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Groups elementarily equivalent to a finitely generated free
metabelian group

Olga Kharlampovich and Alexei Miasnikov

Abstract. We describe groups elementarily equivalent to a free metabelian group with n generators.
We also explore an exponentiation that naturally occurs in metabelian groups.

Dedicated to Slava Grigorchuk on the occasion of his birthday

1. Introduction

In this paper, we describe all groups elementarily equivalent to a free metabelian group G
of finite rank > 1. To do this, we first prove that G is regularly bi-interpretable with Z.
Then following [4] we show that groups elementarily equivalent to G are precisely the
non-standard versions G(Z) of G, where 7 = Z, and describe their algebraic structure.
Along the way, we prove that the set of all bases of G is absolutely definable in G. For
this, we provide a new characterization of bases of G in terms of the normal forms and
their coordinate functions which is interesting in its own right. Furthermore, this regu-
lar bi-interpretation of G with Z is strong and injective, which gives many interesting
model-theoretic properties of G. Thus, G is rich, that is, the first-order logic over G is
as expressive as the weak second-order logic over G (see [9]), G admits elimination of
imaginaries and the projective logical geometries over G and Z form equivalent cate-
gories (see [5]), etc. An important part of our characterization of the algebraic structure of
non-standard models G(Z) comes from the theory of exponential groups (see [1,17,18])).
It turns out that every non-standard group G(Z) is an exponential Z- -group, and we can
describe the Z-exponentlatlon in G(Z).

2. Interpretability and bi-interpretability

One can use the model-theoretic notion of interpretability and bi-interpretability to study
structures elementarily equivalent to a given one. In this paper, we are going to do this for
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free metabelian groups. We recall here some precise definitions and several known facts
that may not be very familiar to algebraists.

A language (or a signature) L is a triple (Fun, Pr, C), where Fun = {f, ...} is a set
of functional symbols f coming together with their arities ny € N, Pr is a set of rela-
tion (or predicate) symbols Pr = {P, ...} coming together with their arities np € N,
and a set of constant symbols C = {c, ...}. Sometimes we write f(x1,...,X,) or
P(x1,...,xp) to show that ny = n or np = n. Usually we denote variables by small
letters x, y,z,a,b,u, v, ..., while the same symbols with bars X, y, ... denote tuples of
the corresponding variables, say X = (x1, ..., X,). In this paper, we always assume, if not
said otherwise, that the languages we consider are finite. The following languages appear
frequently throughout the text: the language of groups {-, ~!, 1}, where 1 is the constant
symbol for the identity element, - is the binary multiplication symbol, and ~! is the symbol
of inversion, and the language of unitary rings {+, -, 0, 1} with the standard symbols for
addition, multiplication, the additive identity 0, and the unity 1.

A structure in the language L (an L-structure) with the base set A is sometimes
denoted by A = (A; L) or simply by A = (A4; f,..., P,...,c,...). For a given struc-
ture A by L(A), we denote the language of A. When the language L is clear from the
context, we follow the standard algebraic practice and denote the structure A = (A; L)
simply by A.

Let B = (B; L) be a structure. A subset A C B" is called definable in B if there is a
formula ¢(x1, ..., x,) (without parameters) in L (B) such that A = {(by,...,b,) € B" |
B = ¢(b1,...,by)}. Inthis case, we denote A by ¢(B™) or ¢(IB) and say that ¢ defines A
in B. Similarly, an operation f on the subset A is definable in B if its graph is defin-
able in B. A constant ¢ is definable if the relation x = c is definable. An n-ary predicate
P(x1,...,Xxp) is definable in B if the set {(by,...,b,) € B" | P(by,...,by) istrue} is
definable in B.

Definition 2.1. An algebraic structure A = (4; f,..., P,...,c,...) is absolutely inter-
pretable (or O-interpretable) in a structure B if there is a subset A* C B” definable in B, an
equivalence relation ~ on A* definable in B, operations f*, ..., predicates P*, ..., and
constants ¢*, ..., on the quotient set A*/~ all interpretable in B such that the structure
A* = (A%/~; f*, ..., P*, ..., c*,...) isisomorphic to A.

More formally, an interpretation of A in B is described by the following set of formulas
in the language L(B):

['={Ur(X). Er(¥1.X2), Or(X1.....X1p) | Q € L(A)}

(here X and X; are n-tuples of variables) which interpret A in B (as in Definition 2.1).
Namely, Ur defines in B a subset Ar = Ur(B") € B", Er defines in B an equivalence
relation ~r on Ar, and the formulas Qr define functions fr, predicates Pr, and constants
cr that interpret the corresponding symbols from L (A) on the quotient set Ar/ ~r in such
a way that the L-structure I'(B) = (Ar/ ~r: fr,-.., Pr,...,cr,...) is isomorphic to A.
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Note that we interpret a constant ¢ € L(A) in the structure I'(B) by the ~r-equivalence
class of some tuple b, € Ar defined in B by the formula Q.. We write A ~ I'(B) if I
interprets A in B as described above and refer to ' as an interpretation code or just
code. The number n is called the dimension of I', denoted by n = dim I". By ur, we
denote a surjective map Ar — A (here A = (A4; L(A))) that gives rise to an isomorphism
ir : T'(B) — A. We refer to this map ur as the coordinate map of the interpretation I.
When the formula ET defines the identity relation (x; = x}) A--- A (X, = x,), the sur-
jection ur is injective, in which case, I'(B) is called an injective interpretation. Finally,
notation A ~> B means that A is interpretable in B by the code I".

More generally, the formulas that interpret A in B may contain elements from B that
are not in the language L(B), that is, some parameters, say pi, ..., px € B. In this
case, we assume that all the formulas from the code I' have a tuple of extra variables
¥y = (V1,--., yx) for parameters in B:

[ ={Ur(.y). Er(¥1,%2. ). Or(X1..... %15, y) | @ € L(A)}, 2.1

so that after the assignment y; — p1,..., Y — Pk, the code interprets A in B. In this
event, we write A >~ I'(B, p) (here p = (p1,..., pr)) and say that A is interpretable
in B by the code I with parameters p. In the case, when p = @, one gets again the abso-
lute interpretability. Sometimes, it is convenient to consider interpretations A ~ I'(B, p)
together with their coordinate maps, that is, as triples (I, p, ur).

We say that a structure A is interpreted in a given structure B uniformly with respect to
asubset D C B if there is a code I such that A ~ I'(B, ) for every tuple of parameters
p € D.If A is interpreted in B uniformly with respect to a 0-definable subset D C B,
then we say that A is regularly interpretable in B and write in this case A >~ I'(B, ¢), pro-
vided D is defined by ¢ in B. This notion appeared first in [15, Section 1.1] or [14], and it
is similar to the notion of interpretability with definable parameters [7, Remark 5, p. 215].
Note that the absolute interpretability is a particular case of the regular interpretability
where the set D is empty.

It is known that the relation A ~> B is transitive on algebraic structures (see,
e.g., [4,7]). The proof of this fact is based on the notion of I'-translation and composition
of codes, which we present now.

Let I' be the code (2.1). Then for any formula ¢(xy, ..., X;,) in the language L(A),
there is a formula ¢r(x1, ..., X, ¥) in the language L(B), the I"-translation of ¢, such
that if A ~ I'(B, p), then for any coordinate map pur: Ar — A, one has

AEog@r,....am) <= B or(ur @1, ... 15 @m), p)

for any elements a; € A (see [4,7]). Elere u;l (a;) means an arbit_rary preimag_e of a; under
ur. Furthermore, for any elements b; € B" if B |= ¢r(b1,...,bm, p), then b; € u;l(a,-)
for some a; € A with A | ¢(ay,...,am).

Definition 2.2. Let A, B, C be algebraic structures. Consider codes

= {Ur(fv.)_])sEF(fsxlsy)’ Qr(fl?"'7'¥tQ7)7) | Q € L(A)}
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and
A ={Ur(,2), EA(,%',2), Qa(ir, ..., U1y,2) | Q € L(B)}

which consist of L(C)-formulas. Then the composition of the codes I" and A is the code

I'o A = {Uroa, Eron. Qroa | O € L(A)}
={(Ur)a.(Er)a.(Qr)a | Q € L(A)}.

The following is an important technical result on the transitivity of interpretations.

Lemma 2.3 ([4]). Let A = (A; L(A)),B = (B; L(B)), and C = (C; L(C)) be algebraic
structures and T, A be codes as above. If A %> B and B S C, then A INTS C.

Furthermore, the following conditions hold:

(1) If p, q are parameters and ur, ua are coordinate maps of interpretations T, A,
then (p,q), where p € /Lzl (p), are parameters for T o A.

(2) puropa = jro WA |UF°A .G is a coordinate map of tlie interpretation A ~
I' o A(C, (p,q)) and any coordinate map piroa:Uroa(C, (p,q)) — A has aform
UT1 © 1A for a suitable coordinate map jr of the interpretation A ~ I'(B, p),
provided a is fixed.

Observe that composition of absolute (regular) interpretations is absolute (regular).
Now we discuss a very strong version of mutual interpretability of two structures,
so-called bi-interpretability.

Definition 2.4. Algebraic structures A and B are called strongly bi-interpretable (with
parameters) in each other, if

(1) there exists an interpretation (I', p, ur) of A into B and an interpretation
(A, g, jta) of B into A, so the algebraic structures I' o A(A, (p,g)) and A o
I'(B, (7, p)) are uniquely defined and I" o A(A, (p, g)) is isomorphic to A, while
A o T'(B, (g, p)) is isomorphic to B;

(2) the composition ur o ua: Uroa(A, (P, §)) — A is definable in A and the
composition pa o ur: Uaor (B, (7, p)) — B is definable in B.

In this case, we additionally say that A and B are strongly injectively bi-interpretable, if
the interpretations I and A are injective.

Note that there is another slightly different notion of bi-interpretation, which for
contrast we sometimes call a weak bi-interpretation, where in the above definition con-
dition (2) that requires definability of the maps ur o ua and pa o ur is replaced by a
weaker one that requires definability of some coordinate maps Aron — 4 and Ba.r — B.
Often, authors do not even mention the difference, implicitly assuming either one or
another. To be precise, we endorse these two notions explicitly. Observe that the bi-
interpretation defined in the books [7,9] is weak, but in the paper [2], it is strong. There
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are many interesting applications of strong bi-interpretations which we cannot derive from
the weak ones.

Two algebraic structures A and B are called 0-bi-interpretable or absolutely bi-
interpretable (strongly) in each other if in the definition above the tuples of parameters p
and ¢ are empty.

Unfortunately, O-bi-interpretability is rather rare. Indeed, if A and B are 0-bi-
interpretable in each other, then their groups of automorphisms are isomorphic [7]. Bi-
interpretability with parameters occurs much more often, but it gives much less for appli-
cations; in particular, it is not applicable for first-order classification problems (addition
of constants changes the language).

Fortunately, there is a notion of regular bi-interpretability, which is less restrictive,
occurs more often, and which enjoys many properties of O-bi-interpretability.

Definition 2.5. Algebraic structures A and B are called regularly bi-interpretable, if

(1) there exist a regular interpretation (I, ¢) of A in B and a regular interpretation
(A,¥)of Bin A;

(2) there exists formula 64 (i, x,7) in L(A), where |u| = dimT -dim A, |r] =
dimp, I' 0 A, such that for any tuple 79 € pa A Y (A) the formula 84 (i, x, 7o)
defines some coordinate map Uroa (A, 7o) — A4;

(3) there exists formula Og (i, x,7) in L(B), where |u| = dimT -dim A, |7] =
dimpy A o T, such that for any tuple 79 € Y+ A ¢(B) the formula 6g (i1, x, 7o)
defines some coordinate map Upor (B, 7o) — B.

Regular bi-interpretation is called injective if both (T, ¢) and (A, 1) are injective.

Definition 2.6. We say that A and B are strongly regularly bi-interpretable, if they are
regularly bi-interpretable, that is, (1)—(3) hold, and additionally
(4) for any pair of parameters (p, ¢), p € ¢(B), g € ¥ (A), there exists a pair of
coordinate maps (ur, ua) for interpretations (I', p) and (A, g), such that for
any 7o = (p.q), p € px(P), and 7o = (¢, P), ¢ € 1 (), the coordinate maps
ur © a:Uroa(A, 7o) — A and pa o ur:Uaor(B, 7o) — B are defined in A
and B correspondingly by the formulas 04 (i, x, 7o) and 0 (i, x, fp).

Theorem 2.7 ([4, 12]). Let A and B be regularly bi-interpretable in each other, so
Ax=T(B,¢p)and B = A(A, ). Then

(1) for any B = B, the code (T, ) regularly interprets a structure A~ F(@, ©)in B
such that A = A;

(2) every L(A)-structure A elementarily equivalent to A is isomorphic to F(IE, ©) for
some B = B,

3) forany By = B = B,, one has

FB.¢) =T'(B2,¢) < B; = B;.
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In fact, one does not need bi-interpretability of A and B in Theorem 2.7; it suffices
to have a weaker condition that A is regularly invertibly interpretable in B (see [4, 12]).
However, for other applications, bi-interpretability is required.

Elimination of imaginaries plays an important part in model theory (see [7] for details).
This involves imaginaries without parameters.

Definition 2.8. We say that an algebraic structure B has uniform elimination of imag-
inaries with parameters, if the algebraic structure Bp, obtained from B by adding all
elements of B to the language as constants, has uniform elimination of imaginaries without
parameters.

Theorem 2.9 ([4]). Let A and B be strongly bi-interpretable with parameters in each
other, so A ~ T'(B, p) and B >~ A(A, q), and A is injective. If B has uniform elimina-
tion of imaginaries with parameters, then A has uniform elimination of imaginaries with
parameters.

Note that Z has uniform elimination of imaginaries (with or without parameters).
Hence, all structures strongly injectively bi-interpretable with Z (with parameters) enjoy
uniform elimination of imaginaries with parameters.

3. Bi-interpretation of a free metabelian group with Z

It was announced in [10] and proved in [9] that a free metabelian group G of finite rank
n > 2 is prime, atomic, homogeneous, and QFA (quasi finitely axiomatizable). Further-
more, it was shown in [9] that G is rich which implies a host of model-theoretic results
for G. This was done by proving the existence of bi-interpretation of G with Z. Here we
improve on our bi-interpretation from [9] and provide new applications of this in the next
section.

Throughout this section, we denote by G a free metabelian group of rank n > 2.

3.1. Preliminaries for metabelian groups

In this section, we introduce notation and describe some results that we need in the sequel.

Let G’ = [G, G] be the commutant of G and G, the mth term of the lower central
series of G. For a subset A C G denote by (A) the subgroup generated by A € G and by
Cg(A) the centralizer of Ain G.If g, h € G, then [g, h] = g~'h~'gh is the commutator
of g and &, and g" = h™'gh is the conjugate of g by 4. The maximal root of an element
g € G is an element gg € G such that g is not a proper power in G and g € (g¢). Note
that the maximal roots of the elements in G exist and they are unique.
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We will be using the following standard commutator identities that hold in every group
for any elements a, b, c:

la.b]™" = [b.al, @™ 0] = [b.a]*, 3.1)
[ab,c] = [a,c]b[b,c], [a,bc] = [a,c][a, b]°. (3.2)
In [11], Mal’cev obtained a description of centralizers of elements in free solvable
groups; in particular, in free metabelian groups G, centralizers are as follows.
Lemma 3.1. Let g € G, g # 1. Then
(1) if g € G, then Cg(g) = G';
(2) ifg € G', then Cg(g) = (go), where g is the unique maximal root of g.
Letv € G \ G'. Define amap A, : G' — G’ such that for ¢ € G’ A,(¢) = [v, c]. Then

the map A, is a homomorphism. Indeed, using the second commutator identity in (3.2),
one has for ¢y, ¢, € G’

[v, c1c2] = [v, e2][v, €1]? = [v, e2][v, 1] = [v, 1], e2], (3.3)
as claimed. Similarly, in the notation above, the map p, : ¢ — [c, v] is a homomorphism
Hy : G — G,

Letv € G\ G’ and d € G’. Then for any k € Z, there exists ¢ € G’ such that
(vd)* = v*d¥[c, v].
We prove first, by induction on k, that
d*v = vd*[c, v]
for some ¢ € G'. Indeed, for k = 1, one has the standard equality dv = vd[d, v]. Now
d* Ty = d*dv = d*vd[d,v] = vd¥[cy, v]d[d, v]
= vd** ey, v][d, v] = vd*F[e1d, V],
the last equality comes from property (3.3), that the map i, is a homomorphism on G’.

Now one can finish the claim by induction on k as follows (here elements ¢; € G’
appear as the result of application of the induction step and the claim above):

(wd)**! = (vd)*vd = vFd*[c,, v]vd = vEd*v[ea, v][[c2, V], v]d
= vkvdk[63, v][c2, v][[c2, v], v]d = vk+ldk+1[C3cz[cz, v], v]
— YR gRH e ),
where the second to last equality comes again from property (3.3), and ¢ = c¢3cz[c2, v].

This proves the claim.

Lemma 3.2 ([9, Lemma 4.23]). Let d € G'. If for any v € G \ G', there exists ¢ € G’
such that d = [c,v], thend = 1.
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3.2. Normal forms of elements

Fix a finite set of generators X = {x1,...,X,}.
We denote by ": G — G/G’ the canonical epimorphism g — g = gG’ from the
group G onto its abelianization G = G/G’. Puta, = X....,a, = X,. The group G acts

by conjugation on G’, which gives an action of the abelianization G on G’. This action
extends linearly to an action of the group ring ZG on G’ and turns G’ into a Z G -module.
Since ay, .. .,a, generate G, then the identity map a; — a;,i =1,...,n, extends to an epi-
morphism 7 : A — ZG from the ring of Laurent polynomials A = Zlay,ail,....an,a;]
onto Z G, which provides an action of 4 onto G’ and turns G’ into A-module. Ifay,...,a,
forms a basis of G’, then 7 is an isomorphism, and we can identify 7Z.G with A. For the
action of A on G’, we use exponential notation, that is, for u € G’ and a € A4, we denote
by u? the result of the action of a on u. We use this notation throughout the paper.

Using the standard commutator identities, which hold in every group, one can write
every element u € G’ in the form

u = Micjci<nlxi 519, 3.4
where Q; ; are Laurent polynomials from A. Hence, the set of commutators
Cx ={lxi.xj] |1 =) <i<n}

generates G’ as an A-module. Note that G, as well as any metabelian group, satisfies the
Jacobi identity, that is, for every u, v, w € G,

[u,v, w][v, w, u][w,u,v] = 1. 3.5
In particular, for u = x;, v = xj, w = xi, one gets (in the module notation)
i X 1% o a4 e 9T = 1,

hence
[ei, x 1% = [, X% e, i1, (3.6)

so Cyx is not a free generating set of the module G’. However, there are nice normal forms
of elements of the module G’ (see [9,13]). To deal with normal forms in G, we need a few
preliminary results.

Remark 3.3. Let 152 € G and § € Z. Then g — 1 divides g® — 1 in the ring Z(G), that
is, the element %T_ll is uniquely defined in Z(G). Indeed, if 6 > 0, then

F-1=E-DE "+ +g+ 1.
If § <0, then g° = (g71)!%! and the formula above applies.

The following generalizes equality (3.6).



Groups elementarily equivalent to a finitely generated free metabelian group 689

Lemma34. Letl1 < j <i <k <nand$ € Z. Then

a/‘i—l al‘i—l
I (3.7)

5_
[xi, ;1% =[x, x;

Proof. Note that
ad—1
At
i1 = g o] DT
Now we apply (3.6) to [x;, x;]@ =1 and multiply the result (in the module G’) by
ap—1 ’
[

ap—1-°
Lemma 3.5. Lerz, g € G\G/andy,c? € 7Z, then

(Dkgﬁ—kdg“ 1
@ [7.8%] = [z.g] FED,

Proof. The Jacobi identity

z.8°. gllg’. g.2[g. 2. 8% = 1
reduces to
z.8° g = [g.2.8°]".
since [g%, g.z] = 1. After rewriting it in the module notation, we get
2, = [z, g]F !
This proves (1). (2) follows from (1). ]

Proposition 3.6. Let X ={x1,...,x,} be a generating set of G and a1 = X1, . ..,dn = Xp.
Then every element u € G’ can be presented as the following product:

U = T<j<i<nlxi, x;]Pi @1ai) (3.3)
where Bij(ai, ..., a;) € Llay. a7t ... a;,a;").
Proof. We showed above that every element u € G’ can be written in the form (3.4):
U= H15j<i5n[xisxj]gi’iv

where Q; ; are Laurent polynomials from A. Note that this can be done algorithmically.
Now we describe a collecting process that transforms products in the form (3.4) to prod-
ucts of the form (3.8), which we term collected forms. Since G’ is commutative, it suffices
to show how to collect an element [x,,x,] where O € A. Similarly, since Q is a sum
of the type X;y; M;, where M; € G and y; € Z, it suffices to collect [xi, x]] , where
MedG. Decompose M into a product M = MlakMz, where M € {(ay,...,a;),k > 1,



O. Kharlampovich and A. Miasnikov 690

. 5
8 €Z,and M, € {(ax+1,...,a,). Note that [x;, xj]M‘ is collected. To collect [x;, x;]%,
write it as s ]
[xi x;1% = Do, o] % i ;]

and apply (3.7) from Lemma 3.4. This results in a collected form w, where

w = Mg jigklx, ] 5@
for some f;j(ai,....a;) € Z[al,al_l, .. .,a,-,ai_l]. Note that
M

WM = Ty < <iap [y, o] @1a

is also collected. Since [x;, )Cj]M = (wM)M2 | the argument above shows that to collect
[Xi,)Cj]M, it suffices to collect elements of the type [x;, xj]M2, where 1 < j <i <k.Now
we can repeat the collecting process above. This shows that every element u € G’ can be
written in the form (3.8). [

Corollary 3.7. Let X = {x1,...,x,} be a generating set of G. Then every element g € G
can be presented as the following product:

g = X" X T < jcizn[xi, ;)P (@10 (3.9
wherey; € Z,1 <i <mn, Bi;(ai,...,a;) € Z[al,al_l,...,a,-,ai_l].
Proposition 3.8. Let X = {x1,...,x,} be a basis of G as a free metabelian group. Then

every element u € G’ can be uniquely presented as the following product:
U = Tli<iznlx, x;]P0 @00, (3.10)
where Bij(ai,....a;) € Zlay,ay', ... a;,a;'].

Proof. Observe that the images of X in G form a basis of G, hence ZG ~ A. By Propo-
sition 3.6, every element u € G’ has some decomposition of the form (3.10). To prove
uniqueness of the form (3.8), we use induction on 7. Let
U= H1§j<i5n[Xi,Xj]ﬁij(al""’ai),

where Bjj(ai,....a;) € Zlay,a7'.....ai,a;']. Assume that u = 1. We need to show
that B;; =0foralll < j <i <n.

Forn =2, the Z[afEl , agﬂ]—module G’ is free with basis [x3, x1] (see [3]), so the result
follows.

For n > 2, consider the canonical epimorphism u, : G - H = G/ncl(x,), where
ncl(xy) is the normal closure of x, in G, so w,(x;) = x;,1 <i <n, uy(x,) = 1. Note
that H is a free metabelian group of rank n — 1. Clearly,

fn () = Ty <j<izn i, ;)P @0a0),
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Hence, by induction, 8;; = 0for 1 < j <i < n — 1. Therefore,
u = [xn, xl]ﬂnl(al ----- an) e [xn’ xn_l]ﬂn,n—l(al ----- an).

For an integer N > 0, consider a homomorphism Ay : G — K = (x3,...,x,) < G such
that Ay (x1) = x5 N An(x;) = x; for 2 <i < n. Clearly, Ay induces the corresponding
endomorphism on G, hence on the ring A and on the A-module G’. We continue to denote
itby An. Note that K is a free metabelian group or rank n — 1.

Ifg = al a,, ,then Ay (g) = aglNHz 5. a,s,". One can choose a large enough N
such that A, is injective on all the monomlals that occur in B,;, j = 1,...,n — 1. This

implies that if B,; # 0, then Ax(B;;) # 0. Now

AN @) = [xn, xé\’]lzv(ﬁnl)[xn’ x2]kn(l3n2) o [ xn_l]AN(ﬁn,n—l).

aN—l

By Lemma 3.5, [x, x)Y] = [x,, x2] ©~T . By induction, we get

N
ay —1

1 AN(:Bi‘ll) = 0» /\n(IBnZ) = 07 e 7AN(,Bn,n—l) = 0.

Hence, 8,1 =0, ..., Bs.n—1 = 0. This proves uniqueness. [ ]

Corollary 3.9. Let X = {x1,..., X} be a basis of G as a free metabelian group. Then
every element g € G can be uniquely presented as the following product, termed the
normal form of g relative to X :

g =XV XU T < <jn[xi, xj]Pi (@100 (3.11)
where y; € L,1 <i <n, Bij(ar....,a;) € Zlay,a7',....a;,a;"].

Our next task is to describe the multiplication in G in terms of normal forms. We need
some notation. Let X = {x1,..., x,} be a finite subset of G, order X as x; < --- < Xy,
and form a tuple x = (x1, ..., x,). Similarly, order the set Cx = {[x;, x;] | 1 < j <
i < n}, say by introducing the lexicographical order on pairs of indices (7, j), and
form a tuple ¢x = ([x2, x1], [x3, x1], ..., [Xn, Xn—1]). Denote by X the concatenation
X-cx = (X1,...,%Xn, [x2, X1], ..., [Xn, Xxn—1]) of x and cx. If X is a basis of G as a
free metabelian group, then X is termed a normal form basis, or a module basis of G, and
its length n + n(n — 1)/2 is denoted by dim(G).

Fory = (y1,...,yn) € Z", put

Y o— VLY
X7 =X X",
and for polynomials

Bijay,...,a;) € Z[al,al_l,...,ai,ai_l],
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where a1 = X1,...,a, = Xp, formatuple 8 = (B2,1,...,Bn,n—1) and put

cf = [x2, x11%20, L [y Xn—g )Pt
IfgeGandg = x”cf , then the tuple 7z(g) = y - B is called the tuple of coordinates
(or X-coordinates) of g with respect to X. We write t3(g) = (t1(g),...,t4(g)), where

d = dim(G). For g, h € G, the multiplication in G completely determines the coordinates
tz(gh) of the product gh in terms of the coordinates 73 (g) and 7z (h). Hence, in this sense,
t;(gh) can be viewed as a function of #z(g) and tz (/). Our next goal is to describe these
functions. .

Denote by &;(z) the function Z — ZG defined by £¢(z) = Zﬁ—:;, £=1,....,n.Let ¥
be the set of all formal expressions obtained from variables V = {zy, z5, ...}, symbols 0
and 1, and functions €1, ..., &, (in the variables from V') by finitely many operations of
addition + and multiplication -. Note that every function &7, and hence every expression
f(z1,...,2zn) € ¥, naturally defines a function f : R” — R in every integral domain R
(we denote the expression and the corresponding function by the same symbol). Since R
is associative, commutative, and unitary, every such function f can be presented in the
form

f:P(Zl»~~-»Zm»sél()’l)w--vgﬁs(ys))a (312)

where p = p(z1,...,Zm,U1,...,Us) is a polynomial with integer coefficients and where
each variable u; is replaced by the function e, (y;) with 1 < ¥¢; <n and y; € V. We are
going to prove now that the coordinate functions #;(gh) are defined by some functions
from ¥ uniformly in the set X = {xq,..., Xy}, thatis, forevery i,1 <i < d, there is a
function f; € ¥ (we may assume f; is in the form (3.12)) such that for every n-element
subset X = {x1,...,x,} € G (n is fixed upfront) if t3(g) and t3(h) are coordinates
of some elements g, 2 € G with respect to X (which may not be a module basis), then
ti(gh) = fi(tz(g), tx(h)). To prove this, we need two technical results.

Lemma 3.10. Suppose that X = {x1,..., Xy} is a set of elements of G. Then for any
yla"'aynaglv“-78n € Z)
xi’l o xr):"xtlgl . .xﬁ" = xi/1+81 . .x}l/’l"'_s”ﬁ,

where )
(“3,[*1)(”j]*1)a5j+1maﬁn
P . — j n
I = <[, x;] 7DD .

Proof. In the product

V1 81 8
xl ...x};nxl ...xn'l7
8 .
we move every x;’ to the left, using the formulas
vi b _ S vip v &
x;'x; = x;'x; [x; . X; 1.
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and also the formulas ]

8; 8; 7

[xi, xs]ij] = x,'] [xi, xs]Qa]

§; .. . .

whene}/er xj’ meets a commutator [x;, xs]Q, 0 € A, on its immediate left. We do it
until x j" reaches x;."’ . When all x j’ moved to the left, the result will be

§ji+1 8
y1+61 Yt T — . 1oV WOiqaltean
xX] s O = I < [x; ,xj]/+1 L

Now the result follows from Lemma 3.5. [

Lemma 3.11. Let X = {x1,..., X} be a set of elements of G and elements g, h € G be
given as products

_ )1 ijai,....a;
g =xy e x) T <j<i<n [, x;]P0 @1
and
) 8 vii(ai,...,a;
h = xll ”"xnnnlfj<l'§n[xisxj] l]( 1 l).
Then
- S, 0n g . . )
gh = X{H—Sl ”.x’)’:n‘f'lgnn i< j<i<nlxi, x;]%0 79 Bij(ar....ai)+vij(@r,...ai) (3.13)

where T1 is defined in Lemma 3.10.

Proof. To prove this, we use the same argument as in Lemma 3.10 and the result itself
from Lemma 3.10. ]

Now we are ready to describe the coordinate functions #1(gh), ..., tz(gh).

Proposition 3.12. Forevery 1 < j <i < n, there is a function f;ij € ¥ (we may assume
fij is in the form (3.12)) such that for any subset X = {x1,...,x,} of G and for any
g, h € G given as products

_ V1 ijar,....a;
g = xl '"XZ"H1§j<i5n[Xi,Xj]’3”( 1 i)

and
81 § vii(ay,...,a;
h=x7{"x, Thi<j<i<nlxi, Xxj] ij (@rseai)

the following equality holds:
gh = xi/H_Sl co X +8n Ti<j<i<n[Xi, xj]ﬁj(t;(g),t;(h))7 (3.14)
where tz(g) and tz(h) are the coordinates of elements g, h € G with respect to the tuple X.

Proof. We take the product g in the form (3.13). The product there that belongs to G’ is
not in the normal form yet. We apply inductively equation (3.7) from Lemma 3.4 to this
product and bring it to the normal form (3.14). [ ]
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Now we are ready to give a description of a basis of G as a free metabelian group.

Theorem 3.13. Aset Z ={z1,...,z,} C G forms a basis of G if and only if every element
g € G has a unique representation as the following product:

g =z} 2l icjcizalzi, 2j]P Gr®),
where Bij(zZ1,...,Z;) € Z[El,fl_l, ... ,Ei,Ei_l].
Proof. Let X = {x1,...,x,} be a basis of G as a free metabelian group. Then a map
X1 —> Z1,...,Xn, —> Z, extends to a bijection

on G. This bijection is a homomorphism since by Proposition 3.12 the multiplication in G
is given by the same functions f; € ¥ in terms of coordinates 7z and f3. ]

The following statement follows from the normal forms of elements in G’.

Proposition 3.14 ([9, Proposition 4.4]). The group G’ has the structure of a free module
over Zlay,ay', az, a5 with the basis

83§
{[xi. ;1% 7 )

foralll <i <j<n,8,...,8 € Z/72

Now we describe briefly the method of Fox derivatives that we use in the sequent.
Let F}, be the free group of rank n with the basis {z1,...,z,}, let 7 : F,, — g. A partial
Fox derivative associated with z; is the linear map D; : Z(F,) — Z(F,) satisfying the
conditions

Di(zi) =1, Di(z))=0, i#]j
and
D;(uv) = Di(u) + uD;(v)

for all u, v € F,. The main identity is D;(w)(z; — 1) 4+ -+ + Dp(w)(zp — 1) = w — 1.
The derivative D; induces a linear map d; : ZG — ZG. We briefly explain the details.
One can compute

Di(u " v ) = A —uwvu YD) + (u —uvu~ v D; (v)

forall u, v € F,. It follows that for 7’ : ZF, — ZG, forall w € F,”, w € ker7’. Hence,
D; induces a linear map d; : ZG — ZG (that we will also call Fox derivative).
From the definition, we have

di(xi) =1, di(x;) =0, i#],
di(uv) = d;(u) + (um)d; (v)
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for all u, v € G. The main identity is dj(w)(ay — 1) + -+ + dp(w)(a, — 1) = wrw — 1,
where w is an arbitrary element of G.

It can be verified that for w € G’ and a € G, d; (w*) = a~'d;(w). Also note that for
w € G’ and u € G, we have

di(wu) = di(w) + d; (u).
If
a=awoa;+ - +arax € ZG
witho; € Z,a; € G, we denote by

-1 -1
Qiny = 1a1 ~ + -+ ogag .

Then
di(w*) = ainyd; (w).

Foru e G,a € Z,

uO{

di(u®) =

_11 d; (u).

u —
3.3. Z is absolutely interpretable in G

Let A and B be abelian groups, and let f : A x A — B be a bilinear map between them.
We associate with such f a two-sorted structure (A, B; f) (here A and B are groups,
and f is the predicate for the graph of f). The map f is said to be non-degenerate if
fora € A f(a, A) = 0 if and only if @ = 0, and similarly, f(A,a) = 0 implies a = 0.
The map f is called full if B is generated by f(A, A). An associative commutative unitary
ring R is a ring of scalars of f if there exist faithful actions of R on 4 and B, which turn A
and B into R-modules and such that f is R-bilinear with respect to these actions. There
is a canonical embedding of R into End(A). R is termed the largest ring of scalars of f if
for any other ring of scalars R’ of f, one has R’ < R when viewed as subrings of End(A).
If f is full and non-degenerate, then the maximal ring of scalars of f exists, and it is
unique [16]; we denote it by R( f). Moreover, it was shown in [16] thatif f : Ax A — B
is a full non-degenerate bilinear map between finitely generated abelian groups A and B,
then the largest ring of scalars R(f) of f and its actions on A and B are absolutely
interpretable in the structure (A, B; f). Here, the actions of R(f) on A and on B are
absolutely interpretable in (A, B; f) if the two-sorted structures (A, R(f); sa(x, y, z))
and (B, R(f);sp(x,y,z)), where A, B are groups, R(f) is a ring, and s4(x, y, z) and
sp(x, y, z) are predicates that define the scalar multiplications of R(f) on A and B,
respectively, are absolutely interpretable in (A4, B; f). We use these facts to describe an
absolute interpretation of Z in G.

Note that every verbal subgroup of G has finite verbal width [20], hence it is absolutely
definable in G (see, e.g., [6]). It follows that all the terms of the lower central series of G,
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in particular, the commutant G’ and G3 = [G, G'], are absolutely definable in G. Hence,
the free nilpotent group G/ G3 is absolutely interpretable in G, as well as the bilinear map

f6:G/G' xG/G — G'/Gs, (3.15)

the commutation in G/Gs, defined by (xG’, yG') +— [x, y]. The map fg is non-
degenerate and full, while the abelian groups G/G’ and G’/Gj3 are finitely generated,
hence by the result mentioned above, there is a largest ring of scalars R( fg) of fg, such
that R( fg), and its actions on G/ G’ and G’/ G35 are absolutely definable in the structure
(G/G’,G'/G3; fg), hence in G. To get an absolute interpretation of Z in G, it suffices to
note that, as was shown in [6] and earlier by other means in [19], R( fg) =~ Z. Thus, Z and
its actions on G/G’ and G’/ G35 are absolutely interpretable in G. We denote this inter-
pretation of Z in G by Z*. We remark that this interpretation of Z in G is never injective,
because the interpretation of the group G/G3 in G is based on a non-trivial equivalence
relation mod G3 in G. We will describe in Section 3.5 another, not absolute but regular,
interpretation of Z in G which is injective.

Now, we may use in our formulas expressions of the type y = x™ mod G’ for
x,y € G\ G, as well as p™ = gmod G3 for p,q € G’, and m € Z, viewing them as
notation for the corresponding formulas of group theory language which come from the
interpretations of Z* and its actions on G/G’ and G’/ G3. More precisely, the interpre-
tation Z* is given by a definable in G subset U* C G* together with a definable in G
equivalence relation ~ on U* and formulas ¥ (¥, ¥, Z), ¥o(X, ¥, Z) with k-tuples of
variables X, y, z, which define binary operations on the factor-set U*/ ~ (denoted by +
and o), and the structure (U*/ ~; +, o) is a ring that is isomorphic to Z. For m € Z, by
m* we denote the image of m in Z* under the isomorphism Z — Z*. Furthermore, as
we mentioned, the exponentiation by Z* on G/G’ and on G’/ Gj is also O-interpretable,
which means that there are formulas in the group language, say expnil, (1, v, X) and
expnil, (u, v, X), such that for g, 4 € G and m € Z, one has g = h(mod G’) if and
only if expnil, (g, #, m*) holds in G and also for elements p,q € G’ p™ = g(mod G3) if
and only if expnil, (p, ¢, m*) holds in G.

3.4. Interpretation of Z-exponentiation in G

Now, in the notation above, we construct a formula exp(u, v, X) of the group language,
where X is a k-tuple of variables, such that for g, 7 € G and m € Z, the following holds:

g =h" < G E exp(g, h,m").

To construct the formula exp(u, v, X), we consider two cases, for each of them build the
corresponding formula exp; (¥, v, X), and then use them to build exp(u, v, X).

Case 1. Let g € G \ G'. In Section 3.3, we described a formula expnil, (u, v, X) of group
language such that for g, 2 € G and m € Z, one has

g" = h(mod G') <= G [ expnil, (g, h,m").
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Now put
exp; (u,v,X) = (Ju,v] = 1 Aexpnil, (u, v, X)).

Then the formula exp, (g, #, m*) holds in G on elements g, h € G and m* € Z* if and
only if 7 = g™ (mod G') and € Cg(g). Since the centralizer Cg(g) is cyclic, there is
only one such /, and in this case, h = g™.

Case 2. Let 1 # g € G'. Then as was shown in Section 3.1, for any w € G \ G’ and every
m € Z, there exists ¢ € G’ such that the following equality holds:

(wg)" = w"g"[c,w]. (3.16)
Consider the following condition on elements g, h € G',m € Z:
Ca(g,h,m) =Yww € G\ G — Jc(c € G' A ((wg)" = w™h[c,w]))). (3.17)

Equation (3.16) shows that # = g™ satisfies C»(g, h, m). We claim that h = g™ is the
only element in G’ that satisfies C>(g, &, m) in G. Indeed, suppose C»(g, 2, m) holds in G
for some i € G’. Then for any w € G \ G’, there exists ¢; € G’ such that

(wg)™ = w™hley, w].
Then w™ g™ [c, w] = w™h[c1, w], so
h_lg'” = [c,w][cl,w]_1 = [c,w][cl_l,w] = [ccl_l,w].

Now by Lemma 3.2, one gets h7~1g™ =1, so h = g™, as claimed. To finish the proof,
it suffices to show that the condition C,(g, &, m) can be defined by some formula
exp, (u, v, X) of group theory in G. Note that in C»(g, h, m), the elements w and wg
are in G \ G’, hence we can use the formula exp, (u, v, X) to write down the equality
(wg)™ = w™uh[c, w], and then the whole formula exp, (u, v, X).

Finally, the formula

exp(u,v,X) = (u ¢ G' — exp;(u, v, X)) A (u € G' — exp,(u, v, X))

defines Z-exponentiation on the whole group G.

3.5. Regular injective interpretation of Z in G

Let exp(u, v, X) be the formula from Section 3.4. Then for every g # 1, formula
exp(g, v, X) from Section 3.4 defines a bijection A, : Z* — (g) defined by m — g™,
m € Z*. This bijection allows one to transfer the operations of addition + and multipli-
cation o in the ring Z* defined in G by the formulas ¥4 (X, ¥, z) and ¥ (X, y,Z) (see
Section 3.3) from the set Z* to the set (g). The resulting definable operations +, and o,
give an interpretation Zy = ((g); +¢,0g) of the ring Z on the cyclic subgroup (g) in G
with the coordinate map defined by ug : g™ — m. This interpretation is uniform in g,
that is, it has the same formulas for every 1 # g € G; therefore, since the condition g # 1
is definable in G, the interpretations Z} give a regular interpretation of Z in G, which is
injective by construction.
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—17 ¢
L oeeesln,ay lin G

3.6. Absolute and regular interpretations of Z[a;, a

We proved above that the ring Z is absolutely interpretable in G as Z* (Section 3.3)
and also it is regularly injectively interpretable in G via the interpretations Z%, 1 #
g € G (Section 3.5). By transitivity of interpretations to show that the ring R =
Zlai,ay', ..., am,a;'] is absolutely (or regularly injectively) interpretable in G, it suf-
fices to show that R is absolutely interpretable in Z and then compose this interpretation
with the interpretations Z* and Zj .

To see that R is absolutely interpretable in Z, note that R is computable (since the word
problem in R is decidable), hence there exists a computable injective function v : R — N
such that the set v(R) is computable in N and the images under the map v of the ring
operations of the ring R are computable in N, that is, the following operations on v(R)
(here Q; € R,i = 1,2,3) are computable in N:

3

ki1 ®ky, =k; <— /\(k,
i=1
3

ki ©ky =ks <= J\ (ki

i=1

v(0:i) A(Q1+ Q2 = Q3),

v(Qi) A (Q1- Q2 = 0Q3).

This is a general fact on computable algebraic structures. Nevertheless, it is conve-
nient to give a sketch of a particular such enumeration v : R — N. Every polynomial
P € Zlay,...,a] can be uniquely presented as an integer linear combination of pairwise
distinct monomials on commuting variables ay, . .., dy:

®in

P = i pia -eea,
where 0 # y; € Z and «; € N. Hence, the polynomial P is uniquely presented by a tuple

u = ()/lsallv---7a1n,~--»Vd»ad1,---,Oldn)~ (318)

If O € R, then Q can be uniquely presented in the form Q = _% for some P €
Y 3 1€

Zlay, ....ay,) and some monomial a# = a’;}1 ---a,/f",,B,- € N, such that ged(P,a?) = 1.

It follows that O can be uniquely presented by a pair of tuples (ug, vo), where ug =

u,vo = B. Fix an arbitrary computable bijection
T U 7' - N
ieN
which enumerates all finite tuples of integers. Then Q is uniquely presented by the pair

(t(ug), t(vg)) € N2, and the set of all such pairs is a computable subset of N2. For a
fixed computable bijection 7, : N2 — N, put

v(Q) = na((r(ug). 7(vg))).

By construction, the subset v(R) is computable in N, and given a number k € v(R), one
can algorithmically find the corresponding Laurent polynomial Q such that k = v(Q).
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Then it is easy to see that the operations @ and © on v(R) are computable in N. To fin-
ish the proof, it suffices to note that all the computable operations or predicates on N are
definable in N, and N is definable in Z (every non-negative integer is a sum of squares
of four integers). This shows that R is absolutely interpretable in Z. Hence, it is abso-
lutely interpretable in G via Z* and we denote this interpretation by R*. For Q € R by
v*(Q) € R*, we denote the image of v(Q) under the isomorphism Z — Z*. Similarly, R
is regularly injectively interpretable in G via the interpretations Z%, g # 1, which we
denote by Ry. The image of v(Q) in Ry under the isomorphism Z — Zj; we denote
by vz (Q). Finally, we need to mention the coordinate maps of these interpretations. Let
a = (ai,...,an) be an arbitrary fixed basis of G, then the map uz : R* — R that maps
v¥(Q) € R* - Q € Zlay,ay',...,an,a;'] is the coordinate map for the interpretation
R*, and the map puz : R} — R that maps v}(Q) € Ry — Q € Zlay,ay',... an,a;"
is the coordinate map of Ry.

3.7. Interpretation of ZG -module G’ in G

In this section, for a fixed basis @ = (a1, ..., a,) of G, we interpret in G the action of
the ring R = Z[ay,ay', ..., an,a,'] on G’. More precisely, we describe an interpreta-
tion of the R-module G’ (viewed as a two-sorted structure G = (G', R;s) where G’
is an abelian group, R is a ring, and s is the predicate for scalar multiplication or R
on G', see Section 3.3) in G with parameters @. In fact, we interpret G}e in G as
(GR)* = (G', R*;s*), where R* is the interpretation of R in G from Section 3.6, and
s™* is the predicate for the action of R* on G'. We need parameters a to interpret s*. This
interpretation is uniform in a (the same formulas work for other bases b of G). A similar
argument gives an injective interpretation of the module G% in G as (G’, R%:;s*)in G
with parameters a and g.

To interpret the module G, = (G’, R;s) in G for a given basis a of G, we interpret
the subgroup G’ as G’ (which is a definable subgroup of G) and the ring R by R*, so it
suffices to show how to interpret the predicate s in G. We need two preliminary results.

For a tuple & = (v, ..., a,) € Z™, m < n, denote by Az the homomorphism
Az : Zlay,...,an] = Zlam+1, .. .,as] such that a; — «;,i = 1,...,m. The kernel I
of Ag is the ideal generated in Z[ay, ...,a,] by {a1 — o1, ..., am — o }. Notice that for

every polynomial P = P(ay,...,am) € Zlay,...,ay],one has Az(P) = P(ay,...,0n),
)
P(ay,....am) = P(ay,...,0m) + 27 (a; — ;) fi,

for some f; € Zlay,...,ay].

Let A and B be rings and A a set of homomorphisms from A into B. Recall that 4 is
discriminated into B by a set A if for any finite subset A9 C A, there is a homomorphism
A € A which is injective on Ay.

The following result is known, but we need the proof itself.
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Claim 3.15. The ring Zla1, . . ., ay] is discriminated into Z by the set of homomorphisms
Ag|laeZ™}.

Proof. Since Zlay, ..., ay] is an integral domain it suffices to show A separates
Zlay,...,an]into Z, that s, for every non-zero polynomial Q € Z[a;, ..., a,], there exists
A € A suchthat A(Q) # 0. Indeed, let Ag = {Py,..., P;} with P; # Pjfor1 < j <i <t.
Put Q;j = P; — Pjand Q = 1< <</ Qi;. Then Q # 0. If for some A € A A(Q) # 0,
then A is injective on Ag.

Now we prove by induction on n that A separates Z[ay,...,a,] into Z.If P € Z[a4],
then A4, for each sufficiently large «q separates P into Z. If P € Z[ay, ..., a,], then for
some m € N

P = Q0ma? 4+ Qm_1al ' + -+ Q1an + Qo,

where Q; € Zlay, ...,an—1] and Q,, # 0. By induction, there is ,3_ = (B1,...,Bn-1) €
7™~ such that the homomorphism A g discriminates Q,, into Z. Then

A5(Om)al + Ag(Qmon)ay ™" + -+ 25(Q1)an + A5(Q0)

is a non-zero polynomial in Z[a,]. Now one can separate this polynomial into Z by
sending a, to a large enough integer «,,, as above. This proves the claim. ]

For @ = (a1, ..., am,) € Z™, denote by (G')!@ the submodule of the module G’
obtained from G’ by the action of the ideal Iz. The group (G’)’@ is an abelian subgroup
of G generated by the set {g€ | g € G', O € Iz}, hence by the set {g% % | g € G',i =
1,...,m}.

Claim 3.16. For any basis (a1, ...,a,) of G and any tuple (a1, ..., 0y) € Z™, the sub-
group (G")l& < G’ is definable in G uniformly in (ay, ..., ay) and (o1, . .., oy,). More
precisely, let Z* be O-interpretation of Z in G from Section 3.3. Then there is a formula
0V, Y1,++sVnsZ15- -+, Zm) Of group theory such that for any basis (a1, . ..,a,) of G and
any tuple (kv,. .. k) € (Z*)", the formula o(y, x1, ..., Xn. k1. ..., km) definesin G the
subgroup (G')'@, where a; = kieZ*i=1,....m.

Indeed, the abelian group (G')%@ is generated by the set {g% % | ge G',i =1,...,m}.
It follows that every element u € (G’)’@ can be presented as a product

u = g?l_al e granm_am ’
for some g1,...,gm € G, or, equivalently, in the form
u = g?lgl_al ...g";mgr;am’ (3.19)

where g;* is a conjugation of g; by a;, and g, % is the standard exponentiation of g; by

the integer —oj, i = 1,...,m. It_ was shown that there exists a fo_rmula exp,(u, v, z) such
that for any g,h € G’ and @ = k € Z*, the formula exp,(g, &, k) holds in G if and only
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if g = h*. Using formula exp, (1, v, z) and definability of the commutant G’ in G (see
Section 3.3), one can write down condition (3.19) by a group theory formula uniformly in
(ai,...,ay) and (aq, ..., 0n), as claimed.

Lemma 3.17 ([9, Lemma 4.24]). Let g, h € G' and P € Zlay, ..., a;,], m < n. Then
g¥ = h ifand only if the following condition holds:

Yai,...,om € Z(gP@%m = hmod(G")'). (3.20)
Corollary 3.18. Let g, h € G’ and
0= P(al,...,a,,,)(alf1 ---af,{")_1 € Z[al,al_l,...,an,a;l].

Then g€ = h if and only if
km

Iy = my P@) _ NG allcluu,,, _ ING
1f e G'VYaeZ"(g = fmod(G')'®) A (h = f mod(G")'¥).

Lemma 3.19. The following are true in G:

(1) There is a formula E(x, y,u, v) of group language such that for any basis a of G
forany g,h € G' and any Q € Zla,, ..., an], one has

G E E(g, h,v*(0).a) < g% =h.

(2) There is a formula D(x, y,u, v, z) of group language such that for any basis a
of G, forany 1 # f € G, forany g,h € G', and any Q € Zlay,...,an], one has

G k= D(g.h,vj(Q).a, ) <= g2 = h.

Proof. We prove (1); the argument for (2) is similar. In view of Lemma 3.17 and Corol-
lary 3.18, it suffices to show that condition (3.20) can be written by a formula of group
language. By Claim 3.16, the subgroup (G')’@ < G’ is definable in G uniformly in
a=(ay,...,ap) and @ = (a1, ..., o), hence the relation u = v mod(G’)Ia is defin-
able in G uniformly in @ and &. In Section 3.4, we showed that the exponentiation in G
by elements from Z* is definable in G by the formula exp(u, v, X). To finish the proof, it

suffices to show that there is a formula M (u, u, ..., U,, w) of group language such that
forany P € Z[al,al_l, .. ,am,a;,l], ay,...,0y € Z,and B € Z, one has

GE MO*(P),af,...,a,,B%) < P(af,...,a,) = B". (3.21)
Note that given v*(P), o}, ..., a,,, one can compute in Z* the value P(oj, ..., ap,).

Indeed, from v*(P), one can recover by formulas in Z* the tuple

* * * * * * *
U = (Y0 e Uy Vg Oy e, O )

from (3.18) in Section 3.6 that describes in Z* the polynomial P (since Z* ~ Z, one

can use the same formulas that recover P from v in Z). Having u* and «f, ..., oy,
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one can compute in Z* the number P (a7, ..., ;). Since every computable predicate in
Z* is definable in Z*, there exists a formula in the ring language that defines the predi-
cate P(ay,...,0p) = f* in Z*. But Z* is absolutely interpretable in G, hence there is
the required formula M (u, uy, ..., u,, w) of group language which satisfies (3.21). This
proves (1). [

Proposition 3.20. Let a be a basis of G. Then the following are true:

(1) The module G% = (G', R; s) is interpretable in G with parameters a as
(G, R*;5™), where R* is the interpretation of R in G from Section 3.6, and s* is
the predicate for the action of R* on G’ defined by the formula E(x, y,u,v) from
Lemma 3.19. This interpretation is uniform in bases a.

(2) The module Gy = (G', R;s) is injectively interpretable in G with parameters a
and 1 # g € G as (G', Ry; s™), where R is the interpretation of R in G from
Section 3.6, and s* is the predicate for the action of R* on G’ defined by the for-
mula D(x, y,u,v, z) from Lemma 3.19. This interpretation is uniform in bases a
and1 # g € G.

Proof. As we mentioned above, G’ is absolutely definable in G, the ring R is interpretable
in G via interpretations R* and Ry, where g € G, g # 1. By Lemma 3.19, the predi-
cates s* from (G’, R*;s*) and (G’, R;; s*) are definable in G by formulas E(x, y, i, V)
and D(x, y,u, v, z) with parameters @ and @, g uniformly in these parameters. This proves
the theorem. ]

3.8. Regular bi-interpretability of Z and G

Theorem 3.21. The following hold in G:
(1) The set of all free bases x = (x1,...,Xxn) of G is absolutely definable in G.

(2) There is a formula F(u,w, v, y,z), where v and y are tuples of variables of
length n, and 7 is a tuple of variables of length n(n — 1)/2 such that for any
heG,anygeG,g #1, any basis x = (x1,...,xn) of G, any tuple y € 7", and
any tuple B = (B21. ..., Bnn—1), where B; j € Zlay,a7",....a;,a7'], a; = X,
the following equivalence holds:

GEF(h.g.x.y . v(f)*) < h=x"ch,
that is, tz(h) =y - B (see Section 3.2). Here m — m* is the isomorphism Z. — L.

Proof. It follows from Theorem 3.13 and interpretation of Z-exponentiation on G
(Section 3.4) and interpretation of Z(G)-exponentiation on G’ (Section 3.7). ]

Proposition 3.22. The group G is absolutely and injectively interpretable in 7.
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Proof. Fix abasis X = (x1,...,X,) in G. Then any element g € G can be written in the
canonical form (relative to Xx)

g =X} XY i< j i <nlxy, x;]P0 (@10, (3.22)
where a; = x;G’ € G/G’, Bij(ai,....a;) € Zlay, a7, ... ai.a;']. Hence, g can be
uniquely represented by a tuple of integers

1(g) =1 ¥nv(B21)s -, V(Brn—1)). (3.23)

which are the coordinates of g in the normal form relative to the basis X (here v(f;;) is
the code of the polynomial 8;; under the computable bijection v from Section 3.6).

The set Sg = {t(g) | g € G} is clearly definable in Z"+t"=D/2 Fora tuple 5 € Sg,
denote by ux(5) the unique element g € G with coordinates 7(g) with respect to x. This
gives a bijection i : S¢g — G.

Observe that the multiplication and inversion in G (as operations on the canonical
forms of elements) are computable, since the word problem in G is decidable. It follows
that the multiplication and inversion in G when elements g of G are given through their
codes vg(g) are computable in N; therefore, their graphs are computably enumerable,
and hence definable in arithmetic N, as well as in Z. This gives an interpretation I' of G
in Z, G ~ I'(Z), with the coordinate map 5. [

Theorem 3.23. Every free metabelian group G of finite rank > 2 is regularly strongly and
injectively bi-interpretable with Z.

Proof. By Proposition 3.22, G is absolutely and injectively interpretable in Z by some
code I, that is, G >~ I'(Z), and with the coordinate map uy : I'(Z) — G, which depends
on a choice of a basis x of G. On the other hand, Z is injectively and regularly inter-
pretable as Z = ((g); +¢,og), with a parameter ¢ € G, g # 1 and the coordinate map
Mg+ 8™ — m (see Section 3.5). This gives a regular injective interpretation Z >~ A(G, g).
It follows that G ~ T" o A(G, g) and the coordinate map I' o A(G, g) — G is precisely the
map defined by the formula F'(u, g, x, ¥,Z), where g € G, g # 1, x is a tuple of param-
eters (a basis of G) that occur in the formula F(u, w, v, ¥,Z) from Theorem 3.21 when g
is substituted for w and x is substituted for variables v. However, the parameters x are not
part of the interpretation Z ~ A(G, g); to fix this, we add x to the set of parameters in A,
sonow Z ~ A(G, g, x). Note that the parameters x do not occur in any formulas in A (this
is allowed). By Theorem 3.21, the set of all bases of G is absolutely definable in G, so
the interpretation Z ~ A(G, g, x) is regular and injective, and the formula F(u, g, x,y,Z)
defines the coordinate map I' o A(G, g) — G for parameters g, x. In the other direction,
we have Z ~ T" o A(Z), and the corresponding coordinate map I" o A(Z) — Z is defined
by (g*)™ — m, where g* is the image of g under the isomorphism ;! : G — I'(Z). The
parameter g* is part of the interpretation Z, >~ A(I'(Z), g*). Since I'(Z) is computable,
the function (g*)™ — m is computable in Z, hence definable in Z with parameter g*.
This proves the theorem. ]
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Corollary 3.24. Every free metabelian group of finite rank > 2 has uniform elimination
of imaginaries with parameters.

4. Groups elementarily equivalent to a free metabelian group

In this section, we will describe groups elementarily equivalent to a free metabelian
group G of rank n > 2 with basis x1,..., Xj.

Since G is regularly bi-interpretable with Z, we can use Theorem 2.7 with G = A and
Z = B. Then in the notation above, G = I'(Z) and Z = A(G, g). If H = G, then the
same formulas give the interpretation H = F(Z), where Z = 7. We call N , a structure
elementarily equivalent to N, a model of arithmetic. Notice that N and Z are absolutely
bi-interpretable. A ring 7 (resp. N) is called a non-standard model if it is not isomorphic
to Z (resp. N) (see [8, 12]).

First, we notice that H is a so-called exponential group with exponents in 7. Let us
recall the four axioms of exponential groups from [17]. Let A be an arbitrary associa-
tive ring with identity and I a group. Fix an action of the ring A on T, that is, a map
I' x A — T'. The result of the action of « € A on g € I is written as g*. Consider the
following axioms:

) gl=gg=1L1*=1

2) goTF =g gP g = (g*)P.
(3) (h'gh)* = h~'g%h.

@ [g.h] =1= (gh)* = g%h“.

Definition 4.1. Groups with A-actions satisfying axioms (1)—(4) are called A-exponential
groups.

These axioms can be written by first-order formulas in G and H. This implies the
following lemma.

Lemma 4.2. The group H is Z -exponential group.

Our main goal now is to describe the structure of H. We know that G can be repre-
sented as a pair ZG and a module G’Z a with the action of ZG on G’Z G interpretable in G
by Section 3.7.

We have G —r Z —a G, where the interpretation I'(Z) is via normal forms;

therefore, H —r Z —a H. The element g = xI e xy"u € G, where

ii(@y,....ai
U = Ti<jziznl;, x; ]P0 @000,

where Bij (a1, ...,a;) € Zlay,ay',. .. ,ai,a; '] < ZG is interpreted as a tuple of elements
inZ,g — (Vi,..-,¥n. P11, ..., Bn—1,n), where B;; are tuples.
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For H, instead of ZG we will have a non-standard Laurent polynomial ring 7ZG NS
described in [12]. This is a ring elementarily equivalent to ZG. More precisely, regu-
lar bi-interpretation of G with Z induces the regular bi-interpretation of ZG with Z,
7ZG = T'y(Z). Then Z(_;NS = FI(Z). The same formula as in the standard case says
that for h € H,

h = x?l coxPiy, u = Tl jien g, x; ]P0 @0000), “4.1)

where y; € Z, Bij(ai,...,a;) € ZGys. Itis interpreted as a non-standard tuple of tuples
of elements in Z:

g — (371',--~,77n,ﬁ_11»~--7/§n—1,n)~

There is a formula connecting Play,...,a,] € ZGNS and its evaluation Playq,...,a,],
where ay, ..., q, € 7. Lemma 3.17 gives the interpretation of the action of the standard
Laurent polynomial ring ZG on G’ and, therefore, the interpretation of the action of the
non-standard Laurent polynomial ring ZGns on H', where H' is the ZGys module
generated by {[x;, x;]}.

Lemma 3.5 implies the following.

Lemma 4.3. Forany x,z € H and §,y € Z,

(27, x8] = [z, x](zfy%ll)(?:ll)

-1y @-» 57
where = & € Z.GNs.

Denote by a; the image of x; € H in Z(_}NS.

Theorem 4.4. If H is a group elementarily equivalent to G, then H has the following
structure:

(1) Elements h € H have the normal form
h = xfl cooxIiu,u = Tl jai<n [, x; )P @),

where 7,' (S Z, ,3,']' (al, - ,ai) € ZéNs.
(2) H'is a module over ZG s with generators {[x;, x;j]}.

(3) Multiplication in H is defined as follows. If g, h € H are given by their normal

forms B

g§ = xi’l "‘XZ"H1§j<i5n[xi,xj]ﬂij(al’""ai)
and ~ 5

h = x‘fl ---xﬁ"H15j<i5n[xi,xj]”"f(“‘ """ @)
then

gh = x?1+51 . xZn-i-Sn I <j<i<nlXi, xj]fij(t(g),l‘(h)), (4.2)
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where f;j € ¥ are non-standard functions corresponding to functions from Propo-
sition 3.12, and t(g) and t (h) are coordinates in ZGygs of elements g, h € H in
the base x - y.

Proof. The functions &¢(z) and all functions in ¥ are defined in the ring ZGys by the
same formulas as in ZG. ]

Lemmad.5. Ifx,y € H— H’ and b is the image of y in ZGNS, then we have the formula
for the §-commutator
y T wy)? = ey @D,

where f(a,b) is a non-standard polynomial such that

@ -1  1-b°
(@=Dfla.b)= "=+ 51

=b" '@ =) + 52 @ 2 =) -+ ba— D).

Proof. We can write that y8x~%(xy)? is in the module generated by the commutator
[x, y], and we wish to see what is the non-standard polynomial f(a, b).
We have [x, y S x 73 (xy)?] = [x, ]/ @D @D At the same time,

L, y 7878 (ep)®] = [, (xp) ] Lx, y 8 x0) @’

(@b)b—1) _
= [roxy] @0 [, y e

(a5b5—1)+(1—b5)
=[x,y] @D T &0

Polynomial

@b —1) N (1—0b%

_ g 8—-1,,86—1 _ §—2,.8-2 —
@1 (b—l)_b (a )+ b2 D+ +ba-1

is divisible by (@ — 1) in the standard ring of Laurent polynomials; therefore, it is divisible
by (¢ — 1) in the non-standard ring. Since the rings are integral domains, f(a, b) is the
result of this division. ]

5. A-metabelian groups

The question about varieties of exponential groups was discussed in [1]. Let " be an
arbitrary exponential group with exponents in A. We set

(F, F)A = ((g, h)a = h_“g_"‘(gh)"‘,g,h € F,Ol € A)A.

The A-subgroup (I', I')4 is called the A-commutant of the group I'. By [1], a free
abelian A-group with base X is a free A-module and is A-isomorphic to the factor-
group of the free A-group with base X by its A-commutant. The A-commutant is called
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the first A-commutant and denoted by I'">4)_ The A-commutant of I'"4) s the sec-
ond A-commutant T'?4)_ Then T is called in [1] n-step A-solvable group if D4 = 1.
Clearly, n-step A-solvable group is n-solvable A-group. If '?4) = 1, we call T an A-
metabelian group. Notice that H that is elementarily equivalent to a free metabelian group
is Z-metabelian because a-commutators belong to H' and commute in H .

A discretely ordered ring is an ordered ring in which there is no element between 0
and 1. Let A be a discretely ordered ring and K be a multiplicative A-module with gen-
erators day, ..., a,. Consider a group algebra A(K) Let R be the A algebra generated
by A(K) and for all positive § € A, by series ( _1) = Yp<q<sa®, and Xo<y<sb*2
where a,b € K.

We define an A-metabelian exponential group M with generators xq, ..., X, by the
following axioms:

al’

(1) M is an A-metabelian group.
(2) The A-commutant M’ is an R-module.

@-1
(3) Forany z,x € M and § € A, [z,x%] = [z, x] @D |
(4) Forany x,y € M and § € A, y 3x % (xy)? =[x, y]/ @D where

fla,b) =[@®b® —1)/(@ab-1)+ (1 =5b%/(b—-1)]/(1 —a) € R.

Let now M be a free group with generators x1, . . ., X, in the category of A-metabelian
exponential groups.

Lemma 5.1. The group M' is an R-module generated by elements [x;, x;j]. If u belongs
to M, then it can be uniquely written as

u = H1§j<i§n[xivxj]ﬂij(al ..... ai)
where Bij(ay,....a;) € R.

Proof. Consider a §-commutator y 4 x =% (xy)%. We have, using identities (1) and (2),

—§,.—6 ) ) —§ . —871(ab)®
[e, y 2% 0 (x)°] =[x, (x9)°1lx, y P x 0@
(@)1 e 8N\
= [x,xy] @D [x, y0J@»
@pd-1) L a=bh —b8)
=[x, y] “@h-n - 1)
Every commutator can be represented as [xlfg Oy oo xg,)%, x;‘l‘, ,xzc" ]. We can
assume that i > j; > j, -+ > ji, otherwise use the Jacobi identity. If i is greater
than or equal to all iy, ..., i, then the representation from Lemma 4.3 gives elements

[xi, xi ---xi,]f(“"l """ @i:) | Bringing the commutator [x;, Xi, -+ Xi,] to normal form and
acting by f(a;,,...,a;,) gives elements in normal form.
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Suppose now some of iy, ..., i, is greater than 7. Consider a general example

s ((aza3)®-1)
[x1, (x2x3)°] = [x1, (x2x3)] @2937D

= [r1. x223]° To<qes[X1. X2x3, (X2x3)%]

o
= 1, x2x3)° To<ges [¥1, X2X3, X31%2 To<q<s[X1, X223, x5]
a%(a%—l)
= [r1. x2x3)° [, xpx3, 03] PO e

5 (@§-1)
<[x1, x2x3, xp] 0=t @D

Using the Jacobi identity, we rewrite [x1, X2X3, X3] = [x3, X2x3]%1 " [x3, x1]7%2%3. This
finally gives a representation of the commutator [xq, (x,x3)?] in the normal form. A
general case can be treated similarly.

To prove uniqueness of normal forms, we need the analogue of Fox derivatives from
A(M) to R. We define a partial Fox derivative as a linear mapping d; : A(M) — R
satisfying the properties of d; from Section 3.1 and

di(g%) = %di(g) = di(g)Toza<s8” (6.D
A consequence of these is an equality:
Dg_‘S = —g_‘ngs.
One can also compute for f(a,b) € R

di ([x, y17@) = f(a,b)wdi ([x. y]). (5.2)

The uniqueness of the normal form can be proved by using Fox derivatives and the
homomorphisms ¢, where / € {1,....n} and x;¢; = x; ifi € [ and x;¢; = 1ifi & [
(as it is done in [13] for normal forms in a free metabelian group). For example, we
have ueg 5y = [x2, x1]#12@@122) “hence B1,(az.ay) is defined uniquely. Multiply u by
[x2, x1]7P21(@1:42) (o get v/,

Then u/8{1,2’3} = [x3, xl]ﬂ31(d1>az,as)[x37 x2]f332(tl1,az,tl3)_

Then dy(u'e(1,2,3)) = B31gnv) (@1, a2, a3)(az — Daylaz?!,

da(W'e(1,2,3)) = Bazgmy (a1, a2, a3)(az — Day'az’.

This allows us to compute uniquely 831 (a1, a2, a3) and B32(a1, az, as), respectively,
and so on. ]

Theorem 5.2. If H = G, where G is a free metabelian group, then H contains a free
Z-metabelian exponential group as a subgroup.
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Proof. We know that H is Z-exponential group for some Z=7.And H isaZG NS-
module. Let M be a free Z-metabelian exponential group defined above. Then normal
forms of elements in M are exactly normal forms (4.1) of elements in H ; therefore, M is
a subgroup of H. [ ]
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