfully-flat descent. As this assertion
suggests, it would be more natural to consider the faisceau X7G which is associated, now
in an obvious sense, with the k-super-functor R — X(R)/G(R), rather than the faisceau
dur X7G above, when we assume that G is algebraic. In general (without the algebraicity
assumption), one sees from the constructions that

(X/G)(R) C (X/G)(R)

for every R € SAlgy.
From the above-mentioned assertion one sees the following.

Corollary 1.8. Suppose that an affine algebraic super-group G acts freely on a super-
scheme X. Then the faisceau X7G is a super-scheme if and only if the faisceau dur X7G is.

If these equivalent conditions are satisfied, we have
XJG = X/G,
and X — X7G (= X7G) is a super G-torsor.
The second main theorem is the following: it shows, under some assumptions, that

include (i) G is algebraic and (ii) the G-action is free, that X7G is a super-scheme provided
Xev/Gey 18 @ scheme. Due to (i), we thus work with faisceaux, not with faisceaux dur.

Theorem 1.9. Suppose that an affine algebraic super-group G acts freely on a locally
Noetherian super-scheme X. Assume the following:
(a) G and X are both smooth;

(b) the faisceau Xe\,7Gev associated with the induced (necessarily, free) action by the
affine algebraic group Ge, on the locally Noetherian scheme X, is a scheme, it
then necessarily holds that Xe\,7Ge\, is locally Noetherian and smooth, and Xo, —
Xe\,7Ge\, is a Gey-torsor.

Then the faisceau X7G is a locally Noetherian, smooth super-scheme such that
Xev7Gev = (X7G)ev- (15)

In particular, X — X7G is a super G-torsor.
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By (1.5), we mean that the canonical morphism X, — (X7G)ev induces an isomorphism
such as noted. By convention, we thus present canonical isomorphisms by =, the equal
sign.

To prove the theorem above, the essential case is when X is affine. In this situation, the
theorem is re-formulated, again in terms of Hopf—Galois extensions, by Theorem 3.16.

Remark 1.10. One might think that the result [16, Theorem 4.12] referred to in Exam-
ple 1.3 follows from the above Theorem 1.9 as the special case where H and G of the
former are taken as G and X, respectively, of the latter, since the faisceau Ge\,7HeV is known
to be a scheme (see [6, Part I, Section 5.6, (8)]), and thus assumption (b) above is satisfied.
But this is true only when assumption (a) (for H and G) as well is satisfied, which is always
the case if char k = 0; see Remark 3.13 (1).

1.4. Organization of the paper and additional remarks

As mentioned above, the two main theorems, Theorems 1.4 and 1.9, largely depend on
Theorems 3.12 and 3.16, which are formulated in Section 3 in terms of Hopf-Galois
extensions, the algebraic counterpart of super-torsors. Those Hopf-algebraic theorems are
proved by spending the whole of Section 5 and of Section 6, respectively. Theorem 1.9
is proved in the final Section 7, while Theorem 1.4 is an immediate consequence of
Theorem 3.12, as was already mentioned. Theorem 3.12 is accompanied with an anal-
ogous result, Proposition 3.11, which is used to prove Theorem 3.16; Section 4 is devoted
to proving the proposition. Section 2 is devoted to preliminaries for the following Sec-
tions 3-6.

Sections 2—6 will be found to have a purely Hopf-algebraic flavor. There we use the
Hopf-algebraic techniques developed so far to investigate algebraic super-groups, as well
as several results already obtained by these techniques; see [9, 10, 14-18]. In addition,
some important results proved by Schauenburg and Schneider [19] for Hopf—Galois exten-
sions in the ordinary but non-commutative setting are applied; see Sections 3.1 and 5.1. A
notable result of the application is the equivariant smoothness, Proposition 5.1, proved in
the latter Section 5.1.

Remark 1.11. The two main theorems of ours both play substantial roles in the preprint
[12] (continuing to [13]) by the first-named author. It generalizes Picard—Vessiot theory,
which is the Galois theory of linear differential equations, to the super context.

2. Preliminaries

2.1. Super-linear algebra

We let ® denote the tensor product ®j over our base field k; recall chark # 2 by assump-
tion. A vector space V = V,, @ V; graded by the group Z, = {0, 1} is alternatively called
a super-vector space; it is said to be purely even (resp., purely odd) if V = Vj (resp., if
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V = V). The super-vector spaces form a symmetric tensor category,
SMod; = (SMody, ®, k),

with respect to the so-called super-symmetry
c=cyw: VW SWeV, cvo®w) =(=HP*y v,

where V, W € SMody, and v(€ V), and w(e W) are homogeneous elements of degrees
|v| and |w|. A super-algebra is by definition an algebra in SMody. Similarly, the notions
of super-coalgebra, Hopf super-algebra, and Lie super-algebra are defined in an obvious
manner.

2.2. Super-(co)algebras

Given a super-algebra R, we let
SModgr (resp., gSMod)

denote the category of right (resp., left) R-modules in SModg; an object in the category
is called a right (resp., left) R-super-module. As is shown in [9, Lemma 5.1 (2)], such a
super-module is projective in the category if and only if it is projective regarded as an
ordinary R-module.

Given a super-coalgebra C, we let

SMod® (resp., CSMod)

denote the category of right (resp., left) C-comodules in SMody; an object in the category
is called a right (resp., left) C-super-comodule. It follows by the dual argument of prov-
ing [9, Lemma 5.1 (2)] referred to above that such a super-comodule is injective in the
category if and only if it is injective, regarded as an ordinary C-comodule. Suppose that
V = (V, p) is an object in SMod€ and W = (W, 1) is in € SMod. The co-tensor product
VOc W is defined by the equalizer diagram

VOW > VRW=3VRCeW 2.1)

in SMody, where the paired arrows indicate p ® idy and idy ®A. This gives rise to the

functor VOc: CsMod — SMody, which is seen to be left exact. It is known that the functor

VOc is exact if and only if V is injective. An analogous result for the functor C¢ W holds.
For V = (V, p) as above, we define

el . —weV|pv)=ve®I1}. (2.2)

This is a super-subvector space of V', whose elements are called C-co-invariants in V.
Analogously, for (W, 1) as above, we define

“Cy —fweW | AMw)=1Q w). (2.3)
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In what follows we assume that all super-algebras R are super-commutative, or namely,
ba = (—1)141lgp for all homogeneous elements a, b; the assumption is equivalent to say-
ing that R includes the even component R as a central subalgebra, and we have ba = —ab
forall a,b € R;. The two categories of super-modules are then naturally identified so that

RSMod = SModg.

2.3. Hopf super-algebras

Accordingly, all Hopf super-algebras H are assumed to be super-commutative, unless
otherwise stated. The category

SMod” = (SMod”, ®, k)

of right H -super-comodules then forms a symmetric tensor category with respect to the
super-symmetry. We will mostly deal with these right H -super-comodules rather than the
analogous left ones.

In general, given a super-algebra R, we let

Ig :=(R1), R:=R/Ig (2.4)

denote the super-ideal of R generated by the odd component R, and the quotient super-
algebra of R by Ig, respectively; the latter is in fact the largest purely-even quotient super-
algebra of R.

Let H be a Hopf super-algebra. Then H is seen to be an ordinary Hopf algebra. Let
H™ be the augmentation super-ideal of H, or namely, the kernel Ker(e: H — k) of the
co-unit of H. Let

W= (H/(H")*) 2.5)

denote the odd component of the super-vector space H/(H 1)2. The exterior algebra
AW) = B,-o A"(W) on W is regarded as a super-algebra whose even (resp., odd)
component is the direct sum of those A" (W) with n even (resp., odd). Since H is naturally
an algebra in SMod?, it turns to be an algebra in SMod? along the quotient map H — H.
The tensor-product decomposition theorem [9, Theorem 4.5] tells us that there is a co-
unit-preserving isomorphism

H~A\W)® H (2.6)

of algebras in SMod# , where the co-unit of the right-hand side is the co-unit of H tensored
with the natural projection A(W) — A®(W) = k. As an exception from what we said
above about the side, we will mainly use the opposite-sided version

H~H®AW) 2.7

of (2.6).
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Remark 2.1. (1) As a typical example of affine algebraic super-groups, recall GLy,,; for
a super-vector space V' with m = dim V, n = dim V/;, the super-group assigns to every
super-algebra R, the group of all automorphisms of the R-super-module R ® V. The
Hopf super-algebra representing GL,,, is presented, for example, in [11, Example 4.1].
[11, Example 4.2] explicitly gives a relevant isomorphism such as (2.7); see footnote 5
added to the arXiv version, in particular.

(2) We emphasize that the isomorphisms (2.6) and (2.7) preserve the H -co-actions, in
particular, and they hold without assuming that H (or H) is finitely generated or smooth.
They were first proved by [14, Proposition 2.4] under that assumption that chark = 0
(whence H is smooth), and H is finitely generated; we remark that the cited proposition
refers to a result by H. Boseck as a weaker version, but his proof was wrong.

2.4. Smooth super-algebras

A super-algebra R is said to be Noetherian if the super-ideals of R satisfy the ACC, or,
equivalently, if the even component R is a Noetherian algebra, and the odd component
R, regarded as an Ry-module, is finitely generated; see [16, Section 2.4] for other equiv-
alent conditions.

A super-algebra R is said to be smooth (over k) if, given a super-algebra surjection
A — B with nilpotent kernel, every super-algebra map R — B factors through A by
some super-algebra map R — A. It is known that if char k = 0, every Hopf super-algebra
is smooth; see Remark 3.13 (1) below.

The following is part of [18, Theorem A.2].

Proposition 2.2. For a Noetherian super-algebra R, the following conditions (a) and (b)
are equivalent:

(a) R is smooth as a super-algebra;

(b) () R is smooth as an algebra,

(i) Ig/I 1%’ which is seen to be a purely odd R-super-module, is finitely gener-
ated projective as an R-module, and

(iii) there is an isomorphism Ag(Ir/1 1%) ~ R of super-algebras.

In (iii) above, A z(Ig /%) denotes the exterior R-algebra on Ig /I3, which is regarded
as a super-algebra just as the A(W) before. One can replace R and Ig/ I Ize’ more generally,
with a purely even super-algebra and a purely odd super-module over it, respectively.

Remark 2.3. (1) For a super-algebra R, one sees as in [18, p. 360] that
Ir/Ig = Ri/Rj,

which is a purely odd R-super-module. This is finitely generated, if R is Noetherian; recall
that R; is then finitely generated as an Ry-module.
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(2) Suppose that a Noetherian super-algebra R satisfies the equivalent conditions in the
preceding proposition. By (b) (i), there is a section of the natural projection Ry — R (=
Ry/ Rf), through which we regard R as a super-algebra over R. The natural projection
Ir — IR/ 1122 is seen to be a surjection in SMod g, which has a section by (b) (ii). The
proof of [18, Theorem A.2] shows that the R-super-algebra map

AgUIR/IR) — R, (2.8)

which uniquely extends the last section, is an isomorphism such as in (b) (iii).

2.5. Faithful flatness and finite presentation

A map R — § of super-algebras is said to be (faithfully) flat if the functor S® g: gSMod —
SMody, is (faithfully) exact. This is equivalent to saying that S is (faithfully) flat, regarded
as an ordinary right R-module; see [10, Lemma 5.1 (1)]. Each of the equivalent conditions
is equivalent to the one with the side switched.

Given a map R — S of super-algebras, S is said to be finitely presented over R if
S is presented so as R[X1, ..., Xm; V1s--.,Ynl/I, where xq, ..., x,, are finitely many
even variables, yq, ..., y, are finitely many odd variables, and / is a super-ideal which is
generated by finitely many homogeneous elements.

Suppose that X is an affine super-scheme. We let @ (X) denote the super-algebra repre-
senting X; it is non-zero since X is non-trivial by convention; see Section 1.1. Note that
the algebra 9(Xe,) which represents the associated affine scheme Xe, equals O(X) (=
O(X)/(O(X)1)). We say that X has a property (P) (e.g., Noetherian, smooth) if @(X) has
the property (P).

3. Shifting to the Hopf-algebra world

3.1. Hopf-Galois extensions

Let G be an affine super-group, and set H := @ (G), the Hopf super-algebra representing G.
A left G-super-module may be understood to be a right H -super-comodule.

Let X is an affine super-scheme, and set A := @ (X)(# 0). Suppose that G acts on X
from the right, and the action X x G — X is represented by

p:A—> AQ® H.
Thus, A = (A, p) is an algebra in SMod . Let
B:= A" (={aec A|pa)=a®1});

see (2.2). This is a super-subalgebra of A, and is often alternatively presented as B = A%,
the G-invariants in A4.
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Recall that the G-action on X is said to be free if the morphism (1.1) of k-super-functors
is a monomorphism of super-schemes, or equivalently, if the natural maps

X(R) X G(R) = X(R) X X(R), (x,g)+ (x,xg)
are injective for all R € SAlgy,. This is the case if the super-algebra map
AR A—>AQH, oala®b)=ap), (3.1)
which represents (1.1), is surjective. Notice that this super-algebra map induces
B:ARp A—> AR H, p(a®pb)=ap). (3.2)

Definition 3.1. We say that A/ B is (an) H-Galois (extension), or A is an H -Galois exten-
sion over B, if B — A is faithfully flat, and the map B above is bijective.

Remark 3.2. The definition above is generalized to the situation where H and A are not
necessarily super-commutative. But it seems reasonable to assume then that the antipode
of H is bijective, in which case, the condition that A is faithfully flat over B on the left is
equivalent to the condition that it is so on the right, as is seen from [19, Theorem 4.10];
see also [17, Lemma 10.1] and Remark 3.10 below.

Recall that A is an algebra in SMod?’ . We let
SMod! = (SMod®) 4 (3.3)

denote the category of right A-modules in SMod? . Its objects may be called (H, A)-Hopf
super-modules in view of [3, p. 244]. One sees A € SModf . More generally, N ®p A €
SModf ,if N € SModp. In fact, we have the functor

W:SModg — SModf, W(N) =N ®p A. (3.4)

This is left adjoint to the functor ®: SModﬁI — SMod g which assigns to each M in SModﬁI s
the H -co-invariants M°H in M see (2.2).
We reproduce the following from [17]. See also [23, Section 4] and [15, Remark 2.8].
Theorem 3.3 ([17, Theorem 7.1]). Retain the situation as above.
(1) The following condition are equivalent:
(i)  the G-action on X is free, and the faisceau dur X7G is an affine super-scheme;
(ii)  the map « is surjective, and A is injective in SMod® ;
(iii) A/ B is an H-Galois extension;
(iv) the functor ¥ in (3.4) is an equivalence.

If these equivalent conditions are satisfied, then the affine super-scheme X7G is
represented by B, or, in notation, O(X/G) = B.



A. Masuoka, T. Oe, and Y. Takahashi 942

(2) Suppose that G is algebraic and X is Noetherian (or, in other words, H is finitely
generated and A is Noetherian). If the equivalent conditions above are satisfied,
then X/G (or B) is Noetherian, and it coincides with the faisceau X/G.

To prove part of this theorem, the same argument as the one we used before to see
Proposition 1.7 has been used. Notice from Corollary 1.8 that the conclusion X7G = X7G
in part (2) holds only assuming that G is algebraic. Part (1) of the theorem, combined with
Proposition 1.7 (2), shows the following.

Corollary 3.4. Let G and H be as above. Let Y be an affine super-scheme, and set B :=
O(Y). Every super G-torsor X over Y is necessarily an affine super-scheme, and O (X) natu-
rally turns into an H -Galois extension over B. Moreover, every H -Galois extension over
B arises uniquely from a super G-torsor over Y in this way.

The following is well known at least in the ordinary situation, and is easily proved
by using faithfully flatness of Hopf—Galois extension; see also the paragraph following
Proposition 1.7.

Lemma 3.5. Ler H be a Hopf super-algebra, and let B be a non-zero super-algebra.
Given H-Galois extensions A/ B and A’/ B, every B-algebra morphism A — A’ in SMod®
is necessarily an isomorphism.

We say that A/B and A’/ B are isomorphic to each other, if there exists a morphism,
necessarily an isomorphism, such as above.

The next Proposition 3.6 shows an interesting property of H -Galois extensions, which
will be used to prove Lemmas 4.1 and 5.6. In fact, it directly generalizes an important
result by Schauenburg and Schneider [19], which was proved in the non-super situation,
to our super situation.

To prove the theorem above reproduced from [17, Section 10], there was used the
so-called “bosonization technique,” in order to reduce (the main part of) the theorem to
a known result which was proved in the non-super, but non-commutative situation. The
same technique is used, as will be seen soon, to prove the next proposition. We continue
to assume the super-commutativity. But the proof works for proving the result without the
assumption; see Remark 3.2.

Let A/B be an H-Galois extension. Since B is an algebra in SMod” on which H
co-acts trivially, the category

BSMod? (= p(SModf))

of left B-modules in SMod? consists precisely of those left B-super-modules M which
are at the same time right H -super-comodules such that the B-action B ® M — M and
the H-co-action M — M ® H commute in an obvious sense.

Proposition 3.6. Let A/B be as above. Then the product map

B®A—>A, b®ar> ba 3.5)
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is clearly a surjective morphism in gSMod®, and in fact, it splits as such a morphism.
Hence, A is projective in pSMod, in particular.

Proof. The bosonization of H is the (ordinary) Hopf algebra
ﬁ =H><7Z,

of smash product (resp., smash co-product) by Z, as an algebra (resp., as a coalge-
bra). This Hopf algebra may not be commutative, but has a bijective antipode; see [17,
Lemma 10.1]. In this proof, we present Z, as a multiplicative group with generator o.
One sees from [17, Proposition 10.3] that the semi-direct product of A by Z,

A=Ax7,

naturally turns into an H -comodule algebra, and moreover, into an H -Galois extension
over B = B x {1} (in the non-super situation), which is faithfully flat over B on both sides.
It follows by [19, Theorem 5.6] that the product map B ® A — A has a left B-linear and
right H -co-linear section,

s:A—> B® A.

We suppose A= A®kZ,, and define maps 1B @ AQkZ, > B® Aand t: A —
A®kZ, by

r(b®a®ai):b®a, i=0,1,
tla)=aQe,

where e = %( 1 + 0), a primitive idempotent in kZ,. Then the composite r o s o t: A —
B ® A isseen to be a left B-linear and right H -co-linear section of the product map (3.5),
which may not preserve the parity. The section as well as the product map is naturally
regarded as a map of left B ® H *-modules, where H™ is the dual algebra of H. Since
B ® H* C (B ® H*) xZj, is a separable extension of rings by the assumption chark # 2,
one sees that the product map has a (B @ H™*) x Z,-linear section, which is indeed a
desired section; cf. the proof of [9, Lemma 5.1 (2)]. [

3.2. Inflation of Hopf-Galois extensions

Giinther [5] proves in the non-super situation an interesting result on the inflation of Hopf—
Galois extensions, which is directly generalized to the super situation; see Remark 3.10
below. We are going to present the result in a restricted form as will be needed in the
sequel.

Continue to suppose that G is an affine super-group represented by H . Recall that the
affine group Ge, is represented by the quotient Hopf algebra H = H/(H,) of H. Let

AH - H®H, A(h)=hq) ® hg)
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denote the co-product on H. Then H turns into an algebra in HgMod with respect to
AH - H®H,A(h) = hqy ® h(), where h — h presents the quotient map. Let

R=Hg (={heH|A(h)=1®h)) (3.6)

denote the super-subalgebra of left H -co-invariants (see (2.3)), which is seen to satisfy
A(R) C R ® H, whence it is an algebra in SMod® . From (2.7), we see

R ~ A(W). (3.7)

Suppose that D = (D, p) is an algebra in SMod# , which may not be purely even. The
co-tensor product (see (2.1))

DOgH = {Zd,-@h,- eD@H) Zp(di)@)h,- :Zdi@oz(h,-)}

is naturally an algebra in SMod?? such that
pef = (pOgH)™H. (3.8)

This canonical isomorphism (3.8) is a restrictionof D — D ® H, d — d ® 1, and it has,
indeed, an inverse, ) _; d; ® h; v Y_; die(h;), given by the co-unit ¢ of H.

Lemma 3.7. Set B := D®H. If D/B is H-Galois, then (D Oz H)/B is H-Galois.

Proof. One sees from (3.8) that B = (DO g H)«°H, Notice from (2.7) and (3.7) that we
have an isomorphism H ® R ~ H of R-algebras in  SMod, which, with DI g applied,

induces an isomorphism
D®R~DOzgH (3.9)

of super-algebras over B ® R. We conclude that B — DOz H, b — b ® 1 is faithfully
flat.

We claim that the inclusion DO g H < D ® H is faithfully flat. To prove this, let
V: H — H be the restriction of an isomorphism {-_I ® R ~ H such as above, to H (=
H ® k). Then this v is an algebra morphism in 7 SMod. Moreover, the isomorphism is
given explicitly by ¢ ® x(€ H ® R) — v (a)x, and the induced one (3.9) is given by

d @ x(€ D ® R) > d(g) ® ¥ (d1))x,

where d — d(g) ® d(1) presents the H -co-action on D. Compose (3.9) with the inclusion
in question. The resulting map is seen to be the composite of the inclusion D ® R —
D ® H with the super-algebra map

D®H—->DQ®H, d®hwdg @ vy(dah,

which is indeed an isomorphism with inverse d ® h — doy ® V¥ (S(d()))h, where §
denotes the antipode of H . The faithful flatness of the last inclusion proves the claim.
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It remains to prove that the beta map for DOz H is bijective. It suffices to show
that the map turns to be so after the base extension along DOz H — D ® H, which is
faithfully flat as was just proven. To the beta map for D, apply first (D ® H)®p, and
then O 7 H . The resulting bijection

(D® H)®p (DOgH) > (D ® H)® H
is given explicitly by

@®hes (Y d®h) Y ()4Mad @ heh.

1

This, composed with the bijection

DOH®HSDOH®H d®h®h —d®hhly,®hp,,

coincides with the base extension which we wish to prove to be bijective; it is thus bijec-
tive, indeed. u

Definition 3.8. An H-Galois extension A over an arbitrary non-zero super-algebra B is
said to arise from an H -Galois extension D/ B if it is isomorphic to the algebra DO 5 H
in SMod*! over B. This DUOgz H is called the inflation of D along H — H.

For the R in (3.6), let
R™ = RN Ker(ey)

denote the augmentation super-ideal, where ¢ is the co-unit of H.

Proposition 3.9. Let B be a non-zero super-algebra.

(1) An H-Galois extension A over B arises from some H-Galois extension if and
only if there exists an algebra morphism R — A in SMod®.

(2) Suppose that A = (A, p) is an H-Galois extension over B, and f: R — A is an
algebra morphism in SMod® . Then the quotient super-algebra of A

Dy = A/(f(RY)) (3.10)

divided by the super-ideal (f(R%)) generated by the image f(R") of R* is a
quotient algebra in SMod® | and is in fact an H-Galois extension over B. More-
over,

LZA—)DfDI_—IH, L(a)za_(o)®a(1) (3.1D

is an isomorphism of B-algebras in SMod®, whence A/B arises from Dy /B.
Here, p(a) = aq) ® a1y, and A — Dy, a — a denotes the quotient map.

Proof. If A = DU gz H is the inflation of D, then the map
fiR—A=D0OgH, f(x)=1®x

is an algebra morphism in SMod” . This proves “only if” of part (1).



A. Masuoka, T. Oe, and Y. Takahashi 946

Suppose that A/B is H-Galois, and f: R — A is an algebra morphism in SMod”.
Then A, regarded as an object in SModg through f', turns into an object in SModg (=
(SMod®) g). [9, Proposition 1.1] proves a category equivalence,

sMod? 5 sMoa¥, N NOgH,

and that ¢ is an isomorphism. It remains to prove that Dy is H -Galois over B. Now,
B — DyOgH (= A) is faithfully flat. Notice from (2.7) that NO g H = N® withd =
dim(A(W)), whence the functor O 5 H is faithfully exact. Then it follows that B — Dy
is faithfully flat. Apply D ®4 to the beta map for A. Then there results an isomorphism
in SModlg , which is seen to correspond, through the category equivalence above, to the
beta map for Dy; it is, therefore, bijective. [

Remark 3.10. One can generalize to our super situation the result [5, Theorem 4] by
Glinther proved in the non-super situation, by modifying his proof. But the last proposition
is formulated and proved under the restricted, super-commutativity assumption; it allows
us to ignore the Miyashita—Ulbrich actions used in [5, p. 4391].

3.3. Main theorems re-formulated in the Hopf-algebra language

In this section, we let H be a Hopf super-algebra which is assumed to be finitely generated
unless otherwise stated. We let G denote the affine super-group represented by H ; it will
be discussed only when H is assumed to be finitely generated, and will be, therefore, an
affine algebraic super-group. Notice that the Hopf algebra H is finitely generated under
the assumption.

Proposition 3.11. Let g = Lie(G) be the Lie super-algebra of G, and assume that odd
component g1 of g satisfies

[la1. 1], g1] = 0. (3.12)

Suppose that B is an arbitrary non-zero super-algebra. Then every H -Galois extension
over B arises from an H -Galois extension.

The assumption above is clearly satisfied in case [g1, g1] = 0, in which case the
proposition will be applied to prove Lemma 6.4 contained in Step 2 of the proof of The-
orem 3.16; the theorem is a key to the proof of the second main theorem, Theorem 1.9.
The assumption is also satisfied if dim g; = 1, since in general, a Lie super-algebra g
shall satisfy [[x, x], x] = 0 for all x € g;. Proposition 3.11 will be proved by spending the
whole of Section 4.

Notice that the next theorem has a stronger conclusion than Proposition 3.11 above;
see the sentence following the theorem.

Theorem 3.12. Let B # 0 be a super-algebra. Assume
(i)  H is smooth as an algebra,
(ii)  the natural algebra surjection By — B splits, and

(iii) the super-ideal (By) of B is nilpotent.
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Choose arbitrarily a section B — By of the surjection By — B, and regard B as a super-
algebra over B through it. Then every H -Galois extension A over B is isomorphic to

(B®pz A)OgH. (3.13)

Moreover, A, which is regarded naturally as a purely even algebra in SMod ! , is a purely
even H-Galois extension over B.

As aresult, we can say that A/ B arises from B ® 5 A, which is clearly an H-Galois
extension over B.

Remark 3.13. (1) As for the assumption (i) above, it is proved by [18, Proposition A.3]
without assuming H is finitely generated that the following are equivalent:

(a) H is smooth as an algebra;
(b) H is smooth as a super-algebra.

These equivalent conditions are necessarily satisfied if char k = 0. Indeed, it is well
known that H (in chark = 0) is geometrically reduced; this is equivalent to saying that
H is smooth in the restricted case where it is finitely generated. In the general case, H is
a filtered union of finitely generated Hopf subalgebras which are smooth as was just seen,
and it is, therefore, smooth; see [22, Exercise 9.3.2, Question 4].

(2) [15, Example 3.23] shows that Theorem 3.12 does not hold without assumption (i),
even if the remaining (ii) and (iii) are satisfied.

3) (B®g E)DI;H in (3.13) is canonically isomorphic to B ® 3 (/TDI; H), as is
easily seen by using (2.7).

Theorem 3.12 will be proved by spending the whole of Section 5. The theorem has
the following corollary, which is seen to be translated into the first main theorem, Theo-
rem 1.4, in view of Corollary 3.4 and Remark 3.13 (1) just above.

Corollary 3.14. Assume that H is smooth. Let B # 0 be a Noetherian smooth algebra. If
A/ B is H-Galois, then A/ B is purely even H-Galois. Moreover, the assignment A +— A
gives rise to a bijection from

* the set of all isomorphism classes of H-Galois extensions over B

onto

e the set of all isomorphism classes of purely even H -Galois extensions over B.

Proof. To apurely even H-Galois extension E /B, one can assign an H -Galois extension,
(B ®g E)OgH, over B. This assignment gives rise to a desired inverse of A — A, as is
easily seen by using (2.7) and Theorem 3.12. ]

Remark 3.15. We have an example of an H-Galois extension (B ®  E)OgH such
as in the above proof, with the property that it has a B-algebra endomorphism (in fact,
an automorphism by Lemma 3.5) in SMod” which is not induced naturally from any
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H-comodule B-algebra endomorphism of E. Indeed, let H = H = k[t,t™'], the Lau-
rent polynomial algebra regarded as the Hopf algebra which represents the multiplicative
group. Let B = A(V) be the exterior algebra on a finite-dimensional vector space of
dimension > 1. Choose as E the trivial k[¢, t~1]-Galois extension k[t,~!] over k. Then
one has (B ®g E)OgzH = A(V) ® k[t,17!]. Every endomorphism in question uniquely
arises from a super-algebra map g: k[t,t~'] — A(V) so that

AVYQk[t,t™ ] = A(V)®k[t.t7Y], b ®h+— b(g ®id)(Ah)).

The endomorphism that arises from the g defined by g(r*') = 1 & x, where 0 # x €
A2(V) such that x2 = 0, is not induced from any endomorphism of E = k[t, 7], as is
easily seen. The example shows that the bijection proved in Corollary 3.14 does not result
from a category-equivalence; this is translated into the fact stated in Remark 1.6 (1).

The second main theorem, Theorem 1.9, restricted to the affinity situation, is translated
into the following.

Theorem 3.16. Suppose that A = (A, p) is a non-zero algebra in SMod® ; A is then nat-
urally a purely even algebra in SMod™ . Let B = A . Assume that

(@) themapa:A® A — AQ® H in (3.1) is surjective,
(b) fT/fTC"I'_I is H-Galois,
(c) H is smooth as an algebra, and
(d) A is Noetherian and smooth.
Then A/ B is H-Galois, and B is Noetherian, smooth and such that

E — /Tcoﬁ ,
whence, with the assumptions of Theorem 3.12 all satisfied, A is of the form (3.13).

Remark 3.17. Under the situation of Theorem 3.16, assume that (a) is satisfied. It is
proved by [15, Theorems 1.2 and 3.7] that A/B is H-Galois, if H is co-Frobenius as
a coalgebra, or equivalently, if the affine algebraic group Ge,, which is now represented
by H, has an integral. When char k = 0, the assumption is satisfied if and only if Ge, is
linearly reductive; see Sullivan [20] also for characterizations in the positive characteristic
case.

Theorem 3.16 will be proved in Section 6, and the result, regarded as the special,
affinity case of Theorem 1.9, will be applied to prove that theorem in Section 7.

In what follows, until the end of Section 3.3, we let H be a Hopf super-algebra which
may not be finitely generated.

The notion of smoothness for super-algebras (over k) is generalized to the notion
for super-algebras over a fixed super-algebra and, moreover, for those super-algebras on
which H -co-acts. For the latter we use the word “H -smooth,” as follows.
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Definition 3.18. Let us be given an algebra morphism R — S in SMod’. We say that S
is H-smooth over R if, given a surjective R-algebra morphism 4 — B in SMod? with
nilpotent kernel, every R-algebra morphism § — B in SMod? factors through A4 by some
R-algebra morphism S — A in SMod’. The condition is equivalent to saying that every
surjective R-algebra morphism in SMod#? that maps onto S and has nilpotent kernel nec-
essarily splits, as is seen by a familiar augment using pull-backs; see the proof of [22,
Proposition 9.3.3], for example. Here one should notice that the category of R-algebras in
SMod# has pull-backs.

We will use the word H -smooth when R such as above is trivial as an H -super-
comodule (and, moreover, for applications in the sequel, when R — § is an embedding
into S ),

Proposition 3.19. Let us be given an algebra morphism R — S in SMod® such that R is
trivial as an H -super-comodule. If S is H-smooth over R, then it is necessarily smooth
over R.

Proof. Let T be an R-super-algebra in general. Then 7 ® H is naturally an R-algebra in
SMod# . By the triviality assumption for R, the R-super-algebra maps S — T are in one-
to-one correspondence with the R-algebra morphisms § — T ® H in SMod”, in which
an R-super-algebra map f:S — T corresponds to

fi=(f®idg)op:S - T Q H, (3.14)

where p: S — S ® H denotes the H -co-action on S.

Given an R-super-algebra surjection A — B with nilpotent kernel, we have a surjective
R-algebra morphism A ® H — B ® H in SMod with nilpotent kernel. Assume that S
is H-smooth over R. Given an R-super-algebra map f:S — B, the R-algebra morphism
f: S — B ® H in SMod¥ factors through A ® H by some S — A ® H that is necessarily
of the form g with g: S — A an R-super-algebra map. We see that f factors through A
by g. This proves the desired smoothness. ]

By the proposition just proven, H is smooth (over k), if it is H-smooth over k. The
converse holds, as well, as is shown by the following.

Proposition 3.20. H (or; equivalently, H ) is smooth if and only if it is H -smooth over k.
These equivalent conditions are necessarily satisfied if chark = 0; see Remark 3.13 (1).

Proof. By modifying in an obvious manner the proof of the result [14, Proposition 1.10,
(i) <= (iii)] in the non-super situation, we see that the following are equivalent:

(a) forevery trivial H-super-module M, the symmetric 2nd Hochschild cohomology
H SZ(H , M) (constructed in SMody,) vanishes;

(b) every surjective algebra morphism in SMod*! that maps onto H and has nilpotent
kernel necessarily splits.
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We now have only to prove “only if.” If H is smooth, then (a) and thus (b) are satisfied.
But (b) is equivalent to saying that H is H-smooth over k, as was remarked at the last
part of Definition 3.18. ]

Remark 3.21. Let H' be a quotient Hopf algebra of H such that H is injective as a left or,
equivalently, right H'-super-comodule; recall from the second paragraph of Section 2.2
that the condition is equivalent to saying that the co-tensor product functor Og'H or
HOg: is exact. In the situation of Proposition 3.19, if S is H-smooth over R, then S is
H’-smooth over R. This improves Proposition 3.19, generalizing k (= H/Kere) to H'.
But the proof is a slight modification, which replaces (3.14) with (fOgsidg) o p: S —
TOp H.

It follows that the conditions proved by Proposition 3.20 to be equivalent to each other
are further equivalent to the condition that H is H’-smooth for some/any quotient Hopf
super-algebra H’ of H that satisfies the injectivity assumption.

4. Proof of Proposition 3.11

To prove the proposition (in 2 steps), let H be a finitely generated Hopf super-algebra, let
G denote affine algebraic super-group represented by H, and let ¢ = Lie(G) be the Lie
super-algebra of G. We assume [[q1, g1], g1] = 0 as in (3.12).

4.1. Step 1

We claim the following.

Lemma4.1. G has a quotient affine super-group F which has the following two properties,
where we let T = Lie(F) denote the Lie super-algebra of F.

(1) The natural Lie super-algebra map g — §, restricted to the odd components, is
identical, or, in notation, g1 = 11,

(2) The closed embedding Fe, — F splits (necessarily uniquely).

Suppose that this lemma is proved. Let J/ = @(F). Then J is a Hopf super-subalgebra
of H. By (2), this J is of the form of smash co-product

J =T »<n(W). “.1)

Here W is a purely odd object in SMod” ; it constitutes the Hopf algebra A(W) in SMod” ,
which contains elements of W as primitives. The Hopf algebra in turn constitutes the
smash co-product above. By (1), we have W = (f1)* = (g1)*, whence

Hp — A(W).

Note that the k @ W in this co H H is a sub-object of H in SMod# | since it is, in fact, such
of J in SMod” .
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Given an H -Galois extension A/ B, the inclusion B <> A has a retraction r: A — B
in SModp. Indeed, by applying [19, Theorem 4.9] to the H -Galois extension A, /B in the
non-super situation which was discussed in the proof of Proposition 3.6, one sees that the
natural inclusion B <> A (= A x Z5) splits left (or right) B-linearly. The argument using
separable extensions, which was used in the last-mentioned proof, ensures the existence
of r. Now, the composite

kOW > H=k®H > A®H > Ay 4 2% 4
is a morphism in SMod” which sends 1in k(C k @ W) to 1 € A. Therefore, this uniquely
extends to an algebra morphism ©°# H = A(W) — A in SMod® . Proposition 3.9 (1) then
proves Proposition 3.11 in question.

4.2. Step 2

It remains to prove Lemma 4.1 above. Let
C=H° C=H°

denote the dual Hopf super-algebra of H and the dual Hopf algebra of H; see [10,
Section 2.4]. The Hopf super-algebra C is not necessarily super-commutative, but is super-
cocommutative. This C includes C as the largest purely even Hopf super-subalgebra. The
spaces of all primitives in the Hopf (super-)algebras give the Lie (super-)algebras of the
affine (super-)groups, so that

P(C) =Lie(G) (= g), P(C) = Lie(Ge,) (= go)-

Let (, ):C x H — k denote the canonical pairing. Then H has the natural left C -mod-
ule structure given by
¢ —~a=aulc aw),

where ¢ € C,a € H, and A(a) = a(1) ® a(z) denotes the co-product on H .1t is shown
by [10, Lemma 27 and Theorem 29] that the set

Hom¢ (C, H) 4.2)

of all left C-linear maps C — H has a natural structure of Hopf super-algebra, such that
H ~Homc¢ (C, H) naturally as Hopf super-algebras. This Hom set is essentially the same
as what is denoted by Homy (H(J, V), C) in [10, p. 1101], and the explicit Hopf-super-
algebra structure is given by [10, Proposition 18 (2)-(3)].

Let

V = [g1,g1](C C).

One sees that, under the adjoint actions, C stabilizes V', and g, annihilates V by (3.12). It
follows that the left and the right (super-)ideals of the Hopf (super-)algebra generated by
V' coincide, so that

cv=ve cCVv=VC.
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Let
0=c/ve. Q=c/ve

denote the resulting quotients. In view of [9, Theorem 3.6] one sees that Q is a super-co-
commutative (but not necessarily, super-commutative) Hopf super-algebra, which includes
Q as the largest purely even Hopf super-subalgebra, and the odd component of the primi-
tives P(Q) in Q remains to be g1, or in notation,

P(Q)1 = g1. 4.3)

Moreover, [g1,g1] = 0in P(Q), whence Q is of the form of smash product

0 =0 x A(g1).
Define
H :={aecH|V —a=0}.
Then this is naturally a left Q—module, whence we have the Hom set

J 1= Homg(Q, H') 4.4)

as a subset of the one in (4.2). Since H is finitely generated, it is proper in the sense that the
algebra map H — (C)* which arises from the canonical pairing is injective. Therefore,
we have

H ={aecH|(CV,a)=0}.

Moreover, since CV is a Hopf ideal of C, it follows that H' is a Hopf subalgebra of
H . From the above-mentioned structure on Hom¢ (c, H ), we see that the J in (4.4) is
regarded as a Hopf super-subalgebra of H, such that

(J =)J/(J1) =Homg(Q ® k, H") = H'.
In addition, the natural embedding

J = HomQ(Q/le,I-_I’) — HomQ(Q,ﬁ')

is seen to be a Hopf super-algebra section of the projection J — J. It follows that J rep-
resents a quotient affine super-group, say F, of G which has the property (2) of Lemma 4.1.
We see from (4.3) that it has the property (1), as well.

5. Proof of Theorem 3.12

Let H be a Hopf super-algebra, and suppose that A/B is an H-Galois extension. The
proof is divided into three steps. In Steps 2 and 3 we will assume that H is finitely gener-
ated.

We start with only assuming (i), or namely, that H is smooth over k.
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5.1. Step 1

This is a crucial step devoted to proving the following proposition, for which, we empha-
size, H may not be finitely generated.

Proposition 5.1. A is H-smooth over B, whence it is smooth over B by Proposition 3.19.

We let A" denote the super-algebra A on which H co-acts trivially; thus we have
(Ao = AN,
By Proposition 3.20, H is H-smooth. This implies the following.

Lemma 5.2. A" ® H is H-smooth over AY.

Define
A= A"®p A
Note that H co-acts on the second tensor factor A. Since this is isomorphic to A" @ H
through the beta map in (3.2), the lemma above has the following corollary.

Corollary 5.3. A is H-smooth over A".

Recall from (3.3) the construction of the category SModf , which is in fact k-linear
abelian. By an analogous construction, we let

ASMBodf (5.1

denote the k-linear abelian category of those (A, A)-bimodules M in SMod# for which
the left and the right B-actions coincide (in the super sense), or explicitly,

bm = (=D)P"mp. be B,me M.

For example, A ®p A, equipped with the co-diagonal H -co-action, is an object of this
category. Clearly, A is as well. For simplicity, we will write ASModﬁI for (5.1). Notice that
the category includes SModﬁI as a full subcategorys; it consists of all objects of ASModﬁI
for which the left and the right A-actions coincide.

Recall from Theorem 3.3 that we have the (k-linear) category-equivalence

®:SMod — SModp, ®(M) = M©H, (5.2)
Lemma 5.4. The direct sum
P:=(A®p A)[0] ® (A ®p A)[1]

of A®p A (= (A ®p A)[0]) and its degree shift (A ®p A)[1] is a projective generator in
ASModﬁ’ , whence the category has enough projectives, and for every M € ASModﬁI , the
Ext group

Ext®

" SMod ! =

M)

is defined as the right derived functor of the Hom functor HomA SMoal! (—, M).
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Proof. Let M € ASModf . We have the natural identifications
Hom gy o1 (4 ®p A)[i]. M) = (M©™);, i =0,1
of k-vector spaces, which amount to

Hom g, qn (P, M) = M. (5.3)
With M regarded as an object in SModﬁI through the obvious forgetful functor, the right-
hand side of (5.3) coincides with ®(M); here, we do not regard SModﬁI - ASModj’ . Since
® preserves surjections, it follows that P as well as the two direct summands are pro-
Jective. Since the inclusion ®(M) = M coH <, M extends to a natural isomorphism
MeH @p ASM in SModf , one sees that M is generated by M °H as aright A-module,
and so as an (A, A)-bimodule. Therefore, P is a generator. ]

Remark 5.5. Since A = A" ® B A is an H-Galois extension over A”, an analogous result
of the lemma above holds, with A ®p A replaced by A ® A (= A" ®p (4 ®p A)), in
the k-linear abelian category
SMod ¥,
A A? A

which is defined in an obvious manner.

Note that B is a subalgebra of A in SMod®’. Just as shown in [22, Section 9.3] in the
ordinary situation (see also the last part of Definition 3.18), A is H-smooth over B if and
only if an extension of commutative B-algebras in SMod®

O0—->M—>P—>A—-0 5.4)

necessarily splits for every M € SModf (C ASModj’ ). By an extension such as the one
above, we mean that P — A is a surjective morphism of commutative B-algebras in
SMod# with kernel M square-zero, M? = 0, in P. It is said to split if the last surjection
splits as a B-algebra morphism in SMod” .

Lemma 5.6. Every B-algebra extension of A, such as (5.4), necessarily splits as a short
exact sequence of B-modules in SMod .

Proof. By Proposition 3.6, the product map B ® A — A splits as a B-module morphism
in SMod® .

It follows that every object in SModﬁI , and thus the kernel M, in particular, are injective
in SMod® . Indeed, we see that

M:MCOH®BA

is a direct summand of M°H ®p (B ® A) = M°°H ® A in SMod?!. The desired injec-
tivity follows since A4 is injective in SMod” by Theorem 3.3 (1).
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We thus have a section s: 4 — P in SMod#? of the surjection P — A. Choose arbitrar-
ily a B-module section : A — B ® A in SMod?! of the product map above. We see that
the composite

t id ®@s
A—-B®A—BQP — P,
where the last arrow indicates the product map, is a section of the B-module morphism
P — AinSMod¥. ]

An important consequence of the lemma above is that B-algebra extensions of A such
as above are classified by the symmetric 2nd Hochschild cohomology H2(A, M) (con-
structed in gSMod ¥ ), which is naturally embedded into

2
EXtASModf (A, M).

Let
Ju/p = Ker(A ®p A — A)

be the kernel of the product map. Then one has the short exact sequence 0 — J4,p —
A®p A—> A —0in ASModﬁI . The derived long exact sequence, combined with the
projectivity result in Lemma 5.4, shows that the last 2nd Ext group is naturally isomorphic
to
1
EXtASModf (JA/B ,M).

Therefore, the algebra extension (5.4) splits if and only if the corresponding extension
0—->M~—>Q —Jgyp—0 5.5
in ASModf splits; in other words, the cohomology class of (5.4) in H2(A, M) is zero if

and only if its image in ExtlSM o (Ja/B. M) through the injection
APH0dy

2 2 = 1
H; (A, M) — EXtASModf (A, M) — EXtASModf (JA/B, M)

is zero. By the flat base-extension A'®p, we obtain the mutually equivalent, analogous
conditions, and see that they are both satisfied since A = A'® B A is H-smooth over Al
by Corollary 5.3. The second analogous condition tells us that the base extension

0> A"®p M - A"®p Q - A"®p Jajp = Jp 40 — 0 (5.6)

of (5.5) splits in ASM?dg.
A

Now, we let A" recover the original structure as an algebra in SMod®, and suppose
that the sequence (5.6) has an additional structure which arises from the tensor factors A"
regarded as objects in

4SMod? (= ,(SMod®)).
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To make this clearer, let A; (resp., H;),i = 1,2, be copies of A (resp., H), regard A; as an
algebra in SMod*? | and suppose that A4, is the A% equipped with the recovered structure.
One sees that

A1 ®p Ay and A, (= B®p A3)

naturally form algebras in SMod”1®H2which both include B as subalgebra. Therefore,
we have the k-linear abelian category

H,®H>
A1®pA> SP%OdAz

of those (A; ®p Aj, Az)-bimodules in SMod™1®H2 for which the left and the right
B-actions coincide. The short exact sequence (5.6) is naturally regarded as such a sequence

. H®H>
Ny @4, Sl"}[godA2 .

o Hi®H
Lemma 5.7. The short exact sequence (5.6) splits in ®1;1‘1281‘/£god1‘121® 2,
Proof. Our argument below is essentially the same as the one which proves the Maschke-
type Theorem [4, Theorem 1].

Let us consider the injection 4; ® p M — A; ®p Q in (5.6). Since the category
ASPg(n)dg is naturally identified with 4,85 AzSMé)df;, the injection has a retraction, say 7,

. H>
N4 o4, SMBod 4, - The tensor product

Fi=r®idy: (41 ® H) ®3 0 — (41 ® Hy) ®3 M.

. . H1®H>
is seen to be in 1‘116915?1‘1251\’%0@42

, where A; acts on the A; ® H; in these objects
through the H;-co-action on Ay, and H; co-acts on the tensor factor Hj; to be precise,
the latter co-action involves the super-symmetry relevant to Q or M. One sees that 7 is a

. . H\®@H, S L
retraction, in 4 o 4 SMBod 4, , of the above injection tensored with idg, .

By Theorem 3.3 (1), A; is injective in SMod?’!. It follows that there is a morphism
¢: H — A in SMod#t such that ¢(1) = 1. We see that the map 7: A1 ® Hy — A
defined by
1@ ®h) = a@¢(Sau)h),

where § denotes the antipode of Hj, is a retraction of the H;-co-action A7 — A; ® Hj,
a = ag) ® ag)y in 4,SMod1; cf. [4, p. 100]. The tensor product

f:=tQpidy: (4, H) Q@ M — A, @ M

is a retraction in SMod1®H2 of the [ 1-co-action on A; ®p M. One sees that the
A1®p A2 g A2

composite 7 o 7, further composed with the H;-co-action on A; ®p Q, gives a retraction

. Hi®H; L. . . .
N4 e.4, Sl"}[god A, of the injection in question. This proves the lemma. ]

Apply to (5.6) the equivalence of categories ( )<°(H71): AlSModH ! ~ pSMod, which is
essentially the same as the @ in (5.2). This can be, in fact, replaced by

H\®H> Hy (_ H>
A1®BAZSMBOdA2 ~ 4,8Mody” (= AstBOdAz)'
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Then there results precisely the short exact sequence (5.5) in the category ASModf on
the right-hand side, which splits since, by Lemma 5.7, (5.6) splits in the category on the
left-hand side. This implies that A is H-smooth over B, as was seen before.

5.2. Step 2

Let us be in the situation at the beginning of this Section 5. But here we assume that
H is finitely generated (and continue to assume (i)). In addition, we assume that B is
purely even, B = By, or equivalently, B = B, and aim to prove Theorem 3.12, that is, the
following.

Proposition 5.8. Under the assumptions above, we have
A~ AQOgzH
(or, namely, A is of the form (3.13) with B = B), and A/B is H-Galois.

Lemma 5.9. We have the following:
(1) A is smooth over B;
(2) A is faithfully flat over B.

Proof. (1) By Proposition 5.1, A is smooth over the now purely even B. As a general
fact, this implies that A is smooth over B. Indeed, given an algebra surjection § — T
with nilpotent kernel, every algebra map A — T, identified with the naturally associated
super-algebra map A — T, factors through S by some A — S or by the naturally induced
A—S.

(2) We claim that the super-ideal 74 (= (A47)) of A is nilpotent. Indeed, since H
is finitely generated by assumption, A" ® A(~ A" ® H) is finitely generated over Al
Since B — A" is faithfully flat, A is finitely generated over B; this implies that the super-
ideal 14, being generated by finitely many odd elements, is nilpotent.

The claim above, combined with (1), shows that the B-super-algebra surjection A — A
(or in fact, Ag — A) splits. The faithful flatness of 4 over B implies that A is faithful flat
over B. |

Apply A® to the isomorphism S in (3.2) to obtain
A®pA~AQ®H.

Then one sees that A is a twisted form of the B-algebra B ® H in SMod®, which is split
by A; this A is faithfully flat over B by Lemma 5.9 (2). Such twisted forms are classified
by the 1st Amitsur cohomology set

H'(A/B,G) (5.7)

for the affine super-group G represented by H . This cohomology set is in fact constructed
in the super situation; the construction is analogous to the one, as given in [21, Part V], of
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the ordinary cohomology set. One sees that super-algebra maps H — @ A 1<n<3,
uniquely factor through H . Moreover, the complex for computing (5.7) is naturally iden-
tified with the one for computing the ordinary 1st Amitsur cohomology set

H'(A/B,Ge,)
for the affine group Ge, represented by H. We see easily that the identification
H'(A/B.Ge) = H'(A/B.G)
is realized by
D+~ DOgH,

where D is a twisted form of B ® H which is split by A. In particular, A is (uniquely) of
the form DOz H. To be more precise, A is isomorphic to DO g H through an isomor-
phism such as in (3.11), which is seen by (2.7) to induce A ~ D. Being a twisted form of
B ® H, A (= D) is H-Galois over B. This completes the proof of Proposition 5.8.

5.3. Step 3

Under the situation at the beginning of Section 5, we assume that H is finitely generated.
In addition to (i), we assume that

(ii) the natural algebra surjection By — B splits, and
(iii) the super-ideal (B;) of B is nilpotent,
as in Theorem 3.12. We are going to complete the proof of the theorem.

Let
F = A/BlA

This is seen to be an algebra in SMod . Given a purely even B-super-module N, one sees
that
N®BA=(N®BB)®BA=N®§F.

It follows that F is E-faithfully flat, since A is B-faithfully flat.
By applying B®3p to the isomorphism S in (3.2), we obtain

F®z F~F®H.

Therefore, F is H-Galois over the purely even B. By Proposition 5.1, F is H-smooth
over B. By (ii), the natural surjection 4 — F may be regarded as a B-algebra morphism
in SMod®?, which splits since its kernel is nilpotent by (iii). Choose arbitrarily a section
F — A, through which we can regard A as an F-algebra in SMod” | and in particular, as
an object in SModg .

Notice that F = A. Then it follows by Proposition 5.8 that

F~ AOgzH,
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and A/ B is H-Galois. The category equivalence SMod# ~ SMod g as in (5.2) shows
A~BQpF~B®p(A0zH)=(B®5 A)OzH,

as desired; see Remark 3.13 (3) for the last canonical isomorphism.

6. Proof of Theorem 3.16

Let R be a super-algebra. Recall from (2.4) that we write /g = (R;) and R = R/Ig.
Define

grR:=PIg/ 15"

n>0
Thus, we have
(erR)(0) = R, (grR)(1) = Ig/I,

in particular. This gr R is a graded super-algebra, by which we mean an N-graded algebra
which, regarded as Z,-graded by mod 2 reduction, is super-commutative. In other words,
a graded super-algebra is a commutative algebra in the tensor category

GrMody = (GrMody, ®,k) 6.1)

of the N-graded vector spaces over k, equipped with the super-symmetry for which objects
are regarded to be Z,-graded by mod 2 reduction; for example, the exterior algebras which
have appeared so far are such algebras. We see

o R=R.

A graded Hopf super-algebra is a commutative Hopf algebra in the symmetric category
above.

To prove Theorem 3.16 (in three steps), suppose that we are in the situation of the
theorem. Thus, H is a finitely generated Hopf super-algebra, A = (A4, p) is a non-zero
algebra in SMod | and B = A« H

6.1. Step 1
From the four assumptions (a)—(d) in Theorem 3.16, we here assume the following three
conditions:

(b) AJ A% H g H -Galois;

(¢) H is smooth as an algebra;

(d) A is Noetherian and smooth.

Lemma 6.1. We have the following.
(1) A H s Noetherian and smooth.

(2) Ais H-smooth over k.
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Proof. (1) By (d), A is Noetherian and smooth; for the smoothness, see the proof of
Lemma 5.9 (1).

In general, given a faithfully-flat homomorphism R — S of algebras over a field, we
have that if S is Noetherian and smooth, then R is, as well. Indeed, R is then clearly
Noetherian. To see that it is smooth or, equivalently, geometrically regular, it suffices, by
base extension and localization, to prove that R is regular, assuming that R — S is a
flat local homomorphism of Noetherian local algebras with S being regular. The desired
regularity of R follows by using Serre’s characterization of regularity as having finite
global dimension. B

Part (1) follows from this general fact applied to A°H < A, which is faithfully flat
by (b).

(2) Everything here is purely even. We wish to prove that an extension

0—-M-—>T—>A—-0

of commutative algebras in SMod? necessarily splits. This splits as a short exact sequence
in SModH since M is in SModéI and is, therefore, injective in SMod by (b); see the
second paragraph ¢ of the proof of Lemma 5.6. Therefore, the algebra map 7 H _, feoH
restricted to the H -co-invariants is surjective, whence it splits by (1) above. The desired
result follows, since A'is H-smooth over A°H  as is seen from Proposition 5.1 applied to
A/ A% H : the last application is possible by (b) and (c). ]

Proposition 6.2. A H is a Noetherian smooth super-algebra such that

Acog — /TCOFI.

Proof. By (d), 14 is nilpotent. By Lemma 6.1 (2), we have a section of the algebra pro-
jection A — A in SMod# | through which we can and we do regard A as an A-algebra in
SMod®. Let
Py = 14/I} (= (gr A)(1)), (6.2)
Then this is an object in SMod " which is a finitely generated projective A- super-module
by Proposition 2.2. The natural projection 14 — P4 is now a morphism in SModZ 1 and
has a section essentially by the Maschke-type Theorem [4, Theorem 1]; see the proof
of Lemma 5.7. The argument of Remark 2.3, slightly modified, shows that we have an
isomorphism
Eng(Pg) — A (6.3)

of A-algebras in SModH . By the category equivalence SModfg ~ SMod g, 7 ensured by the
assumption (b), we see that Py is of the form

Ps= Q4 ®zon A, where Qy = Pt

This Q4 is a finitely generated projective A H _module since A is faithfully flat over
A% H We thus have an isomorphism

/\Au)H (QA) ®Am A A (6'4)
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of A-algebras in SMod®? , which restricts to an isomorphism
A g (Qa) = A°H
of super-algebras over A°H This implies the desired result by Proposition 2.2. |

6.2. Step 2

In what follows we assume, in addition,
(a) the super-algebramap A ® A > A Q® H,a ® b — ap(b) is surjective.
Applying gr to everything, we write

A=grd, H =grH.

Then, # is a finitely generated graded Hopf super-algebra. Let GrMod* denote the sym-
metric category of the right Jf-comodules in GrMody; see (6.1). Then, A = (A, gr(p)) is
an algebra in GrMod” . In particular, # is a Hopf super-algebra, and s is an algebra in
SMod*.

Lemma 6.3. These # and A satisfy those conditions which corresponds to (a)—(d) for H
and A; explicitly, they are the same (b), (¢), and the following modified two:
(@) the super-algebra map A Q A — A Q H, a ® b +> a gr(p)(b) is surjective;
(d) A is Noetherian and smooth.

Proof. By Proposition 2.2, (d') follows from (d).

Since the super-algebra map in (a’) is induced from the one in (a) with gr applied, one
sees that (a) implies (a’), in view of the following general fact. Given a surjection of super-
algebras, R — S, the induced map gr R — gr S of graded super-algebras is surjective.
Indeed, one sees that R/1% (with Igr = (R;) as before) has the even component (R/13)o
which is canonically isomorphic to R = R/Ig, and has (R/13); = Ig/I3 as the odd
component. It follows that the given super-algebra surjection induces surjections

R— S, Ig/I}—Is/IZ,

which are identified with the neutral and the 1st components of the induced, graded super-
algebra map. The map is surjective since the graded super-algebras are generated by the
described components. ]

Thus, we may assume (a’), (b), (c), and (d’). We now claim that the conclusion of
Theorem 3.16 holds for J¢ and +, as follows.

Lemma 6.4. A/ A is #-Galois, and A% is Noetherian, smooth and such that

AOT = Jeoll (6.5)
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Proof. Let W := (HT/(H™%)?); as in (2.5). Then # is (canonically) isomorphic to the
smash co-product H »< A (W) just as in (4.1); see [16, (3.14)], for example. In other
words, we have the split short exact sequence

H > J — A(W)

of (graded) Hopf super-algebras, where A(W) is supposed to contain all elements of W
as primitives. Note that # turns into an algebra in SMod™") along the last surjection
H —> A(W). The assumption (a’) implies that the alpha map (see (3.1)) for this # in
SMod ") is surjective. Remark 3.17 (for H), now applied to the co-Frobenius A(W),
shows that 4/ AN g A(W)-Galois, whence ACKIN) o 4 s faithfully flat, in
particular.

Applying Proposition 3.11 (for H) to A(W), one can choose a morphism A(W) — 4
of algebras in SMod"). With gr applied, this morphism may be supposed to be graded.
It uniquely extends to an isomorphism

ACCTID @ A(W) =~ A
of AN _algebras in GrMod W), as is seen by using the equivalence of categories
sMod,"") 5 SMod yeotnawy, M > M) (6.6)
ensured by /AN being A(W)-Galois. It follows that
ACNT)) = 4. 6.7)

Moreover, by (d'), AN {5 Noetherian and smooth.
Notice that AW is an algebra in GrMod? such that

(ACO(/\(W)))COH — ACOJf-

Apply the equivalence of categories (6.6) to the surjection in (a’). The result is the faith-
fully-flat base extension A® 4co(xowy of the alpha map

ACAI) @ 4eAW) _, 4eoAW) o

for AW in GrMod? . Therefore, this alpha map is surjective. By (6.7) we can apply
(the argument of proving) Proposition 6.2 to AW Tt results that

Acoé’t’ (= (ACO(A(W)))COH)

is Noetherian and smooth, and we have an isomorphism

Agoit (NA) ® goors A = ACNTD (6.8)
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of A-algebras in GrMod® . This isomorphism is analogous to (6.4), but it is now canonical.
Here, N4 denotes the H -co-invariants in the 1st component of ANV or, in other
words,
Ngy=P4N Am‘%;

see (6.2). This Ny is a finitely generated projective A% -module. The isomorphism (6.8)
shows equation (6.5). It also shows that 4% is injective in SMod?, whence by The-
orem 3.3 (1), AN /A0 ¥ is H_Galois. Therefore, A% — 4 is, as a composite of
two faithfully-flat homomorphisms, faithfully flat.

It remains to show that the beta map A ® 400 A — A @ H (see (3.2)) for A in
GrMod¥ is bijective. After applying (6.6), one has only to prove that

A Q@ yeore AN A H
is bijective. But this is a base extension of the beta map
ACN)) ® peo e ACCI) 5 peoA(W) o F

for AP in GrMod , which is bijective since ANI) / A©¥ is H-Galois. This
completes the proof. ]

6.3. Step 3

We have seen that /A< % is an J¢-Galois extension which satisfies the assumptions of
Theorem 3.12. Let R := °H ¢ this R is seen to be an algebra in GrMod” . The theo-
rem tells us that A/A%% arises (uniquely) from an H -Galois extension over A©% . By
Proposition 3.9, we have an algebra morphism f: R — s in SMod* , which can be cho-
sen, with gr applied, so as to be in GrMod* . Define Dy := A/(f(RT)), justas in (3.10),
and let p: 4 — D denote the natural projection; these are in GrModH . Let

A S DO,
be the isomorphism of algebras in GrMod®, such as given by (3.11). Recall that this ¢ is
induced from the composite

®id
Ao AH 2 Do,

where the first arrow indicates the J€-co-action on +. Using the isomorphism £ in (6.3),
define ¢g: A — Dy to be the composite

. r
g A A i) E A L D, 6.9)

This is an algebra morphism in SMod? such that gr(q) = p. Note that the composite

A AaeH 2 b o H,
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where the first arrow indicates the H-co-action on A, induces an algebra morphism in
SMod#?,
n. A— D f O i H,

which is indeed an isomorphism, since we see gr(n) = t. B

One sees from the isomorphism ¢ that Dy is isomorphic, as an algebra in SMod? | to
AW Therefore, Dy is injective in SMod”, as is seen again from (6.8). The isomor-
phism 7 tells us that A is injective in SMod® . By Theorem 3.3 (1), assumption (a) implies
that A/A°H is H-Galois. Moreover, 7 and ¢ induce the isomorphisms

ACOH ~ (Df)col'_l ~ ACOJC (6.10)
of super-algebras. More precisely, the composite

£ gr(é)
A— /\/T(PA) — A

of the first two isomorphisms in (6.9) induces an isomorphism 4% ~ A«
By Lemma 6.4, A H is Noetherian, smooth and such that

Ac0H — /TCOH‘

This completes the proof of Theorem 3.16.

Remark 6.5. By applying gr to (6.10), we obtain an isomorphism
gI‘(ACO H) ~ (gr A)CO(ng),

which is indeed canonical, arising from the inclusion A <> A with gr applied. Let
B = A®H a5 above. Then it follows from (6.8) that the isomorphism in degree 1 gives

Ig/15 = Na. (6.11)

7. Proof of Theorem 1.9

Suppose that we are in the situation of Theorem 1.9. We work in the geometrical setting,
in which super-schemes are regarded as super-ringed spaces; see [17, Section 4]. Let Oy
denote the structure sheaf of X, in particular. As a ringed space, the associated scheme X,
has the same underlying topological space as X, and the structure sheaf assigns the algebra
(WY) to every open set Y.

Lemma 7.1. Under the additional assumption that X and XeV7GeV are both affine, Theo-
rem 1.9 holds.

Proof. Suppose that we are in the situation of the beginning of Section 3.1. We now
assume that the Hopf super-algebra H is finitely generated and the algebra A4 in SMod? is
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Noetherian. Note that the freeness of the G-action on X is equivalent to saying that the map
o in (3.1) is an epimorphism of super-algebras. Therefore, the lemma follows from Theo-
rem 3.16 if we prove that « is necessarily surjective. But this follows from the following
general fact for R — S applied to «. |

Lemma 7.2. An epimorphism R — S of super-algebras is necessarily surjective, if the
induced algebra map R — S is surjective and if S is Noetherian.

Proof. The assumptions imply that S, regarded as an R-super-algebra through the map,
is generated by finitely many nilpotent homogeneous elements in /g, whence it is finitely
generated as an R-super-module. The desired surjectivity now follows by a familiar argu-
ment which uses the fact that R — S is an epimorphism if and only if, tensored ®g ids
with the identity map of S, it turns into a bijection, S = R Qg S — S ®r S; see the
proof of [15, Proposition 2.6], for example. |

Let m: Xoy — XeV7Gev denote the natural morphism. Choose arbitrarily an affine open
subset U # 0 in Xev7Gev, which is necessarily Noetherian and smooth. Then, as is shown
in [6, Part I, Section 5.7, p. 83], #~1(U) is a Ge,-stable, open affine subscheme of X, such
that 771 (U)/Gey = U.

Recall that X and X, have the same underlying topological space. One sees that
7~ 1(U), regarded as an open subset of X, is an open Noetherian super-subscheme of X,
which we denote by V. The associated scheme is the 77 =1 (U) in Xe,, which is affine, as
was seen above. Therefore, the V' in X is affine by Zubkov’s theorem [24, Theorem 3.1].
Clearly, the morphism of (affine) super-schemes V x G — V x V restricted from (1.1)
is a monomorphism; in other words, the G-action on V' is free. By Lemma 7.1, we have
V7G = Spec(Ox(V)®), and this is Noetherian and smooth. Moreover, the original U in
XeV7Gev coincides with Spec B, where we let B := Ox(V)°.

Let Z denote the underlying topological space of the scheme Xe\,7Ge\,.

Lemma 7.3. There uniquely exists a sheaf ¥ of super-algebras on Z, such that
(U. Fly) = Spec(Ox(V)®)
for every U with V. = =Y (U)(C X), as above.

Proof. Let U D U’ be a non-empty affine open subsets of Xev7Gev. Define V := 7~ (U)
and V' := 7~ 1(U’) in X. The commutative diagram

V «— VvV’

v | B

U «— U’

of affine super-schemes arises from the commutative diagram

A—— A

[

B —— B’
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of super-algebras, where we have set
A=0yV), B=AH, A =0V, B =4~
Choose arbitrarily a point y € U’. There is a point x € V' such that 7(x) = y. Let
PO e Spec(4y)). " € Spec(B)

be the primes which correspond to the point x in V) and to yinU O, respectively. To be
precise, p is first chosen from Spec(B), and is then regarded as being in Spec(By) through
the canonical identification of the two sets of primes. This is also the case for p’. We have
the canonical isomorphism

Ap = A;B, 7.1

between stalks of Oy, and the analogous one
Ep = Ep, (7.2)

for the structure sheaf of Xe\,7Ge\,. To prove the lemma, it suffices to prove that the canonical
map
. /
cano: By — B,

is an isomorphism, which shows Ospec B|ur = Ospec B/ Notice that the super-algebras By,
and B;, both are Noetherian and smooth.

As is easily seen, localizations by the primes above are compatible with the relevant
constructions which will appear below; for example, we have (]§)p = (B_p). We will use
freely such identifications.

Just as in (6.2), we write Pgr = IR/II% for R = Bg(),). Let us return to the isomorphism
given in (6.8), where we wrote 4 = gr A. Localize both sides at 3, and restrict to the first
components. By using (6.11), there results

Py, ®5, Ap = A5V ().

Here we remark that, since A(W) co-acts trivially on the A4 (= A(0)) in A, AE{;(A(W))
makes sense, and its first component has appeared on the right-hand side. The analogous
result for A’, B and A’ := gr A’, combined with (7.2) and the equation g = AQB, arising
from (7.1), gives a canonical isomorphism

Pg, = PB;D,. (7.3)

Choose first a section s of the super-algebra projection B, — Ep, and then a section
t of the projection Ig, — Pp, in SMod By where the By-super-module /g, is regarded to
be in SMod By though the first chosen s. Define s’ and ¢’ to be the composites

cano |y
K cano t Byp
- ! —
By =By > By, — By, Py, =Ps, —Is, — Iy,



Torsors in super-symmetry 967

respectively. Clearly, these are sections of B{)/ — B’y and of g/, — Pp , respectively.
P P
We have the following diagram:

/\Ep(PBD) e Bp

/
/\ﬁp,(PB;j,) —> Bp/

Here the horizontal arrow on the top (resp., on the bottom) indicates the isomorphism
(see (2.8)) which arises from s and ¢ (resp., from s’ and ¢’), and the vertical arrow on the
left-hand side indicates the isomorphism which arises from (7.2) and (7.3). It follows that
the vertical cano on the right-hand side is an isomorphism, as desired, since the diagram
above is easily seen to be commutative. ]

We see that 7 := (Z, ) is a locally Noetherian, smooth super-scheme. This represents
X/G, and satisfies
Zey = Xev/GeVa

since it has locally these properties. This proves Theorem 1.9.

Funding. Akira Masuoka was supported by JSPS KAKENHI, Grant Numbers 17K05189
and 20K03552.
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