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Abstract. We study a particle system naturally associated to the 2-dimensional Keller—Segel equa-
tion. It consists of N Brownian particles in the plane, interacting through a binary attraction in
0/(Nr), where r stands for the distance between two particles. When the intensity 6 of this attrac-
tion is greater than 2, this particle system explodes in finite time. We assume that N > 36 and study
in detail what happens near explosion. There are two slightly different scenarios, depending on the
values of N and 8, here is one: at explosion, a cluster consisting of precisely k¢ particles emerges,
for some deterministic kg > 7 depending on N and 6. Just before explosion, there are infinitely
many (ko — 1)-ary collisions. There are also infinitely many (ko — 2)-ary collisions before each
(ko — 1)-ary collision. And there are infinitely many binary collisions before each (ko — 2)-ary
collision. Finally, collisions of subsets of 3, ..., kg — 3 particles never occur. The other scenario is
similar except that there are no (ko — 2)-ary collisions.

Keywords: Keller-Segel equation, stochastic particle systems, Bessel processes, collisions.

1. Introduction and main results

1.1. Informal definition of the model

We consider some scalar parameter 8 > 0 and a number N > 2 of particles with positions
X, =X} ..., XtN) € (R?)N at time ¢ > 0. Informally, we assume that the dynamics of
these particles are given by the system of SDEs

. .0
dX; = dB; — >
J#i

i J
ﬁdt, i €[1,N], (1)
IXx; — X712
where the 2-dimensional Brownian motions ((Bf )r>0)ie[1,n] are independent. In other
words, we have N Brownian particles in the plane interacting through a (Coulombian)
attraction in 1/r, where r stands for the distance between two particles. Actually, this
SDE does not clearly make sense, due to the singularity of the drift, and we will use,
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as suggested by Cattiaux—Pédeches [4], the theory of Dirichlet spaces (see Fukushima—
Oshima-Takeda [11]).

1.2. Brief motivation and informal presentation of the main results

This particle system is very natural from the physical point of view, because, as we will see,
there is a tight competition between the Brownian excitation and the Coulombian attrac-
tion. It can also be seen as an approximation of the famous Keller—Segel equation [16];
see also Patlak [20]. This nonlinear PDE has been introduced to model the collective
motion of cells, which are attracted by a chemical substance that they emit. It is well-
known that a phase transition occurs: if the intensity of the attraction is small, then there
exist global solutions, while if the attraction is large, the solution explodes in finite time.

We will show that this phase transition already occurs at the level of the particle
system (1): there exist global (very weak) solutions if 6 € (0, 2) (subcritical case, see Pro-
position 3 below), but solutions must explode in finite time if 8 > 2 (supercritical case).

To our knowledge, the supercritical case has not been studied in detail, and we aim to
describe precisely the explosion phenomenon. Informally, we will show the following (see
Theorem 5 below). We assume that § > 2 and N > 36, and we setkg = [2N/0] € [7, N].
There exists a (very weak) solution (X;)efo,¢) to (1), with { < oo a.s. and such that
X¢— = lim,_¢_ X, exists. Moreover, there is a cluster containing precisely ko particles
in the configuration X;_, and no cluster containing strictly more particles. Such a cluster
containing k¢ particles is inseparable, so that (1) is meaningless (even in a very weak
sense) after {. Just before explosion, there are infinitely many k-ary collisions, where
ki =ko—1.If (kg —3)(2 — (ko — 2)0/N) < 2, we set k; = k; — 2 and just before
each kq-ary collision, there are infinitely many k,-collisions. Else, we set k, = k1. In any
case, there are infinitely many binary collisions just before each k,-ary collision. During
the whole time interval [0, ), there are no k-ary collisions, for any k € [3, k, — 1].

This phenomenon seems surprising and original, in particular because of the gap
between binary and k,-ary collisions.

1.3. Sets of configurations
We introduce, for all K C [1, N]and all x = (x!,...,x") € (R?)",
1 .
Sk(x) = — Zx’ e R?,
N

. 1 . .
R (x) =) |lx' = Sg(x)|* = K] > =xI|>=o0.

ieK i,jekK

Here | K| is the cardinality of K and || - || stands for the Euclidean norm in R2. Observe
that Rg (x) = 0 if and only if all the particles indexed in K are at the same place. We also
set, for k > 2,

E; = {x € R>)N : VK c [1, N] with |K| = k, Rx(x) > 0},
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which represents the set of configurations with no cluster of k (or more) particles. Observe
that Ex = (R2)" forallk > N.

1.4. Bessel processes

We recall that a squared Bessel process (Z;):>o of dimension § € R is a nonnegative
solution, killed when it reaches 0 if § < 0, of the equation

t
Z; =Z0+2/ v Zs dWs + 6t,
0

where (W;);>0 is a 1-dimensional Brownian motion. We then say that (v/Z;);>0 is a
Bessel process of dimension 4. This process has the following property (see Revuz—Yor
[21, Chapter XI]):

eif § > 2 thena.s., Z; > Oforallt > O;
e if § € (0,2), then a.s., Z is reflected infinitely often at 0;
e if § <0, then Z a.s. hits 0 and is then killed.

Applying informally the Itd formula, one finds that Y; = 4/ Z; should solve
§—1 ['ds
Y=Y+ W, + — —,
¢ o+ W + 7
which resembles (1) in that we have Brownian excitation in competition with attraction
by 0, or repulsion by 0, depending on the value of §, proportional to 1/r. This formula

rigorously holds true only when § > 1 (see [21, Chapter XI]).

1.5. Some important quantities

Consider a (possibly very weak) solution (X;);>0 to (1). As we will see, when fixing a
subset K C [1, N] and neglecting the interactions between the particles indexed in K
and the other ones, one finds that the process (Rx (X;)):>o0 behaves like a squared Bessel
process of dimension dg y (| K|), where

k6
da(h) = = 2= ). @

Similar computations already appear in Haskovec—Schmeiser [12]; see also [9]. A little
study (see Appendix A; see also Figure 1 and Section 1.8 for numerical examples) shows
the following facts. For r € R4, we set [r] = min{n € N : n > r}.

Lemma 1. Fix 0 > 0and N > 2 such that N > 0. For kg = [2N/60] > 3, we have
don()>0 ifke2ko—1] and don(k)<0 ifk>ko (3
Also define ky = ko — 1, and

o — ) Ko=2 ifdon(ko—2) <2,
T \ko—1 ifden(ko—2)>2.

If 06 =2and N > 36, then kg € [7, N] and
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Fig. 1. Plot of dg y (k) as a function of k € [2, N] with N = 9 and with § = 2.35 (left) and
0 = 2.42 (right).

e dyn(2) €(0,2);
edon(k)>2ifk € [3,ky — 1];
e don(k) € (0,2)if k € {ka, k1};
e dyn(k) <0if k > ko.

We thus expect that there may be some nonsticky k-ary collisions for k € {2, k», k1},
some sticky k-ary collisions when k > kg, but no k-ary collision for k € [3,k, — 1].

1.6. Generator and invariant measure

As we will see in Section 3.13, the SDE (1) cannot have a solution in the classical sense,
at least when dp y (k1) € (0, 1), because the drift term cannot be integrable in time. We
will thus define a solution through the theory of Dirichlet spaces.

For x = (x',...,x") € (R?)" and for dx the Lebesgue measure on (R?)", we set
me) =[] I =217 and p(dx) = m(x)dx, 4)
1<i#j<N

where the product is over the set {(i, j) € [1, N]? :i # j}.
Informally, the generator of the solution to (1) is given by £X, where for ¢ €
C((RHM),

£Xo(x) - V,ip(x)

Il
N =
>
<
=
=
N—"
|
[
il
|
=
~
o

o .
= om0 div[m(x)Ve(x)]; 5

see (11) for the last equality. The generator is well-defined for all x € E, and u-
symmetric. Indeed, integration by parts shows that

1
V. € C2(Es). / 02Xy dyt = ——/ VoV du
(R2)N 2 (R2)N

= / yEXedu. (6)
®2)N
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As we will see in Proposition A.1, the measure y is Radon on (R?)" in the subcritical
case 6 € (0,2), while itis Radon on Ey,, (and noton Eg ) in the supercritical case 6 > 2.
This will allow us to use some results found in Fukushima—Oshima-Takeda [11] and to
obtain the following existence result.

Proposition 2. Fix N > 2 and 6 > 0 such that N > 6 and recall that ko = [2N/607. Set
X = Ey, and Xp = X U{A}, where A is a cemetery point. There exists a diffusion
X = (X, MX, (X;)s>0. (Pf)xexA) with values in X a, which is p-symmetric, with
regular Dirichlet space (6%, %) on L2(R?*)N, ) with core C2°(X) defined by

1
§¥(p.p) = —/ IVl du = —/ p2Xpdu  forall p € C(X),
2 Jwr2)N R2)N

and such that for all x € E5 and t > 0, the law of X; under Py has a density with respect to
the Lebesgue measure on (R%)N. We call such a process a KS(6, N)-process and denote
byl =inf{t > 0: X, = A} its life-time.

We refer to Section B.1 for a quick summary of the notions used in this proposi-
tion: diffusion (i.e. continuous Hunt process), link between its generator, semigroup and
Dirichlet space, definition of the one-point compactification topology on X a, etc. Let us
mention that by definition, A is absorbing, i.e. X; = A for all t > . Also, t — X; is
a priori continuous on [0, co) only for the one-point compactification topology on X a,
which precisely means that it is continuous for the usual topology of (R?)" during [0, ¢),
and ¢ = lim, o inf{ > 0: X; ¢ K} for any increasing sequence (K, ),>1 of compact
subsets of Ey, such that (., K, = Eg,.

As we will see in Remark 29, for all x € E,, under ]P’f, X, solves (1) during [0, 0),
where 0 = inf {t > 0 : X; ¢ E,}. By the Markov property, this implies X; solves (1)
during any open time interval on which it does not visit X \ E5.

When 6 < 2, we have ko > N and thus Eg, = (R?)V. We will easily prove the
following nonexplosion result, which is almost contained in Cattiaux—Pédeches [4], who
treat the case where 8 € (0,2(N —2)/(N —1)).

Proposition 3. Fix 0 € (0,2) and N > 2. Consider the KS(8, N)-process X introduced
in Proposition 2. For all x € E,, we have P, ({ = 00) = 1.

When 6 > 2, we will see that there is explosion. Note that any collision of a set of
k > ko particles makes the process leave Ey, and thus explode. However, it is not clear at
all at this point that the explosion is due to a precise collision: the process could explode
because it tends to infinity (which is not hard to exclude) or to the boundary of Ej, with
possibly many oscillations.

1.7. Main result
To avoid any confusion, let us define precisely what we call a collision.

Definition 4. (i) For K C [1, N, we say that there is a K-collision in the configuration
x € (RN if Rg(x) = 0and Rgyy(x) > Oforalli € [1, N]\ K.
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(i) For an (R?)% -valued process (X1)tefo,e), we say that there is a K-collision at time
s € [0, ¢) if there is a K-collision in the configuration Xj.

The main result of the present paper is the following description of the explosion
phenomenon.

Theorem 5. Assume that 0 > 2 and N > 30, and recall that ko € [7, N], k1 = ko — 1
and ky € {ko — 1, ko — 2} were defined in Lemma 1. Consider the KS(6, N)-process X
introduced in Proposition 2. For all x € E,, the following properties hold Px-a.s.:

(i) ¢ is finite and X¢_ = lim; ¢ X, exists for the usual topology of (R2)N

(ii) there is Ko C [1, N] with |Ko| = ko such that there is a Ko-collision in the con-
figuration X¢_, and for all K C [1, N| such that |K| > ko, there is no K-collision
in X¢_;

(iii) forallt €10,¢) and all K C Ko with |K| = k1, there are infinitely many K -collisions
during (t, ) and none of these instants of K-collision is isolated;

(iv) if ko = ko — 2, then for all L C K C Ky such that |L| = k, and |K| = ki, for
all instants t € (0, ) of K-collision and all s € [0,t), there are infinitely many L-
collisions during (s, t) and none of these instants of L-collision is isolated;

(v) forall K C [1, N] with |K| € [3,k, — 1], there is no K-collision during [0, {);
(vi) forall L C K C Kg such that |L| = 2 and |K| = ka, all instants t € (0, ) of K-

collision and all s € [0, t), there are infinitely many L-collisions during (s,t) and
none of these instants of L-collision is isolated.

The condition 6 > 2 is crucial to guarantee that kg < N. On the other hand, we impose
N > 36 just for simplicity, because Lemma 1 does not hold true without this assumption.
The other cases may also be studied, but we believe this is not very restrictive: N is
thought of to be very large compared to 6, at least as far as the approximation of the
Keller—Segel equation is concerned.

1.8. Comments
Let us mention that the very precise values of N and 6 influence the value k;:

(a) If N = 200 and 6 = 4.04, we have ko = 100, k1 = 99 and k, = 98.
(b) If N =200 and 6 = 4.015, we have kg = 100 and k; = k, = 99.

Let us describe informally, in the chronological order, what happens e.g. in case (b)
above. We start with 200 particles at 200 different places. During the whole story, there is
no k-ary collision for k = 3, ..., 98. Here and there, two particles meet, they collide an
infinite number of times, but manage to separate. Then at some time, we have 98 particles
close to each other and there are many binary collisions. Then, if a 99-th particle arrives
in the same zone (and this eventually occurs), there are infinitely many 99-ary collisions,
with infinitely many binary collisions of all possible pairs before each. These 99 particles
may manage to separate forever, or for a large time, but if a 100-th particle arrives in the
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zone (and this situation eventually occurs), then there are infinitely many 99-ary collisions
of all the possible subsets and, finally, a 100-ary collision producing explosion, and the
story is finished. Informally, the resulting cluster is not able to separate, because attraction
dominates Brownian excitation, since a Bessel process of dimension dg x(100) < 0 is
absorbed when it reaches 0. We hope to be able, in future work, to propose and justify a
model describing what happens after explosion.

1.9. References

In many papers about the Keller—Segel equation, the parameter y = 476 is used, so that
the transition at & = 2 corresponds to the transition at y = 8m. As already mentioned,
this nonlinear PDE has been introduced to model the collective motion of cells, which are
attracted by a chemical substance that they emit. It describes the density f;(x) of particles
(cells) with position x € R2 at time ¢ > 0 and reads, in the so-called parabolic-elliptic case,

3 fr(x) + 0dive (K * f)(x) fr(x)) = 3Ax fr(x),  where K(x) = —ﬁ- @)
Informally, this solution should be the mean-field limit of the particle system (1) as
N — oc.

We refer to the recent review paper on (7) by Arumugam-Tyagi [1]. The best result
on existence of a global solution to (7), including all the subcritical parameters 6 € (0, 2),
is due to Blanchet—Dolbeault—Perthame [2]. The blow-up of solutions to (7), in the super-
critical case € > 2, have been studied e.g. by Fatkullin [7] and Veldzquez [24,25]. Closer
to our study, Suzuki [23] has shown, still in the supercritical case, the appearance of a
Dirac mass with a precise (critical) weight, at explosion. This is the equivalent, in the
limit N — oo, to the fact that lim, ,;_ X; exists and corresponds to a K-collision, for
some K C [1, N] with precise cardinality k¢. Let us finally mention Dolbeault-Schmeiser
[6], who propose a post-explosion model in the supercritical case.

Concerning particle systems associated with (7), Stevens [22] studies a physically
more complete particle system with two types of particles, for cells and chemo-attractant
particles, with a regularized attraction kernel. HaSkovec—Schmeiser [12, 13] study a
particle system closer to (1), but with, again, a regularized attraction kernel.

Cattiaux—Pédeches [4], as well as [9], study the system (1) without regularization in
the subcritical case: existence of a global solution to (1) has been shown in [9] when
6 € (0,2(N —2)/(N — 1)), and uniqueness of this solution has been established in [4].
Also, the theory of Dirichlet spaces has been used in [4] to build a solution to (1). Finally,
the limit as N — oo to a solution of (7) is proved in [9] in the very subcritical case where
6 € (0,1/2), up to extraction of a subsequence. This last result has been improved by
Bresch—Jabin—Wang [3], who remove the necessity of extracting a subsequence and con-
sider the (still very subcritical) case where 6 € (0, 1). Olivera—Richard—-Tomasevi¢ [18]
have recently established the N — oo convergence of a smoothed version of (1), for all
the subcritical cases 6 € (0,2). Informally, in view of the mean distance between particles,
the regularization used in [18] is not far from being physically reasonable. There is also a
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related paper of Jabir—Talay—Tomasevi¢ [14] about a 1-dimensional but more complicated
parabolic-parabolic model.

Let us finally mention the seminal paper of Osada [19] (see also [8] for a more recent
study), which concerns the vortex model: this is very close to (1), but the attraction
—x/|x|? is replaced by a rotating interaction x*/|x|2, so that particles never encounter.

1.10. Originality and difficulties

To our knowledge, this is the first study of the supercritical Keller—Segel particle system
near explosion. We hope that this model, which makes compete diffusion and Coulomb
interactions, is very natural from the physical point of view, beyond the Keller—Segel
community. The phenomenon we discovered seems surprising and original, in particular
because of the gap between binary and k;-ary collisions. We are not aware of other works,
possibly dealing with other models, showing such behavior.

In Section 3, we give the main arguments of the proofs, with a fairly high level of
precision, but ignoring the technical issues. While it is rather clear, intuitively, that the
process explodes in finite time when € > 2 and that no K-collisions may occur for | K| €
[3, k> — 1], the continuity at explosion is delicate, and some rather deep arguments are
required to show that each kj-ary collision is preceded by many binary collisions, that
each kq-ary collision is preceded by many kj-ary collisions, that explosion is preceded
by many k;-ary collisions, and that explosion is due to the emergence of a cluster with
precise size ko (which more or less says that a possible (ko + 1)-ary collision would
necessarily be preceded by a kg-collision).

Actually, the rigorous proofs are made technically much more involved than those
presented in Section 3, because we have to use the theory of Dirichlet spaces. Due to the
singularity of the interactions and to the occurrence of many collisions near explosion,
we unfortunately cannot, as already mentioned, deal at the rigorous level directly with the
SDE (1). We thus have to use suitable heavy versions of some usual tools such as Itd’s
formula, Girsanov’s theorem, time-change, etc.

1.11. Plan of the paper

In Section 2, we introduce some notation of constant use. In Section 3, we explain the
main ideas of the proofs, with a high level of precision, but without speaking of the heavy
technical issues related to the use of the theory of Dirichlet spaces. Section 4 is devoted
to the existence of a first version of the Keller—Segel process, namely without the prop-
erty that PX o X! has a density, and we introduce a spherical Keller-Segel process. In
Section 5, we show that the Keller—Segel process enjoys a crucial and remarkable decom-
position in terms of a 2-dimensional Brownian motion, a squared Bessel process and
a spherical process. Section 6 consists in building some smooth approximations of some
indicator functions that behave well under the action of the generator £X . In Section 7, we
make use of the Girsanov theorem to prove that when two sets of particles of a KS-process
are not too close to each other, they behave as two independent smaller KS-processes. In
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Section 8, we study explosion and continuity (in the usual sense) at the explosion time.
Section 9 is devoted to establishing some parts of Theorem 5 for some particular ranges
of values of N and 6. Using the results of Section 7, we reduce the general study to the
special cases of Section 9 and we prove, in Section 10, that the conclusions of Theorem 5
hold true quasi-everywhere. Finally, in Section 11, we remove the “quasi-everywhere”
restriction and conclude the proofs of Propositions 2 and 3 and of Theorem 5.

Appendix A contains a few elementary computations: proof of Lemma 1, proof that
w1 is Radon on Ej,, and study of a similar measure on a sphere. We end the paper with
Appendix B that summarizes all the notions and results about Dirichlet spaces and Hunt
processes we shall use.

2. Notation

We introduce the spaces

N
H={xe®":Sum® =0, S={xc®)":Y |x¥|P=1},

i=1
S=HnNS.

Foru € S, we have Sy, nj(u) = 0 and Ry y)(u) = 1. We consider the (unnormalized)
Lebesgue measure o on S, as well as (recall (4)),

p(du) = m(u)o (du). ®)
We define y :R? > (R?)V by y(z) = (z,...,z) and W : R2x R* xS — Ey C (R})N

by
U(z,r,u) = y(z) + ru, ie. (¥(z,ru) =z—ru' fori e[1,N]. (9

We have Sy np(W(z,r,u)) = z and Ry Nj(W(z, 7, u)) = 7.
The orthogonal projection 7y : (R2)N — H is given by

mH(x) = x —y(Spap(x), ie. (g (x)) =x'—Spnj(x) fori € [1,N],
and we introduce ®g : Ey — S defined by

Dg(x) = THY e (Dg(x)) = X —Spg0)

| 7p x|l VRN (x)

For x € (R%)N \ {0}, the projections 7,1 : (R?)Y — x* and 7, : (R?)Y — span(x) are
given by

fori € [1, NJ. (10)

Xy
—X,
<11

Xy
T (y)=y— T and 7y (y) =

where x -y = YN xi .yt
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We denote by b : E; — (R%) the drift coefficient of (1): for x = (x1,. N) € Ep,
Vm(x) Vlogm(x) IN ; xt—xJ 5
b(x) = = e (RHY, ie. o eR
) = o) 2 ®YT, e b0 = Z lx? — x7||2
]#l (11)
fori € [1, N]. Indeed, since logm(x) = —% D i<i£j<n log | x* — x7||?, we have e.g.
V.11 0
%m(x) ——V 1[Zlog||x —x1||2+210g||x —x7| ]

= _—V 1 Zlog [xt —x7 |2,

whence
Viirlogm(x) Z xt—xJ
2 - 7 flxt = x/ |12
Finally, we introduce the natural operators defined for ¢ € C(S) and u € S by
Vsg(u) = Vlp o ds](u) € R and  Asp(u) = Alpo ds]u) €R,  (12)

where V and A stand for the usual gradient and Laplacian in (R?)". Since S C
En C (RZ)N , with E open, and since ®g is smooth on Ep, we can indeed define
V]p o ®s](u) and Afp o ®g](u) for all u € S. Similarly, for ¢ € C(S, (R?)") and
u €S, we set

divs ¢(u) = div[p o Og](u) € R. (13)
To conclude this subsection, we note that for all ¢ € C®((R?)¥) and all u € S,
Vs(pls)(w) = (7, (Vo(u))). (14)

Indeed, it suffices to observe that setting G(x) = x/||x|| for all x € (R%)N \ {0}, we
have &g = G o ny, dxyG = 7,1 /||x|| and dywg = 7y, and also for u € S, we have
7y (u) =uand |rg ()| = 1.

3. Main ideas of the proofs

Here we explain the main ideas of the proofs of Proposition 3 and Theorem 5. The argu-
ments below are completely informal. In particular, we act as if our KS(, N )-process
(X1)refo,e) Was a true solution to (1) until explosion and we apply It6’s formula without
care. We always assume at least that N > 2, 8 > 0 and N > 6, which implies that
ko = [2N/67 = 3.

3.1. Existence

The existence of the KS(8, N)-process (X;):e[o,¢), With values in Ey, is an easy applica-
tion of [11, Theorem 7.2.1]. The only difficulty is to show that the invariant measure p is
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Radon on Ey,; see Proposition A.1. The process may explode, i.e. get out of any compact
subset of Ey, in finite time. Observe that a typical compact subset of Ey,, is of the form,
fore > 0,

Ke = {x € R®>)N :|x|| < 1/eand forall K C [1, N] such that |K| = ko, Rk (x) > €}.

3.2. Center of mass and dispersion process

One can verify, using I[td’s formula, that the center of mass S [LN] (X) is a 2-dimensional
Brownian motion with diffusion constant N ~!/2, the dispersion process Ry, yj(X) is a
squared Bessel process of dimension dg x (N) (recall (2)), and these two processes are
independent.

Consequently, if { < oo, the limits lim; ¢z Sy, n7(X;) and lim; ¢z~ Ry, n7(X;) ass.
exist, and this implies that lim sup,_,;_ || X || < oo: the process cannot explode to infinity,
it can only explode because it tends to the boundary of Ey,. If moreover kg > N (i.e.
0 < 2), this is sufficient to show that { = oo, since then Ey, = (RN,

3.3. Behavior of distant subsets of particles

Consider a partition Ky, ..., K, of [1, N]. If we neglect interactions between particles

whose indices are not in the same subset, we have, for each £ € [1, p], setting 6y =
61K¢|/N. )
. )

dx! =dBl - — 3

Xi—x] ,
dt, ieKy,
|K¢l | .
jeK\i}

1X7 — X712

and we recognize a KS(ég, | K¢|)-process.

During time intervals where particles indexed in different subsets are far enough
from each other, we can indeed bound the interaction between those particles, so that
the Girsanov theorem tells us that (X});ek,,- - -, (Xf)ier behave similarly, in the sense
of trajectories, as independent KS(6y, K1), ... ,KS(8,. | Kp|)-processes.

3.4. Brownian and Bessel behaviors of isolated subsets of particles

Consider K C [1, N]. As seen just above, during time intervals where the particles
indexed in K are far from all the other ones, the system (X ; )iek behaves, in the sense of
trajectories, like a KS(0|K|/N, |K|)-process. Hence (see Section 3.2), Sk (X;) behaves
like a 2-dimensional Brownian motion with diffusion constant |K |_1/ 2 while Rx(X;)
behaves like a squared Bessel process of dimension dg|k|/n,k|(| K|), which is nothing
but dg y (|K|) (recall (2)).

3.5. Continuity at explosion

Here we assume that N > 6 > 2, so that ko € [2, N, and we explain why a.s., { < 0o
and X¢— = lim,.¢— X, exists, in the usual sense of (R?)V.
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(a) We first show that { < oo a.s. On the event where { = oo, the squared Bessel
process Rpj,n7(X) is defined for all times. Recall that dg y(N) < 0 (because 6 > 2)
and a squared Bessel process of negative dimension can be defined on the whole time
half-line and a.s. becomes negative in finite time. Since Rp1,n) (X) > 0 by definition, this
contradicts the fact that { = oo.

Similarly, one can show that a KS(6, N)-process has no chance to be defined after
the first hitting time tx of 0 by Rx(X;), where |K| = ko: this makes the choice of the
space Ey, very natural. Indeed, assume that X is defined during [0, ¢’) with {’ > x.
Consider the maximal subset L of [1, N] containing K and such that Ry (X;.) = 0.
Then there is ¢ > 0 such that during [tx, tx + &] C [0, {’), the particles labeled in L
are far from the ones labeled outside L. By Section 3.4, (Rr(X<x ++))sefo,s] behaves like
a squared Bessel process of dimension dg n (|L|), issued from 0. But such a process is
instantaneously negative, because dg (| L|) < 0 (since |L| > ko). Since Ry, (X) > 0, this
contradicts the fact that tx € [0, ¢’).

(b) We next show by reverse induction that a.s. for all K C [1, N] with |K| > 2,

either lir? Rrx(X;)=0 or limgnfRK(X,) > 0. (15)
t—>C— t—>C—

If K = [1, N, lim;,s— Rg(X;) exists by continuity of the (true) squared Bessel pro-
cess Rk (X;) and this implies the result. We now fix n € [3, N] and assume that (15)
holds true for all K such that |K| > n. We consider K C [[1, N] with |K| =n — 1; by
induction assumption, either there is i ¢ K such that lim,,;— Rgu3(X;) = 0 and then
lim; .~ Rg(X;) =0, orforalli € [1, N]\ K, liminf; s~ Rgug(X;) > 0. In this last
case, and when
limsup Rx(X;) >0 and liminf Rx(X;) =0
t—>— t—>¢—

(which is the negation of (15)), there are «, & > 0 such that (i) Rx (X;) upcrosses [g/2, ¢]
infinitely often during [¢ — &, ¢) and (ii) for all ¢ € [¢ — «, ¢) such that Rx (X;) < ¢, the
particles indexed in K are far from all the other ones (because Rg (X;) is then small and
Rgugiy(Xy) is large for all i ¢ K), so that Rg (X;) behaves like a squared Bessel process
of dimension dy y (|K|); see Section 3.4. Points (i) and (ii) are in contradiction, since
a squared Bessel process is continuous and thus cannot upcross [¢/2, €] infinitely often
during a finite time interval.

(c) We now show that lim;_,¢;_ X; exists. Using (b) and the (random) equivalence
relation on [1, N| defined by i ~ j if and only if lim;,¢— Ry; ;3(X;) = 0, one can build
a partition K = (K})peq1,¢p of [1, N such that for all p € [1,£], lim, ¢ Rg,(X;) =0
and liminf; ,; min;¢g, Rx,u(iy(Xy) > 0. Hence, there is a € [0, {) such that for all
p # ¢, the particles labeled in K, are far from the ones labeled in K, during [e, {).
As seen in Section 3.4, we conclude that for all p € [1, £], Sk, (X;) behaves like a
Brownian motion during [, {), and thus M), = lim,_,;_ Sk, (X;) exists. Since moreover
lim; ¢ Rk, (X;) = 0, we deduce that forall i € K, lim;_,¢_ Xf = M, In conclusion,
lim,_¢— X/ exists foralli € [1, N].



Collisions of the supercritical Keller—Segel particle system 4095

3.6. A spherical process

We recall that S, wg, 7,1 and b were defined in Section 2 and introduce the possibly
exploding (with life-time &) process (U;)s¢[o,¢) With values in S N Ey, informally solving
(we will also use here the theory of Dirichlet spaces), for some given Uy € S N Ey, and
some (R?)" -valued Brownian motion (B;);>0, the equation

Ut=U0+/
0

We call it an SKS(0, N )-process.

One can check that this process is -symmetric, where f is defined in (8), and that 8 is
Radon on S N Ey,; see Proposition A.3. And we will see that if ko > N, then B(S) < oo,
so that the process (U;);>o is nonexploding and positive recurrent.

t

! 2N -3 [!
TyLTH dB; + Tyt g b(Us)ds — 7 U, ds.
0 0

3.7. Decomposition of the process

We assume that N > 2 and 6 > 0 are such dg y(N) < 2 and, as usual, N > 6. We con-
sider a 2-dimensional Brownian (M;)>¢ with diffusion constant N 172 4 squared Bessel
process (D¢);efo,z;,) of dimension dg y (N) killed when it hits 0, with life-time tp, and
an SKS(0, N)-process (U;)eo,¢), these three processes being independent. We introduce
the time-change

! ds
A :/—, t €[0,1p).
! 0 Ds [

Since tp < oo (because dg y(N) < 2) and D, = 0 and since, roughly, the paths of
(\/Ft)lE[O,rD) are 1/2-Hoélder continuous, we have A, = oo a.s. We introduce the
inverse function p : [0,00) — [0, tp) of A : [0, 7p) — [0, 00).

We also set ' = pg and observe that {’ < tp, since p is [0, tp)-valued, and that
¢’ < tp if and only if £ < oco. A fastidious but straightforward computation shows that,
recalling (9), the process

X: =W(M;,D; . Us,). ie. X, =M+ DUy, i€c[lN],

which is well-defined during [0, ¢’), solves (1).

This decomposition of the KS(6, N)-process, which is remarkable in that U satisfies
an autonomous SDE and thus is Markov, is at the basis of our analysis.

In other words, (X;);e[o,¢) is the restriction to the time interval [0, ') of a KS(6, N)-
process (X;);efo,;)- Moreover, we have {’ = ¢ A tp: if £ is finite, then U gets out of
S N Ey, attime &, so that X gets out of Ey, attime {’ = p¢ < tp, whence { = ={ A 1p;
and if § = oo, then ¢’ = tp and U remains in E, for all times, so that X remains in Ey,
during [0, 7p), whence ¢ > 1p.

We have Spy,n)(X;) = M; and Ry nj(X;) = D, forallz € [0,{ A 7p), because U
is S-valued. By definition of S, the process U cannot have any [1, N]-collision. But for



N. Fournier, Y. Tardy 4096

any K C [[1, N] of cardinality at most N — 1,

U has a K-collision at # € [0, £) if and only if X has a K-collision at p; € [0, A p).
(16)

Moreover, as seen a few lines above, £ < 0o is equivalent to { < tp. In other words, since
Rp1,N7(X;) = Dy forallt € [0, Atp) and tp = inf{t > 0: D, = 0}, we have

§ < oo ifand only if inf Ry np(X:) > 0. (17
t€l0,¢)

3.8. Some special cases

Using the Girsanov theorem (see Section 3.4), we will manage to reduce a large part of
the study to the special cases that we examine in the present subsection. Here we explain
the following facts, for N > 2 and 6 > 0 with N > 6:

(@) ifdgn(N —1) € (0,2), thenas., tp = inf{z > 0: Ry nj(X;) = 0} < ¢ and for all
r €[0,7p) and all K C [1, N] with |[K| = N — 1, (X/)se[0,¢) has infinitely many
K-collisions during [r, 7p);

(b) if dg v (N — 1) < 0 (whence kg < N — 1), then a.s., inf;e[o,¢) R1,np(Xr) > 0.

We keep the same notation as in the previous subsection.
(i) We first verify that in (a), tp < {. Since dg y(N — 1) € (0,2), we have kg > N.
If kg > N, then { = oo by Section 3.2 and we are done. If kg = N, then { < oo and X¢_

exists by Section 3.5. Moreover, X;_ cannot belong to Ex, = Ey by definition of { and
thus has its N particles at the same place, i.e. Rj;,n7(X¢—) = 0: we have { = 1p.

(i) In (b), ¢ < oo by Section 3.5 because dg y (N — 1) < 0 implies that 6 > 2.

(iii) We consider, in any case, the spherical process (U;);¢[o,¢) and assume that £ = co.
An It6 computation shows that for K C [1, N], for some 1-dimensional Brownian motion
W) e=0,

dRg (Uy) = 2+/ Rk (U)(1 — R (U;))dW; + dg n (IK|)dt — dp n (N) Rk (U )dt

26 Ui —u/ .
[ —— —L 7t (U} - Sg(Uy))dr.
i J12 !
i€k, j¢K ”Ut - Ut ”

We fix & > 0 to be chosen later. During time intervals where min; ek j¢x || Ul -u ,j | >e,
we thus have, for some constant C,

dRk(Ur) < 2v/Rg (Ur)(1 = R (Un)dW; + dg v (K |)dr + Ce/ Ri (Up)dz,  (18)

where we have used the Cauchy—Schwarz inequality and the fact that Rg (Uy) is uni-
formly bounded (because U is S-valued). Hence, still during time intervals where
min;ek, j¢x UL — Ui || > e, by comparison, Rg(U,) is smaller than S;, the solution
to

dS; = 2+/S:(1 = S)dW; + dg.n (|K|)dr + C+/Sydr. (19)
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And an examination involving scale functions/speed measures shows that this process hits
zero in finite time if and only if dg v (| K|) < 2, exactly as a squared Bessel process of
dimension dy_y (| K]).

(iv) We end the proof of (a). In this case kg > N, so that U is nonexploding, as seen
in Section 3.6. Hence § = oo and we can use (iii). Moreover, U is recurrent, still by
Section 3.6. We fix K with |K| = N — 1 and we choose ¢ > 0 small enough that

,3({24 €S: min ! —u’/|| > s}) > 0,
i€k, j¢K

where f is the invariant measure (8) of U. Hence the process min;ck, j¢x U} — Utj I
visits the zone (&, 00) infinitely often, and each time Rg (U) has a (uniformly) positive
probability of hitting 0 by (iii) and since dg y (|K|) = dg,n (N — 1) < 2. Consequently,
for any s > 0, (U;);>0 has infinitely many K-collisions during [s, 00). Recalling (16) and
that { A tp = tp by (i), we conclude that for any r € [0, 7p), (X1)se[o,¢) has infinitely
many K -collisions during [r, Tp).

(v) We finally complete the proof of (b). By (17), it is sufficient to show that £ < co
a.s. Assume that U is recurrent (and thus nonexploding). Then we take K = [2, N and
apply the same reasoning as in (iv): since dg v (|K|) < 0 < 2, Rx(U) hits zero in finite
time and this makes U get out of £y and thus explode, since U is (Ej, N S)-valued
and kg < N — 1. We thus have a contradiction.

Hence U is transient and it eventually gets out of the compact subset of £, NS given
by

K ={ueS:VK C[l,N] with |K| = ko, we have R (u) > &},

for any fixed & > 0. Hence on the event that § = oo, lim;_, o min|g|—x, Rx(U;) =0
a.s. Recalling now that kg < N — 1 and U is S-valued (whence R n)(U;) = 1), we
can a.s. find K with |K| € [ko, N — 1] satisfying liminf;_,» Rx(U;) = 0 but such
that liminf; .o min;¢x Rgugiy(Ur) > 0. It is then not too hard to find &, & > 0 such
that each time Rg(U;) < o (which happens often), all the particles indexed in K are
farther than ¢ > 0 from all the other ones. We conclude from (iii), since dg y (| K|) <0
(because | K| > ky), that each time Rk (Uy) < &, U has a (uniformly) positive probability
to hit zero. On the event £ = oo, this will eventually happen, so that the process U will
have a K-collision and thus will leave Ey, in finite time. Hence U will explode, so that
& < oo.

3.9. Size of the cluster

We assume that N > 36 > 6. Hence { < oo and X;_ exists, by Section 3.5. Moreover, by
definition of {, we know that X;_ ¢ Ey,. We want now to show that X;_ € Ex, 4, i.e.
the cluster causing explosion is composed of precisely k¢ particles. If kg = N, there is
nothing to do, since then Ej,4; = (R?)N . Now if kg < N — 1, we assume for con-
tradiction that there is K C [1, N] with |K| > ko + 1 such that Rg(X;—) = 0 and
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min; ¢ x Rgugiy(Xe—) > 0. Then there is o > 0 such that during [{ — «, {), the particles
indexed in K are far from the other ones, so that the process (X f) tef0,¢),iek behaves like
a KS(0|K|/N, |K|)-process by Section 3.3. Observe now that dg|x|/n,x|(|K| — 1) =
dg n(|K| —1) < 0because |K| — 1 > ko, and |K| > 0|K|/N because N > 6. We thus
know from the special case (b) of Section 3.8 that inf;c[z—q,¢) Rx (X;) > 0, which con-
tradicts Rx (X¢—) = 0.

3.10. Collisions before explosion

We fix again N > 36 > 6. We recall that k; = k¢ — 1 and we show that there are infinitely
many kq-ary collisions just before explosion. By the previous subsection, there exists
Ko C [1, N] such that |Ko| = ko and Rg,(X¢—) = 0 and min;¢x, Rk, u(iy(Xe—) > 0.
Then there is o > 0 such that during [{ — «, {), the particles indexed in K are far from
the other ones, so that (X?);ek, behaves like a KS(9ko/ N, ko)-process by Section 3.3.
Observe now that dgg, /N .k (ko — 1) = dg,n (ko — 1) € (0,2) thanks to Lemma 1 and that
ko > 0ko/N because N > 6. We thus know from the special case (a) of Section 3.8 that
(X!)iek, has infinitely many (K \ {i })-collisions just before ¢, for all i € K.

When k, = ki — 1, one can show in the same way that for all K with |K| = k1, and
all i € K, there are infinitely many (K \ {i })-collisions just before each K-collision. We
may also use Section 3.8 (a), since dgi, /N .k, (k1 — 1) = dg n(k2) € (0,2); see Lemma 1.

3.11. Absence of other collisions

We want to show that when N > 360 > 6, for K C [1, N] with | K| € [3, k2 — 1] there is no
K-collision during (0, ¢). Suppose for contradiction that there is K C [[1, N] with |K| €
[3,k2 — 1] and t € (0,¢) such that Rx(X;) = 0 and Rgyu((X;) > 0foralli ¢ K. Then
there is o > 0 such that during [t — «, ], the particles indexed in K are far from the other
ones, so that Rg (X;) behaves like a squared Bessel process of dimension dg| x|,/ n, x| (| K|)
(see Section 3.4). Since dg g |/n, k| (| K|) = do,n (|K|) = 2 because |K| € [3,k — 1] (see
Lemma 1), such a Bessel process cannot hit zero, which is a contradiction.

3.12. Binary collisions

We still assume that N > 36 > 6, we suppose that there is a K-collision for some
K C [1, N] such that |K| = k, at some time ¢ € (0, ¢), and we want to show that
there are infinitely many binary collisions just before ¢. There is « > 0 such that the
particles indexed in K are far from all the other ones during [t — «, f], so that Sec-
tion 3.3 tells us that (X } )iex behaves like a KS(6k,/ N, k;)-process. We observe that
ky > 5, dgiy /N gy (k2 — 1) = dg N (ka — 1) > 2 and dgi,/n i, (k2) = dg n(k2) € (0,2)
by Lemma 1.

We are reduced to showing that a KS(6, N )-process, still denoted by (X f)ie[u, NT,=0s
suchthat N > 5,dg y(N —1) > 2and dg, x (N) € (0, 2), a.s. has infinitely many binary
collisions before the first instant tp of [1, N]-collision. Such a process does not explode,
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because kg > N (since dg y(N) > 0; see Section 3.2). Hence using (16) (which is licit
since dg n (N) < 2), we only have to show that e.g. U collides infinitely often with U?
during [0, c0).

First, one easily sees that the probability that e.g. X! collides with X2 before 7p is
positive, because the probability that all the particles are pairwise far from each other,
except X! and X2, during the time interval [0, 1], is positive. On this kind of event, by
Section 3.4, Ry 21(X;) behaves like a squared Bessel process of dimension dg y(2) €
(0,2) and thus hits zero during [0, 1] (and thus before 7p) with positive probability.

Using again (16), we conclude that the probability that U collides with U? in finite
time is positive. Since now U is positive recurrent (recall Section 3.6 and that kg > N,
because dg y(N) > 0), we conclude that U collides infinitely often with U? during
[0, 00) as desired.

3.13. Nonintegrability of the drift term

Here we check that when dg n (k1) € (0, 1), the SDE (1) cannot have a solution in the
classical sense, because the drift term is not integrable in time. More precisely, recall that
there is some K-collision at some time t strictly before explosion, for some K C [1, N]
of cardinality k;. We now show that a.s., fora > 0,

3] o
T—a

i=1 "4 ”X; - Xs] ”2

’

which indeed shows the nonintegrability of the drift term. Since 7 is an instant of K-
collision, there exists a > 0 small enough that during [t — @, T + a] C [0, {), the particles
labeled in K are far from the particles labeled in K€. It clearly suffices to show that
Z = oo a.s., where

Z —Xsl — X ds

JEK, j#i ”Xsl _ij ”2

T+a
Z = / >
T—a

ieK

But
Y A1) X{ - Sk(Xy)

= ——— s, s
-a JRE(Xy) JRx (%)

so that V; a.s. belongs to S = {(v))iex € RN Y, v =0, Y,k V]2 = 1},

and where . )
vt —v/
f) = Z Z [vi — v/ |2

ieK jek, j#i

where Vi = (V/);ek is defined by V! =

for each v € Sg. Since the invariant measure m of X satisfies m(E%) = 0, it is a.s. true
that X5 € E; for a.e. s € [0, {) (at least for a.e. initial condition), so that a.s., f(Vj) is
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well-defined for a.e. s € [0, {). We now show that f is bounded from below on Sg. We
have

2

vl — v/
P

f(v)zrlréa}g

i — oyl
Z ”vl l)j||2

JEK, j#i

IKIZ

ieK

Using now the Cauchy—Schwarz inequality and the fact that Y ;g [[v'||* = 1, we find
that

vl — o/ ;
f('U) - \/WEXI;JGI;#I ”vl_v]”Z -V
B s Vv IKIGKL D

2\/ zleK J#i |Ui—vj||2 2V|K|

To conclude that Z = oo a.s., it remains to verify that fr+a[RK (X)]™/2ds = o0 as.
By Section 3.4, Rx(X) behaves like a squared Bessel process of dimension dg n (k1)
during [t —a, v + a]. Since dg (k1) € (0,1) and Rx(X;) = 0, we conclude that indeed,
ARk ta [Ri (X5)]1/2ds = oo a.s.: this can be shown by comparison with the 1-dimensional
Browman motion.

4. Construction of the Keller-Segel particle system

The aim of this section is to build a first version of the Keller—Segel particle system using
the book of Fukushima—Oshima—-Takeda [11]. We also build an S-valued process for later
use.

Proposition 6. Fix N > 2 and 0 > 0 such that N > 0, recall that kg = [2N /0] and

that p and B were defined in (4) and (8). Set X = Ey, and Xp = X U {A}, as well as

U =SNEg, and Up = UU{A}, where A is a cemetery point.

() There exists a unique diffusion X = (QX, MX, (X,);s0, (Pf)xExA) with values in
X a, which is p-symmetric, with regular Dirichlet space (8%, FX) on L2(R*)V, )
with core C°(X) defined by

1
&Xp.0) =5 [, IVolPan foraily € C2(%),

We call such a process a QKS(6, N)-process and denote by ¢ = inf{t > 0: X, = A}
its life-time.

(i) There exists a unique diffusion U = (QU, MY, (U)o, (]P’,f])ueuA) with values in
U, which is B-symmetric, with regular Dirichlet space (8YV, FY) on L%(S, B) with
core C2°(U) defined by

1
6% (p0) = 5 [ IVseI?ap foraily < CZ(W).
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We call such a process a QSKS(0, N)-process and denote by £ = inf{t > 0:U; = A}
its life-time.

The proof that we can build a KS(6, N)-process, i.e. a QKS(6, N)-process such that
PX o X! has density for all x € E, and all # > 0, will be given in Section 11.

We refer to Section B.1 for some explanations of the notions used in this proposition:
link between a diffusion (i.e. a continuous Hunt process), its generator, semigroup and
its Dirichlet space, definition of the one-point compactification topology, i.e. the topo-
logy endowing XA and U, and about the “quasi-everywhere” notion. The state A is
absorbing, i.e. X; = A forallt > ¢ and U; = A forall t > .

Remark 7. By definition of the one-point compactification topology, for any increasing
sequence (K,)n>1 of compact subsets of X such that Kn = X, we have ¢ =
lim, oo inf{t > 0: X; ¢ K,}.

Similarly, for any increasing sequence (&£,),>1 of compact subsets of U such that
Ups1 £n = U, we have § = lim, oo inf{t > 0: U; ¢ £,}.

n>1

The uniqueness stated e.g. in Proposition 6 (i) has to be understood in the fol-
lowing sense (see [11, Theorem 4.2.8, p. 167)]: if we have another diffusion process
Y = (QY, MY, (Y1)s0, (PY)rex) enjoying the same properties, then quasi-everywhere,
the law of (Y;);>o under ]Pf equals the law of (X;);>o under IP’;( . The quasi-everywhere
notion depends on the Hunt process under consideration but, as recalled in Section B.1,
two Hunt processes with the same Dirichlet space share the same quasi-everywhere
notion.

Proof of Proposition 6. We start with (i). We consider the bilinear form &% on C2°(X)
defined by ¥ (¢, ¢) = %f(]R@)N Ve|? du. It is well-defined, since p is Radon on
X = E, by Proposition A.1.

We first show that it is closable (see [11, p. 2]), i.e. if (n)uz1 C C°(X) is
such that lim, ¢, = 0 in L2(R?)V, ) and lim,,_,, X (¢n — @m. ¥n — ¢m) = 0, then
lim, X (¢n. ¢n) = 0. Since Vg, is a Cauchy sequence in L2((R?)", u), it converges
to a limit g and it suffices to prove that g = 0 a.e. For ¥ € C°(E>, (R2)N), we have
f(]R2)N g - ydu = lim, f(R2)N Von - wdu. But, recalling (4),

[ Venvan=[ Ve pomen dx
®R2HN RN
—— [ a0 divm(p (o) e,
®R2)N
Thus by the Cauchy—Schwarz inequality,

1/2 . 2 1/2
| div(m(x)y(x))] )

Vo, -¥d 24 d ,
/(Rz)zv n -V du) = (/(Rz)N ¥n M) (/;Rz)N m(x) .

which tends to 0 since lim,, ¢, = 01in L2((R?)", u) and y € CX(E,, (R?)V), and since
m is smooth and positive on E,. Thus f(R2)N g-¥ydu=0forally € C°(E,, (R2)N),
sothat g = 0 a.e.
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. . - &
We can thus consider the extension of €% to X = C (X)) ", where we have set

€X(¢.9) = [ayn (92 + LVol2) du for ¢ € C2().

Next, (§X, #X) is obviously regular with core CX(X) (see [11, p. 6]), because
CX(X) is dense in FX for the norm associated to 81X by definition of X, and CX(X)
is dense, for the uniform norm, in C.(X). It is also strongly local (see [11, p. 6]), i.e.
EX(p, ) = %f(]RZ)N Vo - Viydu =0if ¢, € C°(X) with ¢ constant on a neighbor-
hood of supp .

Then [11, Theorems 7.2.2, p. 380, and 4.2.8, p. 167] imply the existence and unique-
ness of a Hunt process X = (QX, M¥, (Xt)t>o0, (Pf)xexA), with values in X o, which
is j-symmetric, has Dirichlet space is (€%, ), and t — X, is PX-a.s. continuous on
[0,¢) forall x € X, where { = inf{r > 0: X, = A}.

Furthermore, since &% is strongly local, we know from [11, Theorem 4.5.3, p. 186]
that we can choose X (modifying IP’;X only on a properly exceptional set) in such a way
that P, (¢ < 0o, X;— = A) = 1 for all x € X. This implies that for all x € X, Px-ass.,
the map ¢ — X, is continuous from [0, co) to X o endowed with the one-point compacti-
fication topology recalled in Section B.1. Hence X is a diffusion.

For (ii), the same strategy applies. The only difference is the integration by parts to be
used for closability: for ¢ € C}(U) and ¢ € CH(S N E,, (R?)V), classically,

/ (Vsg) - ¥ dp / (Vsp(w)) - ¥ ()m(u) o (du)
S S

= — |t divs (a0 r ) 20)
This can be shown naively using Lemma A.2. ]

We now make explicit the generators of X and U when applied to some functions
enjoying a few properties. See Section B.1 for a precise definition of the generator of a
Hunt process. We have to introduce some notation.

For ¢ € C®((R?)V), « € (0,1] and x € (R*)V, we set
1 0 x' —x/ ;

FAe(x) -+ Z v +a (Ve(x))
1<i#j<N

£Xo(x)

1 .
= Ima () divimg (x) Ve (x)], 2y

where
me(0) = [T (" =/ |7 + )™M
I<i#j<N
This is in accordance with (4), in the sense that myg = m. Formula (21) makes sense for
x € E5 when o = 0 (with m,, replaced by m) and we recall that for ¢ € C*°((R?)") and
x € Ey, £X¢(x) was defined in (5) by £X¢p(x) = $0X<p(x). We will often use the fact
that for all ¢, ¥ € C®((R?)"), and all x € (R?)" and « € (0, 1],

L @P)(x) = () LYY (X) + Y (D)L 9(x) + Vo (x) - VI (x). (22)
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Forp € C*°(S), ¢ € (0, 1] and u € S, we set

U o) = Laspn — 2 o :
¢ p(n) = 5 Ase(w) Nm;«v e (V8P
1 .
= s dvsma G0 Vsg )l 23)

This formula makes sense for u € S N E; when o = 0 (with m,, replaced by m) and we
set £V (u) = igq)(u) forop e C®(S)andu € S N E,.

Remark 8. (i) Denote by (AX, D,x) the generator of the process X of Proposi-
tion 6 (i). If ¢ € C°(X) satisfies supye(o,1] SUPxe®2)N |£Xp(x)| < oo, then ¢ €
Dyx and AXp = £X¢.

(ii) Denote by (AY, D,v) the generator of the process U of Proposition 6 (ii). If ¢ €
C2° (W) satisfies supye(o,1] SUPyes |£Y0(u)| < 0o, then ¢ € Dyv and AV 9 = LV .

Proof. To check (i), it suffices by (B.1) to verify that (a) ¢ € F¥X, (b) £X¢ € L?>(X, 1)
and (c) for all v € %, we have X (¢, V) = —fx(:ﬁx(p)l//dlj,.

Point (a) is clear, since ¢ € C2°(X). Point (b) follows from the facts that ;1 is Radon
on X, that ¢ is compactly supported in X and that £X¥¢ € L®((R?)V, dx), because
£X¢(x) = limg—o £X¢(x) for all x € E,. Concerning (c) it suffices, by definition
of (6%, FX) and since £X¢ € L2(X, w), to show that for all € C°(X), we have
1 Jw2yny Vo - VY di = — [(goyn (£X@)y du. But for a € (0, 1], by a standard integra-
tion by parts, since ¢, ¢ and m, are smooth,

1

_z [RZ)N div(ma (x)v(p(x))lff(x) dx

3 [y VHO TV M) d

- / X p ()Y (x)mg (x) d.
(RN

Letting « — 0 we conclude the proof by dominated convergence, since my — m
and £ — £X¢ ae. since |Vo(x) - Vi (x)mg(x)| + |[£F0(0)]Y (x)mg (x)| <
Clixexym(x) for some constant C and JK = supp ¥ which is compact in X, and since
w(K) = [5 m(x)dx < oco.

The proof of (ii) is exactly the same, using the fact that if ¢, ¥ € C*°(S), then

1 1 .
E/SVS<P'VSV/ my do = —Efgdws(mavsw)w do = —/S[ngO]Wma do,

which can be shown naively using the projection ®g (see (10)) and Lemma A.2. ]

We end the section with an irreducibility/recurrence/transience study of the spherical
process; see Section B.1 again for definitions.

Lemma 9. Fix N > 2 and 6 > 0 such that N > 6 and consider the process U and its
Dirichlet space (8Y, FY) as in Proposition 6 (ii).
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() (&Y, FY) isirreducible and either

o (&Y, FY) is recurrent and in particular nonexploding and for all measurable A C
U such that B(A) > 0, we have IP’MU (limsup,_, o {U; € A}) = 1 quasi-everywhere;
or

o (&Y, FY) is transient and in particular for all compact subsets X of U, we have
PV (liminf,; 00 {U; € K}) = 0 quasi-everywhere.

(ii) If do.N(N —1) > 0, then (&Y, FY) is recurrent.

In the transient case, one might also prove that }P’,ﬁ] (limsup,_,,{U; € KX}) = 0, but
this would be useless for our purpose.

Proof of Lemma 9. (i) We first show that in any case, (€Y, #Y) is irreducible. By [11,
Corollary 4.6.4, p. 195] and since &Y (¢, ¢) = % Is | Vs¢||?m do with m bounded from
below by a constant (on S), it suffices to prove that the o-symmetric Hunt process with
regular Dirichlet space (§, ) on L?(U, o) with core C2°(U) such that &(p, ) =
% fS | Vsel||? do forall ¢ € C2°(U) is irreducible. But this Hunt process is nothing but an
S-valued Brownian motion. This Brownian motion is a priori killed when it gets out of U,
but a.s. this never occurs since such a Brownian motion never has two (bi-dimensional)
coordinates equal. This S-valued Brownian motion is of course irreducible. We conclude
from [11, Lemma 1.6.4, p. 55] that (§Y, #Y) is either recurrent or transient.

When (& Uy U) is recurrent, [11, Theorem 4.7.1 (iii), p. 202] gives us the result.

When (& v g U) is transient, we fix a compact set K of U and we know from
Lemma A.3 that B(K) < oo, so that by definition of transience, for S-a.e. u € U, we
have Eg[fooo 15 (Us) ds] < oo. Setting txc = inf{t > 0: U; ¢ K}, we see in particular
that IP’MU(UCC <o0) = 1for B-ae.u € U.But, by [11,(4.1.9),p. 155],u —~ ]P’MU (Txc < 00)
is finely continuous. Using [11, Lemma 4.1.5, p. 155], we deduce that IP’,? (txe <00)=1
quasi-everywhere. The Markov property allows us to conclude the proof.

(ii) We recall from Proposition A.3 that 8(S) < oo, because dg x (N — 1) > 0 implies
that kg > N (see Lemma 1). Moreover, ko > N implies that Ex, D Ex D S, whence
U = Ex, N'S = S is compact; the process cannot explode, i.e. § = co. Consequently,
(Y, FY) is recurrent, since ¢ = 1 belongs to L'(U, B) and Ef{[[o"" o(Us) ds] =
Eg [€] = oo. Indeed, as recalled in Section B.1, if (§Y, V) was transient, we would
have ]Eg [fooo @(Uy)ds] < oo forall ¢ € L1 (U, B), with the convention that o(A) =0. =

5. Decomposition

The goal of this section is to prove the following decomposition of the Keller—Segel
particle system defined in Proposition 6 (i). This decomposition is remarkable and cru-
cial for our purpose.

Proposition 10. Fix N > 2 and 6 > 0 such that N > 0, and recall that kg = [2N /0],
XZEkOaHdUISﬂEkO.
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For x € Ey, setr = Ry nj(x) >0, z = Spp,Np(x) € R2 and u = (x — y(2))//7
€ S and consider three independent processes:

o (M;)s>0, a 2-dimensional Brownian motion with diffusion constant N —1/2

from z,

starting

o (D¢)s>0, a squared Bessel process of dimension dg n(N) starting from r and killed
when it gets out of (0, 00), with life-time tp = inf{t > 0: D; = A},

o (Us)i>0, a OSKS(8, N)-process starting from u, with life-time &€ = inf{t > 0:U; = A}.

Set A; = OZMD D1 ds, with generalized inverse p; = inf{s > 0: Ay > t}. Define Y; =

W(M;, Dy, Uy,), where we recall from (9) that V(z,r,u) = y(z) + /ru € Ey when

(z,r,u) € R x (0,00) x S, and ¥(z,r,u) = A whenr = A or u = A. Observe that

the life-time of Y equals {' = pg A tp.

Consider also a QKS(6, N)-process X = (%, MX, (X;);>0. (P)g()xGXA ), with life-
time ¢, and X* = (QX, MX (X})iz0, (PE)xexnEn)uia}), where X} = Xily<gy +
Alysqy and where T = inf{t > 0 : Ry ny7(X;) & (0, 00)}. In other words, X* is the
version of X killed when it gets out of E . The life-time of X* is 1.

The law of (Y;)s>o is the same as that of (X[ )i>o under ]P’f, quasi-everywhere in
X NEpN.

We make the convention that Ry, np(A) = 0, so that T € [0, {]. Since Ry np(Yr)
= D; and Sy N7(Y;) = M, for all ¢ € [0, ), Proposition 10 in particular implies that
(Rp1,87(X1))r=0 and (Spi,n7(X:))r>0 are a squared Bessel process and a Brownian
motion, independent until the first time (R, n7(X;))r>0 vanishes. This actually holds
true until explosion, as shown in Lemma 11 below. The quasi-everywhere notion refers to
the Hunt process X. Observe that when 8 > 2, we have kg < N,sothat X N Exy = X
and X = X*,

Proof of Proposition 10. We divide the proof into several steps. The first two steps are
more or less classical, even if we give all the details: we determine the Dirichlet spaces
of the three processes (M;);>0, (D;)s>0 and (U;);>0 involved in the construction of
(Yt)+>0; then we compute the Dirichlet space of (D, ):>0; next we identify the Dirichlet
space of (D, , U;)s>0, which allows us to find the one of (D¢, Uy, )s>0 by a second time-
change; by concatenation, we deduce the Dirichlet space of (M;, D¢, U4, ):>0. The main
computations are handled in Steps 3 and 4, where we find the Dirichlet space of (¥;);>o,
which allows us to conclude the proof in Step 5 by uniqueness.

Step 1. First, take U = (QY, MY, (Us)tz0, (P,f])ueuA) as in Proposition 6 (ii). Next,
consider a 2-dimensional Brownian motion M = (M, MM | (M,);>0, (PM),g2) with
diffusion constant N ~/2. We know from [11, Example 4.2.1, p. 167] that M is a dz-
symmetric (here dz is the Lebesgue measure on R?) diffusion with regular Dirichlet space
(&M, FM)on L2(R?,dz) with core C2°(R?), and for all ¢ € C®°(R?),

1
6% 00 = 5 [ IV dz. ey
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Finally, let D = (QP, MP, (D)0, (PrD)rERj_U{A}) be a squared Bessel process of
dimension dg, y (N ) killed when it gets out of R* = (0,00), and set v = dg y(N)/2 — 1
(see Revuz—Yor [21, p. 443]). Fukushima [10, Theorem 3.3] tells us that D is an r”dr-
symmetric diffusion (here dr is the Lebesgue measure on R* ) with regular Dirichlet space
(8P, %P)on L2(Ry, rdr) with core C(R%), where for all ¢ € C°(RY),

P (p.g) =2 / 0 (P dr, 25)
Ry

Together with [10, Theorem 3.3], this uses the fact that the scale function and the speed
measure of (D)o are respectively r +— r~" and —[r"/(2v)]dr. Actually, we do not take
the speed measure as reference measure but r”dr, which is the same up to a constant.

Step 2. We apply Lemma B.3 to D with g(r) = 1/r, i.e. with A, = [; Dy ds =
fot "™ p-1ds thanks to the convention A™' = 0 and recall that p is its generalized
inverse; setting Dy, = Dy, 11y, <c0} + Alyp, =00}, We find that

Dy = (27, MP . (Dp)iz0. (B) err)

is an "~ !dr-symmetric (R% U {A})-valued diffusion with Dirichlet space (§Pr, F D)
on L2(R, r*~!dr), regular with core C2°(R* ) such that for all ¢ € C2°(R%),

2 (p.¢) = 6 (¢. ) =2/

lo' ()2t dr = 2/ lre’(M)Pr " tdr.  (26)
Ry

Ry

We use Lemma B.5 and the notation therein: recalling that by definition, M (P-U) =
o((Dy,, Us) : t = 0), with the convention that (r, A) = (A, u) = (A, A) = A, and
PP = PP @ PY if (r.u) € R% x Uand PPV = PP ® PY, we find that

D,U
D.U) = (@2 x @Y, MPY) (D,,, Up)izo. (P((,,u) ))(r,u)e(Rj_x‘u)U{A})

is an r¥~1drB(du)-symmetric (R% x U) U {A}-valued diffusion with regular Dirichlet
space (6Po) F Do)y on L2(R4 x S, r'~1drf(du)) with core C2°(R* x U), and
forall p € C(RY x W),

6.0 = [

&V (p(r. ). p(r. )r" " dr + / €25 (g (- u). 9. 0)) B(du).
R+ S

We now apply Lemma B.3 to (D, U) with g(r,u) = r forall r € R} and allu € U.
We consider the time-change o; = fot g(D,,, Us) ds, with the convention that g(r,u) = 0
as long as (r,u) = A. We also set By = inf{s > 0: oy > t}. As we will see in a few lines,

(DpBr,UB,) = (D;,Uy,) forallt >0. 27
Hence Lemma B.3 tells us that
DU
(D, Uy) = (P x QY, MP-D) (D, Us,)s50, (]P’((,,u) ))(r,u)e(Rix‘u)u{A})

is an r"drB(du)-symmetric (R} x U) U {A}-valued diffusion with regular Dirichlet
space (6P:Ua) 77 (D.Ua)y on L2(R4 x S, r’drB(du)) with core C°(R* x U) and for
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allp € CP(RE x U),
§PU(p.¢) = 6P V(p. )

- / &V (o(r. ). p(r. )r' "V dr + / €2 (p(ou). p(ow)) B(du).  (28)

We now check (27). Recall that D explodes at time tp, A; = fot AtD D;1ds, and pis
the generalized inverse of A. Hence (p;)efo, Acp) is the true inverse of (A;);e[o,75) and
we have p}, = D,,, whence p; = f(f D, ds fort € [0, A¢,). We also have p; = oo for
t > A Next, o = f; D,,ds = p; fort € [0, A7, A E), because g(Dp,, Us) = Dy,
if (Dp,,Us) # A, ie. if s < A, AE. Hence B, the generalized inverse of «, equals A
during [0, Tp A pg), thus in particular pg, = ¢ for t € [0, Ar, A &). In conclusion, (27)
holds true for ¢ € [0, A, A §). If now t > tp A pg, then B, = oo, because B is the
generalized inverse of & and because for all 7 > 0,

O = 0hr A = PArpnE = TD A Pg-

Hence, still if > tp A pg, we have (ng, ,Up,) = A, while (D;,Uy4,) = A because
either 1 > tp and thus D, = A, or ¢ > pg and thus A, > § so that Uy, = A. We have
proved (27).

Thanks to Lemma B.5, setting MM-2:U) = 5((M,, D,, Uy,) : t > 0) with the con-
vention that (z, A) = A and setting ]P’((ZA’{”%U) =PM ® ]P((rl’)l;)U ) in the case where
(z,r,u) e R? x R% x U and ]P’(AM’D’U) = Pg” ® PLD’U), we conclude that

(M, D, Uy) = (@M x QP x QU MM-PD) (M,, D;, Uy, )s50,

M, DU
(P((Z,,,u) ))(z,r,u)E(szRixU)U{A})

is adzrVdrp(du)-symmetric (R? x R x U) U {A}-valued diffusion with regular Dirich-
let space (§M-D:Ua) - (M.D.Ua)y on [2(R2 x Ry x S, dzr’drf(du)), and its core is
C2(R? x R* x U). Moreover, for all ¢ € C>(R? x RY x U),

gM-DU) (¢, )
- f EM (o o). . o)) dr B(du) + / EPUD (2., )., p(z.-.)) dz
]R+><S R2
- / M (g (- rou). o rou))r dr B(du)
R+XS
4 / €2 (p(z. ). p(z. - u)) dz B(du)
R2xS

—I—/ SU(qo(z,r, Yoz r))dzrY " dr
RZX]R+

1
- / L Vel + 200G
R2xR 4 xS L 2N

+ % Vso(z,r, u)||2:| dzr¥dr B(du). (29)
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For the second line, we have used (28). For the last line, we have used (24), (26) and the
expression of & U (see Proposition 6 (ii)).

Step 3. We recall that Y, = W(M,, D, Uy, ), where W(z,r,u) = y(z) + /ru for (z,r,u)
e R% x ]R:L x U and W(z,r,u) = A for (z,r,u) = A. One easily checks that ¥ is a
bijection from (R? x R% x U) U {A} to (X N Ex) U{A}; recall that X = Eg, and
U = Eg, NS.

We now study

Y =@V M (YD)iz0. (P))yexnEn)uiay):

where @7 = @M x QP x QU, MY = MMPD) and PY = P DD for (z,r.u) =
vl (y).

First, Y is an (X N Ex) U {A}-valued diffusion, because the bijection ¥, which maps
(R? x R% x U) U{A} onto (X N Ex) U {A}, is continuous, both sets being endowed
with the one-point compactification topology; see Section B. 1.

Next, we prove that Y is p-symmetric: if ¢, ¥ are nonnegative measurable functions
on X N Ey and ¢t > 0, we have, thanks to Lemma A.2 (recall that v = dgp y(N)/2 — 1),

[ [PY o()TY () 1(dy)
(R2)N

1
= _[ [(PY o)W (z, r,u)|¥ (¥ (z, r,u)r’ dz dr B(du).
RZxR 4 xS

2
But (PY ¢)(W(z, 1)) = B¢z ranlo(¥(M;, D, Ug)))] = PLMPVD (g 0 W) (2, 1 u0), 50
that

/ (PY oY () 1 (d)
(R2)N

_! / [PTPUD (4 o 0 (2. 1)) [(W 0 W)z )] ¥ dz dr B(du).
RZxR4 xS

2
Using the fact that (MI, D, Uy ) is dzrVdrB(du)-symmetric and then the same computation
in reverse order, one concludes that || ®R2)N [PY oy du = / ®R2)N @[PY ¥]dp as desired.
Thus Y has a Dirichlet space (§Y, %) on L2((R?)¥, i) that we now determine. For
@ € L2(R*)N, u), using as above Lemma A.2 and the fact that (PY ¢)(¥(z, r,u)) =
Pt(M’D’UA)(q) o W)(z,r,u), we find

1

;[ (PYo—9)pdu =
(R2)N

1

— [PM-PUA) (4 0 W) (2, r,u) — (¢ 0 W) (2. 7 u)] [0 0 W(z, ru)]r” dz dr B(du).

2t sz]Rj_xS

Since W is bijective, we deduce (see [11, Lemma 1.3.4, p. 23]) that

FV ={p e LA(RHN, 1) : 9 o ¥ € FM:-DUa)y (30)
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and
&V (p, ) = %B(M’D’UA)(goo\I/,(po\I!) forgp e Y. 3D

Step 4. We now compute &Y (¢, ¢) for ¢ € CX(X N Ey). Observe that ¢ o W €
CC""(]R{2 x R* x U). Thanks to (29) and (31), we have

1
8Y(<p,(p) = E/Rz f s I(z,r,u)dz r¥ dr B(du), (32)
X +X

where
1
[z.ru) = 5 [Va(@ 0 W) (2.7, w)||> + 2r|0, (¢ o W) (z, r,u)|?
1
+ 2—||Vs(<ﬂ o W) (z,r,u)|%
.

We recall that for ¢ : (R2)N — R, we call Vo(x) = (Vo(x)L, ..., (Vo(x)Y)
€ (R?)N the total gradient of ¢ at x € (R?)V, and we have (Vo(x))’ € R? for each
i €[1,N]. Andfor¢: O — RP?, where O is open in R", we denote by d, ¢ the differential
ofpatz € O.

We start with the study of ¥(z, r,u) = y(z) + +/ru, where we recall that y was
introduced in Section 2 and ®g(x) = gy x/||wg x| is defined on a neighborhood of S in
(R%)N (see (10)). For all (z,r,u) € R? x R% xSandallh € R2,k e Rand £ € (R?)V,
we have

k
U ru)h) =y(h), &¥(z, - u)(k) = NG
du[¥(z.r, @s()I(E) = Vrm,. (g (0)).

For the first equality, it suffices to use the fact that y is linear, so that d, WV (-, r, u)(h) =
d;y(h) = y(h). The second equality is obvious. For the third equality, which is the dif-
ferential at u € S of the function F(x) = y(z) + /r ®s(x) defined for x in Ex (which
is open in (RZ)N and contains S), we write d, F = /rd, ®s. But &5 = G o g, where
G(x) = x/||x||, and we have dymg = wg and dy,; ()G = duG = 7,1 foru € S. Allin
all, d, F = /rm,1 omy.

First, V; (¢ o ¥)(z,r,u) = vazl [Vo(¥(z,r,u))]'. Indeed, for all 1 € R?,

dz (¢ o W, r,u))(h) = (dw(z,ruw@) (A V(. 7, u))(h)]
= [dui,ra@) (v (h) = Vo(¥(z,r.u)) - y(h),
which, by definition of y, equals 4 - ZIN=1 [Vo(¥(z,r,u))].
This implies that

1 1 e g2 1
s IVe(po v r)|? = ﬁ\)g[wwzmum’ = S (Fp (w1,

(33)
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Indeed, recalling the expression of gy (see Section 2), it suffices to note that for every
x € RN, |y ()2 = ly(Spap)I? = NISpa)l? = N7 XL, X2
Next, 3, (¢ o W)(z,r,u) = (Vo)(¥(z,r,u)) -u/(2/r). Indeed, for k € R,

dr(@ o W(z, - u))(k) = (wi,r@)[(dr¥(z. - 1) (k)] = [dwirue) W) X 5—= f

which is nothing but (Vo) (¥ (z,r,u)) - u x k/(24/7).
This implies, recalling that 7, is the orthogonal projection on span(x) C (R?)", that

2113, (¢ 0 W) (z, r,u) [ = S (Vo)W (2, r,u))* = 3 |7 (mu (V) (¥ (2, 1, 0)))) |12
(34
sinceu € S, sothat ||u| =1landu € H.
Finally, Vs(p o W)(z, r, u) = /rag(m,. (Vo(¥(z, r, u)))). Indeed, for all ¢
in (R*)V,
du((@ 0 W) (z, 7, Ps( ) = (dw(z,rau9)(dulV(z, 1, Ps(-)](E))
= V1 (dw(z,rw @) (0,1 (71 (£)))
= VrVo(¥(z,r,u)) - w1 (E (£))
= Vrag (. (Vo(¥(z,r,u)))) - £
as desired, since Vs(p o W)(z,r,u) = Vy((¢ o W)(z, r, Ps(-)))(u) by definition of Vg
(see (12)).
This implies that

1 1
;”VS(GD o W)(z,ru)|* = EllﬂH(ﬂul(Vﬁﬂ(‘I’(z, ran))|>. (33)

Gathering (33)—(35), we see that I(z,r, u) = %HV(p(\I!(z, T, u))||2, since for
x € (RN,
g NI + e (ru D + e (o, )P = 1x )12

becauseu € S C H.
Injecting the value of [ in (32) and using Lemma A.2, we obtain

1 1
0=y [ VoG rwPdzrarpan =5 [ 1Vl au.
R2xR* xS R2)N

Step 5. As a last technical step, we verify that (¥, #7) is a regular Dirichlet space on
L2((R%)N, ) with core C®(X N Ey), i.e. forallp € FY, thereis g, € CX(X N Ey)
such that lim, [@n — @l L2(®2)V 1) + €¥ (00 — 9. 00 — ) = 0.

Since (§M-D.Ua) g (M.D.Ua)y on [2(R2 x Ry x S, dzrVdrB(du)) is regular with
core C°(R? x R% x U), and recalling (30), there is g, € C°(R? x R% x U) such that

lgn —¢o \Ij||L2(R2><]R+xS,dzr”drﬂ(du)) + 6O(M’D’UA)(gn —poV¥, gy —@oV¥)—0.
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Setting ¢, = gn o W1, we have ¢, € CZ(X N Ey), and by (31),
EY (pn — ¢ pn —9) = 26MLUD (g, — g oW g — o W) >0,
as well as, by Lemma A.2,

lon = @ll2q®2)n ) = 51180 — ¢ © ¥l 2®2xR, x8,0zrvarp(auy) = O-

Step 6. By Steps 3-5, Y is a p-symmetric (X N Ey) U {A}-valued diffusion with
regular Dirichlet space (8Y, #Y) with core CX(X N Ey) and with &Y (g, ¢) =
%f(]RZ)N [Vell* du for ¢ € CX(X NEN).

Now, applying Lemma B.6 to X defined in Proposition 6 (i) with the set X N Ey, we
see that X*, i.e. X killed when getting outside X N Ey, is a w-symmetric (X N Ex)
U {A}-valued diffusion process with regular Dirichlet space (6€X*, #X) with core
C(X N Ey) and with X7 (9, ¢) = 1 [g2)n Vo dpu for ¢ € C2(X N Ey).

This implies, as recalled in Section B.1, that (§X", #X") = (¥, #Y). The conclu-
sion follows by uniqueness (see [11, Theorem 4.2.8, p. 167]). [

Actually, (Rp1,n7(X:))r>0 and (Spi,n7(X))s=0 are a squared Bessel process and
a Brownian motion independent until explosion (and not only until the first time that
Rp1,n7(X;) = 0, as shown in Proposition 10), a fact that we shall often use.

Lemma 11. Fix N > 2 and 6 > 0 such that N > 0 and consider a QKS(6, N)-process
X = (X, M¥X, (X{)s>0. (]P’f)xexA). Quasi-everywhere, there are a 2-dimensional
Brownian motion (M;);>o with diffusion constant N2 issued from Sp,Np(x) and a
squared Bessel process (Dy)i>o of dimension dg ny(N) issued from Ry ny(x) (killed
when it leaves (0, 00) if dg N(N) < 0) independent of (M;):>o such that ]P’;Y—a.s.,
Snny(Xy) = M; and Ry N1 (X;) = Dy forallt € [0,9).

Proof. If 8 > 2, this is a consequence of Proposition 10: introducing the stopping time
t=inf{t > 0: R n](X;) ¢ (0,00)}, we have t = {. Indeed, on {t < {}, we have X; ¢
En, whence X; ¢ X since X = Ej, with kg < N (because 6 > 2), which contradicts
T <.

We now suppose that < 2, so that kg > N and thus X = (R?)". We introduce the
shortened notation R(x) = Ry np(x), S(x) = Sp1,n7(x) and split the proof into three
parts.

Step 1. First, one can show similarly to the proof of Proposition 10 (but much more
easily) that there exists a 2-dimensional Brownian motion (M;);>0, which is independent
of (X; — y(S(X¢)))¢>o0, such that S(X;) = M; for all ¢ € [0, {). This moreover shows
that (M;);>o is independent of (R(X;))>0, because R(X;) = || X; — y(S(X,))||>.

Step 2. We consider some function g,, € C c°°((]R{2)N ) such that g, = 1 on B(0,m) and
SUPge(0.1] SUPxeR2)N | Lo &m(x)| < co. Such a function exists by Remark 14. For ¢ €
CX(R4), weset ¥(x) = ¢(R(x)) and show that g, € D, x and forall x € B(0,m),

AX (Y gm)(x) = 2R(x)¢" (R(x)) + dg,n (N )¢ (R(x)). (36)
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To this end, we apply Remark 8. Since ¥ g, € CX((R?)N) and X = (R?)"V,
we have to show that sup,e(g,1] SUPxe(®2)N |£X (¥ gm)(x)| < oo, and we will deduce
that AX (Y gm) = £X (Y gm). By (22), we have LX (Vgm) = gmEEV + vE£E gm +
V- Vg, The only difficulty consists in showing supy e (g,1] SUPxe®2)N | Xy (x)] < 0.
Using Vi R(x) = 2(x! — S(x)), we find Vi ¥ (x) = 2(x* — S(x))¢’(R(x)). Hence, by
symmetry,

0 iy 20 iy .
T Y T Vel = SR Y

i yJ|2
1sigyen XTI A

Ix" — x|

0
S RALGIEDS 37)

Moreover, A, ¥ (x) = 4(1 — 1/N)¢'(R(x)) + 4||x* — S(x)[|?¢” (R(x)), whence
Ay (x) = 4(N = Dg'(R(x)) + 4R (x)¢" (R(x)). (38)
By combining (37) and (38) we conclude that

Ix" —x7?

I =77+«

0
£E90) = 2R R + (28 == 3

1<i#j<N

)(p’(R(X))-

Since ¢ is compactly supported, we deduce that sup,e (g, 1] SUPxe®2)¥ |§C§1//(x)| < 00,
whence supy (o, 1] SUPxe(R2)N |€X (Y gm)(x)| < oo. Hence Vg, € Dyx and AX (Y gm)
= £X (¥ gm). Moreover, recalling that £X y = £X witha =0, and g,, = 1 on B(0,m),
we conclude that AX (¥ gp)(x) = ié‘lﬁ(x) for x € B(0, m). This implies (36), because
2(N—-1)—0(N —1) =dgn(N).

Step 3. We define ¢,, = inf{t > 0: X, ¢ B(0,m)}. By Lemma B.2 and Step 1, for all
¢ € C°(Ry), quasi-everywhere in B(0, m),

tAEm
G(R(Xone,)) — @(R(x)) — [0 2% p(R(X,)) ds

is a ]P’;X -martingale. Recalling (36), we classically conclude that there is a Brownian
motion W such that R(X;) = R(x) + 2f0t vV R(Xs)dWs + dg y (N)t during [0, {,]. We
recognize the SDE of a squared Bessel process of dimension dg_y (N) (see Revuz—Yor
[21, Chapter XI]). Since we know from Remark 7 that { = lim,, ,,, the proof is com-
plete. ]

6. Some cutoff functions
We will need several times to approximate indicator functions by smooth functions, on

which the generator £X (or iU) is bounded. This does not seem obvious, due to the
singularity of £X . We recall that fgf and fg were defined in (21) and (23).
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Lemma 12. Fix N > 2 and 6 > 0, and recall that kg = [2N /0] and X = Ey,,. Consider
a partition K = (Kp)peq1,¢1 of [1. N and define, for € [0, 1] (with the convention that
B(0,1/0) = (R*)N),

Gk = {x € X: min min _ |x' —x/|? > 8} N B(0,1/e).
1<p#q=lic€Kp,jeKq

(i) For all & € (0,1], there is a family of open relatively compact subsets Gy . of Gk,o
such that

U Gk D Gke and Gy, C Gl'éjgl foreachn > 1

n>1

and a family of [0, 1]-valued functions Tg . € C2°(Gx o) such that for some n € (0,1]
andalln > 1,

suppl'g . C Gk, Tx,=1lonGg,, sup sup |§E§Ffé’s(x)| < 0.
a€(0,1] xe(R2)N

(ii) With the same sets Gy , as in (i), there exist functions FEZ € C(S N Gk,o) with
values in [0, 1] such that for alln > 1,

FE:: =1 onSNGg, and sup sup |$3F§:Z(u)| < 00.
ae(0,1]uesS

The section is devoted to the proof of this lemma. We start with the following technical
result.

Lemma 13. Define a family (cg)¢eqi,n] by co = 1 and cgyy = (2 + 4L)cq for all £ €
[1,N —1]. Forall K S [1,N], and all € € (0,1] and x € (R?*)N such that

Rk (x) <2¢kje and H;l}(l Rigugjy(x) = ¢kj+18,
j

we have ||x' — x7||? > cikieforalli € Kand j ¢ K.

Proof. We fix K C [1, N], e € (0,1] and x € (R?)" as in the statement and assume for
contradiction that there are ip € K and jo ¢ K such that [|x’0 — x/0||? < ¢ /. Then for
alli € K,

1670 = xTI? < 2" — x| 4 2670 — xF|| < 2/|x0 — x701? + 2| K| Rk (x)

<2+ 4|K|)C|K|8.

This implies that

Riuy = —<2 K|R 2 Jo _ yip2
KU{jo} (X) 2K+ 0) | KRk (x) + i;{llx x| )
1 i .
<Rk (x) + D Bl

K+ 1ix
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whence
2 4+ 4|K]|

W|K|C|K|8 < (2 —+ 4|K|)C|K|8 = C|K|+18,

Rgugjoy(x) < 2¢ikie +

which is a contradiction. [

Proof of Lemma 12. We introduce a nondecreasing C*° function ¢ : R4y — [0, 1] such
that o = 0 on [0,1/2] and ¢ = 1 on [1, o0). We divide the proof into three steps.

Step 1. We fix n > 1 and define, for K C [1, N], using the family (c¢)¢eqi,ny of
Lemma 13,

Exkn={xe ®)HN : VLD K, RL(x) > cr;/n}, Tkalx)= ]_[ o(nRL(x)/ciL))s
LDK
where {L D K} ={L C [1,N] : K C L}. We have
Tgn € CO(R*Y), suppTkn C Exon. Tkn=1 onEgpn. (39)
Since Rk (x) > 0 implies that Ry (x) > 0 for all L D K, we also have
|J Ekn = Ex. where Ex ={x e [®R*)" : Rg(x) > 0}. (40)
n>1

We now show, and this is the main difficulty of this step, that forall A > 0 and K C
[1, N] with |[K| > 2, we have supye(o,1] SUPxeB(0,4) |£X Tk n(x)| < co. Observe that
since sup,ep(o, 4) |AT k. (x)| < oo, it suffices that SUPye(0,1] SUPxeB(0,4) | K na(X)] <
00, Where

xi _.xj ~
Ik na(x) = Z m'vxirK,n(x)
1<i#j<N
xt—xJ
= > frra®) Y. m'vxiRL(x),
LDK 1<i#j<N
with Ri(o) Rag (1)
n nRy(x nEKp(X
JrLn(x) = —Ql( ) [ Q(—)
ac \ €Ll g aer N €M)

Using Vi R (x) = 2(x" — S1(x))1eL}, We now write

Tkna() =2 frra()(ALa(x) + BLa(x)),

LO>K
where
_ (x! —x7) - (x" = SL(x))
AL,a(x)—HZ. R e
i,jEL,i#j
L) (¥ —
Bl = Y &G-S

ieL,jelLc ”xi —xj||2+ot
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We have sup,¢(g,1] SUPxeB(0,4) | SK.L.n(X) AL, (x)| < 00 because fk,L,» is bounded and

(xf —x7) - xt
M= Y A
5 —vJl2
eyl it
1 xt—x7? L|(|IL| -1
—2 Z ||x|’! —xf||2”+01 < [0’ 1 2| )]'
i,jEL,is]

Next, assume that L < [1, N] (else Br 4(x) = 0) and observe that fx 1 ,(x) # 0
implies that Ry (x) < ¢j|/n (since ¢’ = 0 on [1, 00)) and that min;¢;, Rpug(x) >
¢iLj+1/(2n) (as 0 = 0 on [0, 1/2]). By Lemma 13, this gives min;ez, jere [|x' — x/ |2 >
c|r|/(2n). We immediately conclude that SUPye(0,1] SUPxe B(0,4) | fx,L.n(X)BL o(x)]| <00.

Step 2. 'We can now prove (i). We fix & € (0, 1] and a partition K = (K})peq1,¢7 of [1. N].
For some m > 1 to be chosen later (as a function of &), for each n > 1 we set

G, = B(0,m) N ( N EK,,,) n ( N N E{,-,j},m>,

KC[1,N]: 1K |=ko 1<p#q<licK,,jeK,
e =gn( [ Tea@)( [T T Fanm®).
KC[1,N]:|K|=ko 1<p#q=<licK,, jeKy

where g, (x) = o(m/||x||) with the extension g,,(0) = 1.
First, Gﬁ,s is clearly included in Glrgl and relatively compact in Gk . We deduce

from (40) that, setting Hg,m = B(0,m) N (i< prg<e Niek,, jek, Ei jy.m:
UGk.=( N Ex) 0 Hem = B N Him = X 0 Hicn.
n>1 KC[1,N]:|K|=ko
By (40) again, we can choose m large enough that Hk , contains Gk .. Next, by (39),
Iy, € C®(R)Y), T, = 1on Gf, and
supp I'g  C B(0,2m) N ( ﬂ EK,Zn) n ( m m E{i,j},2m>v
KC[1,N]:|K|=ko 1<p#q<lieK,,jeKy

which is compact in Gg,9. Moreover, supp Fﬁ,e C Hk,am. Since there exists 1 € (0, 1]
such that Hg >, C Gk 5, we conclude that supp Fl’éys C Gk,-
It remains to show that sup,e(, 1] SUPxe®r2)N |£XTE (x)| < co. Introducing

e = TI  T®)( T TI Tenmw).

KC[1,N]:|1K|=ko l<p#q<licKp,jcK,

which belongs to C®°((R?)V) by Step 1, we have I'ke = &m Xk (x) (with the chosen
value of m), and thus by (22),

LETE () = gm() LTtk s (6) + Ak LE gm(X) + Vgm(x) - VYK o (x).
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The first term is uniformly bounded because g, is bounded and supported in B(0,2m) and
because SUPye(o,1] SUPxe B(0,2m) |§CX)(;’(’6(X)| < oo by Step 1 and (22). The third term is
also uniformly bounded, since yi , € C ®((R?)N) and Vg,, is bounded and supported in
B(0,2m). Finally, the middle term is bounded because y . is bounded by 1 and X g is
uniformly bounded, as we now show: Ag,, is obviously bounded since g,, € C2((R?)V),
and since Vi gm(x) = —mo'(m/||x|)x?/||x||3, we have

xt—xJ mo’(m/||x xt—xJ ;
Z y—.-ingm(x) = —M Z —_—— 5 X

i yJjl|2 3 T
1<i,j<N Xt = x| + o [l x|l < TN lxf —x7 |2 + &

_mg'(m/|x|)) 3 [lx* = x7?
3 i _ 7|12 :
ZETERN < PR e
This last quantity is uniformly bounded, since ¢’ is bounded and vanishes on [1, 00).

Step 3. We now prove (ii), by showing that the restriction I‘E’Z = I'g s satisfies the
required conditions. Obviously FKS € CX(S N Gk,o) and FE: =1lonSNGg,. I

remains to show that supy ¢(o,1] SUPyes |§€UFS | < oo (recall (23)). Since FS " e C°°(S)
As FE:Z is bounded. We thus only have to verify that supye(g, 1] SUPyes |Ta (u)| < oo,

where ) )
0 ut —ul s .
Tu(u) = —— __ MW (weTS ).
=N 2 T—wpra T
Setting bl (1) = — % Z AR ||ul'i’u_j”||2+a and using (14), we obtain

To(u) = bo (u) - VSFK,’Z (u) = ba(u) - g (ﬂuL(VFEjZ (1))).

Since now b(u) € H and since wy and 7,1 are self-adjoint, being orthogonal projections,
we get

Ta(u) = 7, (ba (W) - VIR () = ba(u) - VIR (1) = (ba () - u)(u - VIL ().
But by (u) - VFE,’Z (u) =LXT E;Z (u) — AFS ’# (u) is uniformly bounded by (i) and since
AT (u) is bounded on S. Next, u - VI‘E;’ (u) is smooth and thus bounded on S. Finally,

0 W —ul)-ul 0 |uf —u’||?
b ‘U= —— —_— Y = — —_—
w() U = =g Z W —w |2+« 2N Z [l — |2 +
1<i,j<N 1<i,j<N

is also uniformly bounded. ]

Remark 14. We have proved in Step 2 that for each m > 0, g, € C° ((R%)N) satisfies
gm = 1 on B(0,m) and supy (o 1] SUPxe®r2)N |[€X gm(x)| < o0.
7. A Girsanov theorem for the Keller-Segel particle system

In this section, we prove a rigorous version of the intuitive argument presented in Sec-
tion 3.4.



Collisions of the supercritical Keller—Segel particle system 4117

For x € (R?)V and K C [1, N], we set x|k = (x%);jek. For K = (Kj)pe[1,¢] a parti-
tion of [1, N, for y; € (R2)!K1l .y, € (R?)IKel, we abusively denote by (Yp)pefn,e]
the element y of (R?)" such that y|g, = y; foralli € [1,£].

We adopt the convention that for any 8 > 0, a QKS(0, 1)-process is a 2-dimensional
Brownian motion. This is natural in view of (1).

Proposition 15. Let N > 2 and 6 > 0 be such that N > 60 and set kg = [2N/0]. Fix
some partition K = (Kp)peq1,¢) of [1. N] with £ > 2. Consider the state spaces X, = Ey,
and, for each p € [1,4],
Kol
Y, = {y e ®)Kr1 VK C [1,|Kyl] with |K| = ko, Y Iy = 7|17 > o}.
i,j=1

Consider

®a QKS(@, N)_process X = (QX’ ‘MX» (XI)IZOv (]P))g()xexA),

e a QOKS(O|Kp|/N, |Kp|)-process YP = (QF, MP, (Yp:)i>0. (IP’yp)yEyZ) for all
p € [1,4].

Set QY = ]_[f,:1 QP and Yy = (Yp,1)pe[1,¢], with the convention that Y, = A as long as

Yp: = A for some p € [1,£]. Also set MY = o (Y, : t > 0) and IP’yY = ®£:1}P’)f; for all

y= (J’p)pe[[l,l]] € (RZ)N~
Fix ¢ € (0, 1], recall that

GKe = {x eX: lsg;iégse iGKgl,ijneKq [x! —x7)? > e} N B(0,1/¢),
and set
Ke =1{120:X; ¢ Gke} and Tke={1=20:Y, ¢ Gk}
Fix T > 0. Quasi-everywhere in Gx, there is a probability measure Q?’E’K on

(QX, MX), equivalent to IP’;(, such that the law of the process (X(aT atg ,)1=0 under
f’*’“”‘ is the same as that of (Y;aT az¢ ,)1=0 ON (Y, MY) under IP’;.

. py SOy
Furthermore, the Radon—Nikodym density is M

d]P)?( T/\TK’S
usual M;Y = 0(Xy,s <t), and there is a deterministic constant Ctgx > 0 such that

-measurable, where as

quasi-everywhere in Gk,

T,e,K
x

crle <
T,&‘,K — dP)g(

=< CT,s,K'

The quasi-everywhere notion refers to the process X. Let us mention that for { being
the life-time of X, we have tx . € [0, {] when { < oo because A ¢ Gk . Although this
is not clear at this point of the paper, the event {tx , = {} has a positive probability if
14 |Kp| > ko.

=1,...,
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Proof of Proposition 15. We only consider the case where £ = 2. The general case is
heavier in terms of notation but contains no additional difficulty. We fix a nontrivial par-
tition K = (K, K3,) of [1, N]. The main idea is to apply Lemma B.7 to X with the
function

o(x) = exp(u(x)), where u(x)= ﬁ E log [|x* — x7. 41)
N . ,
lGKl,]EKz

Unfortunately, this is not licit because u ¢ ¥ X

Step 1. Set Y = (QF, MY, (Y1)iz0. (P )ye, x¥2)u(a)) and fix e € (0, 1] and n > 1.
We first compute the Dirichlet space of Y killed when it outside Gl’é’s (recall Lemma 12).
Consider the measures

wdy) =[] Iy =y 1""Vdy and pady)= ] Iy =/ 17"dy
i,jeKy,i#] i,jeKs,i#]j

on (R2)/X1l and (R2)/X2!, with p;(dy) = dy if |K;| = 1. Recall that z(dx) = m(x)dx

(see (4)) and by definition (see (41)), 0(x) = [T;cx, jex, ¥ —x/ ¥~ we deduce that

1 ® pa = 0> .

By Proposition 6, for p = 1,2, Y? is a yi-valued Mp-symmetric diffusion (since
(0|Kp|/N)/IKp| = 6/N) with regular Dirichlet space (&,, ¥,) with core CX(¥Y,),
and &,(¢, ) = %f(Rz)\KM [Ve|? dup for ¢ € C(Y,). This also holds true if e.g.
|Ki| =1 (see [11, Example 4.2.1, p. 167]), since then 1 is nothing but the Lebesgue
measure on R2. Since now i1 ® py = 0%, by Lemma B.5, Y is a 0?u-symmetric X a-
valued diffusion with regular Dirichlet space (§Y, Y) on L?(Y; x ¥,, 0*>du) with core
CX (Y, x ¥Yy) and, for p € CX (Y1 x Y5),

&Y (¢, )

/ €:(0(r. ). 9(y.9) 1 (dy) + /
(R2)\K1\

(RZ)\K

L 102, 0(,2) pa(d2)

1
3 ) IVl a
R2)N

Finally, we apply Lemma B.6 to Y with the open set Gg . C X' C ¥; x ¥», to find that
the resulting killed process

V7 = (QY, MY, (V) iz0, (P )yeay , uta))

is a QZ,U,|G£ ,-symmetric Gg , U {A}-valued diffusion, and its regular Dirichlet space
(&Yme Y8y has core C° (Gk ) and is such that for all ¢ € C°(Gy ),

1
8Y,n,5(¢’(p) — 5/
Gn

K,

IVe|?0® du.

Step 2. Wenow fix & € (0, 1] and introduce, for eachn > 1, up ¢ (x) = u(x) g () (recall
(41) and Lemma 12), and 0, » = exp(u,,-). We check here that the functions u, . and 0, ¢
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satisfy the assumptions of Lemma B.7 (to be applied to X), that A% [0, — 1] = £X 0 ¢
and that

sup sup |u, ¢(x)| <oo and sup sup |§€Xgn,g(x)| < o0. (42)
n>1xeX nzlxeGy .

First, u, ¢ € FX because Une € CX(X), and |uy, ¢| is bounded, uniformly in n > 1,
because Fl’é’g is bounded by 1 and vanishes outside Gk, (see Lemma 12), while u is
smooth on G . To show that AX [0, . — 1] = £%X 0, ¢, it suffices by Remark 8 to verify
that gn e — 1 € C°(X), which is clear, and supy ¢, 1] SUPxe(R2)N |£X 0n e (x)] < c0. We
have

L one(x) = "= LFup o (x) + 5O [ Vuy o (0)|17.

Since u, . € CX((R?)), it suffices to show that SUPge(0,1] SUPxe(R2)N |[€Xuy 6 (x)| <.
By (22),

LXune(x) = TR () LXu(x) + u(x)LETE (x) + VIR (x) - Vu(x).

Again, the only difficulty is in the first term, because £X I'k ¢ 1s uniformly bounded by
Lemma 12 and vanishes outside Gk, while u is smooth on Gk ;. Since supp Fl’é,a C
Gk, the task is reduced to showing that supy(g,1] SUPx Gy, |§C§u(x)| < 0o. But

xl

=P +a

1 6 )
LXu = Shu— o Se where Se(¥)= Y i

o

- V,iu(x),
1<i,j<N

and we only have to verify that

sup  sup Sy (x)]| < o0.
a€(0,1] xeGk p

For k € K7 and £ € K5, we have

0 xk_—xJ 0 xt—xi
VW = 2 N M T = 2 N e

jE€K> i€k
Hence Sq = S1,0 + S2,0 + S3,4 + S4,0, Where

0 xt—x/ xt — xk

Sl=°‘(x)=ﬁ Z v —x/ |2+ o Z [xi — xk)2°
i,jek; kek»

0 xt—xJ xi— xk

DNTE LA S A S ek
’ i _ yJjl2 i _ k2’
Nk T, X =72 +a rer, Ixt =¥l

and S3,4 (resp. S4q) is defined as Si4 (resp. S2,4) with the roles of K; and K,
exchanged. First, S5 (and S44) is obviously uniformly bounded on Gk,,. Next, by
symmetry,

k

0 xt—x/ xt—x x/ — xk
S X = — T — . - . .
0= 55 T e 2 (e )

i,jEK] kEK2
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Moreover, there is C, > 0 such that for all x € Gk 5, all i, j € K distinct, and all k € K>,

so that Sp 4 (and S3 ) is bounded on Gk, uniformly in o € (0, 1], as desired.
Finally, the above computations, together with the facts that I" l'é’s =1on Gl’é’s, also
show that for x € Gl’é’s,

xi— xk x/ —x

lxf —xK)2 s — Xk |2

k

< Cylx' —x7].

0 1
£X one(x) = e"<x)( Au(x) = 1 Sa (x)) 2e”(x)||Vu(x)||2,
which is bounded on G . Since G . C Gk, this gives sup,> sup,egy | |[£X 0n e ()]
< oo and finishes the step. ’

Step 3. We apply Lemma B.7 to the process X with u, . and o, defined in Step 2.
Recalling that AX [0, . — 1] = £%X 0, and using the conventions g, ¢(A) = 1 and
£X0p.6(A) =0, we set

Xt) " &% 0n e (Xy)
e — On,e( Xy exp(_/ n,e(Xs ds). (43)
! 0n,e(Xo) 0 Qn,s(Xs)

Set MX = 0(X;,s <t). By Lemma B.7, there is a family (Q%"*)xexu(a} of probability
measures such that
QL = L1 B on ¥

for all + > 0 and quasi-everywhere in X U {A}, and such that
X",s = (QX» fMXv (Xt)tz()v (Qz’a)xeXA)

isa Qn M-symmetric X U {A}-valued diffusion with regular Dirichlet space (§"-%, ¥ ™)
with core C2°(X) such that for all ¢ € C2°(X),

1
8”’8((/)5 90) = 5/ ”V(p”ZQn &
®2)N
Next, we apply Lemma B.6 to X"+* with the open set G ,; the resulting killed process

X = (X M (X") 20, Q) vect uiay)

is a Qn MGy -symmetric Gg . U {A}-valued diffusion, its regular Dirichlet space
(&*mE, Fen 8) has core C°°(G ¢)»and forall g € C2(Gg ),

1
e (.0 =5 [ I1VolPeld
2 Jey.
Comparing this Dirichlet space with the one found in Step 1, using on,, = 0 on G,
and a uniqueness argument (see [11, Theorem 4.2.8, p. 167]), we conclude that quasi-
everywhere in G, the law of X *"-¢ under Q* equals the law of ¥ ™ under PY .
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Step 4. We fix T > 0 and ¢ € (0, 1] and complete the proof. Since Q%* = L7:° - PX
on <M¥ , we know from Step 3 that for all n > 1, quasi-everywhere in G",E, for all con-
tinuous bounded ® : C([0, T'], X'ao) — R (observe that G_I’é,g C X C Xa),

EX[®(Xnag o aT)LF] = EX[®(YVonz o aT)],

where g, = inf{t > 0: X; ¢ Gl’é,s} ATk and Tg p e =inf{t >0:Y; ¢ Gﬁ,s} ATKe-
Since (L}*)¢>0 is a IP)?( -martingale by Lemma B.7, we deduce that quasi-everywhere
in Gﬁ,s,

EX[®X pvp enr) Lnst a7] = EX[®(Ypz,y oaT)]- (44)
Recall that Gk, C Un>1 K . (see Lemma 12). Hence lim, Tk n,s = TK,e, limy Tk e
= Tk, and for each x € Gk, there is n, > 1 such that x € Gl’éa for all n > n,. We
deduce from (44) that g.e. in Gk ¢, the process (LIK . AT),,>,,X is an (eMrK n. SAT)">”A
martingale under IP’;Y . Moreover, recalling the expression (43) of L™?, the equality 0, =
exp(un.¢) and the bound (42), we conclude that there is a constant Crx > 0 such that
quasi-everywhere in Gk ¢,

-1 n.e X
Crex = LrK,,,,EAT <Crex Pg-as., foralln > n,.

Hence the martingale (LZ;:".S AT )n=n, is closed by some My  A7-measurable random
variable Jr ¢ k that satisfies Ci ;K < Jrex < Crcx, and (44) implies that for n > ny,

EX[®(Xnugp cAT)ITex) = EX [®(YVonze ) oaT)]-

Letting n — oo, we find that quasi-everywhere in G ., for ® € C(C([0, T], X a),R),
EX[®(Xonn e nT)ITek] = EY (@Yot aT)]-

Setting QT oK — =Jrex - IF’f completes the proof. ]

8. Explosion and continuity at explosion

In this section we consider a QKS(8, N)-process X with life-time {. We show that { = oo
when 6 € (0,2), and { < co when 6 > 2. In the latter case, we also prove that lim,_,¢_ X;
a.s. exists, for the usual topology of (R%)": the Keller—Segel process is continuous at
explosion. This is not clear at all at first sight: we know that lim;,;— X, = A a.s. for the
one-point compactification topology, which means that the process escapes from every
compact subset of X, but it could either go to infinity, which is not difficult to exclude,
or tend to the boundary of X without converging, e.g. because it could alternate very fast
between having its particles labeled in [1, ko] very close and having its particles labeled
in [2, ko + 1] very close. The goal of this section is to prove the following result.

Proposition 16. Fix 0 > 0and N > 2 suchthat N > 0, setko = [2N/01 and X = Ey,
and consider a QKS(6, N)-process X = (X, MX, (X;);>0. (P)g()xexu{A}) with life-
time C.
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() If0 < 2, then quasi-everywhere, PX (¢ = o0) = 1.
(ii) If 8 > 2, then quasi-everywhere, P)g(—a.s., { < oo and Xe— = limy_¢ X; exists for

the usual topology of (R?)N and does not belong to Eg,.

We first show that the process does not explode in the subcritical case and cannot go
to infinity at explosion in the supercritical case.

Lemma 17. (i) If0 <2 and N > 2, then quasi-everywhere, P)g( (=00)=1.
(ii) If 0 = 2 and N > 0, then quasi-everywhere,

Pj‘(g <ooand sup || X:|| < oo) =1
t€[0,¢)

Proof. The arguments below only apply quasi-everywhere, since we use Proposition 10.
In both cases, foralli € [1, N] and all ¢ € [0, {) we have

N
X2 <2> (1X] = Sy (X012 + 1S (X0)11?)

i=1

= 2R[1,n)(X1) + 2N IS v (X0) |1

By Lemma 11, there are a Brownian motion (M;);>o and a squared Bessel process
(D¢)s>0 of dimension dg x (N) (killed when it gets out of (0, co) if dg, y (N) < 0) such
that Sy, nj(X¢) = M; and Ry n)(X;) = D, for all ¢ € [0, {). These processes being
locally bounded, we conclude that

sup || X¢|| <oo as.,forall T > 0. (45)
t€[0,EAT)

(i) When 6 <2 and N > 2, we have kg = [2N/6] > N, so that X = (R?)". Hence on
the event {{ < oo}, we necessarily have lim sup,_,;_ || X|| = oo, and this is incompatible
with (45) with T = ¢.

(ii) When N > 6 > 2, we have dg xy(N) < 0, so that (D;);>¢ is killed at some
finite time 7. Moreover, { < 7. Indeed, on the event that T < {, we have R nj(X:) =
lim; .~ Ry np(X;) = lim;—.— D; = 0, so that X ¢ Ey (since kg < N), which is not
possible since T < . Hence { is also a.s. finite and sup, (g ¢) [| X¢[| < 0o a.s. by (45) with
the choice T = ¢. L]

To show the continuity at explosion in the supercritical case, we need to prove the
following delicate lemma.

Lemma 18. Assume that N > 0 > 2. Quasi-everywhere, for all K C [1, N] with |K| > 2,

PX-as., lir? Rk (X)) =0 or limgnfRK(X,)>O.
t—>C— t—>C—

Proof. We proceed by reverse induction on the cardinality of K. If K = [1, N, the
result is clear because (R[1,n](X:))refo,¢) is a (killed) squared Bessel process on [0, §)
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by Lemma 11 (and since { < t exactly as in the proof of Lemma 17 (ii)), hence it has
a limit in Ry as ¢ — ¢. Now, we assume that the property is proved if |K| > n where
n € [3,N], we take K C [1, N] such that |[K| = n — 1, and we show in several steps that
a.s., either lim,_,— Rx(X;) = O or liminf; ,;— Rg(X;) > 0.

Step 1. We fix ¢ € (0, 1] and introduce 6§ = 0 and, for k > 1,
op =inf{t € (65_,.0) : Rx(X;) <¢} and &f =inf{t € (0f.¢) : Rg(X;) = 2¢},

with the convention that inf @ = {. We show in this step that for all deterministic A > 0,
there exists a constant p4 . > 0 such that for all kK > 1, quasi-everywhere, on {O']i <},

PX((5 = (of + A) A LYU Bey | ME) = pa.
where M,X =0 (X, : s €0,¢]) and, with a; = ¢|k|+1€/¢|k| (recall Lemma 13),

Bie={ swp X/ =1/cor _inf minReoq(X0) < ac).

te[of 55) telof.67) i
By the strong Markov property of X, on {0} < {},
P ({65 = (of + 4) AL U Brs | M) = ¢(Xop),
where
g =PYX({6] = (6f + A) ALY U B1e) = PY({5] = AN U Cre)

and

Cie = { sup || X¢|| = 1/eor inf min Rgygy(X;y) < ae}.
tE[O,a'iE) tE[O,a'f) i¢K

We have used the fact that Rg (XU;) < eon{o; < {} by definition of o7, so that o] = 0
under IP’)? .- Using again Rg (X(,;) < ¢ on {o} < {}, it suffices to show that there is a
Ok

constant p4 . > O such that g(y) > pa, quasi-everywhere in {y € X : Rx(y) < ¢}.
If |yl = 1/e or min;¢x Rrugi}(y) < ae, then clearly g(y) = 1.
Otherwise, y € Gk, where

Gke=1{xeX:|x' —x/|*>>eforalli € Kand j ¢ K} N B(0,1/¢)

as in Proposition 15 with K = (K, K¢), because ||y || < 1/¢ and because Rx(y) < & < 2¢
and min;¢x Rrugy(v) > ae = ¢|k|+18/c|k| imply that ||x* — x¥||2 > eforalli € K and
Jj ¢ K by Lemma 13. For the same reasons and by definition of 67,

Cf, C{X: € Gk, forall1 € [0,6%)). (46)

‘We now apply Proposition 15 with T = A (and ¢) and we find that quasi-everywhere
in GK,s»

g(n) = Cpl QiR (65 = AN UCLe)
= CilkQER({6F = ANL N CEL) + CptxQER(Cre). 47)
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But we know from Proposition 15 and Lemma 11 that under Qf’s’K, (RK (X)) re[0,1x o AA]

is a squared Bessel process of dimension dg x|/, k|(|K|) = dg,n(|K]), issued from
Rk () < &, stopped at time g . A 4, where tx , = inf{t > 0: X; ¢ Gk}. Hence there
exists, under Qf’s’K, a squared Bessel process (S;):>o of dimension dg n (| K|) such that
S; = Rx(X;) forallt € [0, tx s A A]. We introduce k, = inf {t > 0: S; > 2¢} and we
observe that

{ke = ANEEN Clc,s ={67 = 4}Nn Clc,s'

Indeed, we have used the fact that on C f o> We have 1g ¢ > 675 by (46) so that Rg (X;) = S;
forall ¢ € [0,67 A A), from which we deduce that k; > A A if and only if 67 > A A L.

Coming back to (47), we get

g(0) = Cpl QR (ks = AN} N CLL) + CigQiK(CLe)
= Cpt QK (ke = AN D).

The step is complete, since Q ;4 ’S’K(/cg > A) is the probability that a squared Bessel process

of dimension dg y (| K|) issued from Rg(y) < e remains below 2¢ during [0, A] and is
thus strictly positive, uniformly in y (such that y € Gk, and Rg(y) < ¢).

Step 2. We prove here that for all € € (0, 1] all A > 0, quasi-everywhere,
pX (lim sup | X | = 1/¢ or Timinf min Riogiy(Xo) < as or 3k = 1, of = ¢ A A) ~ 1.
t>t— t—>¢— i¢K

All the arguments below only hold quasi-everywhere, even if we do not mention it expli-
citly during this step. For k > 1, we introduce, with By . defined in Step 1,

Qi1 = {0—]?.4.1 <¢{nA}N B]ig,

and we first show that ]P’;X (liminfy Q) = 0. To this end, it suffices to check that for all
> 1, PX (N5, Q%) = 0. Since Q is Mg -measurable, for all m > € > 1,

m+1
PY(() %) = EX My, 0 P (@t | M)
k=¢{

— 0%, we deduce that

Since moreover ﬂz’:e Qr C{o,, <} and o,"iH_l > p

on (=

P (Qmt1 | Mo,

v

~& ~&
m m

1 _P)}X({O—ri-i-] = é—/\ A} U Bm,s | Maﬁ,)
1-PX({68 = (08, + A) ALY U B | M),

IA

so that PX (41 | Mse) < 1 — pa, by Step 1. Hence we conclude that
m+1 m
IP;{‘( N szk) <(1- pA,g)P;‘(ﬂ Qk) forallm > £ > 1,
k=t k=¢

so that PX (MR, Qx) = 0 as desired.
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Hence IP’;X (liminfy 2¢) = 0, so that a.s., an infinite number of Q7 are realized. Recall-
ing that

Qipr = {O’E_H >¢AnAor  inf min Rgypy(Xe) <asor  sup | X > 1/8},

telo,67) i¢K 1€[of ,5F)
we find the following alternative: either

e there is k > 1 such that O']i > A A;or

e forall kK > 1, we have of < { and infle[%’fﬁi) min;¢ g Rgugiy(Xs) < a, for infinitely
many k’s, which implies that liminf; ;- min;¢x Rgu(iy(X¢) < a. because lime 0
= { by definition of (0} )x>1 and by continuity of 7 + Rg(X;) on [0, {); or

e for all k > 1, we have ali < ¢ and there are infinitely many k’s for which
SUP; e[ 5¢) | X¢ll > 1/e; note that this implies that lim sup,_,,_ || X; || > 1/, because
limeo 0, = { as previously.

Step 3. We conclude the proof. Applying Step 2, we find that quasi-everywhere, ]P’)f( -a.s.,
forall A € Nandalle € Q N (0, 1],

limsup || X;|| = 1/e or liminfmin Rgygy(X;) <a, or Ik >1,0; = AA.
t—>t— t—>¢— i¢K

By Lemma 17 (ii), we know that { < oo, so that choosing A = [{], we conclude that
quasi-everywhere, ]P’f -a.s., foralle € Q N (0, 1],

limsup || X;|| > 1/e or I}mgnf?;ilf(lRKU{i}(Xt) <a, or Jk>1,0; =20 (48

t—>¢— 6
And by Lemma 17 (ii) again, lim sup,_,;_ || X¢|| < 1/&o for some (random) & € (0, 1].

On the event where liminf; ¢ min;¢ x Rgu(iy(X;) = 0, there exists some (random)
ig ¢ K such that liminf, ,;_ Rgygin) (X)) = 0, whence lim; ¢ Rgui)(X:) = 0 by
induction assumption, and this obviously implies that lim,_,;— Rx(X;) = 0.

On the complementary event, we consider &1 € (0, &9] enjoying the property that
liminf, ,— min;¢x Rguiy(X:) > ag, and we conclude from (48) and the inequality
limsup, s [[X¢| < 1/eo that for all & € Q N (0, &1], there exists k; > 1 such that
o;js = {. Recalling the definition of (0} )x>1, we deduce that for all ¢ € Q N (0, &1],
Ri (Xy) upcrosses the segment [e, 2¢] a finite number of times during [0, ). Hence for
all ¢ € (0, &1] N Q, there exists t, € [0, ¢) such that either Rg(X;) > ¢ for all ¢ € [t¢, ()
or Rg(X;) < 2¢ for all t € [tg, ¢). If there is € € Q N (0, &1] such that Rg(X;) > &
for all t € [t;, ), then liminf, . Rg(X;) > &> 0. If forall e € Q N (0, &1], we have
Rg(X;) <2eforallt € [tg, {), then lim;.— Rg(X;) = 0.

Hence in any case, we have either

lim Rx(X;) =0 or liminfRg(X,)> 0. |
t—>¢— t—>¢—

Proof of Proposition 16. Point (i), which concerns the subcritical case, has already been
checked in Lemma 17 (i). As for (ii), which concerns the supercritical case 6 > 2, we
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already know that quasi-everywhere, PX ({ < o0) = 1 by Lemma 17 (ii), and it remains
to prove that ]P’j( -a.s., lim; ¢ X, exists and does not belong to Ey,,. We divide the proof
into four steps.

Step 1. For a partition K = (K})peq1,¢) of [1. N] and & € (0, 1] we consider, as in Pro-
position 15
Gk = {x €X: min  min [x —x/?> s} N B(0,1/¢)
1<p#q=<l i€Kp,jeKy

and g, = inf{t > 0: X; ¢ Gk} € [0, {]. We show here that for each T > 0, g.e. in
Gk, PX-as. forall T > 0all p € [1,£], Sk, (X;) has alimit in R2ast — (tgke AT)™.

If £ = 1, the result is obvious since Sp,n7(X;) is a Brownian motion during [0, {)
by Lemma 11. If £ > 2, Proposition 15 and Lemma 11 tell us that under Qz’s’K, which
is equivalent to ]Pf , the processes Sk, (X;) are Brownian motions on [0, g ¢ A T), and
thus have limits as t — (tg, e A T)—.

Step 2. For & € (0, 1] and a partition K = (K})peq1,¢7 of [1. N, we set ﬁg’s = 0, and for
k>0,

My =inf{t > 0% : Xy € Groey and 7y, = inf{t = 0t : Xi ¢ Gl

with the convention that inf @ = . Using Step 1 and the strong Markov property, we
conclude that quasi-everywhere, IP’)?( -a.s., foralle € (0,1]NQ,andallk > 1and T € N,
on {nf’s < ¢}, for all p € [1,4], Sk, (X;) admits a limit in R? as 7 — (ﬁf"'3 AT)—.
Choosing T = [¢], we conclude that quasi-everywhere, PX-a.s., on {n}f’e < £}, for all
e€(0,1]NQ,andallk > 1 and p € [1,/],

Sk, (X;) has a limit in R? as 1 — ﬁf’s—.

Step 3. We now check that q.e., PX-as., there is a partition K = (Kp)pe[i,¢) of
[1, N, some ¢ € (0, 1] N Q and some k > 1 such that (i) r)}f’e < ¢ and ﬁg’a = ¢ and
(i) lim; ¢ Rk, (X;) = Oforall p € [1, £].

By Lemma 18, we know that for all K C [[1, N], we have either lim; ¢ Rx(X;) =0
or liminf; ¢ Rg(X;) > 0. Hence the partition K = (K}),e[1,¢] of [1, N] consisting of
the classes of the equivalence relation defined by i ~ j if and only if lim, ¢ Ry; ;3(X;)
= 0 satisfies, for all p € [[1, €],

t—{— i¢Kp

IE)I‘?_ Rk,(X;) =0 and liminf ¢Ii(n Rk, uiiy(X:) > 0.

Since moreover limsup,_,;_ || X; || < 0o according to Lemma 17, we deduce that there

are o € (0,¢) and € € (0, 1] N Q such that X; € Gk 2 forall ¢ € [, ¢). Finally, we consider

k =max{m > 1: n,lf,’s < «}, which is finite by continuity of ¢ + X; on [0, «], and we

have n}f’s <a < {and ﬁf’s =

Step 4. We consider the (random) partition K = (K},) pef1,¢] introduced in Step 3. By

Step 2 and since nf’s < ¢ and f)f’s = ¢, we know that quasi-everywhere, ]P’)f( -a.s.,

for all p € [1,€], M, = lim,¢_ Sk,(X;) exists in R?. By Step 3, we know that
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lim; ¢ Rg,(X;) = 0 for all p € [1,£]. We easily conclude that quasi-everywhere,
P;X-a.s., for all p € [1,£] and i € Kp, lim;,¢_ X; = M,. This shows that quasi-
everywhere, ]P’f-a.s., Xe— = limy¢_ X, exists in (Rz)N. Moreover, X¢_ cannot belong
to X = Ej,, because lim;_,¢;_ X; = A when E, U {A} is endowed with the one-point
compactification topology (see Section B.1). |

9. Some special cases

During a K-collision, the particles labeled in K are isolated from the other ones. Thanks
to Proposition 15, it will thus be possible to describe what happens in a neighborhood of
the instant of this K-collision, by studying a QKS(6|K|/N, | K|)-process. In other words,
we may assume that | K| = N, so that the following special cases, which are the purpose
of this section, will be crucial.

Proposition 19. Let N > 4 and 6 > 0 be such that N > 0. Consider a QKS(6, N )-process
X as in Proposition 6. Recall that { = inf{t > 0 : X, = A} and introduce the stopping
time T = inf{t > 0: Ry nj(X;) € (0, 00)} with the convention that Rg (A) = 0, so that
t€[0.].

(i) Ifdgn(N —1) <0and dg,ny(N) < 2, then quasi-everywhere,
x( . _
P (tel[l(l)’fz) Rpwvi(Xo) > 0) = 1.

(i) If dgn(N — 1) € (0,2) and dg n(N) < 2, then quasi-everywhere, PX-a.s, for all
K C [1, N] with |K| = N — 1, there is t € [0, t) such that Rx(X;) = 0.

(iii) If0 < do N(N) < 2 < dg n(N — 1), then quasi-everywhere, P)g(-a.s, forall K C
[1, N] with |K| = 2, thereist € [0, t) such that Rg(X;) = 0.

The proof of this proposition is very long. First, we recall some notation about the
decomposition of X obtained in Proposition 10 and we study the time-change involved.
We then derive a formula describing Rx (U ), valid on certain time intervals, for any K C
[1, N]. This formula is of course not closed, but it allows us to compare Rk (U;), when
it is close to 0, to some process resembling a squared Bessel process, whose behavior
near 0 is easily established. Finally, we prove Proposition 19, unifying points (i) and (ii)
somewhat and treating point (iii) separately.

9.1. Notation and preliminaries

We recall the decomposition of Proposition 10, which holds true quasi-everywhere in
X N Ey. Consider a Brownian motion (M;);>o with diffusion coefficient N —1/2 starting
from Spp,n7(x), a squared Bessel process (D;);>o starting from Rpp,n7(x) > 0 killed
when leaving (0, co) with life-time 7p = inf{t > 0: D, = A}, and a QSKS(8, N )-process
(Uy) >0 starting from g (x) with life-time § = inf{r > 0 : U, = A}, all these processes
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being independent. For ¢ € [0, 7p), we put A; = Ot ld)—i.

p:[0,A4:,) = [0, 7p) of A.

We also consider the inverse

Lemma 20. Ifdg y(N) < 2, then tp < 00 and Ay, = o0 a.s.

Proof. Since (D;)>o is a (killed) squared Bessel process of dimension dg x (N) < 2, we
have 7p < oo a.s according to Revuz—Yor [21, Chapter XI]. Moreover, there is a Brownian
motion (B;);>o such that D, = r + 2f0t V'DsdBg + dg n(N)t forall t € [0,7p), where
r = Rpi,n7(x) > 0. A simple computation shows the existence of a Brownian motion
(Wi)i>0 such that for all t € [0, A;,),

t t
D, =r +2/ Dy, dW; +d9,N(N)/ D,, ds.
0 0

Hence D,, = rexp(2W; + (dg, v (N) —2)t) forall ¢ € [0, A;,,). On the event A, < 00,
we have

0= Dyp—= lim D, = exp(ZWArD + (don(N) — 2)A,D) > 0.

t—>A,D
Hence A, = co a.s. [

From now on, we assume that dg 5 (N) < 2. Hence A : [0, 7p) — [0, 00) is an increas-
ing bijection, as also is p : [0, 00) — [0, tp). By Proposition 10, quasi-everywhere in
X N En , we can find a triple (M;, D¢, U;);>0 as above such that for our QKS(6, N)-
process X starting from x, for all ¢ € [0, Tp A pg), and actually for all # € [0, pg) because
pg < Tp since p is [0, Tp)-valued,

X = ‘Ij(Mt»Dt»UA,), re. M; = S[[I,N]](Xt)» D, = R[[I,N]}(Xt) and UAt = ¢S(Xt)~

We recall that W(m, r,u) = y(m) + /ru if (m,r,u) € R? x (0,00) x U, and ¥(m,r,u) =
Aif (m,r,u) = A. Observe that T = tp A pg = pg, where

v =inf{r = 0: Ry wp(Xe) ¢ 0.00)} € [0.2].

We note that if § < oo, then pg < tp, because p is an increasing bijection from [0, c0)
into [0, Tp). Hence, still if £ < oo, then X explodes at time pg strictly before 7p, whence

(£ < o0} C {tei[%,fz) Ry (X0) > 0}. (49)

Finally, note that since U is S-valued, it cannot have a [1, N ]-collision. But for any
K C[1,N]with |K| <N —1,

U has a K-collision at ¢ € [0, £) if and only if X has a K-collision at p; € [0,7), (50)

which follows from the facts that

e forall (m,r,u) € R? x (0,00) x U, Rg(¥(m,r,u)) = 0if and only if Rg (1) = 0;

e pis an increasing bijection from [0, £) into [0, 7), because pg = 7.
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We conclude this subsection with a remark about the quasi-everywhere notions of X
and U, in the case where they are related as above. See Section B.1 for a short reminder
on this notion.

Remark 21. Fix B € MY such that PV (B) = 1 quasi-everywhere (here q.e. refers to
the Hunt process U). Then ng ) (B) = 1 quasi-everywhere (here g.e. refers to the Hunt
process X*, which is X killed when it leaves E ).

Proof. By definition, there exists a properly exceptional set NV relative to U such that
PY(B) = 1forallu € U\ NY. Thus ng(x)(B) = 1forall x € &g (U \ NV).

By Proposition 10, there exists a properly exceptional N X set relative to X* such
that for all x € (X N Ex) \ N, the law of (X¢)¢>0 under Pf is equal to the law of
(Yr = W(M,, Dy, Ug,)) >0 under QY = P%{ L ®PL 2 ® PE (), with obvious
notation.

Hence we only have to prove that N = @gl(,/\/ Uy U N¥X is properly exceptional
for X*.

First, PX (X} ¢ N forallz > 0) = 1 forall x € X \ V. Indeed, since x € X \ N, the
law of (X;");>0 under PX equals the law of (¥;);>o under QY. Since PY (U, ¢ NU for
allz >0) =1forallu € U\ NY, and since ®s(Y;) = Uy,, we have QY (¥; ¢ &g (NY)
forallz > 0) = 1 forall x € X \ @g'(MY). Consequently, PX (X} ¢ ®5'(NY) for all
t>0)=1forallx € X\ (Pg'(NY) U NX). Finally, P (X} ¢ &g (NV) U N X for
allt >0) =1forall x € X\ (@gl(NU) U N X) because N X is properly exceptional
for X*.

We have (M) = 0. Indeed, £(N X) = 0 by definition, and using Lemma A.2,

1
ol(WNY)) = -/ 1 _ Vdzdr B(d
H’( S ( )) ) R2XR1><§ {\I,(Z,,,M)Eq,sl(ﬂu)}r VA I’IB( u)

1
—/ BNY)rY dzdr =0,
]RZX]R"‘+

2

since B(NY) = 0. We have used the fact that W(z, r,u) € CDgl(NU) & ue NV, since
Ps(V(z,r,u)) = u. ]

9.2. An expression of dispersion processes on the sphere

We now study the dispersion process (Rg (U;))¢>o for K C [1, N]. The equation below
can be informally established assuming that (1) rigorously holds true, after a time-change
and several It6 computations.

Lemma 22. Fix N > 2 and 6 > 0 such that N > 0 and recall that kg = [2N /0. Consider
a QSKS(6, N)-process U with life-time &, fix K C [1, N| such that |K| > 2, and set
K = (K, K°). Recall that Gk ¢ was introduced in Lemma 12, and observe that

GkoNS = {u eU: min |u' —ul|| >O}.
ieK,j¢K
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Quasi-everywhere in Gk o N S, enlarging the probability space (QY, MY, (:/\’(5])[20, ]P’,f])
if necessary, there exists a 1-dimensional (MtU),Zo-Bmwnian motion (W) >0 under ]P’,f]
such that

R (Uy) = Ric(u) +2 / VRO = Re (Ty) dW; + - do (K

~dav ) [ Rewoas -3 ) [ T STERCARSUS LI
ieK,j¢K

forallt € [0,kk), where kxk = inf{t > 0: U; ¢ Gk,o}-

As usual, kg < £ because A ¢ Gk o. Note also that if K = [1, N], then Rg(U;) = 1
for all # € [0, §), and that the constant process 1 indeed solves (51).

Proof of Lemma 22. We divide the proof into several steps. The main idea is to compute
£Y Rk and £Y (Rk)? and to use Rx (U;) = Rx (u) + [y £V Rx (Uy) ds + M, for some
martingale (M,);>o whose bracket we can compute. However, we need to regularize Rg
and to localize space in a zone where the last term of (51) is bounded.

Step 1. We fixn > 1 and ¢ € (0, 1] and recall that FE:;’ € C*°(S), compactly supported

in Gg,o NS, was defined in Lemma 12. We want to apply Remark 8 to RKFE,’Z and

(Rk FK ")2. We thus have to show that RKFK and (RKFE”Z)z belong to C2°(U) for all
n > 1, which is clear, and that

S, S,
sup sup(|£Y [RxTn1w)| + |2 [(RxTt)*1(w)]) < oo
a€(0,1]uesS

for all n > 1. Since
J(fe) = fEle+ gLy f +Vsf - Vsg (52)

forall f, g €C>(S) and recalling that supy ¢ (o, 1] SUPyes |§Cg FE:Z (u)] <oo by Lemma 12,
and FE:Z is compactly supported in Gk,o N S, the only issue is to verify that, for A com-
pactin Ggo NS,
sup sup |igRK(u)| < 00. (53)
ae(0,1]ucd

Step 2. Here we prove that

i Ju’ —ul |2
9 Ret) = 2K~ ) =28 ~ DRew) + - Re) Y il
1<i,j<N
4 i —ul|2 26 Y ,-
— —_— - . _S ’ 54
N Z ||ul_u]||2+a N Z ||ul—u/||2+a (M K(M)) ( )

ieK, jekK ieK, j¢K

and this will imply (53): the first four terms are obviously uniformly bounded on S, and
the last one is uniformly bounded on A (because A is compact in Gg,o N S).
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This will also imply, taking @ = 0 and observing that 2(| K| — 1) — %|K|(|K| -1 =
do.N(IK|)and 2(N — 1) — £N(N — 1) = dp v (N), that forall u € S N E»,

20 ul —u/ -
£Y Rg (u) = do.n (K1) — dgn (N) Rk (u) — N > T~z (' — Sk ().
i€k, j¢K
(55)
Step 2.1. We first verify that forall u € S,
(Vs Rx (u))" = 2(u" — Sk ) jjexy — 2Rk (', i € [1, N], (56)
AsRg(u) = 4(|K| —1) —4(N — 1)Rg (u). (57)
First, a simple computation shows that for x € (R?)Y andi [1, N],
. 4(|K|—1
V,iiRg(x) = 2(x' = Sk (x))1iexy and AL Rg(x) = %l{iel(}a (58)
so that in particular VR (x) € H and
VRg(x)-x =2 (x' = Sk(x)) - x'
ieK
=2 (' = Sk(x) - (x' — Sk (x)) = 2Rk (x). (59)

ieK

Next, proceeding as in (14), we find that for all x € Ey,

VIR © @s](x) = 75 ()|~ 78 (T oy - (V RE (P (1))
7 (VRk (s (x)) — PTGy (x))

s ()12
e ()l

_ wH (X)
VRK()C) 2RK(~X) 72 COI2

e ()11
We have used the facts that VRg(Ps(x)) = VRg(x)/|lwg(x)| thanks to (58),
VRk(x) € H by (58), and g (x) - VRk (x) = x - VR (x) = 2Rk (x) by (59).

We first conclude that for u € S, since wg (1) = u and ||u|| = 1,

Vs Rk (u) = V[Rg o ®s](u) = VRg (u) — 2Rk (u)u, (60)

which implies (56) by (58).
Second, we deduce that for x € Ey,

A[Rg o Ps](x)

1 wy (x) div g (x) 4Rk (x) )
=— | AR —2VR ——— 2R
||nH(x>||2( x() O @l Y o T e

27 (x) ( g (X) )

T rmCopE (VRE® 2RO
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Using div 7y (x) = 2(N — 1), we conclude that for u € S, since 7y (u) = u, |lu|| =1
and u - VR (u) = 2Rk (u) by (59), we have

AsRg(u) = A[Rg o Pg](u) = ARg(u) — 4Rk (u) —4(N — )R (u) + 4Rk (u).

Since finally ARk (u) = 4(| K| — 1) by (58), this leads to (57).
Step 2.2. We fix u € S and set

0 iyl .
la) =5 Y - (Vs Rk ().

— = ul|?
1<i,j<N

Here we show that

e —ul |2 —ul|?
Io(u) = ——Z—.2 + RK<u) > —2
o ui —u/|]2 + « ey lui —ul|?2 +«
26 ut —ut .
TN 2w e Sk ©D
i€k, j¢K

By (56), we may write I, = I, + 12,4, Where

26 ul —ul ;
ha() =—— > W —wPta (u" — Sk (u)),
i€k, je[1,N]
ut —u’ ;
Iy o(u) = RK(u) > TR -

1<i,j<N

First, by symmetry,

26 Pl ;
Iia(u) = Z ”u,u—-u_m'(ul — Sk (u))

i,jekK ul ”2
26 ut —ul »
- — Z #-(u’—SK(u))
ieK,j¢K L
29 ul —ut .20 ul —ut .
=—v > w - Y (' = Sk (1))
i _ 4] i — 712 v i _ 1712
UeK lu? —ul||? + « N ek JeK lu? —u/||?> + «
luf —ul|? 26 ut —ul ;
=——Z—,—— R T — Sk (u)).
i _Jl2 Z i _ 72 (u K
o =P e T N T —wE ta

Second, by symmetry,

0 ul —ul|?
hat) = Ry Y

i 72 '
TN lut —ul||? + &

Step 2.3. Since éﬁg Rx(u) = %Ag Ry (u) 4+ Iy (u), (54) follows from (57) and (61).
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Step 3. By Steps 1 and 2, we can apply Remark 8 and Lemma B.2: quasi-everywhere, for
all n > 1, there exist (MY),>o-martingales (M,l’"’s),zo and (M,z’"’g),zo under PV such
that

t
(RRTEM(U) = (ReTEM ) + MI + / 20 (RIS (Uy) ds.
0
t
(RKTR™?(Up) = (RKTR™M)P(u) + M7 + / LY (R T2 (Uy) ds,
0
forall 7 > 0. We recall that kx = inf{t > 0: U; ¢ G ,} and introduce

Kkne =inf{t >0:U; & Gg } AKK.

Since Unzl Gk D Gk, and Gk, increases to Gk, as ¢ — 0 (see Lemma 12), we

conclude that limg—0 lim,—c0 KK ,n,e = KK . Next, since FE’Z = lon Gg, NS, we have,
forallt € [0, kK ne],

t
Rg(U) = R (u) + M + [ £Y R (Uy) ds, (62)
0
t
(Rx(U)* = (R ) + M2"™ + / 2V (R2)(Uy) ds. 63)
0

Applying the Itd formula to compute (Rg(U;))? from (62), recalling from (52) that
éﬁU(R%() =2Rg LY Rk + || Vs Rk ||? and comparing to (63), we see that for ¢ € [0, kk n.¢],

t
(7). = [ 1V R Wl as.
0

Hence, enlarging the probability space if necessary, we can find a Brownian motion
(Wy)¢0, which is defined by W; = [; Vs Rk (Uy)|| ™! dM "™ for t € [0, kg nc] and
then extended to R 1, such that M,”"° = f(; | Vs Rk (Us) || dW; during [0, kk ».¢]. Hence,
still for ¢ € [0, kK n.¢),

Rk (Ur) = Ri(u) + /O Vs R U] dW; + /0 £V R (U ds. (64)
But Vs Rg (1) = VRg (1) — 2Rk (u)u by (60), whence
IVs Rx ) [)> = [V Rk )| — 4Rk )V R () - 1 + 4(R ().
Since | VR (u)||> = 4Rk (u) by (58) and VR (u) - u = 2Rk (u) by (59), we have
IVs Rk (u)[|* = 4Rk (u) — 4(Rk (4))* = 4Rk (u)(1 — R ().

Inserting this, as well as the expression (55) of £Y Rk, in (64) shows that Rg (U,) satisfies
the desired equation on [0, kx , ¢]. Since limg—¢ lim,— o0 KK ,n,e = KK a.S., the proof is
complete. ]
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9.3. A squared Bessel-like process

The equation obtained in the previous lemma will be studied by comparison with the
process we now introduce. This process behaves, near 0, like a squared Bessel process.

Lemma23. Fix6 e Randa,b > 0suchthaté +a Vb < 2. For a 1-dimensional Brownian
motion (W;)>0 and x € [0, 1), consider the unique solution (St)¢>o of

t t
S, =x+/ 2\/|Ss(1—SS)|dWS+8t+a/ Vb + |Ss| ds. (65)
0 0

Forz e R, sett, =inf{t > 0:S; =z}. Forall y € (x, 1), we have P(t9 < 7,) > 0.

Proof. This equation is classically well-posed: the diffusion coefficient is 1/2-Holder
continuous and the drift coefficient is Lipschitz continuous (see Revuz—Yor [21, The-
orem 3.5, p. 390]). As in Karatzas—Shreve [15, (5.42), p. 339], we introduce the scale

function
£(2) :/ exp(_/ §+ayb+v| Vb+|”|dv) du.
1/2 1

/2 2[v(1 —v)|
This function is obviously continuous on (0, 1), and for example approximating

(8 +a/b + [v])/2lv(1 — v)|) by (8 + a~/b)/(2|v]), we see that it is also continuous
at 0 because § + av/b < 2. By [15, (5.61), p. 344], we have

J) - f(x)
P(ro <1y) = == (66)

ORI ()
for all y € (x, 1). This last quantity is nonzero (which would not be the case if § + a~/b
> 2, since then f(0) = —00). |

9.4. Collisions of large clusters

Proof of Proposition 19 (i, ii). We fix N > 4 and 6 > 0 such that N > 6. We always
assume that dg 5 (N) < 2 and we use the notation of Section 9.1.

Step 1. We consider ¢ € (0, 1] and K C [[1, N] such that |K| € [2, N — 1] and
dg,n (|K|) < 2. We introduce the constant ag = ¢|k|+1/(2¢|k|) With (¢¢)¢ef1,n] defined
in Lemma 13. We prove in this step that there are constants px ¢, Tk ¢ > 0 such that, if
we set

sKe — inf{t >0: Rg(U;) >c¢eor II;III(I Riuiiy(Ur) < aKe} ATk,
1
with the convention that inf@ = &, then q.e. on {u € U : Rg(u) < ¢/2},

PU(aK,sz or inf min Rguuy(Uy) < 2ake
! g 1€[0,5K-¢) i¢K kutiy(Ur) < 2ak

or Rx(U;) = 0 for some ¢ € [0,6K’8)) > PKe-
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We introduce Zk ¢ = inf;c[o 5&.¢) min;¢x Rxu(iy}(Ur). Forallz € [0, 5%2), we have
Rg(U;) <eand Zg ¢ > ake so that minjek, j¢x ||Ut’ - Utj | > &/2 thanks to the defini-
tion of ag and Lemma 13. This implies that 5 %6 < kg, where kx =inf{t > 0: U, ¢ Gk}
was defined in Lemma 22, and Gg,o N'S = {u € U : minjex, j¢x |u’ —u’| > 0}.

By the Cauchy—Schwarz inequality, and since Rk is bounded on U, there exists a
deterministic constant Cg , > 0, allowed to change from line to line, such that for all
t €[0,6%%),

26 vi — U/ ,
—doN(N)Rk(UD) =S Y - (U] = Sk(Un)
ieK,j¢K ”Ut - Ut ”
. 1/2
< CreV/Rx(WUo) + Cre (D IU] = Sk WD)

iekK
=< CK,sV RK(Ut) = CK,st + RK(Ut)s

where b > 0 is chosen small enough that dg x (| K|) + CK’E«/Z < 2. Actually, b is only
introduced to make the drift coefficient of (65) Lipschitz continuous.

Recalling that Rg (Up) < /2 and the formula describing Rx(U;) € [0, 1] for ¢ €
[0, kx) D [0,5%¥) in Lemma 22, considering the process (S;);>o solving (65) with
x =¢/2,8 = dp.n(|K|), a = Ck, and with b introduced a few lines above, driven by
the same Brownian motion (W;);>¢, and using the comparison theorem, we find that
Rx(U;) < S; forall ¢t € [0,55%).

Setting T, = inf{r > 0: S; = z} for z € R and recalling the definition of 5K we
conclude that {Zg . > 2age} C (652 > 7, A Tk ¢}. Indeed, note that on the event that
inf;po 5&.¢) Minjgx Rgugiy(Ur) > 2ake, either 5K = Tk e, or (Rx(Uy))r>0 reaches
¢ at time 6%°¢ and then 7. < 6%¢. In both cases, 55¢ > 7, A Tk . Hence, using again
Rix(Uy) < S, forall ¢ € [0,5%%), we have

{GK’S < ¢and Zg, > 2axe and S; = 0 for some ¢ € [0, 7, A Tk ]}
C {6%¢ < £and Zg . > 2age and Rx(U;) = 0 for some ¢ € [0,55%)}.
But AN B C AN BgivesP(AU B)=P(A) + P(A°NB)>P(A)+P(A°NB) =
P(A U B’). Hence
PY(65¢ = £ or Zk . < 2ake or Rg(U;) = 0 for some ¢ € [0,65))
> IP’,f] (6K’E =¢orZk, <2ageorS; = 0forsomet € [0, 7, A TK,s))
> IP’,f] (S; =0forsomet € [0, 7. A Tk ¢)).
This last quantity equals P(zo < 7z A Tk ) and does not depend on u such that Rg (4) <

g/2. But P(7g < 7,) > 0 by Lemma 23 and since dg n (| K|) + CK,E«/Z < 2. Hence there
exists Tk, > 0 with P(to < 7 A Tk,¢) > 0, and this finishes this step.

Step 2. We prove (ii), i.e. if dg y(N — 1) € (0, 2), then for any K C [1, N] with
|K| = N — 1, quasi-everywhere, IP’;CX—a.s., Rk (X;) vanishes during [0, {). By (50) and
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Remark 21, and since IP’MU (¢ = 00) = 1 quasi-everywhere by Lemma 9 (ii), it suffices to
check that quasi-everywhere, PU-a.s., (Rg (U;));=o vanishes at least once during [0, 00).

We fix K C [1, N] with |K| = N — 1, set go = 1/(4ak) and introduce 7X = 0 and
forall k > 0,

t&, = inf{r > TX : R (U)) < e0/2},

t& =inf{t > £ Re(Us) > g0} A (FFL, + Tkoeo)

with Tk ¢, defined in Step 1. All these stopping times are finite since &Y, 7Y) is recur-
rent by Lemma 9 (ii). We also put, for k > 1,

QX = {Rx(U;) = 0 for some ¢ € [¢f, K]}

We now prove that ]P’,f] (Mi>1 (2 f )¢) = 0 quasi-everywhere, and this will complete the
proof of (ii).
For £ > 1, since ﬂizl (Qf )¢ is Mg,( -measurable, the strong Markov property tells
41
us that

£+1 L
P n @f)) =EY [(kl:[l Lag )P, (@F))]

We now prove that ]P’,S] (Qf{) > pK.so quasi-everywhere on {u € U : Rx (1) < &9/2}.
For such a u, we have th = 0. Moreover, forall i ¢ K, we have Rxyyg) (1) = Rpi,np(u) =
1 > 2ageg thanks to our choice of 3. Hence %IK = %20 (recall Step 1). Since finally
%20 < 00 = £ and since Rikuy(Ur) = Rpi,np(Ur) = 1 > 2akep forall ¢ > 0 and all

i ¢ K, we have

Q{( = {Rk(U;) = 0 forsome ¢ € [0,51(’80]}
=~K,6’0: inf i R (U <2
{0 éor te[o}gK.so)?;l}(l KU{I}( t) = ZAdKE&o
or Rg(U;) = 0 for some ¢ € [0, 51(,80]}'

Hence Step 1 tells us that ]P’,f] (Qf) > DK, quasi-everywhere on the set {u € U :
Rk (u) < &o/2}.
Since RK(U’e’il) < &¢9/2, we have proved that for all £ > 1,

Pf(ﬁ(szf)c) < —PK,so)Pg(ﬁ(Qf)‘),
k=1 k=1

This allows us to conclude that indeed Pl (M=, (2X)¢) = 0.

Step 3. We prove (i), i.e. if dg y(N — 1) < 0, then Pf(inf[o,;) Rpnp(Xe) > 0) =1
quasi-everywhere. By Remark 21 and (49), it suffices to show that quasi-everywhere,
PU(E <o0) = 1.
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Forall K C 1, N] and ¢ € (0, 1], we introduce 6({(’8 = 0andforallk >0,

ok = inf{t > 65 Rg(Uy) < £/2and min Rkug (V) = 2aK,s},
1

6kal = inf {t > a,ffl : Rg(Uy) > gor rgllrg Riuiiy(Ur) < aKs} A (a,ffl + Tke),
1

with Tk . defined in Step 1 and with the convention that inf@ = &.

Step 3.1. We fix ¢ € (0, 1] and assume that |K| > ko, so that dp y(|K|) < O by
Lemma 1. We prove here that quasi-everywhere, ]P’,f] -a.s., either there is ¢ € [0, £) such
that Rx (U;) = 0 or there is k > 1 such that either o]f +‘91 = £ or there is k > 1 such that
infte[ﬁf'e,ﬁlf'e) mini¢K RKU{,'}(U;) < 2acge.

It suffices to prove that ]P’lf] (ﬂkzl (Qf’s)c) = 0, where

Qe — {aK’*’ —tor  inf  min Rgupy(Uy) < 2axe
k k+1 ze[o,f~€,5,f~8) i¢K {i}

or Rg(U;) = 0 for some t € [015{5376_]{(,5)}'

But for all £ > 1, ﬂizl(Qf’s)c is MUK_s -measurable, whence, by the strong Markov
g

4+1
property,
£+1

L
Y ( IQI (@K*y) = £l [(k]l 1(95,8)(,)P50m (@]

= (1= proP (ﬁ @),

k=1

We have used Step 1, the fact that Rx (U« ) < &/2 on the event (Qf’g)c C {Gﬁ’i < £},
£+1

K.e
(oF

k11 = &} One easily concludes the proof.

as well as the inclusion {6,5’8 =&

Step 3.2. Forall K C [1, N] such that | K| > k¢, quasi-everywhere, ]PLEJ -a.s., there is no
t €10,£) such that Rx (U;) = 0. Indeed, on the contrary event, there is ¢ € [0, £) such that
U; ¢ Ei,, whence U; ¢ U, which contradicts the fact thatz € [0, §).

Step 3.3. We show by decreasing induction that for every n € [ko, N],
P(n): qe., PV-as. on the event {§ = oo}, b, = ming g|=p} inf;>0 Rx (U;) > 0.

The result is clear when n = N, because for all 7 € [0,§), Rp,n7(U;y) = 1.

We next assume () for some n € [ko + 1, N] and we show that P (n — 1) is true.
We fix K C [1, N] with |[K| =n — 1 and we apply Step 3.1 with K and some ¢ €
(0.5, /(4axk)) (by is random but we may apply Step 3.1 simultaneously for all e € Q% N
(0, 1]) and Step 3.2. We find that on the event {§ = oo}, either there exists k > 1 such that
0154181 = 00 or there exists k > 1 such that infze[a,f"?,&,f’g) min;¢x Rgugiy(Ur) < 2ake.
This second choice is not possible, since by induction assumption, Rgyy;y(U;) > by, for

allt > 0andalli ¢ K. Hence there is k > 1 such that o ke

k+1 = -
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By definition of Ulffl, this implies that, still on the event {§ = oo}, there exists fyp > 0
such that for all # > ¢#o, either Rg (U;) > &/2 or min;ex Rguyiy(Ur) < 2ake. Using again
the induction assumption, we see that the second choice is never possible, so that actually
Rk (U;) > ¢/2 for all t > to. Since (Rx(U;))s>0 is continuous and positive on [0, o]
according to Step 3.2, this finishes this step.

Step 3.4. We conclude from Step 3.3 that quasi-everywhere, P,f] -a.s. on the event
{§ = oo}, U; € K forall t > 0, where

K ={ueU: Rx(u) > b, foralln € [ko, N] and all K C [1, N] with |K| = n}.

This (random) set is compact in U, so that Lemma 9 (i) tells us, both when (SU, F U)
is recurrent and when (&Y, V) is transient, that this happens with probability 0. Hence
quasi-everywhere, IP’L? (§ = 00) = 0 as desired. |

9.5. Binary collisions

Proof of Proposition 19 (iii). Assume that N > 4and0 < dg y(N) <2 <dpny(N —1)
and observe that < 2 and kg > N, so that X = (R?)" and U = S. The QKS(6, N)-
process X is nonexploding by Proposition 16 (i), and the QSKS(8, N)-process U is irre-
ducible recurrent by Lemma 9 (ii). In particular, { = £ = oo a.s. We divide the proof into
four steps. First, we prove that X may have some binary collisions with positive prob-
ability. Then we check that this implies that U may also have some binary collisions
with positive probability. Since U is recurrent, it will then necessarily be a.s. subjected to
(infinitely many) binary collisions. Finally, we conclude the proof using (50).

Step 1. Weset K = ({1,2},{3},...,{N}) and

K= {x € B(0,C) : ||x! —x?| < 1 and [x' —x/|| > 10},

min
i€[1,N],j€[3,N],i#Jj

with C large enough so that p(-K) > 0. We show in this step that IP’;X (A) > 0 quasi-
everywhere in K, where

A= {x} = X2 for some ¢ € [0, 1] and min Rpinj(Xe) > o}.
t€|0,

< 1},

and B; = {y € R?: ||y —x%||?> < 1} fori € [3, N]. Clearly, there is some ¢ € (0, 1] such
that

To this end, we fix x € K and introduce the set

y1+y2_xl+x2
2 2

0 = {y € R*?: Ryy(y) <2,

L={ye®)V:(y',y?)e0andy’ € B; foralli € [3, N]} C Gke.

where as usual Gg . = {y € B(0,1/¢): Vi € [I,N], Vj € [3, N\ {i}, |y  —y/|?> > ¢e};
recall that X = (R?)" because ko > N.
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Since Gk ¢ is obviously included in {y € (R?)V : Rp1,n7(y) > 0}, we conclude that
PX(4) > PX(X}! = X? forsome ¢ € [0,1] and X, € L forall z € [0,1])
> CroxQy® (X! = X7 forsome s € [0, 1] and X, € L forall 7 € [0,1])

by Proposition 15 with 7 = 1. We now set tx = inf{t > 0: X; ¢ Gk .}. Proposition 15
tells us that, quasi-everywhere in XK' C Gk_¢, the law of (X¢)¢[o,z ] under Q,IC’S’K equals
the law of ¥; = (Y'..... YY) icjo,ac.] Where (Y,', Y?)i>0 is a QKS(26/N, 2)-process
issued from (x!, x2); for all i € [3, N], (Y/)=0 is a QKS(8/N, 1)-process, i.e. a 2-
dimensional Brownian motion, issued from x’; and all these processes are independent.
We have set 7g = inf {t > 0 : Y; ¢ Gk ¢}. This implies, together with the fact that {X; €
Lforallt € [0, 1]} C {tk, > 1}, that

N

PX(A) = Crax p] ]
i=3

quasi-everywhere in &, where

p= IP’( min Ry (Y}, ¥2)) = 0and (¥, ¥2) € O forall 1 € [0, 1]),
s€f0,1] ’

and g; = P(Y; € B; forall ¢ € [0, 1]). Of course, g; > 0 foralli € [3, N], since (¥;);>0
is a Brownian motion issued from x’. Moreover, we know from Lemma 11 that (M, =
(Y + Y2)/2):>0 is a 2-dimensional Brownian motion with diffusion coefficient 2~1/2
issued from m = (x' +x2)/2, (R; = Ry123((Y,), Y?)))r>o0 is a squared Bessel process
of dimension dag/n,2(2) = dg n(2) issued from r = [|x! — x?[|?/2 € (0,1/2), and these
processes are independent. Hence, recalling the definition of O,

p= IP’( min Ry = 0and max R < 2)]}”( max_|M; —m| < l).
s€[0,1] s€[0,1] s€[0,1]

This last quantity is clearly positive, because a squared Bessel process of dimension
dg,n(2) € (0,2) (see Lemma 1) does hit zero (see Revuz—Yor [21, Chapter XI]).

Step 2. 'We now deduce from Step 1 that the set F = {u € U : u' = u?} is not exceptional
for U. Indeed, if it was exceptional, we would have P,f] (Ft=0:U, € F)=0q.e. By (50)
and Remark 21, this would imply that g.e., IP’;( (3t €[0,7): X; € G) =0, where G =
{x € X :x' =x?}and r = inf{r > 0: Ry n7(X;) = 0}. But on the event A defined in
Step 1, there is ¢ € [0, 1] such that X; € G and 7 > 1. In conclusion, we have Pf 3 €
[0,7): X; € G) > 0 q.e. in K, which is a contradiction, since ©(K) > 0.

Step 3. Since (Y, V) is irreducible-recurrent and F is not exceptional, we know from
Fukushima—Oshima-Takeda [11, Theorem 4.7.1 (iii), p. 202] that quasi-everywhere,

PU(VFr>0,3t>r:U eF)=1.

Step 4. Using again (50) and Remark 21 and recalling that § = oo and p is an increasing
bijection from [0, co) to [0, 7), we conclude that quasi-everywhere, Pf -a.s., X, visits F
(an infinite number of times) during [0, 7). Of course, the same arguments apply on repla-
cing {1, 2} by any 2-element subset of [1, N, and the proof is complete. ]
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10. Quasi-everywhere conclusion

Here we prove that the conclusions of Theorem 5 hold quasi-everywhere.

Partial proof of Theorem 5. We assume that § > 2 and N > 36, so that kg = [2N/0] €
[7, N, and consider an X A -valued QKS(6, N)-process X with life-time ¢ as in Proposi-
tion 6, where X = Ey,.

Preliminaries. For K C [1, N] and ¢ € (0, 1], we use the simplified notation tx, =
inf{t >0: X, ¢ Gk} € [0,¢] and Gg,. = {x € X : minjeg j¢x [|x' —x/||?> > &} N
B(0, 1/¢) instead of 1k . and Gk ¢ with K = (K, K¢) as in Proposition 15. We also write
Q){’S’K instead of Q7*K and recall that it is equivalent to PX on :M%f =0(Xs:5€][0,T]).

Setting XX = (X!);ex and XX = (X?);cxe, we know that q.e. in G, the law
of (XX, X,KC),E[O,,K’SAT] under Q}C’S’K is the same as the law of (Yz, Z)se(0,7x AT
where (Y;)r>0 is a QKS(|K|9/N, |K|)-process issued from x|gx, (Z;)i>0 is a
QKS(|K€|0/ N, |K€|)-process issued from x|gc, these two processes being independ-
ent, and Tk, = inf{t > 0: (Y;, Z;) ¢ Gk.}. We denote by ¢¥ and {Z the life-times
of (Y¢)r>0 and (Z;);>0. The life-time of (Y;, Z;)>¢ is given by {’ = ¢Y A% and we
have Tx . € [0, {].

No isolated points. Here we prove that for all K C [1, N]| with dg (| K|) € (0,2), quasi-
everywhere, we have IP’f (Ag) = 0, where Ax = {Zk has an isolated point} and

Zg = {t € (0,¢) : there is a K-collision in the configuration X;}.

On Ak, we can find u, v € Q4 such that u < v < ¢ and there is a unique ¢ € (1, v)
with Rg(X,) = 0 and min;¢x Rgu(y(X;) > 0. By continuity, we deduce that on Ak,
there exist 7,5 € Q4 ande € Q N (0, 1] such thatr < s < ¢, X; € Gk forallt € [r, 5],
and {t € (r,5) : Rx(X;) = 0} has an isolated point. It thus suffices that for all » < s and
¢ € (0, 1], fixed from now on, quasi-everywhere, ]P’;Y (Ak,r,5,6) = 0, where

Ak rse = {X, € Gk forall ¢ € (r,s) and
{t € (r,5) : Rg(X;) = 0} has an isolated point}.

By the Markov property, it suffices that IP)j( (Ak.0,5,) = 0 quasi-everywhere in Gk, and,

by equivalence, that Qfgs’K(A K.0,5,e) = 0 quasi-everywhere in Gk .. We write, recalling

the preliminaries,

Q55K (Ak 05.6) = QoK (tk,e = s and {r € (0, s) : Rg(X;) = 0} has an isolated point)
= P(7k, > s and {r € (0,s) : Rg(Y;) = 0} has an isolated point)
<P({r € (0,5) : Rg(Y;) = 0} has an isolated point).

But (Y;)s>0 is a QKS(|K |6/ N, | K|)-process, so that by Lemma 11, (Rx(Y;))s>o0 is a

squared Bessel process of dimension d|k|o/n, x| (|K|) = do,n (|K]|) € (0,2). Such a pro-
cess has no isolated zero (see Revuz—Yor [21, Chapter XI]).
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Proof of (i). We have already seen in Proposition 16 (ii) that quasi-everywhere, ]P’;X -a.s.,
{ < ooand Xe— = lim,¢— X, exists in (R?)" and does not belong to Ep,.

Proof of (ii). We want to show that quasi-everywhere, ]P’;X -a.s., there is Ko C [1, N]
with |Ko| = k¢ such that there is a Ky-collision and no K-collision with |K| > k¢ in
the configuration X;_. We already know that X;_ ¢ E},, so that there is K C [1, N]
with |K| > ko such that there is a K-collision in X;_. Hence the goal is to verify that
quasi-everywhere, for all K C [1, N] with |K| > ko, ]P’;X (Bg) = 0, where

Bk = {there is a K-collision in the configuration X;_}.

On Bk, there is ¢ € Q N (0, 1] such that X;_ € Gk .. By continuity, there also exists,
still on Bg, some r € Q4 N [0, ¢) such that X; € Gk for all ¢ € [r, {). Hence we only
have to prove that forall e € Q N (0,1], all t € Q4+, and all T € Q4 such that T > r,
quasi-everywhere, IP’;( (Bk,r,1e) = 0, where

Bx,1s =10 (r,T], X; € Ggforallt € [r,{) and Rg(X;-) = O}.

By the Markov property, it suffices that IP’)f( (Bk,o0,1,e) = 0 quasi-everywhere in Gg , for
alle e QN (0,1]and T € Q. We now fix e € Q N (0,1] and T € QZ.. By equival-
ence, it suffices to prove that Q?’S’K (Bk.o0,1.e) = 0. Using the notation introduced in the
preliminaries, we write

QrK (Bro,re) = QU5 (¢ < T, ke = ¢ and Rg(X;-) = 0)
—P({' <T, . = ¢ and Rg(Ypr—) = 0)
<P( inf Rg(Y;)=0).
< (ze[o,gY) & (¥:) )
But (Y;)s>0 is a QKS(|K|0/ N, |K|)-process with | K| > ko > 7 and d|x g/, x| (| K| — 1)
=dgn(|K| —1) <0 by Lemma 1 because |K|—1 > ko. Also d\xjg/n, x|(|K]) =
dg N (|K|) < 0. Hence Proposition 19 (i) tells us that P (inf,¢[g ¢ vy R (Y;) = 0) = 0.

Proof of (iii). We recall that k; = ko — 1 and we fix L C K C [1, N] with |K| = ko and
|L| = k1. We want to prove that quasi-everywhere, IP)?( -a.s., if Rg(X¢_) = 0, then for all
t €[0,0), the set Zz, N (¢, ¢) is infinite and has no isolated point. But since dg v (k1) €
(0, 2) (see Lemma 1), we already know that Z; has no isolated point. It thus suffices to
check that quasi-everywhere, for all r € Q 4, we have ]Pf (Ck,L,r) = 0, where

Ck.Lr =1 >r Rx(X¢—) =0, and Rp(X;) > Oforallt € (r,{)}.

We have used the fact that since |L| = k; = ko — 1, for all x € X = Ej, there is an
L-collision in the configuration x if and only if Ry (x) = 0.

On Ck,L,r, thanks to (ii) , there are e € Q N (0, 1], T € Q4 and s € Q% N [r, ) such
that { € (s,T] and X; € Gk forallt € [s, {). Thus it suffices to prove that forall s < T
and ¢ € (0, 1], now fixed, quasi-everywhere, IP’)?( (Ck,L.5,1,¢) = 0, where

Ck,LsTe =10 € (5, T], Rgk(Xe—) =0, X; € Gke and R (X,) > Oforall ¢ € [5,0)}.
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By the Markov property, it suffices that PX (Ck,10,1,¢) = 0 quasi-everywhere in Gg ¢

and, by equivalence, that QZ;’S’K(C k.1,0,T.e) = 0. Recalling the preliminaries, we write

QLK (Ck,10,1.)
=QL*K(¢ < T, Rk(Xe~) =0, 1k, = { and RL.(X,) > Oforall 7 € [0,0))
=P <T. Rg(Yer—) =0, Tk, = ' and R (Y;) > Oforall 7 € [0,¢")).

Setting ox = inf{t > 0: Rx(Y;) = 0}, we observe that ox = Y. Indeed, |K| = ko and
(Yt)s>0 is a QKS(|K |0/ N, | K |)-process with state space Yo = ¥ U {A}, where

Y ={ye®¥)K:Ry(y)>0forall M C [1,N] with |M| > ko},

because [2|K|/(|K|0/N)] = [2N/0] = ko. Hence {Rx(Yy—) = 0} C {{’ = ok}, so
that

QT*K (Ck ro1e) < P(RL(Y:) > Oforall 1 € [0,0k)).

This last quantity equals zero by Proposition 19 (ii), since we have d|kg;/n, k| (| K| — 1) =
don(|K| —1) =dgn(ko—1) € (0,2) by Lemma | and |L| = k; = |K| — 1 and since
dikio/n, k| (IK]) = do,n (IK]) = dg,n (ko) =0 <2.

Proof of (iv). We assume that k, = ko — 2, i.e. dg n(ko —2) € (0,2). Wefix L C K C
[1, N] with |K| = k; and |L| = k». We want to prove that quasi-everywhere, PX-a.s.,
for all ¢ € [0, ¢), if there is a K-collision in the configuration X;, then for all r € [0, ),
the set Z; N (r,t) is infinite and has no isolated point. We already know that Z;, has no
isolated point. It thus suffices to check that quasi-everywhere, for all r € Q4 , we have
PX(Dk,L,) = 0, where

Dk,rr ={¢ > r and there is ¢ € (r, {) such that there is a K-collision at time ¢

but no L-collision during (r,)}.
We set ok » = inf{t > r : there is a K-collision in X;}. Then
Dk.rr ={¢ > r, ok, < { and there is no L-collision during u € [r, 0k, )}.

On Dk 1.r, there exists e € Q N (0, 1] such that X4, , € Gk 2¢, so that by continuity,
there exists v € Q4 N [r, 0k ) such that X, € Gk for all u € [v, 0k ]. Observe that
ok,» = 0k, and for all ¢ € [v, 0ky), there is an L-collision at time ¢ if and only if
R; (X;) = 0, by definition of ok, and since X; € Gk . All in all, it suffices to prove that
forallv € Q4,andalle e Q N (0,1]and T € Q7 IE’)?( (Dk,L.v,T.e) = 0 quasi-everywhere,
where

Dr.1v1e =10 € (@, T], ok,y <{ Xy € Gk and Ry (Xy,) > Oforallu € [v,0x,)}.

By the Markov property, it suffices to prove that ij (Dk.L,0.1,¢) = 0 quasi-everywhere
in Gk, and, by equivalence, we may use Q?’S’K instead of IP’)S( . But recalling the
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preliminaries,

QL#X(Dk L0.1)
=QI#K(¢ < T, ok0 < ke > 0k0 and R (X;) > Oforall 7 € [0,0%))
=P({' <T. 6k0 <, Tke > 6k,0and Rp(Y;) > Oforallz € [0,5x,0))
<P(R(Y;) > Oforallt € [0,5k,0)).

where 6x,0 = inf{t > 0: Rg(Y;) = 0}. Finally, P(R(Y;) > Oforall ¢ € [0,6k,0)) =0
by Proposition 19 (ii), because (Y;);>o0 is a QKS(|K|0/N, |K|)-process and |L| =
ka = |K| — 1 and d|gjg/n,|k|(IK] — 1) = dpn(IK| — 1) = dp,n(k2) € (0,2) and
dikio/n, k| (IK]) = do,N (|K|) = dg,n (k1) € (0,2).

Proof of (v). We fix K C [1, N] with |K| € [3,k2 — 1], so that dg_y (| K|) > 2. We want
to prove that quasi-everywhere, PX-a.s., for all ¢ € [0, {), there is no K-collision in the
configuration X;. We introduce og = inf{¢t > 0 : there is a K-collision in X;}, with the
convention that inf@ = {, and we have to verify that quasi-everywhere, ]P’;X (ox <) =0.

On the event {ox < {}, there exist e € Q N (0, 1] and r € Q% N [0, 0k ) such that
X, € Gk for all t € [r, og]. Hence it suffices to check that for all e € Q N (0, 1], all
reQi andall T € Q% N (r,00), now fixed, quasi-everywhere, IP)?( (Fk.r1.e) =0, where

Fxrre =10k € (r,{ AT)and X, € Gk, forallt € [r,0k]}.

By the Markov property, it suffices that }P))g( (Fk.,0,1.¢) = 0 quasi-everywhere in Gk . and,
by equivalence, that Qf’g’K(F k.,0,T.¢) = 0. Recalling the preliminaries, we write

QLK (Fx o) = Q15X (0k € (0,L AT) and 1 ¢ > 0k)
= P(&K € (0,§/ A T) and %K,s > 5[()

<P('f Rx(Y;) =0).
< tel[%,r] k(Y) )

where we have set 6x = inf {f > 0 : there is a K-collision in the configuration
(Y:, Z4)}. Since (Y¢)s>0 is a QKS(|K |0/ N, | K|)-process, we know from Lemma 11 that
(Rk (Y¢))s>0 is a squared Bessel process of dimension d|kg,n, x| (| K|) = dg,n (| K|) > 2.
Such a process a.s. never reaches 0.

Proof of (vi). The proof is exactly the same as that of (iv), replacing everywhere k
by k, and k, by 2, and using Proposition 19 (iii) instead of Proposition 19 (ii), which
is licit because 0 < di,g/Nk, (k2) < 2 < diyo/N iy (k2 — 1), diro/N Ky (k2) = dg N (k2)
and di,g/N k, (k2 — 1) = dg n(kz — 1) and by Lemma 1. [ ]

11. Extension to all initial conditions without two particles at the same place
We first prove Proposition 2: we can build a KS(6, N)-process, i.e. a QKS(6, N )-process

such that PX o X; ! is absolutely continuous for all x € E and all # > 0. We next conclude
the proofs of Proposition 3 and Theorem 5.
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11.1. Construction of a Keller—Segel process

We fix > 0and N > 2 such that N > 6 during the whole subsection. For each n € N*,
we introduce ¢, € C*°(R4,R%) such that ¢, (r) = r for all r > 1/n and we set, for
x € (RHN,

m,(x) =[] [Bullx" =x/ )™ and  pun(dx) = my(x)dx.

I<i#j<N

We then consider the (R2)¥ -valued SDE

tv xXn
X;’:x+Bt+/ m, (X;) (67)

——ds,
0 2mn(X§l)

which is strongly well-posed, for every initial condition, since the drift coefficient is
smooth and bounded. We denote by X" = (Q", M", (X{')r>0, (P})xem2)n) the cor-
responding Markov process.

Lemma 24. For all n > 1, X" is a j,-symmetric (R?)"N -valued diffusion with regular
Dirichlet space (8", ¥") with core CZ®° (RN such that for all ¢ € Cc"o((Rz)N),
n 1 2
€%¢.0) =3 Vel dpn.
®RHN

Moreover, P! o (X™)™! has a density with respect to the Lebesgue measure on (RN for
allt > 0and all x € (R*)V.

Proof. Classically, X" is a u,-symmetric diffusion and its (strong) generator £” has the
property that for all g € C®((R?)") and x € (RN,
Vm, (x)
2m,, (x)

1
L(x) = §A<p(X) + Vo(x).

Hence (see Section B.1), one easily shows that for the Dirichlet space (6", ¥") of X",
we have C®°((R?)N) € F" and, for ¢ € CX((R?)V), 6" (¢, ¢) = %f(R2)N IVol?>dun.
Since (6", ™) is closed, we deduce that
8"
CR(RHN) ' c 77,

where 87 (-,+) = &"(-,) + | - ||22((R2)N,un)' But thanks to [11, Lemma 3.3.5, p. 136],

F" Clp e L(RHY, ) : Vo € L2(RHN, )},
where V is understood in the sense of distributions. Since finally
8}1
CR(RHN) " = {p € LAR)Y, pin) : Vo € LARN. )}

X" has the announced Dirichlet space. Finally, the absolute continuity of P? o (X7)~!,
fort > 0and x € (RZ)N , immediately follows from the (standard) Girsanov theorem,
since the drift coefficient is bounded. [
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Forall x € E; we set dy = min; | x* — x7||2. For n > 1, we introduce the open set
El ={x e RN :d, > 1/nand | x| < n). (68)

We also fix a QKS(6, N)-process X = (QX, MX, (X});>0. (Pf)xExA) for the whole
subsection.

Lemma 25. There exists an exceptional set Ny C E5 with respect to X such that for all
n>landall x € E} \ Ny, the law of (X[, )i>0 under P} equals the law of (X;nc, =0
under PX, where

o =inf{t >0: X! ¢ E}} and o, =inf{t >0:X, ¢ E}}.

Proof. We fix n > 1. Applying Lemma B.6 to X” and X with the open set EZ, using
the fact that m, = m on E7 and Lemma 24, we find that the processes X" and X killed
when leaving £7 have the same Dirichlet space. By uniqueness (see [11, Theorem 4.2.8,
p. 167]), there exists an exceptional set N, such that for all x € E7 \ M, the law of
(X7)¢>o0 killed when leaving E% under P} equals the law of (X,),>0 killed when leaving

EZ under IP’X We conclude the proof by setting Ny = |J |

n>1

Lemma 26. For all exceptional sets N with respect to X, and alln > 1 and x € E7, we
have PY (X7 ¢ N) = 1.

Proof. We fix N an exceptional set with respect to X, n > 1 and x € E}. For ¢ € (0, 1],
we write

PH(XE € N) <Pl(ty <)+ Pl(tn > &, X] € N)
=PY(tn < &) + EX[Lr, >0y Pyn (X7, € N)]

by the Markov property. But by Lemma 25, for all y € E7 \ Mo, the law of (X7, )r>0
under ]P’y" is equal to the law of (X ¢, ) >0 under PyX . Since My U N is exceptional for X,
we can find N/ D Ny U N properly exceptional for X (see Section B.1). Hence for all
y e EZ\N,

P} (X2 € N) <PJ (X! € N') =P} (X,, € N) =0.

Since P? o (X2)~! has a density by Lemma 25, we conclude that P? (X" € N') =0
and thus P-a.s., we have ]P’” (X7, € N) = 0. All in all, we have proved the inequal-
ity PH(X7, € N) < Pl(wn < s) and it suffices to let ¢ — 0, since P} (7, > 0) = 1 by
continuity and x € EZ. |

Using Lemmas 25 and 26, it is slightly technical but not difficult to build from X and
the family (X"),>1 an X a-valued diffusion X = (Q¥, MX, (X;)s50, (P¥)xex ) such
that
e forall x € Xa \ M, the law of ()Zt)tzo under Iﬁ’f equals the law of (X;);>¢ under IP’)g(,

o for all x € My, setting n = 1 4+ [max(1/dx, [|x||)] (so that x € EZ), the law of
(X:n5,)r=0 under PX is the same as that of (Xfnz,)e=0 under PY, and the law of
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(X&n+t)tz() under Iﬁ’f conditioned on :/\7((37(” equals the law of (X);>o under Pg . We
have used the notation 6, = inf{t > 0: X, ¢ EZ} and e/\7{,)( =o(Xs:s €[0,1]).
Remark 27. For all x € E;, setting n = 1 + |max(1/dy, ||x||)], the law of ()Zt/\an)tzo

under P¥ is the same as that of (X faz,)e=0 under PY.

Proof. This follows from Lemma 25 when x € E, \ Ny and from the definition of X
otherwise. ]

Proof of Proposition 2. We fix N > 2 and 6 > 0 such that N > 6 and we prove that X
defined above is a KS(6, N)-process. First, it is clear that X is a QKS(0, N)- -process
because X is an X -valued diffusion and for all x € X \ Mo, the law of (X,)t>o
under IP’;Y equals the law of (X;);>0 under IP’;X , with Ny exceptional for X. It remains to
prove that for all x € E5, all > 0 and all Lebesgue-null A C (R?)¥, we have IP)?' (X, €eA)
=0.Wesetn = 1+ [max(1/dy, ||x])| and write, for any ¢ € (0, ¢),
PX(X; € A) <PXG, >e X, € A)+PX(G, <¢)
= Ef (1, >0P) (Xi—e € D]+ BYGn < o).

Since X is u-symmetric (because it is a QKS(6, N)-process) and Pi_;1 <1, where P, is
the semigroup of X, and since A is Lebesgue-null, we have

[, BGie @) < ) = o
RN

Hence there is a Lebesgue-null subset B of (R?)" (depending on ¢ — ¢) such that we have
Py(X;—. € A) = 0 forevery y € (R?)N \ B. We conclude that
PX(X, € A) <PX(6, > e Xe € B) + PX(G, <)
=P"(t, > & X" € B) + PX (6, < ¢),
where we have used Remark 27. Since B is Lebesgue-null, we deduce from Lemma 24

that P? (v, > &, X € B) = 0. Thus I@;X()ft € A) < ]f”f(&n < ¢g), which tends to 0 as
& — 0 because PX (6, > 0) = 1 by continuity. |

11.2. Final proofs

We fix 6 > 0 and N > 2 such that N > 6, and a KS(6, N)-process X, which exists
thanks to Section 11.1. We recall that £ was introduced in (68) and define, for alln > 1,
o, =inf{t > 0: X, ¢ E}}, as well as the o-field

g =[)o(Xo, 41,1 = 0).

n>1

Lemma28. Fix A §. If ]P)f (A) = 0 quasi-everywhere, then ]P’;( (A) =0forall x € E;.
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Proof. We fix A € § such that PX(A) = 0 quasi-everywhere. There is an exceptional
set N such that PX(A4) = 0 for all x € E; \ V. We now fix x € E and setn = 1 +
|max(1/dx, ||x||)]. For any ¢ € (0, 1],

IP’;((A) = P)g((ﬁn <e)+ ]P’f[an > g, A.
By the Markov property and since 4 € § C 0(Xo,,+¢,t > 0), we get
PXlon > & Al = EX [1(5,>P5. (A)].

But the law of X, under Pf has a density, whence ]P’f (X, € N) =0, and con-
sequently PX (P)é (A) = 0) = 1. Hence P [0, > ¢, A] = 0 and we end up with PX (4) <
]P’f (7 < &). As usual, we conclude that IP’)?( (A) = 0 by letting ¢ — 0. |

Proof of Proposition 3. Let 6 € (0,2) and N > 2. Since our KS(6, N)-process X is a
QKS(8, N)-process, we know from Proposition 16 (i) that P (¢ = 0o0) = 1 q.e. We want
to prove that IF’;( (¢ = o00) =1 for all x € E>. By Lemma 28, it suffices to check that
{¢ = oo} belongs to &, which is not hard since for each n > 1,

{{ =00} ={X, e Xforallt >0} ={X, € X forallt > 0,} € 0({Xo,+:, > 0}).

For the second equality, we have used the fact that X, € E;’ C X for all ¢ € [0, 0,] by
definition. |

Proof of Theorem 5. Let us fix § > 2 and N > 36. Since our KS(6, N)-process X is a
QKS(0, N)-process, we know from Section 10 that all the conclusions of Theorem 5
hold quasi-everywhere. In other words, PX (4) = 1 quasi-everywhere, where A is the
event on which we have { < oo, X = lim;,;— X; € (R?)N, there is K¢ € [1, N] with
|Ko| = ko such that there is a Ko-collision in the configuration X;_, etc. We want to
prove that PX(A4) = 1 for all x € E,. By Lemma 28, it suffices to check that 4 belongs
to §. But for each n > 1, A indeed belongs to (X, 4+, > 0), because no collision (nor
explosion) may happen before leaving E7. ]

We end this section with the following remark (which we will not use anywhere).

Remark 29. Fix 6§ > 0 and N > 2 such that N > 6. Consider a KS(6, N) process X
and define 0 = inf{t > 0: X; ¢ E,}. Forall x € E,, there is some (M;X),Z(,-Brownian
motion ((B;)tzo)ie[[l,N]] (of dimension 2N) under PX such that for all ¢ € [0, ) and

i €[1,N],
X' =x"+B — — / 5 72 ds. (69)
’ ; ||Xl Xf E

Proof. It suffices to prove the result on [0, 0,), where 0, = inf{t > 0: X; ¢ E}}. For
any x € EZ and for a given Brownian motion, the solutions to (69) and (67) classic-
ally coincide while they remain in EZ, because their drift coefficients coincide and are
smooth inside E%. Hence, recalling the notation of Section 11.1, it suffices to prove that



N. Fournier, Y. Tardy 4148

the semigroups P;(x,-) and P/'(x,-) of the Markov processes X and X" killed when
getting out of £ coincide for all x € E}.

By Lemma 25, there is an exceptional set [Ny such that P;(x,-) = P/'(x, ) for all
x € EZ \ My. We next fix x € EZ. For any ¢ € (0,¢), since P, (x, -) has a density and N is
Lebesgue-null, we easily deduce that P;(x,) = (Pg Pr—¢)(x,:) = (Pe P[L,)(x,-). Itis then
not difficult, as P;* is Feller, to let ¢ — 0 and conclude that indeed P;(x,-) = P;'(x,:). =

Appendix A. A few elementary computations

We recall that dg y (k) = (k — 1)(2 — 0k /N) for k > 2.

Proof of Lemma 1. First, (3), which says that dg x(k) > 0 if and only if k < ko =
[2N/0], is clear. We next fix N > 36 > 6so thatkg € [7, N and dg 5y (2) =2 —26/N €
(4/3, 2). By concavity of x — (x — 1)(2 — 6x/N), it only remains to check that (i)
do,n(3) = 2, (ii) do,n(ko —3) = 2, and (iii) dg (ko — 1) < 2. We introduce a =
2N/6 > 6 and observe that dg y (k) = 2a~'(k — 1)(a — k) and ko = [a].

For (i), we write dg v (3) = 4a™'(a —3) =4 —12a~! > 2 since a > 6.

Concerning (ii), we have dg (ko —3) = 2a~!([a] — 4)(a — [a] + 3) and we need
([al—4)(a@a—Tal +3) > a. Writing a = n + « with an integer n > 6 and « € (0, 1], we
need (n — 3)(2 + &) > n + «, and this holds true because 2(n — 3) > n and (n — 3)o > «.

For (iii), we write

don(ko—1) =2a " ([a] —2)(@—[a] + 1) <2a"'(Ja] -2) < 2. "
We next study the reference measure of the Keller—Segel particle system.

Proposition A.1. Let N > 2 and 6 > 0 be such that N > 6. Recall that kg = [2N/0]
and the definition (4) of (dx) = m(x)dx.

(1) The measure . is Radon on Ey,.

(ii) If ko < N, then u is not Radon on Ej, 4.

Proof. (i) To show that u is Radon on E,, we have to check that for all x = (x!,....xN)

€ Ey,, which we now fix, there is an open set O C Ej,, such that x € O, and 1 (Ox) < c0.
We choose O, = ]_[;N=1 B(xi, d, ), where the balls are subsets of R? and where

dy =1 Amin{||x' —x7||/3:i,j €1, N] such that x’ # x’/} > 0.

We consider the partition Ky, ..., Ky of [1, N] such that for all p # ¢ in [1, €], all
i,j € Kyandall k € K, we have x’ = x/ and x? # x*. Since x € Ey,,, it follows that
max,e[1,¢] | Kp| < ko — 1. By definition of Oy and d., we see that for all y € Oy, all
p#qin[l,{]andalli € K, and j € K,

1" =y = Ix" =/ =" =yl =) =y = x" = x| = 2dx = dx.
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This implies that for some finite constant C depending on x, for all y € Oy,

L
my = [ W= I <cTI( TT ' =»17").

1<i#j<N p=1 i,jeKp,i#]j

Recall now that ;(dy) = m(y)dy and we want to show that ;.(Oy) < co. Since x* = x/
foralli, j € K, andall p € [1,£], and since | K| < ko — 1, dx <1, atranslation argument
reduces our task to showing that for any n € [2, ko — 1] (when ko > N, one could study
only n € [2, N]),

1,,:/ ( I ||yi_yf||—9/N)dy1...dy"<oo.
(BODY %y <iztj<n

We fix n € [2,ko — 1] and show that I,, < oo. Since |[u||? > |ujus| for all u = (uy,us)
€ R?, we have I, < J2, where

J,,:/ (T1 W-ereem)at . an
LI iy <n

Butforall¢!,...,t" e R,

n

I |[i_tj|—9/(2N)=1_[( I1 |ti_tj|—e/(zN)>

I<ij<n i=1 j=1,j#i
1 n n
5;2 [ 1= emem
i=1j=1,j#

by the inequality of arithmetic and geometric means. Thus by symmetry,

n
I 5/ ( |tl—t-i|_9"/(2N))dtl...dt”
11

1 1 n—1
Z/ (/ |t1—t2|_9”/(2N)dt2) de'.
-1 -1

1 2 n—1
J,,g/ (/ |s|—9"/<2N>ds) drt.
-1 -2

Sincen <ko—1=[2N/0]1—1<2N/60,wehave On/(2N) < 1, so that J,, < oo, whence
I, < oc.

(i) We next assume that ko € [2, N]. To prove that u is not Radon on Eg 11, we
show that ;(K) = oo for the compact subset

Consequently,

ko N
K=[[BO.)x ] B((2k.0).1/2)
i=1 k=ko+1
of Egy+1. All the balls in the previous formula are balls in R2. For x = (x!,...,x") € K,
the points x¥0+1 . xN are far apart and far from x', ..., x¥0, which explains that K is
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indeed compact in Ey, 4. There is a positive constant ¢ > 0 such that for all x € K,
i i |—0/N X i f|—6/N
mx)= ] I¥=x/1""=c [] I¥"—x/)7%",
1<i#j<N 1<i#j<ko
whence, the value of ¢ > 0 being allowed to vary,

( l_[ ||xi—xj||_9/N) dx!'...dxko,

1<i#j<ko

u(K) zc/

(B(0,1))%0
‘We now observe that
A={x=(x'... xk): x' x2 € B(0,1/3), Vi ¢ {1,2}, x' € B(x", |x! — x2|))}
C (B(0, 1))ko

and for x € A, we have ||x! —x/|| < ||x! —x!| + [|x/ — x'|| < 2||x! — x2| for all
i,j=1,..., ko, which yields

l_[ ”xi _xj”—e/N > C‘”)Cl _x2||—k0(k0—1)9/N.

1<i#j<ko
Consequently,
w(K) > c/ ||x1 — x2||_k°(k°_1)9/N dx! dx2/ dx3 ... dxko
B(0,1/3)2 B(x1,]|x1—x2|)k0—2

> C/ ”xl _ x2”—k0(k0—1)9/N+2(k0—2) dxl dx2
B(0,1/3)2

> C/ ”u||—k0(k0—1)9/N+2(k0—2) du,
B(0,1/3)

where we have used the change of variables ¥ = x! — x? and v = x! + x2. The last
integral diverges, because —ko(ko — 1)0/N + 2(ko — 2) = dg n (ko) — 2 < —2; recall
that dg n (ko) = (ko — 1)(2 — ko8/N) < 0 by definition of ko. L]

We need a similar result on the sphere S defined in Section 2, where y : R? — (R%)V
and W : R? x R} xS — En C (R2)N were also introduced. First, we show an explicit
link between p(dx) = m(x)dx and S(du) = m(u)o (du) defined in (4) and (8), which we
use several times.

Lemma A.2. Fix N >2,0>0andsetv=dg n(N)/2— 1. Forall Borel p:(R*)N - Ry,
1
| ewu@r =3[ ez ar )
(R2)N 2 RZxR*% xS

Proof. Since H = {y = (y',...,yV) e RN : "N y/ = 0} and m is translation
invariant,

/ o () () = / p(x)m(x) dx = / o(y(2) + y)m(y) dz dy.
(RZ)N (RZ)N R2xH
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We next note that S is the (true) unit sphere of the (2N — 2)-dimensional Euclidean
space H and make the substitution (£, u) = (||y|, y/l»):

/ o(x) u(dx) = / o(y(2) + Luym(Lu)?N =3 dz dl o (du).
R2)N R2xR 4 xS
We substitute £ = /7 to obtain

/ () u(dx) = + / o((2) + Vrm(SFrN 2 dz dr o (du).
(R2)N 2 JR2xR 1 xS

But m(/ru)rVN =2 = pN =270 =D/213 () by (4) and B(du) = m(u)o (du), whence

2
Since finally v = dg y(N)/2—1 =N —2 — 6(N — 1)/2, the conclusion follows. =

1
/ e(x) u(dx) = = / o(Y(z,r, u))erzfe(N*l)/2 dz dr B(du).
R2)N RZxR 4 xS

We can now study the measure 8 on S.

Proposition A.3. Let N > 2 and 6 > 0 such that N > 0. Recall that kg = [2N/0].
(i) The measure B is Radon on S N Ej,.
(i) If ko = N, then B(S) < oc.

Proof. (i) For ¢ € (0, 1], we introduce
Ke = {x € R®)N : VK C [1, N] with |K| > ko, we have Rg(x) > &}

and £, = K, N'S. Since K, N B(0, 1) is compact in Ej,, where B(0, 1) is the unit
ball of (R2)¥, we know from Proposition A.1 (i) that (K N B(0, 1)) < co. Now by
Lemma A.2,

1
KN B(0,1)) = = 1 V' dz dr B(du).
R BOD =5 [ Ty gruemnnonr” 4 B

But for (z,r,u) € R x R4 x S,
y(2) + J/ru € X, N B(0,1) ifandonlyif ue€ £, and N||z||? +r < 1.

Indeed, Rk (y(z) + «/Tu) = rRg(u) for all K C [1, N], while |y(z) + /ru|?* =
SNz 4+ Jrul|> = N|jz|> 4 r because Y, u' = 0and YN [lu?||? = 1. Thus

RO BO.D) = [ Ay By a2
R2XR+

All this implies that 8(&£,/,) < oo forall ¢ € (0, 1] and almost all r € (0, 1). Since ¢ — &£,
is monotone, we conclude that 8(£,) < oo for all € € (0, 1]. Since finally Uee(O,l] £ =
S N Ey, and since £ is compact in S N Ey,, for each ¢ € (0, 1], we conclude as desired
that 8 is Radon on S N Ey,,.

(ii) We have S C E, because Ry nj(u) = 1 for u € S. Hence if kg > N, then
S C En C Eg, ,whence S =S N Ey, and thus 8 is Radon on S by (i). Since finally S is
compact, we conclude that 8(S) < oo. |
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Appendix B. Markov processes and Dirichlet spaces

In a first subsection, we recall some classical definitions and results about Hunt processes,
diffusions and Dirichlet spaces found in Fukushima—Oshima-Takeda [11]. In a second
subsection, we mention a few results about martingales, time-changes, concatenation,
killing and Girsanov transformation of Hunt processes found in [11] and elsewhere.

B.1. Main definitions and properties

Let E be a locally compact separable metrizable space endowed with a Radon measure
« such that suppo = E. We set Eo = E U {A}, where A is a cemetery point. See
[11, Section A2] for the definition of a Hunt process Y = (2, M, (Y;):>0, (P))yeE,):
it is a strong Markov process in its canonical filtration, P, (Yo = y) = 1 forall y € Ex,
A is an absorbing state, i.e. ¥; = A for all # > 0 under Pa, and a few more technical
properties are satisfied. The life-time of Y is defined by { = inf{t > 0:Y; = A}.

Let us denote by P;(y, dz) its transition kernel. Our Hunt process is said to be a-
symmetric if [ 9P,y do = [ ¥ P;¢ da for all measurable ¢,y : E — Ry andall7 >0
(see [11, p. 30]). The Dirichlet space (&, ¥) of our Hunt process on L%(E, @) is then
defined (see [11, p. 23]) by

1
F = {(p € L*(E,a) : zhn(l);/ @(Prop — @) do exists},
- E
1
E(p,¥) =—Ilim —/ o(P;y —y)da forall o,y € F.
t—0 t E
The generator (4, Dyq) of Y is defined as follows:
1
Dy = {go e L*(E,a): tlinz) ;(Pt(p — @) exists in L2(E,a)},
—
and for ¢ € D4, we denote by Ap € L?(E,a) the above limit. By [11, pp. 20-21],

Dy = {(p € ¥ :3h € L*(E, ) such that Vi € ¥, we have & (¢, ) =—/ hl//doz},
E

(B.1)
and in that case A@ = h.

The one-point compactification Exo = E U {A} of E is endowed with the topology
consisting of all the open subsets of E and of all the sets of the form K¢ U {A} with K
compactin E (see [11, p. 69]). Observe that for an E a-valued sequence (X,)n>0, we have
lim, x, = x if and only if either

e Xx,x, € E for all n large enough, and lim, x, = x € E in the usual sense; or

e x = A and for every compact subset K of E, there is ng € N such that x,, ¢ K for all
n = ng.
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We say that our Hunt process is continuous if t — Y, is continuous from R into Ea,
where E A is endowed with the one-point compactification topology. A continuous Hunt
process is called a diffusion.

A Dirichlet space (&, ) on L2(E, ) is said to be regular if it has a core (see [11,
p- 6]), i.e. asubset € C C.(E) N F which is dense in C.(FE) for the uniform norm and
dense in ¥ for the norm [|l¢|| = [/ ?da + E(p, @)]V/2.

Two regular Dirichlet spaces (&, ) and (&', ') such that & (¢, ¢) = &’ (¢, ¢) for all
@ in a common core € are necessarily equal, i.e. ¥ = ¥’ and & = &’. This follows from
the fact that by definition (see [11, p. 5]), a Dirichlet space is closed.

We say that a Borel set A of E is (P;);>o-invariant if for all ¢ € L?>(E, ) and all
t > 0 we have P;(149) = 14 P;¢ a-a.e. (see [11, p. 53]). Following [11, p. 55], we say
that (&, ¥) is irreducible if for every (P;);>o-invariant set A, we have either «(4) = 0
ora(E\ A)=0.

We say that (&, F) is recurrent if for all nonnegative ¢ € L'(E,«) and a-a.e. y € E,
we have Ey[[;° ¢(Y;)ds] € {0, 0o} (see [11, p. 55]).

We finally say that (&, ) is transient if for all nonnegative ¢ € L'(E, «) and a-
ae. y € E, we have E, [fooo ¢(Ys) ds] < oo, with the convention that ¢(A) = 0 (see
[11, p. 55D).

By [11, Lemma 1.6.4, p. 55], if (§, ¥) is irreducible, then it is either recurrent or
transient.

A Borel set N C E is properly exceptional if ¢(N) =0and P,(3t >0: Y, e N) =0
forall y € E\ N (see [11, p. 153]). A property is said to hold true quasi-everywhere if it
holds true outside a properly exceptional set.

Remark B.1. Two Hunt processes with the same Dirichlet space share the same quasi-
everywhere notion, up to the restriction that the capacity of every compact set is finite,
which is always the case in the present work.

Proof. We fix a Hunt process Y and explain why its quasi-everywhere notion depends
only on its Dirichlet space. A set N C E is exceptional (see [11, p. 152]) if there exists a
Borel set N such that &' C A and Py,3t>0:Y; € N) =0 for a-a.e. y € E. A properly
exceptional set is clearly exceptional, and [11, Theorem 4.1.1, p. 155] tells us that any
exceptional set is included in a properly exceptional set. Thus, a property is true quasi-
everywhere if and only if it holds true outside an exceptional set. Next, [11, Theorem
4.2.1 (i), p. 161] tells us that a set N is exceptional if and only if its capacity is O, where
the capacity of N C E is entirely defined from the Dirichlet space. And for [11, Theorem
4.2.1 (ii), p. 161] to apply, one needs that the capacity of all compact sets is finite. ]

B.2. Toolbox
We start with martingales.

Lemma B.2. Let E be a locally compact separable metrizable space endowed with a
Radon measure o such that suppa = E, and (2, M, (Z;)>0, (Pz)zcE ) an a-symmetric
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E n-valued diffusion with regular Dirichlet space (8,F) on L*(E,a) and generator
(A, Dy). Assume that ¢ : E — R belongs to Dy, and both ¢ and A are bounded.
Define

MY = o(Z2) - p(Zo) - / A@(Zy) ds.
0

with the convention p(A) = Ap(A) = 0. Quasi-everywhere, (M) ;>¢ is a P;-martingale
in the canonical filtration of (Z;)1>o.

This can be found in [11, p. 332]. There the assumption on ¢ is that there is f bounded
and measurable such that ¢ = Ry f, i.e. ¢ = (I — 4)~! f, which simply means that
@ — g is bounded. Also, the conclusion is that (M,’);>¢ is a MAF, which indeed implies
that (M), is a martingale (see [11, p. 243]).

Next, we deal with time-changes.

Lemma B.3. Let E be a C*°-manifold, @ a Radon measure on E such that suppao = E,
and (2, M, (Zs)i>0, P2)zeE,) an a-symmetric Ea-valued diffusion with regular
Dirichlet space (&, %) on L*(E,a) with core C2°(E). Fix g : E — (0, 00) continu-
ous and let g(A) = 0 by convention. Consider the time-change A; = fot g(Zs)ds and its
generalized inverse p; = inf{s > 0: Ag > t}. Set

Yi = Zp, 1ip,<c0y + Alyp,=o0}-

Then (2, M, (Y¢)i=0. (Py)yeE,) is a ga-symmetric E a-valued diffusion with Dirichlet
space (&, F") on L*(E, ga), regular with core C*°(E), i.e. ' is the closure of C2°(E)
with respect to the norm [ [ @2g da + &(p, ¢)]V/2.

Remark B.4. If we apply the preceding result to the simple case where E is an open
subset of R¢ and where & (¢, ¢) = Jra Vo> da for all ¢ € C°(E), then when & is
seen as the Dirichlet form of a ga-symmetric process, it may be better understood as

E(9,9) = [ga g2V |?g da.

Lemma B.3 is nothing but a particular case of [11, Theorem 6.2.1, p. 316] (see also the
few pages before). We only have to check that the Revuz measure in our case is go, i.e.
(see [11, (5.1.13), p. 229]) for all bounded nonnegative measurable functions ¢, ¥ on E
and all t > 0,

Ey tcp(zs)g(zs)ds ¥ (x) a(dx) = t (PZY)pg da,
J=L ] | )

where P,Z is the semigroup of Z. The left hand side equals fé /, E PSZ (pg)¥da, so that
the claim is obvious since Z is a-symmetric.
The following concatenation result can be found in Li—Ying [17, Proposition 3.2].

Lemma B.S. Let Ey, Ew be C®°-manifolds and let ay, aw be Radon meas-
ures on Ey and Ew such that supp oy = Ey and supp aw = Ew. Consider an
ay-symmetric (Ey U {A})-valued diffusion (¥, MY, (V});>0. (IP’J/)veEVU{A}) with
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regular Dirichlet space (SV, fFV) on L*(Ey,ay) with core C*°(Ey), and an oy -
symmetric (Ew U {A})-valued diffusion (QY, MY, (W}) >0, (Py)weEWU{A}) with
regular Dirichlet space (EW, 37W) on L>(Ew, aw) with core C®(Ew). Introduce the
measure @ = oy Q@ aw on E = Ey X Ew. By convention, (v, A) = (A, w) = (A, A) =
A forallv € Ey and w € Ew. Moreover, set MV'W) = o ({(V;, W;) 1t > 0}) and define
P((Z;ZI)/) =P/ @PY if (v,w) € Ey x Ew, and ]P’LV’W) = ]P’X ® IP’XV. The process

V.wW
(7 x @7, MY (Ve, W20, (B oy Vv wyey xEwyvin))

is an E a-valued a-symmetric diffusion, with regular Dirichlet space (€, F) on L*(E, )
with core C°(E) and, for ¢ € CX(E),

6.0 = [ € o Nev@) + [ €V tw) ot w)aw @)
Ey Ew

Observe that M%) may be strictly smaller than M” ® MW due to the identifica-
tion of all the cemetery points. Also, actually P{ @ P =P} @ P} =P @ P} on
MV 5o that the choice P = PV ® P is arbitrary but legitimate.

A A A y g

The following killing result is a summary, adapted to our context, of [11, Theorems

4.4.2 and 4.4.3 (i), pp. 173-174].

Lemma B.6. Let E be a C*°-manifold, a be a Radon measure on E with suppa = E,
and (2, M, (Z:)i>0, (Pz)zeE,) be an a-symmetric Ea-valued diffusion with regular
Dirichlet space (€, F) on L*(E, &) with core C°(E). Let O be an open subset of E and
consider to = inf{t > 0: X; ¢ O}, with the convention that inf @ = oo. Set

ZP = Ziljrpy + Dlyrzry).

Then (2, M, (Z2):>0, (P;)zeoutay) is an o|o-symmetric O U {A}-valued diffusion
with regular Dirichlet space (€0, Fo) on L*(0,a|o) with core C°(0) and for ¢ € Fo,

Eo(p.9) = &(p,9).

Note that since O is an open subset of the manifold £ and since the Hunt process is
continuous, the regularity condition (4.4.6) of [11, Theorem 4.4.2, p. 173] is obviously
satisfied.

We finally give an adaptation of the Girsanov theorem in the context of Dirichlet
spaces, which is a particular case of Chen—Zhang’s [5, Theorem 3.4].

Lemma B.7. Let E be an open subset of R withd > 1, a be a Radon measure on E with
suppa = E, and (2, M, (Z:)i>0, (Pz)zeE,) be an a-symmetric Ea-valued diffusion
with regular Dirichlet space (§,%) on L*(E, &) with core CX°(E) such that for all
g € C2(E),

E(p.¢) = fE IVl da.
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Let (A, D) stand for its generator. Let u € ¥ be bounded and such that for o = e*, we
have o — 1 € D4 with Alo — 1] bounded. Set

o _ 0Z1) (_ " Alo — 11(Zs) )
b= 0z P /0 oz ©)

with the conventions that o(A) = 1 and Ao — 1](A) = 0.

Assume that o is continuous on E . Then quasi-everywhere, (L?);>¢ is a bounded
(My)¢>0-martingale under Pz, where we have set M; = c({Zs : s € [0,t]}), and there
exists a probability measure P, on (2, M) such that for all t > 0, P, = L% P, on M,.

Moreover, (2, M, (Z¢)¢>o0, (I@Z)ZGEA) is a 0%a-symmetric E a-valued diffusion with
regular Dirichlet space (é, F)on L?(E, 0*a) such that forall ¢ € ¥,

~ 1
Ew.0) =5 [ 1Yol da.

Actually, Chen and Zhang speak of right processes in [5], but this is not an issue since
we only consider continuous Hunt processes. Also, they assume that L2 is bounded from
above and from below by some deterministic constants, on each compact time interval,
but this is obvious under our assumptions on u and #p. Finally, their expression of L€ is
different (see [5, pp. 485-486]): First, they define M} as the martingale part of o(X,). By
Lemma B.2 (applied to o — 1), we see that

M? = o(Z1) — o(Zo) — / Ao — 1](Zs) ds.
0

Then they put M, = fot [0(Zs)] 7! dM{ and define L2 as LY = exp(M; — (M ),). But
by Itd’s formula, we have

t

logo(Z;) =10gQ(Zo)+/0 lo(Zs)]™! de+/0 [0(Zs)] " Ao — 11(Z) ds

-5 [ lezorame.,

whence log0(Z;) = logo(Zo) + M; + [y[0(Z)] " Alo — 1](Zs)ds — 2(M),. so that

1 t
L8 = exp(Mz - 5<M>t) - [g(z())rlmzt)exp(— /0 o(Z) " Alo - 11<zs>ds)
as desired.

Acknowledgements. The fruitful comments of the two referees helped us to substantially improve
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