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Entropy, ultralimits and the Poisson boundary

Elad Sayag and Yehuda Shalom

Abstract. In this paper, we introduce for a group G the notion of ultralimit of measure class
preserving actions of it, and show that its Furstenberg—Poisson boundaries can be obtained as an
ultralimit of actions on itself, when equipped with appropriately chosen measures. We use this result
in embarking on a systematic quantitative study of the basic question of how close to invariant one
can find measures on a G-space, particularly for the action of the group on itself. As applications,
we show that on amenable groups there are always “almost invariant measures” with respect to the
information-theoretic Kullback—Leibler divergence (and more generally, any f-divergence), mak-
ing use of the existence of measures with trivial boundary. More interestingly, for a free group F
and a symmetric measure A supported on its generators, one can compute explicitly the infimum
over all measures 7 on F of the Furstenberg entropy % (F, 7). Somewhat surprisingly, while in the
case of the uniform measure on the generators the value is the same as the Furstenberg entropy of
the Furstenberg—Poisson boundary of the same measure A, in general it is the Furstenberg entropy
of the Furstenberg—Poisson boundary of a measure on F different from A.

Dedicated to Slava Grigorchuk on the occasion of his 70th birthday

1. Introduction

This paper has two main goals. The first is to introduce the problem of minimizing the
Furstenberg entropy for group actions. We relate this problem to amenability and bound-
ary actions. The second goal is to introduce the methods of ultralimits into ergodic theory
of group actions by providing a construction of the Furstenberg—Poisson boundary via
ultralimits. This construction sheds new light on known properties of the Furstenberg—
Poisson boundary (see in particular the ending paragraph of the introduction for a very
recent use of it in the non-commutative setting).

We use this construction and basic properties of ultralimits to establish the connection
between the problem of minimizing entropy to both amenability and boundary actions.
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1.1. Minimizing entropy problem

Many natural actions of discrete groups G ~, X, both in the topological and in the ergodic
theoretic setting, admit no invariant probability measure. Basic examples to keep in mind
are the action of an infinite discrete group on itself, the action of the free group Fj,
on the space dF; of infinite reduced words' and the action of SL,(Z) on ]P’]I'é_1 or on
SL,(R)/P(R) for any parabolic subgroup’. One can ask the following informal basic
question:

How close to invariant can measures on X get?

The notion of Furstenberg entropy, which we now recall, enables one to formalize this
question.

A standard method of measuring distance between two measures is the Kullback—
Leibler (KL) divergence (see [7, Chapter 2]), which is an extremely important and well-
known information-theoretic notion. Recall that given two probability measures v, m
on X, their KL-divergence is defined by

d
Dxp(m|v) :=/—ln(ﬁ)dm.
X

The KL-divergence is always non-negative, and it is zero exactly when v = m. The KL-
divergence is much more sensitive than the norm distance ||v — m|| and is (defined to
be) infinite if v, m are not in the same measure class; however, it can be infinite even if
they are. With the help of this notion, one can quantify the lack of invariance of a given
measure on X under an action of a group G. More specifically, fix a measure A on G
(whose support generates G), and consider the associated Furstenberg entropy for any
(quasi-invariant) probability measure v on X:

-1
ha(X.v) = h(v) == > A(g)Dxr(gv || v) = Z*(g)/—ln(di v) .
X

v
geG g€G

We emphasize that we consider here the Furstenberg entropy of all probability measures v
and not necessarily A-stationary measures (i.e., A * v = v), as was previously done in the
literature. The Furstenberg entropy vanishes exactly for invariant measures and serves
as a natural quantification for non-invariance. One can also define a similar notion for
the whole family of the well-known information-theoretic “distance functions” called
f -divergence, which our results cover as well.

Our search for the most invariant measure(s) on X can now be formalized by defining

L(X):= inf hy(X,v).
A(X) ot A(X,v)

'More generally, the action of a hyperbolic group on its Gromov boundary.
2More generally, the action of any discrete Zariski-dense subgroup of a real semi-simple Lie group
with no compact factors on a flag space. For the non-existence of invariant measure, see [28] or [12].
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Of course, one needs to be more precise here about the class M(X) of measures v we
take the infimum over. Typically, it shall be a fixed measure class (consisting of all fully
supported measures when X is discrete). In the case of a topological action, we consider
the infimum to be over all the Borel measures on X and denote the result by pr (X). We
note that in this case, if X is compact then the infimum is achieved (see the discussion in
Subsection 8.2).

A basic fact (see Corollary 3.9) is that 7;(X) < I,(G) for any G-space X, which
motivates our initial focus on the value of the latter.

These entropy-theoretic quantities give rise to many natural questions; let us state a
few of them.

Problem 1.1. What can be said about 7, (X)? In particular:

* Find a method for calculating 7, (X) or I;OP(X ) in various cases (such as the examples
at the beginning of the section).

* In the case of ;LOP(X ) what can be said about a minimizing measure? Is it unique?
(Somewhat surprisingly, one of our findings is that a minimizing measure need not be
A-stationary.)

e What can be said about actions for which I (X) = I,(G) or [, (X) = 0?

* In the cases of action of lattices on flag spaces, calculate I, (X) for the canoni-
cal measure class (e.g., the Haar measure for the maximal compact subgroup) and
appropriate A’s. Is the infimum attained? Is it the same as / ;Op (X)?

This problem (especially the second one) arose naturally from an attempt to tackle
the well-known problem of dependence of the Liouville property on the finite symmetric
generating measure (see the discussion in Subsection 8.1).

In this paper, we are able to calculate 7, (G) for amenable groups and free groups.

The main tool is the new construction of the Furstenberg—Poisson boundary (Theo-
rem E).

For amenable groups, we use the existence of a Liouville measure on amenable groups
(see [17] or [23]) to conclude.

Theorem A (See Theorem 6.2). If G is amenable and A has finite support, then I, (G) =
0. Namely, on any amenable group there are KL-almost invariant measures.

It should be noted that the converse to this result is easy (and follows immediately from
Pinsker’s inequality [4, Theorem 4.19]). We will deduce from Theorem A an interesting
fixed point property for amenable groups acting on a certain distinguished topological
model of their Furstenberg—Poisson boundary (see Theorem 6.6) — as it turns out (see
Corollary 2.9) every countable group admits a canonical one. This theorem was proven
in [21] by entirely different method. Further study of the action on this canonical model
seems interesting, in particular seeking a converse to our result.

We now formulate our results regarding F; — the free group on d generators.
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Theorem B (See Corollary 7.12). Let A be the symmetric uniform measure on the free
generators and their inverses. Then

I)L(Fd) = ln(2d - l).
In fact, we can compute 7, (Fy) for any measure A which is symmetric and supported
on the free generators and their inverses.

Theorem C (See Theorem 7.11). Let A be a symmetric measure on Fy supported on
the free generators and their inverses. Then there is a symmetric measure [i, generally
different from A, supported on the generators and their inverses, with

Iy (Fg) = hy(0Fg,vy),

where v, is the harmonic (hitting, stationary) measure for the p-random walk on the
standard topological boundary of 0F.

An explicit formula for the measure v, and a complete description of the correspon-
dence A — u are given in Subsections 7.1 and 7.2, respectively.

More generally, one can use the well-known information-theoretic generalization
f-divergence in place of the KL-divergence. Namely, we introduce

ha @)=Y A(g)Ds(gv | v)

geG

and a corresponding I, . Our results are formulated in this setting. For example, our
generalization of Theorem B states the following.

Theorem D (See Corollary 7.12). Let A be the symmetric uniform measure on the free
generators of Fy and their inverses. Then

2d — 1 1 1
I r(Fg) = — f(@2d —-1).
i) =25 (377 ) + 5@ =D

Another (simple, but important) ingredient in the proof of Theorems B, C and D
will be to give a general criterion® (see Proposition 3.13) for a measure v to satisfy

hp,r(X,v) = I s (X).

3Tt is important to note that this criterion is only about entropy in a fixed measure class. Hence, it could
not be used for calculating / ;"} (X) (see the discussion in Subsection 8.2).
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1.2. Furstenberg—Poisson boundary as an ultralimit

The Furstenberg—Poisson boundary B(G, i) of a group G with a probability measure p
was first introduced by Furstenberg in the papers [10, 11] and since then it was studied
extensively (cf. [2, 13,16, 17]).

We remind here that the Furstenberg—Poisson boundary is a probability space (B, v)
with a measurable group action G ~, B such that the measure is stationary, for example,
WLk V =D,

In this paper, we give a new construction of the Furstenberg—Poisson boundary via
ultralimits. The objects of interest for us are probability spaces (X, v) together with a
measurable G-action preserving the measure class.

Our approach toward defining ultralimits of such actions will be via ultralimits
of C*-algebras as in [15] (see Remark 4.22). More precisely, we define the ultra-
limit U limyig(X;, v;) of “uniformly bounded-quasi-invariant” G-spaces (X;, v;) (see
Definition 4.17).

Recall that given a G-space (X, v), it admits a minimal measure preserving factor,
called the measurable Radon—-Nikodym factor (RN for short). As we observe (see Propo-
sition 2.7), the measurable RN-factor always admits a canonical topological model (i.e.,
a realization on a compact metrizable space on which the group acts continuously). We
denote this space by (X, v)grn — it is the smallest model for which the Radon-Nikodym
derivatives % are continuous.

The RN factor of our large ultralimit space is denoted by U limgn(X;, v;).

With this notation, we can state our new construction of the Furstenberg—Poisson
boundary as an ultralimit of the action of the group on itself (taken with a sequence of
“Abel” measures).

Theorem E (See Theorem 5.9). Let G be a discrete countable group, and | a generating
measure on G. Denote by g = (1 —a) Y oo a" w*". Fix U an ultrafilter on (% 1) con-
verging to 1. Then U limgn(G, 1q) is a topological model for the Furstenberg—Poisson
boundary B(G, ).

From this perspective, many classical claims on the Furstenberg—Poisson boundary
become clear:

(1) The maximality of the Furstenberg—Poisson boundary among stationary actions,
proved in [13]. Actually, our proof of Theorem E is by showing maximality for
our construction (see Proposition 5.7).

(2) The Kaimanovich—Vershik basic entropy formula (see [17], Corollary 5.13):
h(B(G, k) = limy 00 H(l,f ),

(3) Weak containment of the quasi-regular-L? representation in the regular represen-
tation of the group (see [18]).
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A novel aspect of Theorem E is that one can get quantitative results on the Furstenberg—
Poisson boundary relating it to the action of the group on itself (see Corollary 5.11) with-
out any assumption on the measure p. This is the main tool in the proof of Theorems A-D.
We remark (see Remark 5.12) that while it may be possible to prove Corollary 5.11 via
other more ad hoc methods, we believe that the tools of ultralimits could find use in var-
ious applications. The use of ultralimits in the sequel paper [24] allows us to handle the
topological case, in particular determining 1;:)’1} (0Fy).

Finally, we note that recently the ideas around Theorem E found another interesting
application. In the paper [8] by Das and Peterson, they introduce a Poisson boundary
in a non-commutative setting. They initiate entropy theory of non-commutative bound-
aries, and proved analogies of part of Kaimanovich—Vershik’s fundamental theorems
regarding entropy [17] while the rest are left open. Generalizing our approach to the non-
commutative setting, S. Zhou [27] recently completed the proof of those fundamental
theorems.

2. Preliminaries

2.1. G -spaces and Radon-Nikodym factor

Throughout this paper, G is a discrete countable group.

Definition 2.1. We introduce the following category of G-spaces:

* A QI (quasi-invariant) G-space is a probability space X = (X, v) together with a
measurable action of G on X, so that v is quasi-invariant (i.e., gv, v are in the same
measure class).

* A factor map between QI G-spaces X, ¥ is a measurable mapping 7' : X — Y which
is G-equivariant (e.g., T(gx) = gT(x) a.e.) and with Txvy = vy. One says Y is a
factor of X, and that X is an extension of Y.

. . . .odgvy _ dgvy
*  We say the T is a measure preserving extension if Doy © T = Aoy

»  Wesay X is BQI (bounded quasi-invariant) if R, (g) = % € L®(X) forany g € G.
In this case, a majorant for X is a function M : G — R with ||[In R, (g)|lcc < M(g).

Remark 2.2. We note that the conditions on an action are almost surely (G is count-
able, so one can assume the action is strict); we also do not assume our measure space is
complete (although one can always replace a space by its completion).

Sometimes, when we write QI G-space, we would not like to fix the probability
measure on X, only the measure class. This should not give rise to any confusion.

In this paper, we shall inherently need to work also with non-standard measure spaces,
that is, ones that are not countably separated. However, we will usually “reduce” the o-
algebra to a countably generated one. We then would like to replace the measure space
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with the new o -algebra by a standard measure space. In general, this replacement will not
be by an isomorphism in the sense that there are inverse factors, but it will be in the sense
that there is an isomorphism of the L* spaces.

In order to show that such isomorphism always comes from a factor map, we use the
following well-known lemma (see [22, Theorem 2.1]).

Lemma 2.3. Suppose Q is a measure space, and A C L*°(Q2) is a separable sub-
C*-algebra. Consider the Gelfand dual X of A. Then there is a measurable mapping
7 : Q — X that induces the embedding A — L*°(2). Such a mapping m is unique up to
equality a.e.

If Qisa QI G-space and A C L°°(R2) is G-invariant, then 7 is a G-factor.

Definition 2.4. A topological model for a QI G-space X is a QI G-space ¥ = (Y, v)
together with a factor 7 : X — ¥ such that:

(1) Y is a compact metrizable (equivalently compact Hausdorff and second count-
able) topological space with a continuous G-action; the o-algebra on ¥ is the
Borel o-algebra.

(2) m induces an isomorphism L (¥) == L*°(X).

From Lemma 2.3, we see that if L°°(X) is separable with respect to the weak topol-
ogy (i.e., the o-algebra is generated by countably many sets), then X posses a topological
model. Moreover, all of them are isomorphic when considered as Q1 G-space factors
of X.

Let us recall the definition of Radon—Nikodym factor, which, using Lemma 2.3, is
easily seen to agree with the definition given in the introduction.

Definition 2.5. Let X = (X, X, v) be a QI G-space. Its Radon—-Nikodym factor is defined
to be the QI G-space which is a topological model of (X, ¥gn, V) where Xgy is the
o-algebra generated by {% | g € G}

The next definition and proposition formalize the observation that the classical Radon—
Nikodym factor has a canonical topological model. This is easily seen from the perspective
of C*-algebras.

Definition 2.6. An RN model of a BQI G-space X is a compact metrizable space X with
a Borel probability measure v and a continuous G-action on X such that:

* (X, v) is isomorphic to X as BQI G-spaces.
e Forall g € G, one has % € C(X).

Proposition 2.7. Let X be a BQI G-C*-space and consider its (measurable) RN fac-
tor Xrn. Then it has a topological model which is an RN model. In fact, it has a canonical
such model Xrn which is a continuous factor of all other RN models.
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Proof. Consider the closure of the algebra generated by all Radon—Nikodym derivatives
ArN 1= C*(R,,(g) = ‘%" | g€ G) C L*°(X). Note that Ary is separable, and it is
G-invariant since g - R, (h) = If,e"v(fg};). Let Xgrn be its Gelfand dual. The space Xgy is a
RN-model. Namely, it is a compact metrizable space with a continuous action of G and a
BQI Borel measure v such that % € C(Xgrn) = Agrn forall g € G.

By Lemma 2.3 applied to Agny C L*°(Xgn), we obtain a factor w : X — Xgry of
G-spaces. Via the map 7, the space Xgy is a topological model of Xgr.

To show the universality of Xgy, let Y be a topological model of Xgry which is an RN-
model. Consider the inclusions C(Y) C L*°(Y) = L*®(Xgrn) C L*®(X). As for every
g € G, we have % e C(Y), we conclude Agny C C(Y). This embedding induces a
continuous factor Y — Xgn. [

Remark 2.8. Note that Xy has the property that the RN-cocyle separates the points of X .
This characterizes Xgn among the RN models.

We finish this section with the following observation regarding the Furstenberg—
Poisson boundary.

Corollary 2.9. Let G be a discrete countable group. Then any BQI G-space which is
equal to its (measurable) RN-factor has a topological model which is RN and minimal
among such topological models.

In particular, this applies to the Furstenberg—Poisson boundary, hence the latter
admits a “canonical” topological model B(G, 1) for a generating measure L.

Proof. The first part is clear by Proposition 2.7. For the second, note that B(G, w) is its
own measurable Radon—Nikodym factor. Indeed, the linear span of the RN-cocyle is dense
in L!, by [3, Lemma 2.2]. (This lemma is a trivial application of Hahn—Banach and the
fact that Poisson integral is an isomorphism on the Furstenberg—Poisson boundary.) ]

The interest in this model of the Furstenberg—Poisson boundary is illustrated in The-
orem 6.6, as it is shown that for amenable groups, and symmetric u, there is always a
unique fixed point there.

2.2. G-spaces in the language of C *-algebras

2.2.1. C*-algebras and probability spaces. A basic tool in our work will be com-
mutative C*-algebras. We review some basic notions from this theory that arise from
translating the relevant concepts of measure theory to algebra.

Notations and Recollections 2.10. Let A be a commutative C *-algebra with unit 1.
* A, denotes the positive elements of A.

* A positive functional/measure v is an element v € A* with v(44) C Rxo.
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* If a measure v satisfies in addition that v(1) = 1, we say v is a state/probability
measure.

*  We say that a measure v is faithful if: Va € Ay : v(a) =0=a = 0.
» Consider the action of A on A* by (a - v)(b) = v(ba).

Ifa € A+ and v is a measure, then sois a - v.
If v is a faithful measure, then we havea € A, a-v =0 = a = 0.

» For a general measure v, we have N, ;= {a € A | v(a*a) =0} ={a€ A]|a-v =0}.
Indeed, this follows from the Cauchy—Schwarz inequality for (a,b), = v(b*a).

e N, is anideal of A and v induces a measure v on N which is faithful.
We call ( ) the reduced version of (A, v) and denote it by (A, V) eq.

*  Wesay that a measure m is bounded absolutely continuous with respect to a measure v
and denote it by m <? v iff there is ¢ € A withm = ¢ - v.
In this case, we have that N, C N, and hence m defines a measure on NA.

« If v is faithful and m <?® v, then there exists a unique ¢ € A4 with m = ¢ - v. This
element c is called the Radon—Nikodym derivative. It is denoted by c = dm

dv
If in addition we have v <? m, then m is faithful and 5;;; = ([ciir:)

Now, we define the notion of probability space in the realm of C *-algebras.

Definition 2.11. The category of C*-probability spaces is defined as follows:

* A C*-probability space is a pair (A, v) of a unital commutative C *-algebra together
with a faithful state v.

*  Afactormap T : B — 4 between C *-probability spaces B = (B,m) and A = (A4, v)
is a *-homomorphism 7' : B — A such that 7*v = m. We say that 8 is a factor of #4
and + is an extension of 5.

Note that in the definition of a factor, 7' is automatically an injection and thus an
isometry.

2.2.2. G-C*-spaces. Let A be a C*-algebra. By an action of G on A, we will mean a left
action such that for any g € G, the mapping a — g -a = 8a is a C *-algebra isomorphism.
Such action induces an action G ~, A* by év = g -v = (g~ !)*v. The set of states is G-
invariant. In addition, any finite measure p on G acts on A by: u xa = Zg u(g) - %a.
Similarly, w acts on A*.

We now define the notion of G-space in the context of C *-algebras.

Definition 2.12. A BQI G-C*-space is a C *-probability space 4 = (A4, v) together with
an action of G on A such that for any g € G, we have &v <«? v

We will denote R4(g) = R, (g) := %, the Radon—Nikodym cocyle.

A majorant for A is a function M : G — R such that ||In(R,(2))| < M(g).
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Remark 2.13. It is easy to see that R, (gh) =€ R, (h) - R, (g),s0 R, : G — A* is indeed
a cocyle.

Remark 2.14. Note that it is not always true that for any probability measure i on G, we
have 1 % v <? v. However, the following is true (and trivial).

Suppose G is a group that acts on a C*-algebra 4 and v is a state on A such that AV,
is G-invariant. Then for any complex finite measure © on G, we have (u * v)(N,) =0
and thus p * v is well-defined state on (A, v)eq, that agrees with p * .

This observation will be used without mentioning in Subsection 4.3.

Definition 2.15. A factor p : B — + between two BQI G-C *-spaces 4, 8 is a factor of
C *-probability spaces that is G-equivariant. We say that B is a factor of 4 and # is an
extension of B.

The factor p is called measure preserving extension/factor if p(Rg(g)) = Ra(g).

One can define RN-factor in this setting.

Definition 2.16. The Radon-Nikodym factor of a BQI G-C*-space + is the BQI G-
C *-space given by Arn = (ARN, V|4py) Where Agn = C*(Ry(g) | g € G) C A is the
sub-C *-algebra generated by the Radon-Nikodym cocyle.

Note that Ary is G-invariant as € R, (h) = Ii;v(é,h)), and also & v, «? V|dgy> SO
indeed gy is a BQI G-C*-space. The factor map p : Arn — A is a measure preserving
extension, and if 7 : B8 — #A is a measure preserving extension, then p factors through .

We end this section by noting the relation between our definitions for G-spaces in the
algebraic and classical settings.

In one direction, let (X, v) be a BQI G-space, then (L*°(X), v) is a BQI G-C*-
probability space.

In the opposite direction, for a BQI G-C *-probability space (A4, v), Gelfand’s rep-
resentation theorem provides a compact Hausdorff space X with C(X) = A. The state v
defines a Borel measure on X. Moreover, X admits a natural continuous G-action and with
those, (X, v) is a BQI G-space. Also, the Radon—Nikodym cocyle consists of continuous
functions. Note that when A is a separable C *-algebra, X is a RN-model.

3. f-divergence and entropy

Throughout this section, f denotes a convex function in (0, co) with f(1) = 0.

We denote by F(x,y) := yf (f) the corresponding homogeneous function in two
variables.

It is well known that F : (0, oo)2 — R is convex (e.g., see Lemma 3.2).

In this section, we define the notion of entropy based on the notion of f-divergence,
generalizing the Furstenberg entropy in the case of f(¢) = ¢ In(¢), and establish a criterion
for a measure to minimize it.
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3.1. Definition of f -entropy
Recall the definition of f-divergence.

Definition 3.1 (f-divergence). Let 1, m be two measures on a measurable space X in
the same measure class. We say that n has finite f-divergence with respect to m if

f(j—,r,l,) € L'(m) and define
d
Dy(n |l m) = /f(ﬁ) dm.
X

For a more symmetric formulation, note that we can take any measure w in the same

measure class then the f-divergence is finite iff F (j—z ‘;—’a')') € L'(w), and we have

dn dm
prnlim = [ F( 4050 ) do.
X

The f-divergence does not change when we change f by a linear function vanishing at 1.
Thus, by the convexity, one can always assume f > 0. Hence, we define Dy to be +o00
when f(j—:;) ¢ L' (m).

First, we have the following lemma.

Lemma 3.2. Let f : (0,00) — R be a convex function, then F(x,y) = yf (%) is convex.
Moreover, if f is strictly convex and xg, x1, Yo, y1 € (0, 00) and % * % then F
restricted to the interval between (xg, y9), (X1, ¥1) is strictly convex.

Proof. Note that the convexity condition
F((1=1t)xo + tx1,(1 = 1)yo +ty1) = (1 =1)F(xo, yo) + tF(x1, y1)

. (1—t)xo+1tx (1—8)y ty .
is the same as / (=05, ) =/ (50) - w@emwtirn T /1) - @=nyersn Which

follows from the convexity of f. The moreover part follows too. ]

The previous lemma yields the following using (conditional) Jensen inequality.

Lemma 3.3. The f-divergence has the following properties:
(1) Dy is a convex function in both variables and non-negative.

(2) For a measurable mapping w : X — Y, we have
Dy (s || mem) < Dy (n || m).

(3) In the notations of item (2), if Dy (7« || mam) = Dy (n | m) < oo and f is strictly
dn drsn

dn
convex, then ﬁ is Y -measurable; moreover, dm = dom O T
"

Definition 3.4. Let X be a QI G-space.
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*  We denote by M(X) the set of measures on X in the given measure class on it.

* Given a probability measure A on G, we define the Furstenberg A, f -entropy to be the
function ) ¢ : M(X) — [0, oo] given by

has(v) =Y Mg Ds(gv | v).

geG
* Define M) r(X) = h;lf[O,oo).

Example 3.5. For f(¢) =t1In(¢), the divergence Dy = Dy is the famous KL-divergence.
Notice that i, s = h is the Furstenberg entropy:
) dv.

dg=lv
h = A —1
2 = o) [ (%
X
An immediate application of Lemma 3.3 yields the following lemma.

geG

Lemma 3.6. Let A be a probability measure on G.
(1) Forany QI G-space X, the function h;_y is convex.

(2) Let w : (X,v) — (Y, m) be a factor of QI G-spaces. Then h) r(X,v) >
hy, (Y, m). If w is a measure preserving extension, we have equality.

(3) Suppose A is generating and f is strictly convex. If w : (X,v) — (Y, m) is a
factor such that hy g (X,v) = h) r(Y,m) < oo, then m is a measure preserving
extension.

Definition 3.7. Let X be a QI G-space. Given a convex function f with f(1) = 0 and a
probability measure A on G. We define the minimal entropy number by

L r(X) = inMHfX) ha,r(X,v).

Lemma 3.8. Let (X, v) be a QI G-space, and k € M(G). Then hy, r(k) > hy (K * v).

Proof. Consider G x X with G acting only on the first coordinate. Then (G X X, k X v)
is measure preserving extension of (G, k), and is an extension of (X, k * v) via the action
map. It follows from item (2) of Lemma 3.6 that

h,{,f(G,K)ZhA,f(GXX,KX\))Zhl,f(X,K*v). |

The lemma immediately implies that the action of a group on itself is largest in terms
of entropy.

Corollary 3.9. For any QI G-space X, we have I 5(G) > I, r(X).



Entropy, ultralimits and the Poisson boundary 537

Let us show that for ergodic measure classes, a minimizing measure for entropy is
unique (if exists).

Lemma 3.10. Suppose f is a strictly convex function with f(1) = 0 and A is a finitely
supported generating probability measure on G. If X is a QI G-space which is ergodic
(invariant sets are null or co-null), then hy,_ r is a strictly convex function on M, ¢ (X).

In particular, there is at most one measure v € M) ¢(X) for which h; r(X,v) =
I, s (X).

Proof. Fix w € M(X).Letvg, vy € M) _¢(X)and v, = (1 —t)vg + tv1. Note that as F
is convex,

dgv; dv
o0 = a0 [ F(Gt Gt ) do
X

geG

d d d d
< Saw [a-nr(Ee ) or (B G do
X

geG

= (1 —=0)hy, r(vo) +thy, r(v1).

If one has equality hy r(v,) = (1 —t)hy, r(vo) + thy, r(v1) < oo, then according to
Lemma 3.2 for any g € Supp(A) we have a.e. dgvo _ degvy However, this yields that

dl)() - dv1
Z_:j? is G-invariant (since A is generating) and using ergodicity we deduce vy = vy. Thus,
hj, r is strictly convex. L]

The previous lemma implies that for infinite groups, the infimum defining I, 7 (G) is
not attained.

Corollary 3.11. Let f be a strictly convex function with f(1) = 0 and A be a gen-
erating probability measure on G. Suppose that k is a probability measure on G with
15,7 (G) = hy, (k) < 0o. Then G is finite and « is the normalized counting measure.

Proof. Since the right G-action is an automorphism of the (left) G-space G, Lemma 3.10
implies that « is right G-invariant, concluding the proof. ]

3.2. A criterion for minimizers of entropy

Our goal is to find a criterion for a measure on a QI G-space X to have minimal entropy
hj, r. We stress again that we consider only measures in the measure class given on X .
In this subsection, we assume in addition that f is smooth. Recall we denoted

F(x,y) = yf(3)-

Proposition 3.12. Let (X, v) be a BOI G-space. Then foranym € M(X) and g € G, we
have

—1
Dy(gm || m) > Ds(gv | v) +/3—F(1, ds ") + a—F(@,l) d(m —v).
X

dx dv ay \ dv
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Proof. Using the convexity of F, we get the inequality F(v) > F(u) + VF(u) - (v — u)

for any v, u € (0,00)2. Fix o € M(X) (e.g., o = v). Substituting v = (dg—m d—m) U=

(dgv i N do ’ do
do ’ da)) we nave a.e

F(dgm dm)
do dw
dgv dv dgv dv dgm dm dgv dv
=) o (i) (i) - ()
(52 ) B (4 ) )
do’ do Ix \do dow dw
oF (dgv dv\ [(d(m—v)
5 (i) (%)

As both partial derivatives of F' are homogeneous of degree 0 and v is BQI, all terms in
the above inequality are w-integrable. We conclude

OF (dgv dv
Ix \ do  do

oF (dgv dv
o5 (G @)
X

dgv

Dy(gm || m) = Dy (gv | v)+/ )d (m —v)
X

Note that for p € X we have 3-(¢g - p) = dg T~ (p), and thus

oF (dgv dv oF (dgv dv
/ax(dw dw)dg(m_vH/ay(da) dw)d(m_”)
X
OF (d SF [ d
=/ 3x( gv( ). 1) dg(m—v)(p)+/5(%(p),1) d(m —v)(p)
X X
_ [ OF (dgv oF (dgv
—/5( (g P),l)d(m—v)(p)+/ay(dv )d( v)
X X

_ [[OF (, dg™'v OF (dgv
- [l 055 + 5 () Jeon—n
X

This proves the desired inequality. ]

Proposition 3.13. Let (X, v) be a BQI G-space and A is a finitely supported measure
on G. Then hy, 5 (v) = I, r(X) iff the function on X

dg™! oF (d
e T ) (4

geG

is constant (a.e.).
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Proof. Take m € M(X). Using Proposition 3.12, we get

—1
Dy(gm | m)= Dy(gv || v) + / 3—F(1, dg ) + 8—F(dﬂ, 1) dm —v).
X

ax dv dy \ dv
Averaging over A, we conclude

B (m) z/u,f(v)+/w,f<v;x)d(m—v>(x>.
X

If W r(v;-)is constant, then we get i r(m) > hy r(v) and thus 1y r(v) = I, r(X).

To finish the proof, we return to the other direction of the implication in the first state-
ment. Suppose v is BQI measure such that i1y ¢ (v) = I, s (X). We will show W, r(v,-)
is constant. Consider any measure /1 in the bounded measure class of v and define
@(t) = hy, r((1 —t)v + tm). We claim that

¢0 = [WrsGinden =) G0

X

This would finish the proof. Indeed, the minimality of v implies that the above integral
is non-negative. As we can take any measure m in the bounded measure class, it follows
easily that W, r(v;-) must be constant a.e.

To verify (3.1), we observe that by definition

(t)—Z)L(g)/ ((1-:)@+zdg—m (1- )+t‘;—)dv

Since A has finite support and m, gv are in the bounded measure class of v, we can differ-
entiate under the integral sign and (3.1) follows from a direct computation (as in the proof
of Proposition 3.12). |

Example 3.14. For A symmetric and finitely supported, we have a simpler formula
for W r.
Denote Wy (z) = (1 z) + (z 1) = f’(%) + f(z) — zf'(z). Then we have

d
Wy () = ZMg)wf( g”)

geG

The next inequality will play a key role in our proof of Theorem 6.6.

Corollary 3.15. Let X be a QI G-space, | a probability measure on G with finite support
and v € M(X) a BOI measure. Then for any m € M(X),
-1
Y ) ) dm

d
hy(m) > /(1— — Zu(g)ln( £
X geG
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Proof. We have F(x,y) = xln(%) so that %—I;(l,z) =—In(z) + 1, a—I;(z, 1) = —z. By
Proposition 3.12,

oF dg~ v oF (dgv
Dra(gm [ m) = Draev v+ [ 5 (1.%2) + 55 (E2 1) dn - )
0x dv dy \ dv
X
dg™! d
:DKL(g_lvHv)-i-/ () 1= B aon—v)
dv dv
X
dgv dg=lv
= 1———1 d
[|: dv n( dv "
X
Averaging over u, we obtain the desired inequality. ]

4. Ultralimits

In this section, we introduce an ultralimit for G-spaces via ultralimits of C *-algebras. We
begin by recalling the basic definition of ultralimit of Banach spaces and C *-algebras.

For this section, I is a set and U is an ultrafilter on I. Recall that this means U C 27
a collection of subsets of I, satisfying:

() ITeUdé¢U

2 UsACB=BelU.
B)A,BeU=ANBeU.

(4) forany A C I,either A € Uorl \ A e U.

4.1. Ultralimit of a sequence

We recall the usual definition of ultralimit of a sequence.

Definition 4.1. Let I be a set and U be an ultrafilter on 1.
*  We say that a property P holds for U-a.e.i iff {i € I | P(i) is true} € U.

* Given a compact Hausdorff space X and an I-sequence (a;);es, an element a € X
is called the U-ultralimit of (a;) iff for every open neighborhood W of a, we have
a; € W for U-ae.i.
We denote a = U lim;cra;.

We have the following well-known lemma (for a reference, see [5]).

Lemma 4.2. Let X, Y be compact Hausdorff spaces. Let (a;);ic1, (bi)ie1 be sequences
in X. Then:

(1) An ultralimit of (a;) exists and is unique.
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2) If a; = b; for U-a.e. i, then Ulima; = Ulimb;.
(3) If f : X = Y is a continuous function, then f(Ulima;) = Ulim f(a;).

Example 4.3. Considering the compact Hausdorff space R = R U {#00}, we have a
well-defined U-ultralimit of any sequence of real numbers, and we also can define the
U-ultralimit of any bounded sequence of complex numbers. This ultralimit is a complex
number.

By Lemma 4.2, the resulting map U lim;ez : £°(I) — C is a C*-homomorphism.

4.2. Ultralimits of Banach spaces and C *-algebras
‘We recall the basic notion from [15].
Notation 4.4. Let B; be normed linear spaces (over C) for i € I, and let U be an

ultrafilter on I.
Define the following normed space:

V=PI {Bi}) = {(Ui)ieIe [1B: | suplvilla <<>0}, [(vi)lly = supl|vi |5
iel ! !

Consider the subspace: Ny = {(v;) € V | Ulim|v;||g;, =0} C V.
One has the following formula for the quotient norm.

Lemma 4.5. In the notations above:
* Ny C Visa closed subspace.
e Forallv=(vj)eV

inf ||v+uly = Ulim|v;] 5.
uENu

Definition 4.6. Define the U-ultralimit of the normed spaces B; to be the normed space

£°°(I.{B;
B:= UlimB; := #

We will write U lim v; for the class of (v;) in B. By Lemma 4.5, we have | U limv; ||p =
Uliml|v; || ;.

Lemma 4.7. Suppose (B;);c1 are Banach spaces, then:

(1) Ulim B; is a Banach space.

(2) Let ai(") € Bj, and suppose that M,, are positive numbers with ||al(") B, < M, and
> M, < oo. Then we have

: (n) _ : (n)
‘L(hlan:ai" = Xn:‘l,(himai" )
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Proof. For (1), the quotient of a Banach space by a closed subspace is a Banach space.
For (2), we have equality (Zn al.("))l. =>, (ai(n)),- on V and the projection to B is
continuous. ]

To define the ultralimit of C* algebras, we make the following observation.

Lemma 4.8. Suppose (B;)icy are C*-algebras. Then B = U lim B; has a unique
structure of C*-algebra satisfying (Ulima;)* = Ulima], (Ulima;) - (Ulim b;) =
Ulima; - b;.

If B; are commutative, then so is B. If B; all have unit, then U lim 1p, is a unit for B.

Proof. Indeed, V = £*°(I,{B;}) is a C*-algebra with the operations (a;)* = (a;), (a;) -
(b;) = (a; - b;). Clearly, Nq; defined above is a *-two sided ideal. So the quotient is a
C *-algebra, the lemma follows. ]

Definition 4.9. Given C *-algebras B;, their ultralimit U lim B; is the ultralimit as above
together with the C *-algebra structure as in Lemma 4.8.

The following basic lemma is useful.

Lemma 4.10. Let A; be C*-algebras, A = U lim A; be the ultralimit.

(1) If a; € A;, suplla; || < oo are self adjoint/positive/normal, then a = U lima; is
self adjoint/positive/normal.

(2) If a; € A are normal and ||a;|| < M, then for any continuous function f on the
disc D(0, M) we have f(Ulima;) = Ulim f(a;).

) Ifa € A is self adjoint/positive, then we can find a; € A; self adjoint/positive with
laill = llall.a = Ulima;.

Finally, we would like to discuss duality: for a normed space B we denote the dual
normed space by B*, and forv € B, f € B* we denote (v, ) = f(v).

It is easy to see one has a canonical isometric embedding ® : U lim; B —
(Ulim B;)* described by the formula (U limv;, ®(Ulim f;)) = Ulim(v;, f;). Hereafter
we shall omit ® from the notations.

4.3. Ultralimits of C *-probability spaces and the G -equivariant case

We shall need to define the ultralimit of C *-probability spaces (see Definition 2.11).

Definition 4.11. Let (A4;, v;);ez be a collection of C *-probability spaces. Define their
ultralimit
(A,v) = Ulim(A4;,v;) := (Ulim A4;, Ulim v; )eq.

Given (a;) € £*°(ZI,{A;}), we will denote by U lim a; the element of A which is the

class of Ulima; € Ulim 4; in 4 = A
lml)l'
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Lemma 4.12. Let (A;, v;) be C*-probability spaces, (A,v) = Ulim(A4;, v;).
() Ifa; € A;. |lai|| < M. f € C(D(0. M)), then:
o f(Ulima;) = Ulim f(a;),
e v(Ulima;) = Ulimv; (a;).

(2) If n; are states on A; with ; < v; and supl| Z—Z; || < M, then on Ulim A; we have
Ulimn; <P Ulimv;. In particular, U lim n; induces a probability measure 1
on A and % = Ulimi—ﬁj.

Proof. (1) Obvious from Lemma 4.10.
(2) Obvious, since fora = Ulima; € Ulim A;, we have

dn; dn; .
(Ulimv;)| a - ‘l,llim—77 = Ulimv; | a; - UL U lim n; (a;)
dUi d i

= (Ulimn;)(Ulima;). ]

Lemma 4.13. One has the following:

(1) Let (A;,v;) and (B;,m;) be C*-probability spaces and T; : (B;,m;) — (A;,v;) be
factors. Then there is a factormap T = UlimT; : Ulim(B;, m;) — Ulim(A4;, v;)
satisfying T (U lim b;) = U lim T; (b;).

(2) For any C*-probability space (A, v), the diagonal mapping A(a) = U lim; a
defines a factor A : (A,v) = Ulim; (A4, v).

Proof. (1) The natural map T : £>*°(Z, B;) — U lim(A4;, v;) defined by T((b;)) =
Ulim T; (b;) is a *-homomorphism. As T*(Ulimv; ) ((b;)) = (Ulimv;)(Ulim T; (b;)) =
p*(Ulimm;)((b;)) where p is the projection p : £>°(Z, B;) — U lim(B;, m;), we con-
clude that T gives rise to a factor map 7" : U lim(B;,m;) — Ulim(A;, v;) with the desired
property.

QA A— U%TA is a *-homo. and A*(Ulimi v)(a) = Ulim; v(a) = v(a). [ ]

Let G be a discrete countable group.

Consider a collection (s4;); 1 of BQI G-C *-spaces. We will say that +,; are uniformly
BQI, if there is a function M : G — R4 which is a majorant for all of them (recall the
definition of a majorant from Definition 2.12).

Given such a collection, we next define its ultralimit.

Definition 4.14. Let (+A;);cr be uniformly BQI G-C *-spaces. Consider 4 = U lim ;.
By functoriality (Lemma 4.13), we get a natural G-C *-space structure on +, such that
when a; € A; are uniformly bounded then & U lima; = U lim &a;. We will say that 4 is
the ultralimit of the uniformly BQI G-C *-spaces ;.

Lemma 4.15. Let (A;)icr be uniformly C*-BQI-G-spaces, and let A = (A, v) =
Uu lim(A,-, Vl‘).
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Let u be a probability measure on G and a; € A; be uniformly bounded elements.
Then:

(1) Forany g € G, we have R 4(g) = Ulim Ry, (g).
2) p*x Ulima; = Ulim u * a;.
3) (p*xv)(Ulima;) = Ulim(p * v;)(a;).

Proof. Ttem (1) is immediate from Lemma 4.12, whereas items (2) and (3) are immediate

from Lemma 4.7 since || u(g) #aill < (g)(sup; llail). ll(g) - vl < pu(g) and -, 1u(g)
is a convergent sum. |

Lemma 4.16. We have the following:

(1) Let (A;, v;) and (B;, m;) be uniformly BQI G-C *-spaces and T; : (B;, m;) —
(A;,v;) be factors. Then there is a factor map T = Ulim T; : U lim(B;, m;) —
U lim(A;, v;) satisfying T(Ulim b;) = Ulim T; (b;).
If each T; is measure preserving extension, then so is T .

(2) For any BQI G-C*-space (A, v), the diagonal mapping A(a) = Ulim; a defines
a measure preserving extension A : (A,v) — Ulim; (A4, v).

Proof. Note that T, A from Lemma 4.13 are G-equivariant. Also, if all 7; are measure
preserving extensions, then 7' (R jimm; (&) = T(Ulim Ry, (g)) = UlLm T; (R, (g)) =
Ulim R,,; (g) = R, (g).

Since A(R,(g)) = Ulim R, (g) = Ryiimv(g), we get that A is a measure preserving
extension. ]

4.4. Ultralimits for G -spaces via algebras

Definition 4.17. Let X; = (X;,v;) (i € I) be a collection of uniformly BQI G-spaces,
in the sense that there is a uniform majorant for the whole family. Consider #4; =
(L°°(X;), vi), which are uniformly BQI G-C *-algebras, and let A = U lim #A; = (A4, v).
The Gelfand space X for A is a BQI G-space that will be denoted by U limy,;; X';. We call
it a version of the ultralimit of the actions X;.

The RN factor of A will be denoted by U limgy X;, we consider it is using the
canonical topological RN model of Proposition 2.7, that is, C(U limgy X;) = ArN-

Note that if ¢; are uniformly bounded functions on X;, then we have a well-defined
function ¢ € L°°(X) which corresponds to U lim¢; € A (for which we keep this notation).
Lemma 4.15 implies that
. dgv;  dgv
U lim = —.
dv; dv

The basic result we shall need is that entropy behaves well under ultralimits.
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Lemma 4.18. Let (X;,v;) be uniformly BOI G-spaces and (X,v) = U limye (X;, v;). If
f € C(0, 00) is a continuous function, and g € G, then

ulim/f(djv‘fi)dui :/f(%) dv.
X X

i

Proof. Let M be a uniform majorant for X;, then e~™(®) < dfv‘:i < eM(©) | From
Lemma 4.12, we get

Ulim/f(&) dv;
dl),'
Xi

i 1 (52)) = (52
o fm) o(5) [)

Corollary 4.19. Let (X;,v;) be uniformly BOI G-spaces and (X, v) = U limyig(X;, vi).
Let f be a convex function with f(1) = 0, A a finitely supported probability measure
on G. Then we have

Uu limh)t,f(Xi, 1),') = h,l,f(X, V).
Proof. Follows from Lemma 4.18 by linearity. ]

Remark 4.20. As remarked in the introduction, in the sequel [24] the theory of ultralimit
of uniformly QI G-spaces will be developed from the measure theory point of view, and
this is the reason for “big” in the notation U limy;g X;.

Remark 4.21. Using the continuity of U lim for sequences, one can deduce that the equal-
ity in Corollary 4.19 holds for more general A’s by controlling the tail term. A concrete
example is given in Remark 5.13.

Remark 4.22. In the paper [6], the authors considered a construction of ultralimit of mea-
sure preserving actions using a construction of ultralimit of probability spaces due to Loeb
(for the case of finite probability spaces, see [9]). Our usage of C *-algebras is because it
was the fastest and least technical way to be able to state and prove Theorem E. However,
it limits us to work with bounded functions and in particular to restrict ourselves to work
with bounded-quasi-invariant actions (see Definition 2.12) and to make the assumption of
uniformly bounded-quasi-invariant (see Definition 4.17). This suffices for our paper.

The sequel paper [24] elaborates on the ultralimit construction, and in particular devel-
ops a measure theoretic ultralimit for quasi-invariant actions as well, under a natural
assumption of “uniformly quasi-invariance” (which is more technical). Another goal is to
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show the equivalence between the construction developed here and the measure theoretic
one taken there.

We believe that this method of ultralimits could be intriguing and useful in further
research in the ergodic theory of group actions.

5. The Furstenberg—Poisson boundary as an ultralimit

In this section, we provide a novel construction of the Furstenberg—Poisson boundary
B(G, ) of a discrete countable group G together with a generating measure p.

Lemma 5.1. Assume w is a generating probability on G and C > 0. Let v is a measure
on a measurable G-space X such that v < C -v. Then (X, v) is BOI with a majorant
depending only on C, .

This is clear, as /L(g)% < % < C, hence ‘%" < M(Cg).

Notation 5.2. Let (G, ) be a measured discrete countable group, with p generating. For
any 0 < a < 1, define the Abel sum

o0
o= (1—a) Y a"-p*".
n=0

We have the following lemma.

Lemma 5.3. With the notations above:
* [y is a probability measure on G.
*  We have the following formula:

o0
7
u*uaz(l—a)zan'u*‘”“)zf— y

1—a

Se.

n=0
e Fora> % the collection of measures [Lq is uniformly BOI.
The first two items are obvious, the last item follows from the second one and

Lemma 5.1.
Now, we give the main definition of this section.

Definition 5.4. Let U be an ultrafilter on (%, 1) which contains (1 — ¢, 1) for all ¢ > 0.
Define the U-Abel C* space of (G, u) to be the following ultralimit:

BL(G. ) = UHM(L™ (G, ta). Ha)
together with the probability measure v, = Ulim 4 on 58;% (G, ).

Denote by By (G, n)rn the compact metrizable BQI G-space corresponding to
D’Bfillg(G, 1)rN» Where the latter is the Radon-Nikodym factor of Bfﬁg(G, ).
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Note that B (G, (t)rn is the canonical model of Proposition 2.7 for the RN factor of
U limpig (G, ia)-

Proposition 5.5. We have w * v, = v,. Thus, (£;}tg(G, W), vu), Bu(G, wrn are
JL-stationary.

Proof. Using Lemma 5.3, we have the following identity in U lim, (L°°(G)*):

1—a

pxv, = Ulimp * pg = Ulim&—
a a

8e = Ulim g = vy,.
a a

Thus, we get this identity when we consider v,, as a state on the underlying C *-algebra of
BY(G. ). "

Our main goal for this section is to show that By (G, p)rn is the RN model of the
Furstenberg—Poisson boundary of (G, ) of Corollary 2.9.

Lemma 5.6. The action of G on itself satisfies the following property:
(1) Given a QI G-space (X, v) and a quasi-invariant measure n on G, define Y =
G x X with the G-action g(h,x) = (gh, x) and the product measure 1 x v. Then
(Y, n xv) is a QI G-space. The mappings m(g, x) = gx, p(g,x) = g define a
diagram
Y, nxv) LN (X,np*xv)

17
(G, n)
in which m is a factor map and p is measure preserving extension.

(2) Dually, let (A, v) be a BQI C*-G-space, n a BQI measure on G. Then we have a
BQI C*-G-space (C, t) and a diagram

(A, n*v) LN (C,7)

Tr
(L®(G).n)

in which m is a factor and p is measure preserving extension.

Proof. (1) It is obvious that p is G-equivariant and that p.(n x v) = 5. Moreover, since
the action is only on the first component, we conclude that % = ‘%” o p which
imply that p is a measure preserving extension.

The equalities m(g - (h,x)) = m(gh,x) =(g-h)-x=g-(h-x) = g-m(h,x) and
ms«(n X v) = n * v implies that m is a factor.

(2) By Gelfand’s representation theorem, A = C(X) where X is a compact Hausdorff

topological space, G acts on X continuously and v is a regular probability measure on X .
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We have that % € C(X) and in particular bounded, hence (X, v) is a BQI G-space.
Applying the first item, take (C, 1) = (L*°(Y), n x v) and m to be the composition
A= C(X)CL*®(X,v) > (C, ). The lemma follows. |

Let us show a universality property of i)’f&g (G, ).

Proposition 5.7. Let (A, v) be a C*-BQI G-space which is p-stationary space. Then we
have (C, 1) a C*-BQI G-space which is ju-stationary together with a diagram

(A,v) ——— (C1)

]p
BYE(G. p)ry —— BYE(G. )

where m is a factor, and p,i are measure preserving extensions.

Proof. 1tis clear that i is a measure preserving extension. Consider n = u, (a > %), note

that n * v = v and thus by Lemma 5.6, we have (C,, 7,) with

(Av) —  (Ca,1a)
Tpa
(L*°(G), pa)

Since p, are uniformly BQI and p, is measure preserving, we conclude that 7, are uni-
formly BQI. We take (C, t) := U lim(C,, 7,4). Using functionality (Lemma 4.16), the
maps U lim, m4, U lim, p, fit into the following diagram:

Ulimg mg

(A, v) —2 s Ulimy (4, v) —Lmaa, (C,7) = Ulimg(Cy, 70)
T‘lllima Pa
By (G, p) = Ulimg (L= (G, ta). fa)

such that m := Ulimm, o A is a factor, p = U lim p, is a measure preserving extension;
in particular, (C, 7) is j-stationary. |

We shall need the following well-known result, whose proof follows by comparing the
conditional measures (see [11] or [2]) to the disintegration.

Lemma 5.8. Let B(G, ) be the Furstenberg—Poisson boundary of (G, t). Let X be a |
stationary G-space that is an extension of the Furstenberg—Poisson boundary p : X —
B(G, ). Then p is a measure preserving extension.

We now come to our characterization of the Furstenberg—Poisson boundary, which
implies Theorem E.
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Theorem 5.9. Let G be a discrete countable group, and |u a generating measure on G.
Then By (G, )rn is the canonical RN model of the Furstenberg—Poisson boundary of

(G, ).

Remark 5.10. Recall from Corollary 2.9 that the Furstenberg—Poisson boundary admits
a canonical RN model.

Proof of Theorem 5.9. Consider B(G, i) the canonical RN model to the Furstenberg—
Poisson boundary, and consider (C(8B(G, n)), v) = (L*®(B(G, n)), v)rn- It is u-
stationary, and thus by Proposition 5.7, there exists a u-stationary C*-G-space (C, t)
and a diagram:

C(B(G, p) —— (C,7)

T”
alg i alg
‘:Bu (Gv H/)RN — :B‘u_ (Gv l‘l’)

Here, g = p oi is a measure preserving extension. Thus,

(C(Bu(G, Wrn): Vi) = BYE(G, jOrN = (C, T)rw-

Let X = (X, t) be a Gelfand space for (C, 7). It is a u-stationary space and m gives
rise to a factor map m : X — B(G, u). By Lemma 5.8, we conclude that m is a mea-
sure preserving extension, which implies that m induces an isomorphism (C, T)rn =
(C(B(G, p)).v).

In conclusion, we get (C(B(G, n)),v) = (C(By(G, w)rn), Vu), and the proof is
complete. ]

Corollary 5.11. Let G be a discrete countable group, | a generating probability mea-
sure on G. Denote by (8B, v) the Furstenberg—Poisson boundary of (G, i). Then for any
f € C(0,00) and g € G, we have

a d
Jim 3 (R D)0 = [ (B v
B

+eG Ha(x)

In particular, if f is convex with f(1) = 0 and A is a finitely supported measure on G, we
have

Tim h 7 (G a) = ha, s (B(G, 1), vy,

Proof. Follows immediately from Lemma 4.18 and Theorem 5.9 using the following
observation: lim,—1- R(a) = R iff for any ultrafilter U on (0, 1) with U lima = 1 one
has U lim R(a) = R. |

Remark 5.12. We note that it is possible to prove the above corollary without applying
our ultralimit construction, in a more direct way by considering Martin boundary (see
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[25, Chapter IV section 24] and [26] and noticing that the Green function is actually
G(g.x | a) = &4« (x)) It could be interesting to relate those constructions.

One can deduce from Corollary 5.11 the fundamental Theorem 3.1 in [17].

Corollary 5.13. For [ of finite entropy (entropy- H(k) := — Zg k(g) In(x(g))), the
following holds:
H XN
hu(B(G. ). vy) = lim Hp™)
n—00 n
Proof. Indeed, first note that one has H(k x A) < H(x) + H(A) and thus 2z = lim %*n)

. *n
exists and Z (;‘ )

> h. The desired equality follows from the following 3 steps:

Step 1. We have h > h,,(v) for any p-stationary (X, v).

Let us show first H(p) > hy(v). Indeed, dgd_vl” > u(g) and thus —ln(%) <
—In(pe(g)) and then integrate over X and average using p. Since for p-stationary v one
has iy (v) = n - hy(v), we conclude Step 1.

Step 2. We have h, (B(G, ), v,) = limg—1- (G, fa).

Corollary 5. 11 yields hg, () — hs,(v,) for any g € G. Since 0 < hg, (hq) <
ln(M(g)) fora > 2, and Z w(g) ln(M(g)) = H(u) < oo, we can replace sum and limit
and conclude Step 2.

Step 3. We have h < liminf, h, (G, [q).

One has the following formula /2, (G, 1) = — Zg (nxA—21)(g)In(A(g)) for entropy
on the group.

Thus, noting that 114 (e) > 1 — a and using the concavity of H, we obtain

lim inf oy, (1a) = liminf — (4 % fta — 1) (8) In(1a(g))
g

= hmlnf(l—H(;La) + ln(,ua(e)))

. . _ 2 n *n
Zlm}lmf(l a) Za Hu™™)

.. _ 2 n. . _
zlm}lmf(l a) Xn:a n-h=h. (]

The rest of the paper will consist of applications of our characterization of the
Furstenberg—Poisson boundary (Theorem 5.9) and in particular its numerical consequence
(Corollary 5.11). The first application will be to amenable groups (Theorem A). The
second application will be to the problem of calculating entropy minimal number (see
Definition 3.7) for the action of the Free group on itself (Theorems B, C and D).
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6. Applications for amenable groups

Recall that a generating probability measure on G is called Liouville if the corresponding
Furstenberg—Poisson boundary is a point.

Corollary 6.1. If u is a Liouville measure on G, then for any finitely supported
probability measure A on G and a convex function f with (1) = 0 we have

al m hy r(ja) = 0.

i
—1
Here, iy = (1 —a))_, a"u*".
Proof. Itis a special case of Corollary 5.11, as in this case, B(G, w) is a point. |

Using the (proven) Furstenberg conjecture (see [17]), we conclude the following
characterization of amenability, which includes Theorem A.

Theorem 6.2. The following are equivalent for a discrete countable group G :
(1) G is amenable.

(2) For each S C G finite and ¢ > 0, f € C(0, 00) with f(1) = 0, there exists a
symmetric probability measure n on G such that

[ (4o

(3) G has KL-almost invariant symmetric measures. That is, for any finite S C G and
& > 0, there is a symmetric probability measure n on G with

VgesS: <e.

VgeS:Dxu(gnln <e.
(4) For any QI G-space X, finitely supported probability measure A on G and a
convex function f with f(1) =0, one has I r(X) = 0.

Moreover, one can choose 1’s in items (2) and (3) from a commutative subalgebra of
measures.

Proof. (1) = (2): From [17, Theorem 4.4], there is a generating symmetric measure

such that (G, p) is Liouville. In particular, the Furstenberg—Poisson boundary is a point,
and thus by Corollary 5.11 we conclude

lim f(dgﬂ)dua — f) =0
a—>1" d/,La

and thus taking n = p, for a < 1 large enough will satisfy the desired property.
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For the moreover part, note that the measures p, commute.

(2) = (4): From (2), itis clear that I ¢ (G) = 0. From Corollary 3.9, we conclude (4).

(4) = (3) is clear. Also, (3) is a special case of (2) for f(t) = ¢ In(¢) (so the moreover
part follows).

(3) = (1) follows from Pinsker’s classical inequality ||m — v|| < /2Dkr(m || v) (see,
e.g., [4, Theorem 4.19]) and Reiter’s condition for amenability. n

Remark 6.3. (1) Note that in order to find £!'-almost invariant measures on amenable
groups, one can use measures supported on finite sets (e.g., Fglner sets). However, such
measures cannot be the desired measures 7 given in item (3) of Theorem 6.2. Indeed, for
the KL-divergence to be finite, the measure has to be supported on the whole group (if G
is finitely generated).

(2) If in Theorem 6.2 one does not care about the commutativity (and symmetry) of n’s,
it is possible to prove the result with the same machinery of ultralimits, without having to
use Furstenberg’s (proven) conjecture.

This will be explained in the sequel paper [24], where the framework of all amenable
actions is covered.

We say that a probability measure 7 on a finitely generated group G is SAS (symmet-
ric, adapted, smooth) if it is symmetric, generating and ) n(g)e® gl < 00 for some & > 0
and word metric |-|.

Using Corollary 6.1, one sees the following property for Liouville groups.

Corollary 6.4. Let G be a finitely generated group with a symmetric finitely supported
Liouville measure. Then, there is a sequence (n,) of SAS measures that is D y-almost
invariant, for any f-divergence. That is, for any g € G we have Dy (gn, || 1,) — 0.

Proof. This follows from Corollary 6.1 by noting that if p is finitely supported and
symmetric, then ji, are SAS for any a < 1 and taking 7, = (1—1/5. ]

Remark 6.5. Note that if a sequence of probability measures (7,,) on G is uniformly BQI
and £'-almost invariant, then it is Dy -almost invariant for any f-divergence. Indeed, from
£!-almost invariance, one deduces that for any non-principle ultrafilter U on N the ultra-
limit measure U lim 7, is G-invariant. Using Lemma 4.18, we conclude the Dy -almost
invariance.

Note that the measures built in Theorem 6.2 and Corollary 6.4 are uniformly BQI.

The next theorem concerns a fixed point result for amenable groups on RN models of
stationary actions. It is a reformulation of a result from [21]. However, our proof is very
different and is based on the problem of “entropy minimizing”:

Theorem 6.6. Let G be an amenable group, and let | be a generating symmetric prob-
ability measure. Suppose X is a compact topological space, with a continuous G-action
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and that v is a p-stationary measure on X such that the Radon—Nikodym derivatives dg v
are continuous.

Then there is a continuous measure preserving factor w : X — Y so that Y©, the
set of G-invariant points of Y, contains exactly one point. In particular, the action of an
amenable group on the RN model of its Furstenberg—Poisson boundary admits a unique
fixed point.

Proof. First, by changing j to Y 2 | 27" u*", we may assume j is supported on all of G.
By taking Y to be the RN model of the Radon—-Nikodym factor of X, we may suppose
that the Radon—Nikodym derivatives separate points of X, and show that X consists of
one point.

Denote E = {x € X |VgeG: %(x) = 1}. We claim that E = X “. Indeed, E is G-
invariant set, as the RN functions separate points, we see that £ contains at most one point,
thus E € X 9. For the other inclusion, if x € X¢ then g (x) is a multiplicative
homomorphism; in particular, d‘g;vl” (x) = (%2 (x)) , by symmetry of ju:

d d
1= w0 =3 Zu(g)(%(xw (—(x) Zu(g) = 1.
g g

so we have equality which implies <5 dgv Y (x) = 1forany g € G,sox € E.
So it is enough to show E # ® Assume for the sake of contradiction that there is
no point xo with dg v -~(xp) = 1 for all g. By compactness of X, we get there is a finite

SoCG so that there is no point xo with dg v = (xp) = 1 for all g € So. We may assume
e € So, S, = So. Note that in the Jensen 1nequality
w(s) ds~'v
- Y nom( L) 2 —usom(( T L L ),
s€So s€So Ko

There is no equality, by assumption on Sy, but both sides are continuous functions, so we
get some &g > 0 with

-3 us) 1n(ds_

s€SH

1 d -1
V) > —1u(So) 1n(XS: :((;3) de v) + 5. 6.1)

Let § > 0, note that there is a symmetric probability measure x on G which has finite
support, agrees with © on Sp and k < (1 + §) - . Indeed, take A C G \ Sy finite and
symmetric with p(4) > % and define k = p|s, + I_M’fg")mA.

We will show

Le(X) > g0 — § —In(1 + §). (6.2)

Using Theorem 6.2, we see I,(X) = 0. This implies g9 < § + In(1 4 &), choosing an
appropriate § > 0, we obtain a contradiction.
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We now verify inequality (6.2). Using Jensen and (6.1),

d -1
— Zk(g)ln( é;lv v)

geG
dg~! dg”!
o) geG\So
ju(s) ds'v
= —t(So) In (EZSO 11(So) dv ) e
K(g) dg™'v
_M(G\So)ln( Z k(G \ So) dv )

gGG\So
-1 dixv +
—In 0.
- dv 0

Note that & * v < (1 + 8)u * v = (1 + §)v and thus d’;% < (1+9$).
For any m € M(X) (i.e., in the measure class of v), we get by Corollary 3.15:

he(m) > /(1 S Y ) 1n(df;”)) dm
X

geG

dik * v dKk *xv
z/(l— 7 —ln( 7 )—l—eo)dm
X

>1—(1+8) —In(1 +8) + .

Taking infimum over m, we obtain I,(X) > gy — § — In(1 + &) and the proof is
complete. ]

Remark 6.7. One should note that for the lamplighter group, G = Z /2 ¢ Z4 withd > 2,
and the uniform symmetric measure & coming from the standard generating set +e;, &g,
the space X = [« Z/2 of final configuration with the measure of final configuration, is
a u-stationary space (X, v) which is in fact the Furstenberg—Poisson boundary (see [20]
for the Furstenberg—Poisson boundary of lamplighter groups). However, there are no fixed
points in this action. The reason is that X is not RN model. More precisely, for 0 € X,
and g = ej, one can show that % is not continuous at 0. We thank Gady Kozma for a
discussion clarifying this issue.

This has the following implication: consider A = C* (C(X) U {%}geG) C L*®(X)
and let Y be the Gelfand dual. Then there is a continuous mapping 7 : ¥ — X which is
a measurable isomorphism. Moreover, Y is an RN-model, and thus by Theorem 6.6, we
see that the G-invariant closed set S := {y | Vg € G : %€2(y) = 1} C Y is non-empty.
Since X is minimal, we conclude 7 (S) = X; however, S has measure zero. This means

that X is covered by the null-set S.
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Remark 6.8. We believe that an existence of a fixed point on the RN-model for a
Furstenberg—Poisson boundary B(G, ) for a symmetric generating u implies that G is
amenable. However, we have not been able to prove this.

7. Free groups and entropy

Let FF = F; be a free group on d > 2 generators, that we denote by ay, ..., a4. Denote
alsoa—; = a;!.
Our main goal in this section is, given f, A where A is symmetric and supported on the

generators, to find Iy ¢ (F) := inf,epr(ry ha, 7 (F,v).

7.1. The boundary of the free group and harmonic measures

Consider the standard topological boundary X = dF of F as the space of infinite length
reduced words in the free generators, that is, the subset of {a11,...,a+4 }N consisting of
words (Wy)n>0 With w,41 # w,, I Tt is clear that X is a compact metrizable space with
the standard continuous F action.

For any y € F, we denote by X, the subspace of X consisting of words that begins
with y. The collection {X,, },cF consists of clopen sets and gives a basis for the topology
of X.

In this subsection, we fix a generating probability measure ; on F which is supported
on {a;}i=x+1,..,+q and denote p; = u(a;).

The next lemma and most of the following discussion can be found in [19, Section 2].
We include the proof of the lemma in order to make our results (Theorem 7.11) explicit.

Lemma 7.1. There exist unique 1 > q; > 0({ = 1, ..., +d) such that for j =

+1,...,4d,
%=m+%2ww.
i#j
Proof. Let x = 1— ), piq—;. Then the equations for j, —j are equivalent to §—§ = %

and p_ jqf + xq;j — p; = 0 which yields that x determines g; by

—X + X2+4pjp_j
2p-; '

qj =

Thus, we need to show that there exist unique x € (0, 1) with f(x) = 0, where
—x + x2 + 4p_.p.
fo) ==x+1-3"p o

1

i

d
=(d-1)x+1 —Z,/x2 +4pip—;.
j=1
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Note that f(0) > 0 (equality for symmetric measures), (1) < 0 and f is concave with
f7(0) = d — 1 > 0. Thus, f has a unique zero in this interval. |

Consider the p-random walk R, on F. The random walk converges a.e. to an ele-
ment of X. The hitting measure v, is the unique p-stationary measure on X. The
Furstenberg—Poisson boundary of (F, u) is isomorphic to (X, v,) (see the Theorem in
[16, Section 7.4]).

Before computing the measure v,,, we make the following observations and notation:

» The probabilities ¢; := P (3n : R, = a;) are the numbers of Lemma 7.1. Indeed, they
are positive and < 1 as the random walk is not recurrent. To show they satisfy the
equation, we use the Markov property of the random walk. More precisely, we split
according to the cases Ry = a;. The latter has probability p;. Fori = j, we get there
exists such n, namely n = 1. For i # j, we note that in order to get to a;, we need to
get first from a; to e, which has probability g_;, and then to a;, which has probability
qj- This shows g; = p; +q; > 2; Piq—i-

* Define v(a;) = v; = vu(Xy). We claim that 1_";4 = ¢;. Indeed, let us verify
qi (1 —v_;) = v;. For this we provide a probabilistic argument: the probability that
the limit R, starts with g; is the probability that it gets to a; for the first time at some
finite 19, and that if we consider the random walk R}, = a; ' R4 ,, then R does not
start with a_;. Now, by the Markov property, this happens in probability ¢; (1 — v_;),

i - =¢; and v"'l = ¢_;, we conclude the

verifying the claim. From the formulas

1—v_ 1—v;
following direct formula for v;:
_qi(l—g-)
= .
l—q-iqi
Note that if p is symmetric, then p;, g;, v; are symmetric and the above reduces to
v = —1_‘fqi.
Lemma 7.2. The measure v, is given by
o o(ve)
vu(Xy) = v(n) l_[ —— < YV =ViVm reduced form,
AT
and
—i X\ X,
da,- UM q 4 on \ aj»
dvy, —  onXy.
qi

Proof. Since ) ; v; = Y, v, (Xg4;) = 1 by the definition of v;, the right-hand side yields
a Borel probability measure v on X. We will show
daiv g-i onX\ Xg,

14

1
dv — on Xg;,
qi
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and conclude v is p-stationary. By the well-known uniqueness of the stationary measure,

we deduce v = v,.
Lety = y1 -+ ym be areduced form. A direct computation yields

(aiv)(Xy) = v(a; ' X,)

{V(Xaily) V1 # aj,
V(Xypoym) Y1 = ai.

v(a; ") v(r1) l_[ 00 Y1 # ai,

l_v(al) 1_7-)(7/
U(J/)l_[ (V/_l Y1 = a;.
v(y;2p)
(7/1)1_[ v(y] =8 Y1 # di,
~1
“u(y )H v(i/)j/ Y1 = 4.
q-i Vl#ai,
=v(Xy)-q 1
— Y1 =4.
qi

This shows the formula for d“’ Y

. Now, for § € X starting with a;, we conclude that

d da;v
e = Zp,- —® =Y n q,+f]’—’

i#) /
(PJ +QJZP1‘ —i)— - =1
q i#) 4
This shows w * v = v which proves the lemma. ]

7.2. Measures on the boundary minimizing entropy in their class

We now turn to finding entropy-minimizing measures on the boundary.

Notation 7.3. « Let f be a strictly convex smooth function on (0, co) with f(0) = 0.
Denote W (z) = f(z) —zf'(z) + f’(%)

* Denote by Ay the set of generating symmetric probability measures on F; supported
on{di}i=z1,...+d-

Note that \IJ} (z)=—z-f"(z)— Zizf”(z) <TO and thus Wy is a decreasing function.
Given f as above, we define a mapping A; — Ay as follows.
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Definition 7.4. Given it € Ay, denote p; = p(a;) and let g; be as in Lemma 7.1. Define
T(n) =A€Agby
c
Wr(g)) = Yr ()

. . . d 1 -1
where c¢ is a normalizationc = (2) ;\_, ————— .
( 2i=i ‘I’f(‘Ij)_‘I’f(é))

Maxy) = A;

Since Wy is decreasing, T is well defined.

Example 7.5. For f(z) = z In(z), we have W(z) = —In(z) + 1 — z, and ¥(g) —
(g™ =2In(g") +q7" —q.

The next proposition gives a minimizing measure for the entropy in a specific measure
classes on the boundary.

Proposition 7.6. Let f be as in the notation. Given u € Ay let A = T(u). Consider
X = 0F as a QI F-space with the measure class of v,,. Then

hy,r(X,vy) =1 r(X).

Proof. Note that since p is symmetric, p;, ¢;, v;, A; are all symmetric.

Note that as v, is BQI and A has finite support, the conditions of Proposition 3.13
apply, and v, is minimal for the entropy A, s in its measure class iff W, r(v,;-) is a
constant function. We now show W, r(v,;-) is constant. Note that as A is symmetric,

oF da:v oF (da;v
v Ly = ra (5= ( 1L 52 ) + (1) ).
Af (Vs Z (al)(ax( ’ dvy ) + dy ( dvy, ’ ))

i=+1,..,+td

where, as usual, F(x, y) := yf()y—‘) Note that

oF

0
o0+ = ()4 =20 = b o),
X y z

Now take £ € X that starts with a;:
dajv
V)= Y A(ai)wf(#@))
i I

1

=C + )L(aj) . (‘-Iff (q—) — lIJf(q]')) =C +c,
J

where C =, 14 A(ai)¥r(g;) is independent of j, and c is the normalization in

the definition of 7" (see Definition 7.4). This is independent of j, concluding the proof. m

Remark 7.7. Note that in the infimum 7 r(X), we only take measures in the measure
class of v,. In a future work, the first named author discusses the problem of minimal
entropy over all measures on X, and it will turn out that the infimum remains the same,
although this requires considerably more effort.



Entropy, ultralimits and the Poisson boundary 559

We would next like to show that we indeed cover in our analysis all the generating
measures A which are symmetric and supported on the set of free generators and their
inverses.

Lemma 7.8. The mapping T : Ay — Ay is a bijection.

Proof. We first extend T to the boundary of the simplex A,. This can be done by inter-
preting the boundary as elements of A,, r < d and taking the corresponding 7 there. This
yields a continuous map T : Ay — A, that sends the boundary to itself. This implies that
T(Ag) = Ag NT(Ag) C Ay is relatively closed.

We wish to show that the image is also open, which would then imply 7 is surjective.
By invariance of domain (cf. [14, Theorem 2B.3]), it is enough to show that T is injective.

In order to show injectivity of 7', we first show that u = (p;) — (g;) is injective, and
then that (¢;) + A is injective.

For the first mapping, from (g;) one can reconstruct (p; ), as the defining equation is

qu +q1 2q2 293 -+ 244 P1 1
241 qu +q2 2q3 -+ 2qq D2 1
24, 2q2  2q3 -+ é +4qa) \pad 1

So we will show the matrix above is non-singular. Employing row operations, this matrix
has the same determinant as the matrix:

S+a 22 293 - 2qa
611—‘%1 q%—CIZ o - 0

. 1 . . b l .
q1— 45 0 0 - J-—da

We show that the determinant of the latter matrix is positive by induction. Indeed,
expanding using the second row, we get determinant

1 1 1
== )2¢\~—a )\ ——4a
q1 q3 qd

o ta 243 244
11
1 q1— 7 -—4q3 -+ 0
n (_ —6]2) det ar s
q2 :
G-t 0 e Eog

The second term is the same determinant but for less variables and since 0 < g; < 1 the
first term is > 0, by the induction assumption the second term is positive. So, we need to
show only the base case, and indeed

1
- + 2 1 1 1

det | @ q11 1 = (— + ‘11)(— —f]2) + 2612(— —fh) > 0.
=g @& 4 q1 q2 q1
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Thus u + (g;) is injective. Let us show that the mapping (g;) +— A is injective.

Consider ¢(z) = Yy (z) — \Ilf( ); this is a positive decreasmg function (as Wy is
decreasing). Note that from A we can reconstruct <p8,) = 2L for each i, j. Assume that A
corresponds to distinct (qj) #* (ql) Without loss of generahty, there is some jo with
djo > q]O As v(z) = 7% is an increasing function and (v(g;)), (v(qj)) are probability
measures (see the dlscusswn before Lemma 7.2), we conclude that there must be j; with

‘P(qjo) ¢ qlo

qj, < qh But then @ < oG’ which is a contradiction. u

Remark 7.9. Note that the proof of Proposition 7.6 yields that for A # T'(u) the
measure v, is not minimizing in its measure class for /1, 7.

It is not difficult to see that for f(¢#) = ¢ In(¢), the map T is not the identity (see the
following example). This means that the p-entropy minimizer on the boundary X is, in
general, not the p-stationary measure.

Example 7.10. Let d = 2 and f(t) = ¢ In(z). Consider u(ax;) = %, plaxr) = é. A
direct computation (using computer and the proof of Lemma 7.1) shows that A = T'(u)
has A(a+1) ~ 0.32378 and in particular A # p. Further computation (using Lemma 7.2)
yields /1, (v,) ~ 0.5126.

7.3. Minimizing entropy for the action of F on itself

In the following theorem, we compute the minimal entropy number 7, ¢ for the action of
the free group F on itself. Note the next theorem includes Theorem C.

Theorem 7.11. Let f be a strictly convex smooth function on (0, 00).
LetA € Agandlet w = T7Y(A) € Ag. Then

I)L’f(F) = h)t’f(aF, vu).

Proof. Consider X = 0F as a QI G-space with the measure class of v,, then by
Corollary 3.9, we have I, ¢(F) > I y(X). By Proposition 7.6, we have I, r(X) =

h Af (X ,V /L)'
On the other hand, by Corollary 5.11 (the corollary of the main result),

oy (Xovp) = Hm hy g (F. pa) = I g (F).
This finishes the proof. ]
As for Theorem B and the more general Theorem D, we have the following corollary.

Corollary 7.12. Let  be the uniform symmetric measure p(a+;) = ﬁ Then for any
strictly convex and smooth f, we have

2d —1 1 1
I/L,f(Fd): 2d f(zd_l)+ﬁf(2d—1).
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In particular, taking f(t) = t In(t), we conclude

Iy (Fg) =

In(2d — 1).

Proof. Itis clear that v;, ¢; are independent of i and thus v; = ﬁ,k =T(u) = u.
Hence, q; = lﬁl = ﬁ. Thus, by Theorem 7.11,

2d

1 da;v
Ty (Fa) = hy, s (o) = Y :—2d/f( e “)dvu
i "

aF,

_2d-1

> f( : )+%f(2d—1).

2d —1

In particular, 1, xi.(Fg) = dd;l In(2d —1). [

8. Final remarks

8.1. Possible relation with the Liouville problem

8.1.1. Entropy and stationary measures. One initial motivation for this work was an
attempt to present stationary measures as information-theoretic minimizers. Using the
approach and results established in this paper, where one approximates the entropy of
all boundaries by the self action of the group, it is not difficult to see that this would
have immediate implications to the fundamental open problem of (in)dependence of the
Liouville property on the (symmetric, finitely supported) generating measure chosen on
the group. A natural approach toward the minimization property would be to show that
convolution with A might reduce the A-entropy. As it turns out, this is usually not true.
Indeed, for the action F, ~, dF, and A a non-uniform measure on the free generators, the
A-harmonic measure is not in general a minimizing measure for the A-entropy. Moreover,
there is a minimum (in a measure class) for the entropy which is the p-harmonic mea-
sure for a measure u # A. In fact, let us explain why in general no information-theoretic
entropy can be used to detect stationary measures as minimizers.

Let h = h, s (with k finitely supported) be some entropy for an amenable group G
with a non-Liouville measure 1 (e.g., G = Z/2 ¢ Z3). We explain why convolution by p
cannot always decrease the entropy /.

Indeed, take (B, v) to be (a topological model of) the Furstenberg—Poisson bound-
ary. We know 0 = I, r(B) and hence there is m € M(B) (in the measure class) with
h(m) < h(v). Observe that ;£*" % m converges weakly to v. Indeed, consider Q@ = GN with
the u-random (X, ) and its probability measure IP. Note that for the stationary o-algebra §
(see [17, Subsection 0.3]), one has that (B, v) is a topological model of (€2, §,P). Suppose
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h= ’fi—';’, then for any a € L°°(B) = L°°(2) we have

(1" xm)(a) = Ep[(Xn - m)(a)]

=Ep |:/a(Xn -x)h(x)dv(x)i| = /Ep[a(Xn - x)]h(x)dv(x).

B B

Note that (a.e.) a(Xn(w) - x) — a(w). Thus, Ep[a(X, - x)] — v(a) for a.e x € B which
implies that (u*" % m)(a) — v(a) which shows weak convergence.

Since & is lower semi-continuous with respect to weak topology (follows from [1, The-
orem 2.34] which shows f -divergence are such), we conclude that lim inf, 2 (u*" % m) >
h(v) > h(m), showing that convolution by y cannot always decrease entropy.

8.1.2. Other versions of almost-invariant measures. In view of Theorem 6.2, one can
ask when there are £°°-almost-invariant measures on a group. That is, when for every
S C G finite and ¢ > 0, there is a measure 1 on G such that || % — 1||oo < ¢ for all
s € S. It is easy to see that for finitely generated groups, this is equivalent to having
subexponential growth.

Recall that we say that a measure x on a finitely generated group G is SAS if it is
symmetric, generating and satisfies ) k(g)efl8l < oo for some & > 0 and word metric |-|.

Definition 8.1. A finitely generated group is fame if there is a sequence (k) of SAS
measures that is KL-almost invariant.

Corollary 6.4 implies that groups with a symmetric finitely supported Liouville
measure are tame. We find the following problem intriguing.

Problem 8.2. Is there a finitely generated amenable group which is not tame?
Are the lamplighters Z /2 ¢ Z¢, d > 3 tame?

Our hope is that the above lamplighters are not tame. One can then make the spec-
ulation that being tame is related to the “Liouville dependence problem” concerning
boundary triviality of symmetric finitely supported measures. Our proof of the fixed point
Theorem 6.6 came as an attempt to employ these ideas, However, eventually it produces
a fixed point without the SAS assumption.

8.2. Uniqueness of entropy minimizers

As explained in the introduction, for some actions G ~, X, the infimum of the entropy
function is attained. The f-divergence is lower semi-continuous with respect to the weak
topology”. Thus, if X is a compact G-space, the entropy function /; 71 M(X) — [0,00]

4See [1, Theorem 2.34]; there is also a proof using a variational representation of f-divergences.
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is lower semi-continuous. Hence, the entropy /¢ attains its infimum I:\Of} (X). It is then
very natural to inquire about its uniqueness. While as we have seen (Lemma 3.10), inside
a specific ergodic measure class, uniqueness holds under natural conditions on f', we have
no criterion for uniqueness in the topological setting, nor can we establish any non-trivial
uniqueness result.

Another problem is finding a criterion for a measure v to be a minimizer of entropy.
Inside a specific measure class we have Proposition 7.6 yielding a complete solution; in
the topological case, however, we do not have any criterion.

In the sequel paper [24], we will show that for the topological action F; ~, dF; we
have under the notations of Proposition 7.6 that Iiof} (0Fg) = ha, r (0Fg,vp).

Funding. The authors acknowledge the ISF support made through grant 1483/16.
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