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Abstract. We prove a conjecture of the first named author (2014) on the upper bound Fourier
coefficients of automorphic forms in Arthur packets of all classical groups over any number field.
This conjecture generalizes the global version of the local tempered L-packet conjecture of Shahidi
(1990). Under certain assumption, we also compute the wavefront sets of the unramified unitary
dual for split classical groups.
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1. Introduction

In the classical theory of automorphic forms, Fourier coefficients encode abundant arith-
metic information of automorphic forms. In the modern theory of automorphic forms,
i.e., the theory of automorphic representations of reductive algebraic groups defined over
a number field k (or a global field), Fourier coefficients bridge the connection from
harmonic analysis to number theory via automorphic forms. When the reductive group
is the general linear group GL,, by a classical theorem of Piatetski-Shapiro [37] and Sha-
lika [40], every cuspidal automorphic representation of GL, (A), where A is the ring of
adeles of k, has a non-zero Whittaker—Fourier coefficient. This fundamental result has
been indispensable in the theory, especially the theory of automorphic L-functions. The
theorem of Piatetski-Shapiro and Shalika has been extended to the discrete spectrum of
GL, (A) in [21] and to the isobaric sum automorphic spectrum of GL, (A) in [28].

In general, due to the nature of the discrete spectrum of square-integrable automorphic
forms on reductive algebraic groups G(A), one has to consider more general version of
Fourier coefficients, i.e., Fourier coefficients of automorphic forms associated to nilpotent
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orbits in the Lie algebra g of G. Such general Fourier coefficients of automorphic forms,
including Bessel-Fourier coefficients and Fourier—Jacobi coefficients have been widely
used in theory of automorphic L-functions via integral representation method (see [15,
16, 25, 26], for instance), in the automorphic descent method of Ginzburg, Rallis and
Soudry to produce special cases of explicit Langlands functorial transfers [17], and in the
Gan—Gross—Prasad conjecture on vanishing of the central value of certain automorphic
L-functions of symplectic type [12, 14, 26]. More recent applications of such general
Fourier coefficients to explicit constructions of endoscopy transfers for classical groups
can be found in [20] (and also in [13] for split classical groups).

In this paper, we consider following classical groups defined over k, G, = Sp,,,
SO24+1, SO‘;‘n, quasi-split, and Uy, quasi-split or inner forms. We follow the formulation
in [18] for the definition of generalized Whittaker—Fourier coefficients of automorphic
forms associated to nilpotent orbits, see Section 2 for details. It is well known that nil-
potent orbits of the quasi-split classical group G, are parameterized by symplectic or
orthogonal partitions and certain quadratic forms when G, = Sp,,,, SO2,+1, SO%,,, and
by relevant partitions when G,, = U,, (see [11, 35,43], for instance). For any irreducible
automorphic representation 7 of G, (A), let n(sr) be the set of nilpotent orbits providing
non-zero generalized Whittaker—Fourier coefficients for 7z, which is called the wavefront
set of 1, as in [24], for instance. Let 1™ (;r) be the subset that consists of maximal ele-
ments in 1(7r) under the dominance ordering of nilpotent orbits, and denote by p™ (1) the
set of the partitions of type G, corresponding to nilpotent orbits in 1™ (7).

It is an interesting problem to determine the structure of the set ™ () and equi-
valently the set p” (r) for any given irreducible automorphic representation 7 of G, (A),
by means of other invariants of 7r. When 7 occurs in the discrete spectrum of square integ-
rable automorphic functions on G, (A), the global Arthur parameter attached to 7 [2,27,
31] is clearly a fundamental invariant for 7. An important conjecture made in [20], which
is the natural generalization of the global version of the local tempered L-packet conjec-
ture of Shahidi [38, 39], asserts an intrinsic relation between the structure of the global
Arthur parameter of 7 and the structure of the set p” (;r). It is well known that the conjec-
ture of Shahidi and its global version (see [23, Section 3] for discussion and proof) have
played a fundamental role in the understanding of the local and global Arthur packets for
generic Arthur parameters, according to the endoscopic classification of Arthur [2,27,31].
It is well expected that the conjecture made in [20] for general global Arthur parameters
will be important to the understanding of the structure of general global Arthur packets.

To state the conjecture of [20], for simplicity, we briefly recall the endoscopic classi-
fication of the discrete spectrum for G, (A) from [2] for G, = Sp,,,, SO2n+1, SO%,,.

The set of global Arthur parameters for the discrete spectrum of G, is denoted, as
in [2], by \TJZ (Gy), the elements of which are of the form

Y=y By BBy,

where V; are pairwise different simple global Arthur parameters of orthogonal type (when
G, = Sp,,. SO%,) or symplectic type (when G, = SO3,41), and have the form y; =
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(7i, b;). The notations are explained in order. Let +Acus,(GLy, ) be the set of equivalence
classes of irreducible cuspidal automorphic representations of GL,; (A). We have t; €
Acusp(GLg; ) with

r
Zaibi =

i=1

2n+1 when G, = Sp,,.
2n when G, = SOz, 41 or SO,

and the central character of i and the central characters of 7;’s satisfy the following
constraints:

H(Ubf _ 1 when G, = Sp,,, or SO2, 41,
S ne when G, = SO%,,

following [2, Section 1.4]. More precisely, for each 1 <i < r, ¥; = (1;, b;) satisfies the
following conditions: if 7; is of symplectic type (i.e., L(s, 7;, A?) has a pole at s = 1),
then b; is even (when G, = Sp,,,, SO%,), or odd (when G, = SO2,+1); and if 7; is of
orthogonal type (i.e., L(s, 7;, Sym?) has a pole at s = 1), then b; is odd (when G, =
Spa,, SO%,), or even (when G, = SOz,41).

Theorem 1.1 ([2, Theorem 1.5.2]). For each global Arthur parameter W € \I'z(G,,),
a global Arthur packet I1y, is defined. The discrete spectrum of G, (A) has the follow-
ing decomposition:

L3 GulNG (A = @ my( B 7).

we¥s(Gn) melly (ey)

where ﬁv,(s,/,) denotes the subset of ﬁw consisting of members which occur in the dis-
crete spectrum, and my, is the discrete multiplicity of I1, which is either 1 or 2.

As in [20], one may call 1:[,/,(5,/,) the automorphic L2-packet attached to . For
T E ﬁw (ey), the structure of the global Arthur parameter ¥ deduces constraints on the
structure of p” (;r), which is given by the following conjecture of the first named author.
We recall from [20] that for a given global Arthur parameter ¥ as above,

) = [(b1)*" -+ (by)*]
is the partition attached to (¥, GV(C)).

Conjecture 1.2 ([20, Conjecture 4.2 (1) and (2)]). For any ¥ € \I'z(G,,), let ﬁw(sw)
be the automorphic L?-packet attached to V¥ and E(lﬁ) be the partition attached to

(¥, G/ (C)). Forany m € ﬁ,/,(sw), if a partition p € p™ (), then

P = gy .0, (P(¥)).

Here ngv o, denotes the Barbasch-Vogan—Spaltenstein duality map from the partitions
for the dual group G/ (C) to the partitions for G, as introduced in [41] and [6], see
also [1].
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Conjecture 4.2 in [20] consists of two parts: one is the upper-bound conjecture (Con-
jecture 1.2) and the other is the sharpness conjecture ([20, Conjecture 4.2 (3)], i.e., there
exists 7 € ﬁv,(é‘w) such that ngv o (p(¥)) € p™()). It is clear that if the global Arthur
parameter v is generic, then [20, anjecture 4.2] asserts that the corresponding global
Arthur packet ﬁw(s,p) contains an automorphic member that is generic, i.e., has a non-
zero Whittaker—Fourier coefficient. This is the global version of the local tempered L-
packet conjecture of Shahidi [38], and it was proved in [23, Section 3] by using auto-
morphic descent of Ginzburg, Rallis, and Soudry [17]. The goal of this paper is to prove
Conjecture 1.2 for general global Arthur parameters. The sharpness conjecture is global
in nature and will be fully considered in future projects.

In [22], using the method of local descents, we partially prove Conjecture 1.2 for
G, = Sp,,, namely, for any 7 € ﬁv,(s,/,), if a partition p € p™ (), then

P =L Ngy,q,(P(¥)).

under the lexicographical order. We refer to [20, Section 4] for more discussion on this
conjecture and related topics.

In order to prove Conjecture 1.2, we study the structure of the unramified local com-
ponents 1, of = and of the set p” (7r,,) which is defined similarly to p” (;r). Our discussion
reduces the general situation to a special case of strongly negative unramified unitary rep-
resentations of G, (see Section 3 for details). In such a special situation, the structure of
the wavefront set (Theorem 3.8) can be deduced as a special case from [36, Theorem 0.6].

To be more precise, first, for the Arthur parameter v = B/_, (t;, b;), by [22, Proposi-
tion 6.1] (see Proposition 4.1), there exist infinitely many finite places v such that G, (k)
is split, all 7; ,,’s have trivial central characters, and hence 7, is the unramified component
of an induced representation of the following form

r a;
0 = Xj=1V lXi(detmi) X Osn,s

where 0 < o; < 1, 0y, is a special family of strongly negative representations which have
Arthur parameters of the form @521 1W{p ® Sz,,j+1 (see Section 3 for details), with va
being the Weil-Deligne group and n; < ny < --- < ng. It is known that the wavefront
set of o (hence of ;) is bounded above by the induced orbits once we know the leading
orbits for the wavefront set of o5,. On the other hand, Okada [36, Theorem 0.6] computed
the leading orbits in the wavefront set of those unramified representations whose Arthur
parameters are trivial when restricted to the Weil-Deligne group.

Theorem 1.3 (Main Theorem). Conjecture 1.2 holds for any { € 0, (Gp).

We remark that for non-quasi-split even orthogonal groups, once the Arthur classific-
ation is carried out (see [7, 8] for recent progress in this direction), Conjecture 1.2 can be
proved by similar arguments.

In the last part of this paper, we study the wavefront set of the unramified unitary dual
for split classical groups G, = Sp,,,, SO2,41, O2,. Under a conjecture on the wavefront
set of negative representations (Conjecture 8.1), we are able to determine the set p” ()
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for general unramified unitary representations (Theorem 8.2). This provides a reduction
towards understanding the wavefront set of the whole unramified unitary dual, which has
its own interests.

The structure of this paper is the following. In Section 2, we recall certain twisted
Jacquet modules and Fourier coefficients associated to nilpotent orbits, following the for-
mulation in [18]. The structure of unramified unitary dual of G,(F,) was determined
by Barbasch in [4] and by Mui¢ and Tadi¢ in [34] with different approaches. In Section 3,
we recall from [34] the results on unramified unitary dual for G, = Sp,,,, SO2,+1, O2,.
For the split group G, = SO,,, we do not need the full classification of the unramified
unitary dual as given in [4], instead, we only need a family of unramified unitary rep-
resentations, see Remark 3.6. In Section 4, we determine, for any given global Arthur
parameter Y € @2(Gn), the unramified components 7, of any 7w € ﬁw(&p) in terms
of the classification data in [34], and prove Theorem 1.3 by means of Theorem 4.2
which is about certain properties of p € p™(my,). Theorem 4.2 is technical and will be
proved in Sections 5, 6, and 7 for G,,_: Span, SO2n41, SO%n, respectively. In Section §,
we determine the leading orbits in the wavefront set of general unramified unitary rep-
resentations assuming Conjecture 8.1 for split classical groups G, = Sp,,,, SO2,+1, 02,
(Theorem 8.2). Note that for representations of non-connected groups, we follow [10] for
the character expansions at the identity to define the wavefront set.

2. Fourier coefficients associated to nilpotent orbits

In this section, we recall certain twisted Jacquet modules and Fourier coefficients associ-
ated to nilpotent orbits, following the formulation of Gomez, Gourevitch and Sahi in [18].

Let G be a reductive group defined over a field F' of characteristic zero, and g be
the Lie algebra of G = G(F). Given any semi-simple element s € g, under the adjoint
action, g is decomposed into a direct sum of eigenspaces g corresponding to eigenval-
ues i. The element s is called rational semi-simple if all its eigenvalues are in Q. Given
anilpotent element # and a semi-simple element s in g, the pair (s, u) is called a Whittaker
pair if s is a rational semi-simple element, and u € g*,. The element s in a Whittaker
pair (s, u) is called a neutral element for u if there is a nilpotent element v € g such that
(v,s,u) is an sl,-triple. A Whittaker pair (s, #) with s being a neutral element is called
a neutral pair.

Given any Whittaker pair (s, u), define an anti-symmetric form w, on g X g by

wy(X,Y) =k, [X,Y)),

where « is the Killing form on g. For any rational number r € Q, let ¢S, =P, a7, Let
ug = g%, and let ug ,, be the radical of @y |y, . Then [uy, us] C g2, C;ts,u. For a_ny X egq,
let gx be the centralizer of X in g. By [18, Lemma 3.2.6], one has gy = a5, + a1 NGu.
Note that if the Whittaker pair (s, 1) comes from an s[,-triple (v, s, u), then Ty = a2,
We denote by N, = exp(ny,y,) the corresponding unipotent subgroup of G. -
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When F = k, is a non-Archimedean local field, we take ¥: F — C* to be a fixed
non-trivial additive character and define a character of Ny, by

Yu(n) = ¥ (k(u,log(n))).

Let o be an irreducible admissible representation of G(F'). The twisted Jacquet module
of  associated to a Whittaker pair (s, u) is defined to be oy, .y, . Let n(o) be the set
of nilpotent orbits @ C g such that the twisted Jacquet module oy ,, 4, is non-zero for
some neutral pair (s, u) withu € O.

When F = k is a number field, let A be the ring of adeles, and let ¢: F\A — C* be
a fixed non-trivial additive character. Extend the Killing form « to g(A) x g(A). Define
a character of Ny, (A) by

Yu(n) = ¥ (k(u,log(n))).

It is clear from the definition that the character v, (n) is trivial when restricted to the
discrete subgroup Ny, (F'), and hence can be viewed as a function on

[Ns,u] = Ns,u(F)\Ns,u(A)~

Let 7 be an irreducible automorphic representation of G(A). For any ¢ € 7, the degener-
ate Whittaker—Fourier coefficient of ¢ attached to a Whittaker pair (s, u) is defined to be

Fea®)@) = [ ggry man
If (s, u) is a neutral pair, then F5,(¢) is also called a generalized Whittaker—Fourier
coefficient of ¢. Define

Fou(m) :=AFsu(@) | ¢ € 7},

which is called the Fourier coefficient of 7. The wavefront set n() of 7 is defined to
be the set of nilpotent orbits @ such that ¥, (;r) is non-zero for some neutral pair (s, u)
withu € 0.

Note that if o, 4, Or Fj, () is non-zero for some neutral pair (s, u) with u € O,
then it is non-zero for any such neutral pair (s, u), since the non-vanishing property of
such Whittaker models or Fourier coefficients does not depend on the choices of repres-
entatives of (9. Moreover, we let ”? (o) and " (7r) be the sets of maximal elements in the
wavefront sets (o) and n(sr), respectively, under the natural ordering of nilpotent orbits
(i.e., O1 < O, if O1 C O, the Zariski closure of O5).

In this paper, we mainly consider classical groups G, = Sp,,, SO2,+1, SOS,, (quasi-
split), and U,, (quasi-split or inner forms) and study the sets p(7r) and p(o), which are the
partitions corresponding to the nilpotent orbits in the wavefront sets of 7 and o, respect-
ively. Here 7 is any irreducible automorphic representation of G, (A ), which occurs in the
discrete spectrum of G, (A) as displayed in Theorem 1.1, and o denotes the unramified
local component 7, of 7 at some finite local place v of the number field k.
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3. Unramified unitary dual of split classical groups

We take F = k, to be a non-Archimedean local field of k. In this section, we recall
the classification of the unramified unitary dual of the split classical groups G, = Sp,,,.
SO24+1, Oz, over F, which was obtained by Barbasch in [4] and by Muié and Tadi¢
in [34], using different methods. We mainly follow the formulation in [34]. In this paper,
we do not need the full classification of the unramified unitary dual of the split group
G, = SO,, as given in [4], instead, we only need a family of unramified unitary repres-
entations, see Remark 3.6. The classification in [34] starts from classifying two special
families of irreducible unramified representations of G, (F') that are called strongly neg-
ative and negative. We refer to [32] for definitions of strongly negative and negative
representations and for more related discussion on these two families of unramified rep-
resentations. In the following, we recall from [34] the classification of these two families
in terms of Jordan blocks. The Mui¢-Tadi¢ classification also provides the explicit con-
structions.

A pair (y, m), where y is an unramified unitary character of F* and m € Z~y, is
called a Jordan block. When G, = Sp,,,, O2,, define Jord,,(n) to be the collection of all
sets of Jordan blocks of the following form:

{(/\(), 2ny +1),..., (AO,an + 1), (1GL17 2mi +1),..., (1GL1, 2my + 1)}, 3.1

where A¢ is the unique non-trivial unramified unitary character of F* of order 2, given by
the local Hilbert symbol (8, -) =+, with § being a non-square unit in O ; k is even, and [ is
odd when G,, = Sp,,, and even when G,, = O3,. There are also the following constraints:

O<ni<ny<---<ng, O0<m<mp<---<my,

and

k 1
d@eni+ D+ @my+1) =
i=1

{211 +1 when G, = Sp,,,
j=1

2n when G, = Oy,,.

When G,, = SO, +1, define Jordg, () to be the collection of all sets of Jordan blocks of
the following form:

{(A0.2n1), ..., (Ao, 2ng), (1oL, 2m1), ..., (gL, , 2mp)},

where
O0<ni<ny<--+<ng, 0=<mi<mp<---<my,

both k and / are even and
k 1
> o@ni)+ > (@2m)) =2n.
i=1 j=1

For each Jord € Jordg,(n), we can associate a representation o (Jord), which is the
unique irreducible unramified subquotient of the following induced representation.
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When G, = Sp,,,, itis given by

Np_—1—n

k ng_z—n
v 2 AO(detnk_1+nk+1) XV

k=2
2 Ao(detn_5+np_r+1)
nyp—np
Xoeee X UTAO(detiﬂ-i-nz-i-l)
my_1—my my_3—m;_p
XV 2 del)n[,1+1n[+1 XV
mp—ms3

2
ldelm2+m3+l A 1SP2m1 '

lde‘m173+m172+1

X oo XV

When G, = Oy, it is given by

ng—1—

ny Ng—_3—Ng—2
v 2 AO(detnk_1+nk+l) XV 2 A'0(detnk_3+nk_2+l)

nyp—np
XXV 2 AO(detn1+n2+l)
mj—1—mj mj—3—mj—p
X v 2 d51m1,1+m1+1 XV 2

myp—moy

ldeth/fs +mj_p+1

X e XV detyn, 441 X 1oy -

When G,, = SOy, 41, itis given by

ng—1—ng ng—3~Nk—2
v 2 Ao(detnk_1+nk) XV 2 AO(detnk_3+nk_2)
ny—ny
XXV 2 Ag(dety, 4n,)
my—y=my 1 'ﬂ1—3—'"1—21
xv detyny_y+m; XV detim;_3+m;_5
mjp—mp

Xeee XV 2 1detm1+m2 X 1301.

Theorem 3.1 ([34, Theorem 5-8]). Assume that n > 0. The map Jord — o (Jord) defines
a one-to-one correspondence between the set Jords,(n) and the set of all irreducible
strongly negative unramified representations of Gy, (F).

The inverse of the map in Theorem 3.1 is denoted by o + Jord(c). Based on the
classification in Theorem 3.1, irreducible negative unramified representations can be con-
structed from irreducible strongly negative unramified representations of smaller rank
groups as follows.

Theorem 3.2 ([34, Thereom 5-10]). For any sequence of pairs (x1,11), ..., (¢, N¢)
with y; being unramified unitary characters of F* and n; € Z>1, for 1 <i <t, and
for a strongly negative representation o, of G/ (F) with Z§=1 n; +n’ = n, the unique
irreducible unramified subquotient of the induced representation

xi(dety ) x -+ x x;(dety,) X O

is negative and it is a subrepresentation.

Conversely, any irreducible negative unramified representation oneg of G (F) can be
obtained from the above construction. The data

Oena)s oo (e ne)

and oy, are unique, up to permutations and taking inverses of x;’s.
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For any irreducible negative unramified representation oy, With data in Theorem 3.2,
we define

Jord(0neg) = Jord(owa) U {(xiv i), (7 i) | 1 <@ <1}

By [33, Corollary 3.8], any irreducible negative representation is unitary. In particular,
we have the following.

Corollary 3.3. Any irreducible negative unramified representation of G, (F) is unitary.
To describe the general unramified unitary dual, we need to recall the following defin-

ition.

Definition 3.4 ([34, Definition 5-13]). Let M""(n) be the set of pairs (e, oyg), Where e

is a multi-set of triples (y, m, a) with y being an unramified unitary character of F*,

m € Zso and o € R~p, and oy is an irreducible negative unramified representation
of G, (F), having the property that

Z m-#e(y,m)+n" =n
(xm)
with
e(x.m) ={a | (x.m ) €ej.
Note that & € e(y, m) is counted with multiplicity.

Let M* "™ (n) be the subset of M"" (1) consisting of pairs (e, 0yeg), Which satisfy the
following conditions:

(1) If % # lgL,, thene(y,m) = e(x~',m),and 0 < o < %, forall ¢ € e(y, m).

(2) If y> =11, andm is even, then 0 <« < %, forall o € e(y,m), when G, = Sp,,,, O2x;
0<a<l1,forallx € e(y,m), when G, = SOz 41.

3) If )(2 = lgL, and m is odd, then 0 < o < 1, for all« € e(y,m), when G,, = Sp,,,, Ozn;
O<a< % for all « € e(y,m), when G, = SOz;,41.

Write elements in e(y, m) as follows:

<pr = =B <1

N =

O<ap=--=a=

with k,l € Zx¢. They satisfy the following conditions:
() If (y,m) ¢ Jord(oyneg), then k + [ is even.

(b) Ifk > 2,then ap_; # %

(¢) Ifl>2,then 1 < Br <--- < fy.

d) o +B;#1foranyl <i <k,1=j <1l

(e) Ifl>1,then#{i |1—p; <o < %} is even.

() Ifl>2,then#{i | | —fBj+1 <ao; <1—pf;}isoddforany 1 < j </ —1.



D. Jiang, B. Liu 3850

Theorem 3.5 ([34, Theorem 5-14]). The map

(e, Uneg) = X(x,m,a)EevaX(detm) X Oneg

defines a one-to-one correspondence between the set M¥"™ (n) and the set of equivalence
classes of all irreducible unramified unitary representations of G, (F).

Remark 3.6. For G,, = SO,,, in this paper, we do not need the full classification of the
unramified unitary dual as given in [4], instead, we only need the irreducible unramified
unitary representations as follows:

0 = X(y,m,a)eeV” x(dety) X Oneg <> (€, Opeg),

where e = {(y,m, ) | y is an unramified unitary character of F*, m € Z~¢, @ € R~ and
0<a< %} and o, is the unique irreducible negative unramified subrepresentation of
the following induced representation:

Xl(detnl) Xoeee X Xt(detnt) X Osn,

with oy, being the unique irreducible strongly negative unramified constituent of the fol-
lowing induced representation:

Ng—1—""k

ng_3—n
vo 2 Ao(dety,_; 4np+1) XV

k—2
2 Ao(detn, _s4np_n+1)

nyp—

np
XXV 2 do(detyy +no+1)
ml—127m1 mj_3—mj_p
X v 1detm,_1+m,+1 X v

mjp—myp
X oo XV 2

1detln1_3+ln1_2+l
delml +my41 x 1500-

Here,n;,m; € Z,0 <ny <np, <---<ng,0<m; <my <---<my,and k, [ are even.
In this case, we also define

JOI'd(O’Sﬂ) = {()Lo, 2]’11), ey (A,(), 2nk), (1(3]_1 . 2]’)’[1), ey (1GL1 B 2ml)},

_ . (3.2)
Jord(0pneg) = Jord(ogn) U {(xirni). (xi omi) |1 <i <1},
and define M**" (n) to be the set of pairs (e, oy,c) as above.

In Sections 4-7, we will mainly consider the following type of unramified unitary
representations.

Type I. An irreducible unramified unitary representations of G, (F), where G, = Sp,,,,
SO24+1,S502,, is called of Type I if it is of the following form:

o= X(x,m,a)eeva)((detm) X Opeg <> (e»aneg)v (3.3)

where e is as in Remark 3.6 for G, = SO»,, 0y is the unique irreducible negative unrami-
fied subrepresentation of the following induced representation:

Xl(detnl) Xoeee X Xt(detnf) X Osn,
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with oy, being the unique irreducible strongly negative unramified constituent of the fol-
lowing induced representation:

MI_127’n11 mj_3—mj_p
detm1_1+ml+l XV

Gn = Sp2n: v ldetml_3+ml_2+l
mp—m3

2
X X V detyny4ms 1 X lspml ,

. ”11—12—'"11 %]
G, = S02n+1- v detn; _ | +m, Xy detyn; _s+m;_o 3.4)

mj—mjy

Xeee XV 2 ldEtml+m2Xlsol’

mj—1—mj mj—3—mj—p

2
1detm,,1+ml+l XV

G, =S02,: v

detim;_3+my_p+1
mj—my
Xeee XV 2 1d31m1+m2+1 )41500.

Remark 3.7. Assume that oy, is an irreducible strongly negative unramified unitary rep-
resentation of G, (F) as in (3.4). If G,, = Sp,,, or SO, then the local Arthur parameter
of oy, is

loL, ® S1® Som+1 D @ loL, ® S1® Som;+1-

Here we recall that / is odd when G, = Sp,,, and even when G, = SO3,.If G, = SO2, 41,
then the local Arthur parameter of oy, is

loL, ® $1® Sam, @ -+- @ loL, ® S1 ® Som,,

where Sj is the k-th irreducible representation of SL;,(C). This can be easily obtained
from Meeglin’s construction of local Arthur packets in [29], or the algorithms given in [3]
and [19].

At the end of this section, we recall the following theorem, which is a special case
of [36, Theorem 0.6]. We remark that the spherical representations considered in [36,
Theorem 0.6] have trivial Arthur parameters on the Weil-Deligne group (see [36, Intro-
duction] for the setting), while general unramified representations have Arthur parameters
that are trivial on the subgroup /r x SL,(C), where IF is the inertia subgroup of the Weil
group Wr.

Theorem 3.8 ([36, Theorem 0.6]). Let oy, be an irreducible strongly negative unramified
unitary representation of G, (F) as in (3.4). If G, = Sp,,,, SOy, then the set of maximal
partitions of the wavefront set of o, is given by

p" (o) = {ngy.q, ((2m1 + 1)--- 2m; + DD}

If G;, = SOsz,,41, then the set of maximal partitions of the wavefront set of o, is given by

p"(06n) = {ngy g, ((2m1)--- 2mp)])}.
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4. Arthur parameters and unramified local components

In this section, in terms of the classification of the unramified unitary dual of G,, we study
the structure of the unramified local components ¢ = m,, of an irreducible automorphic
representation 7 = ®, 1, of G, (A) belonging to an automorphic L2-packet ﬁv, (gy) for
an arbitrary global Arthur parameter ¢ € 0, (Gy). Then, we prove Theorem 1.3. We first
consider the cases of G, = Sp,,,, SO2,+1, SO%,, and leave the case of G, = U, to the
end of the section.

4.1. Unramified structure of Arthur parameters

For a given global Arthur parameter ¥ € U, (Gp), ﬁw(sw) is the corresponding auto-
morphic L2-packet. It is clear that the irreducible unramified representations, which are
the local components of 7 € ﬁw(sw), are determined by the local Arthur parameter ¥,
at almost all unramified local places v of k. We fix one of the members, & € ﬁv,(s./,),
and describe the unramified local component i, at a finite local place v, where the local
Arthur parameter

Yo =V By, B By,

is unramified, i.e., 7; , fori = 1,2, ..., r are all unramified, and G, (k) is split.
We write F = k, and first consider the case of G, = Sp,,, SO%,,. Rewrite the global
Arthur parameter y as follows:

Y = (B, (w, 26)] B (B2 (17,2b; + D] B B (55,205 + D],

where 7; € Acugp(GLag, ) is of symplectic type for 1 <i <k, and t; € sAcusp(GLag, ) and
Ts € Acusp(GLog,+1) are of orthogonal type fork + 1< j <k +landk +14+1<s <
k 4+ [ + 2t + 1. Define

I:=1{1,2,... kb,
Ji={k+1k+2... . k+1}
Si={k+1+1Lk+1+2,...k+1+2t+1}

Let J; be the subset of J such that w;; , =1, and J, =J\ Jy, thatis, for j € J2, @¢; , = Ao.
Let S; be the subset of S such that w,,, = 1, and S> = S\, that is, for s € S5,
Wz, = Ag. From the definition of Arthur parameters, we can easily see that #{J>} U
#{S>} is even, which implies that #{J,} U #{S;} is odd when G,, = Sp,,, and even when
G, = SO%,,. The local unramified Arthur parameter yr, has the following structure:

e Foriel, _ _
RN BL i _ai —BL i,—1
Tiw = XLV Xy XLy v ey,
where 0 < ,3[’] < %, forl < g <a;, and Xfl’s are unramified unitary characters of F*.

e Forj e Jy,

Y B Y =B ]
o = Xg=V Xg Xg=1V " Xg

where 0 < ﬁ,ﬁ < %, for 1 < g < a;, and yxg’s are unramified unitary characters of F' *.
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e Forj € Jp,

il Bl aj=1 —p] j—1
Tiw = XLy VP xg x Ao X 1gr, Xgy VX7

where 0 < ﬂé < % for1 < g <aj,and )(fl’s are unramified unitary characters of F*.

e Fors e Sy,
a; S8 a; —-B3 . s,—1
Ty = xq;lvﬂqu x lgL, Xq;l v ,Bqu )

where 0 < ,B; < %, for 1 < ¢ <ag,and X;’s are unramified unitary characters of F*.

e ForseS,,

_ yas B3 s ag -B5 . s,—1
Ts,w = X V79 Xy X Ao LN UNED

where 0 < /3; < %, for1 < g <ag,and X;’S are unramified unitary characters of F*.
We define
Jord; = {(Xo,2b; + 1), j € J2:(Ao.2bs + 1),5 € S;
(IgL,,2b; +1),j € Jo; (gL, 2bs + 1), 5 € S1}.
Note that Jord; is a multi-set. Let Jord, be a set consisting of different Jordan blocks with
odd multiplicities in Jord;. Thus Jord, has the form of (3.1) and (3.2). By Theorem 3.1
and Remark 3.6, there is a corresponding irreducible strongly negative unramified repres-
entation og,. Then we define the following Jordan blocks:
Jordy = {(x}.2b:). (x5~ ".2bi). i € I, 1 < q < a;, B, =0},
Jordy, = {()(é,2bj +1), (Xé’_l,ij +1),jedi,1<q=<aj, ﬁé = 0},
Jordy, = {(x}.2b; + ). (x)7".2b; + 1), j € b, 1 <q <a; — 1. B} =0},
Jords, = {(x}.2bs +1). (xy"".2bs + 1), s € S1. 1 < q < a;, B =0},
Jords, = {(x5.2bs + 1), (x3'.2bs + 1), 5 € S5, 1 <q < a5, B =0}

Finally, we define
Jord; = (Jord;\Jord,) U Jord; U Jordy, U Jordy, U Jords, U Jordsg, .

By Theorem 3.2 and Remark 3.6, corresponding to the data Jords and oy, there is an
irreducible negative unramified presentation oyeg.
Let
e ={(x5.2bi.B). i € 1. 1<q <a;. B, >0},
es, ={(x:2b; + 1.B)). j € . 1 =g =a;. B] > 0},
er, ={(x}.2b; + 1.B)). j e o, 1 <q <a;j—1, B} >0},
es; = {(xg:2bs + 1,By), s € S1, 1 <q <a,, B; >0},
es, = {(xg.2bs +1,B7), s € S2, 1 <q <ay, B; > 0}.
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Then we define
e=erUey Uey, Ues, Ueg,.

Since the unramified component 7, is unitary, we must have that (e, oyeg) € M* ™™ (n),
and m, is exactly the irreducible unramified unitary representation o of G, (F') which
corresponds to (e, Opeg) as in Theorem 3.5 and Remark 3.6.

Now we consider the case of G, = SO, 1. Rewrite the global Arthur parameter
as follows:

v = [Bl_, (.2 + D] 8 [B Y (1;.26))] 8 [BEE2 (2, 2b,)],

where 7; € Acusp(GLog, ) is of symplectic type for 1 <i <k, 7j € sAcup(Glag;, ) and
Ty € ohcusp(GLog,+1) are of orthogonal type fork + 1< j <k +/andk +[/+1=<s <
k 4+ [ + 2t + 1. Similarly, we define
I:={1,2,...k},
J=tk+1L,k+2,....k+1},
S=4k+1+1k+1+2,....k+1+2¢t+1}.
Let J; be the subset of J such that W, = 1,and J, = J\Jy, that s, for j € J,, W, =

Ag. Let Sy be the subset of S such that w;,, = 1, and S, = §\ S}, that is, for s € S5,
Wz, = Ag. The local unramified Arthur parameter 1, has the following structure:

e Fori €I,
@i BELiai —BL _i,—1
Tiw = XL VP xg XLy vy,
i 1 i : . *
where 0 < ,Bq <3, forl < g <a;,and Xg's are unramified unitary characters of F*.
e Forj e Jj,

Y Bl 8 B it
Tjw = XLy VP g X Ly v

where 0 < ,3,5 < %, forl <g <aj;,and Xé’s are unramified unitary characters of F*.
e Forj e J,,

_ il Bd aj=1 s j—1
Tjw = XLy VP x] x Ao x 1g1, Xgqg VX7

where 0 < ,Bé < % for1 < g <aj,and )(fl’s are unramified unitary characters of F*.

e Fors e Sy,

_ as BS s as -B5 ,5,—1
Tsw = XL V5 xg X lgL, XgLy vy,

where 0 < ,3; < %, for 1 < ¢ <ag,and X;’s are unramified unitary characters of F*.

e Fors € S,
_ as |, BS s as -BS s,—1
Tsw = X V09 Xy X Ao XgLy vl ™7,

where 0 < ,B; < %, for1 < g <ag,and )(fl’s are unramified unitary characters of F*.
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We define

Jord; = {(Ao,ij),j € Jo; ()t(),zbs),s e Ss;
(lL,.2bj), j € J2:(1gL,.2bs),s € S1}.
Note that Jord; is a multi-set. Let Jord, be a set consisting of different Jordan blocks
with odd multiplicities in Jord;. Thus Jord, has the form of (3.1). By Theorem 3.1, there
is a corresponding irreducible strongly negative unramified representation og,. Then we
define the following Jordan blocks:
Jordy = {(x}.2bi +1). (x5 . 2b; + )i € 1.1 < q < a;, B}, =0},

Jordy, = {(x).2b;). (xj~".2bj), j € J1.1 <q <a;,B) =0},

Jord.lz = {(Xés2bj)s (Xé,_lvzbj)vj € J27 1 S q E aj - ]sﬁq = O}v

JordS1 = {(X;& 2bs), (X;,_l»ZbS)vs € Slv ] S q S aSv ﬂ; = 0}7

Jords, = {(x5.2bs). (x5 ™", 2bs).s € $5.1 < q < ay. B = 0}.

Finally, we define
Jordz = (Jord;\Jord,) U Jord; U Jordy, U Jordy, U Jords, U Jords,.

By Theorem 3.2, corresponding to the data Jords and oy, there is an irreducible negative
unramified presentation oyeg.
Let

er = {(x}.2bi + 1.B,).i € 1.1 <q < a;. B}, >0},

es, ={(x}.2b;.B)).j € .1 <q <a;.B) >0},

er, ={(x}.2b;.B)).j € Ja,1 <q <a; —1,6) >0},

eSl = {(X;azbéV ﬂ;)as € Sla 1 E q S aS»,B; > 0}’

eSZ = {(X;azb_ﬁ ﬂ;)’s € SZ, 1 E q E as,ﬁ; > 0}
Then we define

e=er Uey Uey, Ues, Ueg,.

Since the unramified component 7, is unitary, we must have that (e, oyeg) € M* " (n),
and m, is exactly the irreducible unramified unitary representation o of G, (F) which
corresponds to (e, Opeg) as in Theorem 3.5.

4.2. Proof of Theorem 1.3
The following result from [22] is needed for the proof of Theorem 1.3.

Proposition 4.1 ([22, Proposition 6.1]). For any finitely many non-square elements o; ¢
k*/(k*)?, 1 <i <t, there are infinitely many finite places v such that «; € (k) for any
1<i<t.
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Now we are going to prove Theorem 1.3. First we consider the cases of G, = Sp,,,,
SO2n+1, SO3,. Given any v = B/_,(t;, b;) € lAI}Z(GH), assume that {7;,, ..., 7} is
a multi-set of all the t’s with non-trivial central characters. Since all Ti; ’s are self-dual, the
central characters w, . ’s are all quadratic characters, which are parameterized by global
non-square elements. Assume that Wy = Kai > where «;; € k*/ (k*)?, and Xei, is the
quadratic character given by the global Hilbert symbol (-, @;;). Note that {e;, ..., a;,}
is a multi-set. By Proposition 4.1, there are infinitely many finite places v such that o
and «;;’s are all squares in k,. Therefore, for the given ¥, there are infinitely many
finite places v such that G, (k) split and all 7; ,,’s have trivial central characters. From
the discussion in Section 3, for any 7 € ﬁw(sw), there is a finite local place v with
such a property that m, is an irreducible unramified unitary representation of Type I as
in (3.3).

We are going to discuss the connection with the classification of Barbasch in [4].

Assume first that G, = Sp,,, SO%,. If ¢ is an irreducible unramified unitary rep-
resentation of G, (k) corresponding to the pair (e, opeg) € M (n), then the orbit O
corresponding to o in [4] is given by the following partition:

[(,ljl nf.)( I1 mz)(ﬁ(Zni + 1)) ( ﬁ(zmi + 1))}.

(x,m,x)€e i=1 i=1

When 1y, is of Type I as in (3.3), the orbit O corresponding to 0 = i, in [4] is given by
the following partition:

(1) 11

j=1 (x.m,0)€e

)
mz)(n(Zmi + 1))], 4.1)
i=1

which turns out to be p () exactly.

Assume now that_Gn = SOs,41. If 0 is an irreducible unramified unitary repres-
entation of G, (k,) corresponding to the pair (e, Opey) € M™ "™ (n), then the orbit O
corresponding to ¢ in [4] is given by the following partition:

[(ﬁ”jz)( [1 mz)(ﬁ(Zni))(]L[(Zmi))} 4.2)

j=1 (x,m,x)€e i=1 i=1

When r,, is of Type I as in (3.3), the orbit O corresponding to 0 = my, in [4] is given by
the following partition:

[(117)( 11 w)(1Tem)]

Jj=1 (x,m,x)€e

which turns out to be p(y) exactly.
We claim that for the cases of G, = Sp,,,,SO02,+1, SO%‘n, Theorem 1.3 can be deduced
from the following theorem whose proof will be given in the next three sections.
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Theorem 4.2. Let o be an irreducible unramified unitary representations of Gy (ky) of
Type 1 as in (3.3). For any p € p™(0), the following bound

t )

P =Tlgy g [( [ n?)( [T ) ( [T@m + 1))}

j=1 (x,m,x)€e i=1

holds with the partition on the left-hand side from (4.1) when G,, = Sp,,,, SO2,; and the
following bound

ESHQX:Qn[(lL[njz')< I1 mz)(li[Qmi))}

j=1 (x,m,x)€e i=1
holds with the partition on the left-hand side from (4.2) when G, = SOz, 41.

For the case when G,, = U, and E/k is a quadratic extension, by similar arguments,
for any w € ﬁw(&p), there is a finite local place v such that G,(E,) = GL, (k,) X
GL,, (ky), split, and 7y, is unramified. Then, Theorem 1.3 is simply implied by the classi-
fication of the unramified unitary dual of GL, [42] and the result of Mceglin and Wald-
spurger on the wavefront set of representations of GL,, [30, Section II.2]. Note that for
G, = U,, the Barbasch—Vogan—Spaltenstein duality is just the transpose of partitions.
We omit the details here.

This completes the proof of Theorem 1.3.

Remark 4.3. We expect that the method of proving Theorem 1.3 in this paper also
applies to the inner forms of even orthogonal groups, once the full Arthur classification
of the discrete spectrum is carried out (see [7, 8] for recent progress in this direction).
The same method can also be applied to the metaplectic double cover of symplectic
groups, whose proof will appear elsewhere. Note that for the metaplectic double cover of
symplectic groups, the notion of Barbasch—Vogan—Spaltenstein duality has been defined
in [5].

5. Proof of Theorem 4.2, G, = Sp,,
First, we recall the following general lemma which can be deduced from the argument in
[30, Section I1.1.3].

Lemma 5.1 ([30, Section I1.1.3]). Let G be a reductive group defined over a non-Archi-
medean local field F, and let Q = MN be a parabolic subgroup of G. Let § be an
irreducible admissible representation of M. Then

" (Ind§8) = {Ind20O : O € n"(8)},

where g and g are the Lie algebras of Q and G, respectively. For induced nilpotent orbits,
see [11, Chapter 7].
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Now we prove Theorem 4.2 for the case G, = Sp,,. By the assumption of The-
orem 4.2, o is of Type I and is of the form

0= X(X,m,a)eeva)((detm) AN Oneg,

where o s the unique irreducible negative unramified subrepresentation of the follow-
ing induced representation:

Xl(detnl) X X Xt(detnt) X Ogn,

with oy, being the unique strongly negative unramified constituent of the following in-
duced representation:

m1—127m11 m1—3;m1—2
v detm1_1+m1+1 Xy
mo—m3
Xoeee XV

ldetm1_3+m1_2+1
detm2+m3+l A ISP2m1 ‘

Recall that m; € Z,0 <my <my < --- < my, and [ is odd.
From the properties of representations of general linear groups, it is known that

p™ (x(det)) = {[1¥]}

for any given character y and any integer k. By Lemma 5.1, we have

P (X (ym.a)eeV® x(dety,) X yi(dety,) x -+ X y(dety,))
= {+(X,m,a)€e[1m] + 1"+ 1]} = {|:( 1_[ m)(l_[nz)] }
(x,m,x)€e i=1

By Theorem 3.8, Lemma 5.1, and by [1 1, Theorem 7.3.3] on formula for induced nilpotent
orbits, for any p € p™ (o), we have

1

I 1) v [l ) -

(x,;m,a)ce i=1 j=1 Span

where 2k = (Zle(Zmi +1))—1.
To prove Theorem 4.2 in this case, it suffices to show the following lemma.

Lemma 5.2. The following identity

Ns02p41,5P2, (2(1//))
I

LA (D),

(x,m,x)€e i=1 j=1

holds with 2k = (X! _,(2m; + 1)) — 1.
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Proof. Recall that

() = [( I1

(x,m,a)€e

[Tem + )]

j=1

)17

Ns02,4+1:5P2n (£(¢)) = ((E(W)_)szy,)tv

where given any partition p = [pr--- p1] with p, > --- > p;, we have that

and

p =Ipr(p1— D]
On the other hand, we have

(2[( I m)(ﬁni)]t+77502k+1,sp2k(|:j1i[1(2mj+1):|))sp2n

(x,m,x)€e i=1
)

=C{ 1 )= (e )], ),

(x,m,x)€e i=1 j=1

() om o],

(x,m,o)€e

Given any partition p of Sp,,, it is known that ( BSPM)’ = ( B’ )sp,,, (see [11, proof of

Theorem 6.3.11]). Note that
i _
[Tem; + 1)} ) )}
Spak

(1)1

(x.m,0)ce
is indeed a symplectic partition. Hence, we have

(1,11 (e o)), ).,

(x,m,a)€e =

([, 1 A (e o], )

(x,m,x)€e
Therefore, we only need to show that

(E(w)_)sz,,:[( I1 m2>(;1ni2)((|:jli[1(2mj+l)i|)spzk):rpzn' (5.1)

(x.m,a)€e i

Note that

l —
([TTem +0] ) =1emens+2-@nyens + 2,
j=1 Spak
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We have to rewrite the partition

[

as [kszkf_1 .. kf] with kg > ks—1 > --- > k1. To proceed, we consider the following cases:
(1) k1 =2m; + 1

(2) k1 <2mp + 1.

In each case, for 1 < j < I_Tl, we list all the different odd k;’s between 2m5 ;11 + 1 and
2myj + 1as

[1 »)(I1%)]

(x,m,x)€e i=1

2maj41 +1>k} >kf >--->kjs.j > 2may; + 1.
Case (1): k1 > 2my + 1. We have

l
[[em; + 1))(2m1)].

j=2

Py = [(k?kf_l ---k%)(

Then (p(¥)7)sp,, is obtained from p(y)~ via replacing (2mzj41 + 1,2mp; + 1) by
(2maj41,2ma; + 2), and kj".’2 by (ki + 1,ki —1)for1 < j < Bl 1<i<s;. Onthe
other hand, we have

([ em ] ), )T

= [kg - k§@mp)@my—y +2) -+ 2m3)(2m2 + 2)(2m1)]*Pr,
which is obtained from
[k - kT @2mp)Q@my_y +2)--- 2m3)(2ma + 2)(2m1)]
via replacing k]i-’2 by (kji- + 1, kji- —Iforl <j < I_Tl 1 <i < s;. Hence, we deduce
that (5.1) holds.
Case (2): ki <2my + 1. We have

1
py)” = [(k3k§_1 ---k%)( [[@m; + 1))(k1)(k1 - 1)].

J=1

To carry out the Sp,,-collapse of p(¥)~, we also need to list all the different odd &;’s
between 2m; + 1 and k; as

2my + 1> ky > ki > >k’ > k.

Then (p(¥)7)sp,, is obtained from p(y)~ via replacing (2mz;41 + 1,2mz; + 1) by
(2maj41,2my; + 2) and kji-’2 by (k; + l,kji. —1),forl <j < I_Tl, 1 <i <s;;and then
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replacing (2m; + 'l,kl — 1) by 2my, k) if ky iseven, 2mq + 1,ky) by Cmq,k; + 1)
if k1 is odd, and k6’2 by (kf) +1, kf) — 1) for 1 <i < s¢. On the other hand, we get

([ f1em o], )

= [kZ-- -k} 2mp)2mi—y +2) -+ (2m3)(2ma + 2)(2my)]5P2,

which is obtained from [k2 - --k2(2m;)(2m;—1 + 2) -+ (2m3)(2m2 + 2)(2m)] via repla-
cing k_j.’z by (k_;. + l,k_j. —1),forl <j < Z_Tl, 1 <i <s;; and then replacing k7 by
(k1 + 1,k — 1) if ky is odd, k(i)’2 by (ki + 1,ki — 1), for 1 <i < 5. Hence, we deduce
that (5.1) still holds.

This completes the proof of the lemma. ]

The proof of Theorem 4.2 has been completed for G, = Sp,,,.

6. Proof of Theorem 4.2, G, = SO2,+1

By the assumption of Theorem 4.2, o is of Type I and is of the form

0= X(Xam,a)eeva)((detm) AN Opegs
where o s the unique irreducible negative unramified subrepresentation of the follow-

ing induced representation

Xl(detnl) X X Xt(detn;) X Osn,

with oy, being the unique strongly negative unramified constituent of the following in-
duced representation:

ml—lzfml mp—_3—mj—2 ml;m2
ldaml—lerl XV 1detm1_3+m1_2 Xeee XV ldetmlerz el 1501 .

v

Recall thatm; € Z,0 <my <my < --- < my, and [ is even.
As in Section 5, by Lemma 5.1, we have

pm(x(x,m,a)eeva)((detm) X Xl(detnl) X -+ X xe(dety,))

([, ()]}

(x,m,a)€e
By Theorem 3.8, Lemma 5.1, and by [1 1, Theorem 7.3.3] on formula for induced nilpotent
orbits, any p € p™ (o) has the following upper bound:

T 170) 1,50

(x,m,a)€e i=1
where 2k = Zle(Zmi).
To prove Theorem 4.2 in this case, it suffices to show the following lemma.
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Lemma 6.1. The following identity

nspzn »$02n+1 (E(W))

= ({( T ()] ([ [T ]},

(x,m,x)€e
holds with 2k = ! _ (2m;).

Proof. Recall that

ron=( TI mz)(g”?)(jil(zm"))]

(x,m,a)€e =

and
nspzk,902k+1 (E(W)) = ((£(W)+)502n+1 )t )

where for any given partition p = [pr--- p1] with p, > --- > p;, we have

pr=1pr+ 1D pil.

On the other hand, we have

Gl AT s ([TTem])),

(x,m,x)€e i=1

([ ()] = (e ], ),

(x,m,u)€e i=1

-([C () (e ], ),

(x,m,a)€e

Given any partition p of SOzp+1, it is known that (ESOZ"“)t = (g’)502n+1 (see [11,

proof of Theorem 6.3.11]). Note that
+
), )]
SO2k+1

is indeed an orthogonal partition. Hence, we obtain that

(1,1 (e ), ...

(x,m,x)€e i

(1 (e ), )

(x,m,x)€e i

t 1

I ()

(x,m,x)€e i=1 j=1
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Therefore, we only need to show that

1 (1) ([ frew] ), )

(x,m,x)€e i=1

l +
(LTemo] )
j=1 SO2k+1

[(2my + 1D)@2mi—y = D@2my— + 1) --- 2mz — 1)(2mz + 1)(2my — D],

(P Ds0mmss = [(

Note that the partition

is equal to

where we omit the “(2m; — 1)1”-term if 2m; = 0.
We are going to rewrite the partition

(11 )()]

(x,m,x)€e
as [kszks2 n kf] with kg > ky—1 > --- > k1. To proceed, we consider the following cases:
(1) ks < 2my;
2) kg > 2m;.

In each case, for 1 < j < 1%2 we list all the different even k;’s between 2mi, j+1 and
2my;j as

2majr >k > kP> > k;.j > 2my;.
Case (1): kg < 2m;. We have

-1

P = [(kfmk%)(zml ) H(zmj)}.

j=1

If 2my # 0, to carry out the SO;,1-collapse of E(w)Jr, we also need to list all the
different even k;’s between 2m; and 0 as

2my > ky > ki > - > k® > 0.

Then (p(¥)*)s0,,4, is obtained from p(¥)* via replacing (2maj+1,2ma;) by
@maj1 —1.2my; + D and ki by (ki + 1kl — 1), for 1 < j < 52 and 1 <i <55
and then replacing (2m1, 0) by (2m1 - 1 ,1)and k’ 2 by (kb + 1, kb — 1) with 1 <i <y,
if 2m; # 0. On the other hand, we have

l + SO2,4+1
(e ] )., )]
j=1 SO2k 41

= (K2 k3 @my + D@my_y — D@myg + 1)+ 2my = DIPOn+1,
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which is obtained from
[k - k3 Q@my + 1)@m= 1)2my_ + 1) -+ 2my — 1)]1]

via replacing k’ 2 by (k’ +1, k’ —Dforl <j < 1_2 1 <i < sj; and then replacing
k&2 by (ki + 1 kb — 1) 1<i < so. Hence, (6.1) holds in this case.
Case (2): kg > 2m;. We have

l

P = [((ks kK2, ---k%)( H(zm»)}

Jj=1

To carry out the SO, 4;-collapse of £(1ﬁ)+, we also need to list all the different even
k;’s between kg and 2m; as

ks >k >k} >-->k'>2my,
and if 2m; # 0, list all the different even k;’s between 2m and 0 as
2my > ko > ki > > kg® > 0.

Then (p(lﬂ) )$05,41 1S obtained from p(lﬂ)+ via replacmg (2m21+1 2myj) by
Cmaj41—1,2my; +1) andkl 2by (k’ +1, kl —forl<j < <2and1<i <s;;and
replacing (ks + 1, 2m1) by (ks, 2my + 1) if kg 1s odd and (kg,2m;) by (ks —1,2m; + 1)
if kg is even, and k by (k’ + 1, k’ 1) with 1 <i < s;; and finally replacing (2m1, 0)
by 2m; —1,1) and kl 2 by (kl + 1, k’ 1) for 1 <i < sg, if 2m; # 0. On the other
hand, we have

l + S025+1
(e ] ), )]
j=1 SO2k+1

= k2 k2@my + D@m= D) @mys + 1)+ 2my — DI,
which is obtained from
[k k3 @my + 1)@m= 1D)Q2my_p + 1)+ (2my — 1)1]

via replacing k2 by (ks + 1, ks — 1) if ks is even and k’ 2 by (ki + 1,k —1) for 1 <

j<i2 2 andl <i <s;; and replacing k’ - by (k’ + 1, k’ 1) forl <i < s7; and finally

replacmgk by (ki + 1,kb — 1) for 1 <i < sp. Hence (6.1) still holds in this case.
This completes the proof of the lemma. ]

The proof of Theorem 4.2 has been completed for G,, = SOy, +1.
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7. Proof of Theorem 4.2, G, = SO3,

By the assumption of Theorem 4.2, o is of Type I and is of the form

0= X(X,m,ﬂt)eeva)((detm) N Opeg,

where o, is the unique irreducible negative unramified subrepresentation of the follow-
ing induced representation:

Xl(detnl) XX Xt(detn;) N Osn,

with oy, being the unique strongly negative unramified constituent of the following in-
duced representation:

mp_—mj mj_3—mj—p

v 2 1delm1_1+m1+1 XV

ldet’"1—3"‘”’1—2"‘1
my—mp
2
X XV 1detm1+m2+l X 1500.

Recall that m; € Z,0 <my <m, < --- < my, and [ is even.
As in Sections 5 and 6, by Lemma 5.1, we have

pm(x(x,m,a)eeva)((detm) X Xl(detnl) X o+ X xe(dety,))

([, 1))}

(x.m,a)€e i=1

By Theorem 3.8, Lemma 5.1, and by [11, Theorem 7.3.3] on formula for induced nilpotent
orbits, any p € p™ (o) has the following upper bound:

p= (T m(1T0)] o ([j]i[l(zmj o))

(x,m,x)€e

with 2k = Y/ @m; + 1).
To prove Theorem 4.2 in this case, it suffices to show the following lemma.

Lemma 7.1. The following identity

Ns02,,502n (E(W))
(]

holds with 2k = Y!_ (2m; + 1),

l

1 (1] e[+ 0]))

(x,m,o)€e i=1 j=1

Proof. Recall that

l

g(lﬂ)=[( I1 mz)(f[n,?)(]j[(zmj+1))]

(x,m,o)€e i=1 j=1
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and
Ns05,,500, (g(lﬁ)) = (E(W)t)SOzn .

Also recall that given any partition p = [pr -+ p1] with p, > --- > p;, we have

=1+ 1D pil.
p =lpr(p1— D]

By [1, Lemma 3.3], given a partition p of 2n, if it is an orthogonal partition or its transpose
is a symplectic partition, then ( E’ )s0,, = (( £+_)szn )!. Hence, we obtain that

(2[( l_[ m)(iljlni)]t + nsozk,sozk([jljl(zmj + 1)]))502,,

(x,m,a)€e

([ T ()] (e o), ),

(x,m,a)€e Jj=1

-Gl T A1) ([fRemeo] ), ),

X.m,o)€e

It is easy to see that

(11 m)(11)(TTen )]

(x,m,x)€e i=1 j=1
1

AT (f )

(x,m,a)€ce i=1 j=1

is a partition of the following form

-1
|:pll ...p12m1+1(1_[ p]l ...p;ml—i_l_j_zml_j)pé ...p(’;noi|,
j=1

where p! with 1 <i <2my + 1, p;j with 1 <i <2mj41-0; —2my_pjand 1 < j < Z—TZ,
and plg with 1 < k < mg are all even; and p£j+1 with 1 <i <2my_5; —2m;_5;_4
and0 < j < I—Tz are all odd; and finally,

1 2m1+1
ph= = p;

2 —j—2m;_; .
>ply. ppzeezp T s pl <<,
with p§ > --- > pg'. Note that

1

(h!

J=1

-1

+_
@2mj + 1)] ) = |:(2m1 +2) H(ij + 1)(2m1)]
Sp2k j=2

Spak
(-2)/2

= [@m+2) TT @y @ms; +2m) |

j=1
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Then the partition

2[(

is equal to the following partition

1 ] (o] ),)

(x,m,x)€e i=1 j=1

-2)/2
1 2 2mi+1 1 2my—pj—2mj_n;—
[Pl ...plml(plml _ l) 1_[ Phi1 "'p2j+12/ 2/—1
Jj=0
(I-2)/2
2m _oi—2mj_5;—1 2m 2 2mj_o;
X l_[ (P%j + 1)1’%,’"'172]' e = (sz i =)
j=1

x (pg + l)pﬁwpé"(’]

Following the recipe on carrying out the SO,,-collapse [11, Lemma 6.3.8], we obtain that

([C 11 o)1) (TTew )],

(x,m,o)€e i=1
is equal to the following partition

(1-2)/2
2 2m1+1 DM i—2M)_~i_
|:(pll "'plml)SO(sz1 -1) 1_[ péj+1 "'pzj-|l-12/ 1-2j-1
Jj=0

(1-2)/2

2 _9i—2mj_»;i—1 2 _hi—2mj_»o;
x [T 3+ D3, pyy T g0 (pyy T )
j=1

x (py + 1)(p§---p6"°)so],

and the partition

CLC T (1] + ([ 0] ), ).,

(x,m,a)ee Jj=1
can be written as
(-2)/2

1 2m 2mi+1 1 2my_n;—=2mj_n;_1
(Pl"‘pl Y =1 l_[ P2j+1° " Pajyr !
j=0
(1-2)/2
1 2 2my 4y —2j=2m;_2; =1, 2mj41_2;—=2m_3;
x [T aj +Vp3; - pyy 77 T (pyy =)
Jj=1

x (py + 1)p§---p6"°) ,
SOz,
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which is equal to

(-2)/2
2 2m;+1 2my_n;i—2mj_i_
[(le"'lel)so(plml -1 1_[ Py pa T2
j=0

(-2)/2
x [T h; + D@3, pyr 172722 o (py 172 722 )

j=1
X (pb+ 1)(p§---p3"°)so].

Hence, we obtain that

Ns02,,502, (g(lﬁ))
t t 1
= (L IT ()] v ([T < 0])).
(x,m,x)€e i=1 j=1 SO%;,
This completes the proof of the lemma. ]

The proof of Theorem 4.2 has been completed for G;, = SO,;,.

8. On the wavefront set of unramified unitary representations

In this last section, we study the wavefront set of the unramified unitary representations
for split classical groups G, = Sp,,, SO2,+1, O2,. Under assumptions on the leading
orbits in the wavefront set of negative representations, we determine the set p™ () for
general unramified unitary representations. This reduction process has its own interests.
We remark that for representations of non-connected groups O,,, we follow [10] for the
character expansions at the identity to define the wavefront set.

Assume that 7 is any irreducible unramified unitary representation of G, (F) as in
Theorem 3.5,

T = X(x,m,a)EeUaX(detm) AN Opeg»

where 0, is a negative representation of G« (F), and
Jord(oneg) = Jord(ow) U {(xi, ni). ()(l-_l,n,-) |1 <i <t}
Here Jord(oy,) is equal to
{(Xo.2n1 + 1), ..., (R0, 20 + 1), (gL, 2m1 + 1), ..., (1oL, , 2m; + 1)},
when G+ = Spy,«, O2,+, and is equal to
{(Ao.2n1), ..., (Ao, 2nk), (1oL, 2m1), ..., (lgL,, 2my)},

when G+ = SO3,+41, as in Section 3.
We have the following conjecture on the maximal partitions in the wavefront set of
negative representations.
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Conjecture 8.1. Given negative representations oneg as above, we have

t

" (Oneg) = {ng;*,gn* ([( [1 n%) ( ]L[(zmi +1) ﬁ(zns + 1))})}
i=1 s=1

Jj=1

when Gpx = Spy,, Oap*;

t ! k
" @) = {10z (| (TT7) (T TTen0 ) |)
i=1 i=1 s=1

J
when Gn* = SOZn*+1.

Based on Conjecture 8.1, we obtain the explicit description of the maximal partitions
in the wavefront set of general irreducible unramified unitary representations 7 of G, (F).

Theorem 8.2. Assume Conjecture 8.1 is true. For any irreducible unramified unitary rep-
resentation w of G, (F), the maximal partitions in the wavefront set p(w) are given as
follows:

p" () = {ng,y,g,, ([( [T =) ( ﬁ n;)(

(x,m,a)€e j=1 i=

1

k
em+nTen+n)))]
1 s=1

when G, = Sp,,, Oz, and

l

p" () = {ng;,gn([( I mz)(_ﬂ”-?)(n(zmi) ﬁ(Z”S))D}

(x,m,o)€e j=1 i=1 s=1
when Gn = SOZn+1~

We remark that Ciubotaru, Mason-Brown, and Okada [9] recently computed the max-
imal orbits in the wavefront set of irreducible Iwahori-spherical representations of split
connected reductive p-adic groups with “real infinitesimal characters”, which partially
proved Conjecture 8.1 and Theorem 8.2. This provides evidence for Conjecture 8.1.

By Lemma 5.1, we have

P (< (maed® 1(detm) = (e aeel 1"} = {[(( 1‘[) m)]'}.
X.-m,x)ee

By Lemma 5.1, and by [11, Theorem 7.3.3] on formula for induced nilpotent orbits,
we obtain that

P () = {(2[((X,E)Eem>]f +£0mg)0n P, < pm(oneg)}.

Hence, by the assumption, to prove Theorem 8.2, it suffices to show the following lemma
which will be proved case-by-case in the following subsections.
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Lemma 8.3. The following identities hold:

e[ T1 ) (1) (TTm + 0 [Ten )]

(x,m,o)€e j=1 i=1
t t I k
= (2[< l_[ M)] + g, .q *([( l_[nf)( @m;+1) n(zns_,_ 1))]))
(em.c)<e "” j=1 i=1 s=1 Gn

when G, = Sp,,, Oz, and

¥ san ([( [T ) (Jljl ”12') (i]jl(zm,-) ﬁ(zns))D

(x,m,a)€e
t t 1 k
- (2[( I1 m)] +ngv*,gn*([(]_[n})(]—[(zm,-)H(zns))]))
(x,m,a)€e " j=1 i=1 s=1 Gn

when Gn = SOZn+1~

8.1. Proof of Lemma 8.3, G, = Sp,,,

By arguments similar to those in the proof of the Sp,,-case of Lemma 5.2, we only need
to show that

t l k _
([((X,g)eem2) (11:[1 njz) (i:1(2mi + 1)sl:[1(2ns + 1)):| )sz,, (8.1)
= (( 1_[ mz)([( lL[ njz')(li[(Zmi +1) ﬁ(Zns I 1))i|) )SPZn.
(rm.a)ee J=1 i=1 s=1 Span*

For any given partition p = [py -+ p1] with p, > --- > p;, we recall that p~ = [p, -+~

(p1 — 1)]. Rewrite the partition [[T(, .ayee ] as [papg_y -+~ PT] With py > py—1 >

o> pryand i, n?las [giq’_,---q3] with gy > gy—1 = -+- > ¢1. And rewrite

l k
[(H(Zmi +1) l_[(2ns + 1))]
i=1

s=1

as [l_[l+k Q2ry + D] with rjyx = rjyg—1 = -+ = r; > 0. Then, (8.1) becomes

(A1) (1) ),
() o)), ) e
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To proceed, we consider the following cases:

(1) When g1 > 2ry 4+ 1, we have (a) p; > 2r; + 1 and (b) p1 < 2r; + 1.

(2) When g1 < 2ry 4 1, we have (a) p1 > ¢1, and (b) p1 < q;.

In each case, for | <z < —’*’;‘1, if 2rp;41 + 1 > 2r5, + 1, we list all the different
odd p;’s, g;’s between 2rp; 1 + 1 and 2rp; + 1 as

2raz 41 +1>P; >P§>"'>P§Z > 2r; + 1,

2rps41 +1>qz1 >q§ > > q)7 > 21, + 1.

Case (1-a): q1 = 2r1 + 1, p1 > 2r; + 1. We have

(1) e o] ),

-[(719) (1) o + v

w=2 Spay

The collapse

u v I+k
(TT22)(TT42) T+ ]|
P2n

j=1 w=2

can be obtained from

[(1:[1 p%) ( 1 q,) ﬁ @ro + 1)<2r1>}

via replacmg (2raz41 + 1,2r2; + 1) by (2r2z+41, 2r2z + 2), % by (pL + 1. pt —1),
and g7’ by(qz +1,q) —1),forl <z < l“ L 1<i<x;and1<j < y,, whenever
2raz4+1 + 1 > 2r; + 1. On the other hand, we have

(L)1) T o), )™

w=1

I+k

u Spay
= ((Hp%)[(]_[q,) H(zrw 1)(2r1)} ) . (8.3)
i=1 Spay*
Then
I+k
[(1‘[%) [er+ 1)(2r1)L
Pon*

can be obtained from

[( Hq,) ﬁ(zrw n 1)(2r1)}
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via replacing (22,41 4 1,272z + 1) by (2r2z41,2r2; +2) and g2 by (¢ + 1,42 — 1),
forl <z < H’%l and 1 < j < y,, whenever 2rp; 11 + 1 > 2rp, + 1. And the partition

I+k

(@) o], )

j=1
can be obtained from

[(T)I(1) e+ vem] ]

via replacing pé’z by (p; + 1, p; —1)forl <z < H’%l and 1 <i < x,, whenever
2raz4+1 + 1 > 2r2; + 1. Hence, (8.2) holds in this case.

Case (1-b): g1 > 2r; + 1, p1 <2r; + 1. We have

(1) e o)),

= [(EP%)(H%) ﬁ(zrw + Dpi(pr = 1)}

To carry out the Sp,,, -collapse, we also need to list all the different odd p;’s, g;’s between
2r1 + 1 and p; as

Spa2j,

2r + 1> py > pt > > pi® > pi,
2ri+1>qy>q5>>q°> p1.

Then
I+k

[(i]jpf) ( ]—[ q,) ]_[ Qrw + Dpi(p1 — 1)]

can be obtained from

u v I+k
[(H P%) ( I1 6],2) [T@rw+Dpi(pr - 1)}
i=2 j=1

w=1

Sp2n

via replacmg (2raz41 + 1,2rp; + 1) by (2raz41. 2122 + 2), pi* by (p! + 1, pi — 1),
and g2 by (¢ +1,¢f — 1), for1 <z <=L 1 <i <x,,and 1 < j < y., whenever
2r3;41 + 1 > 2rp, + 1; and replacing (2ry —I— 1, p1 —1) by (2r1, p1) if p; is even and
(2r + l p1) by (2r1,p1 + 1) if py is odd; and finally replacing py by (p0 +1 Po 1)
and g% by (¢ + 1.q5 — 1), for 1 <i <xpand 1 < j < yo.

On the other hand, as in case (1-a), we still have (8.3). Then the partition

1+k
[( 1 q,) [1er+ 1)(2r1)L
Pon*
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can be obtained from

v I+k
[( I1 q}) []@r+ 1)(2r1)}
j=1

w=2

viareplacing (2ra;41 + 1,2r2; + 1) by (2raz41,2r2; +2) and 2% by (¢ + 1,42 — 1),
forl <z < I'HT_I and 1 < j < y,, whenever 2rp,4+1 + 1 > 2ry, + 1. And the partition

((11 p%) [( 1_[ "J) lﬁ Qrv + 1)(2r1)]sp2n*)3"2"

can be obtained from

[(T1)[(1) e s vem] ]

via replacing py® by (pL + 1, pi — 1) for 1 <z < @=L and 1 <i < x,, whenever

2raz41 + 1 > 2rp; 4+ 1; and then replacing P1 by (p1 + 1, p1 — 1) if p; is odd, Po by
(p0+1 po—l) and ¢ by(qo—i—l gy — 1D forl <i <xpand 1 < j < yo. Hence,
(8.2) holds in this case.

Case (2-a): q1 <2r1 + 1, p1 > q1. We have

((f)(11e) e o)),

- [(1:[1 ) ( [l q,) ﬁ(zrw Dot - 1)

To carry out the Sp,,,-collapse, we also need to list all the different odd p;’s, g;’s between
2r1 + 1 and gq; as

Spa2j,

2ri 41> py > pg > > p > qu,
2r 4+ 1> ¢qf > q2 > --->q00>q1.

Then u I+k
[(E pf) ( ]_[ q,) ]_[ Qrw + Dq1(g1 — 1)]

can be obtained from

Sp2n

I+k

[(,lj pf) ( ]_[ q,) ]_[ Q2rw + Dg1(q1 — 1)]

via replacmg (2raz41 + 1,2r27 + 1) by (2r2z+41, 2r2z + 2), 2% by (pL +1,pi —1),
and g7’ by(qz +1,q) —1),forl <z < l+s L 1<i<x;,and1<j <y,, whenever
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2rpz41 + 1 > 2rp; + 1; and replacing (2r; + 1,q;1 — 1) by (2r1, q1) if g1 is even,
(2r1 + 1 q1) by (Zrl,ql + 1) if g1 is odd; and finally replacing py by (p0 + 1, Po -1
and qo’ by (g5 + 1,q3 — 1) for 1 <i < xpand 1 < j < yo. On the other hand, we have

((1]1 p%) ([( H q,) lﬁ Qry + })szn*)mn

I+k

=((11[p%)[(1_[q,)1_[(2rw l)ql(ql—nLW)sm. (8:4)

i=1

Then
v I+k
[( I1 q}) [TCrw+ Daia - 1)}
j=2 w=1 Spap*

can be obtained from

I+k
[( [ q]) [T@rw+ Daia - 1)}
j=2

w=1

viareplacing (2rp;41 + 1,2r2; + 1) by (2r2z41,2r2; + 2) and qg’z by (qg + 1, qg -1
forl<z< 1“71 and 1 < j < y,, whenever 2r,41 + 1 > 2r;, + 1; and then replacing
(2r1 + 1 q1 — 1) by (2r1 q1) if g1 iseven and (2r; + 1,41) by (2r1,4q1 + 1) if ¢1 is odd,
and qo’ by (qo +1,q3 — 1) for 1 < j < yo. And the partition

u v I+k Spa,
((]_[pf)[(]_[qf) []@rw +1)q1(611—1)} )
i=1 j=2 w=1 Spa =
can be obtained from
) i U q} m Qrw + Dqi(qr — 1)
p j
i=1 j=2 w=1 Spaj*

via replacing pz by (p. + 1, p. — 1) for 1 <z< l+s Land 1 <i < x,, whenever
27241 + 1> 21y, 4 1; and then replacing Po by (p0 + l Po 1) for 1 <i <Xxy.Hence,
(8.2) holds in this case.

Case (2-b): g1 <2r1 + 1, p1 < ¢q1. We have

((117)(11) flee o],

J w=1
I+k

- [(]lp%) ( 1 q,) [1Cra+ it - ]

Spa,
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To carry out the Sp,,,-collapse, we also need to list all the different odd p;’s, g;’s between
2r1 + 1 and p; as

2r1 + 1> py > pg > > pe® > p1,
2ri+1>¢q5>q3>>q)° > p1.

Then

[(npl)(ﬁ ) ﬁ(er + Dpi(pr — 1)]

j=1 w=1 Spay
can be obtained from

I+k

[(llp%) ( 1 q]) [1era+ Dpri - 1)}

via replacmg (2raz41 + 1,2ry; + 1) by (2rz41. 222 + 2), p&* by (p + 1, pi — 1),
and g2 by (¢ +1,¢f — 1), for1 <z <=L 1 <i <x,,and 1 < j < y,, whenever
2r3z41 + 1 > 2r3; + 1; and then replacing (2r1 +1 p1 — 1) by (2r1,p1) if pp is even
(2r1 +1 pl) by (2r1, p1 + 1) if py is odd, and also pg by (p0 +1,py—1)and ‘10 by
(q0+1 qo I)forl <i <xpand1 <j < yp.

On the other hand, we still have (8.4). Then the partition

v l+k
[( I1 qf) [T@rw + Darg - 1)}
j=2 Spo

w=1

can be obtained from

I+k

[( Hq,) [T@rw + Dai(g: - 1)}
j=2 w=1

via replacing (2r2;41 + 1,272z + 1) by (2r2541.2r2; +2) and g2 by (¢ + 1,¢2 — 1)

forl <z < Z+S_1 and 1 < j <y,, whenever 2r,4+1 + 1 > 2r,; + 1; and then replacing

2r; +1 ql - 1) by (2r1,q1) if g1 is even, (2r1 + 1,41) by (2r1,q1 + 1) if g1 is odd,

and also gy’ by (qo +1,q5 —1)if gy # g1 and 1 < j < yo. And the partition

u Ltk Span
((]_[pf)[(]_[q,) ]_[(2rw Dq1(q1 — 1)] )
i=1 Spo,*

can be obtained from
I+k

[(LA)[(11) o] |

via replacing py® by (pL + 1, pi — 1) for 1 <z < =L and 1 <i < x,, whenever

2raz41 + 1 > 2ry; + 1; and then replacing p? by (p; —|— 1, p1 — 1) if py is odd, pg by
(170 +1, Po — 1) for1 <i < xq¢. Hence, (8.1) holds in this case.
The proof of Lemma 8.3 has been completed for G, = Sp,,,.
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8.2. Proof of Lemma 8.3, G;, = SO2,4+1

By similar arguments as in the proof of the SO,,+;-case of Lemma 5.2, we only need to
show that

([( [ mz) (]ljl n,z-)(l]j[l(zm )H(2ns))] )502n+1 8.5)

~(( 11 () (memone)] ), )7

(x,m,o)€e

For any given partition p = [py -+ p1] with p, > -+ > py, recall that £+ =[pr+1
- p1]. Rewrite the partition [[(, .ayee ] as [pupu L PR with py > pyy > >
p1; and the partltlon []—L_l nz] as [q2q2_, ---q}] with gy > gy—1 > -+ > q1. And rewrite

the partition [([T/—, (2m:) [Ti=, 2ns)] as [T, @ru)] with 1 = rigppey = - >
r1 > 0. Then, (8.5) becomes

() e ).,
(A1) fTew]),, )7 we

To proceed, we consider the following cases:
(1) When gy < 2r;4k, we have (a) p, < 2r;4k and (b) py > 217 4.

(2) When gy > 2r;4k, we have (a) py < gy and (b) py > gy.
I+k—2
2

Ineachcase, forl <z <
between 2r;,4+1 and 2r;, as

,if 2rp; 41 > 2rp;, we list all the different even p;’s, g;’s

1 2
2raz41 > P, > pr >0 > paE o> 2rg,

2rzt1 > qL > q2 > - > g2 > 2ry,.
If 2r; # 0, we also list all the different even p;’s, ¢;’s between 2r; and O as

2r1 > po > pg >+ > pa’ > 0,

2r1 > qg > qg > > qp° > 0.

Case (1-a): qy < 2114k, pu < 2r;4+k. We have

() dew]),,

u I+k—1
= [(pr)(]_[q,)@mk +10 J] (er)] -
i=1 SO2p41

w=1
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The collapse

u I+k—1
[(Hp%)(]‘[q,)(zmk +1 ] (2rw)}
i=1 SO2x+1

w=1

can be obtained from

[(1:[1 ”) (,1:[1 2) (2rz+k +1) W]‘[_I(er)}

w=1

V1a replacmg (2raz+1,2r2z) by (2raz41 — 1,2r2; + 1), Py by (p. +1,pl — 1), and
2 by (¢ +1,qf —1), for | <z < =2 2 L1 <i <xz,and1<] < yz, whenever
2r22+1 > 2ry.; and then replacing (2r1, 0) by (2r1 - 1.1), py by (p0 +1,p,—1),and
by(qO +1,g) —1),for1 <i <xpand1 < j <y, if2r; #0.
On the other hand, we have

((llj pf) (|:( n q]) ﬁ(2rw):| )Sozn*ﬂ)soznﬂ

u I+k—1 SO 41
= (( I1 P%) [( [1 q])(2rl+k + 1) H (27w)] ) - @7
i=1 SO2,,% 11

Jj=

Then
I+k—1

[(Hq])ka +0 [T er)

j=1 i|SOzn*+1

can be obtained from

v I+k—1
[(Hq})(zrz+k+ n ] (er)}
w=1

j=1

via replacing (2r2;41,272;) by (2r2,41 — 1,215, + 1) and ¢’ - by (qz. + 1 qZ‘ 1), for
1<z< H'S 2 and 1 < J =< yz, whenever 2rp;41 > 2ra;; and then replacing (2r1, 0) by
2r; —1, 1) and q by (qo + 1 qo 1) for 1 < j < yy, if 2r; # 0. And the partition

u I+k—1 SO2,+1
((Hp%)[(l‘[q,)(zrz+k+1> Mew| )
i=1 SO2p% 41

w=1

can be obtained from

u I+k—1
[(Hp%)[(l‘[q,)(zrz+k+1) [Tew| |
i=1 w=1 SO2p% 41

via replacing pZ by (p. + 1, p. — 1) forl <z < l+s 2 and 1 <i < x,, whenever
2r3z41 > 2ra;; and then replacing Po by (p0 + 1, Po — 1) for 1 <i < xg,if 2r; # 0.
Hence, (8.6) holds in this case.
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Case (1-b): gy < 2rj4k, pu > 2r;4+k. We have

() e, .

- [(pu n 1)pu(:ij )(H q,) ﬁ@rw)}

To carry out the SO,,41-collapse, we also need to list all the different even p;’s be-
tween py, and 27 as

SO2n+1

Xi+k

1 2
Pu> Py > Pigk > > Py > 2Mi4ke

The collapse

u I+k—1
[(Hp%)(l"[q,)(zmk 0 11 (m)}
i=1 SO2n+1

can be obtained from

[(1:[119%) ( 1'[ q,)(zmk + 1)”1&[ 1<2rw)]

via replacing (py, 2r;7+%) by (py — 1, 2r145 + 1) if Pu is even, (py + 1,2r;4x) by
(pu,2r;+x + 1) if py, is odd, and pl.+k by (pl+k + 1 pl+k 1),forl <i < x1+k, and
replacing (2rzz+1,2r22)by (2raz41 = 1.2r22 + 1), pz by (pL + 1. pt — 1), and ¢2"* by
(qz + 1, qz 1),forl <z < H'S 2 1<i<xyandl < j < yz,whenever2r22+1 >
2ryz; and ﬁnally replacing (2ry, O) by 2r; —1,1), pf)z by (p0 +1,py—1),and qO’ by
(qo + 1, qo 1),forl <i <xgand1 < j < yg,if 2r; # 0.

On the other hand, we still have (8.7). We obtain the partition

I+k—1

[( 1 q,)<2rz+k 011 (m)}

SOz 41
from
v I+k—1
[(Hq})(zrz+k+ D[] (er)}
j=1 w=1

via replacing (2ra,41,2r2;) by (2r2;41 — 1,2r2, + 1) and g7 )2 by (q; +1, q; 1), for
1<z< l+s 2 and 1 < j < yz, whenever 2r;4+1 > 2raz; and replacing (2r1, 0) by
2ri—1,1) andq by (qo +1,q5 — 1), for 1 < j < yo, if 2r; # 0. And the partition

u I+k—1 SO2p,+1
((Hp%)[(l‘[q,)(zrz+k+1> Mew| )
i=1 SO2p% 41

w=1
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can be obtained from

u I+k—1
[(Hp%) [( H q,)(zmk +0 ] (2rw)} ]
i=1 SO2p% 41

w=1

via replacing p2 by (p, + 1 pu — 1) if p, is even, pl+k by (pl+k +1 pl+k 1), for
1 <i < x;4k; and replacing py by (pL +1, pz 1) forl <z < H‘% 1 <i <xg,
whenever 2r2,41 > 2r;; and finally replacing py by (p0 + 1, p0 —1),1<i <xp,if
2r1 # 0. Hence, (8.6) holds in this case.

Case (2-a): qy > 2114k, Pu < ¢v- We have

() e, .

u v—1 I+k
= I:(l_[ P%)(Qv + I)QU(H qu) 1_[ (2rw):|
i=1

j=1 w=1 SO2741

To carry out the SO, 1-collapse, we also need to list all the different even p;’s and g;’s
between ¢, and 27 as
1 2 XI+k
Gv > Piyk > Pigk > "> Pryk > 2li4ks
1 2 Vitk
9o > Qi > ik > > A > 2714k
The collapse

v—1 I+k

[(]_[ pl)(qv - l)qv( ]_[ q,) ]_[ (2rw)

can be obtained from

]502n+1

u v—1 I+k
[(H p%)(qv + 1)‘]1}(1_[ 61,2) 1_[ (er)i|
i=1 j=1 w=1

via replacing (qy, 2rl+k) by (qv — 1,211 4% + 1) if g, is even, (g, + 1, 2r1+k) by (¢,
2ri4x + 1) if gy is odd, pl+k by (Pl+k +1, pl+k 1), andql+k by (ql+k+ 1, ql+k 1),
for1 <i < xl+k and 1 < j < yj4k; and replacmg (2r22+1 2r37) by (2rpz41 — 1,
2rp; + 1), pi by (pL + 1, pL — 1), and 2% by (g7 + 1,47 — 1), for | <z < H5=2,
1 <i <x,, and 1 < j < y;, whenever 2r22+1 > 2r22, and ﬁnally replacing (2r1, 0) by
(2ri = 1,1), py by(p0+1 pi—1), and g}’ by(q0 +1,q5 — 1), for 1 <i < x¢ and
1 S] < yo,if2r1 ?é()
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On the other hand, we have

(1) o) )™

w=1
v—1 I+k SO2,1+1
= ((HP%)[((IU + I)QU(H%) H(zrw)] ) . (8.8)
i=1 Jj= w=1 SO2,% 41

Then

v—1 I+k

|:(QU + I)CIU(I_[ qu) l_[ (2rw)
j=1 w=1

:|SOZ,,*+1

can be obtained from

v—1 l+k

[(qv n l)qv(l‘[ q}) I (2rw)}
j=1 w=1

via replacing (¢y. 2ri+) by (qy' 1, 2rl+k + 1) if QU is even, (qy + 1, 2r74%) by (g,
2rj4x + 1) if g, is odd, and ql+k by (ql+k + 1, ql+k 1) forl <j < y1+k, and
replacing (2r2;11,2r2z) by (2raz41 — 1,2r2; + 1) and ¢4 by (¢ + 1,42 — 1), for
1<z< l“ 2 and 1 < j < yz, whenever 2ra; 41 > 2r;;; and finally replacing (2r1,0)
by (2r; — 1 1) and g}’ by (g5 + 1.q3 — 1) for 1 < j < yo, if 2r; # 0. And the parti-

tion
u v—1 I+k SO25141
(( I1 pf) |:(Qv + 1)gs ( I q}) I1 (2rw)] )
i=1 j=1 w=1 SO2p% 41

can be obtained from

v—1 I+k

(1_[ p%) |:(Qv + I)QU(H qu) H (2rw)
i=1 w=1

j=1 i|502n*+1

via replacing p2 by (pu + 1 . pu — 1) if py is even, and pl+k by (pl+k +1 pl+k 1),
for 1 <i < xj4+4;andreplacing pz by (pL+1 pz —1)forl <z < l“ Zand1<i <x,,
whenever 2r; 11 > 2r»;; and finally replacing pg by (po +1 Po — 1) forl <1 < xo,
if 2r; # 0. Hence, (8.6) still holds in this case.

Case (2-b): gy > 214k, pu > qv. We have

() e,

w=1

_ [(Pu + 1)pu(:ij )(Hq,) ﬁ(er)

:|502n+1
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To carry out the SO, 1-collapse, we also need to list all the different even p;’s and g;’s
between p,, and 2r; 4 as

1 2 X1 +k
Pu> Piyp > Pivk > "> Piyk
1 2 Yi+k
Pu> ik > ik > > Qg > 214k

The collapse [(py + 1) pu (]_[l_1 pl)(]_[]_1 q; 2) ]_[ (2;’,1,)]502,1+1 can be obtained
from

> 2r1+k,

u—1 v I+k
|:(Pu + l)pu(l_[ P%) ( 1_[ qIZ) 1_[ (zrw):|
i=1 j=1 w=1

via replacing (py, 2r;+) by (pu 1,2rj45 + 1) if p, is even, (pu + 1,2r14%) by

(pu,2rl+k + 1) if p, is odd, pl+k by (Pl+k +1, pl+k 1), and ql+k by (ql+k + 1,
ql+k 1), for 1 <l <xitpand 1 < j < ypik; and replacing (2r22+1 2rp7) by (2raz41 —
1,2r5; +1), p2? by (pf + 1, pL — 1), and g2 by (¢ + 1.q2 — 1), for 1 <z < 52,
1 <i<x;,and 1 < j < y,, whenever 2r22+1 > 2r22, and ﬁnally replacing (2r1, 0) by
2r;—1,1), p(’)zby(po—}—l pi—1), and g}’ by(q0 +1,q5 —1),for 1 <i < x¢ and
1 <j <y if2r #0.

On the other hand, we still have (8.8). We obtain the partition

v—1 I+k

|:(QU + 1)611)( l_[ 51]2) l_[ (2rw)
j=1 w=1

}SOZH* +1

from
v—1 I+k
[(qv n 1)qv(1'[ qf) I (2rw)}

via replacing (¢v, 2r7+) by (qv =1, 2rp4k + 1) if gy is even, (¢y + 1, 2r14%) by (qu,
2ri4k + 1) if gy is odd, andql+k by (ql+k +1 ql+k 1) 1fql+ # qv,_for 1 fj < Vitk;
and replacing (2r2;+41,2r22) by 2ra;41 — 1,2r2, + 1) and qz by (qz +1 qz 1), for
1<z< I+S 2 and 1 <j= Yz, Whenever 2rp,41 > 2ra;; and finally replacing (277, 0)
by (2r; — 1, 1) and qo by (g5 + 1,q3 — 1), for 1 < j < yo,if2r; # 0. And the partition

u v—1 I+k SO2,4-1
((HP%) |:(QU + I)QU(HQ?) H(zrw)] )
i=1 j=1 w=1 SO2p% 41

can be obtained from

u v—1 I+k
(1_[ p%) |:(qv + gy ( H C]]) l_[ (zrw)]
i=1 SOs% 41

w=1

via replacing p2 by (py + 1, pu - 1) if p, is even and pl+k by (lef +1, pl+k 1),
for 1 <i < x;4; and replacing py by (pL+1, pz —forl <z < +s =2 1<i<x,,
whenever 2r5; 1 > 2r;;; and finally replacing pg by (po +1, 170 1), for 1 <i <X,
if 2r; # 0. Hence, (8.6) holds in this case.

The proof of Lemma 8.3 has been completed for G,, = SOz +1.
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8.3. Proof of Lemma 8.3, G;, = Oy,

By similar arguments as in the proof of the O,,-case of Lemma 5.2, we only need to show
that

t l k t
([( I1 mz)(nn?)(ani+1)1_[(2ns~|-1)):|) (8.9)
(x,m,a)€e Jj=1 i=1 s=1 O2p
I k .
nf)(n(2mi+1)n(2ns+l))}) ) .
i=1 s=1 Og;% 7/ O2p

t

-(C 1 = (((11
(x,m,x)€e j=1

For any given partition p = [p, --- p1] with p, > --- > py, recall that p™ = [(p, + 1)

---p1]and p~ =[p,---(p1 — 1)]. Rewrite the partition []_[(X’m’a)Eemz] as[p2p2_,---p?

with p, > py—1 > -+ = py; and the partition [[T;_, n?] as [g7q2_, --- ¢7] with g, >

qv—1 = +++ > ¢1. And rewrite the partition

[(Tem +vTTen )]

i=1 s=1
as []_[fj:kl (2ry + D] with rjy g > rj45—1 > -+ > r1 > 0. Then, (8.9) becomes

(A1) e =],

(1) (1) e ]), ).

j=1 w=1

As in the proof of the O,,-case of Lemma 5.2, it is easy to see that

u v I+k t
(1)) e o
u v t I+k t
=[(12)(11)] + (Lo )]
i=1 Jj=1 w=1
is a partition of the following form
I4+k—1 5 5
2r1+1 Tlk41—j =271 +k—j
|:p11+k.”pl:_1k ( 1_[ p]lpl I+k+1—j 1+k j)pé___p80:|’
j=1
where pj, with 1 <i <2ry + 1, py; with | <i < 2144112 —2r4x—j and 1 <
j=< # and plg with 1 < k < rg, are all even; and P§j+1 with 1 <i <2rj4gx_2; —
2rj4k—2j—1and 0 < j < M‘T_Z are all odd; and finally pll+k > .. > plerrlkH’ Jl >.>

274 k41— =271 +k—j

; ZP}_lwithlgj§l+k—l,andpéz-~-ZP(r>O>0~
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Following the recipe on carrying out the O5,-collapse [11, Lemma 6.3.8], we obtain

((f)(11) e o)),

(I+k—-2)/2
1 2rq 2r1+1 1 27| 4 k—2j =2V 4k—2j—1
[(pl+k"‘pl+k)0(pl+k - l_[ Pajt17" Pajy1
Jj=0

is equal to

l+k—2)/2
( / 1 2 2ri 4 k+1—2j —2r14k—2;—1
< T (2 + D3, ps; )o
j=1
X (pyg HEFImH TS y(ph 4 1)(pg...p30)0]. (8.10)

Similarly, we have

(1) fie o] =[] [ 0]

j=1 w=1 j=1 w=1

is a partition of the following form

I+k—1
1 2r1+1 1 2rpk41— =2 4k—; | 1 ro
[ql+k...ql+k ( H qj..-qj qo...qo s
j=1

IA

where q§+k with 1 <i <2r; + 1, qéj with 1 <7 <2rj4g41-2; —2rj4x—2j and 1
j< %, and qg with 1 < k < rg, are all even; and q§j+1 with 1 <i < 2rj 40 —
2r4k—nj—1and0 < j < l+kT—2 are all odd; and finally ¢/, > --- > qlzi‘kﬂ, q} >.0>
qf”*’k“_j_zrl“_j > qjl_1 withl <j </ +k—1,andg} >--- > ¢q;° > 0. (Note tha
we are adding 0’s at the end of the partition if necessary.)

Following the recipe on carrying out the O, =-collapse [1 1, Lemma 6.3.8], we obtain

that the partition

v I+k ;
([(HCI?) [Ter+ 1)} )
/=t w=l1 Ogyp%
is equal to
(I+k—2)/2
[(qll+k N .qlz'r‘lk)o(qlz—?—lk—i_1 —1) l—[ q21j+1 ...q;]’,irlkfzj—Zerfzjﬂ
j=0
(I+k-2)/2 !
x 1_[ (Q21j + 1)(q§j ...qg;l+k+172j—2rl+k72j_1)o
Jj=1

2 22 =Y
x (qz;l+k+1 2j TATI+k—2j _ 1)(6]5 + 1)(q§q60)01|
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Without loss of generality and adding 0’s if necessary, we can assume that ([T}_; D; 2)t is
an even partition of the following form:

I+k—-1
s (T st ]
j=1
Then the partition
u t v I+k
(11) +([(1) T +0])
i=1 j=1 w=1 Oz

is equal to

2 2 2 +1
[<<s}+k S+ a0 = )

(I+k—2)/2 , ,
1 TI4k—2j—2F14k—2j—1
X H Ljy1 lyjyy
Jj=0
(I+k—2)/2 2 5 .
Fl4k+1—27 =4l +k—2j—
< ] @ +D(s3; 55 )
j=1
2r1+k+1 2/ =21 +k—2;—1
+(Q2] : )O)

% (t2r1+k+1 —2j=2r|+k—2j 1)(t01 4 l)((sg---s(r)o) 4 (5](2)""]{)0)0)}»

where all the 7-terms are the summation of the corresponding g-terms and s-terms. It is
clear that the 7-terms are exactly the corresponding p-terms in (8.10).

Now, following the recipe on carrying out the O,,=-collapse [11, Lemma 6.3.8],
we obtain that the partition

((F1) () e o)), ),

j=1
is equal to
1 2r 1 2r 2r1+1
|:((Sl+k s T @ g )o)o = 1)
(I+k-2)/2
1 27 4 k—2j =274k —2j—1
X l_[ bj+1 b1
Jj=0
(I+k-2)/2
1 2r) k1—2/ —2F4k—2;—1
< 1 @+ D355 J 7
j=1
2 2r gk 1—-2/ —2r4k—2; 1
+ (@3 / "Moo

x (122;’1+k+1—2j*2r1+k—2j _ ])(l‘(} + 1)((53 .. 'SSO) + (qg . "qSO)O)O]-
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Since s-terms are all even, by [1, Lemma 3.1], we have
(st 570) + @l 4753)0)
Si+k "SIk di4k """ 4;45)0)O
2 2
= (S11+k "‘Sl_:lk)o + (q11+k "'ql:-lk)o = ((S11+k

_ 1 2ry
= (Piyk " Pigx)os

Upper bound 3885
2 1 2
S T @k a0

((ng ‘.‘s;]’jl+k+]72j_2rl+k72j—l) + (Q§j .‘.q;;lJrkJrlfzj_2rl+k72j_1)0)0
— (ng ".s;;l+k+172j_2rl+k72j_1)o + (q%,- “_qi;l+k+lf2j_2rl+k72j_l)o
_ ((S%j “‘Sij'?l+k+l—2j_2rl+k—2j_1) + (qgj _..qg;l+k+l—2j_2rl+k—2j_1))o
= (p3; ...pz;l+k+l—2/‘*2’1+k—2j*1)0’
(55 ++56°) + (@5 " )o)o
= (55500 + (45 40")o = (55 +++50") + (45 46" No = (P -+ P )o-

Hence, the partition

u t v I+k t
() (1) Fe o))
i=1 j=1 w=1 02+ / O2p
is equal to
(I+k—-2)/2
2 2r1+1 2r k2 =2 k)
I:(pll+k"'pl:-lk)0(plrk+ -1 H p%jﬂ'“l’zjl:f A
Jj=0
I+k—2)/2
( g 1 2 27k 41—2/ =2 4k—2;—1
< ] 5+ D3 pyy ' o
j=1
2 52 Y
X(p2;1+k+l 2j 72T +k—2j _1)(pé+ 1)(P§"'P60)0:|s

which is exactly equal to

(A (1) e o),

by (8.10). Therefore, we have shown (8.9), hence complete the proof of G, = O,,-case
of Lemma 8.3.
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