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Abstract. We define and study an £-adic Fourier transform for a relative version of Banach—Colmez
spaces (over a perfectoid space which is not necessarily a geometric point), which can be thought
of as some analytic analogue of the £-adic Fourier transform for unipotent perfect group schemes.
We explicitly describe it on some examples.
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1. Introduction

Let p and £ be two distinct primes.

Let k be a characteristic p perfect field and let ¥ : F, — @2‘ be a fixed non-trivial
additive character. Let S be a k-scheme, and let & be a vector bundle of constant rank d
on S.Let pg : V(&) — S be the total space of this vector bundle, and pgv : V(EY) — S,
where &V is the Og-linear dual of &. Denote by 7 : V(€V) xs V() — V(&) and 7V :
V(EY) xs V(E) — V(EY) the two projections. Finally, let o : V(€Y) x5 V() — Ag
come from the duality pairing between & and its dual. The geometric Fourier transform
for &, invented by Deligne in a 1976 letter to Kazhdan, is the functor

Fy 2 DE(V(8), Q) — DE(V(EY),Qu)

defined by
Fy (=) == R/ (n* () @ a*£y)[d].

where £y is the rank 1 Q¢-local system on Ag deduced from i by Artin—Schreier the-
ory. When S = Spec(k) and & = (9§ (so that V(&) = A,‘f), the trace function of the
geometric Fourier transform of an object A € Df (AZ, Q¢) which is defined over Fy, for
some power g of p, agrees up to sign with the Fourier transform, in the function-theoretic
sense, of the trace function of A, justifying the name.

The geometric Fourier transform has been studied extensively by Laumon [31], who
gave several striking applications of it. The key property of the Fourier transform is that
it induces an equivalence of triangulated categories, identifying the subcategories of per-
verse sheaves on both sides.

The possibility of extending this Fourier transform to a more general setting was
already noticed by Deligne in the same letter. Assume that S is a perfect scheme over k,
which is harmless as far as categories of étale £-adic sheaves are concerned. Let § be
a connected unipotent perfect group scheme over S (i.e., a commutative perfect group
scheme over S whose pullback to any perfect-field-valued point s of .S admits a compos-
ition series with quotients isomorphic to the perfection of A}C( s)) with Serre dual

GV = Exts(9,Qp/Zp),

where § denotes the perfect étale site of S. (For more on unipotent perfect group schemes,
we refer the reader to [40, Section 2] or [5, Section 2].) If one fixes an additive character
v :Qp/Zy — Q, one can define as before a Fourier transform functor

Fy : DE(E,Qp) — D2(8Y,Qy),

using the natural pairing
Yxs9" — [S/(Qp/Zp)]

T All the sheaves Sxtfg (9,Qp/Zp),i # 1, vanish.
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coming from the definition of the Serre dual. Since any vector bundle & on S gives rise to
a connected unipotent perfect group scheme gg, which is simply the perfection of V (&),
this generalizes the Fourier transform defined before.” The basic properties of this Fourier
transform were established in Saibi’s thesis [45]. This formalism could be extended to a
more general class of perfect unipotent group schemes (perfect unipotent group schemes
are perfect group schemes whose pullback to any perfect field-valued point s of S admits
a composition series with quotients isomorphic to Z/ p or the perfection of A}C(S)), not
necessarily connected. The price to pay is that one then has to work with complexes in
degrees [—1, 0] of unipotent perfect group schemes whose cohomology in degree —1 is
étale: this comes from the fact that

Joms(Z/p.Qp/Lp) = Z/p. Exts(Z/p.Qp/Zp) =0, i >0,

so that the duality for étale groups comes with a different shift than the one for connected
groups.

Let E be a local field of residue characteristic p. Our goal in this text is to study an
analogue of these constructions when S is assumed to be a perfectoid space in charac-
teristic p (thus living in Huber’s world of adic spaces), or even a small v-stack (in the
sense of Scholze [47]), rather than a perfect scheme. For these analytic objects, the étale
topology gets replaced by the v-topology, and the role of unipotent perfect group schemes
is played by Banach—Colmez spaces for the local field E.

Banach—Colmez spaces were first defined, in [16], when £ = Q, and S = Spa(C),
with C a complete algebraically closed non-archimedean valued field of characteristic p,
is a geometric point: they are v-sheaves which are all “obtained” from Q, and the adic

affine line over C ﬂ, for a fixed untilt C# of C, which is quite reminiscent of what hap-
pens for unipotent perfect group schemes and motivates our analogy. The main result
of [34] shows that the category of Banach—Colmez spaces is closely related to the category
of coherent sheaves on the Fargues—Fontaine curve. For a local field E other than Q,
and for a general perfectoid space S in characteristic p, a category of Banach—Colmez
spaces (for E) over S has not been defined and will not be needed for our purposes:
rather, we restrict our attention to the v-sheaves of E-vector spaces coming from (some)
coherent sheaves on the relative Fargues—Fontaine curve Xs g, in a sense which will be
made precise in the first part of the paper, where we discuss coherent sheaves on relative
Fargues—Fontaine curves and some of their properties. In fact, since the same dichotomy
connected/étale as for unipotent perfect group schemes persists in this new setting, it is
also necessary to switch from sheaves to stacks. We therefore define a notion of very
nice stack in E-vector spaces and a duality functor making them dualizable, and verify
that Banach—Colmez spaces attached to coherent sheaves with only positive slopes or

ZA computation (see e.g. [40, proof of Lemma 2.2]) shows that the group scheme attached to
&Y = Homp (€, Og) agrees with the cokernel of ¢ — 1 : Homg (G, A}g) — Homg (ﬁg,A}g) SO
that, by the Artin—Schreier sequence and Breen’s computations [12] of self-extensions of the affine
line on the perfect étale site, §6Y =~ §gv, showing that the notions of duality indeed match.
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Banach—Colmez spaces attached to semistable vector bundles of slope zero (i.e., pro-
étale E-local systems) are examples of such. This is a non-trivial statement, which in
particular involves a computation of extensions between certain v-sheaves of E-vector
spaces, generalizing (and streamlining) the partial computations done in [34]. Continu-
ing our analogy, Banach—Colmez spaces attached to coherent sheaves with only positive
slopes and their duals take the role of connected unipotent groups, while pro-étale E-local
systems take the role of étale unipotent groups.

We define the Fourier transform for very nice stacks in E-vector spaces. Since the
formalism of Qg-sheaves on small (Artin) v-stacks, [20, Section VII], is more complic-
ated to work with than its classical counterpart (e.g., excision fails for solid coefficients),
we set up the definitions for étale sheaves of A-modules, where A is a Z/{"-algebra
for some n > 1, as developed in [47]. This Fourier transform satisfies the same formal
properties as the other ones, the most important being that it is (essentially) involutive
and therefore gives rise to an equivalence of categories commuting with Verdier duality.
However, we have nothing to say about preservation of perversity by the Fourier trans-
form — an important and useful property in the algebraic setting — since there is currently
no developed theory of perverse sheaves on diamonds or Artin v-stacks.

In the last part of the paper, we study more in depth three examples.

e The first one is the case of finite-dimensional E-vector spaces; see Section 4.1. We
prove that in this situation, the Fourier transform is, unsuprisingly, closely related to
the function-theoretic Fourier transform for locally constant functions. A variant of
this example is shown to geometrize some constructions of Bernstein—Zelevinsky [4].

e The next example is the case of the affine line over a fixed untilt of S, when § is a
geometric point; see Section 4.2. A Fourier transform had been defined already in this
setting by Ramero [42]; it coincides with ours, which can thus be seen as a generaliza-
tion of Ramero’s Fourier transform to a larger class of stacks in E-vector spaces.

e The final example we analyze is the Banach—Colmez space attached to the line
bundle O(1); see Section 4.3. This Banach—Colmez space is an interesting geomet-
ric object: seen over k, it is the adic spectrum of the ring of integers in a positive
characteristic local field (hence, étale sheaves on it are related to representations of
the Galois group of this field), but after base change to a geometric point Spa(C), it
becomes isomorphic to the (perfectoid) punctured open unit disk over C, a nice smooth
adic curve, up to perfection. Exploiting this together with Huber’s adic version of the
Grothendieck—Ogg—Shafarevich formula [26], we can compute explicitly the rank of
the Fourier transform. Remarkably, the result is related to formal degrees of smooth
irreducible representations of the non-split quaternion algebra over E.

Our main motivation for introducing this Fourier transform comes from our attempt
to understand some constructions of Laumon in the geometric Langlands program in the
setting of the Fargues—Fontaine curve. This is left for the future and not developed here,
but is briefly mentioned in Section 3.5 and motivates some of the computations we make,
e.g. in Sections 4.1 and 4.3. Recently, our notion of flat coherent sheaves on the relat-
ive Fargues—Fontaine curve has been used to introduce and study geometric Eisenstein
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functors in Fargues’ program [23] while the Ext-computations in Section 3.1 have been
used in [17] to establish surprising duality results for the pro-étale cohomology of analytic
curves. In [3] Lucas Mann and the first author have generalized Theorem 2.1 to v-descent
of (a slight modification of) solid quasi-coherent sheaves on perfectoid spaces.

Notations and conventions

Let p be a prime. In all this text, we fix E, which is either a finite extension of Q, with
residue field I, or the field of Laurent series F,((;r)), where ¢ is a power of p. We let
Of be the ring of integers of £ and 7 be a uniformizer of E.

The category of perfectoid spaces over a small v-stack S will be denoted Perfg. The
v-site of S is this category endowed with the v-topology and is denoted S, . In this text,
all v-stacks will be on Perfp,, .

One can attach to any S € Perfy, the relative Fargues—Fontaine curve X . We will
always abbreviate it to Xg; in other words, all the Fargues—Fontaine curves appearing in
this text will be Fargues—Fontaine curves for the local field E.

We fix a prime £ # p, and a Z /£"-algebra A, n > 1, which will serve as our coefficient
ring. We will denote by the same letter the associated condensed ring.

Whenever we write “cohomologically smooth”, we always mean “£-cohomologically
smooth”.

2. Perfect complexes on relative Fargues—Fontaine curves

In this section we prove some foundational results on perfect complexes on perfect-
oid spaces and relative Fargues—Fontaine curves, e.g., v-descent, building on work of
Andreychev [1]. As an application we introduce flat coherent sheaves on relative Fargues—
Fontaine curves, and show that they satisfy v-descent.

2.1. v-descent for perfect complexes on perfectoid spaces

Let X be a perfectoid space (not necessarily over IF,). We denote by
Perf(X) = Perf(X, 0)

the (oco-)category of perfect complexes of Ox-modules on X, i.e., those complexes which
locally for the analytic topology are quasi-isomorphic to a bounded complex of finite, loc-
ally free Ox-modules. If X = Spa(R, R™) is affinoid, then by [1, Theorem 5.43, Lemmas
5.46, 5.47] the natural functor

Perf(R) — Perf(X)

is an equivalence, where the left-hand side denotes the (co-)category of perfect complexes
of R-modules.
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If a < b are two integers (or +00), we say that a perfect complex has Tor-amplitude
in [a, b] if it can be locally represented by a complex whose terms in degrees outside [a, b]
are zero. We will denote by
Perflabl(X)

the subcategory of Perf(X) formed by perfect complexes with Tor-amplitude in [a, b].
Let X be a perfectoid space, mapping to a totally disconnected space W (for example,
W = Spa(K), with K a non-archimedean field). Let

f:Y>X

be a v-cover. We want to prove first that perfect complexes descend along f. More pre-

cisely, consider the Cech nerve
y*/X

of f,i.e., the simplicial perfectoid space with n-simplices given by the (rn + 1)-fold fiber
product
YMX = Y xx - xx Y

Let us denote by f, : Y/X — X the natural projection.
The following theorem generalizes [49, Lemma 17.1.8] about v-descent of vector
bundles to v-descent of perfect complexes.

Theorem 2.1. With the above assumptions and notations, the canonical functor

@ : Perf(X) — lim Perf (Y * %)
A

is an equivalence.

Proof. If X = |J;¢; Xi is an open covering of X by affinoid perfectoid spaces X;, then
Perf(X) identifies with a limit of the oco-categories Ferf(U) for U a finite intersection
of some of the X;, and similarly Perf(Y) identifies with a limit of the Perf(Y xx U)
(this does not need the results of [1] yet, but follows formally from the definition of per-
fect complexes via Oy -modules). Commuting limits, we can therefore reduce to the case
where W and X = Spa(R, R™) are affinoid perfectoid. By refining the v-cover ¥ — X
we can furthermore assume ¥ = Spa(S, ST) is affinoid perfectoid. In this case we can
apply [1, Theorem 1.4] which identifies perfect complexes on affinoid perfectoid spaces
with perfect complexes over the ring of global sections. We make these assumptions and
use these notations until the end of this proof.

Then, leta, b € Z with a < b. Pullback of perfect complexes preserves Tor-amplitude
in [a, b] and moreover the Tor-amplitude descends along v-covers: by [25, Lemma 1.4]
each maximal ideal mt of R supports a continuous valuation, and ¥ — X being a v-cover
implies that S has a maximal ideal lying above 1. As a finitely presented R-module, e.g.,
the top cohomology of a perfect complex, is zero if and only if it vanishes at each closed
point of Spec(R), this implies that having Tor-amplitude in (—oo, b] descends along a
v-cover. As duals of perfect complexes commute with pullbacks, and a perfect complex
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has Tor-amplitude in [a, co) if and only if its dual has Tor-amplitude in (—oo, —a], this
implies the v-descent of the Tor-amplitude. Therefore, we equivalently have to show the
claim with Perf(—) replaced everywhere by its version Perf [a.5] (—) of perfect complexes
with amplitude in [a, b].

Let us first check that & is fully faithful. The fiber products

Y"X = Spa(S,. S;1)
are again affinoid perfectoid with
Spi=S®r--QrS

the (n + 1)-fold completed tensor product of S over R. Let Ky, K, € Ferf’ [“’b](R) be
two objects. Then we have to see that the natural morphism

RHomg (K1, K») — lim RHoms, (S, Rk K1, S, ®% K>)

is an isomorphism in D(R). Indeed, the right-hand side identifies with the spectrum (in
the topological sense) of homomorphisms from ®(K;) to ®(K5). If K; = R, K, = R,
then the claim follows from exactness of the complex

R—)S()S—>S1—>Sz—)--~,

which is proven in [47, Proposition 8.8]. By dévissage in ?e;f[”’b](R) and passage to
direct summands we can therefore conclude the same for K1, K, € Perf [a.5] (R) arbitrary.
This finishes the proof of fully-faithfulness of @ in the affinoid perfectoid case.

Let g : X — X be an open covering by rational subsets. Using analytic descent for
g and its base change to Y"/X [1, Theorem 1.4], and applying fully-faithfulness to the
constituents of the Cech nerve for g : X — X it suffices to construct the preimage of some
given object

N*® € lim Perflabl(y */X)

<«
A

locally in the analytic topology on X.

To prove essential surjectivity of ®, we first assume that X = Spa(K, KT) is the
spectrum of an affinoid perfectoid field. Because ¥ — X is a v-cover the space Y is
non-empty and thus after a refinement of ¥ we may assume that ¥ = Spa(L, L) is the
spectrum of an affinoid field, too. In this case the canonical truncations (in D(L)) of an
object in Perf [‘”b](Y ) lie again in Perf’ [“’b](Y) and acquire canonical descent data. By
[49, Lemma 17.1.8] we can therefore conclude descent in this case.

To deal with the general case, we will need to argue integrally. In the following, we
call an “integral model” of a perfect complex

K € Perf(Z) = Perf(B)

on an affinoid perfectoid space Z = Spa(B, BT) a pair of a perfect complex
K™ € Perf(B*) and an isomorphism K™ ®% . B ~ K.
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Back to the general case, pick a point x € X, and let k(x) be the completed residue
field at x. As we saw above, it suffices to descend N* in a neighborhood of x. By the
previous case we can descend the restriction N, of N to the fiber Y, of ¥ — X over x,
1.e., the descent datum

° . b °
N? € l(in!/’erf[“ (v 2/*)
A

obtained by base change of N is effective. Let M € Ferf(k(x)) be the descent of N.
Then we can choose an integral model Mt € ﬂ’erf[“’b] (k(x)*) of M. Pulling back
to Yy /¥ we get a componentwise integral model

, . b °

NI*e l(ﬂlfl”erf[a lye/*, 0M),
A
of N;. For an open neighborhood U € X of x set Yy := Y xy U with associated Cech
nerve
v/Y.

We denote the componentwise restriction of the descent datum N to ¥, l;/ v by

NI
By Lemma 2.2, we can find for each n € N an open rational neighborhood U € X and

an integral model
N +,n/U
U

of N{}/ U whose restriction to Y2/ is Ny™/*. As all the perfect complexes considered
have uniform amplitude contained in [a, b], we can choose U independently of n: indeed,
the proof of [35, Lemma 1.3.3.10] says that for any integer kK > 1, the totalization of a
cosimplicial object in a k-category (such as Ferf’ [a.]y only depends on the restriction
to A=<k: moreover, finite limits in Cato, commute with filtered colimits [37, Corollary
A.2.11]. Applying again Lemma 2.2 we can after shrinking U further assume that the
descent datum on N{/ U restricts to N J /U because the descent datum of Ny /¥ restricts
to Ny **/* More formally, by Lemma 2.2 and the fact that limits over A over uniformly
truncated anima/oo-categories commute with filtered colimits the functor
(B, BT) > lim PerfPN(B & S0)T) X pypia (58 5.) *

P2
A

on complete Tate—Huber (R, R™)-algebras commutes with filtered colimits (here
x = PerfleP)(B & S.)

has image the base change of N°).

After replacing X by U, Y by Yy and N*¥X by N{/ Y we can therefore assume that
the whole descent datum N ® admits an integral model N ** inducing the chosen integral
model Ny (coming from the choice of M T above) at the given point x.
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Fix a pseudo-unformizer w of R. Since

k(x)" /o ~ lim O} (U)/™
)™/ O )/
and Perf(—) commutes with filtered colimits on commutative rings, up to shrinking X
we can further assume that® M+ /@ extends to a perfect complex of R™/zw-modules.
The descent datum obtained by pulling it back becomes isomorphic over Yy to N 7*/w.
We can therefore, up to shrinking X one more time, assume that this isomorphism holds
on all of X.
If (T, T) is a Tate-Huber pair over (R, R™), we will write

Perf(T+)

for the full stable co-subcategory of D(T %) of complexes quasi-isomorphic to (K)* for
some perfect complex K of T+-modules. The functor

Ot Perf(RT?) — l(ir_n?erf(S""”"/R)
A
is seen to be fully faithful by repeating the argument given above for fully-faithfulness in
the almost category. In particular, its essential image is stable under extensions.
Now, we claim that for each n > 1, the complex (N T*/w")% € l(iilA Perf (S Ta*/R)
belongs to the essential image of ®1¢. We argue by induction on n. We know it is true

when n = 1 by the devissage just performed. In general, for n > 1, consider the exact
triangle

n—1
(NF* /@) T (NP /") — (N ")
in LiLnA Perf(ST4*/R) By the induction hypothesis, the outer terms can be assumed to

be in the essential image of ®¢; hence so is the middle term by stability of this essential
image by extensions.

For each n > 1, let M, % € Perf(R™?) be the (unique) descent of (N *-*/w)?. By
fully-faithfulness of ®*¢, M ¢ has an R*“/w"-module structure and one has

+a L +a n—1 +a
M @t jgn RT /"7 > MY

for each n. Set
M** = 1lim M,/* € lim D(R*?/w").
'y 'y
This object is dualizable (since one can also descend the dual by the same argument). Let
w =, w!/?" RT C R*, and consider the left adjoint

Ji(=) = = ®g+ m: D(RT) — D(RY)

of the almostification functor j *, which was introduced in [21, 2.2.19]. Applying ji com-
ponentwise, then taking the inverse limit in D((R™, R™)m), i.e., in the category defined

3Here and in the rest of this proof, the notation —/w (and its variants) stands for — ®]Ié n
RT/w.
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via [1, Theorem 3.28], and then inverting 7 yields a natural functor

oR l(iLnD_(RJ”’/w”) — D ((R,RM)m).

n

By [37, Proposition 2.12.10] (and the fact that ji (A ®H§+a/wn B) = ji(A) ®%+/w" Ji(B)

for every n > 0) this functor is monoidal, i.e., the @ -completed tensor product agrees with
the solid tensor product in this case. By [1, Corollary 5.51.1] the restriction of the func-
tor ag to dualizable objects has image in the full subcategory of perfect complexes over R
because by monoidality each object in the image is dualizable. The compatibility of solid
tensor products with the w-completed tensor products appearing here also shows that
ag is compatible with pullbacks in (R, R™). From these considerations we can deduce
that the perfect complex ag (M *%) defines the desired descent of N*/¥ . |

Lemma 2.2. Let (A, AT) be a complete uniform Tate—Huber pair, and M € Perf(A).
Define the functor

Fy : (B,BT) — {N*1 € Perf(BT) with an isomorphism N ®§+ Bx=M ®j B}

on complete uniform Tate—Huber pairs over (A, A™) with values in spaces/anima. Then
Fpr commutes with filtered colimits.

More formally, Fas (B, BT) is the fiber product
Perf(BT)™ X poy(m)= *

where *x — Perf(B) is the morphism determined by the object M ®f1 B € Perf(B), and
(=)~ denotes the core of an co-category.

Proof of Lemma 2.2. Let (B;, Blf"), i € I, be afiltered system of complete uniform Tate—
Huber (A, A™)-algebras, let (B, BT) be their uncompleted colimit and (C, CT) be the
(uniform) completion of (B, B™). By [6, Proposition 5.6 (2)] the square

Perf(BT) —— Perf(B)
Perf(CT) —— Perf(C)
is a cartesian diagram of co-categories. This implies that
Fy(C,CF) = Perf(BT)™ X poy(m)= *
with * — Perf(B) induced by M ®j B. But the right-hand side is equivalent to

: +

lim Fy (Bi, B]")

iel
as desired because the functor R +— Ferf(R) on commutative rings commutes with
filtered colimits. L]
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2.2. Perfect complexes on relative Fargues—Fontaine curves

The v-descent result of Section 2.1 for perfect complexes on perfectoid spaces does
not directly apply to relative Fargues—Fontaine curves, because these are not perfectoid
spaces. However, we know that for any 7' € Perfy,, the analytic adic spaces X7, Yr are
sousperfectoid [49, Proposition 11.2.1] and adapting the argument of [49, Proposition
19.5.3] we get the following result.

Proposition 2.3. Let Ur € X7 or Ur C Y7 be an open subset, and for any T' — T
denote by Ut the pullback of Ut along X7+ — X1 or Y7 — Y. Then the functor

(T' - T) > Perf(Ur’)
on Perfr satisfies v-descent.

Proof. Let T — T be a v-cover in Perf with associated Cech nerve 7*/T, which is
a simplicial object in Perfr. We want to show that the canonical morphism

Perf(Ur) — l(i_;_n Perf(Uge/r)

is an equivalence. Commuting inverse limits we may assume that Ur is affinoid. Fix
a uniformizer & € E and set

Eoo := E(@/P%),

which is a perfectoid field. Set Soo := Spa(E ) and let So'és be the Cech nerve of Soo =
S := Spa(E), a simplicial adic space over S. We obtain the bisimplicial adic space

Uzer x5 SIS
over S. Let us note that for m > 1 the space
Sn/S
o0

is not uniform (and thus in particular not sousperfectoid) because S&f 5 was defined as the

Cech nerve in all adic spaces over S (and not just the uniform ones). However, Soc = Sgé §

is a perfectoid space living over the totally disconnected space Spa(E) and
Ufo/T xs Seo
is a simplicial perfectoid space over E. By Theorem 2.1 we can deduce that

Perf(Ur xs S/®) — lim Perf (Uge/r xs SK/°)
A

is an equivalence for m = 0.
We claim that it is fully faithful for m > 1. Indeed, write

Ufn/T = Spa(Afn/ﬂ A—lf_n/r)’

So”é/s = Spa(Eoo,m/Sy E;’m/s),
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i.e., Eqom/s is the m + 1-fold Banach space tensor product Eoo QF -+ ®r Eco. By
dévissage in perfect complexes it suffices to see that the natural complex

0—> Ar ®F Ecom/s = A7 ®F Ecoms = (A7®a; AF) ®F Ecomys — -

of E-Banach vector spaces is exact (here we use the fact that the fiber product of affinoid
adic spaces over E is calculated via the Banach space tensor product). But this exactness
follows from the case m = 0 (where all components are perfectoid) and the fact that
— ®Eg M preserves exactness of complexes of E-Banach spaces for each Banach space
M over E. This finishes the proof of the desired fully-faithfulness.
Furthermore, we claim that for each n € N the canonical morphism
Perf Uz ) — lim Perf (Ugn,r xs SoLS5)

<~
A

is an equivalence. To see this, let us consider the oo-derived category € of solid E-
vector spaces endowed with the (derived) solid tensor product (cf. [48]). It forms a stable
homotopy category in the sense of [38, Definition 2.1]. Since the map £ — Eo admits
an E-linear continuous splitting (by [10, Section 2.7, Proposition 4], or simply since any
Banach space over E is orthonormalizable), the commutative algebra object Eo in ©
admits descent [38, Proposition 3.20 and the comment after it]. This gives descent for
solid E-vector spaces along the map £ — E, and thus also for perfect complexes, which
are the dualizable objects in €. Since the tensor product of E-Banach spaces agrees with
the derived solid tensor product, this gives the desired claim.

Now we can finish the proof. By descent in the “vertical direction” which we proved
above we can rewrite

1}11 fer(Ufn/T)

[nleA
as
lim lim Perf(Uga/r xs S&'°),
[n]eA [m]eA
and thus as
lim lim Perf(Uzar xs S&°). (2.1)

[m]eA [n]eA

by commuting the limits.
Using Lemma 2.4 below and the descent/resp. fully-faithfulness in the “horizontal
direction” discussed before we can therefore simplify (2.1) to

: S
lim Perf (Ur xs S/™).
[m]leA

which is equivalent to $erf(Ur) by the same argument for Uz as above. This yields the
claim. |

We used the following lemma on limits of co-categories (see [13, Lemma B.6]).
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Lemma 2.4. Let fo : C* — D*® be a morphism of two cosimplicial co-categories such
that fo : C® — DO is an equivalence and f; : C' — D' is fully faithful for i > 1. Then

limC® — lim D*®
— —
A A

is an equivalence.

We end this subsection with the observation that each perfect complex on a relative
Fargues—Fontaine curve is, locally in the analytic topology on the base, “strict”.

Proposition 2.5. Let T = Spa(4, A7) € Perfg,, be affinoid perfectoid. Then each perfect
complex K on Xt is quasi-isomorphic to a bounded complex of vector bundles on Xr.

Proof. Let w € A be a pseudo-uniformizer. As in [20, Theorem I1.2.6], this yields a radius
function on the space Y7 and thus (using similar notation to [20, Theorem I1.2.6]) we can
write

X1 = Y7,/

with 2~ coming from the identification ¢ : Y7,[1,1] = Yr,4,4)- By analytic descent for
perfect complexes on analytic adic spaces we find that Perf(X7) identifies with the oo-
categorical equalizer of the functors

res @ores
Perf(Yr1,q]) — Perf(Yrq.q1). Perf(Yr1,q) — Perf (Y1[4.9)

(here res denotes the respective restriction morphisms). The spaces

Y1 1,91 Y1110 YTl9.9)

are affinoid perfectoid, which implies that perfect complexes on them identify with perfect
complexes over their respective coordinate rings. Thus, the proposition follows from the
general observation of Proposition 2.6 by setting R = Oy, - S = Oy [g,4) and f, g
induced by restriction respectively restriction composed with Frobenius. ]

Let R, S be two (commutative) rings, and f, g : R — S two ring homomorph-
isms. Denote by f*, g* the functors S ®H§’f ) ®H§’g — of (derived) base change
along f respectively g. Let € be the co-categorical equalizer of the functors L f*,Lg™* :
D(R) — D(S) between the co-derived categories of R- and S-modules. Thus, roughly,
the objects of € are pairs (K, ag) with K € D(R) and ag : L f*K =~ Lg*K an iso-
morphism in D(S), while the morphisms in € are morphisms in D (R) together with
homotopies in D () recording compatibility with the ag’s.

Let us call an object (K, ag) € € perfect if its image K € D(R) is perfect, and let
us call it strictly perfect if it can be written as a finite limit of objects (M, ap) € €
with M a finite projective R-module. Note that € is a stable co-category, and the functor
€ — D(R) commutes with finite limits/colimits.

Now we can prove the following general observation.

Proposition 2.6. Assume (K, ag) € € is perfect. Then (K, ag) is strictly perfect.
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Proof. The proof is a slight adaptation of that of [28, Lemma 1.5.2]. We may assume that
H(K) = 0 fori > 0. Then represent K by a complex

_ d
---—)K_2—>K_1—1>K0—0>K1—)---

with Ko, K_; finite free R-modules, K; finite projective foralli € Z and K; =0 fori < 0
and for i > 0. The morphism «ag, respectively aEl, is then represented by morphisms

Aj: f*K;i — g*K;, resp. B;:g*K; — f*K;

(respecting the differential). As ag o a,}l = Idx (equality in the homotopy category),
there exists
hi Zg*Ki — g*Ki—l

such that
A;joB; —1d = g*di—l oh; +hj_1o0 g*dl‘.

In particular,
Ao o) BO —Id = g*dfl 9] ho.

Fix an isomorphism R” = K. This yields identifications
f*KO ~ S§" ~ g*K()
and we let ffo, éo be the matrices representing Ag, By. Set F := Ko & Ko and

(A AoBy-1a
F=\1d B

Ao AoBo—1d\ _(1d Ap\ (0 -Id

Id By ~\0 IdJ\ld By )’
o is an isomorphism, and thus the pair (F, «f) (with F sitting in degree 0) defines an
object of €. We now want to construct a morphism

):f*FgS"EBS”eS"EBS";g*F.

(F,ar) — (K, ak).

On underlying complexes we take the unique morphism of complexes which in degree 0
is given by the first projection

@ZI(Id,O)ZFZKo@Ko—)Ko.

In order to upgrade ¢ to a morphism in € we need to find a homotopy between the two
compositions

F*F > frK 2 o*k,

and
o
F*F 25 ¢*F > ¢*F — ¢*K.
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Unravelling the definitions, we see that the composition

d,0 h
Fasnesn W g o 1 ek
works as
AO o BO —Id = g*d_l 9] h().

Now the proposition follows by using induction on the amplitude of K. ]

From the proof of Proposition 2.5 we can conclude that if K € Perf(X7) is a per-
fect complex of Tor-amplitude in [a, b], then we can represent it by a complex of vector
bundles which is concentrated in degrees [a, b].

2.3. The moduli stack of flat coherent sheaves

In this subsection, we define flat coherent sheaves on relative Fargues—Fontaine curves,
and show that they satisfy v-descent.

Let S € Perff,. An Ox-linear map & — &' between two Ox¢-modules is said to
be fiberwise injective if it is injective after base change along Xg,(c c+) — Xs for any
geometric point Spa(C, CT) — S of S. If &, &’ are vector bundles, then equivalently it
is an injective map which remains injective after base change along X — Xg for any
map S’ — S in Perff, . The same definition will be used when Xs is replaced by an open
subset of it.

Definition 2.7. A flat coherent sheaf on Xg is an Ox,-module which can, locally for
the analytic topology on Xg, be presented as the cokernel of a fiberwise injective map
between two vector bundles on Xg.

By the remark after Proposition 2.6 we can globally represent any flat coherent sheaf

o . .
on X7 by a two-term complex &_1 — & of vector bundles on X7. The morphism « is
then automatically fiberwise injective.

Remark 2.8. To justify the terminology we adopted, recall the following result in algeb-
raic geometry:* if S is a reduced Noetherian scheme, and X — S is a smooth projective
relative curve, a coherent sheaf ¥ on X is S-flat (meaning that for each point x € X map-
ping to s € S, the stalk ¥ is flat over the ring O ;) if and only if its fiberwise degree and
generic rank functions are locally constant if and only if it is the cokernel of a fiberwise
injective map between vector bundles. Indeed, the equivalence of the first two conditions
is a particular case of a more general statement: if S is a reduced Noetherian scheme and
f : X — S a projective morphism, a coherent sheaf ¥ on X is S-flat if and only if the
fiberwise Hilbert polynomial function is locally constant (this uses the characterization
[22, Proposition 7.9.14] of S-flat coherent sheaves on X as the coherent sheaves ¥ on X
such that there exists N > 0 such that f,(F ® £%") is a locally free @s-module for

4We thank David Hansen for drawing our attention to this point.
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alln > N, where £ is a fixed ample line bundle for f on X). The last condition clearly
implies the second. Conversely, if F is a flat coherent sheaf on X, [27, Proposition 2.1.10]
provides a resolution

0>861—>8 —>F —>0

of ¥ by two vector bundles (using the fact that X — S is smooth projective of relative
dimension 1), and the map &_1 — & has to be fiberwise injective, by flatness of ¥ overS.

Example 2.9. Any vector bundle on Xy is a flat coherent sheaf on Xg. If S¥ is an untilt
of S over E, defining a Cartier divisor igs : S b x s on the Fargues—Fontaine curve
[20, Propositions II.1.18, 11.2.3], the “skyscraper sheaf” i sn,*(9 g4 1s a flat coherent sheaf
on Xg.

The next result is an easy corollary of the work done in the previous subsections.

Theorem 2.10. The functor Coh®, sending S € Perfy, 1o the groupoid of flat coherent
sheaves on Xg, is a small v-stack.

Proof. The smallness of Coh® follows as in [20, Proposition I1I.1.3].
Note now that for any S € Perff,,, Coh™(S) is a full subcategory of Perf [=1.0] (Xs).
Let T — S be a v-cover in Perfp, with associated Cech nerve T*/$ , which is a sim-
plicial object in Perf.
We want to show that the canonical morphism

Cohf'(S) — lim Coh(T*/5)
<«
A
is an equivalence. We already know fully-faithfulness and only need to prove essential sur-
jectivity. Since we know by Proposition 2.3 that perfect complexes with Tor-amplitude in
[—1, 0] satisfy v-descent, all we need to check is that fiberwise injectivity can be checked
v-locally, which is clear. [

We can extend the ampleness result [20, Theorem I1.2.6] to flat coherent sheaves.

Lemma 2.11. Let T € Perfy, be affinoid perfectoid and let ¥ € €oh"(T') be a flat coher-
ent sheaf on Xt. Then there exists an ng > 0 such that for every n > ng there exists a
presentation

0—>81—>0x,(-—n)"—>F =0

for some m > 0 with &_1 a vector bundle, and HI(XT, F(n)) =0.

Proof. Fix apresentation 0 > _1 — Fy — F — 0 with F_;, F two vector bundles. By
choosing n¢ large enough we can ensure that H' (X7, _,(n)) = H' (X7, Fo(n)) =0
and that %y (n) is globally generated for n > ng [20, Theorem I1.2.6]. Then H ! (X7, ¥ (n))
= 0 and we claim that for any surjection Oy (—n)™ — F the kernel &_; of the com-
position Ox (—n)™ — Fy — F is a vector bundle. For this it suffices to show that &_;
is a perfect complex of Tor-amplitude 0. Perfectness is clear, and the assertion on Tor-
amplitude follows because the dual of ¥ is contained in Perf[o’ll(X 7). This finishes the
proof. ]
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Since the rank and degree functions for vector bundles are additive, we can as well
define the rank and degree functions (which are functions from |S| to respectively Zxg
and Z) for a perfect complex and thus in particular for a flat coherent sheaf. These func-
tions are locally constant and for each pair of integers (i, d) € Z>o x Z, we will denote
by

Coh ,;
the open substack of €oh' formed by flat coherent sheaves having (generic) rank i and
degree d.

2.4. Further results on flat coherent sheaves

A flat coherent sheaf can by definition be presented as the cokernel of a fiberwise inject-
ive morphism between vector bundles. We will now prove a refinement of this, under
assumptions on the slopes.

Definition 2.12. Let S € Perfy, and ¥ € Coh'(S). We say that ¥ has non-negative
slopes, resp. positive slopes, if its pullback along Xg,,c,c+) — Xs for any geometric
point Spa(C, C ™) — S has only non-negative slopes, resp. only positive slopes (by con-
vention, a torsion coherent sheaf on X, (¢ c+) has slope +00).

Fori > 0, d € Z, we will denote by

f1,>0 f1,>0
‘€0hi,d ,  resp. fohi’d ,

the substack of foh? 4 formed by flat coherent sheaves having non-negative, resp. positive
slopes.

Proposition 2.13. Let S € Perfy, and let ¥ € ‘C’oh?fo(S ). There exists, v-locally on S,
a short exact sequence

0— (DXS(—I)d — (9;;‘1 - F — 0.
Proof. Let Z; 4 be the moduli stack of fiberwise injective maps
Oxs(—1)? - &
with & a slope 0 semistable vector bundle of rank i + d. There is a natural map
fiZig— ‘Coh?,d

sending a fiberwise injective map Ox (=1)¢ — & to its cokernel F . It suffices to show
that f is a v-cover.

We claim that f'is representable in smooth Artin v-stacks. Indeed, let 7" € Perfp,, with
amap T — ‘(?oh?’ 4 corresponding to a flat coherent sheaf ¥ on X7 of generic rank i and
degree d, and let

T':=T X‘Coh?.d,f Zi,d

be the fiber product. Then 7" is a substack of the stack é‘xt}(T (F,0(=1)?) sending U €



J. Anschiitz, A.-C. Le Bras 3668

Perfr to the groupoid of extensions
0501 >6—>F >0

(which is indeed a v-stack, since €ohl is). The condition that the extension & is a vector
bundle is an open condition, since Bun is an open substack of Cohl. (To see this, one
can argue as follows: The locus in | X g | where a flat coherent sheaf is locally free is open
as it is a union of loci defined by the condition that a suitable minor of some matrix is
invertible. Its complement is therefore closed, and since the map |Xs| — |S| is closed
[20, Proposition I1.1.21], its image in |.S| is also closed. Hence its complement is open.)
Moreover, the condition that the vector bundle & is semistable of slope 0 is an open condi-
tion, by upper semicontinuity of the Harder—Narasimhan polygon [20, Theorem I1.2.19].
Hence, T is an open substack of 8xt)1(T (F,0(—1)%). Therefore, to establish the claimed
cohomological smoothness, it suffices to see that 8xt)1(T (%.,0(=1)%) is a smooth Artin
v-stack over T'. To do so, pick a presentation

0>861—>8 —>F —>0

with & = Oy, (—n)™ with n,m > 0, and &_; a vector bundle (necessarily with slopes
< —n), as we can by Lemma 2.11. We deduce, for U € Perfr, a long exact sequence

0 — Homy,, (¥, 0(—=1)%) — Homy,, (9, O(—1)?) — Homy,, (§-1, O(—1)?)
— Exty, (¥, 0(-1)?) — Exty, (€0. O(—=1)9).

For n > 0, the last term is zero, while Homy, (€;, (9(—1)d) fori = —1, 0 is the Banach—
Colmez space attached to a vector bundle with positive slopes, hence is cohomologic-
ally smooth by [20, Proposition II1.3.5]. Thus, the above sequence expresses the stack
Sxt)l(T (F,O0(=1)%) as the quotient of a cohomologically smooth Banach—-Colmez space
by the action of another cohomologically smooth Banach—Colmez space.

As f is cohomologically smooth, it is open [47, Proposition 23.11], and thus a v-cover
onto its image. The image is determined on underlying topological spaces and hence
we may reduce to the case where T = Spa(C, O¢) is a geometric point. By looking
at the slope of the last quotient of the Harder—Narasimhan filtration it is clear that the
image of f is contained in ‘C’ohz’fo. For the converse, assume that ¥ is a coherent sheaf
with non-negative slopes on the Fargues—Fontaine curve X¢ attached to the complete
algebraically closed field C of characteristic p. As the statement of the proposition, or
at this point equivalently the surjectivity of f for geometric points, is stable under direct
sums, it suffices to treat the case of a vector bundle with non-negative slopes or ¥ =
i x,*BdJ]Q(Cx) /12 for some classical point x of X¢ corresponding to some untilt Cx of C
and some n > 0. Here, 7, € H%(X¢, Ox,. (1)) is some section with vanishing locus x.
The first case follows now from [20, Theorem II.3.1]. In the second case, choose another
section t € H%(X¢, Ox,. (1)) such that ty,¢ generate Ox,.(1). The pair (¢, ) defines
a morphism o : X¢ — P }5 of locally ringed spaces mapping x to the E-rational point
y:=[0:1€P é Now, let § be a skyscraper sheaf on P }5 supported at y, and consider
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the canonical surjection
Op1. ®F H°(PL.9) — 9.

Its kernel is a vector bundle of rank the degree of ¥, with only non-positive Harder—
Narasimhan slopes and without global sections, and thus isomorphic to Op L (—1). Pulling
back such a sequence (for the obvious choice of &) along « yields the desired presentation
of iy« Bj (Cy)/ 2. This finishes the proof. "

Corollary 2.14. Let S € Perfy, and let ¥ € €oh™>0(S). There exists, v-locally on S,
a short exact sequence
0> 0%, >&—>F -0,

where & is a semistable vector bundle of positive slope.

Proof. The statement being local on S, we can assume that S is affinoid perfectoid and
that ¥ has constant rank r and degree on S. We argue as in the proof of [20, Corollary
11.3.3] to deduce the statement from Proposition 2.13. Since ¥ has constant rank r and
only positive slopes, we see that all slopes of ¥ at all geometric points of S are > 1/r.
Let 7, be the natural map from the Fargues—Fontaine curve X, attached to S and the
degree r unramified extension E, of E to Xg (the Fargues—Fontaine curve for S and E).
We apply Proposition 2.13 to ¥ % (—1). Locally on S, we get a short exact sequence of
Ox ,-modules
0—>(9)‘(1;.r & >a'F >0
with &’ semistable of slope 1. Applying 7, «, we get a short exact sequence
0— (9}’5";/ = 18 = M F — 0.
As ¥ is adirect summand of 7, .7} ¥, we get the desired exact sequence by pullback. =
Remark 2.15. Ford > 1, let W, be the moduli stack of fiberwise injective maps
of s €
with & a semistable vector bundle of positive slope. There is a natural map

gaq : Wq — ol

sending a fiberwise injective map Ogg — & to its cokernel ¥, which is shown to be
cohomologically smooth as in the proof of Proposition 2.13. Hence the map

g W= |_| W; — €oh™°,
d>1

which is g4 upon restriction to Wy for each d > 1, is cohomologically smooth, too. It is

also surjective by the last proposition. Moreover, for each d > 1, one has a map
ss,>0

W; — Bun

to the moduli stack of semistable vector bundles with positive slope, sending (9)‘?5 — &
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to €. This map is cohomologically smooth (since its fibers are open” in positive slope
Banach—Colmez spaces) and has a cohomologically smooth target. Therefore, W, for
each d > 1, and hence also W, is cohomologically smooth.

We have exhibited a cohomologically smooth cover of the small v-stack €oh™>° by
a cohomologically smooth v-stack. Hence, if we can prove that the diagonal of the small
v-stack €oh™>? is representable in locally spatial diamonds, we will have shown that
Coh™>0 is a cohomologically smooth Artin v-stack, in the sense of [20, Section IV].

It remains to prove the assertion about the diagonal of €oh™>°. Let S € Perf and let
F, F' be two flat coherent sheaves on Xg. The sheaf of isomorphisms dsom(¥ , ¥') is
relatively representable by an open subspace of the sheaf Hom(F , ') (use the fact that
the map | X7| — |T| is closed for every T € Perf), so it is enough to prove that the latter
is a locally spatial diamond. Applying Lemma 2.11 to &, we see that it is even enough to
prove that Hom(F , ¥') is a locally spatial diamond when ¥ is a vector bundle (as fiber
products exist in the category of locally spatial diamonds). Hence, up to replacing ¥’ by
F' ® F71, it suffices to show that the functor sending T € Perfs to H%(X7, F') is a
locally spatial diamond if ¥ is a flat coherent sheaf on Xs. Applying Lemma 2.11 again,
the statement is a special case of [20, Proposition I1.3.5 (i)].

3. The Fourier transform

In this section, we define and study very nice stacks in E-vector spaces and their Fourier
transform. Pro-étale E-local systems are examples of very nice stacks in E-vector spaces,
as are Banach—Colmez spaces attached to flat coherent sheaves with only positive slopes.
Proving this last fact requires some preliminary Ext-groups computations, which we
address first.

3.1. Some Ext-group computations

The main result of this subsection is Theorem 3.9 below, which describes some (local)
Ext’s in the category of v-sheaves of E-vector spaces. This generalizes and improves
on the results of [34]. In contrast to [34], which used a truncated version of the Breen—
Deligne resolution and was limited to low degrees and the case £ = Q,, the main idea
here is to prove a statement about self-extensions of the sheaf A, (recalled below), which
implies the desired results but has the advantage of being reducible to old deep results
of Breen (see [12]).
When $ is a site and E a sheaf of rings on §, we will use the notation

Re}eoms,E (_9 _)

to denote the derived internal Hom in the category of sheaves of E-modules on §.°

5To check openness, it is enough, by taking d'th exterior powers, to argue when d = 1 and then
the claim is easy.

SWhen § is the v-site of a small v-stack and E is a topological ring, we will even write
RJomg = (—,—) instead of RHomg g (—,—), to keep the notation light.
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Before starting the computation, let us recall the following general result.

Theorem 3.1. Let (T, E) be a ringed topos, and let P be a E-module in T . There exists

a complex Mg =)(P) of E-modules in T with an augmentation to P, functorial in P

and called the MacLane complex of P, with the following two properties:

o The augmentation € : M7 z)(P) — P is a quasi-isomorphism, i.e., M =)(P) is a
resolution of P.

e Each component My zy(P); of the complex is of the form E[E® x P']/E[0], where
s, t are integers depending on the integer i.

Proof. The construction essentially due to MacLane is explained in [11, Section 3]. =

If R is a perfect characteristic p ring, we let R[F *!] be the ring of non-commutative
polynomials in one variable F over R, with multiplication given by

Fa=¢)F

for a € R, where ¢ denotes the g-Frobenius on R (recall that g was fixed once and for
all, as the cardinality of the residue field of £). We denote by Spec(IFy )pert the algebraic
perfect v-site of Spec(IF,).

Theorem 3.2 (Breen). The natural map, sending F to the q-Frobenius ¢ on G, and F,
to its action on the right factor,

Fy[F*'] = RHOMSpee(Fy et By (Ga Ga)
is an isomorphism.

Proof. In [12, Théoréme 0.1, Section 1.4], Breen has computed self-extensions of G,
seen as a sheaf of IF,-vector spaces (not IF,-vector spaces!) on the site of all perfect
schemes over Spec(IF;) endowed with the étale topology. The MacLane resolution from
Theorem 3.1, together with the fact that G, is represented by the perfect affine line and
[9, Theorem 4.1], shows that these extension groups are the same when computed on the
site considered by Breen and on Spec(IF;)perr. Hence, we deduce from Breen’s result that
the natural map
IFt][}:};:tl] - RHomSpeC(IFq)pe[f,]Fp (G, Ga)

is an isomorphism, where on the left F, [ F, pil] is the ring of non-commutative polynomials
in one variable F), over IF,, with multiplication given by

Fpa = a’F,
for a € [F,. Adjunction gives an isomorphism

RHomSpCC(]Fq)perf,]Fq (Ga ®]Fp qu Ga) = RHomSpeC(]Fq)perf,]Fp (Gaa Ga)-
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The tensor product G, ®r, [, decomposes as a direct sum

F—1
G, ®r, Fy = @G;’),
i=0

where ¢ = p/ and Ggi), 0 <i < f, is the sheaf sending a perfect IF,-algebra R to the
F4-vector obtained by twisting the IF;-action on the IF,;-vector space R by the ith power
of the Frobenius on [F,. We have G;EO) = G,. In particular, we already see that necessarily

k
EXtSpec(]Fq)pe,f,]Fq (Ga,Gy) =0

for all kK > 0. Moreover, for eachi =0, ..., f — 1, right composition by pr ~ induces
an isomorphism between Homgpec(F, ) e, Fy (G§°’, Ga) and Homsgpec(F, )pert, Fy (Gg), G,).
Hence, the decomposition

S

HomSpCC(]Fq)perf,IFp (Ga’ Ga) = @ HomSpec(]Fq)pe,f,qu (G;Ei) s Ga)
i=0

from above corresponds to the decomposition
f .
Fo[F' = D F(FS)*).FL.
i=0
Since Fq[(pr)il] = F,[F*!], this concludes the proof. L]

Remark 3.3. The interested reader can also consult [39, Appendix A] for a short recent
proof of the result of Breen used in the above proof.

We denote by O (F*!) the v-sheaf sending Spa(R, R™) € Perfy, to the w-adic
completion of RT[F*1], where w is any pseudo-uniformizer of R. There is a natural
map

O (FEYY — Homs, 5, (0T, 0%)

which sends F to ¢+ and O to its action on the right factor of O.
Proposition 3.4. The natural map
Ot (F*') > RHomsy,), 5, (01, 07)

is an almost isomorphism (for the left action of OF on Ot (F*) and the left action
of OF on RIHomsp,w,)., F, (O *, O7) via multiplication on the second factor).

Proof. Fix an affinoid perfectoid space S = Spa(R, R™) in PerfF,, and a pseudo-uni-
formizer w of R. Recall the morphism of sites

i Spa(]Fq)v - SpeC(Fq)perf,
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from the perfectoid v-site to the algebraic v-site. The pullback of the sheaf G, on
Spec(IFy )pert (representend by the perfect affine line over F,) along f is the sheaf 9.
We can further pull back along the natural morphism

Sy — Spa(IFg)y.
Since all these operations are exact, we deduce a map
RHomSpeC(]Fq)perf,]Fq (Ga, Ga) ad RHOInSvJFq ((9+ s (9+).

Since the right-hand side is an R*-module (via the second factor) and is derived -
adically complete, this extends to a map

(RHomSPeC(]Fq)per[,IFq (Gaa Ga) ®]Fq R+)Aw - RHomSU JFy ((9+7 (9+)

We claim that this map is an almost isomorphism. To compute both sides, we can use
the MacLane resolution from Theorem 3.1, once for the topos WF‘])M of sheaves on
Spec(IFg)per and the constant sheaf of rings IF; and once for the topos S, of sheaves on
Sy and the constant sheaf of rings IF,. From the explicit shape of the MacLane complexes
and [47, Proposition 8.8], forallm > 0,n > 1,i > 0,

HE(Spec(Fy[T})/77 ... . TP xF",G,) =0, HI(B% xF",.0%) £0

(here Bg is the n-dimensional affinoid unit disk), we deduce that the above map, seen as a
map between objects of the derived category of almost R -modules, can be rewritten as

(G.).G,) ®F, RN

— Homs, 1, (M5, 5,,(0),0™).

(HomSPCC(]Fq)Pcrf,]Fq (M(Spec(]Fq)pe,f,]Fq)

Hence, the claim follows if for each n > 1, the natural map
(HO(Spec(F,[T)/P™, ..., T}YP™)),G,) ®, RY)"™ — HO(BYE,0F)
is an isomorphism. But this map is just the natural map
B [T}77 .. TV P™ ) @p, RY)\™ — RT(T}MP™ .. TP,

so the assertion is true. Therefore, the proposition follows from Theorem 3.2. ]

We can get the following “honest” version. Here, we set

O(FE!) := O @+ OFT(FE).
Corollary 3.5. The natural map
O(F*') — RHomspw,), r,(0F,0)

is an isomorphism.
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Proof. By Proposition 3.4, we only need to justify that for each affinoid perfectoid space
S = Spa(R, R™) and each pseudo-uniformizer = € R, the natural map

li_r)n RHomg, F, O+, 0% > RHomg,, F, (0%,0)

Xw

is an isomorphism. This can be checked on cohomology groups and thus it suffices to
show that OV is pseudo-coherent as a v-sheaf of F,-vector spaces. However, for each
i > 0, the functors Extgv F, (O, —) can be computed using the MacLane complex (The-

orem 3.1) M5, ]Fq)((9+) and because of the description of the terms of this complex, to
check that EXtisv,]Fq (0T, =) commutes with filtered colimits for all i, it suffices to prove

that the functors H/ ((O1)* x Fg.—) commute with filtered colimits for all j,r,s > 0:
this is true, since (O )* x [, is represented by a geqgs perfectoid space. |

If (R, R™) is a perfectoid Tate algebra over F,, we will denote
Ait(R, RT) = Wo,.(RT), AR, RT) = Wy, (R).
By definition of Witt vectors, there are bijections
Aine(R,RY) = (RHN, AR, RT) = RY

and we define the topology on A;,s(R, R™), resp. on A(R, R™), as the product topo-
logy of the natural topology on R, resp. R. Fix a pseudo-uniformizer z of R. Then a
basis of neighborhoods of 0 in Aj,f(R, R™), resp. in A(R, R™), are the 7" A;pe(R, RT) +
[@*]4ins(R, RT), resp. the 7" A(R, RT) + [@*]Aine(R, RT), r, s > 0 (on the ring
Aint(R, R™), we are just considering the (7, [w])-adic topology).

Definition 3.6. We define the sheaves
Aing = Wo (07, Binr = Ainel1/7]. (3.1)
A = Wy, (0), B = A[l/n], (3.2)

on Spa(F,),. We note that for each perfectoid pair (R, R™) over [F,, there are canonical
isomorphisms

Ainr(Spa(R, R)) = Aing(R, RT), A(Spa(R,R™)) = A(R,R™)

(see [46, Theorem 6.5]). We also define the sheaf A, (F*!) by sending S = Spa(R, R™)
affinoid perfectoid in Perff, to the ring Aj¢(R, RT)(F*1), which is by definition the
completion of the ring Aj,¢(R, RT)[F*!] of non-commutative polynomials in one vari-
able F over Aj,s(R™), with multiplication given by

Fa=¢)F

fora € Aipr(R™), where ¢ denotes the Frobenius on A;,¢(R™) with respect to the (i, [z ])-
adic topology.
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There is a natural map of left A;,;-modules
Ap(FE!) — HomspaF,)y,0 g (Aints Aint)

which sends F to @a
A-modules

and Ay to its action on the right factor, and a natural map of left

inf

A[FE — Homsp,)y,05 Aint, A)

(with the similar definition of the non-commutative ring A[F*!]) which sends F to ¢4,
and A to its action on the right factor.

Proposition 3.7. The natural map
Ait(FEY — RHomspuw,),0 p Aint, Aint)
is an almost isomorphism of left Ain-modules.

Proof. Both sides being (derived) w-adically complete, it suffices to check the assertion
modulo 7. The left-hand side becomes @ (F*!). For the right-hand side, recall that
Ajye/m = OF. We then have

RHomspaF,)y,0 5 (Aints Aint) ®£inf Aint/ 7 = RHomspaF,),,0z (Aint, Aint/ 1)
= RHomgpF,), F, (Aint ®(LgE Fq.0%)
o~ R%omspa(ﬂrq)v,]}?q ((9+, (9+),

where the second isomorphism comes from adjunction. Hence the claim follows from
Proposition 3.4. |

Corollary 3.8. The natural map
Ap(FEN[1/71] — RHomsp,),,E Bint. Binr)
is an almost isomorphism.
Proof. First, note that by adjunction
RIHtomspaw,),,E Bint, Bing) = RHomspaw,), 0 (Aints Bing).
Hence, by Proposition 3.7, we only need to justify that the natural map

li_H)l RIHomsyaw,)y,0 5 (Aint, Aing) = RHomspw,),,0 5 (Aints Bing)

X
is an isomorphism. This can be checked on cohomology groups, and for this it is enough
to show that A, is pseudo-coherent as a v-sheaf of (9_E -modules. However, for each

i > 0, the functors Sxtépa(mq)v o (Ajnf, —) can be computed using the MacLane complex

(Theorem 3.1) M CoaF O )(Amf) and because of the description of the terms of this
all'g )v,VE.

complex, to check that SXIépa(]Fq)v, o (Ajns, —) commutes with filtered colimits for all 7, it
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e X Og", —) commute with filtered colim-

suffices to prove that the functors H/! Spaq)e (AS
its for all j, r, s > 0: this is true, since A x Og" is represented by a qcgs perfectoid
space. |

Let S € Perfp, be an affinoid perfectoid space. Let S # be an untilt over E of S, corres-
ponding to a primitive element & € Aj(S). We will denote by O* (resp. @ 1#) the sheaf of
E-vector spaces on S, sending T € Perfg to O(T*) (resp. O (T*#)), where T# € Perfg¢
is the perfectoid space corresponding to 7" by the tilting equivalence Perfg: =~ Perfs.

Theorem 3.9. Let S be as above. One has canonical identifications
RJtoms, g (E.E) = E. RHoms, g(E,O% = 0%,
RHoms, £(0F, 0F) =~ 0% @ O%[-1],
RJtoms, g (0% E) = 0% (=1)[-1]
(on the right, the symbol (—1) denotes a Tate twist).

Proof. The first two isomorphisms are obvious, so we only need to prove the last two.
There are exact sequences of v-sheaves of E-vector spaces:

0—>E—>BWL_1>]B—>O

and
x& 9 #
0—>]Binf—>Binf—>(9 —)0,

to which we will refer in the rest of this proof simply as the “first” and “second” exact
sequences.
We have a distinguished triangle

RHoms, £ (Bing, Bint) — RHoms, £ Bing, Bing) — RHoms, g (Bin, OF)

induced by the second exact sequence. Through the isomorphism of Corollary 3.8, it can
be rewritten in the almost category as

Ane(FEY[1/71] 25 Aue(FEY)[1/7] — RHoms, £ Bur. 0F),

where £x denotes multiplication on the left. Write

A FE1 /7] = (@D A F") " 11/].

nez

We get an isomorphism
R¥oms, £ B, OF) = OFH(F=1)[1/],

where on the right-hand side @ T#(F*!) denotes the left @ t#-module

@+n(Fi1> _ (@ (9+ﬁ‘Fn)/\rr

nezZ
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Using again the second exact sequence, we get an exact triangle
Rtoms, g(OF, O%) — RHoms, g (Bins, OF) — RHoms, g (Bins, OF)

with the second map given by multiplication by &€ on B;,;. Write

O FH) /] = (P c9+ﬂ.F")M[1/n].

neZ

Through the above isomorphism, the right map identifies with (the extension to the com-
pletion of) the map which is multiplication by the reduction modulo & of ¢” (£) in degree n
(as follows from the relation F"a = ¢"(a).F, a € Ainy, in Ajns[F*!]). For each n # 0,
the reduction modulo £ of " (£) is a unit in O* and hence the triangle is quasi-isomorphic
to
R¥oms, £ (0%, 0%) - 0t % 0,
In other words,
RHoms, (OF, 0F) =~ 0 @ O%[-1],

as desired.
To prove the isomorphism

RHoms, g (B, E) = OF(—1) (3.3)

we will establish that if S = Spa(R, R™) is perfectoid with untilt (R¥, RT#) over E, then
there exists a natural isomorphism

RHomg, g By, E) = AR, RT)/Wp,, (RT)[1/x][-1],

where RT™T C R denotes the R™-submodule of topologically nilpotent elements, such
that multiplication by & on By, is converted to left multiplication by &. Granting this
claim the assertion follows from the second exact sequence above applied in the first
variable. Indeed, RHomg, g (O¥, E) is isomorphic to the kernel of multiplication by £ on
A(R,RT)/Wp, (RTT)[1/7] placed in degree 1. But this kernel is

!
g

the isomorphism being induced by Fontaine’s map 6.
Thus, we are left with proving (3.3). We have

Wo . (RT)/ Wo, (RT[1/7] = R¥-1),

RHomg, g (Bins, £) = RHomg, 0, (Aint, Op)[1/7]
and
F—1
RHomg, 0, (A, Op) = fib(RHomg, 0 (A, A) — RHomg, 0, (A, A))

using the integral version of the first exact sequence. The object RHomg, @, (A, A)
is m-adically complete and concentrated in degree O (as follows from Corollary 3.5 via
reduction mod 7). In particular, (as Homg, (Aiyr, @) = 0 by fiberwise connectedness
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of Ajyr) we can conclude that RHomg, o (Ainr, ) is concentrated in degree 1. Acting
with A(R, R™) on the natural morphism Aj,y — A yields a natural map

A(R, RT) — RHomg, 0, (A, A),

and thus by composition with the connecting morphism of the above exact triangle a
natural morphism

®: AR, R") — RHomg, o, (A, Op)[1].

We claim that ® factors over A(R, RT)/ W, (RTT). Because Dy, (r++) factors over
the morphism

Ains(R, RT) = Aine(R, RY)(FE!) — RHomg, 0, (Ainf, Aint) = RHomg, 0, (Ain, OF),
this follows from Lemma 3.10 below. Having constructed the natural morphism
A(R,R")/Wo,(RT") — RHoms, o, (A, O)[1]

we can check that it is an isomorphism modulo 7 as both sides are derived m-adically
complete. Modulo 7 (in the derived sense) the left-hand side becomes

R/R++,
while the right-hand side becomes
RHomg, o, (A, Fg)[1] = RHomg, g, (O, Fp)[1].

Using the exact sequence

0—>}Fq—>(9—>F_1 0—0
(with F the g-Frobenius) and Corollary 3.5 the last term simplifies to
F—
coker(@ (F*1y =L o (F*1))

(one can easily see that F — 1 is injective on @ (F*1)). Therefore we conclude the proof
of the theorem by Lemma 3.10. ]

Lemma 3.10. Assume S = Spa(R, R™) is an affinoid perfectoid space over Fy. Then
coker(R(F*1) £=% R(F*1)) =~ R/R+*
and
coker(Apt(R, RH(FE') 25 Ape(R, RV (FE)) = Ape(R, RYF)/ Wo . (RT).

Proof. We first prove the first assertion. Let w € R be a pseudo-uniformizer and assume
that
a=) aF €R(F*"
i€Z
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is an element such that |a;| < |w| for all i € Z. We claim that a = (F — 1)(b) for some
b € R(F*!). Let ¢ : R — R be the g-Frobenius. For i € Z, set

bi ==Y ¢*(aip).

k>0

The series is convergent. We claim that

by ——0
|i]—>o00

for the natural topology on R. It is clear when i — —o0, since a; ——— 0. Fix N > 0.

J——o0
Let M > 0 be such that if
. N
Vi>M, J|aj|<|w|?,

then fori > N + M we have

il =max(| Y eFao] | X ¢ @imn)).

0<k<N k>N

s

In the first sum, all terms have absolute value less than | |‘1N , by definition of M, and in
the second too, by our starting assumption on (a; ). Therefore, if i > N + M then

Ibi| < |w|?",

and so b; —— 0, as desired. The sequence (b;) therefore gives rise to an element
1—>00

Y icz biF' € R(F*1).
For i € Z, we can compute

ebi—)) —bi ==Y " Maiiw) + YoM aiw) =a
k>0 k>0
since aj — 0. Hence a = (F — 1)b, and the claim is proved.
Jj——00
In particular, we see that the map

R[FF'] = coker(R(FE') £=5 R(F*1))

is surjective, i.e., each element in the cokernel can be represented by a finite sum of
Fi’s with coefficients in R. As R is perfect, we can further assume that in this sum the
coefficients of all F?,i # 0, are zero. It is easy to see that an element » € R € R(F jE1)
is of the form (F — 1)(b) for some b € R(F*!) if and only if € R . This finishes the
proof of the first assertion.

To prove the second, we note that the above argument for a € wR* (F*!) works
mutatis mutandis for a € [w]Ainr(R, RT) and shows that the natural morphism

Aug(R.R) = C = coker(Aue(R, RT)(FE') Z=5 Aue(R, RT)(FE1))
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factors over

Bi=aw®R RN/ U @R RY).

w € R pseudo-uniformizer

Let us note that C is derived w-adically complete, and that the derived w-adic completion
of B is Aint(R, R1)/ W, (R*T). Hence, by derived modding out 7 we can deduce that
BY = C by the first part. [

Recall the morphism of sites
7:(Xs)y > Sy.
If & € Bun(S) with only non-negative slopes, resp. only negative slopes, we write
BC(€) = 1.8, resp. BC(€) = R'1,6.
Corollary 3.11. Let S be a small v-stack. The functor
Rty : Perf(Xs) — D(Sy, E)

is fully faithful. In particular, if & is a vector bundle on X s with either only positive slopes
or only negative slopes, then

RHoms, g (BC(€), E[1]) = BC(EY).

Proof. The question is local on S, so we can assume that S is affinoid perfectoid. Let
K, L € Perf(Xs). By Proposition 2.5, both K and L are strictly perfect. Considering
stupid truncations, we can assume that they are both vector bundles on Xg. If & is a
vector bundle on Xg, we can always, up to localizing further on S, find a presentation of
& of the form

0—0OxsV)" - OxgA+1D)" - 860

with A € Z (apply [20, Proposition 11.3.1] to a suitable twist of &, and [20, Corollary
I1.2.20]). Hence we can assume that K and L are both sums of line bundles, and this
case in turn is reduced to the case K, L € {Ox,, Ox (1)} by using analogues of twists of
the Euler sequence on P é Choose an untilt S¥ of S over E, corresponding to a Cartier
divisor (denoted by the same letter) on Xg. One has a short exact sequence

0— Oxg = Ox3(1) > Ogz: = 0
and so we can as well assume that K, L € {Ox, Og:}. We have
Rt.Oxg, = E
(see [20, Proposition I1.2.5 (ii)]), and, with the notations of Theorem 3.9,
Rt,Og: = OF

because, on v-sites, O gz is the pushforward of 9* along a section of 7.
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We note that, after passing to a v-cover of S to trivialize the Tate twist,

Rt RHomyx  (Ox,Oxg) = E,

Rt RHomy  (Oxg, Ogr) = oF,

Rt RHomy o (s, Ogs) = OF @ OF[—1],
Rty RHomy ¢ (Ogs, Oxg) = OF[-1],

which matches with Theorem 3.9, and we have to check that certain maps Ot > @%on S v
are isomorphisms. But this can be checked after base change from S to geometric points.
If S is a geometric point, it suffices to see that the respective maps are non-zero, which
reduces to the assertion that the pushforwards of the exact sequences

0— Oxg = Oxs(1) = Ogz — 0,

resp.

§
0—0Og: — B(;;,Sﬁ/EZB;;’Sn — Ogz — 0,

via T are nonsplit. For the pushforward of the first sequence this follows because
BC(Ox, (1)) is connected. For the pushforward of the second, see [2, proof of Proposi-
tion 4.8].

Therefore, the first part of the corollary follows (and we have further identified gener-
ating classes in Extg (0% E) and Extg g (0%, 0%y).

We turn to the last assertion. Assume first that & has only positive slopes (so that &V
has only negative slopes). By [20, Proposition I1.3.4 (iii)], there is an étale cover S" — S
such that for any T affinoid perfectoid over S’,

H'(X7r,8)=0 andthus H'(X7.8)=0 foralli > 0.
In particular, Rt.& = BC(&). Hence, by the above fully-faithfulness (applied to T°),
RHomr, g(BC(8), E[1]) = RHomOXT (8,0x,[1]) = RT'(XT, eV)[1].

But by [20, Proposition I1.3.4 (i)], the rightmost term is nothing but H!(X7, &V) placed
in degree 0. This being true for all T affinoid perfectoid over S’, we deduce the desired
claim. The proof is similar when & has negative slopes. ]

Remark 3.12. Let S be a small v-stack. From the corollary (applied to any 7" over S),
one deduces for each K € Perf(Xg) a natural isomorphism

Rz, (RJfom@XS (K,0)) = RHoms, E(Rt«K, E),

which can be thought of as “relative Serre duality” on the Fargues—Fontaine curve.

Remark 3.13. The proof of Corollary 3.11 shows that the essential image of Ferf(Xs)
in D(Sy, E) can be described as the full subcategory € of objects which v-locally on S
lie in the smallest idempotent complete triangulated subcategory spanned by E and A }w
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for some untilt S* of S over E and that the functor RJoms, g(—, E[1]) defines an
autoduality of €.

Milne [40] has used a similar autoduality statement for unipotent perfect group
schemes (due to Breen) to study Poincaré duality for flat cohomology of smooth proper
surfaces in characteristic p. Analogously, one may expect the above fact to be useful to
the study of Poincaré duality for pro-étale or syntomic cohomology of smooth proper
rigid-analytic varieties over S*.

3.2. Stacks in E-vector spaces

Let § be a site. A Picard groupoid, as defined in [18, Section 1.4] (cf. also [41, Defini-
tion 5.1.1]), is a symmetric monoidal category such that all the morphisms are invertible
and the semigroup of isomorphism classes of the objects is a group. Picard groupoids
form an oo-category equivalent to the category of spectra whose only non-zero homo-
topy groups are in degrees 0, 1 (for a proof at the level of homotopy categories (see
[41, Theorem 5.1.3]). The truncation of the tensor product of spectra defines a symmetric
monoidal structure on the category of spectra whose only non-zero homotopy groups are
in degrees 0, 1, and therefore, via this equivalence, on the category of Picard groupoids.
More generally, sheaves of Picard groupoids’ on § form an oo-category equivalent to
the category of sheaves of spectra on § whose sheaves of homotopy groups vanish for
i # 0,1, and therefore has a symmetric monoidal structure.

Let 4 be a sheaf of discrete (i.e., concentrated in degree 0) rings on §. Then 4 is
a commutative algebra object in the symmetric monoidal category of sheaves of Picard
groupoids on §. One can consider the category of A-module objects in the category of
sheaves of Picard groupoids on §. Since complexes of sheaves of A-modules on § are
equivalent to A-modules in the category of sheaves of spectra on § [36, Corollary 2.1.2.3],
this new category is equivalent to the category of sheaves of 4A-modules on § having non-
zero cohomology sheaves only in degrees —1, 0.

Taking 4 = Z the constant sheaf (on any site §), one recovers the category of strictly
commutative Picard stacks studied by Deligne [18, Section 1.4] and most often called by
him Picard stacks.

Definition 3.14. Let S be a small v-stack. We define a stack in E-vector spaces (over S)
to be an object in the category of £-module objects in the category of sheaves of Picard
groupoids on the site S;,.

By the considerations above, the category of stacks in E-vector spaces (over S) is
equivalent to the category of complexes of v-sheaves of E-vector spaces on S, having non-
zero cohomology sheaves only in degrees —1, 0. The stack in E-vector spaces attached to
such a complex K will be denoted V (K). Conversely, the complex attached to a stack in
E-vector spaces § is denoted G,.

7We do not want to call them Picard stacks, because Deligne uses this terminology for a more
restricted class of objects.
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For example,
V(E[O) = E, V(E[1]) =[S/E]

A sequence
09 —>6—->¢" -0

of stacks in E-vector spaces will be said to be exact when § — §” is a surjection of stacks
and ¢’ is equipped with an equivalence to the homotopy fiber of 0 € §”. Equivalently,
there exists a morphism (§”)e — (§')e[1] in D(Sy, E) such that the triangle

(e = Go — (8")e — (§))a[1]
is an exact triangle. For example, the sequence
00— FE—*x—>[x/E]—>0
is an exact sequence of stacks in E-vector spaces.

Definition 3.15. Let S be a small v-stack. Let ¥ be a stack in E-vector spaces over .

We define its dual €V to be the stack of homomorphisms of stacks in E-vector spaces
from § to [S/E]:
gV = Hom(8,[S/E)).

One says that § is dualizable if the natural morphism ¥ — (§V)V is an isomorphism.
Remark 3.16. Let g be a stack in E-vector spaces over a small v-stack S. Then
(8)e = 1o RHom(Sa, E[1]).
For the next examples, fix a small v-stack S.
Example 3.17. Let L be a pro-étale E-local system on S,. Then
LY =~ [S/L*],
where IL* is the dual of I as a pro-étale E-local system, and
[S/L]Y =~ L*.
In particular, I and [S/IL] are dualizable.
If & € Bun(S) with only non-negative slopes, resp. only negative slopes, we write
BC(8) = 1.8, resp. BC(E) = R'7,6.

Example 3.18. Let & be a vector bundle on Xg having either only positive slopes or only
negative slopes. Then
BC(&8)Y = BC(&Y).

This is an immediate consequence of Corollary 3.11 and Remark 3.16. In particular, these
stacks in E-vector spaces are dualizable.
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Example 3.19. Let # € €oh™>°(S). Then we claim that
BC(¥) = . ¥

and BC(¥)" are cohomologically smooth and dualizable over S. Since this assertion is
v-local on S, we can assume that S is affinoid perfectoid. Choose a presentation

00y, >6—>F >0

with & a positive slope semistable vector bundle on Xg, as in Corollary 2.14. Since
R'z, Ox = 0, we get a short exact sequence of pro-étale sheaves

0— E™ - BC(6) —» BC(¥) — 0,

which shows that BC(¥) is the quotient of a cohomologically smooth v-sheaf by a locally
pro- p equivalence relation, hence is cohomologically smooth.
By Proposition 2.13, we can also find a short exact sequence

0= Ox, () & - F -0
with &’ semistable of slope 0. This gives a short exact sequence
0 — BC(&') = BC(F) — BC(Vx4(—1)?) — 0.
By Corollary 3.11, we know that
&xt}, p(BC(Ox4(—1)?). E) =0.

Hence, applying Lemma 3.20 below, we obtain a short exact sequence of stacks in E-
vector spaces

0 — BC(Ox4(~1)9)Y — BC(F)¥ — BC(E")Y — 0.

By the above two examples, the left and right terms are cohomologically smooth, hence
sois BC(¥)". Applying again Lemma 3.20, we also get a short exact sequence

0 — (BC(E)Y)Y = (BC(F)Y)" = (BC(Ox4(—1)?)V)¥ — 0.

Using the above two examples, we conclude that BC(¥) (and hence also BC(F)V) is
dualizable.

We have already used the following lemma.

Lemma 3.20. Let
0>89 >8¢—->8" >0

be a short exact sequence of stacks in E-vector spaces. We have an exact sequence
0 N (g//)v s g\/ s (g/)v.

It is exact on the right if
R Hom((§")e, E) = 0.

Proof. The proof is easy. ]
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3.3. The Fourier transform for stacks in E-vector spaces and its properties

To define the Fourier transform for a stack in E-vector spaces f : § — S, we will have
to consider (derived) pushforwards with proper supports (satisfying some of the usual
properties, cf. [47], [24, Theorems 4.1.2, 4.1.3]), and unfortunately this means that we
have to demand some condition on f. According to [24, Theorem 4.2.2], the most general
available assumption under which derived functors gy, g' are defined is that g is smooth-
locally nice. Here, a morphism g : X — Y between v-stacks is called smooth-locally
nice if there exists a surjective, cohomologically smooth morphism /4 : U — X from
a locally spatial diamond U such that g o & is compactifiable, representable in locally
spatial diamonds of finite geometric transcendence degree [24, Definitions 4.2.1, 4.1.1].
Let us note that the property of being smooth-locally nice is stable under base change
along morphisms which are representable in Artin v-stacks. This motivates the following
definition of a nice stack in E-vector spaces.

Definition 3.21. Let S be a small v-stack. We call the stack in E-vector spaces f : § — S
nice if f and fV : §Y — S are representable in Artin v-stacks and smooth-locally nice.

In the following, we fix a nice stack in E-vector spaces f : ¥ — S with dual fV :
gY — S, and consider the diagram

gV x5 8§ ——[S/E]
/ \
gV g
of stacks over S, where « is the evaluation map. Note that by our assumption that § is
nice, the morphisms 7, 7V are smooth-locally nice. In particular, we can now define the
(unnormalized) Fourier transform for §. For any (non-trivial) character ¥ : E — A, we

let
Ly € Du([S/E] A)

be the associated rank 1 local system.

Definition 3.22. We define
Fyh= 371;‘?!,§_>§V : Dy (8, N) = Dg(8Y, N),
the (unnormalized) Fourier transform associated with '§ and v, as the functor
A m)/ (" (A) @ a* Ly).
It is formal that ?lz‘f‘!,g_)gv is left adjoint to the functor

g, =5

wn—l,*,qug : Dét(gvv A) d Dét(g’ A)

defined as
A m (VN (A) ® a* L),
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and that
va o 371;3 = 37';“,]’* o ]Df,
where Dyv, Dy denote the relative Verdier duality functors of f, fV.
We can also reverse directions and consider

Fih gy g = m(rV (=) @ a*Ly) : Da(§Y. A) > De (8. A).
Fihgsgy =1 (1) @ a*Ly) : De(§Y. A) > De(8. A).

In the following we denote by
a:§— (§7)

the negative of the canonical biduality morphism. If €V is again nice, it is formal (using
the proper base change theorem) to see that

* un ~ q-un
aroFy vy =Tyl gvg

Remark 3.23. By the proper base change theorem, the formation of the Fourier transform
Fyggv(A)of A € Dy(§, A) commutes with any base change §" — S.
The following definition is motivated by [15, Definition A.4.5].
Definition 3.24. We call a nice stack § in E-vector spaces over S very nice if the follow-
ing conditions are satisfied:
(1) ¢ is dualizable,
(2) the Fourier transform ¥, v,““,g _gv is an equivalence (for any choice of non-trivial char-
acter ),

3) after decomposing S into clopen substacks, the inverse of F " + 18 isomorphic
posing P ¥,1,8—8€ P

to 371;“_1 | gv_>g> UP to a shift.

In [15, Definition A.4.5] the last requirement is not taken as part of the definition,
but is satisfied in all the examples. We will give several examples of very nice stacks in
Section 3.4.

For now, let us list some abstract properties of very nice stacks in E-vector spaces and
their Fourier transform.

Lemma 3.25. Let S be a small v-stack. Let f :'§ — S be a very nice stack in E-vector
spaces.

(1) The dual f : €Y — S is a very nice stack in E-vector spaces.

(2) On a clopen decomposition of S, we have
Tgsgv = F o gvld] forsomed € L.
(3) On a clopen decomposition of S, we have

Dyvo ¥yl g gv = F 0 oDyld] forsomed € Z.

L1Lg—>gv
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Proof. The first statement follows from the definition of a very nice stack in E-vector
spaces and the proper base change theorem. For the second statement, note that

un
v, §>8V

is inverse to -1 ) gv_,¢ (locally on a clopen decomposition of S up to a shift) because
gV is very nice, and thus in particular right adjoint to it. But

gun

‘ﬁv/,*,geﬁv

is formally right adjoint to ?w““_l 1 gv_sg (Up to a shift on a clopen decomposition of §)
and thus both functors are isomorphic (on a clopen decomposition of S up to some shift).

The last statement follows from (2) and the formula
]D)fv OfF’wu?!’g_ygv ;?’wun_l,*ygv%g O]D)f,
mentioned after Definition 3.22. [

Remark 3.26. The Fourier transform studied by Deligne and Laumon in algebraic geo-
metry also commutes with Verdier duality. In this setting, it has the following important
consequence: the Fourier transform preserves perversity. Indeed, the commutation with
Verdier duality reduces to verifying half of the inequalities defining perversity, and they
are easily checked using the fact that the morphism from the total space of a vector bundle
to the base is affine. We do not know how to make sense of the statement that “the Fourier
transform preserves perversity” and prove it in our context.

Lemma 3.27. Let S be a small v-stack. Let f :'§ — S be a very nice stack in E-vector

spaces. Assume moreover that the implicit natural isomorphisms between 371;“, gsgv ©

?Jf“‘_l’!,gv_ﬁ, ?;“_hwv_)g o ¥ g gv and some shift functors are induced by mor-

phisms in D (§Y xg &Y, N), resp. Dg(§ xs G, N), between the kernels of the two

compositions.

(1) If S" — S is a morphism which is representable in Artin v-stacks, then § xg S’ — S’
is a very nice stack in E-vector spaces.

(2) If f' : & — S is another very nice stack in E-vector spaces, then § x §' — S is a
very nice stack in E-vector spaces.

If f, /v are cohomologically smooth or nice, then (2) holds without the assumption
that S’ — S is representable in Artin v-stacks.

Proof of Lemma 3.277. For (1), note that the representability in Artin v-stacks is assumed
in order to ensure that § xg S’ — S’ is again smooth-locally nice. For (2), note that
the property that ?$j‘g, ?ﬂ;;‘g, are equivalences (with inverses up to a shift given by
jiznﬁv , ?ﬁ“g,vv with respective natural transformations witnessing these inverses induced
by morphisms between the kernels) passes to ?J"gxg/ as this functor is the functor with

kernel the exterior product of the kernels of .’F]/‘jf‘g, 5171;2@,. [
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The following criterion is an abstract version of the usual argument for proving invol-
utivity of the Fourier transform (cf. [31, Théoreme 1.2.2.1]), which uses only proper base
change and the projection formula.

Lemma 3.28. Let S be a small v-stack. Let f :§ — S be a nice dualizable stack in
E-vector spaces. Assume that the unit section e : S — § is smooth-locally nice and that
after passing to some clopen decomposition of S, m(a*Ly) = erAld] for some d € Z.
Then the composition

*(f'w]/l/ull’!’gv*)g o :'qu,n!,g_)gv :Du(9,A) = Dy(9, )

is, after passing to some clopen decomposition of S, isomorphic to the shift func-
tor (—)[d].

In particular, if the unit sections e : S — §,e" : S — §" are smooth-locally nice and
if after passing to some clopen decomposition of S,

m@*Ey) = eAldi]. n) (0" Ly) = e’ Ald>]  for some dy,d> € Z,
then § is very nice.
Proof. The argument is exactly as in the proof of [31, Théoreme 1.2.2.1]. ]

Definition 3.29. Let S be a small v-stack. Let f : § — S be a nice stack in E-vector
spaces and let A € D (8, A).
e We say that A is reflexive if the natural map A — D¢ (IDr(A)) is an isomorphism.

e We say that A is ULA if it is universally locally acyclic with respect to f in the sense
of [20, Definitions IV.2.1, IV.2.22].

e We say that A is compact if it is so as an object of the category D¢ (&, A), that is,
Homp, (g,A)(A4, —) commutes with all direct sums.

We denote by

Dgef(ﬁ,A), resp. DgLA(ﬁ,A), resp. DZ(9,A)

t
the full subcategory of D¢ (§, A) formed by reflexive, resp. ULA, resp. compact, objects.
Any ULA-object on ¥ is reflexive [20, Corollary 1V.2.25].%

Proposition 3.30. Let S be a small v-stack, and let f 1§ — S be a very nice stack in
E -vector spaces. Then the Fourier transform 371;" induces equivalences

F)tDEN(G,A) = DE(§Y.N),  F' DG, A) = DE(EY . A)

t

between reflexive objects and compact objects.

8The statement given there is for morphisms representable in locally spatial diamonds, but
extends to this setting (see [20, Section 1V.2.4]).
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Proof. 1t suffices to prove that 371/‘,“‘ preserves reflexive and compact objects. The first
statement is implied by commutation with relative Verdier duality proved in Lemma 3.25.
The second statement is formal (¥;" is an equivalence, and thus has both a left and a right
adjoint). |

For universally locally acyclic objects, we get the following statement.

Lemma 3.31. Assume that f : G — S is a very nice stack in E-vector spaces, with
dual fV :8§Y — S. Assume that f, fV are nice, i.e., compactifiable, representable in
locally spatial diamonds and of finite geometric transcendence degree. Then the Fourier
transform ?1;“ induces an equivalence

Fyt: DIMNE.A) = DAY A)
between ULA-objects.

Proof. By our assumption that f, fV are nice, we see that the Fourier transform for §
lifts to an isomorphism in the 2-category €s from [20, Section IV.2.3.3]. In particular,
it preserves left adjoints. By [20, Theorem IV.2.23] these are equivalent to ULA-objects.
This finishes the proof. ]

The following statements are proved exactly as in [31, Théoreme 1.2.2.4, Corollaire
1.2.25, Proposition 1.2.2.7, Proposition 1.2.2.8].

Proposition 3.32. Let f : § — §' be a morphism of very nice stacks in E-vector spaces,
which is smooth-locally nice. Let f~ : (§')Y — §V be the transpose of f. Denote by ?7];",
resp. ‘(qun,/, the Fourier transform functor for §, resp. §’.

On a clopen decomposition of S, for each A € Dg (9, A) one has a functorial iso-
morphism

\'qun’/(RﬁA) ~ (fV)*}‘1;n(A)[d] for some d € 7.

Corollary 3.33. Let § be a very nice stack in E-vector spaces, and let A € D (G, A).
On a clopen decomposition of S, one has a functorial isomorphism

K FPN(A) = e A[d]  for somed € Z,
where e : S — § is the unit section.
If f:9 — S isanice stack in E-vector spaces with addition law
m:9x8§—§

(note that via the morphism § x § — ¢ x §,(g, h) — (g, g + h), m is isomorphic to
the second projection, which is the base change along a representable morphism in Artin
v-stacks of a smooth-locally nice map), one defines the convolution product

* 1 Dét(g, A) X Dé[(g, A) — Dét(g, A)

by the formula
Ax B:=m(AR B).
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Proposition 3.34. Let f :§ — S be a very nice stack in E-vector spaces. Forall A, B €
Dy (8, N), one has a functorial isomorphism

Fy (A B) = F,(A) ® ¥, (B)
and, on a clopen decomposition of S, a functorial isomorphism
ﬁv(?wun(A) ® F,"(B)) = h(A® [~1]*B)[d] for somed € Z

(“Plancherel formula”), where [—1] denotes the “multiplication by —1” map on §.

3.4. Examples of very nice stacks in E-vector spaces

In this subsection, we present two large classes of examples of very nice stacks in E-
vector spaces. Let as before S be a small v-stack.

Proposition 3.35. Let § = BC(¥) be the stack in E-vector spaces associated with some
F € €oh™>0(S). Then ¢ is very nice. In particular, 8% = BC(F)V is also very nice.

Proof. The last assertion follows from Lemma 3.25, so it suffices to show that § is
very nice. We will use the criterion of Lemma 3.28. Note that ¥, §" are dualizable
and cohomologically smooth (and representable in locally spatial diamonds) over S, by
Example 3.19, and the unit sections e, e¥ are proper. Let d be the dimension of & (this
makes sense by [20, IV.1.17]). First, we will construct a natural map

ma*(Ly) = erA[-2d].
By proper base change, we have

e*(ma*(£y)) = YA,
with v : €Y — S the projection map to the base. Then we have an adjunction morphism

YA = £Y fYA[-2d] — A[-2d]
(using cohomological smoothness of €V), i.e., a natural map
e*(ma*(Ly)) — Al-2d).

whence by adjunction (and properness of €) a natural map

mo™(Ly) = erA[-2d].

To prove that it is an isomorphism, it suffices, since its formation is compatible with base
change in S, to do so when S = Spa(C, C ") is a geometric point. We can even assume
that S = Spa(C, Oc¢). In this situation, we can assume that § is either of the form BC(&),
where & is a vector bundle having either only positive slopes or only negative slopes, and
with |deg(&)| = d, or of the form ]B%;;’Cﬁ/Fild for some untilt C¥ of C. By excision, it
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suffices to prove that
e*(ma*(£y)) = A[-2d], ma*(£y)g ., =0
By proper base change, we have
e*(ma*(£y)) = [7A,
so for the first part, we want to show that
HYA = A[-2d].

In the vector bundle case, see [20, proof of Proposition V.2.1]. In the torsion case, induc-
tion on d reduces to the case d = 1 and the computation of the compactly supported
cohomology of Alcﬁ. For the second part, i.e., to show that ma*(£y)),, ., vanishes, by
checking on fibers and using proper base change again, we see that we need to show that

RT(E,RT.(BC(F'),A)® ¥) =0

if ¥/ is a non-split extension of ¥ by . In both cases, ¥ is the direct sum of a vector
bundle with positive slopes and a torsion sheaf, so the previous computation shows its
compactly supported cohomology has a trivial E-action (indeed, this action extends to
an action of BC(¥”), which must be trivial since the latter is connected and A is totally
disconnected). Hence these cohomology groups vanish.

The argument for 77,"a* £y = e," A[-2d] is entirely similar. [

The other class of examples we consider are associated with pro-étale local systems.

Proposition 3.36. Let S be a small v-stack. Let § = 1L be a pro-étale E-local system
on S. Then §,8" are very nice stacks in E-vector spaces over S.

Proof. By Lemma 3.25, it suffices to show that ¢ is very nice. Dualizability has been
proved in Example 3.17. We need to show that fiﬂ;}f‘!’g_)gv and fﬁ;‘l L1y g A€ equi-
valences. The functors U +— D (§ xs U, A) and U — D (§" xs U, A) are sheaves of
oo-categories on the v-site of S and (Remark 3.23) ?Ji,g_)gv and ?W““_l,!, gv_yg define
morphisms of sheaves. It is therefore enough to show that they are equivalences under
the additional assumption that [L is trivial. By base change, we may then reduce to the
case where S = Spa(C, C™) is a geometric point. If S is a geometric point (and thus
L trivial), ?71;3,}@_)gv and ?\/‘/“Ll,!, gv_,g Ccan be made entirely explicit and are seen to
be equivalences: we postpone the discussion of this to Proposition 4.2 and Remark 4.3
below.

It remains to check point (3) of Definition 3.24. Since we already know that the two
Fourier transforms are equivalences, it is enough to show that

Fun

g-un
w1 1gv—g ° Syl ggy
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is isomorphic (up to shift) to the identity functor. We apply the criterion of Lemma 3.28.
Note that /¥ : €Y — § is cohomologically smooth (of dimension 0) and e : S — § is
proper. Therefore, as in Proposition 3.35, we get a morphism

m(e*Ey) = elA

and the arguments there show that it is an isomorphism if this is true when § =
Spa(C, C ™) is a geometric point. In this case, L is trivial and the assertion is easy. ]

Remark 3.37. Let S be a small v-stack. To bring together the last two classes of
examples, one could more generally consider stacks in E-vector spaces ¥ admitting
v-locally on S a 2-step filtration W, 8,

W_i=0CWoCW 1 CW, =8,

such that GrgV =~ [S/L] is the classifying stack of a pro-étale E-local system, Gr{’V is
either BC(¥) or BC(¥)Y with # € €oh™>°(S), and Gr) = I’ is a pro-étale E-local
system.

This definition is reminiscent of the definition of Beilinson’s 1-motives (see e.g. [15,
Appendix A]; cf. also Laumon’s generalized 1-motives of [33]), with Banach—Colmez
spaces of flat coherent sheaves having positive slopes and their duals being an analogue
in this setting of abelian schemes (they behave formally similarly with respect to duality).

One can check, using Corollary 3.11, that for such a &, there is locally for the v-
topology on S, a decomposition

G =Gy e xGrlVgxa)g.

However, we do not know if the property of being smooth-locally nice is v-local on target,
and therefore we do not know if any such § is very nice.

3.5. An inductive construction
Leti > 0 an integer.

Definition 3.38. Let €; be the open substack
€ = €0h?’>0 U Bun! <> €ohfl.

Let €/ . resp. €/, be the stack sending S € Perff,, to the groupoid of pairs

(37 S E,’(S),S . OXS — 37),

where s is an Oy -linear map, resp. a fiberwise injective Ox-linear map. We denote by
Ji the open embedding of €] in ‘C’lf’ex and by 7; : ‘C’Aex — €; the forgetful map sending a
pair (¥ ,5)to F.

Using Propositions 3.35 and 3.36, we see that the morphism 7; makes €/, a very nice

stack in E-vector spaces over the small v-stack €;. The fiber of 7; over a flat coherent
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sheaf ¥ in €; is BC(¥). Let
T iv . E{,Zx — \65

be the dual stack in E-vector spaces. By construction and Corollary 3.11, €/Y  sends
S € Perff,, to the groupoid of extensions

0> 0x3 > F - F —0.

Write €/, = €/ xe, Bun} and €/

i,ex,0 i,ex
direct product decomposition

D(€ oo A) 2= [ | D€ 0o M)

=€/ xe, Cohl"7" for d > 0. We have a

,ex,d

d>0
We define
Fer o DalCo. A) — D (€5 A)
to be
(Fyre; e )IDace] oot 1]
ford > 0.
Let

LAV 1A% 1A%
Ji 16T > G

be the open substack defined by the condition that ¥’ € €; ;. The morphism sending
(5:0xg = F') €€/ ,(S)to

0—>0xs > F > F > 0)€€(S),
where ¥ is defined to be the cokernel of s, then (tautologically) defines an isomorphism
a 1€, =€
Definition 3.39. Leti > 0. Using the above notations, we define a functor
CIDE_ : Dg(€f, A) = Dy (€1, A)

by the formula
Of =a; ' 0 (ji) o Fep_y o i

We can now iterate this construction, increasing by 1 the generic rank at each step.
For n > 1, denote by Bun; the fiber product of Bun, with €, over €,, and by ¢, the open
embedding

tn : Bun), — €.

Definition 3.40. Let n > 1. We define a functor
An,w 1 Dy (€, A) — Dé[(BUH;’, A)
by the formula

_ -1 + + -1 SV K
,An’,/,_tn od)fn_lo...od).eloao 0(7'[0010)_
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The definition of A, y (with different notations) is due to Laumon [30, 32], inspired
by constructions of Drinfeld [19] in the case n = 2, in the classical setting of a smooth
projective curve over a finite field, who applied it to the geometric Langlands program,
and is our main motivation for introducing the Fourier transform studied in this paper.
Analogously to what Drinfeld, Laumon and Frenkel-Gaitsgory—Vilonen did in the func-
tion field setting, we hope that it is possible, starting from a continuous irreducible rank n
representation L. of Wg over A (assumed to be a field), to produce an object

L1 € Dg(Co, A)

such that
eAn,]//(x]L) € Dét(Bun;,A)

descends’ along the natural map Bun/, — Bun,, to an object Auty, of D (Buny, A) satis-
fying the requirements of Fargues’ geometrization conjecture.

4. Examples

In this section, we discuss various concrete examples of the Fourier transform introduced
in the first section.

4.1. The case of finite-dimensional E-vector spaces
Before starting, let us recall the following lemma.

Lemma 4.1. Let X be a locally profinite set (seen as a small v-sheaf over Spa(Fy)), and
let H be a locally pro-p group acting on X. Then

De([X/H]. A)

is equivalent to the derived category of smooth'® C2°(X, A)-modules (C2°(X, A) seen
as a ring via multiplication of functions) with a semilinear, smooth H -action.

Proof. See [24, Appendix B.2]. ]

In the next proposition, we take S = Spa(IF;) (we could also take S = Spa(C), with C
complete algebraically closed, if we want S to be a perfectoid space).

9This is to be understood here as saying that for each d > 0, the pullback to Bun), of the
restriction of Auty, to the degree d connected component Bung of Bun,, shifted by d is isomorphic
to the restriction in degree d of A, y (£L.).

104 C2°(X, A)-module M is said to be smooth if the natural map H_H)I(IU.M) — M is an
isomorphism, where U runs over compact open subsets of X and the transition maps are given by
the natural inclusions.
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Proposition 4.2. Let V be a finite-dimensional E-vector space. Fix a Haar measure dv
onVV. Let § =V be the associated stack in E-vector spaces, and let

be the corresponding Fourier transform. The functor
Fy : De(§.A) = Dg(8Y, A)

is induced, via the identification of D¢g(§, A), resp. of Dg(8Y, A), with the derived
category of smooth (C2°(V, A), X)-modules, resp. of smooth (CZ°(VY, A), *)-modules,
coming from Lemma 4.1, resp. from the choice of dv and [20, Theorem V.1.1], by the
isomorphism

(C2(VY.A). %) = (C2(V. M), ).

given by the “naive” Fourier transform, sending f € CX(VV, A) to the element f €
CX(V, A) such that

VoeV, fo)= /V SV

Proof. Let M be a smooth C°(V, A)-module. We would like to describe the smooth
module over the convolution algebra for V' defined by %, (M) explicitly. Recall that if 7
is a smooth representation of V'V, it corresponds to a smooth module over the convolution
algebra, with module structure described the formulas

VfeCP®WY. A, Ywer, f-w= / F@&r®) - wdb.
V\/

Hence, it suffices to prove that the V'V-action on the smooth representation of V' corres-
ponding to ¥y, (M) is given by M, endowed with the action of V' defined by

VieVVY,VmeM, v-m=y{(v,-)) m.

To do so, it suffices to prove that the tensor product of the pullback of M, seen as an
object of D¢ (g, A), along the morphism

T:8Vx8—>8

with o* &£ corresponds, via Lemma 4.1, to the smooth C°(V, A)-module M together
with the semilinar action of V'V just described: indeed, the functor

7V 8Y x8§ —> gV

is simply given by forgetting the C°(V, A)-module structure.
But the map
a:8Y x§ — [*/E]

is induced by the natural pairing (—, —) : V¥ x V — E. Therefore, a* £, corresponds to
the smooth C2°(V, A)-module C°(V, A) together with the action of V' defined above,
and this gives the description we want. ]
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Remark 4.3. On the one hand, by Proposition 4.2 and its proof, we see that for ¥ as
above, 5, (A) corresponds to the A-module C°(V, A) endowed with the smooth action
of V'V defined by

Voe VY, VfeCXIV.A), - f=y(i,-).f
On the other hand, the !-pushforward along the unit section
e:x—> g = [x/VV]

of the constant sheaf A corresponds to the A-module C2°(VY, A) with its V'V-action by
right translations. The “naive” Fourier transform provides a functorial identification of
one with the other. We have therefore finished the proof of Proposition 3.36.

In fact, it is interesting to take into account automorphisms in the above. More pre-
cisely, fix a finite-dimensional E-vector space V. Let

S = [*/GL(V)]
and consider the very nice stack in E-vector spaces

§ = [V/GL(V)]

over S (with GL(V) acting on V' via its natural action), with its associated Fourier trans-
form ¥ . The diagram defining ¥ is

V/P(V)] ——— [*/E]

1

[x/P(V)] [V/GL(V)]

where
P(V)=GL(V)x VY

is the mirabolic group (of size dim(V') + 1), with its natural action on V, and « is the
composition

V/P(V)] = [V/GL(V) x V'] — [x/GL(V) x E] — [x/E]

induced by the natural pairing
V x [x/ VY] — [*/E].

Remark 4.4. Take V = V; := E’. The stack ¢, resp. the above diagram, is nothing but
the pullback of the stack in E-vector spaces €] introduced in Section 3.5, resp. of the
diagram defining the Fourier transform for €/, along the open embedding Bunil — C;.

As above, we can also make 7 and 317]/)’ explicit, using Lemma 4.1. In particular,
a*&Ey e Dg(V/P(V), A) corresponds to the smooth C2°(V, A)-module Ly, =C(V, A)
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itself, endowed with the semilinear smooth action of P (V') given by

(g.0).f = (> Y (¥(g ) flg™ ).

An étale sheaf
A € Dg([V/GL(V)], A)

is the same thing as a smooth C>°(V, A)-module M, with a semilinear smooth GL(V)-
action, and an étale sheaf
B € Dy([x/P(V)]. A)

is the same thing as a smooth P (V')-representation N on a A-module. It is easy to see
that in these terms, F,(A4) € D¢ ([*/P(V)], A) corresponds to the P (}')-representation

M Qcgew,a) Ly

endowed with the diagonal P (V)-action (acting through the quotient GL(V') on M'). Con-
versely, 3‘71;’ (B) € Dg([V/GL(V)], A) corresponds to

(N QA L,/,)Vv.

Fix i > 0, and take V = V; := E’. To remember the index i, the Fourier transform and
inverse Fourier transform will be denoted by ¥; y and ‘(Fivw respectively. Let j; be the
open immersion

Ji : ¥/ P(Vi)] = [(Vi\{0)/GL(V)] — [Vi/GL(V)]

and let ¢; be its closed complement
ti  [*/GL(V)] — [Vi/GL(Vi)].
Define functors

@ i= Fiy o jir: Dallx/P(Vic)], A) — De([/P(Vi)l. A),
®; = j* 0 F,Y, : Da([x/P(V))]. A) — De([x/P(Vi—D]. A),

W= Fiy o ti : Dall*/GLIAL A) — De([+/ (VD] A).

Wi =1 0 7y D[/ P (V)] A) — Da([x/GL(Vi)], A).
It is easy to see, using the above explicit formulas, that these functors coincide with
the Bernstein—Zelevinsky functors from [4]. Moreover, the properties of Bernstein—

Zelevinsky functors are easily recovered using this reformulation. For example, the exact
sequence of functors on D¢ ([*x/ P (V;)], A),

0—>CI>l.+oCI>i_—>Id—>\Ili+o\IJi_—>0,
is deduced from the short exact sequence of functors on D¢ ([Vi /GL(V;)], A),

0— jinoj —>Id— 0 —0.
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Similarly, the relations
® oWt =0, W odf =0,

follow from
Jiotix =0, (fojiy=0

and
® o ®F =1d, W oW =1d,

since
.k . *
Jiojin=1d, oy =1d

Remark 4.5. Continuing Remark 4.4, we see that for any A € D¢ (€ohg, A) whose pull-
back to Bun}, = {0} is isomorphic to A, the pullback of #,_ (4) (notations of Section 3.5)
to Bun;! = [*/P(V,—1)] corresponds to the smooth representation of the mirabolic of
size n,

P oo dFow (1),

n

where 1 stands for the trivial representation. This is Gelfand—Kazhdan’s description of the
Kirillov model of an irreducible supercuspidal representation of GL, (E).

4.2. The case of the affine line in characteristic 0

Let S = Spa(C, Oc¢), with C an algebraically closed perfectoid field of characteristic p.
Fix an untilt C* of C over E, given by € B(";:” and corresponding to a rigid point
x € Xc. Let § be the very nice stack in E-vector spaces attached to the coherent
sheaf i, «C*". Then

g = Alcg and also ¢ = Alcg

Therefore, the Fourier transform

Fy = F ) ggvll]
defines an equivalence of categories

Fu : Da(Alg. A) > Da(ALD . A).

Proposition 4.6. The Fourier transform ¥y coincides with the functor induced on left
completions by the Fourier transform introduced and studied by Ramero [42,44].

Recall from [47, Proposition 14.15] that if X is any locally spatial diamond, the cat-
egory D¢ (X, A) is the left completion of the category D(Xg, A). Moreover, if X = Y °,
for an analytic adic space Y over Z,, then D(X¢, A) = D(Y, A) [47, Lemma 15.6].
This explains the statement of the proposition.

Proof of Proposition 4.6. Let LT be the Lubin—Tate formal group law for E (the unique
up to isomorphism 1-dimensional formal group over @ . with action of @ g, such that the
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two actions of @ induced on the Lie algebra coincide). The kernel of Ramero’s Fourier
transform is defined via the logarithm exact sequence

— log 1
0—E—LTcs — Ay — 0.

It agrees with the kernel appearing in the definition of %7, which is defined via the exact
sequence

0 — E 75 BC(O(1)) - ALg — 0,

since the above two exact sequences can be identified when seen as sequences of sheaves
on Perfc (see e.g. [20, Propositions 11.2.2, 11.2.3]). ]

Remark 4.7. In this specific situation, Ramero [44, Theorem 2.3.30] was able to show
that the Fourier transform preserves “perverse sheaves with bounded ramification”,
without really defining what a perverse sheaf is in this setting though. Recently, Bhatt—
Hansen [7] defined a category of A-perverse Zariski-constructible sheaves on any rigid
space over a non-archimedean field of characteristic 0, but for torsion coefficients, their
theory is limited to the case where A is finite, and therefore does not seem to be directly
applicable to the study of properties of the Fourier transform.

4.3. The case § = BC(O(1))
In this subsection, we take § = BC(O(1)), so that §¥ = BC(O(—1)). We set

Fy 1= Fyrg-gv|[l].

We will also set
j:8°  =86\{0} > ¢, i:{0}=¢,
and
jV . gvei=8\{0) > §Y, i¥V:{0}—§Y.

The goal of this subsection is the proof of Corollary 4.20 below, using Huber’s adic
version of the Grothendieck—Ogg—Shafarevich formula. We start by establishing a finite-
ness result, Corollary 4.10, which uses crucially the fact that the small v-sheaves (actually
diamonds) §°, §"Y>° are qcgs (but recall that the morphisms €° — % and §¥° — x are
not quasi-compact, because the v-sheaf * is not quasi-separated!).

Proposition 4.8. An object in D¢ (6, A) is compact if and only if each stalk over a geo-
metric point of § is a perfect complex.

Note that this proposition is not covered by [47, Proposition 20.17] as § is not a spatial
diamond.

Proof of Proposition 4.8. We can choose an isomorphism

g = Spd(F,[[t'/771)
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(see [20, Proposition I1.2.2]). Via pullback along the morphism of sites
Spd(Fp[[r'/7" e — Spec(Fp [r]Da
one derives an equivalence
D (%, A) = D(Spec(F[[1]Da A),

compatible with i, i Jx, j1- Indeed, compatibility of the i, i Jx, j1 follows from com-
patility with i*, j* and adjunctions. Arguing on the strata {0}, §° therefore yields the
equivalence. Then one can apply [8, Proposition 6.4.8] for the right-hand side. ]

Let us prove the analogue for §". Here the situation is more complicated, because
§Y° = Spd(F, ((s"/?7)/H with H :=ker(0} —> Z.5)

is more complicated than §° =~ Spd(Fp (VP7))).

Proposition 4.9. An object in Dy (8", A) is compact if and only if each stalk over a
geometric point of §V is a perfect complex.

We note that [§V| has exactly two points (similarly to |§]).
Proof of Proposition 4.9. We first note that
gV 2 Spd(F, (/77 )/ H

has finite £-cohomological dimension. Indeed, we can write

9% = Spd(F, ((s'/7)))/ G

where G is a profinite group, which is an extension of H by the Galois group of
]ITP ((s'/7°°)). Then we can apply (the proof of) [47, Proposition 21.16], and conclude'’

cdiG < 1 = trc(F,((s1/7%))/F,).

Thus by [47, Proposition 20.17] we can conclude that an object B € D;(§Y°°, A) is
compact if and only if its stalk is perfect. In particular, the cohomology of €V°, i.e.,

RT(§Y°,-),

commutes with direct sums. Next we claim that the functor j,” (recall that we follow the
derived convention, i.e., we are considering Rj,Y here) commutes with direct sums. For
this, it suffices to see that the functor

iV*¥o j) = Dy(8Y°, A) — D(A)

"Note that H contains elements of finite order, and thus the extension defining G must be non-
split.
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commutes with direct sums. We claim that
iV*oj/ =~ RT(EV°,-),

which implies the assertion. For this it suffices to see that the functor RT'(§", j,Y(-))
is identically 0. This is implied by [20, Theorem IV.5.3]; cf. the proof of [20, Proposi-
tion 4.2].

Having proved that j.” commutes with direct sums, we can conclude that jV*
preserves compact objects. The same is true for i¥*. Thus, a compact object B €
D4 (8", A) has perfect stalks. For the converse, we already saw that the compact objects
in D¢ (§V°°, A) are precisely the ones with perfect stalks. It is formal that j,” preserves
compact objects. Let K € D(A) be a perfect complex. We denote the pullback of K to &V
again by K. Then we have an exact triangle

iK—K—i/K.

Thus, i,/ K is compact if and only if K is compact. By perfectness, we can reduce to the
case of K = A. Then we have to see that RT'(§", —) commutes with direct sums. This is
implied by the statement that

RT(§Y,—) =iV*(-),

which in turn is implied by RI'(§", j,"(=)) = 0, which we have already used above.
Now, if B € Dg(§Y, A) has perfect stalks, then we have an exact triangle

WJjV*B— B —i/i"*B
and we have proved that the outer terms are compact. This finishes the proof. ]
Corollary 4.10. The functors ¥, 371/)’ preserve objects with perfect stalks.
Proof. This follows from Propositions 3.30, 4.8 and 4.9. [

Remark 4.11. The conclusion is non-obvious as the stalks of %, over geometric points
Spd(C) — §" are computed as the cohomology of the space §¢ = D¢, which is the
non-quasi-compact open unit disk over C'!

Our next goal is to say something about the rank of these stalks. To do so, we need
to give a short reminder on the theory of Swan conductors on adic curves, as developed
in [26]. From now on in this subsection, A will be assumed to be a local ring which is a
filtered union of finite rings of order prime to p.'”

Let (K, | -|) be a valued field enjoying the following properties:

12This assumption comes from our use of results from [43] and ensures in particular that A-local
systems on a qcqs adic space are trivialized by a finite étale cover.
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(1) |-]: K — I' U {0} is henselian and defectless in any finite separable extension L
of K (meaning that [L : K] is the product of the index of the value group I of | - |
in the value group of the unique extension of | - | to L by the degree of the residue
field extension).

(2) The set {y € I' : y < 1} has a greatest element yx such that I' = )/I% X Iy, where
[yiy is the subgroup of divisible elements in I.

If y € T', it can by assumption be written uniquely as
y=v"vk,
withn € Z and y’ € Tgy. We will write
Yri=n, Y=y
We denote the extension of the multiplicative function (—)* : T' — Z to I’ ®7 Q by the
same letter. Let V' be a A-linear representation of Galg, factoring through Gal(L/K)
for a certain finite Galois extension L of K. Let Px be the wild inertia subgroup of

Galg, and let Gal}é, Gal}'(_ C Galg for y € I' ®z Q be the ramification groups defined
in [26, Chapter 2]. Define V(1) = VP& and forany y € I’ ® Q with y < 1 set

V(y) = (spanfv —tv:veV, te Ga]}’(})Galyg.
Wecally e ' ® Q, y < 1,aslope of V if V(y) # 0. We set
sw()= 3 yVe)

yer'®Q,y<1
where £5 M denotes the length of a finitely generated A-module M. This quantity is
called the Swan conductor of V.

Any complete, discretely valued field K is an example (with I'q;y = {1}) of a valued
field satisfying assumptions (1)—(2) stated above, but for example C,, is not. For a dis-
cretely valued field, the slopes of a A-representation V' of Galg in the sense given above
are the elements of I' ® Q of the form ¢, where ¢ = |w ', where @ is a uniformizer
of K, and a is a slope of V' in the usual sense given to this term (see e.g. [31, Section 2.1]).
In particular, the Swan conductor sw(1') just defined agrees with the classical definition
of the Swan conductor of V.

Another important class of examples of valued fields satisfying assumptions (1)-(2)
is provided by the henselizations of the residue fields at rank 2 points of an analytic adic
curve over a complete algebraically closed non-archimedean field C of residue character-
istic p (see [26, Section 5]). Following Huber, we will adopt the following notations:

e If a is a classical point of Alc and r € I'c, there is a unique point p, . in the closed
subset {x : |T —aly < r}of Alc which is not in its interior. It is a rank 2 point. The
henselization of the residue field at p, , is a valued field K as above. We will write
Ik = I'p5 .. vk = ¥p;, and we will denote by

Ua,r (=)

the Swan conductor function on representations of its Galois group.
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e If a is a classical point of A IC and r € I'c, there is a unique point p['f, , in the closure
of the open subset {x : |T —al|, <r}of AIC which is not in this open subspace. It is a
rank 2 point. The henselization of the residue field at pIr is a valued field K as above.
We will write 'y = FPSF,- VK = Vi and we will denote by

:Ba,r (_)

the Swan conductor function on representations of its Galois group.

We now review the little bit of the theory of [43], which gives some useful information
about the variation with r of the functions ag , Bg,r just introduced. As above fix an
algebraically closed, non-archimedean field C whose residue field has characteristic p.
Fora € R>¢ N |C]| fix an element 77, € K such that |7,| = a.Fora,b € R5¢ N |C| with
a <blet

Diap) 1= {x ¢ |ma| < |x| < |mpl} € AEY
be the associated (topologically open) annulus. Clearly, if ¢ € R~ N |C*|, then
Dia,p) = Diea,cn)

via multiplication by n.. If a > 0, then

v Diap) = Di/p,1/a)

via inversion.
Let ¥ be a A-local system on D, ). Then we obtain the functions

swg < (a,b)N|C*| > Z, r>a(F):=a,(F)
(denoted by sw!(F, 1) in [43, 4.1.10]) and
swg > 1 (@, b)N|CY| = Z, 1 Br(F) = Bor(F).

Let
85 : (—log(b), —log(a)) N (=1og(|C*])) — Rxo

be the discriminant function of [43, 4.1.13]. Writing §# as a function of the radius r (and
not — log(r)) would be pleasant, but unfortunately it is the function §# having the easier
properties as captured by Section 4.3.

We denote by 0,, d; the right resp. left derivative of a piecewise linear function
(a,b) N |C*| — R (note that these derivatives make sense even if we do not require
that the piecewise linear function is defined on all of (a, b)).

Theorem 4.12 (Ramero). The map
85 @ (—log(b). —log(a)) N (—1og(|C™])) — Rxo
extends uniquely to a piecewise linear, continuous, convex function (a,b) — Rx¢ with
dr8g (—log(r)) = swg <(r)

forany r € (a,b) N |C*|. Moreover, the function r — swWg <(r) is non-increasing, i.e.,
sWg,<(r2) < swg <(r1) if ri < 2.
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Proof. The first claims are in [43, Section 4.1.15] (note that [43, Proposition 3.3.26] does
not use the assumption of [43, Section 4] that K is of characteristic 0). By convexity of §#
we can conclude that 9,8 is non-decreasing. Composing with the decreasing function
r — —logr shows that swg - (r) is non-increasing. ]

As indicated in [43, Section 3.3.11] we can also relate §# and swg . Let us spell out
the details.

Corollary 4.13. Assume a > 0. Then
018g (—log(r)) = —swg ~(r)
forr € (a,b) N |C*|. In particular, sWg (r) is non-decreasing.

Proof. Let
t: Diap) = Dy/a,i/a)

be the inversion and set § := 1, ¥ . If r € (a,b) sett(r) :=1/r € (1/b,1/a). Then

:87‘(37) = at(r)(g)

as
F o+ =% ~9 =9, .
o ( )pﬁr upih) Puir)
In particular,
SW}"> == SW§’< Ool.
Moreover,

$7(s) = 8g(—s)
as 1(ph) = pl’(r) forr € (a,b) N |C*| and

—log((r)) = —(=log(r)).

Now we calculate for s € (—log(b), —log(a)) N (—log(JC*])) and x < O sufficiently
small,

S5 (s 4 x) = 8g(—s — x) S H2Tx=0

eS=i(e™%)

= "85(s) + (—swg (e 7))x,

8g(—s) + swg,<(€’)(—x)

which implies the first claim. For the last we can argue as in Section 4.3. ]
Remark 4.14. If —log(r) is not a breakpoint of §#, then
swg <(r) = —swg > (1),

but otherwise both sides are different. Because of this discrepancy we think that [50,
Proposition 2.9] is (slightly) incorrect as stated because we think that the swg (s) from
there agrees with sw# - (¢™*) in our notation.
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This formalism will be applied in the following geometric situation. Let A be a
A-local system on the punctured open unit Df,. Assume that the compactly supported
cohomology H}(D{, A) of A is finite. Let

oo

XeDE A) =D (1) LA HL(DE. A)
i=0

denote its Euler characteristic.

Proposition 4.15. With the above notations and assumption, we have
xc(Dg, A) = —a(A4) — B(A).

Here (cf. [26, Corollary 10.6]),

a(A) ;= ao,r(A) forr sufficiently small,
B(A) := Bo,r(A) forr sufficiently close to 1.

Proof. We first claim that there exists some s € [0, 1] N |C*| such that
HE(DE, A) = HBE,. A)
forall r € [0,1] N |C*| with r > 5. Indeed, for ' > r the canonical morphisms
HO(BY,. 4) — HO(BE,. A)

and
H°BE,. A) > H'BE .. A)

are injective morphisms between finite A-modules. Thus, they are isomorphisms for suf-
ficiently large r, r’. From Poincaré duality one deduces that

HZ(BE,, A) — HZ(BE ., A)
is an isomorphism for large r, r’, too. Moreover,
H!BE¢,.A) - H!(BE .. A)

is injective for all r’ > r because A is locally constant (see [26, proof of Corollary 10.6]).
This implies the claim by our assumption on the finiteness of H(DF, A). Thus, we can
apply [26, Corollary 10.6] to

X :=Bcs and Y :=Bg,=XNDg¢.

Thus,
Xe(De, A) = e (Y, A) = —ao(A) — ax(jxA),

where {x} = X¢\ X (note that x.(Y) = 0). Now in our notation
a(A) = ao(4) and B(A) = ax(j«(4))
(see [26, Lemma 8.6 (v)]). This finishes the proof. [
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We now want to apply these considerations to the Fourier transform for §. Let o
be a A-representation of W, corresponding to a local system IL on Div!. Let L be the
local system on §° obtained by pulling back L along the E*-torsor §° — Div!. Fix a
geometric point Spd(C) — §V° and an identification

(8V° x §°) xgvo Spd(C) = & = DX°.

Pulling back L to G2, we obtain via this identification a local system on ID)E, which we
denote by Le.

Similarly, the sheaf a*£y on &Y x § (the kernel of the Fourier transform) defines
by pullback and via the above identification a local system on D}, which we will simply
denote by £y.c.

Corollary 4.16. We use the above notations. Assume that j!j—:\// ~ R j*}f\/’. The stalk of
(V) Fy (D)
at the geometric point Spd(C) — §V° is concentrated in degree 0, and its rank equals
a(fe ® Ly.0) +BLc ® Ly.c).

The assumption on LV is satisfied if L does not contain the trivial local system.
Indeed, i *Rj«(L) = RT(§°,1L) by the proof of Proposition 4.8 and this complex is con-
centrated in degree 0 and of Euler characteristic 0.

Proof of Corollary 4.16. First we prove concentration in degree 0. Since the Fourier
transform commutes with Verdier duality (Lemma 3.25'%) and jiLY =~ Rj,LV, it suf-
fices to prove that the cohomology of Le® £y.,c on §° is concentrated in degrees [0, 1];
this follows as H) (D}, M) = 0 for each i ¢ [0, 1] and M a local system on D..

The formula for the rank is a direct consequence of Proposition 4.15, which one can
apply thanks to Corollary 4.10 (the change of sign is due to the shift in the definition of
the Fourier transform). [

To apply Corollary 4.16 in some cases, we will compute the slopes of the local systems
£y.c and Lc.
We first focus on £y.c.

Proposition 4.17. For each r sufficiently close to 0, the (unique) slope of Ly.c

at py, and p0+J is 1. For each r sufficiently close to 1, the slope of £y, c at pg:r is

exp(—c)r—@ Yyt for some constants ¢, d € R~g. In particular, in the notations of Pro-
0.r

position 4.15, we have
a(Ly,c) =0, B(Ly,c) =1

130ne easily sees that in this special case the shift appearing in the lemma is d = —1, and thus
disappears here since the definition of ¥y, given at the beginning of this subsection comes with a
shift by 1.
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Proof. If ¥ is any A-local system on D¢, then for r > 0 sufficiently small the restric-
tion of ¥ to the disk B¢, will be trivial because the local ring Op. o of D¢ is strictly
henselian. In particular, the slopes of £y, c at p, , and p[{ , will be 1.

From the proof of Proposition 3.35, we know that

Hc*(Dc, Ly.c)=0.

This implies that
Hc* (Bc,rv xi//,C) =0

for each sufficiently large 0 < r < 1. By [26, Corollary 10.4] this implies (because
XC(BC,rv A) = ]) that

Bor(£cy) =1 forsufficiently large 0 < r < 1.
By Section 4.3 and Corollary 4.13 we conclude that the discriminant function
8g,.c + (0,00) N (=log(|C*]) — Rxo

has the slopes —1, 0 and therefore a unique break point ¢’ € (0, 00). As 8¢ s.c(8) =0 for
s > ¢’ we conclude that

8 ,c0)=—s4+c" for0<s=<c.
By [43, Section 3.3.2] it follows that if y = y® - y* is the (unique) slope of Lc,y, then
¢’ +log(r) = 8g,, o (~log(r)) = —d -log(y")
for some constant d € Z-¢. This implies
b __ ’ —-d I
vy’ =exp(—c'/d)r if 0 < —log(r) <c'.
As p¥ is determined by the Swan conductor, we get
y = exp(=c'/d)r =Ty,
0.r
as desired by taking ¢ = ¢’/d. |

Next, we turn to the computation of the slopes of Lc. Let F = F,((¢)) be the field
of norms (in the sense of Fontaine—Wintenberger [51]) attached to the Lubin—Tate exten-
sion E, of E. We choose the identification

0~ ¥
§° =Dz

induced by the isomorphism between the completion of the perfection of F and Es. In
this way, L corresponds to a representation V' of the Weil group of F.

If o is of dimension n = 1, then V is trivial, by local class field theory, and thus its
Swan conductor is zero. In general, we have the following result.
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Proposition 4.18. With the above notations, assume moreover that A is an algebraically
closed field, o is irreducible of dimension n and its Swan conductor (with respect to E)
cannot be lowered by twisting by a character. The slope of V' (with respect to F) is then

sl(V) = ¢M (g = 1Dsl0) — [s1(0)]) + ¢HT -1
and its Swan conductor (with respect to F) is
sw(V) = (g (g = Ds10) - [sl(0)]) + ¢ —1).
Here |a | denotes the lower Gaul3 bracket.
Proof. As o is irreducible we see that V' has a unique slope. We want to compute
sl(V) = inf{u € Ry : Gal C ker(V)}.
First, we claim that
inf{u € Ry : Galg N Galg,, C ker(0|Gaz, )} = sl(0).

It is clear that the left-hand side is smaller than the right-hand side. If it were strictly
smaller, since E is the maximal totally ramified abelian extension of E, it would mean
we could twist o by a character to lower its slope, contradicting our hypothesis.

We know from [51, Corollaire 3.3.6] that for each u,

Gal’s N Galg,, = Galh">/"®

where Vg /g denotes the inverse Herbrand function of the extension Eo/E (ie., the
limit as m — oo of the inverse Herbrand functions vV g,,/g of the extensions E,,/E,
whose values stabilize as will be shown by the explicit formulas below).

Therefore, we conclude that

sI(V) = Vg £ (s1(0)).

Let m > 1. The inverse Herbrand function ¥ g,, /g can be computed as follows: it sends
x<0tox,x €[0,m—1]to

(g - D(x - |x]) + ¢ -1,

andx >m —1to
" Mg -Dx—(m-1)+4¢"" -1

In particular, its value at x < m — 1 is independent of m, and is the value V¥ g__/g (x).
Hence, we obtain

si(V) = qul(U)J (q — 1)(sl(o) — LSI(U)J) + ql_sl(a)J _1.

The final assertion of the proposition is [29, Proposition 3.4] and the fact that all irredu-
cible constituents of V' have the same slope. ]
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Lemma 4.19. Let O <r < 1, r € I'c. If V has only one slope, then the slope of]ic at
— + e sl(V),,SUY) sl(V) ,,—sl(V) icul : h .

Po.y» Tesp.at py ., isr Yoy, > Tesp-r yp+ . In particular, using the notations of

Proposition 4.15, we have 0.r

afe) =sw(v), BLc) =—sw(V).

Proof. Under the morphism Fp ((t)) = k( sz,r) the element ¢ € FP((I)) is mapped to an

element of valuation ry:Fi . Unraveling the definitions implies the claim. ]
Do,r

In particular, we see that the discrimant function for Ec recalled above is the line
0,00) > R, st>sw(V)-s.

Corollary 4.20. Let A be an algebraically closed field of characteristic £. Let o be an
irreducible A-representation of Wg of dimension n > 1, with corresponding local sys-
tem 1L on Div!, and assume that the Swan conductor of o cannot be lowered by twisting
by a character. Then the stalk of

(V) Fy(hD)
at any geometric point Spd(C) — §V° is concentrated in degree 0 and has rank
n + (g9 (g — 1) (s1(0) — [s1(0)]) + ¢H@) —1).

Proof. We already proved concentration in degree 0 in Corollary 4.16.
When r is close to 0, £, ¢ becomes trivial and thus

a(Ly.c ®Le) =k(Zyc)-a(le) =sw)
by Lemma 4.19. When r is close to 1, the slope of &£y ,c at parr is exp(—c)r_dyp+
, o

for some constants ¢, d € R~ (by Proposition 4.17), whereas the slope of L¢ at p({ . 1s
10 0 (Lemma 4.19). Since
Po.r
exp(—c)r_d — exp(—c) < 1, LGN 1,
r—>1 r—1

the slope of &£y, ¢ is strictly smaller for r close to 1, and thus
B(Ly.c ®Lc) =k(Le) - B(Ly.c) =n.
This gives the desired result, by applying Corollary 4.16 and Proposition 4.18. |

Remark 4.21. When n = 2, the above formula for the rank takes the following simple
form. First of all, sw(o) = 2sl(0). If sw(o) is even, then [sl(c)]| = sw(0)/2, and thus
Proposition 4.18 implies that the rank is

zqsw(a)/Z‘

If sw(o) is odd, then |sl(0)| = (sw(o) — 1)/2, and Proposition 4.18 shows that the rank
is
((I + l)qsw(a)/z—l/z'
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Let D> be the group of E-points of the group of units of the unique non-split quaternion
algebra over E. Let p be the smooth irreducible (hence finite-dimensional) representation
of D* attached to o by composing the local Langlands correspondence for GL, over E
with the local Jacquet—Langlands correspondence. Carayol [ 14, Proposition 6.5] has com-
puted the dimension of p in terms of ¢

242 if sw(o) is even,

dim =
(?) {(cﬁ1)qy“v(“)/2—1/2 if sw(o) is odd.

We therefore recover the same formulas as above. This should not be a coincidence.
Indeed, using the notations introduced at the very end of Section 3.5, we expect the pull-
back of

g o (o 0 jo)*(£L)

to Div! C €] to be isomorphic to LL[1]. Therefore
(¥°)*Fy (HL) € D(8¥°, A)
should be isomorphic to the pullback of #5  (£1.)[—1] along
§V° — Bun) Xpu, Bunj = [§V°/E*] — Bun).

In particular (see again Section 3.5), (jV°)*Fy ( j;ﬂ) should be the pullback along the
map
§"° = (BC(0(1/2)\{0}))/SL1(D) — [Spa(k)/D*]

of the sheaf associated to the smooth irreducible representation p of D*.

Acknowledgements. We thank Sebastian Bartling, David Hansen, Fabian Hebestreit, Guy Henniart,
Lucas Mann, Cédric Pépin and Peter Scholze heartily for discussions about the content of this paper.
We also thank Laurent Fargues for sharing with us several years ago his great observation that the
stack of self-extensions of @ by @ can be used to geometrize characters of the additive group E.
The second author would like to thank Guillaume Pignon-Iwanne for remarks on a first version of
this paper and Dustin Clausen for offering him the opportunity to lecture on it at the University of
Copenhagen in the fall 2021, as well as all the participants there for their questions.

References

[1] Andreychev, G.: Pseudocoherent and perfect complexes and vector bundles on analytic adic
spaces. arXiv:2105.12591 (2021)

[2] Anschiitz, J., Gleason, 1., Lourengo, J., Richarz, T.: On the p-adic theory of local models.
arXiv:2201.01234 (2022)

[3] Anschiitz, J., Mann, L.: Descent for solid quasi-coherent sheaves on perfectoid spaces.
arXiv:2403.01951 (2024)

[4] Bernshtein, I. N., Zelevinskii, A. V.: Representations of the group GL(n, F'), where F is a
local non-Archimedean field. Uspekhi Mat. Nauk 31, no. 3, 5-70 (1976) Zbl 0348.43007
MR 0425030


https://arxiv.org/abs/2105.12591
https://arxiv.org/abs/2201.01234
https://arxiv.org/abs/2403.01951
https://doi.org/10.1070/rm1976v031n03abeh001532
https://doi.org/10.1070/rm1976v031n03abeh001532
https://zbmath.org/?q=an:0348.43007
https://mathscinet.ams.org/mathscinet-getitem?mr=0425030

A Fourier transform for Banach—Colmez spaces 3711

(5]

(6]
(7]
(8]
(9]
(10]
[11]

[12]

(13]
[14]
[15]
[16]
(17]
(18]

[19]

[20]
(21]

(22]

(23]
[24]
[25]

[26]

Berthelot, P.: Le théoreme de dualité plate pour les surfaces (d’apres J. S. Milne). In: Algebraic
surfaces (Orsay, 1976-78), Lecture Notes in Math. 868, Springer, Berlin, 203-237 (1981)
7Zbl 0469.14010 MR 0638601

Bhatt, B.: Algebraization and Tannaka duality. Cambridge J. Math. 4, 403—461 (2016)
Zbl 1356.14006 MR 3572635

Bhatt, B., Hansen, D.: The six functors for Zariski-constructible sheaves in rigid geometry.
Compos. Math. 158, 437-482 (2022) Zbl 1495.14036 MR 4413751

Bhatt, B., Scholze, P.: The pro-étale topology for schemes. Astérisque 369, 99-201 (2015)
Zbl 1351.19001 MR 3379634

Bhatt, B., Scholze, P.: Projectivity of the Witt vector affine Grassmannian. Invent. Math. 209,
329-423 (2017) Zbl 1397.14064 MR 3674218

Bosch, S., Giintzer, U., Remmert, R.: Non-Archimedean analysis. Grundlehren Math. Wiss.
261, Springer, Berlin (1984) Zbl 0539.14017 MR 0746961

Breen, L.: Extensions du groupe additif. Inst. Hautes Etudes Sci. Publ. Math. 48, 39-125
(1978) Zbl 0404.14018 MR 0516914

Breen, L.: Extensions du groupe additif sur le site parfait. In: Algebraic surfaces (Orsay, 1976
78), Lecture Notes in Math. 868, Springer, Berlin, 238-262 (1981) Zbl 0465.18008
MR 0638602

Bunke, U., Nikolaus, T.: Twisted differential cohomology. Algebr. Geom. Topol. 19, 1631-
1710 (2019) Zbl 1447.55005 MR 3995016

Carayol, H.: Représentations cuspidales du groupe linéaire. Ann. Sci. Ecole Norm. Sup. (4)
17, 191-225 (1984) Zbl 0549.22009 MR 0760676

Chen, T.-H., Zhu, X.: Geometric Langlands in prime characteristic. Compos. Math. 153, 395-
452 (2017) Zbl 1390.14044 MR 3705230

Colmez, P.: Espaces de Banach de dimension finie. J. Inst. Math. Jussieu 1, 331-439 (2002)
7Zbl 1044.11102 MR 1956055

Colmez, P, Gilles, S., Niziot, W.: Arithmetic duality for p-adic pro-étale cohomology of ana-
lytic curves. arXiv:2308.07712 (2023)

Deligne, P.: La formule de dualité globale. In: SGA 4, Vol. 3, exp. XVIII, Lecture Notes in
Math. 305, Springer, 481-587 (1973) Zbl 0259.14006

Drinfel’d, V. G.: Two-dimensional /-adic representations of the fundamental group of a curve
over a finite field and automorphic forms on GL(2). Amer. J. Math. 105, 85-114 (1983)
Zbl 0536.14014 MR 0692107

Fargues, L., Scholze, P.: Geometrization of the local Langlands correspondence.
arXiv:2102.13459v3 (2024)

Gabber, O., Ramero, L.: Almost ring theory. Lecture Notes in Math. 1800, Springer, Berlin
(2003) Zbl 1045.13002 MR 2004652

Grothendieck, A.: Eléments de géométrie algébrique. III. Etude cohomologique des faisceaux
cohérents. I1. Inst. Hautes Etudes Sci. Publ. Math. 17, 5-91 (1963) Zbl 0122.16102
MR 0163911

Hamann, L.: Geometric Eisenstein series, intertwining operators, and Shin’s averaging
formula. arXiv:2209.08175v4 (2023)

Hansen, D., Kaletha, T., Weinstein, J.: On the Kottwitz conjecture for local shtuka spaces.
Forum Math. Pi 10, article no. e13, 79 pp. (2022) Zbl 1498.14066 MR 4430954

Huber, R.: A generalization of formal schemes and rigid analytic varieties. Math. Z. 217,
513-551 (1994) Zbl 0814.14024 MR 1306024

Huber, R.: Swan representations associated with rigid analytic curves. J. Reine Angew. Math.
537, 165-234 (2001) Zbl 0979.14012 MR 1856262


https://doi.org/10.1007/bfb0090649
https://zbmath.org/?q=an:0469.14010
https://mathscinet.ams.org/mathscinet-getitem?mr=0638601
https://doi.org/10.4310/CJM.2016.v4.n4.a1
https://zbmath.org/?q=an:1356.14006
https://mathscinet.ams.org/mathscinet-getitem?mr=3572635
https://doi.org/10.1112/s0010437x22007291
https://zbmath.org/?q=an:1495.14036
https://mathscinet.ams.org/mathscinet-getitem?mr=4413751
https://doi.org/10.24033/ast.960
https://zbmath.org/?q=an:1351.19001
https://mathscinet.ams.org/mathscinet-getitem?mr=3379634
https://doi.org/10.1007/s00222-016-0710-4
https://zbmath.org/?q=an:1397.14064
https://mathscinet.ams.org/mathscinet-getitem?mr=3674218
https://doi.org/10.1007/978-3-642-52229-1
https://zbmath.org/?q=an:0539.14017
https://mathscinet.ams.org/mathscinet-getitem?mr=0746961
https://doi.org/10.1007/bf02684313
https://zbmath.org/?q=an:0404.14018
https://mathscinet.ams.org/mathscinet-getitem?mr=0516914
https://doi.org/10.1007/bfb0090650
https://zbmath.org/?q=an:0465.18008
https://mathscinet.ams.org/mathscinet-getitem?mr=0638602
https://doi.org/10.2140/agt.2019.19.1631
https://zbmath.org/?q=an:1447.55005
https://mathscinet.ams.org/mathscinet-getitem?mr=3995016
https://doi.org/10.24033/asens.1470
https://zbmath.org/?q=an:0549.22009
https://mathscinet.ams.org/mathscinet-getitem?mr=0760676
https://doi.org/10.1112/S0010437X16008113
https://zbmath.org/?q=an:1390.14044
https://mathscinet.ams.org/mathscinet-getitem?mr=3705230
https://doi.org/10.1017/S1474748002000099
https://zbmath.org/?q=an:1044.11102
https://mathscinet.ams.org/mathscinet-getitem?mr=1956055
https://arxiv.org/abs/2308.07712
https://zbmath.org/?q=an:0259.14006
https://doi.org/10.2307/2374382
https://doi.org/10.2307/2374382
https://zbmath.org/?q=an:0536.14014
https://mathscinet.ams.org/mathscinet-getitem?mr=0692107
https://arxiv.org/abs/2102.13459v3
https://doi.org/10.1007/b10047
https://zbmath.org/?q=an:1045.13002
https://mathscinet.ams.org/mathscinet-getitem?mr=2004652
https://zbmath.org/?q=an:0122.16102
https://mathscinet.ams.org/mathscinet-getitem?mr=0163911
https://arxiv.org/abs/2209.08175v4
https://doi.org/10.1017/fmp.2022.7
https://zbmath.org/?q=an:1498.14066
https://mathscinet.ams.org/mathscinet-getitem?mr=4430954
https://doi.org/10.1007/BF02571959
https://zbmath.org/?q=an:0814.14024
https://mathscinet.ams.org/mathscinet-getitem?mr=1306024
https://doi.org/10.1515/crll.2001.063
https://zbmath.org/?q=an:0979.14012
https://mathscinet.ams.org/mathscinet-getitem?mr=1856262

J. Anschiitz, A.-C. Le Bras 3712

(27]

(28]

[29]
(30]

(31]

(32]

(33]
[34]

(35]
(36]

(37]
(38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]

[47]
(48]

[49]
[50]

[51]

Huybrechts, D., Lehn, M.: The geometry of moduli spaces of sheaves. 2nd ed., Cambridge
Math. Library, Cambridge University Press, Cambridge (2010) Zbl 1206.14027
MR 2665168

Kedlaya, K. S., Liu, R.: Relative p-adic Hodge theory: foundations. Astérisque 371, 239 pp.
(2015) Zbl 1370.14025 MR 3379653

Kilic, A. Y.: Inequalities on Swan conductors. Ph.D. thesis, Université Paris Saclay (2019)

Laumon, G.: Correspondance de Langlands géométrique pour les corps de fonctions. Duke
Math. J. 54, 309-359 (1987) Zbl 0662.12013 MR 0899400

Laumon, G.: Transformation de Fourier, constantes d’équations fonctionnelles et conjecture

de Weil. Inst. Hautes Etudes Sci. Publ. Math. 65, 131-210 (1987) Zbl 0641.14009
MR 0908218

Laumon, G.: Faisceaux automorphes pour GL: la premiere construction de Drinfeld.
arXiv:alg-geom/9511004 (1995)

Laumon, G.: Transformation de Fourier généralisée. arXiv:alg-geom/9603004 (1996)

Le Bras, A.-C.: Espaces de Banach—Colmez et faisceaux cohérents sur la courbe de Fargues—
Fontaine. Duke Math. J. 167, 3455-3532 (2018) Zbl 1439.14085 MR 3881201

Lurie, J.: Higher algebra. http://www.math.harvard.edu/~lurie/, visited on 7 May 2024

Lurie, J.: Spectral algebraic geometry. http://www.math.harvard.edu/~lurie/, visited on 7 May
2024

Mann, L.: A p-adic 6-functor formalism in rigid-analytic geometry. arXiv:2206.02022
(2022)

Mathew, A.: The Galois group of a stable homotopy theory. Adv. Math. 291, 403-541 (2016)
Zbl 1338.55009 MR 3459022

Mathew, A.: The mod- p Riemann—Hilbert correspondence and the perfect site. Tunis. J. Math.
5, 369—-403 (2023) Zbl 1515.14030 MR 4596738

Milne, J. S.: Duality in the flat cohomology of a surface. Ann. Sci. Ecole Norm. Sup. 4) 9,
171-201 (1976) Zbl 0334.14010 MR 0460331

Patel, D.: de Rham &-factors. Invent. Math. 190, 299-355 (2012) Zbl 1275.14019

MR 2981817

Ramero, L.: On a class of étale analytic sheaves. J. Algebraic Geom. 7, 405-504 (1998)

Zbl 0964.14019 MR 1618148

Ramero, L.: Local monodromy in non-Archimedean analytic geometry. Publ. Math. Inst.
Hautes Etudes Sci. 102, 167-280 (2005) Zbl 1111.14012 MR 2217053

Ramero, L.: Hasse—Aurf filtrations in p-adic analytic geometry. J. Algebraic Geom. 21, 97-182
(2012) Zbl 1236.14028 MR 2846681

Saibi, M.: Transformation de Fourier—Deligne sur les groupes unipotents. Ann. Inst. Fourier
(Grenoble) 46, 1205-1242 (1996) Zbl 0863.14026 MR 1427123

Scholze, P.: p-adic Hodge theory for rigid-analytic varieties. Forum Math. Pi 1, article no. el,
77 pp. (2013) Zbl 1405.14049 MR 3090230

Scholze, P.: Etale cohomology of diamonds. arXiv:1709.07343v3 (2022)

Scholze, P.: Lectures on condensed mathematics. https://www.math.uni-bonn.de/people/
scholze/Condensed.pdf, visited on 7 May 2024

Scholze, P., Weinstein, J.: Berkeley lectures on p-adic geometry. Ann. of Math. Stud. 207,
Princeton University Press, Princeton, NJ (2020) Zbl 1475.14002 MR 4446467

Wewers, S.: Swan conductors on the boundary of Lubin—Tate spaces. arXiv:math/0511434
(2005)

Wintenberger, J.-P.: Le corps des normes de certaines extensions infinies de corps locaux;

applications. Ann. Sci. Ecole Norm. Sup. (4) 16, 59-89 (1983) Zbl 0516.12015
MR 0719763


https://doi.org/10.1017/CBO9780511711985
https://zbmath.org/?q=an:1206.14027
https://mathscinet.ams.org/mathscinet-getitem?mr=2665168
https://zbmath.org/?q=an:1370.14025
https://mathscinet.ams.org/mathscinet-getitem?mr=3379653
https://doi.org/10.1215/S0012-7094-87-05418-4
https://zbmath.org/?q=an:0662.12013
https://mathscinet.ams.org/mathscinet-getitem?mr=0899400
https://doi.org/10.1007/bf02698937
https://doi.org/10.1007/bf02698937
https://zbmath.org/?q=an:0641.14009
https://mathscinet.ams.org/mathscinet-getitem?mr=0908218
https://arxiv.org/abs/alg-geom/9511004
https://arxiv.org/abs/alg-geom/9603004
https://doi.org/10.1215/00127094-2018-0034
https://doi.org/10.1215/00127094-2018-0034
https://zbmath.org/?q=an:1439.14085
https://mathscinet.ams.org/mathscinet-getitem?mr=3881201
http://www.math.harvard.edu/~lurie/
http://www.math.harvard.edu/~lurie/
https://arxiv.org/abs/2206.02022
https://doi.org/10.1016/j.aim.2015.12.017
https://zbmath.org/?q=an:1338.55009
https://mathscinet.ams.org/mathscinet-getitem?mr=3459022
https://doi.org/10.2140/tunis.2023.5.369
https://zbmath.org/?q=an:1515.14030
https://mathscinet.ams.org/mathscinet-getitem?mr=4596738
https://doi.org/10.24033/asens.1309
https://zbmath.org/?q=an:0334.14010
https://mathscinet.ams.org/mathscinet-getitem?mr=0460331
https://doi.org/10.1007/s00222-012-0381-8
https://zbmath.org/?q=an:1275.14019
https://mathscinet.ams.org/mathscinet-getitem?mr=2981817
https://zbmath.org/?q=an:0964.14019
https://mathscinet.ams.org/mathscinet-getitem?mr=1618148
https://doi.org/10.1007/s10240-005-0036-z
https://zbmath.org/?q=an:1111.14012
https://mathscinet.ams.org/mathscinet-getitem?mr=2217053
https://doi.org/10.1090/S1056-3911-2011-00568-7
https://zbmath.org/?q=an:1236.14028
https://mathscinet.ams.org/mathscinet-getitem?mr=2846681
https://doi.org/10.5802/aif.1546
https://zbmath.org/?q=an:0863.14026
https://mathscinet.ams.org/mathscinet-getitem?mr=1427123
https://doi.org/10.1017/fmp.2013.1
https://zbmath.org/?q=an:1405.14049
https://mathscinet.ams.org/mathscinet-getitem?mr=3090230
https://doi.org/10.2139/ssrn.3542189
https://arxiv.org/abs/1709.07343v3
https://www.math.uni-bonn.de/people/scholze/Condensed.pdf
https://www.math.uni-bonn.de/people/scholze/Condensed.pdf
https://doi.org/10.23943/princeton/9780691202082.001.0001
https://zbmath.org/?q=an:1475.14002
https://mathscinet.ams.org/mathscinet-getitem?mr=4446467
https://arxiv.org/abs/math/0511434
https://doi.org/10.24033/asens.1440
https://doi.org/10.24033/asens.1440
https://zbmath.org/?q=an:0516.12015
https://mathscinet.ams.org/mathscinet-getitem?mr=0719763

	1. Introduction
	Notations and conventions

	2. Perfect complexes on relative Fargues–Fontaine curves
	2.1. v-descent for perfect complexes on perfectoid spaces
	2.2. Perfect complexes on relative Fargues–Fontaine curves
	2.3. The moduli stack of flat coherent sheaves
	2.4. Further results on flat coherent sheaves

	3. The Fourier transform
	3.1. Some Ext-group computations
	3.2. Stacks in E-vector spaces
	3.3. The Fourier transform for stacks in E-vector spaces and its properties
	3.4. Examples of very nice stacks in E-vector spaces
	3.5. An inductive construction

	4. Examples
	4.1. The case of finite-dimensional E-vector spaces
	4.2. The case of the affine line in characteristic 0
	4.3. The case ==========` =`S`S="8000G=BC(==========` =`S`S="8000O(1))

	References

