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Abstract. In this work, we establish the optimal regularity for solutions to the fully nonlinear thin
obstacle problem. In particular, we show the existence of an optimal exponent o such that u
is C1:®F on either side of the obstacle. In order to do that, we prove the uniqueness of blow-ups
at regular points, as well as an expansion for the solution there. Finally, we also prove that if the
operator is rotationally invariant, then ¢ p > % and the solution is always C L1/2,
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1. Introduction

The aim of this work is to study the optimal regularity and homogeneity of blow-ups at
regular points for solutions to the Signorini problem or thin obstacle problem for fully
nonlinear operators.

Monotonicity formulas have been an essential tool in the study of free boundary
problems (and minimal surfaces). They are extremely useful to control the solution at
increasingly smaller scales and allow to perform a blow-up study. Nonetheless, monoton-
icity formulas usually lack flexibility in their application, and as soon as one considers
small perturbations of the operators, they are often no longer available. This is one of the
reasons why, in the last years, the study of free boundary problems for fully nonlinear
operators has arisen as a way to study the properties of solutions and contact sets in gen-
eral contexts where no monotonicity formulas are available; see [6,9,11,19,21,22,25,31,
33,34,37].
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In particular, the study of the optimal regularity and homogeneity of blow-ups for the
classical Signorini problem is possible thanks to specific monotonicity formulas [3, 4].
In the context of fully nonlinear operators, however, the lack of monotonicity formulas
makes it harder to understand the optimal regularity of solutions.

1.1. The setting

Given a domain D C R”, the thin obstacle problem involves a function u € C(D),
an obstacle ¢ € C(S) defined on an (n — 1)-dimensional manifold S, a Dirichlet boundary
condition given by g: dD — R, and an elliptic operator L,

Lu=0 inD\{xeS:ulx) =qp))}
Lu <0 inD,

u>¢ ons,

(1.1)
u=g onaD.

Intuitively, one can think of it as finding the shape of a membrane with prescribed
boundary conditions considering that there is a thin obstacle from below.

The first results on the regularity of solutions to thin obstacle problems were estab-
lished in the seventies by Lewy [24], Frehse [17], Caffarelli [7], and Kinderlehrer [20].
In particular, when L = A, Caffarelli showed in 1979 the C1* regularity of solutions in
either side of the obstacle for some o > 0.

However, while for the (thick) obstacle problem the optimal C !'! regularity of solu-
tions is a simple consequence of maximum principle arguments, for the thin obstacle
problem it took 25 years to obtain the optimal Holder regularity. In 2004, Athanasopoulos
and Caffarelli [3] showed that solutions to the thin obstacle problem (1.1) with L = A are
always C 1"1/2 in either side of the obstacle, and this is optimal. In order to do so, they had
to rely on monotonicity formulas specific to the Laplacian, which do not have analogies
to other more general elliptic operators. We refer to [29] or [12] for more details on the
thin obstacle problem and its monotonicity formulas.

In this work, we study the fully nonlinear version of problem (1.1). More precisely,
we study (1.1) with Lu = F(D?u), a convex fully nonlinear uniformly elliptic operator,
and for simplicity, we consider S to be flat, and ¢ = 0. Since all of our estimates are of
local character, we consider the problem in By,

F(D?u) =0 in B\ {x, =0, u =0},
F(D?u) <0 in By, (1.2)
u>0 onB;N{x, =0}
and we are interested in the study of the regularity of solutions on either side of the

obstacle. As recently observed in [16, 34], this is the problem that appears, for example,
when studying the singular points for the (thick) obstacle problem.
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We denote by M, the space of matrices R**” and by M;f the space of symmetric
matrices. We assume that F': M,, — R satisfies the following conditions:

F is convex, uniformly elliptic

with ellipticity constants 0 < A < A and with F(0) = 0. (1.3)

1.2. Known results

A one-sided version of problem (1.2) was first studied by Milakis and Silvestre in [25],
where the authors proved C !¢ regularity of solutions under further assumptions on F
and the boundary datum. The second author in [11] then showed the C !-*¢ regularity of
solutions for the two-sided problem (1.2) with general operators (1.3). In particular, by
the results in [11], a solution u to (1.2) satisfies

el oo gy, )+ 1llcreosy,y = CllullLoe:

for some C and &, > 0 depending only on n, A and A, and where we have denoted
B,jE := B, N {%xx, > 0}. This is the analogue of the result of Caffarelli [7] for general
convex fully nonlinear operators, leaving open the optimal regularity issue.
Later on, the third author and Serra in [31] started the study of the contact set {x, = 0,
u = 0} for solutions to (1.2). In particular, they established the following dichotomy for
any point x, on the free boundary, x, € d{u = 0} N By, N {x, = 0} with [Vu(x,)| = 0.
There exists &, > 0 depending only on A and A such that

(1) (Regular points) either

cr?f < sup u < Crlte (1.4)
By (x0)

with ¢ > 0,and all r € (0, ),

(2) (Degenerate points) or

0< sup u<Cer?®

By (x0)
forall ¢ > 0, and r € (0, %).

This dichotomy is analogous to the case of the Laplacian in [4], where ¢, = % and
free boundary points have frequency either u = % or u > 2.

Moreover, continuing with the results in [31], points satisfying (1.4) were defined to
be regular points, and they are an open subset of the free boundary locally contained
ina C! (n — 2)-dimensional manifold. More recently, by means of the recent boundary
Harnack principle in [10,32] one can actually upgrade the regularity of the regular part of
the free boundary to C 1 for some @ > 0.

In order to establish the classification of free boundary points, it is proved in [31] that
if a point is regular, then one can do a partial classification of blow-ups. More precisely,
let us suppose that 0 is a regular free boundary point, and let us consider the rescalings

u(rx)

wp (x) = X
! ull oo (B,)
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Then, from the results in [31], u, converges locally uniformly, up to a subsequence,
to some global solution u¢ to a two-dimensional fully nonlinear thin obstacle problem,
monotone in the direction parallel to the thin space. This information is enough to estab-
lish that the free boundary is Lipschitz (and C') around regular points, without needing
a full classification or uniqueness of blow-ups u.

1.3. Uniqueness of blow-ups

If u is a solution to (1.2) and O is a regular free boundary point with |Vu(0)| = 0, then
by [31] for every sequence ry | O there is a subsequence rg; | 0 such that

(%) = up(x) i CofR™) N CL*RM),

loc loc

where ug(x) = Up(x" - e, xpn), Uy € Cl’“(@) N Cl""(@), and e € S"2 is the unit
outward normal vector to the contact set in the thin space. We are denoting x = (x’, x,) €
R* 1 xR, and R’ :=R" N {#£x, > 0}. Moreover (see Lemma 2.2 below), Uy is mono-
tone in the first coordinate and satisfies a global thin obstacle problem in R? with a homo-
geneous operator G,

G(D%Up) <0 inR2,
G(D?Up) =0 inR?\ ({xz = 0} N {x; <0}),

(1.5)
Up >0 on{xy =0},
Uo =0 on{xx=0}N{x; <0},
satisfying
Uo(0) = |[VUp(0)] =0, [Up(x)| <1+ [x[** inR% (1.6)

In particular, the operator G in (1.5) is given by G := F), where F(,): R?*? — R
satisfies (1.3) and is defined by

Foy(D?*w) := F*(D*w(x" - e, xp)), (1.7)

with F* the recession function or blow-down of F,i.e., F* = lim;_o tF(t7! -). When
F # A and more in general when it is not rotationally invariant, the previous operators
are expected to substantially depend on the choice of e.

The questions that were left open in [31] are the following:

Are all solutions to (1.5)—(1.6) homogeneous? Are they unique?

This type of questions for fully nonlinear operators is usually very difficult. For ex-
ample, the same question without obstacle in R3 is a very important open problem. It is
known, for instance, that there are singular 2-homogeneous solutions for n > 5 [26, 28],
but they do not exist in R3 or R* [27]. Hence, the regularity for fully nonlinear equations
is related to understanding whether blow-ups are always homogeneous, which remains an
open problem due to the lack of monotonicity formulas.
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Even for Lipschitz and convex F in R?, the homogeneity and classification of global
solutions with sub-cubic growth is open. In this work, we tackle these issues, in the context
of the thin obstacle problem.

Our first result in this paper is the uniqueness of such blow-ups. Notice that, as a con-
sequence, it follows that blow-ups are homogeneous. For the Signorini problem, this is
accomplished by means of a monotonicity formula; in our case, we need to proceed dif-
ferently. Notice, also, that in this context the monotonicity in one direction is equivalent
to the subquadratic growth in (1.6).

Theorem 1.1. Let G: My — R be a 1-homogeneous fully nonlinear operator satisfy-
ing (1.3). Then, there exists a unique viscosity solution to (1.5), Uy € C(R?), such that
01Uy € C(R?), 0,Uy > 0, and |VUy(0)| = 0. Moreover, it is homogeneous of degree
1+ oag €(1,2).

Remark 1.2. The function Uy divides S! into three different sectors (see Figure 1),
according to its sign. In particular, when G = A, U, corresponds to the third eigenfunc-
tion on S! \ {(—1,0)}, which has eigenvalue % For more general operators G, it does
not make sense to refer to an eigenvalue problem, but still Uy corresponds to the third
homogeneity of homogeneous solutions to G(D?u) = 0 with zero Dirichlet condition on
(—1,0) x {0}.

Hence, thanks to Theorem 1.1, for a G of form (1.7), we have a unique blow-up
u(()e) at a regular point with normal to the free boundary e € S"2, with homogeneity
l+ap(e):=1+ac =1+aF,.

Corollary 1.3. Let u be a solution to (1.2) with F satisfying (1.3), and let 0 be a reg-
ular (see Definition 2.1) free boundary point such that |Vu(0)| = 0. Let us denote by
e € S"72 the unit outward normal to the contact set in the thin space at 0 and by uge)
the (1 + o f (e))-homogeneous solution of Theorem 1.1 applied to F) in (1.7). Then, we

have

u(rx — -
up(x) 1= _urx) ul?(x) in CL®R) NCL*®R™)asr | 0.
lull oo (B,)
Notice that, without loss of generality, after subtracting a linear function if necessary,
we can always assume that if O is a free boundary point for a solution u to a thin obstacle
problem, then |Vu(0)| = 0.

1.4. Optimal regularity

As a consequence of Corollary 1.3, since regular points are those with lowest decay,
and C2“ estimates hold outside of the contact set, we can guess the optimal regularity of
solutions.

Let us define, for af (e) given by Corollary 1.3,

(0,1) >aF := min_ ar(e). (1.8)
eeSn—2
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For instance, ap = % since aa(e) = % for all e € S"2. The value of «f is the expec-
ted optimal regularity of solutions. Observe, though, that this is not an immediate con-
sequence of the classification of blow-ups (contrary to the almost optimal regularity in
Proposition 1.9 below), and instead will require a very delicate blow-up analysis to obtain
an expansion around regular points

In the case of the Laplacian, in [3] optimal regularity is obtained without classifying
blow-ups first, but by means of monotonicity formulas specific to that problem. Unfor-
tunately, monotonicity formulas are not available for general fully nonlinear operators,
so we have to develop other methods.

This is the main result of this paper, and it reads as follows.

Theorem 1.4. Let u be a solution to the thin obstacle problem (1.2) with F satisfy-
ing (1.3) and 1-homogeneous. Let af be defined by (1.8) and Corollary 1.3. Then, u €
cher (B n CYer (BY) and

Wl crar g,y + Wl erer ) < C i),

where C is a constant depending only on F.
Furthermore, if 0 € {u = 0}N{x,, = 0} is a regular free boundary point, and e € S™ 2
is the unit outward normal vector to the contact set at 0, then we have the expansion

u(x) = cpxp + cou((f)(x) + o(|x| ' Ter©+0) (1.9)

with ¢, € R, ¢o > 0 and for some o > 0 depending only on F, where u((f)

given by Corollary 1.3.
In particular, if |[Vu(0)| = 0, the growth in (1.4) becomes by (1.9), for some ¢ > 0,

and af(e) are

1
critar() < sup u < Crlter(e forallr € (O, —).
Br(x0) 4
Even in the linear case ' = A, where one can obtain the optimal regularity through
easier arguments, our proof is new and it is the first one that does not use monotonicity
formulas.

1.5. The rotationally invariant case

In Corollary 1.3, we have observed that blow-ups at regular points and their homogeneities
depend on the orientation of the free boundary around them. Thus, expansions like the
ones in Theorem 1.4 and the corresponding optimal regularity given by af, in practice
depend in a fine way on the set of directions that the free boundary can take for a given
solution. This type of anisotropy does not appear if one considers, instead, rotationally
invariant operators, in which all directions e € S"~2 will have the same af (e).

Therefore, let us consider Hessian equations (see, e.g., [35,36]), which can be equi-
valently defined as those rotationally invariant or those for which F (M) depends only on
the eigenvalues of M. As a consequence, if F is rotationally invariant, the blow-up uff)
and o F (e) as defined in Corollary 1.3 are independent of e.
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In this case, solutions to fully nonlinear thin obstacle problems with a rotationally
invariant operator are always C'1/2, with equality af = % if and only if {F <0} =
{tr(-) < 0} (that is, the solution satisfies the Signorini problem with the Laplacian as well).

Theorem 1.5. Let F satisfying (1.3) be rotationally invariant, and let o be defined

in (1.8). Then
1
>
OfF = 5
with equality if and only if {FF < 0} = {tr(-) < 0}.
Moreover, if u is a solution to the thin obstacle problem (1.2) with operator F, then
ue CHY2(Byn CYY2(BY) and

||“||c1.1/2(31+/2) + ||M||clsl/2(3;) < CllullLoo(s)

for some C depending only on F.

It is unclear whether the property o > % holds for more general operators as well.

1.5.1. Pucci operators. In order to establish Theorem 1.5, and in particular, to get that
oF > % for rotationally invariant operators, we need to understand first the fully nonlinear
thin obstacle problem for Pucci operators; see Section 2.1 for the definition and properties.

Pucci operators have the advantage that computations can be made rather explicit.
When dealing with the thin obstacle problem for Pucci operators, we obtain a more
detailed analysis.

Proposition 1.6. Let u be a solution to (1.2) with a Pucci operator F = 3’; A Letagt

’ X,
be defined as in (1.8) and Corollary 1.3, the homogeneity of blow-ups at regular point?.
Then Upt = a(w), where v = % a=a(w):[l,o00] > [%, 1) is strictly increasing in w,
and Oeo = o (00) is the unique solution to

2 /000 = (1 — o) (7 + 2 arctan /o),
that is, 0o &~ 0.64306995 ...

1.6. Non-homogeneous operators

After obtaining the optimal regularity in Theorem 1.4, the next natural question is to
understand what is the role of the 1-homogeneity assumption on the operator. In the
next theorem, we show that it is crucial: perhaps surprisingly, we obtain that we cannot
expect solutions to be always C 1*F . This behaviour is distinctive of nonlinear operators
of form (1.3), and it is not observed, for example, when F is the Laplacian.

Theorem 1.7. There exists a solution u to (1.2) with some F of form (1.3), such that
u ¢ Cler (Bf}z), where af is given by (1.8).

Remark 1.8. In fact, one can build such a counterexample in R2, for any of > % admiss-
ible and for F rotationally invariant.
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Intuitively, the behaviour of the counterexample in Theorem 1.7 arises because blow-
downs of F' can converge to a limit very slowly, slower than any power.

This slow convergence is essential in order to find a counterexample: as shown in
Theorem 7.3, a modification of the proof of Theorem 1.4 also yields the same result if
one assumes that, instead of F being 1-homogeneous, we have

|Fr— F*|| < Ct“ ast |0

for F; = tF(t~'-) and some « > 0 (being k = oo the 1-homogeneous situation, where
F, = F* = Fforallt > 0).!

On the other hand, observe that, in general, thanks to Corollary 1.3 and by com-
pactness, the regularity of the solution is always (almost) the one given by the worst
homogeneity of the blow-ups at regular points, see (1.8).

Proposition 1.9. Let F satisfy (1.3) and o be given by (1.8). Let u be a solution to (1.2).
Then, u € CY*r=¢(B") N CY*r=¢(B) and

||u||Cl~"‘F_5(BI'}2) + ”u”CIﬂF—E(Bl*/z) = Ce”“”LOO(Bl)

for any ¢ > 0, for some C¢ depending only on € and F.

Remark 1.10. Here, the dependence of the constant C, on F is in fact a dependence on
the modulus of continuity of blow-downs w, |tF(t~!-) — F*| = w(t) whent | 0.

In particular, thanks to Theorem 1.7, the regularity of solutions obtained by Pro-
position 1.9 is optimal (in the Holder class), and can only be improved under further
assumptions on the operator (see Sections 1.4 and 1.5).

1.7. Sketches of the proofs

Let us give some of the main ideas in the proofs of our results.

1.7.1. Uniqueness of blow-ups. A recurrent idea in our proofs is the following observa-
tion: If w € C? satisfies a uniformly elliptic equation in non-divergence form in R?2,

all(x)E)llw + alz(x)alzw + 6122()6)82211) =0,

then a simple computation gives that derivatives of w satisfy an equation in divergence
form,
div(A(x)V(d1w)) = 0,

for some uniformly elliptic matrix A (x) (see [18, Section 12.2] or [13, Section 4.2]).

Notice that this is the same type of behaviour that arises in other situations. For example,
for equations in non-divergence form, the rate of convergence of the operator towards its blow-up
limit needs to be algebraic (that is, we need Holder coefficients) in order to gain two derivatives of
regularity. Merely continuous coefficients do not imply, in general, that solutions are C2.
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Regular points for the thin obstacle problem collapse all variables in the thin space
into one, in the blow-up limit, thus giving a two-dimensional solution. The uniqueness in
Theorem 1.1 then follows by observing that if ¥ and v are both solutions to (1.5), then
au — Bu is a solution to an equation in non-divergence form outside of the thin space,
for any «, 8 > 0 (we are also using that G is 1-homogeneous here). Even if the equation
satisfied by ou — fv depends on « and B, it is enough to deduce that u and v satisfy
a boundary Harnack inequality and are comparable up to the boundary (see Appendix A).
From here, combining it with the interior Harnack inequality, the uniqueness of blow-ups
follows by a standard argument.

The existence (and homogeneity) then follows by constructing an explicit example
taking advantage of the recent work on homogeneous solutions in cones, see [2].

1.7.2. Optimal regularity. In order to prove the optimal regularity, Theorem 1.4, we prove
that if 0 is a regular point with |Vu(0)| = 0 with blow-up u(()e) , then we can do an expan-
sion

M()C) — couff)(x) 4 0(|x|l+aF(6)+a)

with o depending only on F.

This is done by contradiction and a very delicate compactness argument. We assume
that the previous does not hold for a sequence 1 with blow-ups ugk) . In particular, we can
always subtract the best approximation in L? of uy in terms of ugk), Uy — Mku(()k), and

assume by contradiction that it is not lower order. Then, we blow up as

U — Mku(()k)
Wi ‘= —> Voo

k
lug — Myul? | ooy

to obtain first a weak limit vo,. Observe that 1y and u E)k) satisfy the same equation outside

of the thin space (since F' is 1-homogeneous), and thus their difference satisfies an equa-
tion in non-divergence form. On the other hand, on the thin space they satisfy the same
equation almost on the same domain (the same up to lower order terms, since we assume 0
is a regular point and the domain is therefore C ). This is enough for us to prove a uni-
form convergence, since equations in non-divergence form have bounded C# norm for
some B > 0. Thus, the previous sequence wy has a strong uniform limit. Moreover, such
limit satisfies an equation in non-divergence form outside of a half-space in the thin space
(where it is zero), and has a growth rate in Bg bounded by R1teF©+o < R2 for R > |
and some o > 0.

At this point, we would like to get a contradiction by classifying these solutions.
In particular, we would like to show that v, needs to be a non-trivial multiple of uf)oo),
the limit of the blow-ups ugk), which would contradict the fact that we were subtracting
the best approximation in L. In order to do that, we need more information on the limit.

The first observation is that the limit vy is two-dimensional. This holds because we
are assuming that 0 is a regular point (so the free boundary is smooth around it) so we can
use the boundary Harnack principle for slit domains [10, 32].
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This is, however, not enough. Even if the operator is the Laplacian, there are global
two-dimensional solutions to the Laplace equation, vanishing on a half-line and with
strictly subquadratic growth at infinity, that are not blow-ups at regular points (for exam-
ple, the function /2 cos( %9) in radial coordinates for the Laplacian). In order to discard
this type of solution, we need a stronger (C'!) convergence of our sequence wy, at least in
the directions parallel to the thin space.

We consider then d,wy, that is, derivatives in the directions perpendicular to the con-
tact set at the origin. From the observation in the proof of the uniqueness of blow-ups
above, we can show that the restriction of d,wy to the plane spanned by the vectors e
and e, satisfies a problem of the type

div(A(x)Vw) = 0y, f(x) in By \ {x2 =0,x; <0},
w=0 on By N{x, =0,x; <0}

for some f depending on wy itself. We then show, on the one hand, that f belongs to L?
uniformly for some p > 2, and on the other hand, that solutions to the previous problem
are C? for some § > 0 — for this the condition p > 2 is crucial. Hence, wy is converging
in C! in the direction e parallel to the thin space given by the normal to the regular point.
The limit 0,V is then continuous (also at 0), and satisfies an equation in divergence
form outside of a half-line. By means of a boundary Harnack principle again, we compare
it to Beuf)oo) to show that they are equal, up to a non-zero multiple. Hence, we reach
a contradiction with the fact that we were subtracting the best multiple along the sequence.

1.7.3. Non-homogeneous operators. The almost optimal regularity in Proposition 1.9,
as stated above, follows by a compactness argument after the classification of blow-ups.

We construct then the counterexample of Theorem 1.7 in two dimensions, for rotation-
ally invariant operators, and take advantage of Proposition 1.6. In particular, we consider
a regular point at the origin for a solution to a thin obstacle problem with operator

F(A) = PH —al,
(4) Izréall\\)l({ LA; ci}

where Ay = 1,c; =0,and A; 1 2, ¢; 1 4+00. Observe that the constant ¢; is fixing the
scale at which the solution behaves like a solution with the Pucci operator 5)1+ A Since
the homogeneity for the Pucci operators is increasing, the homogeneity of the blow-up
limit should be the one for :7)1+ ,. However, by choosing c¢; appropriately we can make
sure that the optimal regularity associated to :7’1+ , is not achieved.

1.8. Structure of the paper

The paper is organized as follows.

In Section 2, we introduce the notation and preliminaries of our problem. In Section 3,
we prove the existence, uniqueness, and homogeneity of blow-ups, in particular showing
Theorem 1.1, Corollary 1.3, and Proposition 1.9. In Section 4, we start our proof of the
optimal regularity by showing an expansion of the solution around regular points, which is
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then used in Section 5 to prove our main result, Theorem 1.4. In Section 6, we then study
rotationally invariant operators, in particular proving Proposition 1.6 first to show The-
orem 1.5. Finally, in Section 7 we focus on non-homogeneous operators and construct the
counterexample in Theorem 1.7, as well as prove a version of Theorem 1.4 with operators
that have a quantified rate of convergence to the recession function, Theorem 7.3.

In Appendix A, we prove a boundary Harnack principle that is used in Section 3,
Theorem A.1.

2. Preliminaries

2.1. Notation

We denote by M, 3 A and M,‘f 1. the corresponding spaces consisting of uniformly
elliptic matrices with ellipticity constants 0 < A < A < oo. That is,

AeMypn & A€M, and AId < A4 < AId

In particular, we are considering fully nonlinear operators F': M,;, — R satisfying (1.3)
that can be written (using Einstein’s notation) as
F(A) = sup(L’;,jA,-_,- + ¢y) = sup(tr(L, A) + cy),
yel yel
where (Ly)yer C Mf 1.4 and sup,ep ¢y = 0. Being uniformly elliptic implies that for
all M, N € M5 with N > 0, we have

AN < F(M + N)— F(M) < ¢, A|IN|| (2.1)

for some dimensional constant ¢,, > 0 (see [8, 13]).

On the other hand, for fixed ellipticity constants A and A, Pucci operators are the
extremal operators in the class of fully nonlinear uniformly elliptic operators with such
ellipticity constants. Namely, we define

PHAM):= sup wAM)=A Y wmM+i > (M),
AEMp 2 A i (M)>0 i (M)<0

PiaM) = _inf w(AM)=2 S M)+ A D (M)
EMn.a.a i (M)>0 i (M)<0

(see, for example, [8] or [13, Chapter 4]), where we have denoted by w;(M) the i-th
eigenvalue of M. Observe that only f’;’ A satisfies (1.3) since it is convex, whereas JPA_ A
is concave. We call them extremal operators because for any fully nonlinear operator F'
with ellipticity constants A < A, we have

PraM) = F(M) < PAM) forall M € M5
We say that F is rotationally invariant (and F(D?u) = 0 is a Hessian equation) if

F(O'™MO0) = F(M) forall M € M? and forall O € O(n).
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2.2. Preliminary results

Let us assume that 0 € I'(u) is a free boundary point such that, after subtracting a hyper-
plane if necessary, |Vu(0)| = 0. Let us start defining what it means for O to be a regular
free boundary point.

Definition 2.1. Let u solve (1.2), and let us assume that O is a free boundary point such
that |Vu(0)| = 0. We say that 0 is a regular free boundary point if

u oo
lim sup lullzooB,) _ o

2_
r{o ree
for some ¢ > 0.

By the results in [31], we know that there exists a constant &, > 0 depending only

on A and A such that

_ 1
cr2 Eo < sup u < _rl-‘ré‘o

B, c
for some ¢ > 0 and for r small enough. In particular, by [31, Proposition 5.2] there exists

some global function u¢ € Ckl)’ca (R?) such that for some sequence ry | 0,

ur(x) = M — ug(x’-e,x,) locally uniformly, (2.2)

lullLoocB,, )
where e € S"72 and (e, 0) € S"~! denotes the outward normal vector to the contact set.

Lemma 2.2. The blow-up limit ug € Clé;“ (M) N Cl(l)’ca (@) appearing in (2.2) satisfies
up(0) = |Vue(0)| = 0 and
G(D*up) <0 inR?,
G(D?ug) =0 inR*\ ({xa = 0} N {x; <0},
ug >0 on{xy, =0},

ug =0 on{x; =0}N{x; <0}

(2.3)

for some (positively) 1-homogeneous fully nonlinear operator G MZS — R satisfying (1.3)
with ellipticity constants A and A, and depending on the normal vector to the free bound-
ary, e € S"2. Moreover,

dx,uo >0 inR?, (2.4)

and 0y, x,Uo > 0; that is, ug is monotone non-decreasing and convex in the x-direction.

Proof. Let us denote vo(x) = ug(e - x’, x,), where e denotes the outward normal vector
to the contact set in the thin space. By [31, Theorem 4.1 and Proposition 5.2], we know
that u; converges (in C' norm) to a global subquadratic solution to a thin obstacle
problem that is two-dimensional and convex in the x’-variables, vg. It also satisfies
vo(x’,0) = 0in {e - x’ < 0}. Let us derive the operator of the thin obstacle problem in the
limit.
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Each uy satisfies a thin obstacle problem (1.2) in By, with operator Fy,, where?

r? lullLos(B,, )
Fo (A) = k F( S A).
lullLoocs,, ) e

In particular, in the limit kK — oo, since r; | 0 and since, by assumption, 0 is a reg-
ular point (and thus u is strictly superquadratic at the origin), we have that the limit vg
satisfies a global thin obstacle problem with operator given by the recession function F*
of F

F*(A) = lim pu~'F(nA).
L—>00

Observe that F* is positively 1-homogeneous.

Moreover, since Uy is two-dimensional, from the fact that v satisfies a global (in R")
thin obstacle problem with operator F*, we deduce that u, satisfies a global (in R?) thin
obstacle problem with operator F(,) given by

Foy(D?ug) := F*(D*uo(x’ - e, x,)).

It is easy to check that F,): M5 — R is a 1-homogeneous and convex fully nonlinear
uniformly elliptic operator with ellipticity constants A and A.

The global convexity in (2.4) holds since vy is convex in the x’-directions, and so ug is
convex in the x-direction. For the monotonicity, observe that since ug = 01in {x, = 0} N
{x1 < 0} it immediately holds on {x, = O} by convexity. In {x, # 0} it also holds,
being dy,uo the extension of a positive sublinear function that satisfies an equation in
bounded measurable coefficients outside of the thin space. (See [31].) ]

We will also use the following equivalent characterization of regular points.

Lemma 2.3. Let u be a solution to (1.2), and let us assume that 0 is a free boundary point
with u(0) = |Vu(0)| = 0. Then, the following are equivalent:

(1) 0 is a regular free boundary point, in the sense of Definition 2.1.
(ii) There exist some ¢ > 0and e € S*™! N {x, = 0} such that d,u > 0in B and d.u Z 0.

Proof. The proof of the result is essentially contained in [31], we sketch it for complete-
ness. The fact that (i) implies (ii) appears in the proof of the regularity of the free boundary
(see [31, Proposition 6.1]).

For the reverse implication, we notice that d.u satisfies an equation with bounded
measurable coefficients in non-divergence form, in {x, # 0}. Thus, since it is non-zero,
by the Harnack inequality (or strong maximum principle) we have that deu > ¢ > 0

2Observe that we can alternatively write

2 ”M” oo .. 2.
T L°(B,,) ij riCy
ok A) = sup (Ly Aij + 7)

Fr (A) =
T lullzeo(B,,) T yel' lullzeo(B,,)




M. Colombo, X. Fernandez-Real, X. Ros-Oton 3806

in Bg/2 N {|x,| = 5}. In particular, the same holds for a small cone of directions around e
(by C1* regularity of the solution on either side). Hence, the free boundary in B, /2 18
Lipschitz (proceeding as in [31, Proposition 6.1]). Thus, a standard application of the
boundary Harnack inequality in this context (see [32, Theorem 1.8] and the proof of [32,
Corollary 1.9]) gives us that the free boundary is C 1% in B,/s.

Once the free boundary is C 1'%, using a barrier from below (in the same argument
as [31, Proposition 7.1, Lemma 7.2]), we have that
lulloos,) = er®™
for some small ¢, > 0, and for all r small enough. In particular, O is a regular free boundary
point according to Definition 2.1. [ ]

The following is a well-known lemma that shows that, in dimension two, differences
of partial derivatives of solutions to a fully nonlinear equation satisfy an equation in diver-
gence elliptic form with bounded measurable coefficients. We refer the reader to [18,
Section 12.2] or [13, Section 4.2].

Lemma 2.4 ([13,18]). Let u,v € C>%(B;) with By C R? such that
F(D?u) = F(D*v) =0 in B,

for some F of form (1.3) and (positively) 1-homogeneous, with ellipticity constants 0 <
A < A < co. Given a fixed e € S, let us define, for any a, p > 0,

Wepg 1= adett — 0.

Then wqg satisfies
div(Agg (X)Vweg (x)) =0 in By (2.5)

in the weak sense, with Agg: B1 — My such that

A
Id < Agp(x) < = Id

> >

forall x € Bj.

3. Uniqueness of blow-ups at regular points

In this section, we prove the existence of homogeneous blow-ups and their uniqueness, to
conclude with the proofs of Theorem 1.1, Corollary 1.3, and Proposition 1.9.

3.1. Existence of homogeneous solutions

Let us begin by showing that we can always construct a homogeneous solution to our
global Signorini problem.



Optimal regularity for the fully nonlinear thin obstacle problem 3807

Lo

9, v>0

f\ Loy 2

Fig. 1. The structure of the (1 + og)-homogeneous solutions to the fully nonlinear thin obstacle
problem. The unit circle is divided into three sectors according to the sign of v.

Lemma 3.1. There exists a homogeneous function v satisfying (2.3)—(2.4) (up to a multi-
plicative constant) with homogeneity (1 + ag) € (1,2) depending only on G.

Moreover, such a solution divides S' into three sectors according to its sign, 1 (neg-
ative), 3, (positive), and X3 (negative), where the angle of each sector is strictly less
than r. (See Figure 1.)

Proof. We are going to build a homogeneous v by dividing S! into three sectors according
to the sign of v.

Step 1: The three sectors. Let us denote by X (¢o, ¢1) the sector within the angles ¢o < ¢
with respect to {x, = 0} N {x; < 0}, that is,

X(do. ¢1) := {(x1.x2) : o < arg(—xy +ixz) < ¢P1}.

Let us denote by 6; the ending angle of the i-th sector ¥; with respect to {x; =
0} N {x; < 0}, namely
T = X(0i-1.6:).

where we define 6y = 0 and assume 03 = 2.

Let us now denote by o4 (¢, ¢1) > 0 the homogeneity of the unique function u such
that G(D?u) = 0in X (¢g, ¢1), . = 0 on X (¢o, ¢1) and u > 0in = (¢ho, ¢1). Notice that
a4 (g, ¢1) is well defined by [2, Theorems 1.1 and 1.2] and a4 (¢g, ¢1) is continuous
in ¢ and ¢, by the stability of solutions to fully nonlinear equations.

Moreover,

(d0. $1) S (B0, 97) = ay(do.d1) > ay(dg. P7) 3.1)



M. Colombo, X. Fernandez-Real, X. Ros-Oton 3808

(see [2, Section 3]). We similarly define a—(¢o, ¢1) > 0 as the homogeneity of the unique
function u such that G(—D?u) = 0 in (¢, $1), ¥ = 0 on X (¢, ¢1) and u > 0

in X(¢o. ¢1)-

Observe, also, that

ap(p.¢p+m)=a(p.¢+m)=1 (3.2)
since G(0) = 0 and we can choose a hyperplane as the homogeneous solution.

Step 2: Finding the homogeneity. Given 0 < 6; < 7, choose the unique 0, = 92(91) >
such that a— (0, 91) = o_ (02, 271) Notice that we can always do that by continuity and
monotonicity (3.1), since a— (0, 01) o (92,27t) J 1 when 91 1 7 and 6, l 7, and we also
have that a— (0, 91) o (92, 271) 1 oo when 91 J 0and 92 1 2. Furthermore, 92(91) is
decreasing (and continuous) in 91

Now observe that o (0, 51) is decreasing in 6y, and that oy (51, 52) is increasing
(again, by (3.1)). By continuity, there is a unique 51 = 0 such that they are equal, which
is going to be the one determining our solution (see Figure 1).

Thus, let 6, be the unique angle such that

1+ a6 = a_(0,6)) = ar (61, 62(61)) = a—(62(6;), 27).

Since we are dividing S! into three sectors, at least one of the sectors is (strictly) con-
tained in a half-space, so that «g > 0. Then, from (3.2) we get that the other two sectors are
also strictly contained in a half-space, so that 0; < 7, 92(91) > 77, and 92(91) -0 <.
Let us now show that ag < 1.

In order to do that, consider the quadratic function

ge(x1,x2) = x2(x1 + §x2)

dividing the plane into four sectors % (0, 8¢), (0, ), (7w, w + 0¢), and X (7 + 0, 27),
according to the sign of g¢, where 6 is such that tan(fg) = £~1. Moreover,

D?qe(x1,x2) = ((1) ;)

Then, by continuity and ellipticity (2.1) there is a unique € € R such that
G(D%qg) = 0.

Now, if § > 01, then Xy C X(0, £), which implies (by (3.1)) 1 + &g > 2; and £, D
E(E ) (since 92(91) > ), which implies 1 + ag < 2, reaching a contradiction. Hence
E < 61 and therefore, again by (3.1), 1 4+ ag < 2, as we wanted to see.

Step 3: Conclusion. We now consider for each sector X1, X5, and X3 the corresponding
homogeneous functions described above. Namely, let

p1: 21> R, @i o> Ry, @30 X3 R,



Optimal regularity for the fully nonlinear thin obstacle problem 3809

which are (1 + ag )-homogeneous, and we consider them to be defined in R? by extending
them by zero. Let us also assume that ||¢;||Loo(p,) = 1 for i = 1,2, 3 (since they are
defined up to a positive constant). Notice that by the Hopf lemma and using that ¢; all
have the same homogeneity, there exists a unique choice of ¢q, c3 > 0 such that

v=rci1¢1 + @2+ 303

is C! across the sectors X1 to I, and 5 to X3. In particular, as v satisfies G(D?v) = 0
in each sector, and is C! across sectors, it satisfies G(D?v) = 0 in R?2\ ({x, = 0} N
{x1 <0}) and is the candidate that we were looking for. Finally, since v is monotone
increasing on {x, = 0}, (2.4) holds (see [31]). [

3.2. Uniqueness of blow-ups
In fact, the previous solution is the only one, as we show in the following proposition.

Proposition 3.2. There exists a unique function ug € C! (@) nc 1(]R_E) which satis-
fies (2.3)—(2.4) with |Vuo(0)| = 0, up to a multiplicative constant.

Proof. Let us argue by contradiction, and let us suppose that there are two functions u
and v satisfying (2.3)—(2.4) with |[Vu(0)| = |Vv(0)| = 0 (existence being given already
by Lemma 3.1). Observe that we can apply Lemma 2.4 to obtain that for o, § > 0,

Wep = QUx, — By,

all satisfy (outside of the contact set, {x, = 0} N {x; < 0}) an elliptic equation in diver-
gence form with bounded measurable coefficients in the weak sense (that is, (2.5)), with
ellipticity constants independent of « and . In particular, the same is true for both u,
and vy, .

Let us assume without loss of generality (recall G is 1-homogeneous and 1y, , vy, >0)
that

ux, (1,0)) = vy, ((1,0)) = 1.

Let us now consider the annulus B3/, \ Bj/,. By the interior Harnack inequality
for operators in divergence form (see [18, Theorem 8.20]) applied to both u,, and vy,
we have that they are also comparable in

1
(B3/2\ B1j2) N <{|X2| > §} U{xs > 0}>,
namely, there exists a constant C depending only on X and A such that

1w
C 7 vy,

in (B3/2 \ Bi/2) N ({8|x2[ = 1} U {x; = 0}).
Now observe that uy, and vy, vanish on {x, = 0} N {x; < 0} and they are non-
negative (and continuous) everywhere, so that together with the first observation we can

<C (3.3)
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apply the boundary Harnack inequality from Theorem A.1 in the half balls By ((—1,0)) N
{£x, > 0}. In all, we have that u,, and vy, are comparable (they satisfy (3.3)) in the
whole annulus B3/, \ By/2, for some constant C depending only on A and A. In particular,

1 .
Ux; — va] > 0 1in B3/2\Bl/2.

Since by assumption Uy, — évx, also satisfies an equation in divergence form and van-
ishes on {x, = 0} N {x; < 0}, we deduce by maximum principle that u,, — évxl >0
in B3/,. The same argument with the other inequality yields that (3.3) actually holds in
the whole ball B3/5.

We now observe that they are in fact comparable in all of R2. Indeed, up to a rescal-
ing constant Cg = % for R > 1 we can repeat the previous arguments to obtain
that u,, and Cruy, arle comparable in Bzg/,, that is, they satisfy (3.3) for some C that
depends only on % and A. Using now that uy, ((1,0)) = vy, ((1,0)) = 1, we deduce
that Cp is in fact comparable to 1, and u, and vy, are comparable everywhere. That is,
(3.3) holds in R2.

Let us now define c, as follows:
Cx 1= supfc > 0 : uy, —cvy, > 0in R?}.

Notice that this set is non-empty since it contains the value 0, and it is clearly bounded
above. Moreover, the function u,, — c«Vx, is again a non-negative solution to an equation
in divergence form (2.5) vanishing on the contact set. In particular, if we define

K :=1ux, ((1,0)) — cxvx, ((1,0)),

we have that ¥ > 0 by the Harnack inequality, and we can compare the functions
;(ux1 —CxUy;) and vy, .

These two functions satisfy the same properties as before, so repeating the previous pro-
cedure, we obtain that they are comparable everywhere. In particular, there exists some

constant ¢ > 0 such that
(Ux; — CxVx;)

KVy,

>c>0.

Thatis, ux, — (cx + k)vx, =0, and we get a contradiction with the definition of ¢, unless
Ux, = CxVx, everywhere. In particular, since they coincide at (1, 0), we deduce

Uy, = vy, inRZ

That is, u(x1, x2) = v(x1, x2) + f(x2). Finally, since both u and v satisfy the same
fully nonlinear equation outside the contact set and are C*%, we deduce that f needs
to be C1* and satisfy a bounded measurable coefficient equation in R2. In particular, it
must be a hyperplane. Since u(0) = v(0) = |Vu(0)| = |[Vv(0)| = 0, we have that f, =0
and u = v. That is, there exists at most one solution to (2.3)—(2.4) with |Vuo(0)| = 0.
The existence of a solution now follows from Lemma 3.1. ]
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3.3. Proofs of Theorem 1.1, Corollary 1.3, and Proposition 1.9

Proof of Theorem 1.1. The proof is an immediate consequence of Lemma 3.1 and Pro-
position 3.2. |

Proof of Corollary 1.3. Observe that for any sequence r | 0, we can find a subsequence
converging to a blow-up. Then, thanks to Proposition 3.2 and Lemma 3.1, such blow-up
is unique given by the construction in Lemma 3.1. ]

Once blow-ups at regular points are classified, by compactness we also obtain the
regularity of the solution (losing an arbitrarily small power).

Proof of Proposition 1.9. Let us rescale and assume |u|[zo0(p,) = 1.
We will show that, given ¢ > 0 fixed, if 0 is a free boundary point, then

lullLoo(B,) < Cer'ToF—¢ (3.4)

for some C depending only on ¢ and F.
Indeed, let us suppose it is not true. That is, there exists a sequence uy of solutions
to (1.2) with operator F', with 0 a free boundary point for each u, and such that

O(r) = sup sup p_l_“F+E||uk||Lw(Bp) —o00 asr |0,
keN p>r

where 0(r) is a monotone function of r. Take sequences r, | 0 and k,, € N such that

0 (rm)

Om =1 Nk, Lo s,) = —5— = 00 asm — oo,

and define
Uk, (FmX)

U (x) (= —2—"—,
vk, Lo (B,,)
Observe now that

lvmllLoo,y =1 and D)zc/vm > —Cq,;1 in By/@r,)
with

qm = 2 |ux,, “Z‘l"(Brm) > r WP TEG(ry) — o0 asm — oo,

and we are using that solutions to the fully nonlinear thin obstacle problem are semicon-
vex in the directions parallel to the thin space, [11, Proposition 2.2]. Moreover, we have
that vy, satisfies Fy, (D?vp) = 0 in {x, # 0} and {x, = 0} N {ug,, (rm -) > 0}, where
Fn(A) = quIF(‘ImA)-
In all, v,, satisfy a thin obstacle problem in B/, with operator F;, such that
af,, = of.Now, since
_ Nk llLo B, _ S pi+ar—c O(Rrp) 5 pitar—e

vmllLoo(BR) = ——————= < <
LB luk,, | Lo (B,,,) 0(rm)
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for all i > R > 1, by the regularity estimates for the thin obstacle problem we can let
m — oo and converge to some global solution v to the fully nonlinear thin obstacle
problem, with the 1-homogeneous operator F* (the blow-down of F), such that

[VoollLoo(Bpy < R*T¥F ¢ forall R>1 and D2Zve >0 in R”.

However, from the existence and uniqueness of blow-ups at regular free boundary
points Lemma 2.2, Proposition 3.2 and Lemma 3.1, v is either O or ¢-homogeneous,
with @ > 1 4+ aF. From the growth condition, we obtain

contradicting ||v,||Loo(p,) = 1 forallm € N.
Hence, (3.4) holds. From here, now, obtaining the estimates is standard, combin-
ing (3.4) with interior C 2% estimates for fully nonlinear convex operators. ]

4. Expansion around regular points

The goal of this section is to prove the following result, saying that the solution has an
expansion around regular points.

Theorem 4.1. Let u be a solution to the fully nonlinear thin obstacle problem (1.2).
Assume, moreover, that F is 1-homogeneous and of form (1.3), and that 0 is a regular
free boundary point satisfying |Vu(0)| = 0, and such that v € S"~1 is the unit outward
normal to the contact set on the thin space at 0. Let uy denote the unique blow-up at zero
(given by Lemma 3.1, in the direction v) with homogeneity 1 + «,. Then, we have the
expansion

u(x) = coup(x) + o(|x|"+4r+)

for some cy > 0 and o > 0. The constant o depends only on F.

We begin by proving the following regularity result for equations in divergence form
in slit domains.

Lemma 4.2. Let u € WHP(By) N C°(By) for By CR?> and p > 2, f € LP(By), and
let us assume that u satisfies

div(A(x)Vu) = dy, f(x) in By \ {x2 = 0,x; <0},
u=20 OI’lBln{XZZO,xlf()},

where A(x) is uniformly elliptic with ellipticity constants A and A. Then u € C%(By) for
some 8§ > 0 depending only on A, A, and p, and

[lcs B, ) < CllullLeosyy + 11 fllLr(a)))

for some C depending only on A, A, and p.
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Proof. Let us start by dividing u by ||u|pco(B,) + %”f”L[J(Bl) so that we can assume
lullLoo,y < 1and || fllL»B,) < 7o, for some 1, small enough to be chosen, depending
only on p, A and A.

By standard results for divergence-type equations, this type of equation has interior
and boundary Holder regularity estimates (see [18, Theorems 8.24 and 8.31]). Thus, the
only problem occurs at the origin. That is, if we show that any such solution u is Holder
continuous at the origin (quantitatively, i.e., by putting a barrier from above and below),
then by a standard application of interior and boundary regularity estimates we are done.

Let us define v+ € W12(B)) to be the unique solution to

div(A(x)Vvs) = 8y, f(x) in By \ {x; = 0,x; <0},
v =0 on By N{x, =0,x; <0},
vy = +1 on 0B;.
In particular, by maximum principle v4+ > u in B;. Let us show that v4 is Holder
continuous, quantitatively, at the origin.
Let us write vy = v, + v,, where vy, v, € W12(By) satisfy
div(A(x)Vvy) =0 in By \ {x = 0,x; <0},
vy=0 onB N {Xz =0,x; < 0},
vy =1 ondB;
and
div(A(x)Vva) = 0y, f(x) in By \ {x2 = 0,x; <0},
v, =0 on By N{x, =0,x; <0},
v, =0 on 0B;.

By maximum principle (see, for example, [18, Theorem 8.15]), since p > 2 and we
are in R2, we have that

v2llLee ) < Cllf lLrBy) < Cno

for some C depending only on p, A and A.

On the other hand, by boundary regularity estimates we know that v (which is non-
negative) is close to zero near (—%, 0). Combined with a sequence of applications of the
interior Harnack inequality (for the function 1 — v1) along balls covering 0B;/,, we get
that v; is bounded on 9B/, by 1 — 81, for some 6; small enough depending only on A
and A. Hence, by maximum principle

||U1||LOC(BI/2) S 1 - 91'

In all, we have that if 1, is small enough depending only on p, A, and A, then

[v4llLoo(By ) <10
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for some 6 > 0 depending only on p, A, and A. We can now iterate the process and repeat
the argument, since p > 2 and assuming 6 smaller if necessary depending on p, to get

vy llzoo(B,) < Cr?

for some C and o > 0 depending only on p, A and A. Repeating the process from
below, we obtain the same result for v_, thus having constructed barriers from above
and below for u. By means of interior and boundary regularity estimates, this concludes
the proof. ]

The next assertion follows from [30, Lemma 5.3] and will be useful below.

Lemma 4.3. Let ug with ||[uo||zoo(s,) = 1 be of the form ug(x) = v(x’ - ey, x,), where v
is one of the blow-ups constructed in Lemma 3.1 coming from some operator G satisfy-
ing (1.3), &-homogeneous with & € (1,2), and letu € C(By) with |[u| poo(B,) = 1. Let us
define

¢r(x) := Lu(r)xn + Q«(r)uo(x),

where

(L«(r), Q«(r)) :== argmin /B (u(x) — Lx, — Quo(x))? dx.

(L,Q)eR?
Assume that, for all r € (0, 1), we have
lu = rllLs,) < Cor®
with B > & > 1 and Cy > 1. Then, there are L, Q € R with L, Q < CCy such that
lu — Lxn — QuollLoo(B,) < CCor?  forallr € (0,1)
for some constant C depending only on B, &, and G.

Proof. Since both ug and x, are two-dimensional functions, let us assume that we are

in R? (the same argument is valid in R™). We consider polar coordinates and write

uo(x) = p%iiy(0) and x, = psin @ for some o: S' — R coming from Lemma 3.1.
Observe now that

10:2r) — 0 ()r¥ < Clidar — prllLoo(s,)

since for 8 = 7, ¢ar(x) — ¢r(x) = p¥(Q+(2r) — Q4 (r))ilo(7) (where p = |x|), and
#o(7r) > 0 by construction (again, see Lemma 3.1). On the other hand, we also have

|L«(2r) — La(r)|r < Cllgp2r — ¢rllLoo(s,)

since there exists some 6 € (0, i) such that (5) = 0. In particular, for such angle (that
depends on G) we have ¢, (x) — ¢y (x) = p(L«(2r) — L«(r)) sin6. In all, we have shown
that

max{|Qx(2r) — Qx(r)|r¥, |L«(2r) = Lu(r)|r} < Cllgor — ¢rllLoo(s,) < CCor? (4.1

for some C that depends on G.
Now the proof is exactly the same as [30, Lemma 5.3], using (4.1). [



Optimal regularity for the fully nonlinear thin obstacle problem 3815

Proposition 4.4. Let u be a solution to (1.2) with 1-homogeneous F and of form (1.3).
Let us suppose that ||[u||Leo(g,) = 1, 0 is a regular free boundary point with |Vu(0)| = 0,
and that if ug is the unique blow-up (2.2) at O with homogeneity 1 + aq (as constructed
in Lemma 3.1), then

u(rx) ug(x) ” <n foralr <1. 4.2)

H lull oo (B,) Loo(By)

Let us assume, moreover, that {u = 0} N {x, = 0} N By =: Q' is a CY* domain in
{xn = 0}, with C"* bounded by 1 > 0. Then, there exist a constant Q > 0 with Q < C
and no > 0 depending only on F and «, such that if n < 1., then

lu(x) — Quo(x)| < C|x|'T*0* in B,
for some constants C and 0 > 0 depending only on F and «.

Proof. We will show that there exist constants Q > 0 and L with Q,|L| < C and o > 0
such that if n < 7., then

u(x) = Lxn — Quo(x)| < C|x|' T in B,

for some ¢ > 0 and C'. In particular, a posteriori, using that Vu(0) = 0, we deduce L = 0.
Notice also that, if such Q exists, we necessarily have that Q > 0. Moreover, arguing
as in the proof of claim (7.1), we actually have that Q > 0.
We divide the proof into 7 steps.

Step 1: The setting. Let us argue by contradiction, and let us suppose that there are

sequences Q, Uy, Vx € S"2 such that

® uy is a solution to (1.2) with operator F', such that O is a regular free boundary point,
|V (0)| = 0 and [ug|lLoopy) = 1,

e the blow-up at 0 of uy is u(()k) with homogeneity 1 + o € (1,2), and (4.2) holds for uy
and ugk), and for some 7 to be chosen,

e the set {ux = 0} N{x, =0} N By = Q) is a C"* domain in {x, = 0} with C*
norm bounded by 7,

e the outward normal to the contact set Q;{ at 0 is given by v, so that in particular
u(()k)(x’, Xp) = ﬁgk)(x’ - Vg, Xp) for some ﬁgk): R? - R,

but they are such that for all C there exists some k € N such that there are no constants L

and Q satisfying

[ug(x) — Lx, — Quf)k)(x)| < C|x|'**+9 in By.
In particular, there are no L and Q such that
|ug (x) — Lx, — ngk)(x)| < C|x|1+n < C|x|1+°‘k+‘T in By,

where IT := 1 4 oo + 20. We are assuming that, up to taking a subsequence, oy —
oo € (0, 1), and we are taking k large enough. The constant o will be chosen later in
terms of F and «.
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Step 2: General properties. Let us denote

Drr(X) 1= L (r)xn + O (Mul® (v),

where

(Li(r). Qx(r) := argmin [ (ug(x) = Lxy — Quf (x))” dx.
(L,0)eR? /By
In particular, a simple computation yields that

k k k k
(() (k) (k) )r<() )

L (7’) _ Uy T, U )r(xna uk)r - (uo s U )rUg "5 Xn
k)= GING) PR GINEY
(uo »Ug )r(xn»xn)r ( 0 7xn)r
and (k) (k)
Qk(r) _ (MO ’Mk)r(xnvxn>r - (Mk, xn)r(“o ,xn>r
- k k k
(Mg ),uf) )>r<xn7xn)r - <u§) )’xn)%

where for the sake of readability, we have denoted

(fig)r = /B F0)g(x) do.

Since u(()k) and x, are linearly independent and homogeneous, we can assume that

there exists some small constant ¢y > 0 depending only on F such that
k) (k k
(xn,x,,),(u(() ), u(() )), - (u((, ),xn)f > cor2@textn) 5 g, 4.3)

Notice that Q (r) > 0 if and only if

/ xﬁdx/ u(()k)(X)de—/ Mxndx/ u(()k)(x)x,, dx > 0.
B B, B B

lurllLoo(B,) L M llLoo(s,)

From (4.2) and (4.3) with r = 1, we deduce that the previous holds if 7 is small enough
(depending on F), and thus we get that

Ok (r) > 0. (4.4)

Step 3: The blow-up sequence. On the other hand, from Lemma 4.3, we have

sup sup{r M ug — dr.r Lo (B} = +o0.
keN r>0

We now claim that there exist subsequences k,, — oo and r,, | 0 such that
. -
Om = Tpy Uk — Phip,rm lIL>(B,,,) = +00, 4.5)
and if we denote ¢, := ¢, ,r,,» and

Uk, TmX) — G (Frmx)

luk,, — dmllLoo(s,,,)

U (x) 1=
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then we have a bound on the growth control of v,, given by

1
Iyl
m R = > > )
lvmllLooBr) < CR for all I >R>1 (4.6)

'm

and a bound for Ly, (r,,) and Oy, (rm) given by

L, (rm) < COp. Ok, (rm) < COp,. 4.7)
Observe that by definition of ¢, (and homogeneity of uf)k'")), we have the orthogon-

ality condition
/ vm(x)ugk’”)(x) dx =0 and / U (X)x, dx =0, (4.8)
B B,

and simply by definition, we have

lvmllLeo By = 1. 4.9)

Let us show (4.5)—(4.7). We start by defining the monotone function

0(r) := sup sup{p™ " luk — rpllLoos, b

keN p>r

so that, for r > 0, 6(r) < oo, and 6(r) 1 oo as r | 0. Take now subsequences r,, and k,,
such that
0(rm)

—m )
T Mk = Bkprm L0 (By,,) =2 Om > 5 >

asry | 0.
From the definition of ¢ ,, we have that
Bear — brr = (Qk2r) = Qu(Mu§” + (Li(2r) — Li(r)xa.

where we recall that ugk) is (1 + o )-homogeneous, and thus arguing as in (4.1), we have

max{|Qx (2r) — Qx (r)|r' T, |Lg (2r) — Li(r)|r}
< Cl¢2r — ¢rliL=(B,)
< Clpr.2r — ukllLoo(Bs) + Clidk,r — kLo,
< crlo(r).

Proceeding inductively, if R = 2V, then

rire 0 (Rr) — Ok (r)|

0(r)
N-1 i A 1tar—TI i i
<0 Y e @00 - 0271
Rt 0(r)
N-1 j
<C 21010 9@ con@m-t-w) o pri-t-o (4.10)

o) —

0

J
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Similarly with the terms L (Rr), we have
1-T1
0(r)

Thus, we obtain a bound on the growth control of v, given by (4.6). Indeed,

|Lk(Rr) — Li(r)] < CR™1,

kﬂ’l
4k, — Ly () Xn — Qs () uS™ ([ Loo (R

vmllLoe(Br) =
" () ”ukm _¢kmﬂ‘m ||L°°(Brm)
< #”uk — Liey, (REm)Xn — Quepy (REm)US™ || 150 (Rry)
N g(rm)rrl';l " " n
——— | L, (R — L R
By e ) = Ll ) 1R
2
- R _ R 14+ay
+ e(rM)rrlr-;I|QkM( "m) = Ok (rm) | (RTm)
I1
< 2% + CRH’
0(rm)

and now (4.6) follows from the monotonicity of 6.
Notice also that the previous computation in (4.10) also gives a bound for L (r)
and Qg (r) given by
Li(r) =CO(r), Qi(r) = CO(r),

which follows by putting R = r~!. This gives (4.7).

Step 4: Convergence of the blow-up sequence We have that (since Qy,, () > 0, by (4.4)),
for any 8 > 0,

Pi A (D (v — Pug™)) < 0 < 25, (D (vm — Buf™)) @.11)
in By \ (Q;{m U {x - vg,, <0,x, =0}) and also
(km) _ ’ _
Um —Pug ™ =0 on N{x-vg, <0,x, =0}

Let us define U,;F = Q;Cm U {x - vk, <0,x, = 0}. Observe that, from cLe regu-
larity of solutions to fully nonlinear equations and the fact that Q;{m is C1*, we have
that |Vyug, | < Cr¥0+9 in B, N U, Similarly, using (4.7) we have that |Vy | <
C0,r®1+) in B, N U . Combining the previous considerations, we get that

. 1
IVxttk, = Vbl oo s, 004y < COnr®UF®) forall r < n

and

1
[Vxrug,, — Vx’¢m]C&(BrmU$) <C6, forallr < T

Observe that by the almost optimal regularity of solutions (Proposition 1.9) and by tak-
ing 1o small (so that the domain is almost flat), we can assume that & is arbitrarily close
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to a. In particular, if k is large enough, we can choose also o small enough so that
M—1<a(l +a)in Bys.

In all, interpolating the previous two inequalities and using that TT — 1 < @(1 + «)
in Bj/4, we obtain that

- 1
[Vt = Varbml oy g vty < COpmr™! forallr < 1

for some y > 0.
In particular, taking r = r,,, we get

Vomler g armtugy = €

m

Repeating the same argument for any R > 1 with r,, R < i, we obtain

Vomler g ramtvg) = CR)-

Together with (4.11) for B = 0, we have that v,, (which is continuous) is C!*” in
Br N r,,'UT and satisfies an equation in non-divergence form outside. A barrier argu-
ment combined with interior estimates gives

[vmlcrBr) = C(R)

for some possibly smaller y > 0, for C(R) independent of m.

In all, we can take m — oo and v,, converges, up to subsequences, locally uniformly to
SOme Voo € Clgc (R™). Moreover, up to taking a further subsequence, we also assume uf,k’")
converges locally uniformly to #$°, and v to Vo, so that d.ug® = Oforalle € S"=2 with

e - Voo = 0. Taking (4.11) to the limit, we get that, for all § > 0,
PraAD*(veo — fui)) <0 < Pt (D?(voo — ug®)) (4.12)
in By \ {X Voo <0,x, =0}, and vee = 0in {x - voo <0, x,, = 0}. Finally, from (4.6),
[VoollLoo(Bg) < CR™  forall R > 1.

Step 5: Two-dimensional solution. From the regularity in Proposition 1.9, we know that
for any ¢ > 0, there exist m large enough and C depending only on F, o, and € such that

10uy,,, Uk | < Clx|%m™¢ in By, .

We are using here that, for m large enough, the normal to Q;Cm in B,,, does not vary too
much, thus the corresponding regularity does not vary too much either.
On the other hand, by the boundary Harnack inequality in slit domains for equations
in non-divergence form ([10] or [32, Theorem 1.2]) we know that there exists some 8 > 0
depending only on « and F such that
Oelig,,

Wy = —2— € Cﬁ(Bl/Z) foralle e S"2 e Vi = 0,
avkm Uk,
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with estimates. In particular, since the normal at the free boundary at 0 is v,,,, W (0) =0
and together with the almost optimal regularity in Proposition 1.9, we obtain

101, | < Clx|%m =8 < C|x|%mTB/2 in B, foralleeS"2:e-v;, =0, (4.13)
by choosing ¢ > 0 small enough, and for some C that now depends only on « and F.

Thus
1-Tl+ay,, +B/2 B/8
'm

< b3 (4.14)

10cvmllLoo(By) < 0 =5 =m

if we choose o < % and we let m large enough (recall o, — Qo). In particular, taking

m — 00, the limiting function v is two-dimensional, and
~ I
Voo (X) = Voo (Voo * X', Xp)
for some Us0: R? — R.

Step 6: Higher order estimates. Let us fix some m € N, and let us assume without loss
of generality that vg,, = e;.

Notice that vy, is locally C%* outside of U,} = U {xn = 0,x; <0}, in particular,
it satisfies an equation with bounded measurable coefficients,

n

> af(x)dijvm(x) =0 in By \ U,

ij=1

where Ap(x) = (aj;(x))} ;= € M3 is uniformly elliptic with ellipticity constants A
and A. Proceeding as in the proof of Lemma 2.4 (see [ 13, Chapter 4]), we can differentiate
with respect to e; and rewrite it as

n—1 n m
divy (A (x) Vi 81 0m) = —0; { > (Z an (();)) ai)ajum(x)} in By \ U}, (4.15)

j=2 Vi=1

where

5 ali(x)  2af; (x)
Am (x) = [ @ain(x) aph (x) € M,
0 1
is uniformly elliptic, and where we can divide by a (x) since A,,(x) is uniformly
elliptic. We have denoted here divy , w = 0;w + d,w and V; ,w = (d;w, d,w). Notice,

also, that all coefficients a;; (%) are uniformly bounded.

m
Ann

If we fix x, =--- = x,—1 = 0in (4.15) and denote
U (X1, Xn) 1= U (x1,0,...,0,x,),
then
div(4,V317) = 01 fin(x) in By \ {x, =0,x; <0} C R? (4.16)

for some f;,, We will show that ﬁn € L? for some p > 2, independently of m.
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Let xo € {x3 = --- = x3—1 = 0} \ {x, = 0, x1 <0}, and let p := |xo|; we want to
bound |V;ug,, |(xo) in terms of p, for j € {2,...,n — 1}. Notice that, on the one hand,
we know that

pll0;ux,, ||L°°(Bp/8(xo)) < Cp1+°‘km t/2 inB 4.17)

m

from (4.13).
On the other hand, if 7 is small enough, we can either assume that B,/4(x,) C
By \ Q;m or that X, € By/a(x}) with x, = ((x0)1,0,...,0) and B,2(x},) N 852;% =g.
If the first case holds, then by interior estimates for convex fully nonlinear equations
on ug,, [8], we obtain that

P2+7[V3j”kn1]c7(30/8(x0)) < Cllug,, oo (By(xo)) < Cp' T ¥m ™ (4.18)

for some C and any ¥ > 0 small enough depending only on F and &, and where we are
also using the almost optimal regularity for uy,, , see Proposition 1.9.

We can now interpolate (4.17) and (4.18) (see, for example, [18, Section 6.8]) and fix
&= @ to obtain

V011, | (X0) < [V0j2tky, |00 (B, o) < C 0| =1 HAV/GAHT) (4.19)

forany j €{2,...,n —1}. On the other hand, if the second case holds (i.e., Xo € Bp/4(x})
with x, = ((X0)1.0,...,0) and B,/2(x}) N 89;% = (), the same result (4.19) is obtained
by means of boundary regularity estimates instead of interior estimates for convex fully
nonlinear equations.

Applying the previous bound (4.19) to vy,,, we obtain that given a point X, € {x, =
oo =xy—1=0}and j € {2,...,n — 1} (recall 8ju(()k’”) =0)

V3 0m(Xo) < /4%, |m—11P

if o is small enough depending on 8 and ¥, and where ,g is small (again depending on S
and ¥). In particular, we have

V3 Um|(x1,0,...,0,x,) € LP(By), By CR? jel2,....n—1},

for some p > 2. Hence, after recalling (4.15), we get that in (4.16) ]7;,, € L? (R?) and

loc

| fmllocsy) < Cri/4

for some C independent of m, and some p > 2.

On the other hand, since v, is the difference of two solutions to a thin obstacle
problem, it has interior C2® regularity (that may depend on m). Proceeding as before
(to get (4.19)), we have that

V11K, [(X0) < VD1, oo (B, g ro)) < C |Xo|%m 5!
and by homogeneity the same holds for ¢,,, for a constant C that depends on m. In par-
ticular,

IV01UmllLr By < Cm
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for some Cy, 1 00 as m — oo. Thus, V310, € LY (R?) for some p > 2, and we can
apply Lemma 4.2.
That is, by the regularity estimates from Lemma 4.2 we get that 9,7,, € C®(B) for

some § > 0 with estimates of the form

[315,”]6'6(3]/2) =< C(||817~7m”L°°(Bl) +1)

for some C depending only on F and «. Using interpolation (see [18]) and a standard
covering argument to reabsorb the right-hand side (see, for example, [13, Lemma 2.26]),
we now get that

[010mlcs(B,,,) = CUVmllLeos) +1) = C.

Recall that 3, (0) = |V, (0)| = 0. In particular, v,, is uniformly C % for some § > 0 on
{xy =+ = Xx,_1 = X, = 0}. That is, the limiting function ve is C' on {x, = --- =
Xp—1 = Xn = 0}.

Since v, satisfies equation (4.12) with 8 = 0 and is two-dimensional, boundary reg-
ularity estimates imply that ve, is C'% in each part {#x; > 0}, by taking § smaller if
necessary.

Step 7: Conclusion. Notice that, in the previous step, (4.16) also holds exchanging vy, by
,Bu(k"“) for any fixed 8 > 0, and for any ball Bg with R < 2—

T ?

div(Ap g V(91T — B1TES™)) = 81 fn(x) in BR \ {xn = 0,x; <0},

where || /| LrBg) =C (R)r,‘?,/ 4 and /'fm, g is uniformly elliptic with ellipticity constants
depending on A and A.

In particular, we can take the limit m — oo and observe that f;, | 0 and that, by
homogenization theory, there exists uniformly elliptic A* (x) with ellipticity constants
depending only on A and A such that A B H- converges to A* up to subsequences
(see [1, Theorem 1.2.16 and Proposition 1.2.19]). That is, the hmlt 01000 — BO11 (00)
satisfies

div(A% (91900 — P17EG V) =0 in Bg \ {xn = 0,x1 < O}

Since this is true for any B > 0, we can proceed exactly as in the proof of Proposition 3.2
to deduce that 9, Vs = 531145) o0) everywhere for some B > 0 (by means of the boundary
Harnack principle, Theorem A 1) That is, Voo — ,BMO o) = g(x,). Recalling that, outside
of the contact set, Voo — ,3 i ) satisfies an equation in non-divergence form with meas-
urable coefficients, we deduce that g(xn) = kXxp, for some k € R.

In all, we have Voo (X1, X,) = ﬂuo (x1 , Xn) + KkXp. Passing to limit (4.8), we deduce
,3_ =k = 0 (we also use (4.3), so that this is the only solution), and hence Vpo (X1, X5)= 0,
contradicting (4.9) in the limit. [

As a consequence of the previous proposition, we directly have that there is always an
expansion around regular points, where the first term is the (unique) blow-up at the point.

Proof of Theorem 4.1. We just directly apply Proposition 4.4 at a sufficiently small scale,
where (4.2) holds by uniqueness of blow-ups. ]
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5. Optimal regularity

The ideas of this section are based on those developed in [15] (see also [14, Section 4.5]).
Let us start by proving the following lemma, that will be crucial in the proof of the
optimal regularity.

Lemma 5.1. Let F satisfy (1.3). For every ¢ > 0, there exists § > 0 depending only on ¢
and F such that the following statement holds.

Let u solve a fully nonlinear thin obstacle problem in By;s with operator F, and let
us assume that 0 is a free boundary point with Vu(0) = 0. Namely,

F(D?*u) =0 in Bys5\ {x, = 0,u =0},
F(D?u) <0 in Byjs, (5.1)
u>0 onBysN{x, =0}

Let us also suppose
|F(A) — F*(A)| <81+ ||A]) forall Ae MS.

where F* is the recession function of F, and

2 . 2—¢ 1
Dyu>—=81d inBys and |ullpcopr) < R foralll <R < 3 (5.2)
where €. is small depending only on F (as defined in (1.4)).
Then we have
lu = llullzoompyuollcrptup-) = & (5.3)

where ug is a regular blow-up for the operator F with ||ug|Leo = 1 (as constructed in
Lemma 3.1, with G of form (1.7) for F ).

Proof. Arguing by contradiction, suppose that uj satisfy the hypotheses with § = % but
the thesis fails for some ¢ > 0. Then u; converges to some U, convex in the directions
parallel to the thin space and satisfying a fully nonlinear thin obstacle problem globally
with some 1-homogeneous operator Fo,. We then get a contradiction by the classification
of global subquadratic and convex solutions [31, Theorem 4.1] and the uniqueness of
blow-ups. ]

The following is a continuation of the previous lemma, where we further assume
a non-degenerate blow-up.

Lemma 5.2. Let F satisfy (1.3) and be 1-homogeneous. There exists a universal 8, de-
pending only on F such that if u satisfies (5.1)~(5.2) with § < 8o, and ||u||poo(B,) = %
then

lu(x)| < C|x|'**F  forall x € By, (5.4)

for some C depending only on F, and where af is given by (1.8).
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Proof. Let e > 0to be chosen, and let §, := §(¢) given by Lemma 5.1, which will become
universal once & > 0 is fixed.
Then, since ||u||LooB,) = % we will show that O is a regular free boundary point, the
free boundary is C 1% in By, with C** norm bounded by C¢, and
u(rx)

—up(x) H <g forallr <1, (5.5)

H ||u||Lc>o(B ) L>(By)

where u¢ is a unit norm blow-up at 0 given by Corollary 1.3. We now fix ¢ small enough
(depending only on F'), such that the hypotheses of Proposition 4.4 hold. In particular,
we have an expansion of the form
u(x) — Qui’ (x)] < Clx|'***+7/2 in B,

for some @ bounded depending only on F. Since g < «, by definition and ugv) is
(1 + ay)-homogeneous and has norm 1, bound (5.4) directly holds.

Let us then show that indeed O is a regular free boundary point, the free boundary
is C1* in By, with C 1% norm bounded by Ce, and (5.5) holds.

From (5.3), the fact that O is a regular point and the free boundary regularity around
it are standard once we have a boundary Harnack principle for slit domains (cf. [12,
Section 5]). Indeed, suppose that vy = ug(x1, x,) (hence the normal vector to the free
boundary is v = e1). Then, if ¢ is small enough, a standard argument gives that d;u > 0
in By, (for example, using [4, Lemma 5]). The same holds for directions in a cone
around e 1, so that in fact the free boundary is Lipschitz, with Lipschitz constant arbitrar-
ily small (depending on ¢ > 0), cf. [32, Proposition 5.1].

On the other hand, let e € "~ N {x, = 0} be such that e - ¢; = 0. Then d,uy = 0
and therefore, by assumption,

[9eullLoe(By) < &

By applying now the boundary Harnack principle for slit domains for equations in non-
divergence form [32, Theorem 4.2], we get that
0ol

<Ce
C*(B1,2)

This gives that the free boundary is C'** with norm bounded by & (as in [12, The-
orem 5.3]). Observe, also, that we can choose u( to be arbitrarily close (depending on &)
to the blow-up at 0, u(()v), where v is the unit outward normal at the contact set at the
origin, and u(()”) is defined as in the proof of Corollary 1.3.

Thus, there only remains to show (5.5). Let us define

u(px)
lulloo(B,)

Up(x) = forp < 1.

Observe that u,, also satisfies a fully nonlinear thin obstacle problem with the same F
(since it is 1-homogeneous), has norm 1, and in a uniform ball around the origin the free
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boundary is formed exclusively of regular points. Proceeding by a barrier argument from
below (as in [31, Proposition 7.1] to get a non-degeneracy condition), we deduce that
| Lo (B,7)

= |lupllLoo(sy = CF2P forall 7 <1, (5.6)
ull oo (B,)

for some B, > 0 depending only on F.
Let us now consider u, for r < 1. Notice that u, satisfies (5.1). Moreover,

2
D2u, = — (D2u)(rx) > —81d in Bys,

lull oo (B,)
where we are using (5.6) with p = 1. On the other hand, if Rr > 1,

u CR2€op2—¢0
||ur||L°°(BR) = ” ”LOQ(BrR) = = CRZ_EcrﬂO_so < RZ_EO,
l[ullzoo(s,) [l oo (B,)

where we are taking &, smaller if necessary (depending only on F), and we are using
again (5.6) with p = 1. And if Rr < 1 with R > 1,

oo (B, ) < CR*Po < R2—*o.

lurllLoo(Br) =
* lull oo (B,)

where we are using (5.6) with 7 = % and p = Rr. In all, u, satisfies the hypotheses of
Lemma 5.1, and so (since u, has norm 1) we have, forall r < 1,

ur —uollLoo(By) < &
By taking ¢ smaller if necessary, we can assume, as before, that uy = u(()v) is the same

for all r < 1, where u(()”) is the unique blow-up at zero, with homogeneity 1 + «,,. Thus,
(5.5) holds. [

We can now prove the optimal regularity in the 1-homogeneous case.

Theorem 5.3. Let u be a solution to the fully nonlinear obstacle problem (1.2) with oper-
ator I given by (1.3) and 1-homogeneous, and let us assume that 0 is a free boundary
point. Let ar € (0,1) be given by (1.8). Then, u € C1*F (B") N CY*F (BT and

Il o s + Nillerser a7,y = C ey
for some C depending only on F.

Proof. Letus assume that ||u||zco(p,) = 1. By the semiconvexity in the directions parallel
to the thin space (see [1 1, Proposition 2.2]), we have

Diu>-CId

for some C depending only on F'. In particular, if 8, is given by Lemma 5.2, there exists
a rescaling ro < , (depending only on F) such that the function u(r¢ -) satisfies (5.1)—
(5.2) with § = 6.
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We claim now that, for Cy := max{C, ro_l_aF },
lu(x)| < Colx|'T¥F  forall x € By,. (5.7)

To prove this, consider the set of r < rg such that the following inequality fails:

r\lt+er
el < (=)
ro

(5.8)

If this set is empty, (5.7) holds. Otherwise, take its supremum r; and observe that we have
lullLoos,,) = 11 1+ary =1=%r Hence we can apply Lemma 5.2 to

1+af

u(rix) _ u(rix)ro

Uy (x) :=
r ”u”L‘X’(Br]) r1 1+taF

We observe that [|u,, ||Leo(p,) = 1 and that assumption (5.2) is satisfied since u(rg - )
satisfies it and (5.8) holds for r; < r < ry. By Lemma 5.2, we deduce that |u,, (x)| <
Co|x|"T*F for every x € B; and hence (5.7) holds.

Combining (5.7) with interior (and boundary) C?“ estimates for the convex fully
nonlinear operator F', we get the desired result. ]

We can now give the proof of Theorem 1.4.

Proof of Theorem 1.4. Itis a consequence of Theorems 4.1 and 5.3. The growth at regular
points is a consequence of the homogeneity of blow-ups. ]

6. Rotationally invariant operators

In this section, we will prove Proposition 1.6 first, and then use it to prove Theorem 1.5.

Let us consider the thin obstacle problem for a Pucci operator J’f A

P (D*u) =0 in By \ {x, = 0,u =0},
P (D*u) <0 in By,
u>0 onB;N{x, =0}

We want to classify blow-ups at regular points for this problem. In order to do that,
we will use the results in [23], where the author gives explicit solutions and homogeneities
for positive (and negative) solutions in planar cones.

More precisely, given a cone in R? with aperture 8 € (0, ), €9 C R?, the unique
positive and negative homogeneous solutions u 4 to the problem

Pr (D*ux) =0 inCy,
U+ =0 ond€y,
+uLr >0 in€y
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have homogeneity 1 + o+ > 1 given by the implicit equations

0 0
g(a—’a)) - E» h(a-f"w) - Ev w = 7

The functions ¢ = g(a, w), h = h(a, w): [1,00) x [1,00) — [0, Z] are defined as

1-— o+ 1
g(a, w) = arctan v/w + o arctan 4/ (—“’)
,/(a+$)(o¢~l—a)) a@+o

1 l -« o+ w
h(o, w) = arctan —— + arctan | —————.
o Jet He+o ol +y)

(See [23, Section 2].) Furthermore, for every fixed w the functions g(-, w) and h(-, w) are
decreasing in «; and for every fixed «, the functions g(«, -), —h(«, -) are increasing in .
With these definitions and the construction in Lemma 3.1, we can now give the proof

and

of Proposition 1.6.

Proof of Proposition 1.6. By the construction in Lemma 3.1 (and using the definitions
of g and & above, from [23]), our desired solution satisfies

2g(o, w) + h(o, w) = 7. (6.1)

That is,

1— o+ L
g = arctan ~/w + ¢ [% + arctan M}
Ve + e+ o) ato
7(l —a)

2@+ Do)

In particular, for each fixed @ > 1, it is the sum of two strictly decreasing functions
in o, and so there is at most one solution (which we know exists for @ € (0, 1)).

In order to simplify the previous expressions, let us define x := «/LB € [0, 1]. Equa-
tion (6.1) then translates into

= g(e.0) +

x2

(1—a)x [n

F(x,a):= il
(x ) Vi +x2)(ax2 + 1) +arctan

—] —arctanx = 0.
2 ax? +1

That is, for each x € [0, 1] we are looking for an o € (0, 1) such that F(x,«) = 0.
As before, F(x, ) is strictly decreasing in « € (0, 1) for each fixed x € [0, 1]. Moreover,
F (-, a) is a smooth function with

1 —2«a

l+a

F&a%anm,Fﬂﬂ)zg



M. Colombo, X. Fernandez-Real, X. Ros-Oton 3828

Let us now define

_ Vi 4+ x2)(ax2 + 1) P

G(x,a): d—a)x

(.X,O[),

so that G(0, ) = & + arctan /o — % and G(1,) = %% Notice that G (x, ) is
smooth for (x,a) € [0, 1] x [0, 1).
A direct computation yields

0 a(l + x?)(—x + arctan(x)(1 — x2))
—G(x,a) = .
dx (1 —a)x2 /(o + x2)(ax2 + 1)

In particular, since arctan x < 1_)“7 for x € (0, 1), we have that

%G(x,a) <0 for (x,a)e€(0,1)x(0,1).

On the other hand, we can also compute

(1= x2)(1 — a)?x — arctan(x)(x2 + 1)%(a + 1)?
2(a + 1) y/(a + x2)(@x? + 1)(1 — a)2x .

That is, for @ € (0,1) and x € (0, 1),

ad
£G(x,a)

0 (1 —a)?> arctan (x) (x% 4+ 1)?
—G 0
do (x.e) <0 & (1+a)? X 1—x2

In particular, notice that

(1—-a)? 1<+ arctan (3x) (1- %) _ arctan (x) (x2+1)?
(1 + a)? x—x (1—x2) X 1 —x2
for all (x,a) € (0,1) x (0, 1). Thus, %G(x,a) < 0 for (x,a) € (0,1) x (0, 1) as well.
Hence, G(x, «) is (strictly) decreasing in both x and « (recall that v is «-homoge-
neous if and only if G(x, @) = 0, where x = ,/4).

We know that for each x € (0, 1], there is a unique « € (0, 1) such that G(x,a) = 0.
In particular, there exists some function & = h(x): (0, 1) — (0, 1) such that G(x, h(x)) =0.
Using that G is strictly decreasing in both variables (alternatively, by the implicit function
theorem), we have that 4 is strictly decreasing.

That is, if @ = «(w) denotes the homogeneity (1+a) of v, then « is strictly increasing.
In particular, since «(1) = %, we reach the desired result.

Finally, when x | 0, G(x, o) vanishes when o approaches the unique solution to the
equation G(0, ) = % + arctan /o — % =0. n

Before proving Theorem 1.5, let us show the following two-dimensional lemma, stat-
ing that rotationally invariant, 1-homogeneous, and convex operators are equivalent (for

solutions to thin obstacle problems) to some Pucci operator J’f A
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Lemma 6.1. Let F: M, — F be a fully nonlinear operator with ellipticity constants
0 < A < A < oo and such that it is rotationally invariant. Suppose, also, that F is 1-homo-
geneous and convex. Then, there exists some 1 < @ < % such that {F <0} = {:7)1"'5 <0}

In particular, if u: R? — R is a two-dimensional solution to

F(D*u) =0 inB;\{x; =0,u =0},
F(D?*u) <0 in By,
u>0 onB;Ni{xy =0}

then there exists some 1 < ® < % such that u satisfies

Pr(D*u) =0 in By \{x =0,u =0},
P=(D*u) <0 in By,

that is, u solves a thin obstacle problem with the Pucci operator ‘(P1+5

Proof. Since F depends only on the eigenvalues (or alternatively, it is rotation invariant),
we can write F(D?u) = f(A;(u),A»(u)), where A;(u) > Ao(u) denote the two eigen-
values of D?u. Since F is elliptic, whenever F(D?u) = 0, we have that A1 (1), (u) <0,
so we can assume f to be defined in D := [0, c0) x (—o0, 0] C R2.

The fact that F' is uniformly elliptic implies that f is strictly increasing in both com-
ponents A and A;; and since F is 1-homogeneous, we have that f is 1-homogeneous as
well. In particular, the zero level set of f in D is a cone. From the fact that f is strictly
increasing in both coordinates, the zero level set of f is either empty in D or a line passing
through the origin, namely, { f = 0} N D = {(A;, —@A,)} for some & > 0.

Now observe that, if it is non-empty, the zero (and sub-zero) level set for f coincides
with the zero (and sub-zero) level set of a Pucci operator 3’1+ 5 if@>1or 3’5_,1 ifo < 1.
Hence, if we show the right inequalities (and existence) for @, we will be done.

We have

ctr(A) < F(A) < P (4) forall A € M3 (6.2)

for some ¢ > 0. The second inequality holds by definition of the Pucci operator, while the
first inequality is a consequence of the fact that F is rotation invariant and convex. Indeed,
since F is convex, there exists some linear operator L(A) := tr(ZA) for some L € Mf
such that L(A) < F(A), and since it is rotation invariant

tr(LO™'40) = r(OLO ™' A) < F(A) forall A € M5,

and for all rotations O € ((2). In particular, it holds for O’ = (_‘1) (1,), and thus we also
have

%tr(L) tr(A) = %tr((L + O'L(0))A) < F(A)

forall A € M5 and hence (6.2) holds.
Finally, from (6.2) we immediately deduce that @ exists and 1 <@ < £, as we wanted
to see. ]

>[>
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The following proposition will now directly give the proof of Theorem 1.5.

Proposition 6.2. Let F be a rotationally invariant operator of form (1.3). Then, either
{F <0} = {tr() < 0} or {F* <0} C{P[, <0} forsome A > 1.

Proof. We first remark that, by convexity, { F <0} = {tr(-) <0} ifand only if { F* < 0} =
{tr(-) < 0}. Since F* gives a convex Hessian equation, we can write

F*(A) = f*(1(A), ..., L,(A)) for A e M5,

where £;(A) < --- < £,(A) denote the ordered eigenvalues of A, and f*:R"” — R is
invariant under permutations of the coordinates, convex and elliptic, in the sense that for
a dimensional constant C,,, and forany i € {1,...,n}, u > 0,

A
G S S i ) = (G L ) S A,
n

(See [5,28] for more details.) If F*(A) is a function of the trace of A4, then {F* < 0} =
{tr(-) < 0} by ellipticity and the fact that F*(0) = 0, and the proposition is proved. Let
us assume otherwise that f*(£y,..., £,) is not a convex function of £1 + --- + £,. Then,
there exists some pg € R” such that V f*(po) = (L1, ..., L) exists and is not a multiple
of the vector (1,...,1). By the rearrangement inequality and ellipticity, we can assume,
up to changing the point pg into one of its coordinate permutations,

A
0< ZT <L <---=<L, 2AGC,.

n

We now claim that, for Ap =1+ - ( L” -1 >1,
{F* <0} C{P, <0}

Indeed, let A € M;f with eigenvalues £; <--- < {, suchthat F*(4) <0,£; <0, ¢, >0,
and let
=sup{j €{l,....n}:{; <0}

Since f* is 1-homogeneous, (L1, ..., L,) belongs to its subdifferential at 0. Hence

“ L ~ L,—L;
F*(A) = f*(y.....4 )>§ :LK >L; (§ O+ Lig 4 » -’z,,). (6.3)
i=1 ] J

Notice that the last two contributions are non-negative. We bound F*(A) from below
by P (A) up to a constant, by studying two cases separately. If L; < /LL,, neg-
lectmg the second to last contribution in (6.3), we have

Fz(jA)zgfi—i-(\/i:r:—l)enZi€i+(l+%(\/:_l)) PR

i=1 i=j+1
— o+
= Py, (A).
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If L; > +/L1 Ly, neglecting the last contribution in (6.3), we have
s (A) Ze +(,/——1)£1_(1+%(1/——1))Zz + Z t
i=1 i=j+1
1 L
> (1+;(,/L—;—1)) Pty (A).

In both cases, we have proved that J L A (4) <0. |
And thanks to the previous proposition, we can now give the proof of Theorem 1.5.

Proof of Theorem 1.5. If {F < 0} = {tr(-) < 0}, we are done by the results for the Sig-
norini problem [3]. Let us suppose then that { F < 0} # {tr(-) < 0}.

We compute o according to definition (1.8),

aF = min_op, € (0,1),
eeSn—2

where F(,) is the two-dimensional blow-down in the direction e. Observe that, since F' is
rotationally invariant, blow-ups at regular points satisfy a two-dimensional fully nonlinear
thin obstacle problem with operator {Pl+ 5 by Lemma 6.1. Moreover, arguing as in the
proof of Lemma 6.1, since we have { F* < 0} C {J)l—t_AF < 0} by Proposition 6.2, up to
a dimensional constant, we have that @ — 1 > ¢, (AF — 1).

Hence, by Proposition 1.6, AF,, > % foralle € S*"! N{x, =0}, and ar > % From
the regularity result in Proposition 1.9, we are done. ]

7. Non-homogeneous operators

In this section, we deal with the more general case of non-homogeneous operators. In the
first part, we show that in general we do not expect the C 1'*F regularity to hold for a non-
homogeneous operator. In the second part, we show that we can relax the 1-homogeneity
condition to some algebraic control of the convergence of the operator to its blow-down
(in analogy to the control given by Holder coefficients for linear equations in non-diver-
gence form).

7.1. A counterexample

Let us start with the proof of Theorem 1.7, saying that in general solutions are not C 1:*F
by constructing such a solution for a particular F'.

Proof of Theorem 1.7. Let us construct such a solution. We will do so in R? and for
some F that will be, moreover, rotationally invariant. Here, o is given by (1.8).
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Let us consider, without loss of generality, the domain Q0 = [—1, 1] x [-1,1] C R?,
and the thin obstacle problem in this domain. In particular, the thin space is given by
{X2 = O}

We will construct a sequence of solutions u; to a thin obstacle problem in Q; with
operators F; of form (1.3), all with the same boundary datum given by

u; = x1 on{x; = £1}, u; =—1 on{x, = %1} foralli € N.

In particular, notice that dx, u; either satisfies an equation with bounded measurable
coefficients or vanishes. Moreover, on the boundary we have dx,u; > 0, hence by the
maximum principle d,, u; > 0 everywhere. On the other hand, since F; will be rotationally
invariant, u; is even with respect to {x, = 0}. Thus, if we let 0F := [—1,1] x [0, 1], then
d,u; < 0on dQ* and again by maximum principle d,u; < 0in Q% (and by symmetry,
dou; > 0in Q7).

In particular, for each u; there exists some z; € (—1, 1) such that u; = O on {x, =0,
x1 < zj}and u; > 0on {x, = 0,x; > z;}. That is, (z;, 0) is (the unique) free boundary
point for u; (and from the monotonicity of the solution around it, it is a regular free
boundary point).

Let us now suppose Fo(D?w) := Aw. We will construct a sequence with F; having
ellipticity constants 1 and 2, so that the corresponding u; will converge to some Yo
satisfying a fully nonlinear thin obstacle problem, with some operator F, with ellipticity
constants 1 and 2 (all up to subsequences if necessary).

LetA; =2 — and let us define

1
i1’
Fi(A) = max (P (4) = &} = max{Fra(4). Py, (4) &)

for some sequence ¢; > 0 to be chosen. In particular,

”ui||C1’Q(Ai)(B1/2ﬂ{x2=0}) = Ci

for some C;, where we recall «(A;) is the optimal homogeneity associated to fP;r A, (the
homogeneity of any blow-up). In particular, from Proposition 1.6, o; := a(A;) is strictly
increasing, converging to o := @ (2) € (0,1) asi — oc.

On the other hand, recall that the solution to the fully nonlinear thin obstacle problem
can be defined as the minimal supersolution above the thin obstacle. In particular, since
any supersolution with operator F; above the thin obstacle is also a supersolution with
operator F;_; above the thin obstacle, this implies that u; > u;_; for all i € N and the
sequence u; is pointwise non-decreasing.

On the other hand, we claim (and prove later) that for ¢; = L

2(i+1)°

[ l| oo (2, 2 +r)xt0p)
pltaite; -

lim sup
r>0

+o00. (7.1)

Let us suppose that we have already constructed u;, let us show how to construct u; 4.
Observe that, once F; is fixed and hence u; is fixed, we only need to fix ;4 to determ-
ine u;4+1. Observe, also, that as ¢;+; — 00, u;+1 | u; converges locally uniformly. Not
only that, but also from interior estimates z; +1 1 z;.
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us un ui uo

— —_— X
z3 I Z1 zZ0 zo + V1

V3 Y2 V1

Fig. 2. The sequence of solutions to fully nonlinear thin obstacle problems u; with free boundary
points at z; on the thin space, x5 = 0.

Let us denote y;+q := z; — zj+1,sothat z; + y1 + y» + --- + yi = zo (see Figure 2
for a sketch). Since y;4+1 | 0 as ¢;+1 1 00, in order to determine ¢; 4 it is enough to say
how small y;4; needs to be.

Notice that from (7.1), there exists some sequence r; | 0 such that

u;(z; + rj,O) -

T itate =
Ty

1.

Let us now fix 7 € (rj)jen small enough such that
1+a;+e; : 1taco
T > Lr; ,
which always exists, since @; + & < Qoo. Let us also suppose that 7 < 2, and fix
Vi1 = r. In particular, this determines ¢; 11, and we have constructed u; 4 as the solu-
tion to the fully nonlinear thin obstacle problem with operator F; 4.
Let us check that 1, ¢ C ¥, thus giving our counterexample. To do so, let us denote
by (Zo, 0) the free boundary point of ©, (in particular, zg = zZoo + y1 + Y2 + - - +), so that
z; | Zoo @as i — oo. Notice now that

1+ +e; - 1+a
Uoo(Zi + Yit1,0) = u;(zi + yiy1,0) > yi+1’ > 1YVt *
On the other hand, z; — Zoo = Vi 41 + Vit+2 + - - -. From the recursive condition y; 11 < 2,
we get z; — Zoo < 2Yi+1, S0 that, since us, is monotone in the e direction, we have

Uoo(Zi + Yit1,0) — Uoo(Zoo, 0) - 1 Uso(zi +Yit+1,0) - 1

(Zi + Yit1 — Zoo) 1 T — 3ltaco il_:'loloo — 31t

I —> 00

as i — oo. This, together with the fact that Vg (Z60)(0) = 0, yields that u, ¢ C %o,
as we wanted to see.

Proof of claim (7.1). Let us finish by proving the claim (7.1). By translating if necessary,
let us assume z; = 0.
Recall that, by uniqueness of blow-ups (Proposition 3.2 or Corollary 1.3), we have

that
u;i(rx) -
—— = U (X)
uillLoo(B,)
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as r | 0, locally uniformly in Bj, where the function ; (x) is the blow-up solution: it

satisfies ||if;||Loo(B,) = 1 and it is (1 + «;)-homogeneous. In particular, for any § > 0

there exists some ro > 0 such that
u; (rx)

——ﬁ'(X)H <§ forall r < r.
H luilloos,y  ILo(B)2)

By triangular inequality and recalling that ; (x) is (1 4+ «;)-homogeneous, we have that

[ ||L°°(Br/2) > o7l—ai _ g~ p—1-ai—¢;/2

lluillLeo(B,)
if § > 0 is small enough depending only on ; and &;. Now, since ||u; || oo(p,) = 1, and
applying it iteratively, we have that

i | oo (8, _yy = 27 Hei /DK,

In particular, (7.1) holds, and this completes the proof of Theorem 1.7. ]

7.2. Optimal regularity for operators with quantified convergence to the recession
function

Suppose now that the operator F' we are dealing with, which satisfies (1.3), is not 1-homo-
geneous, but we have some control on its convergence towards the recession function F*.
In particular, let us define the monotone modulus of continuity wg: [0, 1] — [0, CA]
given by’
wp(t):= sup sup [EF(E7'A)— F*(A4), (7.2)
0=é=<r[l4]=1

so that, in particular,
|F(M)— F*(M)| < |[M|lor(IM|™")

for all M € M5 with | M| > 1. Observe that wr is indeed a modulus of continuity, by
the definition of F*.

We are now interested in the case where there exists some power « > 0 such that
wp(t) < Cet* forallt € (0,1) (7.3)

for some fixed C, > 0.
We have the analogous results in this case. We start with the analogue to Proposi-
tion 4.4, where the proof follows exactly as before and we highlight the main differences.

Proposition 7.1. Proposition 4.4 also holds when F satisfies (1.3) and (7.2)-(7.3) for
some k > 0 and C, > 0.

3This is equivalent to asking that, up to constants, d(Fz, F*) < wp (t), where Fy := tF(t™1.)
|F(M)—G(M)|

and d(F,G) := SUPpf e pcS TH1M|
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Proof. The proof follows along the lines of the proof of Proposition 4.4, and so we use
the same notation as in there; the dependence on F will now also include a dependence
on k and C, from (7.2)—(7.3). The only difference is that the functions in the sequence
ur,, (rmx) satisty a different equation outside of the thin space (still, they are solutions
to a fully nonlinear thin obstacle problem), and consequently expression (4.11) becomes,
in this case,

Pra(DWm — Buf™)) < Gup(x) < Py (D2 (Wi — Bud™)  (1.4)

for some function G,, g(x). We remark that u((,k’") is a solution to the fully nonlinear thin

obstacle problem with operator F*, which is different from F.
Let us find an expression and a bound for G,, g(x). We know that

_ km
Pr (DU — Pud™))

2
< Fn (L (Dt ) () = Fn(Qy () + B (D7) ).

where
Ty (G
Fin(A) = _F(_ZA) gm = |k, — dmllLoo(B,,,):
qdm 'm

so that, in particular,
2
- km r km
Pia (D> = Bug™)) = = F (O, (1) + mP) (D™ ) 1),
m
The analogous inequality holds for =(P,1+ A+ Thus, in (7.4) we define
2

G p(x) = —;ﬂF«ka (rm) + qmB)(D*u™) (1)),

m

and let us now find bounds for G, g (x). Observe that, by homogeneity, and after a rota-
tion assuming that vy, = e,

ID2uE ()| = Crm ™ (g, x) %m0,

Therefore, from (7.3), using that F *(Dzugk’”)) = 0and F* is 1-homogeneous, we obtain

C(ka(rm) +Qmﬁ) o (r,}q_ak’"|(x1,xn)|1—akm).

1Gmp ()| = ==
g T G (e ) [V %m C(Qkyy (rm) + qmP)

Now, from (4.7) and the monotonicity of wr, we have
C(1+ ,3;’,3)
I—1—ax _
e (07379 |(X1,xn)|1 Uk

< €. KO- TH+ T+, 1+ prH
= CCry T i—a
|(x1’xn)| m

|G p ()] < wF (Cryy )

, (7.5)



M. Colombo, X. Fernandez-Real, X. Ros-Oton 3836

where we are also using that Q. (7») — 0o. We choose o small enough (depending on F
and «) so that k (1 — ag,,,) — IT + 1 + ag,,, > 0, and (7.5) goes to zero as m — oo. In par-
ticular, observe that G, g is locally bounded in the domain where it is defined in (7.4),
so that the expression makes sense, and it belongs to LY for some p > 2. Specifically,
we have obtained an analogy to (4.11). Combined with barriers from above and below
(similarly to the ones constructed in [31, Lemma 7.2]) together with the interior Holder
regularity for equations in non-divergence form with L? right-hand side (for p > n,
see [8, Proposition 4.10]), we obtain by analogy with step 4 of the proof of Proposition 4.4
the uniform convergence of the blow-up sequence.

On the other hand, as in step 5 of the proof of Proposition 4.4, v,, converges to a two-
dimensional functional (see (4.14)).

Let us fix some m € N, and assume vg,, = e . Notice that v, is locally C 2% gutside
of U,j[ = Q;cm U {x, = 0, x; < 0}, in particular, it satisfies an equation with bounded
measurable coefficients,

n
> al ()3 vm(x) = Gmo(x) in By \ U,

ij=1

where A, (x) = (a;;?(x));" j=1 € M,‘f is uniformly elliptic with ellipticity constants A
and A, and G, o has bounds given by (7.5).
Since we have that for some p > 2

Gmp(x1,0,...,0,x,) € LP(By) with By C R?

uniformly in m, arguing as in step 6 of the proof of Proposition 4.4, we get that v,, (and

U — ,Bu(()k”’)) converges on the two-dimensional slice (x1,0,...,0, x,). By also using
the fact that ||Gp, g(x1,0,...,0,x,)||Lr(B,) = 0asm — oo, for By C R2, we finish the
proof as the one in Proposition 4.4. ]

Remark 7.2. Once we have Proposition 7.1, then Theorem 4.1 also holds in this case.

Furthermore, Lemma 5.2 and Theorem 5.3 also hold for F satisfying (7.2)—(7.3),
using Proposition 7.1 instead of Proposition 4.4. Observe that Lemma 5.1 is already stated
for general operators, so the results follow in the same way.

We can now prove the analogue to Theorem 1.4 in this case.

Theorem 7.3. Theorem 1.4 also holds when F satisfies (1.3) and (7.2)—(7.3) for some
k> 0and C, > 0.

Proof. The proof follows exactly the same as Theorem 1.4, thanks to the observation in
Remark 7.2. ]
Appendix A. The boundary Harnack principle

The following is the boundary Harnack comparison principle but for functions that do not
necessarily satisfy an equation with the same operator.
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We denote by B = By N {x; > 0}, and we consider operators of the form
Lw(x) :=div(A(x)Vw(x)), 0<Ald < A(x) < Ald, (A1)

that is, uniformly elliptic operators in divergence form with bounded measurable coeffi-
cients.

Theorem A.1 (The boundary Harnack principle). Let0 <Ao< A, andletu,veC (B_1+) N
H! (Bl"') such that v > 0 and they satisfy

Loplau —pv) =0 in Bl"',
u=v=_0 on By N {x; =0},

u(%el) <1, v(%el) >1,

in the weak sense, for any a, > 0, and for some elliptic operator in divergence form with
bounded measurable coefficients Lo as in (A.1), with ellipticity constants Aqyg and Ayg
such that 0 < Ao < Agg < Agp < Ao < 00. Then, cxu < v in Bl—i}z for some constant c
depending only on n, Ao, and A..
In particular, if u > 0 and u(%el) = v(%el) =1,
1

u .
Cx < — < — in BT,
v

A2
— inB, (A2)

for some constant c depending only on n, Ao, and A..

In order to show Theorem A.1, we will follow the boundary Harnack principle proof
of De Silva and Savin [10], and more precisely, we will follow its adaptations in [13,
Appendix B] and [32]. Let us start by stating the two following lemmas.

In the first one, we have a global bound on the L°° norm of the solution, up to the
boundary. It corresponds to [32, Lemma 3.7] (see also [13, Lemma B.6]).

Lemma A.2 ([32]). Letu € C(B_1+) such that £u =0in Brfor an operator of form (A.1)
with ellipticity constants A and A, and u = 0 on {x1 = 0}. Assume, moreover, that
u(%el) = 1. Then

lullLoos, ) < C
for some C depending only on n, A, and A.

In the second one, we have that if the solution is very positive away from the boundary,
and not too negative near the boundary, it is in fact positive up to the boundary.

Lemma A.3. Let £ be of form (A.1) with ellipticity constants A and A. Then, there exists
a § > 0 depending only on n, A, and A\ such that if w € C(Bl+) satisfies

Lw=0 ian', w>1 inBl"'ﬁ{xlzfs},
w=0 onBN{x =0} w>—§ in B

in the weak sense, then w > 0 in Bl+/2'
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Proof. The proof is identical to the proof of [32, Proposition 3.10], where the modulus of
continuity of the operator is only used to deal with the right-hand side (which here is just
zero). Alternatively, we refer the reader to the proof of [13, Proposition B.8]. |

We can now give the proof of Theorem A.1.

Proof of Theorem A.1. We proceed as in the proof of [10, Theorem 1.1] (see also the
proof of [13, Theorem B.1]).

By Lemma A.2, we can assume that u is bounded in B
ing only on n, A,, and A,. We consider

+

3/4 by some constant C depend-

Wye = Mv —c¢u

for some constants M > 0 (large) and ¢ > 0 (small) to be chosen. Observe that, since u is
bounded and v > 0, wpre > —¢€C in Bl‘|r . In particular, given the § from Lemma A.3 with
ellipticity constants A, and A, we can choose ¢ small enough (depending only on n, A,
and A,) such that

Wye > —§ in Bl+.

On the other hand, by the interior Harnack inequality for operators in divergence form
[18, Theorem 8.20], we can choose M large enough (depending only on n, Ao, and A,)
such that Mv > 1 4§ in B3;4 N {x1 > §}.

Thus,

wye > 1 in By N {x1 > 8}

Since wpre = 0 on {x; = 0} and L. wpre = 0 in Bf' by assumption, we can apply
Lemma A.3 to deduce that wpse > 0 in Bl—i}z (up to a covering argument and taking &
smaller if necessary).

That is, we deduce

e
v > 7Y in Bfr/z.
Since M and ¢ depend only on 1, Ao, and A, we deduce one inequality in the desired
result.

Finally, if u > 0 and u(%el) = v(%el) = 1, by exchanging the roles of v and v,

we get (A.2). [
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