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Weakly parametric pseudodifferential calculus for twisted
C *-dynamical systems

Gihyun Lee and Matthias Lesch

Abstract. For a twisted C *-dynamical system (<7, R", &, ¢) over a unital C *-algebra, we establish
a weakly parametric pseudodifferential calculus analogously to the celebrated weakly parametric
calculus due to Grubb and Seeley [Invent. Math. 121 (1995), 481-529]. If the C *-algebra &/ has an
o-invariant trace, then we prove an expansion of the resolvent trace (with respect to the dual trace
on multipliers) for suitable pseudodifferential multipliers. The question whether the expansion holds
true as a Hilbert space trace expansion in concrete GNS spaces for .7 will be addressed in a future
publication.

1. Introduction

The purpose of this paper is to establish a weakly parametric pseudodifferential calculus
for twisted C *-dynamical systems. Let us first put this into perspective. Pseudodifferen-
tial operators were developed to be able to treat the resolvent of a differential operator
as a “virtual differential operator” of negative order and hence to a large extent on an
equal footing as differential operators. Soon it became clear from Seeley’s famous paper
on complex powers [25] that in order to obtain the full strength of the results on the
trace of the ¢-function (or more or less equivalently the short time asymptotic expansion
of the heat trace), it was necessary to extend the pseudodifferential calculus to a calcu-
lus with parameters, cf. e.g., [26]. It is important to understand that this means that the
resolvent parameter is essentially treated like a covariable and it should not be confused
with the naive perception of being just an auxiliary parameter in the theory. However, as it
turned out, the parametric calculus works well only for resolvents of differential operators.
This subtlety was even overlooked in the early days and observed only much later in the
paper by Duistermaat and Guillemin [9]. In order to incorporate the resolvent of a pseu-
dodifferential operator into the theory, it was therefore necessary to establish a weakly
parametric calculus which was fully worked out much later by Grubb and Seeley [12].
The weakly parametric calculus is indispensable for establishing the more subtle invari-
ants of an elliptic operator as, e.g., the noncommutative residue [13, 27, 28]. The latter
is intimately related to the log ¢ term in the asymptotic expansion of Tr(4e %), say, as
t — 0, it vanishes for a differential operator A.
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Pseudodifferential calculi are also of significance in the noncommutative setting [ 1-3].
On noncommutative tori, which form an interesting model case for a noncommutative
space, meanwhile a rich spectral geometry has been established [5-8, 10, 17,20]. In [20],
a full heat trace asymptotics for Laplace type operators on Heisenberg modules, a class
of natural projective modules over noncommutative tori, was established and applied to
obtain many of the spectral geometry results known from the conformal geometry of com-
pact oriented surfaces. The main technical tool there was a parametric pseudodifferential
calculus (a la Shubin [26]) for twisted C *-dynamical systems. In a second step, this was
then used to obtain a heat trace asymptotic for the effective action on Heisenberg mod-
ules. The second step is nontrivial as the natural traces on the C*-dynamical system and
the Hilbert space trace on the Heisenberg module are only “asymptotically equal” (see
[20, Thm. 6.2]). It should be noted that the Heisenberg modules are the natural noncom-
mutative torus analogues of the classification of holomorphic vector bundles over elliptic
curves (see, e.g., [23]).

If one wants to push the analogy between the spectral geometry of noncommutative
tori and compact surfaces further, it is therefore natural to extend Grubb and Seeley’s
weakly parametric calculus to this situation. The current paper is an important step in this
direction. Namely, we work out the weakly parametric calculus for abstract twisted C *-
dynamical systems. The calculus here is reminiscent of the calculus on R” (cf. [26, Ch. 4]).
What is missing, however, and which needs to be addressed in a future publication is the
above mentioned transfer to the effective action on Heisenberg modules. The obstacle
is that so far we are unable to prove the analog of [20, Thm. 6.2] about the asymptotic
comparison between the abstract trace and the concrete Hilbert space trace for a weakly
parametric operator family.

Let us now in some more detail sketch the set-up and main results of the paper. Let
(o7, R", &, e) be a twisted C*-dynamical system; i.e., & is a unital C*-algebra and «
is a continuous R” action by automorphisms. The twisting e(x, y) = (8%} is given
by a skew-symmetric real n X n matrix. <7 denotes, as usual, the subalgebra of smooth
elements with respect to the action. We now study pseudodifferential multipliers on the
Hilbert «7-module #(R", .o7) := L?>(R") ® /. The latter is the exterior tensor product
(cf. [18, Ch. 4]) of the Hilbert space L?(R") with .27, and here .¢7 is regarded as a Hilbert
module over itself. More concretely, 5 (R", /) is the completion of the Schwartz space
S (R", o/ *°) with respect to the inner product,

(o) = [ S emdx, fige S@T)

The twisted dynamical system induces on .(R”, &7°°) an adjoint (2.2) and a convolu-
tion product (2.3) which turn it into a x-algebra. Furthermore, the convolution product
gives rise to a left regular representation of .%’(R”, 27°°) by bounded adjointable multi-
pliers on the Hilbert .«7-module 7 (R", «/) = L*(R") ® /. Extending this left regular
representation to more general function classes now leads naturally to “pseudodifferen-
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tial multipliers”. For the usual Hérmander symbol class and .o =C, this specializes to a
well-known pseudodifferential calculus on R” (cf. [26, Ch. 4]).

In Section 2, we extend the Hormander symbol classes to our situation. This is a
straightforward generalization of the Baaj—Julg symbol spaces [1, 2] from the untwisted
to the twisted case. Furthermore, we work out in some more detail the pseudodifferential
calculus for a twisted C*-dynamical system as indicated in [20, §3.2]. We follow also
[14, 15]. For a symbol f € S™(R", &/*°), m € R, the pseudodifferential multiplier P
associated with f is defined by

(Pru)(x) := (Mpvu)(x)
1

z(zﬂ)n/ o (f(E+ Bx)i(E)dE. ue SR, F). (L)

The rules of calculus are worked out in Section 2 below. We also put particular emphasis
on the asymptotic symbol formulas for classical operators which are a bit more involved
here due to the twisting (Theorem 2.15).

In Section 3, we prove a basic boundedness result for pseudodifferential multipliers
on s (R", &) (Proposition 3.6). As a tool we prove a Hilbert C *-module version of the
classical Schur’s test on boundedness for integral operators (Lemma 3.4).

In Section 4, we develop the weakly parametric pseudodifferential calculus for pseu-
dodifferential multipliers acting on the Hilbert module .%#(R", o) = L?(R") ® <. This
is an adaption of Grubb and Seeley’s weakly parametric calculus for ordinary pseudodif-
ferential operators [12].

Finally, Section 5 contains our main results on the trace expansions. We have the
following theorem.

Theorem 1.1 (Theorem 5.5). Let P and A be classical (i.e., 1-step polyhomogeneous)
pseudodifferential multipliers with respective orders m € N and w € R. Suppose that P
is elliptic with parameter . € T'. Then, for A € —T'™ and k with —km + w < —n, we have
the asymptotic expansion,

Try [ACP = 2)7F] ~ Y e 5 % £ 37 (¢ log & + ¢f)A~+ .
j =0

Here, the coefficients c;, ¢; and c] are given by the integral (over R") of the trace Y of
the respective symbols f(§) ~ 3 ;o fm—j(§) and a(§) ~ ;- aw—;(§) of P and A.

We refer the reader to Definition 5.3 for the precise meaning of the notion of ellipticity
with parameter. Furthermore, Try, is the trace on pseudodifferential multipliers induced
from an ¢-invariant continuous trace ¥ on 7 (cf. (2.20)). If the twisted C *-dynamical
system (o7, R", o, e) is projectively represented on a Hilbert space .7, then one obtains a
representation of the pseudodifferential multipliers as operators on J#. In general, Try, (Py)
does not coincide with the Hilbert space trace of the representation of Py. In [20, Thm. 6.2],
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however, it was shown that for the standard parametric calculus, the two traces coincide
up to a summand of order O(A~"), N arbitrary. This suffices to deduce an asymptotic
expansion result analogous to Theorem 1.1 also for the Hilbert space realization. For the
weakly parametric calculus, the method of loc. cit. does not work (see Remark 5.6 for
more information on this point) and we have to leave this question for a future publication.

2. Pseudodifferential calculus for twisted C *-dynamical systems

In this section, we recall the main definitions and properties of pseudodifferential multi-
pliers on twisted C *-dynamical systems [20,21]. This is a generalization of the pseudod-
ifferential calculus on C *-dynamical systems described in [1-3].

2.1. Twisted C *-dynamical systems

Let o/ be a unital C*-algebra and « a continuous action of R” on &/ by C*-algebra
automorphisms, i.e., «; € Aut(e) for all t € R” and the map ¢ — «; (@) is norm-continuous
for all ¢ € 7. Furthermore, let

Bx,y)

e(x,y) = el x,y € R",

where B = (by;) is a skew-symmetric real n x n matrix and (-, -) is the standard inner
product on R”. Then, the quadruple (<, R", @, ¢) forms a twisted C *-dynamical system.

Throughout the paper, we let (&7, R”, a, ¢) be the twisted C *-dynamical system
described above. We shall denote by &7 the smooth subalgebra of &/ induced by the
action «, i.e., those a € .o such that the map R” > ¢ > «;(a) € <« is smooth. For y € N7,
we define

8a = i_|y|8],’|l=ooz,(a), ae o™

o/ is a Fréchet space with respect to the locally convex topology generated by the semi-
norms a — [§7al, y € Ng.

Let us denote by .7 (R"”, o7°°) the space of Schwartz class maps with values in 7.
Let f € S (R", o7°). Its Fourier transform f : R" — &/ is defined by

F© = [ O pwax gern
]Rn

Furthermore, the inverse Fourier transform [ : R" — &/ of f € S (R", &/) is
defined by

fo = [ g as xer,

]Rn

where we have set @& := (2) ™" d &. The Fourier transform and the inverse Fourier trans-
form induce continuous linear isomorphisms on .%(R”, 27 °°) that are inverses of each

other. We refer to [14, Apps. B and C] for a more detailed account on the integration and
the Fourier transform of a map with values in locally convex spaces.
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We can endow the Schwartz space .&(R", o7°°) with the pre-C *-module structure
given by the inner product,

(fe) = [ S0 e, fig e SR ) @
For f € S(R", &/*), set

@f)(x) =ax(@)f(x), aead®,
Uy Hx) =e(x.=y) f(x —y).

Then, U, y € R", is a projective family of unitaries such that, for all x, y € R”, we have

Ur;=U_,,
U.U, =e(x,y)Uxyy,
UsaU_y = ax(a), ae .

Given f € /(R", &/*), we define the multiplier My associated with f by

My :/]R” f)Uy dx.

Then, the space .7 (R”, 2/°°) becomes a *-algebra with respect to the product and the
adjoint defined by My o My = Myyg and M7 = My, where

FH(x) = ax(f(=x)*), (2.2)
(f 9@ = [ F0)a (g = ety dy. 3

Suppose that the algebra o7 is equipped with an «-invariant continuous trace . In
this case, ¥ induces the dual trace on . (R", o7°°) which is given by

W =vfo) = [ i@ de de=enas s

2.2. Symbols and pseudodifferential multipliers

Definition 2.1 ([1,3]). The symbol space S™(R”, &), m € R, consists of smooth maps
[ :R" — &/ such that, for all o, B € Ny, there exists Cog > 0 such that

|620¢ /(&) < Capte)™ 1!,

for all £ € R”. Here, we denote (£) := (1 + |$|2)%.

We endow S™(R”, &7*°), m € R, with the locally convex topology generated by the
semi-norms,

pn(f) = sup  sup (&) IAN|5%02 £ ()
la|+|BI<N E€R”

, N eN. 2.5)
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The space S (R”, /) is a Fréchet space with respect to these semi-norms (see, e.g.,
[14, Prop. 3.3] for the proof).

Lemma 2.2 (see [14, Lem. 3.5]). Let m1,my € R. Then, the product of o/ > gives rise to
a continuous bilinear map from S™ (R", /) x S™2(R", &/ *®) to S™1 "2 (R", o/ ).

Definition 2.3 ([1]). Let f € S™(R", @*), m € R, and let f; € "/ (R", /), j =

0,1,.... We shall write f(§) ~ >_;, f;(§) when

fE = i) e S NR", 7)) forall N > 1. 2.6)

J<N
There is a version of Borel’s lemma for .7 *°-valued symbols.

Lemma 2.4 (see also [11, Prop. 3.4] and [14, Lem. 3.10]). Let m € R and suppose that
fi¢) e S™=/(R", &/*®), j > 0. Then, there exists a symbol f(&) € S™(R", /) such
that f(§) ~ 350 f;(§) in the sense of (2.6).

We say that a map f : R" — &/ is homogeneous of degree m € R if
SAE) = A" f(§) forallA > 1and & € R"\ B(0, 1).

Here, B(0,r), r > 0, denotes the open ball of radius r centered at the origin. Note that if
f :R" - &/ is homogeneous of degree m € R, then f € S"(R", o/*).

Definition 2.5. The space of classical (1-step polyhomogeneous) symbols, denoted by
CS™(R", &/*°), m € R, consists of maps f(§) € S™(R", &/*°) that admit an asymptotic
expansion,

FE ~Y S (®).

Jj=0
where ~ is meant in the sense of (2.6) and f,,—; : R* — &/ is a smooth homogeneous
map of degree m — j foreach j > 0.

Remark 2.6. Let f(§)eCS™(R", &7/*°), meR, be such that f(§) "‘ijo Jm—j(&). Then,
for every j >0 and o, B e N{, 8“8? Jm—j (&) is homogeneous of degree m — || — j. Fur-
thermore, it follows from the very definition of classical symbols that, forall o, € N7, we
have 829 f(§) € CS™ PR, /) and 80 £ (§) ~ ;.0 820 fn—; (£) in the sense
of (2.6).

Following [20, §3], it can be shown that, for f,u € . (R", &/*°), we have

(Mpan) = [ e (£& + B de, @)

Note that this integral makes sense even for f€S™(R”, &), meR, and u €. (R", &7/ ).
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Definition 2.7 ([20,21]). Let /' € S™(R",.&/*°), m € R. The pseudodifferential multiplier
Py associated with f is defined by

Pfu = vau, u e y(Rn,ﬂm). (2.8)

The space of pseudodifferential multipliers of order m is denoted by LT (R”, &7°°). Fur-
thermore, if f € CS™(R", &/*), we say that Py is a classical pseudodifferential multi-
plier, and we shall denote the space of classical pseudodifferential multipliers of order m
by CLY (R", o7 °).

As mentioned in [20], the space of pseudodifferential multipliers forms a *-algebra.
More precisely, we have the following results.

Theorem 2.8 (Compare [20, Thm. 3.2]). Let f € S™(R", /) and g € S™ (R", o/™).
We set

fig(®) = / ( / M £+ Eay (g6 + By)) dy) an. 2.9)

Then, the following holds.

(1) The map (f, g) — flg gives rise to a continuous bilinear map,
S™(R", ) x S™ (R", 7*®) —> S (R", &7/™).

(2) We have Py Pg = Pry,.

(3) The symbol fg € ST (R, o/ ) admits the asymptotic expansion,

i)l
O O emolae (e +BY)). @210

o

fig® ~>

Here, ~ is taken in the sense of (2.6).

Theorem 2.9 (Compare [20, Thm. 3.2]). Let f € S™(R", /). We set

£2E) = / ( / ei(y’")ay(f(n+$)*)dy) an. @.11)

Then, the following holds.

(1) The map f ~ f* gives rise to a continuous anti-linear map from S™(R", &)
to itself.

(2) We have P} = Py+. Here, Pf* is the formal adjoint of Py with respect to the inner
product (2.1).

(3) The symbol f* € S™(R", &/ ) admits the asymptotic expansion,
* 1 *
f1® ~ 3 81 ©] (2.12)
— al

Here, ~ is taken in the sense of (2.6).
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Remark 2.10. The integrals in (2.9) and (2.11) make sense as an .« *°-valued oscillatory
integral. We refer to [14, §4] for more detailed accounts on &7 °°-valued oscillatory inte-
grals. Although the oscillatory integral is constructed only for maps with values in the
smooth noncommutative torus in [14] instead of .o/*°-valued maps, the construction in
[14] holds verbatim in our setting.

Remark 2.11. The asymptotic expansions (2.10) and (2.12) are also mentioned in [20].
However, the continuity assertions in Theorems 2.8 and 2.9 are not explicitly stated in
[20]. These continuity results can be proved by using .«7*°-valued oscillatory integrals
along similar lines as in [15, Prop. 7.5 and Prop. 8.2]. Note that the symbol of the adjoint
operator (2.11) and its asymptotic expansion (2.12) agree with the corresponding ones
in the untwisted case mentioned in [1]. However, the composition formula (2.9) and its
asymptotic expansion (2.10) are different from the corresponding ones in the untwisted
case mentioned in [1]. We refer to [20, Rem. 3.3] for the comparison of the asymptotic
expansions of the composition products in the twisted and untwisted cases.

Now we look for the asymptotic expansion of the composition product (2.9) of two
classical symbols. To this end, it is convenient to compute the asymptotic expansion of
the last factor 0%|x—o(c—x(g(§ + Bx))) of each summand of the expansion in (2.10). Let
f :R" — o/ be a smooth map. Note that we have

On [y f(E + BX) = D Bijdg, f(§) =1 0pg, f(§). j=L...on. (213

k=1

Given a multi-index & = (a1, ...,a,) € NJ, let us denote 8%151 ---3%"& by 0% ¢ It then
follows from (2.13) that

0| oS + Bx) = % (5. (2.14)

Now let f(§) € CS™"(R", /), f(§) ~ ijo Jfm—j (&), be a classical symbol and
a € Nj. By using (2.14), we see that

FPUE) = 0], _ga—x(f(E + Bx))
) (Z)i'ﬂsﬂ(azlxzof(u B))

B+y=a

- (Z)i'ﬂaﬂag,gf(g). (2.15)

B+y=a

We know by Remark 2.6 that each summand i |ﬂ|853};’§f($) belongs to CS™ (R, o7>)
and

iPIsPo%  f(&) ~ Y iPI6POY . fuj (6, (2.16)

Jj=0
in the sense of (2.6). Combining this with (2.15) shows that f5-%(£) is a classical symbol
in CS™(R", .27 *). Furthermore, by using (2.16), we also see that f5: (&) ~Dis0 me_";‘. &)
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in the sense of (2.6), where f (E) Jj = 0, are homogeneous symbols of degree m — j
given by

Yo Tpty=a (5)iP18P0,  fnjrk(®) 0 <) <lal,

eE) =1 iy " 2.17)
! Y Y py= o ()i P12 0 Sy ®) i) = ol

lyl=k
In particular, we have
S (€) = 11916 £ (5).
Summarizing the above discussion, we obtain the following lemma.

Lemma 2.12. Let f(§) € CS"(R", /), f(§) ~ Y is¢ fm—j(E) and o € Ng. Then,
fBe(&) given as in (2.15) belongs to CS™(R", o/*°) and
FBeE) ~ > fr®),
Jj=0

where frf_’o} (&), j = 0, are homogeneous symbols of degree m — j given by (2.17).
The following two results can be found in [14].
Proposition 2.13 ([14, Rem. 3.23]). Let f(§) € S™(R", &) be such that
[~ 9@,

£>0
where O (£) e CS"ER™, ), fO(E) ~ >i>0 fn(ze—)E—j (&) is a classical symbol for
all £ > 0. Then, f(§) is a classical symbol as well and we have f(§) ~ ijo Jm—j(§)in
the sense of Definition 2.5, where f,—j(§), j > 0, is the homogeneous symbol of degree
m — j given by
S €)=Y 39 (®).

l<j
Proposition 2.14 ([14, Prop. 3.24]). Ler f(§) € CS™(R", &/ *°) with
JE~D fnp®).

p=0
and g(§) € CS™ (R", &/ ™) with
gE) ~ D gm—r(®).

r>0

Then, f(£)g(€) belongs to CS™™ (R", o/>), and we have
FEEE) ~ D (S mm—; ().

Jj=0
where (f)m+m—j(§), J = 0, is the homogeneous symbol of degree m + m' — j given by
Smim—E) = D fnpE)gm—r(€).

ptr=j
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Now we are in a position to compute the asymptotic expansion of the composition
product (2.9) of two classical symbols.

Theorem 2.15. Let f(§) € CS™(R", o/ *°) with

&~ fnj ).

Jj=0
and g(§) € CS™ (R", &/ ™) with

gE) ~ > gm—j ().

Jj=0

Then, the product f g given by (2.9) is in CS’”+’"’(R”, 2/ %°). Furthermore, f#ig has the
asymptotic expansion fg(&) ~ ijo(fﬁg)ermr,j (&), where

—)lel
Ftomim—1© = Y COm@ 0@l @, 20 @18)
k+l+la|=j ’

Here, gﬁ;‘fi (&) is given as in (2.17). In particular, we have

(S8 m+m () = fm(E)gm (§). (2.19)

Proof. We know by Theorem 2.8 that the symbol ffig is in " (R", &/*°). Thus, it
remains to prove that ffig is a classical symbol and its homogeneous parts are given by
(2.18) and (2.19).

We know by Remark 2.6 and Lemma 2.12 that, for all « € N, we have

0Ff(E) ~ Y 0F fnj(®),

J=0

gB (&) = 0% _o(ex(g + BX)) ~ Y g (&),
Jj=0

where gﬁ;‘f y (&) is given as in (2.17). It then follows from Proposition 2.14 that
B,
0] _o(a—x(gE +Bx)) ~ D 3 0 fruk ®)g”, (6.
JZ0k+i=j

Combining this with Proposition 2.13, we obtain

f18E) ~ Y (1) mem—j ().

Jj=0

where (f#g)m+m—;(£) is given by (2.18). In particular, we see that (f#g)m+m’ (§) =
Jm (&) gm (§), and hence we get (2.19). The proof is complete. [
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Remark 2.16. As we know by (2.17) that gﬁigj (&) =gm—j()and

g1 (E) = i8%gm1(§) forla| =1,

we see that, comparing with the corresponding term in the composition formula in the
untwisted case, the term ( f #€)m-+m/—1 (§) remains unchanged.

We close this section with the introduction of the trace on the algebra of pseudodiffer-
ential multipliers of order < —n. Let ¥ be an a-invariant trace on 7. Then, using the dual
trace ¥ given in (2.4), for f € S"(R", &/*°), m < —n, we set

Try (P i= T = [ w(7@) d (2.20)

This gives rise to a trace on _J L7 (R", o7*°) (cf. [20, Rem. 3.4]).

m<-—n

3. Boundedness

In this section, we study the boundedness of pseudodifferential multipliers with respect
to the Hilbert C *-norm. To this end, we first generalize the classical Schur’s test on the
boundedness of integral operators (see, e.g., [16, Thm. 5.2]).

Let us denote the space of continuous maps on R” vanishing at infinity (resp., Schwartz
class maps on R”) with values in o7 by Co(R", &) (resp., L (R”, &7)). Let S(R", &)
be the Hilbert C*-module over 2/ formed by completing . (R”, 27°°) with respect to
the norm |-|| := ||{:, )||% where (-, -) is the inner product (2.1). Note that 57 (R", &) is
nothing but the exterior tensor product L2(R") ® <7 (cf. [18, Ch. 4]), where <7 is viewed
as a Hilbert module over itself.

Lemma 3.1. Letk : R" x R" — & be a continuous map with k(x,y) > O0forall x,y €
R™. Furthermore, assume that there are positive measurable functions p,q : R" — Ry
and numbers o and B such that

/R" k(x.y)q(y)dy < ap(x), forx eR", 3.1
[ kenperdr < o). ory e B (32)

Then, the integral operator : K : S (R", o7) — Co(R", o) defined by
Ku(x) = /Rn k(x,y)u(y)dy, ueSR" &), (3.3)

extends by continuity to a bounded adjointable module endomorphism of the Hilbert <7 -
module 7 (R", o) with || K| < /ap.
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Proof. The proof is essentially the same as in [16, Thm. 5.2]. However, we recall and
emphasize that for an element u of J#(R", <), although the integral [ u(x)*u(x) dx
converges in «/, in general, [|lu(x)||? dx is not necessarily finite. We thus prove the
boundedness in the case u € . (R", &) first and then extend the map to 7 (R", o7) by
continuity.

Given u € ./ (R", &), we note that

Ku) = [ ket Valk(r. !

u(y) dy
vay)
- <k(x,->% Va0 k(x. )} %}

Hence, the Cauchy—Schwarz inequality for Hilbert C *-modules (see, e.g., [18, Prop. 1.1])
and (3.1) gives

<k<x 9 Va0 k. )¢%> <k(x a0 k(. W%}
k(x,y)

/ kg dy| [ w00y ay
R~ R

40)
o [ ut EEES D) dy

Combining this with (3.4), we obtain

(kuKu) = [ <k<x 34 Va0. k(. )¢%> <k(x 94 Va0, k(x, >¢%>

- « P(OK(x, y)
_a/;@(/nu(y) s u(y)dy)dx. (3.5)

Recall that the inequality ¢*ac < ¢*bc holds for all ¢ € &7 and self-adjoint elements a and
b in o suchthata < b (cf. [22, Thm. 2.2.5]). By combining this with the assumptions (3.2)
andu € S (R", &), we get

k k
Joo (v PG wras) = [ o ([ PG5 e

< B[ w0 U0y =Bl <00

(3.4)

=

It follows from this that the integrand u(y)* p(x)k(x, y)g(y)~'u(y) on the right-hand
side of (3.5) is integrable with respect to the product measure dxdy and hence Fubini’s
theorem for the integration of vector-valued maps applies (cf. e.g., [14, Prop. B.21]). Thus,

we get
- « P(Ok(x,y)
(Ku, Ku) < a/n (/n u(y) —q(y) u(y) dx) dy

<o [ unuty)dy = oplu.u)
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Furthermore, we have

IKull = [ (Ku. Ku)|? < VaB|(uw.u)|* = vVaBlul.

This shows that the map K : .7 (R", &) — Co(R", &) extends to a bounded linear map
from 7 (R", &) to itself with | K|| < \/@ . Furthermore, it is clear that K is right <7~
linear and adjointable, whose adjoint is the continuous extension to J#(R", o) of the
integral operator associated with the kernel R” x R” > (x, y) — k(y, x) € o/. This proves
the lemma. ]

Remark 3.2. We need an extension of Lemma 3.1 to not necessarily non-negative con-
tinuous kernels k£ : R” x R” — 7. One might be tempted to hope for a condition of the
kind,

[ eenlaoydy <apeo). forx e B,

| ke lpds < B, fory € R,

We leave it as an open problem whether such a version of Schur’s test is valid for the
Hilbert C *-module /7 (R”, «7). The next weaker result, Lemma 3.4, will suffice for our
purposes.

Remark 3.3. Needless to say in the previous and the next lemma, we could replace the
pair (R”, dx) by any o-finite measure space (X, u) and the Hilbert module S (R", <)
by (X, o, 1) == L2(X, n) @ <.

Lemma 34. Let k : R" x R" — of be continuous and suppose that there are positive
measurable functions p,q : R" — R and numbers o and B such that

An |k, y)|g(y)dy < ap(x), forx e R",

/Rn [eCe ) px) dx < Bgv), - fory € R,

Then, Kf(x) = [ k(x,y)u(y) dy extends by continuity to a bounded adjointable <7 -
module endomorphism of 7 (R", o) with K* f(x) = [ k(y,x)*u(y)dy and | K| <

4\/ap.

Proof. Let k|, k* : R" x R" — & denote the continuous maps defined by |k|(x, y) =
|k(x,y)| and k*(x, y) = k(x, y)*, x,y € R". We also set

1 1
Rk ==-(k+k*) and Sk =—(k—k").
2 2i

Then, we may write k = ki —k, + i(ks —ky4), where kj : R* xR"” — o/, 1 < j < 4,
are the continuous maps defined by

k1=%(|§)%k|+$){k), k2=%(|§ﬁk|—5)tk), k3=%(|?sk|+‘?vk), k4=%(|?sk|—?sk).
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Note that k; (x, y) > 0 for all x, y € R”. Note also that any of the k; satisfies the assump-
tions (3.1)—(3.2) of Lemma 3.1 as we have ||k; (x, )| < |lk(x, y)|| and hence

/ ki(x.»)a(y) dy < / &5 G ) g () dy
Rﬂ ]Rn

= fRn kG, »)|g(r)dy <ap(x) VxeR",

and similarly for [ k;(x, y)p(x) dx. Thus, Lemma 3.1 implies that

4
1K1 < SIK; I < 4+/aB.
j=1

where K denotes the respective integral operator associated with k; in the sense of (3.3),
1 < j < 4. Therefore, K extends to a bounded .<7-module endomorphism by continuity,
and its adjoint K* is the continuous extension of the integral operator associated with the
kernel R” x R” > (x, y) — k(y, x)*. The proof is complete. |

Lemma 3.5. Let f € S®(R”, /™). Suppose that f(§) is a normal element in < for all
& € R” and there are a,b € R with 0 < a < b such that Sp(f(§)) C [a, b] for all £ € R".
Let Q be an open subset of C containing [a, b] and ¢ a holomorphic function on Q2. Then,
the map & — @(f(£)) belongs to S°(R", &/®), where o(f(£)), £ € R”, is defined by
using holomorphic functional calculus.

Proof. Let I be a rectifiable contour that winds once around | J gern SP(f(§)). We define
o(f(§)), & € R, by using holomorphic functional calculus; i.e., we set

o) = 57 [0~ r@) " d 6

We know by [4] that &7 is closed under holomorphic functional calculus. Therefore, we
have ¢(f(§)) € @/ forall £ € R”.

By assumption, f(£) is a normal element in <7 for all £ € R”, and so (z — f(£))~! is
also normal for all z € I" and £ € R”. As the spectral radius of a normal element x € .o/
agrees with || x|| (see, e.g., [22]), for each z € T" and £ € R", we have

[(z=r@®) " | = sup{IAl | 2 e Sp((z— f&) )}
= sup {|z — 217" | 1 € Sp (f®))}.
As T is a compact subset of C and Sp(f(§)) C [a, b] for all £ € R”, we see that there is
C >Osuchthat|z—A|"' <CforallzeTand A € UseRn Sp(f(&)). Thus, we get
|(z—=f®)"'| <C forallz el and£ € R". (3.7)

Let a, B € Nj. Then, the partial derivative 5“8? [(z — f(£))™'] can be written as a
linear combination of terms of the form,

(z=£ @) L 1 @) - £ @) (= £ @) (62 0 ) - ®)
(3.8)
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where o . .., a® and ,3(1), e ﬂ(l) are multi-orders such that @ + -+ + o = ¢
and BV 4+ ... + O = B As f € S°(R”, &7>), we know that, for each j = 1,...,/,
there is C; > 0 such that

[82”08” £ < Ci&) BN forall & € R,
Combining this with (3.7) and (3.8) shows that there is Cqg > 0 such that

|6202[(z — £(€)) ]| < Cup(6)# forallz € T and ¢ € R". 3.9)

It follows from this that the partial derivative 8? and the contour integral on the right-hand
side of (3.6) can be swapped [14, Prop. C.28]. Furthermore, as §% : &/ — & is a
continuous linear map, §% can also be interchanged with the same contour integral. Thus,
by using (3.9), we obtain

/\

[0 e (S @] < 5 / e(r)| 628 [(v() — £©) ||y @)]

Cap
2 ). e

A

(rO)[ly'®|dr - ()7,
where y : [rg, r1] — C is a parametrization of I". Thus, we see that

o(f(§) € SPR", /).
This proves the lemma. ]

Proposition 3.6. Ler f € S®(R”, /™). Then, the pseudodifferential multiplier Py gives
rise to a continuous linear map from 7€ (R", &) to itself. Furthermore, the map f +— Py
gives rise to a continuous linear map from S™(R", &/*°) to L (' (R", &) for every
m < 0.

Proof. Here, we mimic the strategy of the proof of the boundedness of pseudodifferential
operators on R” using Schur’s lemma in the literature (see, e.g., [24]). However, as we are
dealing with .7 *°-valued symbols, here we use Lemma 3.4 instead of the ordinary Schur’s
lemma (see, e.g., [24, Lem. 3.7]) and Lemma 3.5 instead of [24, Lem. 2.1] for reducing
the proof to the case of negative order symbols.

Let u € ./ (R", &/*°) and suppose that f € ST 1(R", o7°). Using (2.7) and (2.8),
we can write

Pru(x) = /f S (F(E + B))uly) dy 3§
= [ ([ et aiire + B0yt Juesdy

=: /Rn K(x,y)u(y)dy. (3.10)
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Asue.Z(R", a7®)and f € ST" 1 (R, &7*), all the integrands are absolutely integrable
with respect to the norm ||-|| on 7. Note also that, for every & € N7, we have

o=k = | [ oy + b))
- H / 8 (9 f(§ + Bx)) dg“
< /R o (32 £ (6 + B)) | 28
— [l e+ o] e,
]Rn

We know that [|9 f(§ + Bx)|| < pja(/)(€ + Bx)7"~1=lel for all x, £ € R” since f €
ST H(R”, &/*). Here, Dje| is the semi-norm on the space of standard symbols given
in (2.5). It then follows that

[ =»*K G = () /R (& + Bx) ™1l g

= pal() [ (61 g <.
By using this we deduce that there is C > 0 independent of f such that
(1+[x = y?)"|K(x.»)|| < Cpan(f) VYx,y eR™

It follows from this that there is a continuous semi-norm p on S™"~!(R”, &7*°) such that

sup /R |kl dy < p(1). - sup /R |KGx, )| dx < p(f).

xeR”

Combining this with Lemma 3.4 and (3.10) shows that
I Prull < 4p(fHlull Yu € L R", F*).

As S (R", o/*°) is dense in S (R", «7), this shows that Py uniquely extends to a bounded
linear operator on J#(R", «7). Furthermore, the map f +— Py gives rise to a continuous
linear map from S™" "L (R”, &™) to L (A (R", & )).

We know by Theorems 2.8 and 2.9 that if f € ST#+V/2(R" 7)) then f*ff €
ST (R, 7). Using the Cauchy—Schwarz inequality for Hilbert C*-modules (see,
e.g., [18, Prop. 1.1]) and the proof in the case of order —n — 1 symbols above, we see that,
forall f € S~ V2R 7Y and u € (R", &/ ™), we have

1Prull® = [{Pru. Pru)|| = [{Preypu )| < | Pregpullllull < 4p(f* 1) lul?.
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Combining this with the continuity assertions in Theorems 2.8 and 2.9, we see that there
is a continuous semi-norm ¢ on §—n+D/2 (R™, 27°°) such that

IPrull < q(Ollull, for f € STOTVZR" o/®), u e S (R", /™).

Since |, <o S™(R", &) = Ugen, §=(ntD/2* (R”, o/*°), we can proceed by induction
to show that the map f +— P gives rise to a continuous linear map from S™(R”, &7 *°)
to L (A (R", o)) for every m < 0.

Now suppose that f € S°(R”, &7*). We set

g(&) = e | £®) = @& £ .

It follows from Lemma 2.2 that f(£)* f(§) € S°(R”, &7*), and hence g (&) belongs to
SO(IR", o7/ *°). Furthermore, we also see that, for all £ € R”, we have

0= sup |7O = 1@ O] = £® = |£®)]
< swp 1) I*+ | /&7 £ @) < 2C < o0,

where we have set C = supgcgn || f(§) |? and < is meant in the sense that, for x, y € <7,
x > yif x —y > 0in «/. Thus, we obtain
1<1+g@ <|1+g@|=<1+2C VEeR"

This shows that Sp(1 + g(§)) C [1,14+2C]. Asz —~ zZisa holomorphic function on the
domain containing [1, 1 4+ 2C], it follows from Lemma 3.5 that

1) = (1 +g())? € SUR", /™),
We know by Theorems 2.8 and 2.9 that both f*ff f(§) — f(§)* f(§) and h*fh(&) —
h(E)*h(E) are in STL(R”, 7). Thus, there is b € S™H(R”, &7*°) such that

SrRE) + R ghE) = fE)* &) + h(E)*hE) + b(E)

= fE &) +1+g&) +b(®)
SESE+T+C—fEO*f(E) +bE)
= 1+C +b(§).

Combining this with Theorems 2.8 and 2.9 once again, we see that, for all u € (R", o7 ),
we have

(Pru, Pru) < (Pru, Pru) + (Pypu, Pyu)
= (Pregrngnu,u) = (1 4+ C){u,u) + (Ppu, u). (3.11)
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Thanks to the above proof of the result in the case of negative order symbols and the
Cauchy—-Schwarz inequality for Hilbert C *-modules, we know that there is a continuous
semi-norm p on S™!(R”, &) such that

[Py )| < I Poullllul] < p)ul®  Vu € FR", 7).
Combining this with (3.11), we get
IPrul® < (1 + O)lull®> + [(Pou,u)| < (1 + C + p®)|lull* Yu € S [R", 7).

This shows that Py uniquely extends to a bounded linear operator from S (R", 27) to
itself. The proof is complete. ]

Remark 3.7. The assertion about the continuity of the map f +— Py in Proposition 3.6
will be utilized in the construction of the resolvent in Section 5. For the sake of complete-
ness, it is tempting to extend the continuity of the map f +— Py to the space of symbols
of degree 0. However, due to the lack of continuity of the holomorphic functional calcu-
lus map f(§) — @(f(£)) on S°(R”, o7*°) used in the proof, the continuity of the map
SOR™, 7)) 3 f > Py € Z(SC(R", &7)) cannot be obtained immediately from the
proof of the boundedness of ordinary pseudodifferential operators in the literature. Thus,
in this article, we only prove the continuity of the map f +— Py on the space of symbols
of negative orders, which suffices for our purpose.

4. Weakly parametric pseudodifferential calculus

In this section, we introduce weakly parametric symbols and construct the weakly para-
metric pseudodifferential calculus in the setting of twisted C *-dynamical systems.

In what follows, we let I" be an open sector in C \ {0}. Note that I" admitos an exhaus-
tion I' = ( ;5 I';, where the T'; are closed subsectors of I' such that I'; C I'j +1.

By using Definition 2.1 of .&/°*°-valued symbols, we can define weakly parametric
o7 *°-valued symbols in the same way as in [12, Def. 1.1] as follows.

Definition 4.1. Let m,d € R. The space S™°(R” x I, &7*) consists of maps f(£, j1) €
C*®(R" x T', &) that are holomorphic with respect to y € T" and satisfy, for all j > 0,
agf(-, %) e ST/ (R", /) for % er,

with uniform estimates in S/ (R”, &7*) for |z| < 1 and % in closed subsectors of T'.
Moreover, we set S™¢ (R" x T, &) = u? §™O(R" x T, &/ ®); that is, S (R" x T, o/ )
consists of maps f(§, u) € C®°(R” x T, &/ °°) that are holomorphic with respectto u € T’
such that, for all j > 0,

(1) e S (R, ) forlerT,

with uniform estimates in $”1/ (R, &) for |z| < 1 and % in closed subsectors of T".
We call these symbols weakly parametric.
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Remark 4.2. In Definition 4.1, we adapt the same notations and conventions given in [12,
pp. 483-484]. For example, 97 f (£, %) means the jth z-derivative of the map z — f(§, %).

We endow S"™% (R” x I, &/®), m,d € R, with the locally convex topology generated
by the semi-norms,

pyr ()= sup  sup sup (14 [6) TP 54080l (24 £ (6. 1))
| +]Bl+j<N &€R" Le
lz|=1

where N ranges over all non-negative integers and I'" ranges over all closed subsectors
of I'. The space S™4(R" x T, /) is a Fréchet space with respect to these semi-norms.
Note also thatif m < m’ and d’ — d € Ny, then we have a continuous inclusion,

S™A(R" x T, #*) c S™4 (R" x T, /).
All the properties of weakly parametric pseudodifferential calculus and their proofs
hold verbatim in the setting of twisted C *-dynamical systems, except for the composition

formula (Theorems 4.13 and 4.14). Therefore, in the rest of this section, we only state the
results and omit proofs if the same arguments work verbatim in our setting.

Lemmad4.3. Letm;,d; €R, j =1,2. Then, the product of &/ *° gives rise to a continuous
bilinear map,

SR X T, o) x §"2% (R x T, o/ ®) — §MHm2ditdy Q1 T, o7%),
Adopting the notation of [12], we shall denote
S®4R" x T, 7®) := ] ™ R" x T, /),
meR
ST R x T,.a/®) = () S™4R" x T, 7/®).
meR

The following is the definition of asymptotic expansions, i.e., the analogue of [12,
Def. 1.8].

Definition 4.4. Let f(£, 1) €S™ (R" xT, /®), m,d €R and f; (£, u)€S™ /4 (R" xT,

%), j = 0. We say that f(€, 1) ~ Y5 f7(5, ) in S (R x T, /) if

fEW =Y fiE ) eS"NIR" xT, /™) forall N.
J<N
The following is Borel’s lemma for weakly parametric symbols, the counterpart of
[12, Lem. 1.9] in the setting of twisted C *-dynamical systems.

Lemmad4.5. Letm,d e Rand f;(§, 1) € gm—J-d (R™® x T', &/*°), j > 0. Then, there exists

fE ) € S™ (R x T, o/) such that f(§, 1) ~Y ;¢ f5(E. ) in S®¢ (R" x T, /).

The following definition of weakly polyhomogeneous symbols is the analogue of [12,
Def. 1.10]. Here, we only deal with 1-step polyhomogeneous symbols; i.e., there is m € R
such thatm; = m — j forall j > 0.
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Definition 4.6. Let d € R. Then, f(&, u) € S (R" x T, &/*°) is said to be weakly
polyhomogeneous if there exist symbols f,,—;(§, u) € gm—i—d.d R" x T, o#*®),m e R,
j =0,1,..., homogeneous in (&, u) for |§] > 1 of degree m — j, such that f(&, u) ~
Y is0 fm—j (& 1) in $%¢(R" x T, /) in the sense of Definition 4.4.

Remark 4.7. Let f(&, ) € goo-d (R™ x T', &7*°) be a weakly polyhomogeneous symbol
such that f(§, u) ~ > ;50 fm—j(§ p) in §%4(R" x T, /). Then, for every j > 0
and o, B € N7, 8“8‘; Jm—j (&, ) isin §m—i—IBl=d.d (R"™ x T, &7°°) and homogeneous in
(&, ) for |£] > 1 of degree m — j — |B|. Furthermore, it follows from the very definition
of weakly polyhomogeneous symbols that, for all @, 8 € N, §* 8? f(&, ) is weakly
polyhomogeneous and

80 S (6. 10) ~ D 8%0g S (§. ) in SI(R" x T, /™).

J=0

Lemma 4.8. Let f : R"” x (' U{0}) »> &/ be a smooth map such that f is homoge-
neous in (£, ) of degree m € Z for (|&|> + |,u|2) 2 > 1 and holomorphic in u € r. Then,
the following holds.
(1) Ifm <0, then f € S™O(R" x T, &7*°) N S®™(R" x T, /).
(2) For general m, f € S™(R" x T /) + S*™(R" x T, /) and §*9f f &
S"IBLO(R? x T, 7)) N SO IBI(R" x T, &7°°) when |B| = m.

Proof. This is the analogue of [12, Lem. 1.14] for &7 °°-valued symbols, and this can be
proved in the exact same way as in the proof of [12, Lem. 1.14]. ]

Given a multi-index «, let us denote 8%1,& ---8%’:&1 by B“B’E as in Section 2.2. Let

S ) € SPTR" X T /™), f(§.11) ~ T frn—j (€. 1) in S04 (R” x T, /), be
a weakly polyhomogeneous symbol and & € N . In the same way of deriving (2.15), we
get

Jee]

PP = Bemaa G+ Brg0) =Y Y ()00 ren. @

J=0B+y=a
ly|=Jj

We know by Remark 4.7 that each summand (i §)# 811/9 ¢ f(&, n) is weakly polyhomoge-
neous and

(8P 0%  fE ) ~ Y (8P frn—j(E, ) in S¥4R" x T, /).

j=z0

Combining this with (4.1) shows that £ (&, 1) is a weakly polyhomogeneous symbol
such that

SPAE W) ~ Y s E ) in SR X T, .a/),

Jj20
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where for each j > 0, f (E @) is in S~/ =44 (R" x T, &7*°) and homogeneous in
(&, ) for || > 1 of degree m — j given by

Yi o Zp sy (58P0 ¢ fonm sk (E )P0 < j < e,
y =

meiO;(gv :u“) = |
| p3ul Zﬁ|+|y=ka (3) )P, ¢ fnjra G ) if j = |at].
M

4.2)

Summarizing the above discussion, we obtain the following lemma.

Lemma 4.9. Let f(&, u) € goo-d (R” x T, &) be a weakly polyhomogeneous symbol
such that f(&, 1) ~ Y iso fm—j (&, 1) in S®4(R" x T, /™) and « € Ng. Then, the
symbol,

FPAE W = 8 x=00—x (f(§ + Bx. ),
satisfies fBY(E, n) ~ Zj>0f (E w) in S%4 (R™ x T', &/®), where, for each j > 0,

f (E w) is in S 744 (R x F ) and h()mogeneous in (&, 1) for |€| = 1 of degree
— j given by (4.2). In particular, we have fm FE ) = (8) fin(E, ).

The following result is immediate from Definition 4.6.

Proposition 4.10. Let (&, 1) € g4 (R™ x T, &7 *°) be such that

fEw~Y fOE ) in $4R x T, /™),

>0

where, for each £ > 0, fOE, p) € S"H4(R" x T, /®) is a weakly polyhomoge-
neous symbol such that f® (&, ) ~ dis0 f”(f_)e_j (€, ) in S®¢(R" x T, &™) with
fn(ﬁ[_j (&, ) in Sm_(_j_d’d(]R" x I, &7 °°) and homogeneous in (€, L) of degree m —{— j
for |&| = 1. Then, f(&, 1) is weakly polyhomogeneous as well and we have f(&, i) ~
ijo Jm—j (&, ), where, for each j > 0, fr,—; (£, 1) is defined by

Snoi ) =" f (&) j =0,

t=<j
Furthermore, fn—;(&, 1) belongs to sm—i—dd (g » T, ) and is homogeneous in
(&, 1) of degree m — j for |E] > 1.
We also have the following result.

Proposition 4.11. Ler f(&, 1) € S®4(R" x T, /™), f(£, 1) ~ 2120 Jm—p(&, ), and

g(&, ) € S®Y (R x T, /), g(£. 1) ~ > r=0 &m'—r (§, 1) be weakly polyhomogeneous.
Then, f(&, n)g(&, w) is weakly polyhomogeneous and we have

SEWEE W) ~ Y ([Dmim—jE ) in SR XT, /%),

Jj=0
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where (fg)msm—j (&, n)€ gmtm'—j=d=d'.d+d" (Rn T /) ;i >0, are homogeneous
symbols in (€, 1) for |E| > 1 of degree m + m’ — j given by

SDmim—jE )= D fnpE 1) gm—r (. ).

ptr=j

Proof. By the very definition of weakly polyhomogeneous symbols, we have

JEw =) fuopE. ) mod SPNTEIR" X T, /%),

pP<N

g )= gwr(Ep) mod SN RN X T 7).
r<N

From this we get

SE g6 1)

= 3 fupE g€ ) mod ST NZAL AR R X T %) 43)
p,;r<N

As fm—p(&, p) (resp., gm—r(§, ) is homogeneous in (£, ) for |§| > 1 of degree m — p
(resp., degree m’ — r), the symbol,

(fg)m+m’—j &, w

= Y fupE ) gmr (. p) € ST TITATA AT (R T g7%0),
ptr=j

is homogeneous in (¢, ) for |£| > 1 of degree m+m’— j for all j > 0. Furthermore, since
Sn-p(& 1) € S"TPTEAR X T, /%) and g (€, ) € S™ AR X T, /),
we see that fi,—p (&, W) gm—r (£, ) belongs to gmtm'=N-d=d'.d+d"(Rn » T ¢/*°) when
p +r = N. Combining this with (4.3), we see that, for all N > 1, we have

SE wgE, w

=3 > fupE Wgm—r(E ) mod MM N=d=dLdrd (R T g7%0)
j<N p+r=j

= Y (fOmim—j(E p) mod S Nd=dLdTd RE T g7,
J<N

This shows that f(&, u)g (&, n) is weakly polyhomogeneous and

fEWEE W) ~ Y (fDmim—j(E @) in SR X T, /).

J=0
The proof is complete. u

The following theorem is the analogue of [12, Thm. 1.12].
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Theorem 4.12. Let m,d € R. For f € ™4 (R" x T, &/*), set

fan® = 505(= 1 (5.2))

Then, fax) € gm+k (R, o/*°), and for any N, we have

fEW = Y w7 fap®) e STV R X T, ).
0<k<N

z=0.

Proof. In the proof of [12, Thm. 1.12], the authors drop the variable x for notational
simplicity. If we regard the symbol p(§, %) in [12, Thm. 1.12] as an &/ *°-valued symbol
in §”-4 (R™ x T', @7°), then the proof of [12, Thm. 1.12] holds verbatim in the case of
o/ *°-valued symbols. u

Given f € S™(R" x T, &), m,d € R, we define the parametric pseudodifferential
multiplier associated with f by

(o) = ([ £/ 0anUuds ). we s @)

Here, fV(y, u) is the inverse Fourier transform of f(¢, i) in the variable &.

Let f € S™4(R" x T, &/*) and g € S™-4"(R" x T, &/). For each u e T, let
fig(&, ) be the composition product of f(&, n) and g(&, 1) given by (2.9). As men-
tioned in [12] the composition rule for a pseudodifferential calculus extends to the weakly
parametric calculus in a straightforward way. The following theorems are the weakly para-
metric versions of Theorems 2.8 and 2.15.

Theorem 4.13. Let f € S™4(R"xT, &™) and g€ S™ 4 (R" xT', /). Then, f1g(&. )
belongs to S™T™-A+d" (RM x T, o/°°) and we have Pf Py = Pyyq. Furthermore, f1ig has
the asymptotic expansion,

Jig . )

—i)lel ’
~ 30 O e L emolo (866 + Br. ) in SS R X L),
Theorem 4.14. Let f(£, 1) € S (R" x I, ), f(E. 1) ~ Y jq fn—j(E. 1), and

g(&, 1) €S (R" x T, /™), g(&, ) ~ > j>08m'—j (€, 1) be weakly polyhomogeneous.
Then, f1ig(&, u) is weakly polyhomogeneous and we have Py Py = Pry,. Furthermore,

it admits the asymptotic expansion fig(&, ) ~ ijo(fﬂg)m+mr_j (&, w), where

—i)lel
FtememiEm= Y COTH fu kg G, 20 @)

k+1+|a|=j
Here, g,ﬁifl (&, ) is given as in (4.2). In particular, we have

(f 8D mtm (. 1) = fm(E 1) &m (5. 11). (4.5)
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5. Asymptotic expansions of resolvents

Let ¥ be an «-invariant continuous trace on .27. Then, there is a natural trace Try on
the algebra of pseudodifferential multipliers of order < —n, which is given by (2.20). In
this section, we derive the asymptotic expansion of the trace Try of weakly parametric
pseudodifferential multipliers in the given parameter and apply it to derive the asymp-
totic expansion of the resolvent of a pseudodifferential multiplier which is elliptic with
parameter.

5.1. Asymptotic expansions of weakly parametric pseudodifferential multipliers

In order to derive the asymptotic expansion of the trace of a weakly parametric pseudod-
ifferential multiplier, we need the following lemma.

Lemma 5.1 ([12, Lem. 2.3]). Let f (i) be a holomorphic function on a sector and sup-
pose that

U . . 1
f(p) = c(@)(relg)f logk(re’g) + o(r] logk (—)) asr — 0,
r
where r and 0 are the modulus and argument of i, respectively. Then, c(0) is independent
of 6.

We are now in a position to get the asymptotic expansion of the trace of a weakly
parametric pseudodifferential multiplier.

Theorem 5.2. Let f(£, 1) € S%4(R" x ', /), f(£, 1) ~ > >0 Jm—j (&, 1) be weakly

polyhomogeneous. Furthermore, assume that f(§, ) and fp—; (§, ) withm—j—d >—n
are in Sm/’“”(]R” x T, /) with m’ < —n. Then, we have an asymptotic expansion,

o0 o0
Try (Pregn) ~ Y i ™7+ (cjlog u + cfyu ™+, 5.1)
j=0 k=0

Proof. First, suppose that d = 0. Given J € Ny, set

riE ) = fEW = D S E ).

o<j<J

Here, we adapt the convention ro(&, ) = f(&, ). As ¥ is a continuous trace on the
C*-algebra <7, there is C > 0 such that

[W(@)] < Clall Vae,
where ||-| is the norm on the C *-algebra 7. Thus, we have

[ (rsE w)| < ClrrE. w| VE w eR"xT (5.2)
¥ (fm—j & )| < C| fn—j € || Y(E ) €R"XT V) >0. (5.3)
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By combining this with the assumption, we see that, for each u € T', ¥ (r; (€, n)) is inte-
grable in £ and so are ¥ ( fi—; (€, u)) forall j > 0.
Now consider the remainder 7 (£, ;). Using Theorem 4.12, we get

rE W= Y sEu e sV N R X T, %),
o<v<N

with s, (§) € S™/ TV (R”, &7*°). Combining this with (5.2), for any N, we obtain
Y(rsEw)= > v(s@)u™+o(Em TN ).
0<v<N

Given any N, choosing J such that m — J + N < —n ensures the integrability of each
term ¥ (s, (£)). It then follows that

Ty (Pryesn) = [ (s Em)de= Y enpn™ + 007 64)

0<v<N

Here, the coefficients ¢y, which contribute to ¢/ in (5.1), are defined by Jrn ¥ (50(8)) AE.

In order to compute the contribution of the homogeneous terms f,,—; (&, i) as in the
proof of [12, Thm. 2.1], let us write Try (Pf,,_,(..)) as the sum of three integrals as fol-
lows:

Ty (P yan) = [ (s (6 10)
- / U (funey (6. 1)) FE + / U (funey (6. 1) 6
|E]=>]pel

[§l<1
+ / U (fm—j (5. 1)) dé. (5.5)
1<|&|<|ul|

For || > 1, by using the homogeneity of f,,—;(§, u) for [§] > 1, we get

m—jtn |u|)’""'+" ( ( u))
i (E ) dE=pm T = e ilE,—))ds. (5.6
/mzuw(f J(E ) dE=p /mzl(u o (s 6 )) a5 59

This term will contribute to ¢; in (5.1). Note that, at first glance, the right-hand side seems
to depend on p/|u|, but this is not the case because f,,,—; (£, ) is holomorphic in u and
hence ¥ ( fin—; (€. 1)) is a holomorphic function in p (cf. Lemma 5.1).

To compute the contribution of the second integral in (5.5), we apply Theorem 4.12 to
Jm—j (&, w). Then, we obtain

S E )= " uqu(€) + Ry & ). (5.7)
o<v<M
Here, ¢, (§) := %8; Sm—j (&, %)|Z:0 is in S™~/TV(R”, &7*°) and homogeneous of degree

m — j + v for |€| > 1. Furthermore, we also have

Ry (£, p) = O((E)"7+M =My g > 1. (5.8)
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Thus, for the second term in (5.5), we get

/|§|<1 1//(fm—j(‘%_»l’b)) ds = Z H._v /$|<l W(‘IV(S)) d%’ + O(M_M). (5.9)

o<v<M

Given any N and its consequent choice of J such that m — J + N < —n, we use the
expansion (5.9) with M > N to f,,—;(§, u) foreach 0 < j < J. This yields J contribu-
tions to ¢ foreach 0 < k < N in (5.1).

We utilize the expansion (5.7) again to compute the contribution of the third term in
(5.5). Choose M such that M > —m + j — n. As alluded to earlier, ¢, (£) is homogeneous
of degree m — j + v for |£| > 1. Thus, by changing variables to polar coordinates, we
obtain

[l '
M_v/ ¥ (gv(§)) d§ = M_”cv/ pm—itvin—1 g,
1<|§|=|ul .

B {/L“’C,’,(|/L|’”_j+“+"—l) ifm—j+v+n#0,

Y . ' (5.10)
nwc, log |u| ifm—j+v+n=0.

In (5.7), note that since f,,—; (&, ) is homogeneous of degree m — j in (§, ) for [§] > 1
and each ¢, (§) is homogeneous of degree m — j + v in & for || > 1, it follows that
R (&, ) is homogeneous of degree m — j in (€, u) for |§] > 1. Let Rf{,, denote the
extension of Rjs by homogeneity. Then, by using (5.8), we see that we have R1I\l/1 & =
O((g)m—/+M ;=M for all £ # 0. This, together with the homogeneity of Rf{,, and the
assumption m — j + M > —n, implies that

/ (Rl (6. 1)) dE = /@™ and / (Rl (6. ) dE = O(u™),
&<l |&l<1
and hence

f U (Rag (6. ) & = / V(R () d — f V(R (6. ) 26
1<|€|<|u| [E1<|m| lE]<1
— C//Mm—j—i-n _ O(I'L_M)

Combining this with (5.10), the expansion (5.7) and Lemma 5.1 shows that the third inte-
gral in (5.5) can be written in the form

/ Y (fnmj (6. 1)) 4§ = (c + ' log p™ =7+
1=<|El=ul

+ ) ep o™ (5.11)
o<v<M

Here, ¢’ = O unless m — j + n is an integer < 0.
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Combining (5.6), (5.9) and (5.11), we get

Ty (P = [ ey 6. 10)
=" T el log o+ Z o HOW™). (5.12)
0<v<M

By choosing J such thatm — J + N < —n and M satisfying M > N, the expansion (5.1)
for d = 0 can be derived by using (5.4) and (5.12). This proves the theorem for d = 0.
The result (5.1) for general d € R is immediate from the above proof since we can
write f(&, u) = u? f/(€, ) and the asymptotic expansion of f’(£, /) can be obtained
from the above computation in the case d = 0. This completes the proof. ]

5.2. Resolvents

Definition 5.3. Let f € S"(R", &), f(§) ~ 3 ;50 fm—j (&) be a polyhomogeneous
symbol. We say that f is elliptic with parameter p € T if it is elliptic of order m and
fm(§) — (™ is invertible in .o/ for all u € T and |§| = 1. We also say that a pseudodif-
ferential multiplier P is elliptic with parameter if it is associated with a polyhomogeneous
symbol which is elliptic with parameter.

Theorem 5.4. Let f € S (R, o/), f(§) ~ ijo Jm—j (&) be a polyhomogeneous sym-
bol which is elliptic with parameter, where m is a positive integer. Then, there is a weakly
polyhomogeneous symbol g (&, ;1) €S™™O(R” x T, &7*) N SO (R" x T, &/ *®) such that:
(1) g(&, n) has the asymptotic expansions,
gE W~ g mj(E 1)
Jj=0
in SR x T, 7)) NSO (R" x T, Z*), (5.13)
gE.W—gmE W~ g mjE 1)
Jj=1

in STMTLORAXT, a7®) NS LT2M(RAXT, 7). (5.14)
Here, the homogeneous parts

gom(E ) € STMOR" x I, &7®) NSO ™ (R" x T, &7/™),
gom—j(E 1) € STTIORY X T, /®) N S™ 2R x T, /™), j > 1,

are given by

g-m(E 1) = (fu® — ™), (5.15)
g—m—j (. 1)
_iylel
== ) %(fm(é)—um)_l3‘§‘fm—k(é)gf;,‘f_,(S,M), j=1. (5.16)
k+ll+<\3t|=j :
(2) We have

(f —u"Mig— 1S R" x I, 7).
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Proof. Let g_y—;(E, ), j = 0, be the symbols defined as in (5.15)—(5.16). As m is a
positive integer, we know by Lemma 4.8 that

gmE. ) € STOR x T, 7®) N SE™(R" x T, /™). (5.17)
Now we proceed by induction to show that
om—j(E, ) € STMTIORM X T, /) N S" 2R x T, /) forall j > 1.

Combining (5.17) with the fact that % f,,— (§) € sm—k=lal.0(R” x I, o7 for all @ € N7
and g5 (5. 1) = g_m(E, ) forall @ € N (cf. (4.2)) shows that

gom1(E, ) € ST"LORTXT, o/ ®)NS™H (R X T, o/ ®)NS™ 172 (R T, o7 *).
Suppose that, given an integer j > 1, the symbol g_,,—;(&, 1) in (5.16) belongs to
ST ORY X T, 7®) N S™H™(R" x T, o7®) N S H72M(R™ x T, o7°) forall | < j.
Then, (4.2) implies that, for all « € N7, gf ,’Z‘_l (&, 1) belongs to the same symbol space.
Furthermore, we also know that
(fn&) =™ e ST™OR"” x T, 7>®) NSO ™R" x T, &7/™),
OF fn—k(€) € STHTIOR™ 5 T, /) forall & € N{.

Combining all this with (5.16) shows that

om—j (£, ) €S IOR T, Z/®)NS™/ ™ (R" xT, Z/*®)NS™ /72 (R" X T, o/ ®).

In particular, g_,—; (£, it) belongs to ST /0(R" x T, &/*) N ™~/ ~2M(R" x T, o/ ).

Observe that ( f;,,(§) — u™)~! is homogeneous of degree —m and 8? fm—#« (§) is homo-
geneous of degree m — k — |«| in (&, n). Therefore, by using (4.2), (5.15)—(5.16) and an
induction, it follows that, for every j > 0, g_,—; (§, ) is homogeneous of degree —m — j

in (§, ).
By Lemma 4.5, there is a symbol g(£, u) €S™™ O (R” x T, &7*®) N S ™ (R" x T, &/ )
satisfying (5.13)—(5.14). Recall that we have

FE =" = (fn® ="+ Y fuy®) €S"NOR < ™) VN €N,
1<j<N

where we adopt the convention that ) _, <j<N Jm—j(§) = 0for N = 1. Combining this
with Theorem 4.14 and (5.13)—(5.14), we get

(f —w™tg =D ((f —u™ie)_;
/=0 e STMORY x T, #*®)NS"N"™R" xT,/®) VN € N.

In particular, as we know by (4.4) and (5.15)—(5.16) that ((f — u™)g)o(&, ) = 1 and
((f —u™Hg)—j(E pn) =0forall j > 1, we have

(f =g — 1€ ST R" x I, 7).

This completes the proof. ]
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Let f(§) and g(&, 1) be symbols as in Theorem 5.4 and set P = Py and Q(u) =
Pg(.;0)- Then, Theorems 4.14 and 5.4 imply that R(u) := (P —pu™) QO () —1=Pryg( u)—1
is a pseudodifferential multiplier associated with a weakly polyhomogeneous symbol in
STTM(R™ x T, &/°°). Along the same way as written in [12, p. 502], we can obtain the
inverse of P — A := P — u™ by letting

(P-D)""=0M)+00)) RQ. (5.18)
Jj=1
We know by Proposition 3.6 that the operator norm of .Z (' (R", &7)) of R(A) is O(A™!)
for large w1 in T'. This ensures that the series in (5.18) converges in the operator norm on
L R", oF)).
Once the resolvent (P — A)~! is constructed, all the arguments for the derivation of
the resolvent trace asymptotic [12, Thm. 2.7] hold verbatim in our setting. Thus, we obtain
the following result on the asymptotic expansion of the trace of the resolvent.

Theorem 5.5. Let P and A be classical (i.e., 1-step polyhomogeneous) pseudodifferential
multipliers with respective orders m € N and w € R. Suppose that P is elliptic with
parameter [ € I'. Then, for A € —T'™ and k with —km + @ < —n, we have the asymptotic
expansion,

Try [A(P —0)7F] ~ chln+$_j 4 (e logh + cf)AF
' 1=0

Here, the coefficients c;, ¢; and c| are given by the integral (over R") of the trace Y of
the respective symbols f(§) ~ 3 .~ fm—j(§) and a(§) ~ 3 ;.o aw—j (&) of P and A.

Remark 5.6. As addressed in [20, §6], the trace Try, on | J,,._, LI (R”, &/°°) may not
agree with the Hilbert space trace of a representation. Thus, in the case of parameter
dependent symbols, the comparison of the two traces should be done as in [20, Thm. 6.2]
in order to derive the asymptotic expansion of the Hilbert space trace of the operator
A(P — 1)~k However, the argument in [20, §6] for comparing the two traces is not appli-
cable in the case of weakly parametric pseudodifferential calculus. The estimate in the
proof of [20, Lem. 6.1], which is a key ingredient in proving [20, Thm. 6.2], is in com-
plete analogy with the Shubin type parametric pseudodifferential calculus [26, §9]. If
f(&, 1) is a Shubin type parametric symbol, the &-derivatives enhance the rate of decay
in both £ and A, which enables us to achieve the desired decay with respect to A in the
proof of [20, Lem. 6.1]. However, in the case of weakly parametric symbols f(&, 1), the
&-derivatives do not change the rate of decay with respect to A (cf. [12, Lem. 1.5]), and this
is the reason why the method for comparing the two traces proposed in [20, §6] cannot be
applied to the case of weakly parametric calculus. We plan to address this problem in a
future project where we want to conduct the comparison of the two traces and derive the
asymptotic expansion of the Hilbert space trace of A(P — A)~%. The derivation of such an
asymptotic expansion is important in view of the fact that the coefficient of the logarithmic
term log A in the expansion of the Hilbert space trace of A(P — A)~¥ is essential in the
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study of the noncommutative residue trace (see, e.g., [19] for a detailed account on this
point).
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