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Abstract. We give conditions for the existence of regular optimal partitions, with an arbitrary num-
ber £ > 2 of components, for the Yamabe equation on a closed Riemannian manifold (M, g).

To this aim, we study a weakly coupled competitive elliptic system of £ equations, related to the
Yamabe equation. We show that this system has a least energy solution with nontrivial components if
dimM > 10, (M, g) is not locally conformally flat, and satisfies an additional geometric assumption
whenever dim M = 10. Moreover, we show that the limit profiles of the components of the solution
separate spatially as the competition parameter goes to —oo, giving rise to an optimal partition.
We show that this partition exhausts the whole manifold, and we prove the regularity of both the
interfaces and the limit profiles, together with a free boundary condition.

For £ = 2 the optimal partition obtained yields a least energy sign-changing solution to the
Yamabe equation with precisely two nodal domains.

Keywords: competitive elliptic system, Riemannian manifold, critical nonlinearity, optimal
partition, free boundary problem, regularity, Yamabe equation, sign-changing solution.
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1. Introduction and statement of results

Consider the Yamabe equation
Lot = —Agu + kmSgu = [u> "2u  on M, (1.1)

where (M, g) is a closed Riemannian manifold of dimension m > 3, S, is its scalar
curvature, Ag := divg Vg is the Laplace-Beltrami operator, k,, := “'"m—fn, and 2* :=
% is the critical Sobolev exponent. We assume that the quadratic form induced by the
conformal Laplacian .Z, is coercive.

If Q2 is an open subset of M, we consider the Dirichlet problem

Leu = [u|>*~2u inQ,
(1.2)

u=0 on dL2.

Let H ; (M) be the Sobolev space of square integrable functions on M having square inte-
grable first weak derivatives, and let H ;’O(Q) be the closure of €2°(2) in H, é} (M). The
(weak) solutions of (1.2) are the critical points of the €2-functional Jg : H gl,O(Q) — R
given by

1 1 *
Jo(u) = 3 /Q(|Vgu|§ + KkmSgu?) dig — 2—*];2 [u|®” djug.
The nontrivial ones belong to the Nehari manifold
Nog:={ue H;’O(Q) ‘u # 0and J4(u)u = 0},

which is a natural constraint for Jg. So, a minimizer for Jo over Ng is a nontrivial
solution of (1.2), called a least energy solution. Such a solution does not always exist.
If Q is the whole manifold M, it provides a solution to the celebrated Yamabe problem.
In this case its existence was established thanks to the combined efforts of Yamabe [64],
Trudinger [62], Aubin [4] and Schoen [46]. A detailed account is given in [41].
Set
cq = inf Jgo(u).
UENG

In this paper, given £ > 2, we consider the optimal £-partition problem

inf > cq,. (1.3)
i
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where Py :={{Q1,...,Q¢}: Q; @ isopenin M and 2; N Q; =@ if i # j}. Asolution
to (1.3) is an £-tuple {21, ..., Qg} € P such that cq, is attained forevery i =1,...,¢,

and
{ £

;CQi B {@1,...1,%1;}6?6 ;(:@,.
We call it an optimal £-partition for the Yamabe equation on (M, g).

Optimal partitions do not always exist. In fact, there is no optimal £-partition for the
Yamabe equation on the standard sphere S for any £ > 2. This is because cgq is not
attained in any open subset Q2 of S™ whose complement has nonempty interior. Indeed,
by means of the stereographic projection X : S” ~ {g} — R from a point g € S™ ~ Q,
problem (1.2) translates into

—Au=u"u nT(Q), u=0 ond(Q)]

It is well known that this problem does not have a least energy solution; see, e.g., [54,
Theorem III.1.2].

Our aim is to give conditions on (M, g) which guarantee the existence of an optimal
{-partition for every £. To this end, we follow the approach introduced by Conti, Terracini
and Verzini [21,22] and Chang, Lin, Lin and Lin [14] relating optimal partition problems
to variational elliptic systems having large competitive interaction.

We consider the competitive elliptic system

4
Loui = i 2w+ Aij il 10 s P2 on ML i =1,....0,  (14)
J=1
JF#i
where A;; = A;; <0, aij, Bij > 1, i; = Bji, and «;; + Bi; = 2*. Firstly, we provide
sufficient conditions for (1.4) to have a least energy solution with nontrivial components;
secondly, in the case «;; = B;; and A;; = A, we study the asymptotic profiles of such
solutions as A — —oo. As a byproduct, we obtain the existence of a regular optimal £-
partition of (1.3), and the existence of a sign-changing solution of (1.1) with two nodal
domains. Our results read as follows.

Theorem 1.1. Assume that one of the following two conditions holds true:

(A1) dimM = 3, (M, g) is not conformal to the standard 3-sphere and 2 < o;; < 4 for
alli,j=1,...,4.

(A2) (M, g) is not locally conformally flat, dim M > 9, and % <o < %for all
i,j=1,...Lifm:=dmM =9.

Then the system (1.4) has a least energy fully nontrivial solution (uy, ..., ug) such that
u; € €2(M) and u; > 0 for everyi = 1,...,L. Ifdim M = 3, then u; > 0 for every
i=1,....4

Note that, as «;; € (1,2* — 1), it satisfies % <a; < % when m > 9. By a

least energy fully nontrivial solution we mean a minimizer of the variational functional
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for the system (1.4) on a suitable constraint that contains only solutions with nonzero
components; see Section 2 below.

Theorem 1.2. Assume that

(A3) (M, g) is not locally conformally flat and dim M > 10. If dim M = 10 then

Se@” < 55We @z Vg €M,

where Wg (q) is the Weyl tensor of (M, g) at q.

Let A, < O with A, — —o0 and set  := % = % Foreachn € N, let (up,1,...,Upne)

be a least energy fully nontrivial solution to the system

£
Leui = lui P Pu + > AnBlujPluilPPui on ML i =1,... L, (1.5)

j=1
J#i

such that u, ; € €2(M) and u, ; > 0 for all n € N. Then, after passing to a subsequence,
we have:

(1) Un,i = Uco,i Strongly in Hg1 (M) NEY* (M) for every a € (0, 1), where uno; > 0,
Uoo,i # 0, and uco i|q; is a least energy solution to the problem (1.2) in Q; := {p €
M :Usoi(p) > 0} foreachi = 1,...,L Moreover,

B B .,
/I‘M’x"”n,i”n,]‘ — 0 asn — oo wheneveri # j.

(i) Uoo; € C¥Y(M) for eachi =1,... 4L

(iii) {R21,..., R} € P¢ and it is an optimal L-partition for the Yamabe equation on
(M, g). In particular, each Q; is connected.

v) T:=M~ Ule Q=AU L, where Z#N .Y =0, % is an (m — 1)-dimensional
€Y% submanifold of M and .% is a closed subset of M with Hausdorff measure
<m — 2. In particular, M = Ule 5_2,-. Moreover,

— given po € X there existi # j such that

lim [Voui(p)2 = lim [Veu;(p)|2 # 0,
p—>pg P> Po

where p — p(}—L are the limits taken from opposite sides of %,

— for py € .¥ we have

lim |Vgu,-(p)|2 =0 foreveryi =1,...,¢.
p—Dpo

(V) If £ =2, then Uoo,1 — Uoo,2 IS a least energy sign-changing solution to the Yamabe
equation (1.1).

From Theorems 1.1 and 1.2 we immediately obtain the following results.
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Theorem 1.3. Assume (A3). Then for every £ > 2 there exists an optimal {-partition
{Q1,...,Qy} for the Yamabe equation on (M, g) such that each Q; is connected and
M ~ Ule Q; is the union of an (m — 1)-dimensional €V*-submanifold of M and a
closed subset whose Hausdorff measure is at most m — 2.

Theorem 1.4. Assume (A3). Then there exists a least energy sign-changing solution to
the Yamabe equation (1.1) having precisely two nodal domains.

The main difficulty in proving Theorem 1.1 lies in the lack of compactness of the
variational functional for the system (1.4). Least energy fully nontrivial solutions are given
by minimization on a suitable constraint, but minimizing sequences may blow up, as
it happens for instance when (M, g) is the standard sphere. To prove Theorem 1.1 we
establish a compactness criterion (Proposition 2.8) that generalizes the condition given
by Aubin for the Yamabe equation [3, Théoreme 1]. To verify this criterion we introduce
a test function and we make use of fine estimates established in [29] to show that, under
assumptions (A1) and (A2), a minimizer exists.

The components of least energy fully nontrivial solutions to the system (1.4) may also
blow up as the parameters A;; go to —oo. The standard sphere is again an example of
this behavior. So, to prove Theorem 1.2, we establish a condition that prevents blow-up
(see Lemma 4.2). To verify this condition we need to estimate the energy of suitable test
functions. Rather delicate estimates are required, particularly in dimension 10 — where not
only the exponents but also the coefficients of the energy expansion play a role — leading
to the geometric inequality stated in assumption (A3). These estimates are derived in
Appendix A.

But the occurrence of blow-up is not the only delicate issue in proving Theorem 1.2.
To obtain an optimal £-partition we need the limit profiles of the components of the solu-
tions to (1.5) to be continuous. To this end, we show that the components (u, ;) are
uniformly bounded in the «-Ho6lder norm. This requires subtle regularity arguments which
are well known in the flat case; see e.g. [11,43,49,54]. We adapt some of these arguments
(for instance, a priori bounds, blow-up arguments and monotonicity formulas) to obtain
uniform Holder bounds for general systems involving an anisotropic differential operator.
This result (Theorem B.2) is interesting in itself.

In order to prove the optimal regularity of the limiting profiles u;, the regularity of the
free boundaries M ~ Ule 2; and the free boundary condition, we use local coordinates.
This reduces the problem to the study of segregated profiles satisfying a system involving
divergence-type operators with variable coefficients. Using information arising from the
variational system (1.5), we deduce limiting compatibility conditions between the u;’s
which allow us to prove an Almgren-type monotonicity formula and to perform a blow-
up analysis, combining what is known in the case of the pure Laplacian [11,49,57] with
some ideas from papers dealing with variable coefficient operators [32, 33, 39, 52]. This
result (which we collect in a more general setting in Theorem C.1) is also interesting in
its own right.

As mentioned before, optimal {-partitions on the standard sphere S™ do not exist.
However, if one considers partitions with the additional property that every set €2; is
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invariant under the action of a suitable group of isometries, then optimal £-partitions of
this kind do exist and they give rise to sign-changing solutions to the Yamabe equation
(1.1) with precisely £-nodal domains for every £ > 2, as shown in [19].

Already in 1986, W. Y. Ding [26] established the existence of infinitely many sign-
changing solutions to (1.1) on S™, and quite recently Ferndndez and Petean [30] showed
that there is a solution with precisely £ nodal domains for each £ > 2. These results,
like those in [19], make use of the fact that there are groups of isometries of S™ that
do not have finite orbits. Looking for solutions which are invariant under such isometries
allows avoiding blow-up. On the other hand, sign-changing solutions to (1.1) which blow-
up along some special minimal submanifolds of the sphere S™ have been found by Del
Pino, Musso, Pacard and Pistoia [23,24]. The existence of a prescribed number of nodal
solutions on some manifolds (M, g) with symmetries having finite orbits is established
in [18].

However, the existence of nodal solutions to the Yamabe equation (1.1) on an arbitrary
manifold (M, g) is largely an open problem. In [2] Ammann and Humbert established the
existence of a least energy sign-changing solution when (M, g) is not locally conformally
flat and dim M > 11. Theorem 1.4 recovers and extends this result (see Remark 4.11).
We also note that an optimal £-partition {21, ..., Q¢} gives rise to what in [2] is called a
generalized metric g := % ~2g conformal to g by taking il := uy + --- + ug with u; a
positive solution to (1.1) in €2;. So Theorem 1.3 may be seen as an extension of the main
result in [2].

We close this introduction with references to related problems. The study of elliptic
systems like (1.4) with critical exponents in Euclidean spaces has been the subject of
intensive research in the past two decades, starting from [15-17]; without being exhaus-
tive, we refer to the recent contributions [27, 58, 59] for a state of the art and further
references. For the use of Almgren’s monotonicity formula in the classification of entire
solutions to elliptic systems with competition terms, we refer for instance to [5,50]. On the
other hand, optimal partition problems is another active field of research: see for instance
the book [8] for an overview of a general theory using quasi-open sets and other relaxed
formulations. Particular interest has been shown when the cost involves Dirichlet eigen-
values (leading to spectral optimal partitions) both in Euclidean spaces (see for instance
the survey [7,35] or the recent [1,44,60] and references therein), and in the context of
metric graphs (see e.g. [36,38] and references).

2. Compactness for the Yamabe system

We write (-, -) and | - | for the Riemannian metric and the norm in (M, g) and for
v, W € H;(M) we define

(0. W) :=/M(<ng,vgw>+xmsng>dug and [vllg = /(0. s

where V, denotes the weak gradient. Since we are assuming that the conformal Laplacian
Z, is coercive, || - || is anorm in H 5} (M), equivalent to the standard one, and the Yamabe
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invariant 5
llullg

Y= —£
ueHY(M)~{0} |Ulg 5+

of (M, g) is positive. We write |u|g , := (3, |u|” djig)V/" for the norm in L% (M) with
r € [1, 00).
Set J := (Hj(M))* and let & : # — R be given by

¢ ¢
1 1 *
Fuy, ... up) =3 E ||Mi||§——2* E i [} 5

i=1 i=1
1 12
e [l P .
ij=1"M
JF#i

This functional is of class €! and its partial derivatives are

B3 ur. )0 = (41 V) —/M s 220 dig

¢
- Z/ Aij Bij i %7 [ug P~ u0 dpg, v € Hy(M).

— /M

j=1

J#i
Hence, the critical points of § are the solutions to the system (1.4).

Note that every solution u to the Yamabe equation (1.1) gives rise to a solution of the

system (1.4) whose i -th component is u and all other components are 0. We are interested

in fully nontrivial solutions, i.e., solutions (41, ..., ug) such that every u; is nontrivial.
They belong to the Nehari-type set

Ni={(uy,...,up) € H :u; #0, 0;F(uy,...,up)u; =0, Vi =1,...,4}.
Define

/4
1
C:= inf UL, ..., Ug) = inf — u: 2.
A C o= 0 ug)eﬂmi§=1” illg

A fully nontrivial solution u to (1.4) is called a least energy fully nontrivial solution if
J(u) =c.

Remark 2.1. Since A;; < 0, it is not hard to check that minimization of { on the classical
Nehari manifold {(u1,...,uz) € H ~{(0,...,0)} : >, 0;F(u1, ..., ug)u; = 0} leads
necessarily to solutions with only one nonzero component.

Proposition 2.2. If (uy,...,ug) € N, then
0< Y < il < il Vi=1,....L

where Yy is the Yamabe invariant of (M, g). Hence, N is a closed subset of K.
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Proof. Since u; # 0, 0; F(u1,...,ug)u; = 0and A;; < 0, we have

- -2 2"
i |2 = Juil2 e +Zf A Bl 17 i 1P Qg < i 2o < YD gy )2
J#i
Hence, Yg"/z < lui|? < |u,|g 5% as claimed. L]
Foru = (uy,...,ug) € ¥ ands = (sq,...,5¢) € (0,00)", we write
su = (squy,...,Seuyg).

Proposition 2.3. Letu = (uy,...,ug) € K.
W If

|uz 2* > = Z/ AijBijluj|* U|ut|ﬁ” dug Vi=1,....¢,
J#i

then there exists s, € (0,00)¢ such that s,u € N.

(ii) If there exists s, € (0, 00)¢ such that s,u € N, then s, is unique and

F(syu) = max , I (su).

s€(0,00)

Moreover, s, depends only on the values
e 2 e 2% — oy i
ay,i = luilly.  bui:= |ui|g’2*, du,ij = / Aijﬂij|”j| ”|Mi|ﬂl] dug.
M
i =1,...,4, and it depends continuously on them.

Proof. Define Jy, : (0, 00)¢ — R by

4
1 *
JM(S) = g(su) = Z Eau,isiz - Z —bu lSZ Z du Jij 7” f”
i=1 i= i#j

&~

Ifu; #0foralli =1,...,4, then, as
5i0i Ju(s) = 0; F(su)fsiui], i =1,....¢,

we see that su € N iff s is a critical point of J,,. Statements (i) and (ii) follow immediately
from [20, Lemmas 2.1-2.3]. [

Remark 2.4. If { = 1, then N = {u € Hg(M) :u # 0, |[ul; = |ul} "+ ) is the usual
Nehari manifold for the Yamabe problem (1.1) and s,, € R is explicitly given by 52" ~2 =
[l /|u|lg ,«- Hence, for every 0 # u € Hgl(M),

lellz \™?
—( ) = J(syu) = max g(su)

|ug2*

~_ 1 m/2
andc =, Y, '™
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SetT :={uedl:|ullg=1Vi=1,...,£}, andlet
U:={ueT :sueN forsomes e (0,00)6}.
Following [20, Proposition 3.1], it is easy to see that U is a nonempty open subset of 7.
Define ¥ : U — R by
W(u) = F(suu),
with s, as in Proposition 2.3. This function has the following properties.
Proposition 2.5. (i) ¥ € €1(U,R).
(ii) Let uy € U. If (un) is a Palais—Smale sequence for V, then (sy,u,) is a Palais—

Smale sequence for §. Conversely, if (up) is a Palais—Smale sequence for § and
U, € N foralln € N, then (u,/||un|g) is a Palais—Smale sequence for W.

(iii) Let u € U. Then u is a critical point of V if and only if s,u is a fully nontrivial
critical point of .

@iv) If (uy) is a sequence in U such that u, — u € U, then ¥(u,) — oo.
Proof. The proof is identical to that of [20, Theorem 3.3]. [

Corollary 2.6. If u € N and §(u) = ¢, then u is a fully nontrivial solution to the sys-
tem (1.4).

Proof. Since W(u/|lu|g) = infy; ¥ and U is an open subset of the smooth Hilbert man-
ifold 7, we know that u/||u || is a critical point of W. By Proposition 2.5, u is a critical
point of §. |

Recall that the operator .Z, is conformally invariant, i.e., if § = 0¥ 2g,0>0,isa
metric conformal to g, then

Lo~ ) =9~ VL () Vu € Hy(M).
Since dug = (pz* dug, we have
lo~ ullg = llully and |¢~ ulgax = ulgor Vu € Hg(M).
So, changing the metric within the conformal class of g does not affect our problem.
Let S™ be the standard m-sphere and p € S™. Since the stereographic projection

S™ <~ {p} = R™ is a conformal diffeomorphism, the Yamabe invariant of S” is the best

constant for the Sobolev embedding DV2(R™) — L2" (R™),
o = lw]?
" wept2@my~o} (w2,

where DV2(R™) := {w € L2 (R™) : Vu € [L2(R™)]™} equipped with the norm ||w]| :=
(Jgm IVW]?)1/2, and |w]»+ is the norm of w in L2 (R™). It is well known that
m(m —2)
m=——1 w,%/’”,
where w,,, denotes the volume of S™ [4,55].
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It is shown in [20, Proposition 4.6] that ¢ = infy & is not attained if M = R™. There-
fore, from the previous paragraph, ¢ is also not attained if M is the standard sphere S™.
Our aim is to investigate whether this infimum is attained in some other cases, at least for
some values of o;; and B;;.

To this end, we establish a compactness criterion for the system (1.4) that extends a
similar well known criterion for the Yamabe equation [41, Theorem A]. The key ingredi-
ent is the following result of T. Aubin.

Theorem 2.7 (Aubin, 1976). For every € > 0 there exists Ce > 0 such that

Omluly 5« < (1 +a)/ |Veul|*dug +cg/ w?dug  VYu € Hj(M).
M M
Proof. See [4, Théoreme 9] or [41, Theorem 2.3]. [
Foreach Z C {l1,...,4}, let (*z) be the system of £ — | Z| equations
Loui = |wi " "2ui + 3 AijBijlu; 10 |wi /P "2u; - on M,
(7z) J#i
i,jel{l,....f}~Z,

where |Z| denotes the cardinality of Z. The fully nontrivial solutions of (#z) are the

solutions (u1, ..., uy) of (1.4) which satisfy u; = 0iff i € Z. We write §z and Nz for
the functional and the Nehari set associated to (.%/z), and define
62 ;= inf gz(u) (2.1)
ueNz

The following compactness criterion is inspired by [20, Lemma 4.10] (see also [58, The-
orem 3.7] and [59, Theorem 2.6]).

Proposition 2.8. Assume that

1Z]

a<min{az+—a,;y/zzﬂyézgu..,z}}.
m

Then C is attained by § on N.

Proof. By Ekeland’s variational principle and Proposition 2.5 there is a sequence (1)
in N such that §(u,) — ¢ and $'(u,) — 0. Then (uy) is bounded in # and, after pass-
ing to a subsequence, u,; — u; weakly in Hg1 (M), up,; — u; strongly in Lz, (M) and
Up,; — U; a.e. on M, where u, = (Un,1,...,Upne). A standard argument shows that
u = (dyq,...,Uy) is a solution of the system (1.4).

To prove that i is fully nontrivial, set Z :={i € {1,...,£} :u; =0}. Asu, € N
and A;; < 0, we have ||u ; ||§ < |up.i |§:2*, and as u, ; — 0 strongly in L;(M) for each
i € Z, Theorem 2.7 and Proposition 2.2 yield, for each ¢ > 0,

< (1+¢) fM |Vgun,i|2dﬂg +o(1) _ (1 + &)|[un,i ||§ +o(1)

m =

|un,i|§,2* |un,i|§,2*
< (1 + &) (Juni [2)¥™ + 0(D).
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So, after passing to a subsequence, lim, o0 (1 + €)™/ |y ; I = o2 for every & > 0
and every i € Z, and hence

im Junily = o> Vi€ Z. (2.2)
Therefore,
1 & 1
e = Jim #lu) = Jim 03 il = lim, ;1(; a2 +iEZZ||un,,-||§)
- ;

1 . |Z] ~ 12l
> Zélluillé —i—?a,','f/z >z —i-?o,’,’l‘/z.
1

But then our assumption implies that Z = @, i.e., u is fully nontrivial. Hence, t € N and
() =c. "

The proof of the following regularity result is standard; see, e.g., [54, Appendix B].
We include it here for the sake of completeness.

Proposition 2.9. Let u = (uy,...,ug) € H be a solution to the system (1.4). Then u; €
€2V (M) forany y € (0, 1) such thaty < Bij — 1 foralli,j =1,... 4.

Proof. Let s > 0 and assume that u; € L?SH)(M). Note that this is true if 2(1 + s)
= 2*. Fix € > 0. For each L > 0, define ¥;z := min {uj, L}. Then Vg (u;¥ir) =
(1 + slys<ry) YirVeui and Ve(uiy7) = (1 + 2slgs<ry) ¥ Veui. So, since
0;i g (u)[u;ir] = 0and A;; <0, for any K > 0 we have

(145 / 1V (i) P dug < / V2 | Veui P dig < / (Vs Ve (uiy2)) diig
M M M
< / s |2 s Y )? g — [ oS (Ui Vi) ditg
M M
<K / iz 2 dpug + / g 22 s gz P dug + C [ i ir | dieg
M lu;|2*—2>K M
. 2/m
= (K+ Cl)/ ;D dpg + (/ |ui|? dﬂg) iYL |} 5
M ;2" —2>K

< K+ Co) [ a2 g +n&)1+ 905" [ 19 i) P .

where the last inequality is given by Theorem 2.7 and C,, C, are positive constants inde-
pendent of L and K. Since

N 2/m
n(K) := (/ |u; | dug) —0 as K — oo,
lu; |2*—2>K

we may fix K such that (1 + s)n(K)(1 + ¢)o,,! = % Then, as u; € L?SH)(M), the
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inequality above yields

A

/ﬁWﬂm%mfwg_ﬂ+ﬂM@ﬂ+@%f/|%WW@W+5
M M

IA

1 -
5/ Vg (uivin)|* + C,
M

with C > 0 independent of L. Letting L — oo we see that S Ve (u;”'l)|2 dug < 2C.
Hence, u; € L? (S'H)(M). Now, starting with s such that 2(1 + s) = 2* and iterating this
argument, we conclude that u; € L} (M) for every r > 1. Since u; is a weak solution of
the equation

—Agui = —kmSgui + i[>+ Ay Bijlug | i Pt =2
J#i
from elliptic regularity [41, Theorem 2.5] and the Sobolev embedding theorem [4 1, The-
orem 2.2] we get u; € €%Y (M) for any y € (0,1). Then f; € €%Y (M) forany y € (0,1)
such that y < B;; — 1 for all j # i, and, by elliptic regularity again, we conclude that
u; € €Y (M) for any such y. n

3. The choice of the test function

To prove the strict inequality in Proposition 2.8 we need a suitable test function. We follow
the approach of Lee and Parker [41].
Fix N > m. Given p € M, there is a metric g on M conformal to g such that

detgi; =1+ O(|x|V)

in g-normal coordinates at p; see [41, Theorem 5.1]. These coordinates are called con-
formal normal coordinates at p.

Since the Yamabe invariant Y, is positive, the Green function G, for the conformal
Laplacian ., exists at every p € M and is strictly positive. Fix p € M and define the
metric g := G;*—z gon M:=M~ {p}- This metric is asymptotically flat of some order
7 > 0 which depends on M.If m = 3,4,5, or (M, g) is locally conformally flat, the Green
function has the asymptotic expansion

Gp(x) = by, [x[*™™ + A(p) + O(Ix])

in conformal normal coordinates (x') at p, where b,, = (m — 2)w,—; and wp—; is the
volume of S™~!. The constant A(p) is related to the mass of the manifold (M ,8). It
follows from the positive mass theorems of Schoen and Yau [47,48] that A(p) > 0 if the
manifold (M, g) is not conformal to the standard sphere S and either m < 6 or (M, g)
is locally conformally flat. In the other cases the expansion of the Green function G,
involves the Weyl tensor Wy (p) of (M, g) at p; see [41, Section 6] for details.
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For § > 0, let

S (m—2)/2
82 + |x|2) 7

Us(x) := [m(m — 2)](m—2)/4(

written in conformal normal coordinates (x*) at p, and for suitably small r > 0 define

b |x|"™2Us(x) if x| <,

bnr™2Us(rx/|x|) otherwise.

Vs p(x) := {

Note that Uy 5(x/|x|?) = |x|"™2Us(x). So, up to a constant, Vs, is the test function
defined in [41, Section 7]. Now set

Vs.p = GpVs.p. (3.1)
The following estimates were proved by Esposito, Pistoia and Vétois [29, proof of
Lemma 1].
Ifm =3,4,5,or (M, g) is locally conformally flat, then
Vs pllz = om’? + (m = 2) € A(p)§™ > + 0™ ), (3.2)
Vspl2r0n = 0/ 4+ m? G A(p)8™ 72 + O(6™ ).

If (M, g) is not locally conformally flat and m = 6, then

IVs.pllz = 08 + el We (p)Iz 6*In 8] + O, (3.3)
|V3,p|&2:2* =o0g + 956|Wg(p)|§, §*In§| + 0(8Y).
If (M, g) is not locally conformally flat and m > 7, then

Vopl2 = o 4 =27 We(p)28* + 0(5° 34
” 5,p||g _Um + cma)m—l| g(p)lg + ( )7 ( B )
m+2
m_ W, (p)|2 5% + 0(8°
1 m®m—1|We(p)lg 8" + 0(8).

2% 2
Vs, pl2 5 = oil? +

Here ¢, is a positive constant depending only on m. In particular,

1 2 —2)|m=2/2
g, = L (m+lmm—2)] Om_ itm >, (3.5)
192 27 lm—6)(m—1) wpn_1

From these estimates we derive the following result.

Lemma 3.1. Assume that (M, g) is not conformal to the standard sphere S™. Then there
exist p € M and Cy > 0 such that

. (M)m/z = Lomi> CoR(8) + o(R(6))
m\|Vs,pl2 5 m "
for all § > 0 sufficiently small, where
§m=2 if eitherm < 6 or (M, g) is Lc.f.,
R(§) = 1 8*In8| ifm = 6 and (M, g) is not L.c.f.,
84 ifm > 6and (M, g) is not l.c.f.
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Proof. By Remark 2.4,
Vs l2 \™2 1 I :
(m) = 5||S8V8,p||§ - 2—*|53 V8,p|§,2*v
g *

where 52" 72 = ||V |12 /|V5p|g -
Ifm =3,4,5,or (M, g) is locally conformally flat, the positive mass theorem ensures
that A(p) > 0 for any p € M, and from (3.2) we find

2 m/2 2 2% 2 2%
L(M) _ (_s_) m/z+c(s_s(m_2)_%_*mz)5m-z
m\ Vs p|Z 5 2 2 2 2

4 0(8m_2)

1 s2
< Eg;gﬂ + 35C(m —2)(1 —ms2 72)§m72 4 o(6™72),

where C is a positive constant.
If (M, g) is not locally conformally flat and m > 6, we choose p € M such that
|[We (p)|§, > 0. Then if m = 6, estimates (3.3) yield

1 Vs o112 \?3 1 52
-(%) < 02 + (1 - 355) 8*|In 8| + 0(8*In 5)).
|V5,p|g53 6 2
and if m > 6, from (3.4) we derive
1 IVspl2 \™2? 1 2 .
—(—” 8”’2”g ) < —oml? + 5 ~(m=2)C (— —s53 2 )54 +0(8%),
m |V5’p|g’2* m +2 m —

for some positive constant C. Since s§ — 1 as § — 0, our claim is proved. [

Lemma 3.2. Let R(5) be as in Lemma 3.1 and o € [1, 00). Then

/ V31 dig = o(R())
M

if and only if either
o m =3, (M, g) is not conformal to S and 2 < o < 4, or

o (M, g) is not locally conformally flat, m > 9, and % <o < 224

m—=2 °
Proof. Sety : —(x From (3.1) we deduce
0(87) ify <m/2,
a3—/ Vs, p|“dig = 3 O™?|Iné|) ify =m/2,
o@™7) ify >m/2.
Therefore,

w=00"?%) = m—-2<y<2<=m=3and2<a <4,

2(m—4)
m-=2

Io=00@% < 4<y<m—-4<=m=>9and % <a<

and our claim is proved. ]
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Proposition 3.3. If either assumption (A1) or (A2) of Theorem 1.1 holds true, then

Z
E<min{az+ua;n"/2:@;éZg{L...,z}}. (3.6)
m

Proof. We prove this statement by induction on £.

If £ = 1 the system reduces to the Yamabe equation (1.1), and (3.6) is equivalent to
Y < op. This inequality follows from Lemma 3.1 if we take § small enough.

Assume that the statement is true for every system (.#z) with |Z]| > 1 (i.e., for every
system of less than £ equations). Then the proof of (3.6) reduces to showing that

1
E<min{5z+—o,',',’/2:|Z| = 1}.
m

Without loss of generality, we may assume that Z = {{}. By Proposition 2.8 and the
induction hypothesis, there exists (#1,...,u¢_1) € Nz suchthat §z(uy,...,ug_1) =Cz.
By Proposition 2.9, each u; is in €%(M).

Let Vs , be as in Lemma 3.1. Since o;; € (1, 2+2

, m—2)’ we have

[ 15 P g < max @1 [ (Vg1 dptg 0 as5 >0,
M qeM M
Hence, there exists 8o > 0 such that, for every 6 € (0, §p),
i 2 + D Bis his / | s P djeg + Bic Aie / [V pI* s P dyig
J#i M M
= lui |2 + Bie Aie /M Vs pl% i Bit djg >0, i, j=1,....0—1,

and

-1

2* . .
VoalZar + - By day [ 10170 Vi p P9 dyag > 0.

j=1 M
Then, Proposition 2.3 asserts that there are 0 < r < R < oo and ss 1,...,55¢ € [r, R] such
that

Us = (S(g,lul, Ce ,Sg’[_liu_l,Sg,[V(g,p) eN Vée (0,50).

By Proposition 2.3 and Lemmas 3.1 and 3.2,

¢ < $us) = Fz(s5,1u1, ..., 55 —1Ue—1) + §S§,4||V8,p||§ - 2—*532,5|V8,p|§,2*

-1
- :stlffs(s,’f*ie/ | Vsl i [Pit dpug
i=1 M

)

AL R = ,
<iz+—| 75— + R* |Aj¢| max |u; fﬁ/ Vs p|%td
m(|V8’p|§,2*) ,2:1: Pl mas pus @I | 175,10 dyg

1 1
<z + ;10;1"/2 — CoR(8) + 0(R(8)) < ¢z + EU,’,;’/Z

for § small enough, as claimed. [ ]
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Proof of Theorem 1.1. By Propositions 3.3 and 2.8, there is u = (u1,...,uy) € N such

that §(u) = ¢. Then it = (Juy/,..., |ug|) € N and g (i) = ¢, and the result follows from
Corollary 2.6 and Proposition 2.9. If dim M = 3, then since «;; > 2, each |u; | is positive
by the strong maximum principle [41, Theorem 2.6]. |

4. Phase separation and optimal partitions

In this section we restrict to the case A;; = A and o;; = B;; = 2*/2 =: B. Our aim is to
study the behavior of least energy fully nontrivial solutions to the system (1.5) as A — —oo
and to derive the existence and regularity of an optimal partition.

Let 2 be an open subset of M. As mentioned in the introduction, the nontrivial solu-
tions of (1.2) are the critical points of the restriction of the functional

1
Ja(u) = Ellullﬁ | ulZ
to the Nehari manifold
No i={u € H} o(2) :u # 0and [u] = [ul2,.}.

So, a minimizer for Jg on Mg is a solution of (1.2). Note that Jo (¢) := % [|lu ||§ ifu e Ng.
Therefore,

1
cq :=inf Jo = inf —|ul}.
No ueNg m
Define

My ={(uy.... up) € Jf:ui # 0, [uill2 = [u;|2 . uiu; = 0on M ifi # j},

* 2
c; = inf Uj
¢ Wy, ug)EMe M ; i ”
Lemma 4.1. Assume there exists (uy, ... ,ug) € My such that u; € €°(M) and

1 14
2
o 2 il =
i=1
Set Q; :=={p € M :u;(p) # 0}. Then {Q1, ..., R} is an optimal L-partition for the
Yamabe problem on (M., g), each Q; is connected and Jo, (u;) = cq, foralli =1,..., L

Proof. As u; is continuous and nontrivial, we see that €2; is an open nonempty subset
of M and u; € Ng,. Moreover, Q; N Q; = @ for i # j because u;u; = 0. Therefore,
{Ql,...,Qg} S 5)4.

To prove the last two statements of the lemma we argue by contradiction. If, say, €2
were the disjoint union of two nonempty open sets ®; and ©,, then, setting u;(p) :=
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u(p)if p € ®; and ii;(p) := 0if p € ®,, we would have (i1, ...,uy) € My and

)4

1 = 112 2

— (2 + 3 Iil2) < e
i=2

contradicting the definition of ¢;.
Similarly, if Jg, (u;) > cgq,; for some i, then there would exist v; € Ng, with cg, <
Jo, (v;) < Jq, (u;). But then

1 2 1 2
— 3l 12+l < e
J#i
which is again a contradiction. Hence, Jgo, (;) = cq, foralli =1,...,{ and

14

L 1 L

. 2 * .

inf co; < — luillz =c; < inf Ce; -
{©1,...,00}P =1 m -1 {©1,...,0p}ePy -1

This shows that {21, ..., Q,} is an optimal £-partition and concludes the proof. L]
Lemma 4.2. Let A, < 0 and up, = (Un,1,...,Une) be a least energy fully nontrivial

solution to the system (1.5). Assume that A, — —00 as n — 0o and u,; > 0 for all
n € N. Assume further that
{—k
cz<min{c;+—a,',',’/2:1§k<€}. 4.1)
m

Then there exists (Uoo,1s ..., Uoo) € My such that, after passing to a subsequence,
Up,i = Uco,i Strongly in H; (M), Uso,i = 0, and

«_ 1 . 2
¢, = ”’_7; l[400,i Il -
Moreover,
/M )\nuf;,jug’i — 0 asn — oo wheneveri # j. 4.2)

Proof. To highlight the role of A,,, we write g, and -V, for the functional and the Nehari
set associated to the system (1.5) and we define

G := inf g
n

Note that My C N, for each n € N. Therefore,
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So, after passing to a subsequence, we deduce that u,; — us,; weakly in Hg1 (M),
Up,; —> Uoo,i Strongly in L;(M) and u,; — U, a.e.on M, foreachi =1,..., 4L
Hence, uo,; > 0. Moreover, as 0; §, (4n)[un,;] = 0, we have, for each j # i,

*
|un,i |§,2* - C

05/ n, P lunilP dug < < .
M'B| n,jl [t i Heg 2, ~,

Fatou’s lemma then yields
0= / |uoo,j|'3|uoo,i|ﬂ dug < liminf/ |un,j|ﬂ|un,i|ﬁ dpg = 0.
M n—>o0 M

Hence, U0, jUoo,; = 0 ae. on M whenever i # j. On the other hand, as
0i Fn (Un)[Uoo,i] = 0 and up ; > 0, uce,; > 0, we have

2%—1
(”n,i»”oo,i>g5/ Upi Uoo,i dug.
M

So, passing to the limit as n — oo we obtain

lcoilly < lucoilzor Vi=1,....L. (4.3)

We claim that
Uooi #0 Vi=1,....L. 4.4)
To prove this claim, let Z := {i € {1,...,£} 1 us,; = 0}. After reordering, we may assume

that either Z =@ or Z ={k + 1,...,£} for some 0 < k < £. Then, arguing as we did to
prove (2.2), we get
lim ||u,,,,~||§, >oM? VieZ.

On the other hand, if i ¢ Z, there exists #; € (0, 00) such that ||#;ueo,; ||2 = |tittoo i |

g, 2*
So (t1Uoo,1s - - - tkUoo k) € M. Inequality (4.3) implies that #; € (0, 1]. Therefore,
{—k k
Ft ’"/2<—Z||zluw||2 o'
1 & —k 1 ¢
EZnuwuz op/> < — lim 3 funilly = lim & <cf. (@45)

l_l
But then assumption (4.1) implies that k = £, i.e., Z = @ and claim (4.4) is proved.
Moreover, (4.5) becomes

4
1
ef = — 3 ltittoo,illy < Z ool < — lim Z lenilly < cf-

i=1 t—l
Hence, #; = 1, and 50 (Uoo,1, .- ., Uoot) € My, and
1< 1<
2 _ 1 2 — ok
— 2 ool = tim — 3 7 unily = cf. (4.6)

i=1 i=1

Consequently, U, ; — Uso,; strongly in Hg (M). Finally, since
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£ 2
2 2%
D lucoillz =D ool e

i=1 i=1

4 4 L
S il = Y- i 2+ 3 [ ABlitn s il
M

i=1 i=1 i,j=1

J#i
and U, ; = Uoso,; strongly in Hg1 (M) and Lz* (M), we obtain (4.2). |
Lemma 4.3. Let A, < 0 and (Un,1,....Uyy) be a solution to the system (1.5) such

that u,; > 0 and u,; — Uso,; Strongly in H&} (M) asn — oo. Then (up, ;) is uniformly
bounded in L°°(M) foralli = 1,...,4L.

Proof. We write again g, for the functional associated to the system (1.5). Note that, by
Proposition 2.9, u, ; € L°(M) foralln e N,i =1,..., L. Fixi € {1,...,£}.

Let s > 0 and set w,,; := u}l‘ts Since 0; ¢ (un)[urllfzs] = 0and A;;,, <0, we get

/M Vewni* dug = (1 +5) /M | Vettn,i|* dpig
<(1+s)? /ngun,i, Ve, %) ditg
<1+ s)2/ |un,i|2*_2wii dpe — (1 + s)2/ kmSgwy ; dig.  (4.7)
M M
Now, for any K > 0, we have
/M |”n,i|2*_2w3,i dug = K¥2 /M wrzl,i dpg
L B e AL T [RGB T g PR
[Uoo,i|=K M

< K7 2 w2, + n(K. ) wnil? 50 (48)

where

n(K.n) = [ / oo [ dug}
|uoo.i‘ZK
2*

Since up,; — Ueoi in Hy (M), we have un i > 72 = Juoos|? 72 in L7 2 (M). Fix
& > 0, and choose K, ny such that 10—*;(1 +5)?n(Kg,n) < % for every n > ng. From
Theorem 2.7 and inequalities (4.7) and (4.8) we obtain

5w
*__ *_
Sl [ R O el
&:5% 5

I+e¢
|wn,i|§r,2* = / [Vgwp,i|> dg + Clwn,; |§,2

Om JM
l1+e

= O_(l + S)2 N(Ks,n)|wp,i |§,2* + Cs|wn,i |§,2

m

1

= §|wn,i|§,2* + Cs|wn,i|§,2 Vn > ng.
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Therefore,

2 ~ 2 ~ 2(1+s)
|un,i|g’2*(1+s) = |wn,i|g,2* = Cslwn,i|g,2 = Cslun,i|g’2(ls+s) Vn €N,

whence
~/
[Un,ilg2x(1+s) < Cglun,ilg2a+s) Vn €N,

where Cy, Cs and C + are positive constants depending on s but not on . Iterating this
inequality, starting with s = 0, we conclude that, for any r € [2, 00),

|un,i|§’r <C, VneN,

where C, is a positive constant independent of 7. Now, we fix 2R > 0 smaller than
the injectivity radius of M. Since M is covered by a finite number of geodesic balls
of radius R and u,, ; satisfies

2%—2
fgun,i < |un,,~| Up,i ON M,

we deduce from [34, Theorem 8.17] that (4, ;) is uniformly bounded in L*°(M), as
claimed. u

Lemma 4.4. For A, < 0 such that A,, — —oo let (Un,1, ..., Uy ) be a solution to the
system (1.5) such that u,; > 0 and (uy,;) is uniformly bounded in L*°(M) for each
i =1,...,L Then forany o € (0, 1) there exists Cy > 0 such that

”Un,i”fo,a(M) < CO( VneN, Vi =1,. ,E
Proof. This is a particular case of Theorem B.1. ]

Lemma 4.5. Assume that (M, g) is not locally conformally flat, m > 10, and there exists
Uy, ... ug_1) € My_y such that u; € €°(M), u; > 0 and

1 -1
3 il2 = e

i=1
If m = 10, assume further that there exists p € M such that
0 <u1(p) < 557 1We(p)fz- (4.9)

Then

{—k
e, < min{c,’: + —o,’,’l’/z 1<k < K}.
Proof. 1t suffices to show that

*

1
cr<ci o+ Eo,';;/2. (4.10)

Set Q; :={q € M :u;(q) > 0}. Then Q; isopen and 2; N Q2; =P ifi # j. Since (M, g)
is not locally conformally flat and m > 4, there exists p € M such that the Weyl tensor
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Wg(p) at p does not vanish. After reordering, we may assume that either p € Q;, or
-1 5
p € M ~ Ui:l Q;.
First, we consider the case where p € Q. If m = 10 we take p satisfying (4.9). Fix
r > 0 suitably small so that the closed geodesic ball centered at p is contained in £2; and
let y : [0, 00) — R be a smooth cut-off function such that 0 < y <1, y = 1in [0, r/2]
and y = 0in [r, 0o). Define Vs , on M by

Vg,p(x) = x(Ix)Vs,p(x) if |x] <, Vg,p(x) =0 otherwise,

written in conformal normal coordinates around p, where Vs , is the function in (3.1). If
(M, g) is not locally conformally flat and m > 7, estimates (3.4) yield

= 2 _ _m/2 (m_2)2 — 2 ¢4 4
||V8,p||g =0y + m——i—2€mwm71|Wg(p)|g 8"+ 0(8 )1
; @.11)

m?
7 CmOm—1|We (Pl 8% +0(8%),

~ *
[Vs,pl2oe = om/? +

with ¢, as in (3.5). Now, set
vy = (U — 173,1,)+ and vy = (ug — 175’1,)_.

Note that v; # 0 and vjvg = 0on M,and v; =0 = vy in M ~ Q7. Let s; > 0 be such

that ||s;v; ||§ = |s;v; |Z,T2*. Then (s1vy, Uz, ..., Ug—1,S¢0V¢) € My and

’ lvillz \™/2 .

iVillg = =1,¢. .

|Is; vi || for i =1,¢ (4.12)
f Vil -

For m > 10 from Remark 2.4 and Lemma A.l we derive

(Dl \™7? Lol = sy 2
— = —|[s1V — — |51V
m\Jvi2 . e g P e 27

2*

2
S S * * m=2
= Tl — b2~ 6F T ()35 4006

1
< —llurll} + 0(8%). (4.13)
m
because ||u1||§ = |u1|£2* and sf*_z = ||v1||§/|v1|§:2* — 1 as § — 0. Similarly, using

(4.11), we obtain

l(nven; )’”” Diseoel? = Lseue2
—\ -z = Slsevelly — 55 1Sevelg o+
m\ |vg]? s 2 & o &2

< — B T Cnm_1|W. 2 54
<o (LU e

+ (52 (am + b)) — 52 Bt (p)8 D2 4 0(8%),

1 m/2+(s% m—-22 s¥ m?
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where a,, and b, are defined in (A.7). Since sl*’2 = ||v¢l|? /|v4|g o« — las$§ —0,and
%(":nfz)z < 2L_4 and ”2 > 4 when m > 11, we find that, for § small enough,
1 v 2 \m/2 1
1 é"g < oM _C8 1 o(8Y) if m= 11, (4.14)
|vl|g,2* m

with C > 0. On the other hand, if m = 10, then ’"T_z = 4. Recalling that w,, is the volume
of the standard m-sphere S™ and using (3.5) we obtain

1m-22% 1 m?

2
amul(p)+(§m——i—2_2_*m 4)mem 1|Wg(P)|

2 2 ) .
m m i| 1 (m+42)[m@m —2)] |Wg(p)|§j|

1
:am|:u1(17)+_|: 192 27 T(m —6)(m —1) wm_1

2lm+2 m—4

5
= - —1\W, 21<0
o 1 (0) = 2= Wi |
by assumption (4.9). Hence, for § small enough,
1 o2 m/2 1
—( | ‘2”8 ) < —o™?2_C8* +0(8% if m =10, (4.15)
lvelZ o m

with C > 0. From (4.12)—(4.15) we derive

1 2 2 2 2
¢ < E(”tlvlng + lually + -+ llueally + llzevelly)

loillz ™/ 2 2 lvellz \™'?
= L) il et e+ (g
|v |g2* |Uz g’z*

1
E(nuln; 2l + -+ e l) + —0pt/2 = C8* + 0(6%)

IA

1
<cj 1+—0'”/2

for § small enough. This proves (4.10) when p € Q.

IfpeM~ Uf;} Q;, we fix r > 0 small enough that the closed geodesic ball of
radius r centered at p is contained in M ~ Utl Q; and define u; := 1, 175, p with 175, »
as above and #; > 0 such that ||ug||2 = |Mg|g »«- Then (uy, ..., uy) € My and estimates
(4.11) yield

L
1 2 1 2
=y 2l < iy + Lon,

as claimed. [

Remark 4.6. The argument given above does not carry over to m < 10 or to the case
where (M, g) is locally conformally flat. Indeed, as can be seen from identities (3.2)—
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(3.4) and Lemma A.1, in these cases

1 lvil2 \™? 1
—(|v z ) = k4 o)
1 g,2*

1 ||Uz||;,2) miz m/2 (m—2)/2 (m—2)/2
pod Ao < —ont + Cuy(p)é +o0(8 )
tlgo*

with Cu;(p) > 0, for § small enough.

Remark 4.7. If m = 10, then the following geometric conditions suffice to guarantee
4.9):

e For £ > 3, inequality (4.9) holds true if [Wg(gq)|g 7 O for every ¢ € M, because for
p € :={q €M :u;(q) > 0} close enough to d€2; one has

u(p) < = min |Wg(q)|2

e For ¢ = 2, inequality (4.9) holds true if
1Sg(@)* < 55IWe(@)l; Vg€ M.

Indeed, choosing p to be a minimum point of u, since Uy is a positive solution to
the Yamabe equation (1.1) we have ky Sg (p)us = u3 ~' + Aguy > u? ~1. Setting

m =10 we getu1(p) < 571Sg(p)*> < 5255 |We (p)[.
Lemma 4.8. Assume that (M, g) satisfies the following conditions:

(A4) (M, g) is not locally conformally flat and dim M > 10. If dim M = 10, then there
exist a positive least energy fully nontrivial solution u to the Yamabe equation (1.1)
and a point p € M such that u(p) < 567|W (p)|2, and in addition |Wg(q)|g # O
foreveryq € M if £ > 3.

Let A, <0 and up, = (Upn,1,...,Une) be a least energy fully nontrivial solution to the
system (1.5). Assume that A, — —o0 as n — 0o and u,,; > 0 for alln € N. Then there
exists (Uoo,1,- -+ Uoot) € My With Use; € E@*(M) for every a € (0, 1) such that, after
passing to a subsequence, U, ; — Uoo,; Strongly in H; (M)N€"* (M), us; >0, and

1 L
* 12
Cp = m E U o0,i ||g

i=1
Moreover,

i,n"j.n

/Au u? 50 asn — oo whenever i # j.
M

Proof. The proof is by induction on £.

Let £ = 2. Then we take u; to be a positive least energy solution to the Yam-
abe equation (if m = 10, take u; := u given by (A4)). It satisfies the hypotheses of
Lemma 4.5. Therefore, inequality (4.1) holds true and Lemma 4.2 yields the existence of
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(Moo,15 -+ s Uoo,e) € My such that, after passing to a subsequence, U, ; — Uoo,; Strongly
in Hg1 (M), Uoo,i =0, and

* 1 ‘ 2
q—;;wwm

From Lemmas 4.3 and 4.4 we know that (u ;) is uniformly bounded in €%%(M). There-
fore, the family {u ; } is equicontinuous and, as u, ; — U ; a.e. on M, the Arzela—Ascoli
theorem yields u, ; — Uso,; in €eo%(M).

Now, let £ > 3 and assume that the statement holds true for £ — 1. Then, by
Remark 4.7, the hypotheses of Lemma 4.5 are satisfied, and consequently (4.1) holds
true for £. The same argument we gave for £ = 2 yields the result for £. |

Remark 4.9. Observe that to prove the previous lemma for £, we need it to be true for
£ — 1, because inequality (4.1) must hold true in order to apply Lemma 4.2. Therefore,
the inequality i (p) < % [We ( p)|§ is required for every £ > 2.

Proof of Theorem 1.2. As pointed out in Remark 4.7, assumption (A3) implies (A4).
Statements (i) and (iii) follow immediately from Lemmas 4.8 and 4.1.

Proofs of (ii) and (iv) : These statements have a local nature. In local coordinates the
system (1.5) becomes

L

—div(A)Vuy) = fi(xoup) +a(x) D Anlun j Plun il Puni. x e Q.
Jj=1
J#i

where © is an open bounded subset of R”, a(x) = /|g(x)|, A(x) = /|g(x)[(g* (x)),
and f;(x,s) := a(x)(|s|? 25 — km Sg(x)s). As usual, (gx7) is the metric g in local coor-
dinates, (g¥') is its inverse and |g| its determinant. This system satisfies assumptions
(H1"), (H2) and (H3) of Theorem C.I in Appendix C. Statements (i) and (iii), which are
already proved, yield assumptions (H4), (HS) and (H6). From Theorem C.1 we deduce
that (ii) and (iv) hold true locally on M, hence also globally.

Proof of (v): Ifu € H &} (M) is a sign-changing solution of the Yamabe equation (1.1),
then ut := max {u,0} # 0, u™ := min{u,0} # O and J}, (u)[u*] = 0. Hence, u belongs
to the set

Ey ={uecNy:uteNyandu™ € Ny).

Moreover, as shown in [13, Lemma 2.6], any minimizer of Jps on &p is a sign-
changing solution of (1.1). For every u € &y, we have (u™,u~) € M, and Jy (u) =
~(lu™ )12 + lu~[|2). Therefore,

. 1
inf Jyr > ¢5 = —([Uoonlly + lluoo2l3)-
Epm m

AS Uoo,1 —Uco2 € Eu, it is a minimizer of Jys on &Epr. Hence, it is a sign-changing
solution of (1.1), as claimed. ]
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Remark 4.10. As can be seen from its proof, Theorem 1.2 is true under assumption (A4),
and consequently so are Theorems 1.3 and 1.4. As noted in Remark 4.7, (A4) is weaker
than (A3), but it requires some knowledge on the least energy solution to the Yamabe
equation (1.1) having precisely two nodal domains.

Remark 4.11. In [2], Ammann and Humbert defined the second Yamabe invariant of
(M, g) as
j2(M.g) = inf A(F)Vol(M.§)>/™,
gelgl

where A,(Z) is the second eigenvalue of the operator k,'.%; and [g] is the conformal
class of g. Using the variational characterization in [2, Proposition 2.1] one can easily
verify that

1
inf Jyy = — (km p2(M, ))"/2.
Epm m

The invariant @, (M, g) is not attained at a metric, but it is shown in [2] that if (M, g) is
not locally conformally flat and m > 11, this invariant is attained at the generalized metric
conformal to g which is given by a minimizer of Jps in &ps. So Theorem 1.4 recovers and
extends this result.

Remark 4.12. It is interesting to compare our result with that proved by Robert and
Vétois [45] under assumptions which are complementary to ours. In fact, they establish
the existence of a sign-changing solution to the subcritical perturbation of the Yamabe
equation

—Agut + KkmSeu = |u|> " *u  on M,

which looks like the difference between a positive solution 1o to the Yamabe equation
and a bubble. Their result holds true either in the locally conformally flat case, or in low
dimensions 3 < m < 9, or if m = 10 provided uo(p) > %|Wg(p)|§, for any p € M.

An interesting open problem would be to show that under these assumptions a least
energy sign-changing solution to the Yamabe problem (1.1) does not exist, as suggested
by Remark 4.6.

Appendix A. Some estimates

Fix p € M and r > 0 suitably small. Let y : [0, c0) — R be a smooth cut-off function
suchthat0 < y <1, y =1in[0,r/2] and y = 0 in [r, 00), and let V; , be the function
on M given by

Vs p(x) = x(Ix)Vs.p(x) if|x| <7, Vs.p(x) =0 otherwise, (A.1)

in conformal normal coordinates at p, where Vs , is the function defined in (3.1). Then,
for some positive constant ¢y,

- S (m—2)/2
0<Vspx) =< Co(m) if |x| <. (A.2)
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Letu € H;(M) N €°%(M) be such that u > 0 and u(x) > 0 if |x| < r. Then there are
positive constants ¢, ¢z such that

0<cp <u(x)<cp iflx|=<r (A.3)

Set
vy = (u— V;;J,)‘Ir and vg = (u—Vs,)".

Observe that

Uy if |x| > r,
v =10 if |x| <randu; < Vs, (A4)
ul—f/:g,p if |x| < r and u; 2175,1,,
and
0 if |x| >r,
vy = 175,1, —uy if|x| <randu; < 175,1,, (A.5)
0 if |x| <randu; > 17571,.

By (A.1)—(A.3), there are positive constants ¢y, ¢z, ¢3 such that

|x| < randu;(x) < Vs p(x) = |x] < c14/6,
x| < r/2and u;(x) > Vs, (x) = |x| > c2v/5,

_ (A.6)
x| <r/2= Vs, p(x) = Vs,p(x),
r/2< x| <7 = Vs )l [V p(x)] < c3602/2,
Lemma A.1. We have the following estimates:
@) [vil2 = llul} = 2amu(p)§™=272 4 0(8™),
(i) 01125 = [u[2ye = 2*apu(p)§D/2 4 o(5m=2/2)
i) [vell2 = [Vs.plI2 + 2(am + bm)u(p)8™=272 4 o(8M),
(iv) |v4g|g2* = |T73,p|§2* + 2*bu(p)8m=2/2 4 o(§m=2/2),
where
_Jm=2)/2 ifeitherm < 6or(M,g)islcf,
vim) = { 4 ifm>7and (M, g) is not l.c.f,
and
am = (m—=2)(m(m —2))" D0, and b, = /R Ut (A7)

Proof. (i) From (A.4) and (A.6) we obtain
loally — llull

/ _ (Ve = Vs p)I* + kmSgu — Vs,p)?) — (IVeu|* + km Sgu?)] dpig
{Ixl=r}n{u=Vs p}

—/ _ (IVeul® + kmSgu?) dug
{Ix|=r}n{u<Vs,p}

— 0(3m/2)
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/  (VeTh P+ kmSe T2,) i
{Ix|=rin{u=Vs ,}

a 2/ _ ((Veu. Ve Vs p)g + kmSguVs ) dpug + O(™?)
{Ixl=r}n{u=Vs p}

=0 / (|Vg Vs, |2+KS172)dM)
({cz«/ﬁs|x|sr} £er e et

=0(8m/2)

_2/ _ ((Vau, Vg Vs ) + kmSquVs p) dpg + O(8™?),
{Ix|=r}n{u=Vs ,}

see (A.8)

and, using (A.6) again,

/ (Ve Ve i) + kmSguls.p) ditg
{Ix|<r}n{u=Vs p}

/ ((Vgu,VgIZg,p) —I—KmSgqu,p) dug
{2¢1 VB <(x|<r}

/ (Veu, Ve Vs p) + kmSeuVs p) dig + O(8™?)
{2¢c1v8<|x|<r}

(—Ag Vs p + kmSeVs.p — Vi, Dudpg + 0(8™?)

/{2c1«/§§|x|sr)

see (A.10)
+/ VSZ*_IM dug—i—/ Bv%,pu
@oVo<ixizry 7 2e1VE=Ix]}
=0(8m/2) see (A.9)

+/ dy 175,1,24
{r=Ix}
— —

=0

where 0, is the exterior normal derivative,

/ 3y Vs ptt = (m — 2)(m(m —2))"F o u(p)s™T +0(5"7")
{2e1V=Ix])

—am
and
m+2
~ ~ ~ % 2m 2m
(/ |=AgVs.p + kmSgVs.p — Vi, ' |42 d:“g)
{2¢1VB<lx<r) ’
0" ifm =4,5, or M is Lc.f.,
= ¢ 0O(8*In8)*/3) if m = 6and M is not l.c.f.,

m—+10

ol +4) if m > 7 and M is not l.c.f.

(A.8)

(A9)

(A.10)



M. Clapp, A. Pistoia, H. Tavares

3740

Indeed, arguing as in [29] we obtain

~ ~ ~ox_1, _2m_
/ |=AgVs.p + kmSgVs.p — Vi, ' 17+2 dpug
{2c1Vé<|x|<r}

a8 (§2 4 2y

=10
261«[(82+S2)m+2

Q

52)m+2

( 2m(m 2) _ 14 mm=6)

0] S m+2 ds) ifm=4,5, or M isl.cf.,
l/f

r/f Ing
[In ds| sgds)
201/~f (1+S2)2

=30 if m = 6 and M is not l.c.f.,

(gmfz / s ds) if m > 7 and M is not l.c.f.
1//8

2m@m—2) _ m(@m—06) . .
08 m¥z "2mFD) ifm = 4,5, or M is l.cf.,
=1 0(8%|In§|) ifm = 6and M is not l.c.f.,
m__, m(m—6)
O(S%Jr ST ) if m > 7 and M is not l.c.f.

This concludes the proof of statement (i).
(i1) Using the inequalities

lla + b —1al"| < c(al ' |b| +16") Va,b R,

lla+bP" —lal* —2%alal 2|bl| < c(lal* (b + [bI*")  Va.b € R,

we obtain

2% 2%
|U1 |g,2* - |u|g,2*

=/ up dug+/ |(u—%,p>+|2*dug—/ P dug
{lx|=r} {lx|<r} M

- / C(u= TP P 20 ) g
[x|=r}n{u=Vs ,}

- 2*/ - “2*_1175,17 dug — / - |u|2* dug
{Ixl=rin{u=Vs »} {Ix|=r}n{u<Vs p}

r Sm m m(m—
0(/ —sﬁm—w e ds) ifm=4,5, or Mislcft,
2

§m L2—1+ m@m—o6) . .
/ ———gm+2 m+2 ds if m > 7 and M is not l.c.f.
2¢1/8 (52 +

m
/ —s8Ins| ds) if m = 6 and M is not l.c.f.,
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=0 / W 202+ 172*)d,u )—2*/ w? W o du
( texv/E<Ixl<r) o T Thp ) TS {261 VB <lx|<r} reE

o8™m/2) it m=>5 see (A.11)
+ / _ uz*_1175,p dug —/ B uz*—lf;&p dug
{2¢1V8<|x|<rinfu<Vs p} {Ix|<2c1vV83N{u=Vs ,}
=0 (see (A.6)) =0(§m/2)
+ 0([ u? dp ),
{Ixl<e1 /3 ¢
=0(5m/2)
where
/ uz*_lfi&l? dug = / (—Agu + KmSgu)VS,p dpg
{2c1 V8 <|x|<r} {2c1 V8 <|x|<r}

= (-A ﬁg’ + kmS. 175, Judp —/ ﬁg’ dyu
/{2CIJ§sxsr} §Inp T ImTEp © Jaavs=my 7
=0(§m—1/2)
_/ V8,pavu+/ avVS,pu_’_/ av%,pu. (All)
{r=Ixl} {2¢1V/8=|x]} {r=Ixl}
=0 see (A.9) =0

This concludes the proof of statement (ii).
(iii) Using (A.5) and (A.6) we obtain

lvellg = 1Vs,p1l3

/ (Ve =Vs )P +kmSg (u—Vs p)* = Ve Vs |2 +1cmSe V1 disg
{Ix|=r}n{u<Vs p} ’

_/ - (|Vg175,p|2 +KmSgI732,p)dMg
{Ixl=r}n{u=Vs p}

- /  (VuP + kmSgu?) dug
{lx|<r}n{u<Vs ,}

— 2/ B ((Vgu,VgIZg,p) + KmSgMIZ;,p) dpe
{Ix|=r}n{u<Vs p}

+ O(/ (IVg 175,p|2 + kmSg 1752,1,) dug)
{er/8<|x|<r}

=0(§m/?)
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= 0(/ (|Vgu|2 + /cmSguz) dug)
{Ix|=c1V/8}

=0(@sm/2)

— 2/ _ ((Veu, Ve Vs ) + kmSguVs p) djug + O(8™?)
{Ixl=r3nfu<Ps ,}

= —z/  ((Veu, Ve Vs ) + kmSeuVs p) dug + O(8™?)
{lxl=r}n{u<Vs p}

see (A.12)

and

/ (Ve Ve Ti.p) + kmSguTs.p) ditg
{Ixl=r}n{u<Vs »}

/ . ((Vg“vvgf;&p) +"mSg”V8,p) dug
{Ix|< %5}

(Veu, Ve Vs p) + kmSeuVs ) ditg

{2 VE<Ix|<r}n{u<Vs ,)

=0(sm/2)

/{Ms?ﬁ}

(—=A 175, + km S 175, —Vz*_l)udu
/{IXISCZZ«@} gV8,p T KmIgVs,p— V5 p g

see (A.14)

+/ ) 1782*_1” du
x<2vsy O ¢

see (A.13)
+ / avf;(?,pu +0(5m/2)’
{2¢14/6=|x]}

see (A.9)

where

VZ*—]udM — M(p) (/ Uz*—ldx) 5(m—2)/2 + 0(5'"/2),
/{|x|s?m bp ¢ R
—_—

=b,,

(Vguu, Vo Vs p) + kmSquVs p) dig + O(8™?)

(A.12)

(A.13)
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and, arguing as in [29],

AT 7y, — 72
/{|x|<62f}| AgVsp + kmSg Vs p — Vi, 12 dpug

(/ x/——s%_“rm( ds) ifm=4,5 or M islcf.,
0 (6% + s2)m+2

25 §m
= 0(/ ——58Ins| ds) if m = 6 and M is not l.c.f.,
0 (82 + s2) m+2
*2 m
2 2m?2 _ | _ mGn—6) . .
O(/ ———gm+2 m+2 ds) if m > 7 and M is not l.c.f.
0 (82 + 52) m+2
72[ m(m—6)
0(5’" s T2 ds) ifm=4,5 or M islcf.,
0
28
= 0(8 “nS' ) ifm = 6and M is not L.c.f.,

72[ _l_m(m—6) . .
(0] ( §m / S mE2 ds) if m > 7 and M is not l.c.f.
0

m@G3m—

082" ) ifm=4,5, or Mislcf.,

=1 0(8%|In§|?) if m = 6and M is not Lc.f., (A.14)
m(@m-+10)

O 2m+> ) ifm > 7and M is not lL.c.f.

This concludes the proof of statement (iii).
(iv) Using (A.5) and (A.6) we obtain

%
|ve|g,2* |V8 p|g2*

/ Ty —ulP = (T2 + 2 T2 ) ditg
{x|<rinfu<Vs »} '

* 72*—1 2%
-2 / _ Vs, udug —/ _ Vs, dug
{xl=<rinfu<Vs p} {Ix|<rinfu=Vs, »}

= 0(/ (%2;_2142 + uz*)dp,g) —2* / B 178 ;_lu dug
{Ix|zc1vV8} {xl<r}n{u<Vs o}

=0(8m/2) see (A.15)
+ O(/ V2 du )
(e Bsixlzry P E
=0(sm/2)

and
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2% —1 2% 1
- .p Hdng = / . Vsp udig
/{|x|srm{usvs.p} i xi=g Vs 7
see (A.13)
— V2 -1y due + V2 ly du
/{|x|5“22~/3}n{uzl73,p> b * NG Berisnntuss 0P ¢
=0 see (A.0) =0(8m/2)
= buu(p)§™2/2 L 0(™?). (A15)
This concludes the proof of statement (iv). [

Appendix B. Uniform bounds in Hélder spaces

In this appendix we prove Lemma 4.4. Since it does not require additional effort, we
consider the more general system

L
Leui = hi(poui) + Y A"y inMi=1,....6,  (B.)
j=1
J#i
where (M, g) is a closed Riemannian manifold of dimension m > 1, A <0, y > 0, and
hi : M x R — R is a continuous function satisfying |h; (p,s)| < C|s| forevery p € M
and |s| < 1.
Lemma 4.4 is a particular case of the following result.

Theorem B.1. For each A < 0 let (uy1,...,u, ) be a nonnegative solution to (B.1)
such that {uy ; : A < 0} is uniformly bounded in L°°(M) for everyi = 1,...,L. Then,
for any o € (0, 1), there exists Cy > 0 such that

lua,illeo.wary < Co foreveryA <0,i=1,...,¢.

In local coordinates, the system (B.1) becomes

¢
—at0 GV(A) Vi) = —kmSg (Yui + hi (x,ui) + 3 A"+ i "My in €,

Jj=1
J#i

where Q is an open subset of R”, a(x) := /|g(x)], A(x) := ]g(x)[(g¥ (x)), (gx1) is

the metric written in local coordinates, (g%) is its inverse and |g| is the determinant of
(gx1)- Observe that the second order differential operator is uniformly elliptic, and since
M is compact, a is bounded away from 0. Therefore, we end up with a system of the form

L
—div(A(x)Vu;) = fi (x,u;) + a(x) Z)L|uj|y+1|ui|y_1u,- inQ,i=1,...,4. (B.2)

j=1
JF#i
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Let Sym,, = R™(m+1/2 pe the space of real symmetric m x m matrices. For the system
(B.2) we prove the following result.

Theorem B.2. Let Q be an open subset of R™, and y > 0. Assume that
(H1) a € €%(Q) anda > 0in Q,
(H2) A € €Y(Q,Sym,,) and there exists 6 > 0 such that

(A(X)E, &) = 0|E)* forallx € Q, £ e R™,
(H3) f; : @ xR — R is continuous and there exists ¢ > 0 such that
| fi(x,8)| <c|s| forallx e Q,|s|<1,i=1,...,¢

For each A < 0 let (uy,1,...,u, ) be a nonnegative solution to the system (B.2) such
that {uy_; : A < 0} is uniformly bounded in L>°(2) for everyi =1, ..., L. Then, given a
compact subset K of 2 and o € (0, 1), there exists C > 0 such that

lua,illeoaxy < C foreverydA <0,i=1,....L
‘We now show that Theorem 1.4 follows from Theorem B.2.

Proof of Theorem B.1. Arguing by contradiction, assume that {u ; : A <0} is unbounded
in €%%(M) for some a € (0,1) and some i = 1,...,{. Since, by assumption, this set
is uniformly bounded in L°°(M), there exist A, — —oo and p, # ¢, in M such that
Up,i = Uy, ,; satisfies
[Un,i (Pn) — Un.i(gn)l
[dg (Pn.qn)]*

where d, is the geodesic distance in (M, g). As (u,,;) is uniformly bounded in L*° (M),
this implies that dg (pn, ¢n) — 0. Moreover, since M is compact, a subsequence satisfies
pn — p in M. Hence, g, — p. Now, in local coordinates around p the system (B.1)
becomes (B.2) with f;(x,s) := a(x)(—kuSg(x)s + hi(x,s)). This contradicts Theo-
rem B.2. ]

3

Remark B.3. We point out that proving local uniform Hélder bounds for solutions of
(B.2) (and hence (B.1)) is the starting point to prove local Lipschitz uniform bounds,
which are optimal in this context. This has been done recently in [25, Theorem 1.1 and
Corollary 1.4].

For the remainder of the appendix, our goal is to prove Theorem B.2. We follow very
closely the proof of [49, Theorem 1.2], where the case A(x) = Id was treated, mainly
highlighting the differences that arise from having a divergence-type operator instead of
the Laplacian.

We use the following notation for the seminorm in Holder spaces:

,_ Ju(x) —u(y)l
[uleow(@) = sup —————.
X, yER |x - y|
xXF#y
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B.1. Auxiliary lemmas

We present the following generalization of [9, Lemma 5.2], [51, Lemma 4.1] and [53,
Lemma 2.2] to our setting. The first part of the lemma is required to treat the case y < 1,
while the second part is needed for y > 1 (see the upcoming proof of Lemma B.7 for
more details).

Lemma B.4 (Decay estimates). Let Q be an open subset of R™ and Ae l‘fl(ﬁ, Sym,,)
be bounded in the € -norm and such that there are 0 < 6 < @ with 0|§|> < (A(x)&,£) <
O&|? for all x € Q and § € R™. Let ag > ||A||€1(§’Symm). For any R > 0 satisfying

Byr(0) C Q we have the Sfollowing results:
(1) Take C > 1 and let u € H'(B,g(0)) N'€°(B,agr(0)) be a nonnegative solution of

—div(A(x)Vu) < —=Cu in Bog(0).

Then there exist constants c1,c2 > 0, depending only on m, ® and ay, such that

—c> R/ C
]l oo (Brioyy < €1]1ullLoo(Brr oy € 2RYE.

(2) Take § >0,y > 1, C > 1 andletu € H'(B,g(0)) NE°(B,r(0)) be a nonnegative
solution of
—div(A(x)Vu) < —Cu” + 6§ in Bor(0).

Then there exists a constant ¢ > 0, depending only on m, ® and ay, such that

¢
C“u”Zoo(BR(O)) = m”u”LW(BzR(O)) +4.

Proof. (1) For the first statement we follow closely the proof of [51, Lemma 4.1], which
concerns the case of a constant matrix. Define

z(x) := Zcosh(\/C/in) with L := max {1, (apm + ©)?}.

i=1

Observe that, for x € B,r(0),

Z (aA”( e+ Ay

= \/>Z ”( )smh([ )+%iifu(x)cosh(\/§xi)
i=1

< \/;a(); sinh(\/;)g)

< cZ(x)(j"_ %) < Cz(x),

div(A(x)Vz)

co
+ TZ(X)
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where in the last inequality we have used C > 1 and the definition of L. Moreover, observe
that there exist ¢y, c; > 0, depending on L (that is, on m, ay and ®), such that

c2lx|V/C

z(x) > cie for every x € R™.

Therefore, given xo € Bg(0), by the comparison principle (which we can apply because
C > 0) we have

ux Z(X — X
0 LX) ).
ullLoo(Bag@)) ~ cqec2RVC

Evaluating the previous inequality at x = x¢ yields
m _
u(xo) < o 2RYC |t oo (3,  (0))-

and the conclusion follows.

(2) We follow the proof of [53, Lemma 2.2] (which deals with the Laplace operator).
Our main addition is the use of the mean value theorem for divergence operators, which
reads as follows: Given  C R™ there exist k, K > 0, only depending on 8, ® > 0, such
that for y € Q there exists an increasing family of sets D, (y) C 2 such that Bg,(y) C
D, (y) C Bk,(y) and, for every solution w of —div(A(x)Vw) < 0in £,

1
w isincreasing, and w(y) < ——— w
IDr (V)| Jp, 3 |Dr(x0)| /D, (y)

(See [6, Theorem 6.3] for the proof of this result, which was previously stated in [10,12].)
Now take a nonnegative solution v € H!(B,g(0)) of

r =

—div(A(x)Vw) + Cw? =0 in Byg(0), v = |[uLoo(Byr(0)) ©N 0B2r(0).

Using the uniform ellipticity and since C > 0, we can apply the maximum principle to
deduce that v < |[u|Loo(B,x(0)) In B2r(0). Let n € €°(B2r(0)) with0 < n <1bea
cut-off function such that n = 1 in B3g/2(0), and take ng(x) := n(x/R). Then

/ CvY < / Cv'ng = / div(A(x)Vv)nr
B3r/2(0) B>r(0) B>r(0)

l ~
~ ®n (x\ 1 094 _0dn(x)\1

= E Ai' _ | — | — — | =1—

/BzR(O)v( ](X)anaxi(R)Rz + 3Xj (x)axi(R)R)

i,j=1

< ao(R™" + R™ ) ||v[lLoo(Bar(0))-

Now let y € Br(0). Since y > 1, by the mean value theorem presented above and Jensen’s
inequality we have

1 4 1
Cu(y)’ < C(— v) < Cv?
|DR/(2K)(J’)| Dr/2k)(») |DR/(2K)(y)| DRkl

1 (2K)m 1
<— v <(Z=) —— Cv”
|B%(Y)| Br/2(») kR ] |B1(0)| JB3g2(0)

ao

m v ”LOO(BzR(O))'
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By the maximum principle we have u < v + (§/C)'/?, from which the conclusion fol-
lows. ]

Lemma B.5 (Liouville-type results). Let A € Sym,, be a constant matrix and o € (0, 1).
(1) Letu,v € H!

loc

(R™) N €°(R™) be nonnegative functions satisfying uv = 0 and
—div(AVu) <0, —div(AVv) <0 inR™.

If [uleo.agmy < 00 and [v]eo.agm) < 00 then either u = 0 orv = 0.
(2) Letu,v € H! (R™) NE°R™) be nonnegative solutions of

loc
—div(AVu) < —au’v?’*!,  —div(AVu) < —av’u’t!  inR™,

witha > 0 and y > 0. I [uleo.a@m) < 00 and [v]eo.«gm)y < 00 then either u = 0
orv =0.

(3) Let u be a solution of —div(AVu) = 0 in R™ such that [u]co.«gmy < 0. Then u is
constant.

Proof. Inspired by the proof of [51, Theorem 3.1] we find that since A is symmetric
and positive definite, there exist an orthogonal matrix O and a diagonal matrix D =
diag(dy,...,dg) with d; > 0 such that O* AO = D. Then, for \/Bzzdiag(\/d_, . AdY)
and ii(x) := u(0O~/Dx), we have

Aii(x) = div(AVu)(O~/Dx).

Under this change of variables, we reduce the proof to the case of the Laplace operator.
Therefore, parts (1) and (3) follow from [43, Proposition 2.2 and Corollary 2.3], while (2)
follows from [49, Lemma A.3] (see also [50, Corollary 1.14 (ii)] for thecase y > 1). =

B.2. A contradiction argument and a blow-up analysis

Fix o € (0, 1). Without loss of generality, we assume that m C 2. Under the assump-
tions of Theorem B.2, we aim at proving the uniform Holder bound in B;(0). Fix A > 0
such that

||u)k’i||Loo(33(0)) <A VA<O0,i=1,...,¢ (B.3)

Let n € €}(R™) be a radially decreasing cut-off function such that

nx)=1 for x € B1(0),
nx)=0 for x € R™ ~ B;,(0),
n(x) = 2—|x|)*> forx € B2(0) ~ B3/5(0).

For x € B5(0), let dy := dist(x, dB,(0)). It is shown in [49, Remark 2.1] that

su
sup su B, 1 < 16. (B.4)

x€B,(0) pe(0,d/2) 1NfB,) 1
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Our goal is to prove that there exists C > 0 such that

|(nun,i)(x) - (nun,i)(y)|
sup

xX#y |x - y|a
x,y€B2(0)

<C Vi<0,i=1,....¢ (B.5)

Since n = 1 in B;(0), Theorem B.2 follows readily from (B.5).
To prove (B.5), assume that it is false. Then there exist A,, — —oo such that u, ; :=
u,, i satisfies

[(un,i)(x) — (M ,i)(¥)]

L, := max sup — 00 asn — oo. (B.6)
i=1..l x4y |x - y|a
x,y€B>(0)

We may assume that the maximum is attained at i = 1. Then, for each n, we fix a pair of
points x,, y, € B»(0) with x,, # y, such that

_ |(nun,l)(xn) - (nun,l)(yn)| )

L
! [xXn — ynl®

As (uy) is uniformly bounded in L°°(B,(0)), this implies that |x, — y,| — 0. So (x,)
and (y,) converge to the same point. We denote

Xoo := nlglgoxn = nll)n;o Vi, Aco = A(Xeo),  loo = a(Xeo). (B.7)

The contradiction argument is based on two blow-up sequences

un,i (-xn + rnx) and l_) (X) e (T]uﬂ,i)(xﬂ + rnx)
n,i = 5

L,rg L,rg

Un,i (x) := n(xn)

both defined in the scaled domain 2, := (B3(0) — x,,)/ry; see [49,53,61,63]. Here ry, €
(0,1), r, — 0, will be conveniently chosen later. Observe that By, (0) C €2, therefore
€2, approaches R™ as n — oo. Since 7 is positive in B, (0), the functions v, ; and v, ;
are nonnegative and nontrivial in Q/, := (B2(0) — x,)/r,. Note that as x, € B»(0), ),
approaches a limit domain €2, which is either a half-space or the whole R™, as n — oo.

Lemma B.6. Under the assumptions of Theorem B.2, v, ; and v, ; have the following
properties:

(1) The sequence ([{)n,l‘]fosu(gi/)) of a-Holder seminorms is uniformly bounded. Further-
more, for everyn € N,

(i () = B ()] [90,10) = By (2222) |

max  sup = — =L
=Ll wpy  x— Y[ | 2oz |
X,J’EQ;z

(2) vn,; solves

—div(Ap () Voni) = ni(X) + an(x) D Anlvn i " onil” vns  in Q.
J#i
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where
an(x) :=a(x, +rpx), An(x):= A(xy + rpx),
Con)r2 ™
gn,i(x) = n%fn,i(xn + rnX,un,i(xn + rnx))»
n

L. \¥

im oY
§ o n(xn)

(3) There exist ag,ay,az,0,© > 0 such that, for everyn € N,
ay < an(x) <az, OIE)® < (Ay(x)E.§) < OE]> Vx € Q. § €R™,
[Anller(@,,sym,,) < do-

4) llgn.illLe(@,) — 0, and there is co > 0 such that |gp i (x)| < cor2|vn.i(x)| for all
xeQ,, neN.

(5) vni — Un,illLoo(x) = O for any compact set KX C R™ and everyi =1,... 4.

(6) For any compact set X C R™ there exists C > 0 such that

i (6) = vni (D] < C + [x —y|* Vx,ye K, i=1,...L
In particular, (v, ;) has uniformly bounded oscillation in any compact set.

Proof. The first two statements are proved by direct computation. The third one fol-
lows from (H1)-(H2) with a; := minxem a(x), ap := max, .-y a(x), © :=
”AHI?O(W Sym,,) and ag := ”A”EI(W Sym,,)’ while the fourth one is a consequence
of (H3), (B.3), (B.6) and r, — 0. The last two statements are proved exactly as those in
[49, Lemma 2.2 (4)—(5)]. ]

Lemma B.7. Tuke r,, — 0% such that

x—
|Xn yn|<

liminf|A,| >0 and limsup 00. (B.8)
n—>00 n—o00 Tn
Then the sequence (v, (0)) is bounded in R¢, where v, 1= (Un,1s - -s Unp)

Proof. We follow [49, Lemma 2.3], to which we refer for further details.

Assume towards a contradiction that |v,, ;(0)| — oo for some ie{l,... £). Take R >
|yn — xn|/rn foralln € N. From Lemma B.6 (1) we get |v,, ;(0)| = [0, ;(0)| < [v,, ;(x)| +
(2R)* if x € 2, N B2g(0). Soinfg; A, (o) [V, 7(X)| — 00 and, as v, ;|gm<gq; =0, we
conclude that B,g(0) C ), for n large enough. Since R is arbitrary, it follows that Q,
approaches R™ as n — oo.

Let ¢ € €°(B,2r(0)) be a nonnegative cut-off function such that ¢ = 1 in Bg(0).
Take i = 1, ..., £. Testing the equation for v;, in Lemma B.6(2) against v,-,n<p2, we
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obtain
0 ol [ an Al ol
B3R (0) By r(0 i
X X 2 Y+l g y+1 2
= / (AnVuui, Vo, i )o~ + / an Z [An] |vn,]| [Vn,i | @
B>r(0) B>r(0) i

= _2/ (Anvvn,ia pr)”n,iﬁo + / 8n,i Un,i‘pz
Byr(0) Byr(0)

9
= f Vo262 + C / (W2, +1),
B>r(0) B>z (0)

where in the last inequality we have used Lemma B.6 (4), (H2) and Young’s inequality.
By Lemma B.6 (3) we have

S IAallons ! o < € f W2, +1).

i Br(0) B>r(0)
Combining this inequality with liminf|A,| > 0 and Lemma B.6 (6) we deduce that
|0, ) PPFD o )PP < C(|oni ()1 + D(Jvn; (0> +1) V€ Br(0),

for any i # j. Using again Lemma B.6(6) and our assumption that [v, ;(0)| — oo we
derive
inf |v, 7| = oo, sup |v, ;| =0 Vi#1i.
BZR(O) | n,i | BZR?O) | n,l| #

Now we consider two cases.

Assume first that y € (0, 1] (as when 2(y + 1) = 2* and m > 5). There are again two
possibilities:
Case 1. 1fi = 1, take I, := a1|A,|infp, (o) |vn,1]7 T — oco. Since v,,; — 0 in Bag(0)

and y < 1, from Lemma B.6 we get

I
—div(4, VU, ) < Crlvg; — L), < —?nvn,,- in Bog(0), Vi > 1,

n,i —

Since [[Anlle1 (g, < ag for all n € N (by Lemma B.6 (5)), Lemma B.4 (1) yields

Symyy, )
0 < vp; <cre™2YInin BR(0),
and therefore
An| My 02 T107 < 20,0067 20DV 0 in BR(0)

for n large, and
div(4, Vv, ;) = 0 in L (Br(0)).
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Then, setting w, (x) := vy,,1(x) — vp,1(0), by the Arzela—Ascoli theorem we deduce that
Wy —> Weo in L (BR(0)). Moreover, A, (x) - A(Xo0) =: Aoo With Xoo as in (B.7).
Observing that R may be taken arbitrarily large, we conclude that

div(AeoVies) = 0 in R™,

Arguing as in [49, pp. 401-402] and using (B.4), we see that [Weo]co.e(rm) = 1, which
contradicts Lemma B.5 (3).

Case 2. Ifi > 1, take I, := Zj>1 |Ar|infp, 4 (0) |v,,,j|1’+1 — 00. Then
. L, o _ I .
_dIV(AnVUn,l) = _7|v1,n| = _?|vn,1| in B,g(0).

Therefore, again by Lemma B.4 (1), v, < cle_CZ*/E in Bg(0), which gives again
div(4,(x)Vv,,1(x)) = 0 uniformly in Br(0),

a contradiction.

Finally, if y > 1, one may argue exactly as in Case 1 of the proof of [49, Lemma 2.3],
using this time the decay estimate Lemma B.4 (2). In both cases, i=1andi > 1, we
end up with div(A4,(x)Vv,,1(x)) — 0 locally uniformly in R™, leading as before to a
contradiction. ]

Lemma B.8. Up to a subsequence, we have

L, \7

(525 ) b = P >
n(xn)

Proof. We follow [49, proof of Lemma 2.5]. To reach a contradiction, assume that the

sequence considered in the statement is bounded and take

Lo \2r\-l/Car+D)
Iy = (|/\,,|( = ) ) — 0.
1(xn)

With this choice, (B.8) is satisfied and from Lemma B.7 we deduce that (v,(0)) is
bounded in R¥. Combining this fact with Lemma B.6 (1), we deduce the existence of
(v1,...,v¢) € €%(R™ RY) such that Un,; — ;i in the o-Holder norm as n — oo. Under
the previous choice of r,, one has A, = —1. Hence, by elliptic regularity, the convergence
of Uy, ; to v; is actually in €%, and

—div(Aeo Vi) = —aooviy Z v}/H in Qeo,
J#i
where 2 is the limit domain of Q; and A, @ are defined in (B.7). In particular, for
any i # j, the pair (v;, v;) is a nonnegative solution of

. 1 . 1.
—div(Aeo Vi) < —aoovl?'v}'+ , —div(AxVv;) < —aoov}’vg'+ in Qoo

with bounded o-Holder seminorm. Using Lemma B.5 (2), and reasoning from this point
on word for word as in [49, proof of Lemma 2.5], we obtain a contradiction. [
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Lemma B.9. Let r,, := |x,, — yu|. Then there exists (vy, ..., vy) € € (R™, RY) such
that, up to a subsequence,
(R™) N H,

() v = viin L3S

R™) foralli =1,...,¢;

loc

(i1) foranyr > 0,

lim [An| [0ni P on ;7T =0 Vi, j=1,... . Lwithi # .

n—00 Jp (0)
In particular, v;iv; = 0in R™ foranyi # j.

Proof. Using Lemmas B.6-B.8, in particular the smoothness, boundedness and uniform
ellipticity of A,, the proof is obtained from a straightforward adaptation of that of [49,
Lemma 2.6] (which, in turn, is based on [43, proof of Lemma 3.6]). Observe that v;v; =0
is a direct consequence consequence of the strong convergence of v,, the convergence
in (ii) and the fact that

L 2 2 1
(Anl = A |(( )) o — ynP@7HD s oo, .
n

Lemma B.10. Let (vq,...,v¢) be as in Lemma B.9 and Ao be as in (B.7). Then

(i) maxyepp, [v1(x) —v1(0)| = 1 and
div(AeoVv1) =0 in Qg :={x € R™ : v1(x) > 0},

where 21 is open and connected, and 21 # R™;
(i) v; =0in R™ foreveryi > 1.
Proof. Using the previous lemma together with Lemma B.5, the proof goes exactly as the

one of [49, Lemma 2.7]. [

B.3. The domain variation formula: end of the proof

Lemma B.11. Let (vy,...,v¢) be as in Lemma B.9 and A, € Sym,, as in (B.7). Then,
for any vector field Y € €L(R™,R™), we have

/ ((dYAs Vv, Vvy) — 2 (40 Vu1, Vy) divY) = 0. (B.9)
Rm

Proof. We test the i-th equation in Lemma B.6 (2) against (Vv, ;, V), integrate by parts
and take the sum foralli = 1, ..., £ to obtain

Z/ (An Vi, V(Vu, ;. Y Z/ [An |an y+1 y (anhy)
i=1 i,j=1
14
:Z/ &n,i(X)(Vuni,Y).
= Jau

J#i
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Observe that

/ (AnVmi. V (Vg Y)) = / (AnVim s, D20 ¥ + (Y Vo)
Q Qp

=/Q (D2Vni AnVoni, Y) + (Y ApVon i, Vo))

= / (—%(Aann,i,an,i)divY
Qn

a(An)]k aUn,i 8Un,i
zj;l Ve e+ YAV Vo)

— (—%(AwVvl,Vvl)divY + (dYAxo V1, Vuy))
Rm™

because Y has compact support, v, ; — v; strongly in H,! (R™) and

Ap)i A
9(An) jk _ 8 ’k(x,,+rn ) — 0 in L2 (R™).

0x; " 9x;
Moreover,
Z[ Anlanv? S107 (Vo i, ¥) = Z/ Anlan (V751020 ¥)
i,j=1
J#i t<1
=— Z/ |An |a,,()c)verl y+1leY
i,j=1
i<j
_ Z / |An|riv ZJ;I ZTI(Va(xn—i—rnx) Y) =0

i,j=1

l<]
by Lemma B.9 (ii). The statement follows from this facts. ]

End of the proof of Theorem B.2. Since A« € Sym,, is positive definite, there exist an
orthogonal matrix O and a diagonal matrix D = diag(dy, ..., d;) with d; > 0 such that
O"AscO = D. Let

ui(x) := v1(O~Dx), sothat Vu(x) = vDO'v(OvDx).

Then, from Lemma B.10 we get

® MaX| /5=y [u1(x) —u1(0)| = 1;
e Au; = 0in {u; > 0}, which is an open connected set that does not coincide with R™;

while (B.9) turns into

/ ((dZVuy, Vuy) — 3|Vuy | divZ) = 0 (B.10)
Rm
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for Z(x):= ~/DO'Y(O~/Dx). Since Y is an arbitrary vector field with compact support,
then (B.10) holds true for every Z € €} (R™,R™). Given xo € R™ and r > 0, let 15 €
€2°(Br+5(x0)) be a cut-off function such that 0 < ns < 1 and ns = 1 in B,(xo). Then
taking Z(x) = Zs(x) := (x — xo)7ns in (B.10) and letting § — 0, we derive the local
Pohozaev identity

@—m) Va2 = / r Q@) — Vi)
B (x0) 9B (x0)

(see for instance [44, Corollary 3.16] for the details). From this, it is now classical to
deduce an Almgren monotonicity formula, namely, if we set

1 1

E(ro.r) i= / Vurl?. H(xor) i= / 2
2 JB, (x0) 1 o)
E(Xoﬂ”)

N , =

07 = H (xo. 1)

then H(xg,r) # 0 for every r > 0, the function r — N(xg, r) is absolutely continuous
and nondecreasing, and

i log H(xg,r) = gN(xo, r)

dr r
(see for instance [44, Theorem 3.21] for a proof). Moreover, if N(xg,r) = o for every
r € [r1,ra], thenuy; = r@u (¢) in {ry <r < rp}, where (r, %) denotes a system of polar
coordinates centered at xg. Therefore we have obtained precisely the statements contained

in [49, Lemma 2.7 and Proposition 2.9]. From this point on we argue exactly as in [49,
Section 2.3] to obtain a contradiction. [

Appendix C. Lipschitz continuity of the limiting profiles and regularity of the free
boundaries

Staying within the framework of Appendix B we continue our study of the system (B.2).
Our aim now is to prove the following result.

Theorem C.1. Let Q be an open subset of R™ and y > 0. Assume that

Hl") a e €' (Q) anda > 0in R,

and that A and f; satisfy assumptions (H2) and (H3) of Theorem B.2. For each A < 0,
let (Uy,1,...,u, ) be a nonnegative solution to the system (B.2) satisfying

(H4) uy; — u; strongly in H'(Q) N €% (Q) for every a € (0, 1), as A — —oo, where
u; #0;

(HS) /S;)kui,iuﬁ,j — O whenever i # j; in particular, u;u; = 0ifi # j;

(H6) —div(A(x)Vu;) = fi(x,u;) in the open set {x € Q : u;(x) > 0}.

Then the following statements hold true:
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(a) u; is Lipschitz continuous for everyi = 1,... 4.

(b) The nodal setT" :={x € Q: u;j(x) =0Vi =1,...,4L} is the disjoint union Z U .,
where X is an (m — 1)-dimensional €V*-submanifold of Q and . is a relatively
closed subset of Q2 whose Hausdorff measure is smaller than or equal to m — 2.
Moreover,

— given xg € X, there exist i, j such that

lim (ACOViy (), Vg (1)) = lim_(4(x)Va; (x), Vit (x)) # 0,

lim_
x—>x0 x_)xo

where x — xgt are the limits taken from opposite sides of Z%;

— ifxg € &, then
lim (A(x)Vu;(x),Vu;(x)) =0 foreveryi =1,...,1.
X—>X0

The proof of the Lipschitz continuity of the limiting profiles goes along the lines of
[43, Theorem 1.2 and Section 4] (see also [49, Theorem 1.5 (4)], while the regularity of the
nodal set follows [57, Theorem 1.1] (see also [49, Theorem 1.7]), where the differential
operator is the Laplacian. The proof requires a careful blow-up analysis and is mainly
based on the use of an Almgren-type monotonicity formula. Adapting it to divergence-

form operators with nonconstant matrices is not completely straghtforward, and for that
we use ideas from [32,33,39,52].

C.1. Almgren’s monotonicity formula: the case A(0) = Id

Assume that 0 € Q2 and, for now, that A(0) = Id. Our goal is to prove an Almgren mono-
tonicity formula centered at the origin. Later on we shall see how to reduce the case where
A(0) is any matrix to the one where A(0) = Id, and in which way this affects the formu-
las. The advantage of making this assumption stems from the fact that, near the origin,
the problem looks like the one for the Laplacian, for which formulas are easier to derive.
Asin [33,39,52], we define

X

11(x) :=<A(x) ,i>, x € R < {0).
| x|

|x
The next lemma quantifies the behavior of various functions involving 4 as x — 0, in
terms of

|DA|loo := max {||0x, aij (X)||Loo@) 1,/ =1,....4, k=1,...,m}

(which we assume to be finite, possibly by taking a smaller €2 from the start). The proof
follows computations in [33]. Here, however, we need to keep track of the dependencies
of the constants involved in the monotonicity formula. This is a key factor in passing from
a general A to one with A(0) = Id (see the proof of Theorem C.9 below, and its relation
to Theorem C.3).
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Lemma C.2. There exists a constant C, depending only on the dimension m and on an
upper bound for | DA|| o, such that, as |x| — 0,

(1) [|A(x) —1d|| < C|x],
2) |ux)—1] < Clx|,
3 |ty — 1] = =S lxl
@ | — U = a=emnz x)
5) V)| < C,

(6) |div(A(x)V|x]) — 2=t

7 |d1v(“ib(fx))x) m| < Clx|.

H=c

Proof. The first statement is a direct consequence of the mean value theorem and the fact
that the coefficients of A are of class €1, which yields

1AGx) = 1d|| < V/m|| DAJloo|x].

The second one follows from the identity

) = (i ) o - )

combined with the Cauchy—Schwarz inequality and item /., which allows us to con-
clude that |u(x) — 1| < /m| DA| co|x]|. Items (3) and (4) are direct consequences of
(2), namely,

1‘< VmlDAlse
———1|= .

p) | = v DAllx]

‘ ! _1'<ﬁ||DA||w(2+ﬁ||DA||oo)
W@ T A= DAllx])?

Regarding (5), from the proof of [33, Lemma 4.2] we get

|x].

|0, 1 (x)]
m m m
Oy aij (X)X X; 2(ag;(x) — Okj)x; 2(aij(x) — 8;j)xi X; Xx
= Z |x|2 +Z |x|2 - Z |x|4
i,j=1 j=1 i,j=1
DA Z |xl||xj Jri2|xj||x|jL i 20 | x5 ] x| |x]
P P I
ij=1 =1 ij=1 .

< ||DA|l0o(3m? 4 2m).

As for item (6), following the computations in [33, Lemma 4.1], we see that

div(A(x)V]x]) = |—|1 + div((A(x) — Id)V|x]),
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and

" sy
A4 = TxD] = | 3 a2+ (|7’|—)|‘ : )( 4y (1) — )

ij=1

N , bl
< 1D Al Z(|’| + | o+ L) < 32 DA

i,j=1

Finally, following [33, Lemma A.5], we have

(LAY, _ bl (A0 V1) XAV Vi)

1—m—
) w0 12(x)
||(d el 1) _1(;_1)_|x|<A<x)V|x|,w(x>>
G \ VAVl = = )+ n = D s P I
Since
{AX)VIx], V()| < (Ax) —1d| + D[Vu(x)| = C
(by item (5)), we see that (7) follows from (3), (4) and (6). [

Set B, := B, (0), u = (uy,...,up), |ul? := Zf u?, and

~

(A(x)Vu,Vu) := Z(A(x)Vu,-, Vu;),
=1

fCeou) = (filx,ur), ..., fo(x.ug)).
Define

E(r):

rml—z /Br((A(x)Vu, Vu) — (f(x,u),u))dx

1 L
— s 2 [ (GACOVi Vi) — i) d,
i=1 Br

)
1 1

H) = 240 = 2 4o,

()= iy /aB,“(x)'”' 7= /aBru(x)ul o

and the Almgren quotient

N(r):= % whenever H(r) # 0.

The main purpose of this section is to prove the following result.

Theorem C.3 (Monotonicity formula, case A(0) = Id). Take w € Q2 such that 0 € w.
There exist C,r > 0 (depending only on the dimension m, the ellipticity constant 0, the
domain w, and on an upper bound for || DA| s and ||u o) such that, whenever r € (0,7),
we have H(r) # 0, the function N is absolutely continuous, and

N'(r) > —C(N(r) + 1).
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In particular, e" (N(r) + 1) is a nondecreasing function and the limit
N(O"):= lim N(r)
r—>0t
exists and is finite. Moreover,
;2 _
(logH(r))) — =N(r)| < C foreveryr € (0,7). (C.1)
r

We present here a sketch of the proof of this result, which is based in ideas from
[43,49,57], with adaptations obtained in [32,33,39,52] allowing us to deal with variable
coefficients. Our main goal in carrying out this proof and in repeating some computa-
tions is to focus on the dependence of the constants C and 7, specially on the matrix A4,
something that was not needed in previous papers.

Lemma C.4. We have
4

1
E(r) = T Z/ u; {A(x)Vu;,v(x)) do.

0By

i=1
Proof. For A < 0, we have

1

Ex(r) = s /B (AGOVatz, Vatz) — (f(x,103),u3)) dx

L
1
rm—Z/ a(x) > Mug |7 g7 dx
Br ij=1
i#j
1 l
= 2 [ AT v(0) do
B,

i=1

where the last identity is a consequence of testing the i-th equation in (B.2) by u; ;,
integrating by parts, and taking the sum over i. Passing to the limit as A — —oo and using
assumption (H4) yields the claim. ]

Lemma C.5. Let € Q2 be such that 0 € w. There exist constants C,r > 0, depending
only on the dimension m, on w and on an upper bound for || DA|| o, such that

'H’(r) — %E(r)

<CH(r) foreveryr € (0,r).

In particular, we get (C.1).

Proof. We combine the proof of [52, Lemma 3.3] with the estimates from Lemma C.2.
By [52, 3. 7],

d

o L, weont =2 | wtawvu vish + [k aivaevia).

r r
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which, together with Lemma C.4, yields

H _l_mH 2 3 i (A(x)Vu;
(r)—T (r)+rm_1;LBr“z( () Vi, v(x))

4

1 .
+ 12[33 u? div(A(x)V|x|)

i—1

L

1—m 2 1 2 4-
——H() + ZE(r) + Zf u? div(A(x)V|x|).

r rm—l
i=179Br

The conclusion now follows from the estimate

L
1—m 1 2 .
— H(r) + s iZE 1 /BB, u; div(A(x)V]x|)

1 < div(AX)V|x]) 1—m

= e ()
where the constant C > 0 arises from items (3) and (6) of Lemma C.2. ]
Define y
Z(x) := () ~x asx —0.

p(x)
From now on we use the summation convention for repeated indices, unless stated other-
wise.

Lemma C.6 (Local Pohozaev-type identities). For every r > 0 such that B, C 2, we
have the following identity (where A = (a;j))

I‘/ (AVu;,Vu;) = / div Z{(AVu;, Vu;) + 2/ fi(x,u;){Vu;, Z)
0By By By
8ul~ 8ul~

+z/ <z,wi><AVu,~,v>+/ (Z. Van)
By , oxp 0x;

0Z; ou; ou;
-2 — 1 C.2
/Br @nl Oxp 0x; 0x; €2

Proof. From system (B.2) we derive an identity for the u ;’s, and then pass to the limit as
A — —o0. For each i, from the divergence theorem and the definition of p(x) and Z(x),
we derive

r [ (AVity s, ity ) = / (AViz. Vs ) (Z.v) = [ div((AVu . Vur ) Z)
3B, 3B, By

=/ diVZ(AVu;L,,-,VuA,i)—i—/ (Z,V((AVu, i, Vuy ;))).
By

r
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Following now [52, Lemma A.1] (see also [33, Lemma A.9]), we obtain

ouy; ouy ;
/‘(Z,V((AVMA’,-,VMAJ-))):/ (Z.,Van) Ai OUY

r

0Z; 9 0
+2[ (Z7VuAi)(AVuu,v)—2/ an —~ UAz Ui
OB , , By 8Xh axj axl

2 [ (z.vu) (fian) ran Y a7+ )
r j=1
J#i

The conclusion will follow once we prove that

Z/ (Z.Vuy ;) a(x))LZ|u,1’]|y+1|u,1 |7~ lu,“ —0 asA— —oo. (C.3)
i=1 j=1

J#i

This is true due to the variational character of the coupling term; in fact, as A — —oo

L L
> [ 2 ida (R Y g P el
i=1YBr =1
J#i
A
s / (Z. V(g g ) 222
i<j y+1

S Y LR PH Gl Il YRR S

A T A gy Py, P
)/+1 I /\,1| I /\,]|
i<j i<j

(Z,v) a(x)
+ Z[ Aup il FHug 17

= Jos, v+l

—0

by assumption (HS) and because div Z = m 4+ O(r) (see Lemma C.2 (7)). This proves
(C.3) and completes the proof of Lemma C.6.

[
Let

~ 1 1
E(r):= rm_Z/B (A(x)Vu,Vu) = r’"—Z/B (A(x)Vu;, Vu;).

r

Lemma C.7. We have
L

- Vu;, v)2
Fo -3 (2, [, o

S / fi (o) (Z. Vus)
i=1 M r By

1 81/{,' 81/{,' 1 .
+ g /BT(Z,Vahl)a 8_xl + oy /Br div(Z — x){(AVu;, Vu;)

2 8(Zj —Xj) 8M,' 31/[,'
_ rm—] Br ahl— P .

axy, ox; 0x;

(C4)
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In particular, given @ € Q2 with 0 € w, there exist constants C,r > 0 (depending only on
m, 6, w and on an upper bound for || DA|| o) such that, for every r € (0,7),

¢
~ 2 (AVul-,v)z 2 ~
!/
‘E (N =~ ;/3 p = /Brfi(x,ui)(Z,Vui) <CE®).
Proof. From Lemma C.6 and since

2 AVu;, v)?
—/ (Z,Vu;i)(AVu;,v) = 2/ u
r JoB,

) 128

we have

(/ <A(x)wl-,wi>)/=m_2 <Aw,-,wl->+z/ £ u) (Vg 2)
B, r JB,

r B,

AV 1
+2/‘ ( ui, v)? +_/ div(Z — x){AVu;, Vu;)
3B, I " /By
| du; du; 2/ a3 = Xp) Oui du;
By

- 7 Van )t 24 <
+r/3r< ’ ah)axh dx;

— (/Br(AVMi, Vui))/,

Bxh ax_j axl ’

E'(r) =

we conclude that identity (C.4) is true.
Now, by Lemma C.2 (3,4,7), we have

;
——1

m Ndiv(Z — x)||peoB,) < Cr

Le°(By)

'1
-1

Leo°(By)

for some constant C > 0 depending only on the dimension 7, on w and on an upper
bound for || DA| . Then, using also (H2), we obtain

1 i du; 1
/(Z,Vah,)iﬂJr—/ div(Z — x)(AVu;, Vuu;)
B, B,

oxy ox;  rm-1
2 / 8(Z,- —Xj) Bui Bui
a — ——
rm=1 g 0xp dxj 0x;

<C

= 2/B (AVu;, Vu;) = CE(r)

(see [52, equations (A.3)—(A.12)] for more details). This completes the proof. [

Remark C.8. Observe that identities (C.2) and (C.7), which can be seen as local
Pohozaev-type identities, are equivalent. They correspond to condition (G3) for the Lapla-
cian stated in [49] and [57] respectively.
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Proof of Theorem C.3. This result now follows from standard arguments. Here, as before,
we mainly verify the dependence of the constants. Within this proof, O(1) will represent
a bounded function of r depending only on m, 6, @ and on an upper bound for || DA ||
(but which is independent of ||| ). We have, by Lemma C.7,

~ 2 —
Ew)=E() -2 / fl-(x,u,-)ui—rm%z | o

Z/ AV”" i O(E(r) + R(r), (C.5)

rm=2 9B,

where

0()

R0 = s [ iz, V) / fie s~ 2/ firoun .

By (H3), there exists d depending on an upper bound for ||u||s such that | f;(x, u;)|
< du;. This together with assumption (H2) and Lemma C.2 (2, 3), yields

Z(x) = A(x)x/pu(x) = O()|x| asx —0

14
- 1 2 ! 2
|R(r)| < O(1)d Z(rm_sz |ui | [V, Vi T o2 /aB, Ui)

1 1
<o()d Z( / (AVu;, Vu;) + —/ ul-z + pos / u,z)
By 0B,

L
< O(I)d(E(r) +H() + Z/ ) (C.6)

and

Using Poincaré’s inequality (see [57, pp. 279-280] for the details), we conclude that

L
rim Z[B ui < O (E(r) + H(r)) (C.7)
i=1vPr

for every r € (0, r) sufficiently small. Combining (C.5)—(C.7), we arrive at

E'(r) = Z/ AV”" S OW(E() + H(r)).

rm2

Recalling from Lemmas C.4 and C.5 that

14

E(r) = ui {A(x)Vu;,v(x)) and H'(r) = %E(r) + O(1)H(r),
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we finally deduce the existence of a constant C with the required properties such that

E'(r)H(r)— E(r)H'(r)
H2(r)

B Avu,, 2 (< )2)
- Hz(r)rzm 3(2[ 2/33, K (;[wr AV v)

o()d H(r)(E(r) + H(r)) + O()E(r)H(r))

N'(r) =

1
+H2( )(

= —C(N(r) + 1),

and e€"(N(r) + 1) is nondecreasing whenever H(r) # 0. Now observe that H solves
H'(r) = a(r)H(r) with a(r) = %N(r) + O(1)r, and by the existence and uniqueness
theorem for this ODE we find that H > 0 for sufficiently small r > 0. Finally, the validity
of (C.1) is given by Lemma C.5. ]

C.2. Almgren’s monotonicity formula: the general case

We have proved a monotonicity formula under the assumption that A(0) = Id. The general
case can be reduced to this case in the following way: let A(xo)'/2 be the square root
of the (positive definite) matrix A(xp), that is, the unique positive definite matrix whose
square is A(xo). We recall that A(x¢)!/? is also symmetric, it commutes with A(x), it has
real entries and the map x¢ +— A(xo)l/ 2 is continuous (see for instance [37]). Following
[32,52], we set

TyoXx 1= X0 + A(xo)l/zx,
Axo (%) 1= Alx0) /2 A(Tyx) A(x0)~1/2,
X X
=4 TR
)= (A )
Jxo(x,8) := f(Txox,s),
Vixg = i (Tig ).
Observe that A,,(0) = Id. Let now

E(xq,u,r)

N(xo,u,r) := Hxotr)’

where

E(xp,u,r):=

/ o ((Axo Vxg, Vxg) — ( fro (3, vx0)s Vxg)) dx,
0

Hean = g [ e
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These quantities can be expresed in terms of the original function u in the ellipsoidal set
Er(xo) 1= {x € R : [A(x0) " (x —x0)| <r}.

Namely, by a change of variables one has

/ (Axg Vxg V) = det(A(xo)"1/?) (AVu, Vu),

B, (0) & (x0)

/ {fro (X, Uxg), Vxo) = det(A(x0)~?) (f(x,u),u),
B, (0) &r(x0)

/ s () vz () dor(x) = [ bro N do (),
9B, (0) 08y (x0)

where by, (y) := ¢(xo, y)|A(x0)™"/2(y — x0)| 2 (A(x0) P A(¥) A(x0) 'y, ¥), c(x0,¥)
being the dilation coefficient/tangential Jacobian (see for instance [42, Chapter 11]),
which is continuous and positive.

Theorem C.9 (Monotonicity formula, general case). Take w € 2 and let u be as before.
Then there exist C,r > 0 (depending on the dimension m, the ellipticity constant 6 and
the domain w, but independent of x¢) such that, whenever r € (0,7) and x¢ € w, the func-
tion vy, satisfies identities (C.2) and (C.4), H(xo,u,r) # 0, the function r — N(xo,u,r)
is absolutely continuous, and

aiN(xo,u,r) > —C(N(xp,u,r) +1).
.

In particular, €™ (N (xo,u, 1) + 1) is nondecreasing and the limit

N(xo,u,0+) = lim N(xg,u,r)
r—>0t
exists and is finite. Moreover,
d 2 _
W log H(xg,u,r)— =N(r)| < C foreveryr € (0,r). (C.8)
r r

Proof. This is basically a direct consequence of Theorem C.3. The only thing left to
check is the dependence of the constants. But this is straightforward by observing that
|Vi,x0 loo = |luilloo forevery i = 1,..., £, and that

IDAxy(¥)lloo = [ DA(Tiyx) A(x0) "l o

which is uniformly bounded for x € w, because of (H2) and the continuity of the map
xo — A(xo)'/2. This allows us to take C and 7 which are independent of x. n

Now that we have shown an Almgren monotonicity formula with constants indepen-
dent of x¢ in any compactly contained subset of €2, we have all the tools required to
conclude the proof of the main result of this appendix.
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C.3. Proof of the regularity result

End of the proof of Theorem C.1. (a) To prove that the functions u; are Lipschitz contin-
uous for any i = 1,..., £ we argue as in the proof of [49, Proposition 3.4], with minimal
adaptations at this point:

e we have an elliptic divergence-type operator instead of the pure Laplacian operator,
therefore the estimates will depend on the ellipticity constant 6;

o the identity (C.2) plays the role of the identity in the last assumption of [49, Proposition
3.4], while the monotonicity formula (Theorem C.9) plays the role of the monotonicity
formula in [49, Theorem 3.3].

For related proofs of Lipschitz continuity in similar contexts, see also [43, Section 4.1] or
[56, Section 2.4], the latter being a more detailed version of the former.

(b) Regarding the regularity properties of I' :={x € Q 1 u;(x) =0 Vi = 1,..., ¢},
we argue as in the proof of [57, Theorem 1.1]:
e again, here we have an elliptic divergence-type operator instead of the Laplacian;

e formula of (C.4) plays the role of the expression for the derivative of E(xo.U,r) inthe
statement of [57, Theorem 1.1] (see condition (G3) therein), while our Theorem C.9
plays the role of the monotonicity formula of [57, Theorem 2.2].

At a regular point xo € I', identity (C.4) (or, equivalently, the local Pohozaev identi-
ties (C.2)) together with the equations

—div(A(x)Vu;) = fi(x,s) intheopenset{x € Q:u;(x)>0},i=1,...,¢,
given by assumption (H6), provide the free boundary condition

lim (A(x)Vui, Vui) =

X—).)C(;F

(A(X)Vu;, Vuj) # 0,

lim
X=>Xq
where x — xgt are the limits taken from opposite sides of I'; see [57, Section 2] for the
details.

For related proofs of regularity in similar contexts, see also [49, Theorem 1.7] or
[56, Chapter 3]. [

Remark C.10. We remark that Theorem C.1 can be seen as a direct consequence of
[57, Theorem 7.1]. However, since the latter result is presented without proof, we have
decided to write this appendix and give all the necessary details.
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