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Abstract. We consider a variational problem involving competition between surface tension and
charge repulsion. We show that, as opposed to the case of weak (short-range) interactions where we
proved ill-posedness of the problem in a previous paper, when the repulsion is stronger the perime-
ter dominates the capacitary term at small scales. In particular, we prove existence of minimizers
for small charges as well as their regularity. Combining this with the stability of the ball under
small C 1Y perturbations, this ultimately leads to the minimality of the ball for small charges. We
cover in particular the borderline case of the 1-capacity where both terms in the energy are of the
same order.
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1. Introduction

In this paper, we consider a geometric variational problem motivated by models for
charged liquid drops recently studied in a series of papers [7, 18, 19,30-32]. One of the
main features of these problems is the strong competition between surface tension and
charge repulsion. In particular, as opposed to the much studied Gamow liquid drop model
(see [5,22]), the non-local effects often dominate the cohesive forces leading to singular
behaviors. The aim of the paper is to consider the case of very strong short-range repulsion
between the charges, thus completing the program started in [18].

We now introduce the model. Given « € (0, N) and a measurable set E C RV, we
define the Riesz interaction energy of E by

. dp(x) du(y)
dy(E) = inf e 1.1
(E) M(E>=1[RNxRN |x — y|N—@ a-b
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This energy coincides with the inverse of the «-capacity; see (2.9). Letting P(E) denote
the perimeter of E (see [27]), we consider for every charge Q > 0 the functional

Fa,0(E) = P(E) + Q*Jo(E).

While postponing the discussion about the precise class in which we are minimizing, the
aim of the paper is to study for m > 0 the problem

‘g‘linm Fa,0(E).
By a scaling argument, up to renaming the constant Q, it is enough to consider the case
m = wp, where wy is the volume of the unit ball B;.

This question is motivated by the model for an electrically charged liquid drop in
absence of gravity, introduced by Lord Rayleigh [34] in the physically relevant case N =3
and o = 2, and later investigated by many authors (see for instance [12,18,21,30,31,38,
40]). We proved in [18] that, quite surprisingly, for every N > 2 and « € (1, N) (in
particular in the Coulomb case o = 2), the problem is ill-posed. Indeed, in that case, we
can show that

|E|=w1y,lg smooth fa’Q(E) = P(B).
In words, starting from smooth sets the lower semicontinuous envelope of the energy
Fa,0 in L'(R™) reduces to the perimeter. To restore well-posedness of the problem one
needs to impose some extra regularity conditions such as bounds on the curvature [18],
entropic terms [30] or the convexity of competitors [19].

Later on, it was shown in [31] that at least if N = 2 and o = 1, the problem admits
the ball as unique minimizer as long as Q lies below an explicit threshold, and that non-
existence occurs otherwise.

The aim of this paper is to complement the picture in the case @ € (0, 1] for N > 2.

1.1. Main results

As already mentioned above, the first difficulty with this model is to properly define the
class of competitors. Indeed, while both the perimeter and J, are well defined in the
class of smooth compact sets, this class does not enjoy good compactness properties.
For variational problems involving the perimeter, the usual setup is the one of sets of
finite perimeter (see [27]) where we identify two sets E and F if they are equal up to a
Lebesgue-negligible set. However, it is not hard to see that d4 is not well-behaved under
such identification (we have 4 (E) = d,(F) if E = F outside a set of zero «-capacity;
see [18]). As advocated in [31,32] for N = 2 and o = 1, we will consider here the class

S={ECRN:Eis compact and P(E) = HNVOE) < +00). (1.2)

We will always identify sets in § which differ only on a set of Lebesgue measure zero (and
thus actually agree #V ! a.e.); see Remark 2.1. The variational problem we consider is
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thus
min F E). 1.3
|E|=on E<S oc,Q( ) (L.3)

The main result of this paper is the following.

Theorem 1.1. For every N > 2 and « € (0, 1], there exists Qo = Qo(N,a) > 0 such that
for every Q < Qy, balls are the only minimizers of (1.3).

We recall that by [18], if & € (1, N), problem (1.3) does not admit minimizers for any
value of QO > 0. The proof of Theorem 1.1 follows the same general scheme as in [22]
(see also [1,3,4,11,29] where similar strategies have been used). Inspired by the proof [6]
of the quantitative isoperimetric inequality, the idea is to prove first existence of (general-
ized) minimizers for the problem. Then the challenge is to prove regularity estimates for
minimizers which are uniform in Q. This allows one, by compactness, to reduce the prob-
lem to a second order Taylor expansion of the energy close to the ball (this is the so-called
Fuglede type argument). As we will now see, in our case all three steps present serious
difficulties. Let us point out that when N = 2 and o = 1, the proof in [31] is of totally
different nature. Indeed, it uses a combination of convexification and Brunn—Minkowski
inequalities.

While it could be interesting to see if this argument could be extended to the case
a € (0, 1), it is intrinsically limited to N = 2. We start with existence of minimizers:

Theorem 1.2. Forevery N > 2 and a € (0, 1], there exists Q1 = Q1(N,a) > 0 such that
for every Q < Q1 minimizers of (1.3) exist.

This result is proven in Theorem 3.11 where we prove actually a bit more. Indeed,
we show that if @ < 1, minimizers exist for every Q > 0, at least in a generalized sense
(see Definition 2.2). As in [3, 10, 17, 19], a classical first step is to transform the volume
constraint into a penalization; see Lemma 3.1. Following for example [3, 14, 17,23, 33]
we would then like to prove Theorem 1.2 through a concentration-compactness argument.
However, since the class § is not closed under L! convergence and because of the issues
related to the lower semicontinuity of d, raised above, it is not clear how to argue directly
for F4,0. The idea is thus to first regularize the functional by penalizing concentration of
the charge. While we believe that the precise choice of regularization is not essential, in
line with [30], for ¢ > 0, we replace d by

. du(x)dup(y) / 2}
J E = min / —_— + & .
s (E) M(E)=1{ RNxRN |x — y|N—@ v

In particular, this functional is well defined in L', i.e. dy (E) = dg-(F)if E = F ae.,
and we can prove in Proposition 3.7 the existence of (generalized) minimizers.

In order to conclude the proof of Theorem 1.2 and send ¢ to zero, we show in Propo-
sition 3.10 that minimizers enjoy density estimates which are uniform in ¢. This is a con-
sequence of a first almost-minimality property of minimizers proven in Proposition 3.8.
Indeed, using a relatively simple lower bound from [31] on the Riesz interaction energy
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of the union of two disjoint sets, we show that there exists a constant C > 0 such that if
E is a minimizer for the regularized functional and F' is such that E A F C B,, then

P(E) < P(F) + C(Q? + r*)rVN =, (1.4)

The desired density bounds then follow from [20]; see also [27,37] when @ < 1.
We then turn to regularity:

Theorem 1.3. Forevery N > 2 and o € (0, 1], there exist Q2 = Q2(N,a) > 0andy =
Y(N, ) € (0,1/2) such that for Q < Q, minimizers of (1.3) are uniformly (in Q) C17.

This result is contained in Proposition 3.12 for o < 1 (see also Remark 3.15) and
Proposition 3.21 for ¢ = 1. On the one hand, we see from (1.4) that when @ < 1, we may
directly appeal to the classical regularity theory for almost-minimizers of the perimeter
(see [27,37]), and there is nothing to prove.

On the other hand, when o = 1 the situation is much more delicate. In fact, Proposi-
tion 3.21 may be seen as one of the main achievements of this paper. When o = 1, while
(1.4) is in general too weak to obtain C ¥ regularity, it is still strong enough to yield
Reifenberg flatness of E (see Definition 3.13) when O <« 1 as recently shown in' [20].

In order to improve it to the full C ¥ regularity we rely on a second almost-minimality
property. We show in Proposition 3.16 that if p g is the optimal charge distribution for E,
i.e. wg is a minimizer in (1.1), and if £ A F C B,, then

N+1

P(E)SP(F)+C(Q2(/B uﬁ‘)NJrrN). (1.5)

The proof is inspired by [7, Proposition 4.5]. Notice, however, that we have to deal with
difficulties which are quite different from the ones in [7]. Indeed, on the one hand our
operator is smooth (here it is just the half Laplacian, see (2.5)) as opposed to [7] where
the heart of the problem is the presence of irregular coefficients. On the other hand, in our
case the charge distribution g is, a priori, just a measure while in [7] it is known to be a
function in L°°. In fact, in light of (1.5), the main point here is to prove good integrability
properties of wg. This is done in Lemmas 3.17 and 3.18 where we prove that for any
y € (0,1/2),if E is a sufficiently Reifenberg flat set, then

1

ov N\ At
(/B ug“) < CpN-1+2r, (1.6)

By comparing this result with the case of the ball, we can see that this estimate is optimal.
It may be seen as an extension to irregular domains of the boundary regularity for the
fractional Laplacian developed in [35]. As in the case of the Laplacian considered in [25],
the main ingredient for the proof is the monotonicity formula of Alt—Caffarelli-Friedman.

! As a matter of fact, the present paper served as motivation for [20].
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Combining (1.5) and (1.6) we find that also for « = 1, minimizers of (1.3) are actually
classical almost-minimizers of the perimeter and thus Theorem 1.3 follows.

Let us point out that our proof actually applies to a more general class of functionals.
Indeed, for A > 0 we say that E is a A-minimizer of ¥y, ¢ if for every set F,

Fa,0(E) < Fao(F)+ AlE A F|.

Arguing as in Theorem 1.3 we can prove the following result (we state it only for @ = 1
since a € (0, 1) is simpler):

Theorem 1.4. For every y € (0,1/2), there is Q = Q(N, y) > 0 such that for every
0 < Q and A > 0, every A-minimizer E of F1,0 is CY regular outside a singular set
Ywith¥ =@ if N <7, Xislocally finite if N = 8 and satisfies #H5(X) =0ifs > N — 8
and N > 9.

In particular, this answers a question left open in [32].

Thanks to Theorem 1.3 and the quantitative isoperimetric inequality, if Q is small
enough then up to translation any minimizer of (1.3) is nearly spherical. By this we mean
that fixing y € (0, 1) (which remains implicit), |E| = wy, the barycenter of E is at zero
and there is ¢ : 9By — R with ||¢|c1. 55,y < 1 such that

OE = {(1 + ¢(x))x : x € 3B1}.

The proof of Theorem 1.1 is thus concluded once we show the minimality of the ball
among nearly spherical sets:

Theorem 1.5. Let @ € (0,2). There exist Q3 = Q3(N,a,y) >0and e = ¢(N,a,y) >0
such that for every nearly spherical set E with ||¢||y1.005p,) < & and every Q < Q3,

Fa,0(B1) < Fa,0(E).
Moreover, equality is attained only if E = Bj.

This shows in particular the stability of the ball under small C'? perturbations if Q
is small enough. The counterpart of Theorem 1.5 for the Coulomb case o« = 2 has been
obtained in [18, Theorem 1.7]. The main point of the proof is to show in Proposition 4.5
that

J(ot(Bl) - Jot(E) = C([¢]1211a/2(331) + [¢]i1(2—00/2(631))'

The proof of this quantitative estimate for d, follows the same general strategy as in [18].
As there, the difficulty comes from the fact that the optimal measure @ is not explicitly
given in terms of E. There are however some important differences between the Coulomb
case o = 2 and the non-local case a € (0,2). In the Coulomb case, the charges are con-
centrated on the boundary. This makes it easier to express the Riesz interaction energy in
terms of ¢p with respect to the case @ € (0, 2) where the optimal measure p g has support
equal to E. Another difficulty here comes from the blow-up of ;g near 0F.
The last result of this paper is a non-existence result in dimension 2.
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Theorem 1.6. Let N =2 and o € (0, 1]. Then there exists Q4 = Q4(N, ) > 0 such that
for Q > Qu, there are no minimizers of (1.3).

The paper is divided into four parts. In Section 2, we collect the precise notation and
definitions used in the paper. In Section 3, we prove Theorems 1.2 and 1.3 about existence
and regularity of minimizers for (1.3). We then prove Theorem 1.5 in Section 4. The last
short section is dedicated to the proof of the non-existence result, Theorem 1.6.

2. Notation

We will use the notation A < B to indicate that there exists a constant C > 0, typically
depending on the dimension N and on «, such that A < CB (we will specify when C
depends on other quantities). We write A ~ B if A < B < A. We use in hypotheses the
notation 4 < B to indicate that there exists a (typically small) universal constant ¢ > 0
depending only on N and « such that if A < ¢B then the conclusion of the statement
holds.

For a measurable set £ C RY and an open set @ C RV, we denote by |E| the
Lebesgue measure of E and by P(E, Q) its relative perimeter in 2. When Q = RY
we simply write P(E) (see [27]). We use JE for the topological boundary of E, 3™ E for
the measure-theoretic boundary and 0* E for the reduced boundary.

2.1. Fractional Sobolev spaces, Laplacians and capacities

We collect here some standard notation and basic properties of fractional Sobolev spaces,
Laplacians and capacities. We refer for instance to [9, 24, 26] for more information. For
the Fourier transform we use the convention

() = /ﬂ;{ e u(x) dx.

For s € R we then define the (homogeneous) H* seminorm as

Wy = | 16 1P,

When there is no risk of confusion we simply write [u]gs for [u]gsg~y. We define the
s-fractional Laplacian by its Fourier transform:

(—A)u = [£>4,

so that by the Parseval identity,

[u]ilf(]RN) = /I;N u(—=A)u.
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For s € (0, 1), there exists C(N, s) > 0 such that

(~AYu(x) = C(N.s) /RN % dy. @.1)

where the integral is understood in the principal value sense. We then have an alternative
formula for the H® seminorm,

Cn,s) (u(x) —u(y))*

2 —
[gs @vy = ) RNXRN |x — y|NF2s dxdy. (2.2)

We will also use fractional Sobolev spaces defined on the unit sphere dB. For these
we take (2.2) as starting point and define, for ¢p : 9B — R and s € (0, 1),

(@(x) —9(»)*
(81315 03) = /az;xaB Tx =y it dxdy. (2.3)

Let us point out a slight abuse of notation here: we do not distinguish between the volume
measure on RY and the one on the sphere. We recall that for 0 < s < s’ < 1, if we denote

¢ = #B)fanﬁwehave

/; (@ =9)” < Wl = 225G oy S /a RGE (2.4)

where we write V¢ for the tangential gradient and where the implicit constants depend
on N, s and s’. Indeed, the first inequality follows from Cauchy—Schwarz as

(v so)
| @=02 = 5o [ ([ 1800-p01dy) ax

! ($(x) —p(»)? ) ( N )
v @ _
P(B)? /BB( ap |x — y|N-1+2s y /BB |x =yl dy ) dx

B / ($() — (7))

~ Jopxop |x — y|N-1+2s

dx dy.

The second inequality in (2.4) is immediate while the third can be deduced from [8, Propo-
sition 2.4 and Remark 2.8].
For o € (0, N) and p a Radon measure, we define the Riesz interaction energy of u

dp(x)d
Ia(u)=/R w0 dpy)

NxrN |x — y|N

as

With this notation, definition (1 . 1) becomes
do(E) = min |1 n).
a( ) (El) 1 a( )

Remark 2.1. Recalling the definition (1.2) of §, we see that for o € (0, 1], 4o is well
defined in § in the sense that if £, F € § with |E A F| = 0 then actually #V~1(E A F)
= 0 and thus 4 (E) = do(F) (since Jo,(E A F) = o0, see e.g. [28, Theorem 8.7]).
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For every a € (0, N), there exists a constant C’(N, &) > 0 such that for any Radon
measure i, the associated potential

d
”(x)z/R _an®)

N |x — y|N—@

satisfies (see [26])
(=A)*?y = C'(N,a)p  inRV. (2.5)

In particular, since

lo(p) = /RN udp = /RN(—A)"‘/Zu(—A)‘“/Zu = C’(N,a)/RN L(=A)"2,

we have
La(W) = C'(N. )1l —arp gy (2.6)

Similarly,
Io(p) = m[ufga/zmz\/)- (2.7)

Moreover, if E is compact and u g is the equilibrium measure of E,i.e. do (E) = I (1E),
then the corresponding potential u g satisfies

up = Jg(E) on E; (2.8)

see [18,24] for a precise justification. We finally point out that if we define the fractional
capacity as

Co(E) = ] (E),

then it is not hard to check that at least for smooth enough sets £, ug /dy(E) is a mini-
mizer of

. 2
UEXET[I}I—H)O atoo[v]Ha/z(RN)’
so that by (2.7) and (2.2),
C(N,a/2 — 2
c gy = CW-9/2) inf [ M dxdy.  (2.9)
C'(N,a) ueC®N),uzyxp JRNxRN X — y|NF2s

We refer to [24, 28] for further information on fractional capacities.

2.2. Generalized sets and minimizers

For (possibly finite) sequences E=(E i1 of sets I = (u');>1 of measures, we define

Io() = ) T (1), (2.10)
Jo(E) = igf{la(ﬁ) LS WH(E) = 1}, P(E)=Y P(E). @11

Notice that since I (X + i’) > I, (1), when minimizing over I, we may assume without
loss of generality that ' is concentrated on E’.
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Definition 2.2. Define a generalized set to be a collection E= (E");>1 of sets as above,
and set

|E| =) |E. (2.12)
i
For Q > 0, we define the energy of the generalized set as
Fa,0(E) = P(E) + 0*do(E).

We say that E € 8N is a (volume-constrained) generalized minimizer for Fa,p if, for any
collection F € 8N of sets with | F| = | E|, we have

Fa,0(E) < Fouo(F).

3. Existence and regularity of minimizers

3.1. Relaxation of the volume constraint
For A > 0, we relax the volume constraint by considering
.(f’va,Q’A(E) = fa’Q(E)-f-A“EI—a)Ni. 3.1

Our first result is that for A large enough the relaxed problem coincides with the con-
strained one.

Lemma 3.1. Foreverya € (0,N), QO > 0and every A > 1 + Q2?, we have

inf {Fao(E): |E| =0y} = inf Fyoa(E). (3.2)
EesN EesSN

Moreover, for such A, lfﬁ is a minimizer of the right-hand side of (3.2), then |E| = wn.

Proof. Since the left-hand side of (3.2) is larger than the right-hand side, it is enough to
prove the remaining inequality. Let A > 1 + Q2 and assume that there exists E with
|E| # oy and
Fa,0.a(E) < inf {Fuo(E): |E| = oy).
EesN

Using B; as competitor we find
P(E) + Q%Jo(E) + A||E| —wn| S 1+ Q% (3.3)

In particular, if 1 = w}\,/N|E|_1/N, then we can write = 1 4+ § with |§] < A71(1 + Q?)
« 1. We now use tE = (tE%);>1, which satisfies |t§| = wy, as competitor and find,
using Taylor expansion, (3.3) and A > 1 + 02, that

AlS| S 8((N = DP(E) — (N — ) Q% 4o (E)). (3.4)

Now if § > 0, this implies

3.3)

A8 < 8P(E) ('5 §(14+ 0?)
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and thus A < 1 4+ Q2, contrary to the hypothesis A > 1 4+ Q2. In the case § < 0 we
reach the same contradiction since (3.4) yields this time

~ (33
Al8] < 1810%da(E) < 18](1 + Q). ]

3.2. The regularized functional

As mentioned in the introduction, since the capacitary term d,, is not well defined in L!,
which is the natural setting to minimize the perimeter, we will first show existence of
(generalized) minimizers for a regularized energy. For ¢ > 0 and a positive measure © we
define
L) = o+ [ = [ OO [
RN RN

RN xRN |x — y|N—@

with the understanding that d ¢ (1) = oo if ¢ L2(R™). We then define, for i = (i£');>1
and E = (E');>1, in analogy with (2.10) and (2.11),

ool = D Tae). S (B) = inf {Las@) - oW/ (EN =) (35)

Remark 3.2. If £ and F are two measurable sets with |[E A F| = 0 then dg(E) =
doe(F). Indeed, every measure p with Iy.(u) < oo is in L? and thus u(E) =
W(F). When considering J, . instead of J, we can therefore identify sets which agree
Lebesgue a.e.

Lemma 3.3. Let E = (Ei)i>1 be a generalized set with |E| € (0, 00). Then (recall defi-
nition (2.12))

e G Fg i g

— < e+ —, (3.6)
E| \E|"~7*  |E|

where |
c¢(N,a) =[ ———dxdy.
B]XB] |'x _y|N—Cl

Proof. We start with the upper bound. Let m = |E | and for every i > 1 let B' be a ball

such that | Bf| = | E?|. Choosing 1! = yi/m in the definition of J ¢(E) and recalling
the Riesz rearrangement inequality, we get

~ 1 dxdy &
J E <_§ -_ 4+ —
we(B) = 0m 1. /Eiin =y

1 / dxdy €
<— =
mle Bixpi [x—y|N"¢ m

c(N,a) ijt+a/N | &
T T2 Z'E | i m
14
- c(N,a) £
- N—a '

m N
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To obtain the lower bound we simply observe that for every it = (it;)i>1 with ) ; W (E?)
= 1 we have, by Cauchy—Schwarz,

"2 =23 "y (ET) < (ZIE"I)I/Z(SZ/Ei(u")z)l/2 =m"24q.(W)'"2. (37

The desired bound follows by minimizing in ji. ]

As a consequence of Lemma 3.3, we can prove the existence of an optimal measure
for gy ¢ (E).

Corollary 3.4. For every ¢ > 0 and every generalized set E = (E%)i>1 with |E| < o0
and d . (E) < 00, there exists a unique optimal measure [i for 44 ¢ (E).

Proof. Uniqueness follows from strict convexity of the energy so we only focus on the
existence part of the statement. We first notice that from the definition (3.5) of d, . we
have

Joo(E) = inf{zqua,s(isi) > g = 1}. (3.8)

Hence, the existence of an optimal fi follows if we can prove that, on the one hand, for
every fixed set E of finite volume, there exists an optimal measure for J, .(E), and on
the other hand, there exists an optimal distribution (g;);>1 of charges for (3.8).

We thus start by considering a fixed set E with |E| + dq(E) < oo and prove the
existence of an optimal charge w. If 1, is a minimizing sequence, arguing as in (3.7) we
find that for every R > 0,

un(Bg) < &7V 1E 0BG 906 (un)'/?.

Therefore p, is tight and we can extract a sequence converging weakly in L2(RY) to
a measure yu with (E) = 1. By lower semicontinuity of Jy . (see [24, (1.4.5)]), it is a
minimizer for g ¢ (E).

We now turn to the existence of an optimal charge distribution (¢g;);>1. For this we
first observe that from the first inequality in (3.6),

. 1 .
Jue(EN' < =Y |E'| <
lza,s() _8IZ| | <o

and thus in particular limy o0 ) ;57 do(E")™! = 0. Now for every (¢;)i>1 and every
I € N, by Cauchy—Schwarz,

ZQi =< (ZQina,s(Ei)>l/2(Z Ja,s(Ei)_l)l/zy
i>1

i>1 i>1
so that tightness of minimizing sequences follows, leading to the existence of an optimal
distribution (¢;);>1- ]

In order to prove that generalized minimizers are almost-minimizers of the perimeter,
we will need the following lemma which is adapted from [31, Lemma 2] (see also [32,
Lemma 13]).
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Lemma 3.5. For every generalized set E = (EUF)x (Ei)izz with E and F sets of
positive measure such that |E N F| = 0 define F = F x (E");>5. Then

~ = dae(F)?
Jas(E) = doe(F) — ———. (3.9)
(E) (F) Jos(E)
Proof. We first show that
Soo(E) = min [0°dae(E) + (1 = 0)has(F)). (3.10)
€lo,

Let /i = (')i>1 be optimal for Jo,’s(ﬁ). We may assume without loss of generality
that u'(E) # 0 and ' (F) + Y ;o u' (E') # 0 since otherwise in the first case we
would have JQ,S(E) = Ja,a(f), and in the second case JQ,E(E) = Jg,¢(E), which both
imply (3.9). We now define

1 1 i
W lE 1 wlF i I .
w=—4——m—o, vV =—7-"", V=—or"7-—"7— Vi>2
wH(E) 1 —p!(E) 1 —p!(E)

With this definition,  is admissible for dg ¢ (E) and ¥ = (v');> is admissible for Jla,g(ﬁ)
and we have

d d
i = e ([ OO e [ 2)

1 2 dv! (x)dvl(y) 1 )
+ - piE) (/FF =y /(” )
= (W(E) 2 das() + (1 — p (E)dae(v)),
so that by definition (3.5) of dq ((V),
Jae(E) = (W (E))Jae(it) + (1 — 1 (E))?Jqe (V)
> (W (E))?dae(E) + (1 = ! (E))* o (F).

This proves (3.10). Optimizing in 6 together with the inequality (1 +¢)™!' > 1 —¢ for
t > 0 yields (3.9). [

3.3. Existence of generalized minimizers for the regularized energy
In line with (3.1), we introduce the regularized energy
Fa.0.06(E) = P(E) + 0*das(E) + Al|E| - o).

The aim of this section is to prove the existence of minimizers for this functional. We start
with the simple observation that for 4 o A ¢, minimizing among classical or generalized
sets gives the same infimum energy.

Lemma 3.6. Foreverya € (0, N), Q, A, ¢ > 0, we have
inf Fy0.0:(E) =inf Fy0p(E). (3.11)



Isoperimetric problem with strong capacitary repulsion 4171

Proof. Since the left-hand side of (3.11) is larger than the right-hand side, it is enough
to prove that for every § > 0 and every generalized set E = (EY) i>1, We can construct a
set E with Fy.0.ae(E) < Fa.o.ne(E) + 6. For I e Nand R > 0, let F' = E' N Bg if
i <1 and F' = @ otherwise, and set F = (Fi)izl. We first observe that for each fixed 7,
limg—oo |E' N Bg| = | E*|. Combining this with the fact that ), | E?| < oo we see that
we can choose I and R large enough so that

1
A’Z|Fi|—a)N‘§A}|E|—a)N|+8. (3.12)
i=1

Moreover, thanks to the co-area formula we may further assume that

I
> P(F') < P(E)+35. (3.13)
i=1
We now turn to the last term in the energy. Let /i = (¢');>1 be the optimal measure for
d,s(E) given by Corollary 3.4. We then set

i
. ; .
v’:L fori <1

I . .
D iz W(FT)
and v/ = 0 otherwise so that T = (v);» is admissible for dg ¢ (F). Since Y"1_ | p? (F7)
converges to 1 as I — oo and R — 0o, we can also assume that / and R are chosen such
that in addition to (3.12) and (3.13) we have

5 0 (’ dpi () dp (v) - )
2'10[8 = — - =~ T~ i\2
e = ST a2 ;fFF e e [
< Q%4 (E) +6. (3.14)

We finally choose for every i < I a point x! € RY such that min; « |x! —x/| > R and
define I I
E = U (F' +x%) and v(x) = Zvi(x —xh).
i=1 i=1
Since F! C Bg by construction, the sets F' + x' are pairwise disjoint and from (3.12)
and (3.13) we have

1 1
P(E) + A||E| - o™ | = ZP(Ei)+A’Z|Fi|—wN’
i=1 i=1
< P(E) + AJ|E| — oy | + 26.

Finally, we observe that v is admissible for dq ¢ (E) with

dvi(x) dv’ (y)
|x — y|N—«

2‘2018 = ZJas~ 2
0 (V) = 0% are() + ;/FF

Q2 (3.1

D 2 ~
i i xJ < 0%ge(V) +26
min; £ ; |xl — xJ |N7a — Q a,a( )

< 0%g (V) +
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provided min; « ; |x? — x7/| is large enough. Since Jo,e(E) < dge(v), we find as antici-
pated that
Fa,0,8,6(E) = Fa,0,n,6(E) + 44. "

We can now prove the existence of generalized minimizers for %4 o a,s. This will be
proven by a concentration-compactness argument which relies on isoperimetric effects
to avoid the loss of mass, together with the semicontinuity of d, , with respect to LlloC
convergence. This type of argument is relatively standard by now (see for instance [3]
which we closely follow or [14,17,23,33]). However, we face here the additional difficulty
that we need to avoid not only loss of volume but also loss of charge in the limit.

Proposition 3.7. For every a € (0,1], Q >0, ¢ >0and A > 1 + Q2, generalized
minimizers of Fo,0,A,¢ €Xist.

Proof. Let (Ep)n>1 be a (classical) minimizing sequence for 4,0, By Lemma 3.6
it is also a minimizing sequence in the class of generalized sets. Using for instance
the ball B; as competitor we have sup, F4,0,4,6(En) S 1+ QZ. In particular, if we
let m, = |E,|, after possibly taking a subsequence we have m, — m € (0, 00). Fix
L> m'N and consider a partition of RY into cubes (Qin)i=1 where Q; , =0, LIV 4z
with z; , € (LZ)N . We let m;, = |E, N Q; | and assume without loss of generality that
for every n, m; , is decreasing in i. Moreover, we tacitly consider from now on only
the indices i such that m; , > 0. We let 1, be the optimal measure for dq ¢(E,) and set
qijn = lan(Qi,n)-

We start by proving tightness of (7; ,)i>1 and (g; »)i>1. For m; ,, we argue as usual
that thanks to the relative isoperimetric inequality (recall that with our choice of L,
|Qi,n n En| = |Qi,n|/2)

N—1
Y m N <Y P(En.Qin) = P(En) S 1+ Q%
i i

Since m; , < m/i we conclude that for every / € N,
N—1

m\ VN m\ VN
Zmunf(7) domy S(1+Q2)(7) : (3.15)

i>I i~/

For g; , we argue as in (3.7) and obtain, invoking Cauchy—Schwarz twice,

1/2 2 12 1/2 2 12
Yo=Yl (f, ) = (Tma) ()

i1 i>1 i1
1

(3%5) 871/2(1 n Qz)(?) 2N.

Therefore, up to taking a subsequence we have limy, o0 7, = m; with ), m; = m and
limp o0 Gin = ¢qi With )", g; = 1.
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We now construct a generalized set E which will be our generalized minimizer. By
the perimeter bound, up to a subsequence we have, for every i, £, —z;, — E i 1n LllOC
for some sets E’. Moreover, /,LZ = Un(- + zi ») converges weakly in L? to some w. We
can further assume that |z; , — z; ,| — a;i; € [0, 00] for all i, j. We now say thati ~ j if
aj; < oo and denote by [i] the equivalence class of i. Notice thatif i ~ j then E "and EJ

are translates of each other. For each equivalence class we denote
myp =Y m; and qu =Y g
j~i j~i

so that Z[l] mii) = m and Z[l] qpi1 = 1. For every i, using the convergence of E, — z;
to E* and of Wy, to u*, and the definition of the equivalence relation, we have

|E'|=mp; and  p'(E') = qp.

Up to relabeling, we may now assume that each equivalence class [i] consists of a single
element. If we set £ = (E");>1 and i = (u);>1, we have just shown that [ is admissible
for J4 ¢(E). Let us finally prove that

P(E) + 0*Jas(i)) + A||E| — oy | <liminf P(Ep) + Q*Ja.e(ttn) + Al En| — o]

We consider each term of the energy separately. Since |E| = m = lim,_o0 | Ep|, the

volume term is not a problem. For the first term, we fix / € N and R > 0. If n is large

enough, we can assume that |z; , — zj ,| > R fori, j < I distinct. By the co-area formula
we can find for every i < I aradius R, € (R,2R) such that

1

> AV OBR, (zin) N En) S =

i<I
If EbRn = (E, — z;») N Bg,,, we thus have

i,Rny < Q
> P(E ) < P(En) + &

i<l

From this bound we see that E-R» converges in L} to a set E-R which itself converges

to E* as R — 0o. We thus have

loc

ZP(E ) < thmfP(E’ Ry < thlnfhmmfP(E’ Rny < hmmfP(E ).

R—00 n—>00
i<l

For the last term, we use similarly the fact that for every fixed / € N and R > 0,

> e (1 |,) = liminf > doe (i) < liminf doe (D 1" 5z,

i<l i<l i<l

< liminfdg ¢ (in). |
n—>o0
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3.4. First almost-minimality property and existence of minimizers for the original
problem

In this section we use Lemma 3.5 to prove a first almost-minimality property for gener-
alized minimizers of F¢ 0 A.¢. In order to pass to the limit & — 0 it is crucial that the
estimates are uniform in ¢.

Proposition 3.8. There exists C > 0 depending only on N and o € (0, N) with the fol-
lowing property. For every Q > 0, ¢ € (0,1) and A ~ 1 + Q2 for which Lemma 3.1
applies, every generalized minimizer E = (EV)i1 0f Fa,0.A . is an almost minimizer of
the perimeter in the sense that for everyi > 1, x € RN andr < 1,

P(E') < P(F)+ C(Q2 +r*)rN~® VF A E' C B,(x). (3.16)

Proof. Without loss of generality we may assume that i = 1 and x = 0. To simplify
notation a bit we set £ = E!. Using F = F x (E');>5 as competitor and the minimality
of E we have after simplifications

P(E) < P(F) + Q*(Ju,e(F) — Jue(E)) + A|E A F|. (3.17)

Since P(EN F)+ P(E U F) < P(E) 4+ P(F), it is enough to prove (3.16) under the
additional condition E C F or F C E.If E C F then dg ¢(E) > dg¢(F) and thus (3.16)
follows from |E A F| <rV.

We are left with the case F C E. Writing £ = F U (E \ F) and appealing to (3.9)
from Lemma 3.5, we have

2 ~ Jéa(ﬁ)
Jot,e(F) - J(ot,s(E) = J . (3.18)

we(E\F)

Now on the one hand, since by Lemma 3.1, |E| + )5, |E'| = wy, it follows that
|Fl+ 2 is2 |E'|=wn — |E \ F| 2 1 (recall that r < 1) and thus by (3.6) of Lemma 3.3,

Jae(F) S 1.

On the other hand, since £ \ F C B, we have

Jae(E\F) = Jus(Br) o inf / T e AT
n(Br)=1JB,

Putting these two things together, (3.18) yields

Joe(F) = dae(E) < rV72.
Plugging this together with |[E A F| < ¥ in (3.17) concludes the proof of (3.16). ]
Remark 3.9. From (3.19) we see that we can improve (3.16) to

P(E") < P(F)+ C(Q*min(r %, &™) + 1)r¥ VF A E' C By (x).
This means that for every a € (0, N), if r < /% then the classical regularity theory

for perimeter almost-minimizers applies (see [27]). In particular, for o = 2, this gives
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a very elementary proof of the regularity of minimizers for the functional considered in
[7,30] if the permittivity of the droplet is assumed to coincide with the permittivity of the
vacuum (see however [7, Remark 4.6] where it is observed that this assumption would
also simplify their proof).

At this point we see the difference between the cases & > 1 and « < 1. Indeed, in the
latter case, thanks to (3.16), we may appeal to the regularity theory for almost-minimizers
of the perimeter (since N — o > N — 1). We start with the simpler part which consists of
the density estimates. Since the cases & < 1 and o = 1 are treated differently, we introduce
the notation 1,—; = lifae =l and 1,=1 = 0 ifa@ € (0, 1).

Proposition 3.10. For every o € (0,1]and Q > 0let A ~ 1 + Q? be such that Proposi-
tion 3.8 applies. Then, for every ¢ € (0, 1], and every generalized minimizer E= (E)i>1
of Fa,0.A.e if max(Q%r!'=% r) < 1 and x € OME! (recall that M is the measure-
theoretic boundary),

min(|E" N By (x)], |B-(x) \ E*|) 2 r¥ (3.20)

and
P(E', B, (x)) ~ rN71, (3.21)

As a consequence, there exists Q1 > 0 such that for Q < Q < Q1ly=1, up to the choice
of a representative, every generalized minimizer is made up of finitely many E', each of
which is connected, is in S and has OE' = 0™ E*. Moreover, the number of such compo-
nents as well as their diameter depends only on Q

Proof. Estimates (3.20) and (3.21) follow directly from [20, Proposition 3.1]. For o < 1
they can also be obtained (under slightly stronger hypothesis on r) from the more classical
theory; see for instance [27].

The regularity of the minimizers as well as the bound on the number and diameter
of the connected components is classical (see e.g. [22]) once we observe that for every
0 < O < Q11— there is 7 depending only on Q such that max(Q271™%,7) « 1 for
every O < Q. The fact that we may assume that each component E? of Eisa single
connected component follows from do . (E U F) > dy .(E x F) forany disjoint £, F. =

Before stating the full conclusions of the regularity theory for perimeter almost-min-
imizers, let us conclude the proof of the existence of generalized volume-constrained
minimizers of %y ¢.

Theorem 3.11. Let Q, be given by Proposition 3.10. Then for every 0 < Q < Q <
Q11y= there exist generalized minimizers E = (Ei)il=1 e SN of

min {Fo0(E): |E| = oy }.
EesN

Moreover, foreachi < I, E Lisa perimeter almost-minimizer in the sense of (3.16) and
both I and diam(E") are bounded by a constant depending only on Q.
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Proof. Let A ~ 1 + Q2 be such that both Lemma 3.1 and Proposition 3.7 apply By the
latter, forevery ¢ € (0, 1] and Q < Q there exists a generalized minimizer E; of %4 ,OA¢-
Moreover, by Proposition 3.10, E = (E} )1—1 for some connected sets E! € S, where
both 7 and the diameters of £’ depend only on Q. Thanks to the uniform density bounds
(3.20) and (3.21) we can extract a subsequence for which Ejj converges both in L! and in
the Kuratowski sense to some E’ € §. By compactness of perimeter almost-minimizers
(see [20]), E? satisfies (3.16). We set E = (Ei)isl. Using JQ,E(ES) > JQ(ES) and the
fact that 4, is lower semicontinuous under this convergence (see e.g. [18, Theorem 4.2]),
we obtain
liminf Fo,0.4.6(Es) > Fa,0.4(E).
e—>0

We now prove that

1nf Fa,0, A(F) > limsup _ 1nf Fa,0,A S(F)
Fes e—>0 Fe§
which combined with the previous inequality will show that Eisa generalized minimizer
of Fa,0,A as
Fa,0,A(E) = inf Fo o a(F).
FesN

Arguing exactly as in Lemma 3.6, we see that it is enough to prove that for every F € §,
there exists a sequence F, such that

limsup y,0,A,6(Fe) < Fo,0,4(F). (3.22)
e—0
By [36] applied to F€¢, we can find smooth compact sets Fs with F C Fs, P(F?%) <
P(F)+ 6 and ||F| - |F5|| < 8. Since do(F) = 4o (F®) as F C F%, we have (actually
there is equality)

lim sup ?a,Q,A(FS) < Fa,0.A(F),
§—0

and we can thus further assume that F' is smooth in the proof of (3.22). For smooth sets,
by [18, Proposition 2.16],> we can find for every § > 0 a function f5 € L°°(F) with
JF fs = 1 and such that

do(f5) < Jo(F) +36.

Since for every § > 0, limg—¢ dg,c(f5) = do(f5), a diagonal argument shows that Jo (F)
= limg— 0 do,e(F). Using F = F we conclude the proof of (3.22).

As Eisa generalized minimizer of ¥4 0,4, Lemma 3.1 implies that |E | = oy and
thus E is also a volume-constrained generalized minimizer of Fa,0- m

We end this section by recalling the regularity properties of generalized minimizers
and show in particular that for small charge Q they are actually classical minimizers. We
start with the case o < 1.

2The statement of [18, Proposition 2.16] requires F to be connected but the proof works for
disconnected sets as well.
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Proposition 3.12. For o € (0,1) and Q > 0 let E = (E l-I=1 be a volume-constrained
generalized minimizer of Fy,0. Then the sets 9* E* (recall that 0* denotes the reduced
boundary) are clLi0-o regular. Moreover, if we denote ¥; = dE' \ 0*E’, then for
every i, X; is empty if N <7, is at most finite if N = 8, and satisfies H*(XZ;) = 0 if
s>N-—-8and N > 9.

In addition, for Q <K 1, E=E o is a classical volume-constrained minimizer of 4,0,
Y (Eg) = 9 and for every B < %(1 —a), Eg converges in C"“B 10 Byas Q — 0.

Proof. The conclusion follows from the classical regularity theory for perimeter almost-
minimizers; see [27,37] and the fact that by the quantitative isoperimetric inequality, up
to translation and relabeling,

(18" & B+ Y IE) 5 PGE)— P(B) < Q*Ja(By).

i>2

which implies in conjunction with (3.20) that for Q small enough, E I =@fori >2(so
that £ = E! is a classical minimizer) together with the convergence to Bj. ]

For a = 1 it is well known that in general (3.16) does not even imply C! regularity.
In order to state the counterpart of Proposition 3.12 in this case, let us first recall the
definition of Reifenberg flat sets.

Definition 3.13. Let §,ry > 0 and x € RY. We say that E is (8, ro)-Reifenberg flat in
By, (x) if for every B, (y) C By, (x), there exists a hyperplane H, , containing y and such
that

e we have .
;d(aE N B, (y), Hyr N Br(y)) <9,

where d denotes the Hausdorff distance;

e one of the connected components of
{d(-. Hy,r) = 28r} 0 B, (y)

is included in £ and the other in E€.

We say that E is uniformly (8, ro)-Reifenberg flat if the above conditions hold for every
x € 0E.

Proposition 3.14. Let @ = 1. There exists Q, > 0 such that for every Q < Q,, every
volume-constrained generalized minimizer of 4,9 is a classical minimizer. Moreover, for
every § > 0, there exist Qg,rs > 0 such that for every Q < Qs, every volume-constrained
minimizer E g of 4,0 is uniformly (8, rs)-Reifenberg flat and up to translation,

|Eg A Bi|* £ 02

Proof. The proof goes exactly as that for Proposition 3.12, replacing the classical regu-
larity theory by [20, Corollary 1.4]. ]
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3.5. Second almost-minimality property and regularity of minimizers

The aim of this section is to prove that in the case @ = 1, we can pass from the Reifenberg
flatness of volume-constrained minimizers of ¥, o stated in Proposition 3.14 to almost
C 1172 regularity. This will be obtained by proving a second almost-minimality property
for minimizers together with a higher integrability result for the optimal measure .

Remark 3.15. Let us point out that using a similar proof for @ € (0, 1), it would be
possible to improve the C L3 (1-a) regularity from Proposition 3.12 to almost C 11/2,
However, in this case, the proof of the integrability of p can be greatly simplified by
appealing directly to [35] (see also (4.5) below). Moreover, we expect that any C'-#
regularity may be improved to higher regularity through the Euler—Lagrange equation
(see [32]).

We start with the quasi-minimality property.

Proposition 3.16. There exists C > 0 depending only on N with the following property.
If O < 1 and E is a volume-constrained minimizer of ¥1,0 with g the corresponding
1/2-harmonic measure, i.e. §1(E) = I,(g), then for every x € RN and 0 < r <« 1,

N+1
2N

P(E)SP(F)+C(Q2(/B()M,’5V+‘) ’ +rN) VE A F C By (x).

Proof. Without loss of generality we may assume that x = 0 and ug € L N+1(B,) since
otherwise there is nothing to prove. By Lemma 3.1, there exists a universal constant A > 0
(recall that Q < 1) such that E is a minimizer of

F1,0(E) + A||E| — wy]|.

Arguing as in the proof of Proposition 3.8, we see that it is enough to prove that for every
F CEwithE\F C B,

N+1

2N N
91(F) SJl(E)JrC(/ ug“) . (3.23)
E\F

In order to prove (3.23) we follow the general strategy of [7, Proposition 4.5] and use

_( +P‘E(E\F))
H=\KE —|F| XF

as a competitor for 41 (F). We define

dpue(y) u(x):/ dp(y)
E |x =y Elx—yN7

the potentials associated to ;g and . We recall from (2.5) that u solves on RV the
equation

ug(x) =

(=M = C'(N, )u,
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and that by (2.7),

2 _ —
m[u]m/z = /;E udp = I (u).
Let us notice that since ug = d1(E) on E (recall (2.8)), and since ug(E) = u(E) =1,
[ e - pe) =0, (3.24)
E

Since 1 (F) < I1(w) and 41 (E) = I;(g), we have
30 =018 = [ wd— [ g dyus
E E
— [[w-upyde e + [ wdps - [ e d.
E E E

Using Fubini we have

3.24
/udﬂEZ/uEd,U«(z)/uEdﬂE
E E E

1
91(F) = 41 (E) s/E(u—uE)dw—uE) = Gyl e

and we get

We now estimate [u — u E]ill /- For this, using the Holder inequality and Sobolev embed-
ding we write

bt — w2y o =/E<u—uE)d<u—uE)

< _ _
< |lu ME”L%”P« ME“LA%%

< — —
S u—uglgielp /LEllLﬂl-

Using the Young inequality leads to
J1(F) = d1(E) < [u— ME]12L11/2 Sln— /vLE”ZA;i_As_/l
We are left with estimating || — u E|| 2 . By definition of u, we have © — ug =

%XF — e xe\F and thus

ue(E\ F) N
e — ME|| 7 —————XF —EXE\F
N+1

2N
pwE(E\ F)\ N+ AN\ N
_ (/( L
F |F| E\F
_ HE(E\F)? +(/ Nr)w
< = 1
\F| E\F

[F|21 2 A N
s ([T
E\F

N+1
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Finally, by the Holder inequality,

N+1 N+1

2 A\ g A
RE(E\ F)* < Uy |[E\F|'V < KE .
E\F E\F

This concludes the proof of (3.23). ]

From Proposition 3.16, we see that in order to prove that E is a perimeter
almost-minimizer in the classical sense, it is enough to show decay estimates for

f € JE. We start b ing the following Hold timate fi
”ME”LNH(B() or x e start by proving the following Holder estimate for

the potentials.
Lemma 3.17. For every § > 0, there exists y € (0,1/2) withy — 1/2 as § — 0 such that
if E is a bounded (8, ro)-Reifenberg flat domain then

d(-,0E)Y

11— J1(E)  ug| < ’r—y, (3.25)
0

where ug (x) = [ ld”“E(y) and g is such that J1(E) = I1(LE).

xy‘Nl

Proof. By scaling we may assume that ro = 1. We follow the ideas from the proofs of
[25,39] and use the Alt—Caffarelli-Friedman monotonicity formula to show (3.25). Let
u=1-4J(E) 'ug and v be the harmonic extension of u to Rﬁ“. Since u € [0, 1],
also v € [0, 1]. Notice that since u < 1, it is enough to prove (3.25) in {d(-, 0E) < 1}.
For every x € RY ™! and every r > 0, we let B;F (x) = B, (x) NRY "' and 9+ B, (x) =
9B, (x) N RY*!. We claim that

1 s [Vvl|?
-~ / Vol < r V/ g Y0<r<l (3.26)
r B () B () X =l

for some exponent y > 0 with y — 1/2 as § — 0 and

[ AL (3.27)
sup — < 1. .
RV B () |x —y[N-1

Provided (3.26) and (3.27) hold, we can conclude the proof of (3.25) using the Poincaré
inequality, Campanato’s criterion and v = 0 in E x {0}. Eventually we show thaty — 1/2
as § — 0. We devote a step to each of these three claims.

Step 1: Proof of (3.26). We first observe that it is enough to consider x € dE x {0}.
Indeed, assume the statement is proven in that case. Then for x ¢ JE x {0}, using either
odd reflection or even reflection with respect to xy+; = 0 we may assume that v is
harmonic in B, (x) for every r < 7 = min(1, d(x, dE x {0})). It is then a classical fact

that {
I —— |Vv|?
SN+ /Br(x)
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is increasing (this follows for instance from subharmonicity of |Vv|?, which is itself a
consequence of the Bochner formula). Therefore forany 0 < y <1,

1 , _(r)> 1 , _(r\7 1 5
-~ Vol = (=) =z Vo> < | =) == V2.
r B (%) ryr B () ryor B (%)

If ¥ <« 1 then (3.26) follows from the case x € dE x {0}. If instead 7 = 1, then

2
(f) v 1 / |VU|2 < rZV/ —|Vv|2 < r21// |VU|2
r) N B - Br(n X —y[N71 T B () |x —y[V !

which proves (3.26) also in this case.
Let now x € dE x {0}. Without loss of generality we may assume that x = 0. For

every r > 0, let?
f3+Br |V7:v|2
fa+B, v?

be the first eigenvalue of the Laplacian on the half-sphere with Dirichlet boundary condi-
tions on E. Define then the function

N —1)? N-—1
= (F5) 2=t

A(r):min{ :v=00nE><{O}ﬂaBr+}

and then
v = min y(r?A(r)).
r<

We claim that for r € (0, 1], the function

1 |Vvl|?
O(r) = = /B,* V-1

is increasing. For this we follow almost verbatim the proof of [39, Theorem 2.6] (see also
[39, Lemmas 2.10, 2.11]). In particular, a regularization argument is required to make rig-
orous all the computations below but we refer the reader to [39] for the details. Computing
the logarithmic derivative of ®, we have

® _ 27+/ Vol? f Vo2 \™
® o+s, [XIN71) g [x|NV-1) 7

and it is therefore enough to prove that

|Vu|? / Vo2 \ 7'y
> 2=, 3.28
(/a+3, FLEYAVAST =y B (:28)

3We denote by V the tangential gradient on the sphere and by 3, the normal derivative.
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We first claim that

|Vv|2< 1 5 +N—1 5 3.9
B |x|NV=1 T NI 3+Brvvv 2rN B*B,v. 5:29)

For this we notice that since I = |x|'~¥ is the Green function of the Laplacian on RV *1,

we have A" < 0 and moreover, since it is radially symmetric, we have dy 1" = 0 if
xn+1 = 0. Using integration by parts we have (using the fact that vd,v = 0 on dB;} N

{xn+1 =0})
1
vIdyv —/ —V(?).-VD
+ B 2

/ |Vv|?T =/
B 3B,
1 2 1 2
= T'vd,v — —v°0, I + = v AT
9+ B, 9B 2 2 /gt
1
5/ Fvauv—/ —v29,T
9+ B, a+B, 2
1 N -1
= — 0 —_— 2,
riN-1 /E;JFB;- vouv + 2rN /8+Br v
This proves (3.29). We thus have
/ [Vu]? / Vo2 \7
o+, [x[VN71 )\t [x|N-1
-1
= (rl_N/ |Vv|2) (/ |Vv|2F)
at B, Br+
(329) N—1 -1
> (rl_N/ |Vv|2) (rl_N (/ vdyv + / vz))
o+ B, 0B, 2r  Jat+s,
> (/ |v,v|2+/ |8vv|2)
0t B, 9+ B,
1/2 12 N _1 1
X ((/ vz) (/ (8vv)2) + / v2)
o+ B, ot B, 2r Jots,

fa+B, |Vzv|2 fa+3r |avv|2 fa+3r |8vv|2 1/2 N—1\"!
+ + 2r

fa+3, v? fa+B, v? fa+B, v?

> min —————.
>0 t + %

A direct computation shows that the above minimum is attained for t,,;, = }y(rz)t(r))

A(r)+t2
1+ 8501

|VU|2 / |Vv|2 ) , 2
z 2 7
(/3+B, x|V B+ x|V = rV(V (r) = oY

and that min;~¢ = 2tmin = %y(rz)k(r)) so that eventually
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This concludes the proof of (3.28). By monotonicity of & we have

1 ) |Vol?
mfw IVu|" = ®(r) = (1) = /Bl+ FLE

and the proof of (3.26) with y = ¥ is complete.

Step 2: Proof of (3.27). For R > 1 we have

/ |Vo[? </ [Vo]?
B (o X =N T et Ix —y [V

(329 1 1
< —/ |v||8v|+—/ v?
~ 4

RN= Jot Br(x) RN Jot Brx)

lvl<1 1 / 19,0
< o]+ 1.
RN JotBry

Since v(z) =1 —d;(E)~! fE % and since E is bounded, if R is large enough and
z € 97 Br(x) then
J1(E)”!

Vo)l £ Ty

and thus 91 (B!
1 1(E)™
- o] < ——2 .
RN-1 /(,;+BR(X)| wu| S RN-1

Letting R — oo, we conclude the proof of (3.27).

Step 3: Asymptotic of y and conclusion. We finally show that y — 1/2 as § — 0. Since
y(A) is an increasing function of A and since for every r > 0, A(r) is monotone under
inclusion (i.e. if we make the dependence in E explicit, then F C E implies Ar(r) <
AE(r)), itis enough to prove that ¥ g, (r) — 1/2 where

Hs = {x; < —6}.

If § = 0, then y g, (r) = 1/2 [39, Proposition 2.12]. Since Y g, (r) does not depend on r,
it is enough to consider r = 1 and drop the dependence on r.

The proof is then concluded by observing that § — Ag;, is continuous as § — 0.
Indeed, this can be proven by an easy I'-convergence argument. If ug is a minimizer
for A g5, then up to normalization we may assume that | 9+ B, ug = 1 so that ug is bounded
in H'(3T B;) and its trace on Hj is bounded in H'/2. Therefore, a subsequence con-
verges weakly in H' (3% By) to a function u( which vanishes on Hy (by compact embed-
ding of H'/2 in L? for instance). Hence u is admissible for A7, and we have

AH, > liminf g, > liminf/ |Veus)? > / |Veuol? > An,. n
§—0 §—0 Ja+ B, 9+ B,

We now convert estimate (3.25) on the potential into the desired statement on (£ .
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Lemma 3.18. For every y € (0,1/2), there exists §o > 0 such thatfor every rg > 0 and

every (8, ro)-Reifenberg flat domain E with § < 8y, LE € Lllovc'H (RN and for every
x € RN and r < ro/2 we have

2N _\ N
(/ Mg/'i‘l) S rN—l+2y’ (330)
By (x)

where the implicit constant depends on N, y, ro and |E|.

Proof. Let y = y(8) be given by Lemma 3.17. We first derive from (3.25) the following
estimate on Ug:
pe < d(E)"UTY), (3.31)

If ug denotes the associated potential, then

C'(N, g (x) B (—a)Pug (x)

W o, 1/2)/ 1(E_) lljdvi(ly) dy
(”5) Jl(E) d(y,dE)Y
'\’ |x_y|N+l
1(E) dz
|N+l y

d(x o) () |Z
1( )

0

d(x,dE)" 0" < d(x,0E)" 07V,

where in the last line we have used the fact that if B is a ball of measure | E| then 41 (E) <
41(B). This follows for instance from the fractional Pélya—Szeg6 inequality [15] and the
capacitary definition (2.9) of J; (see also [2]).

We now prove (3.30). We may assume without loss of generality that x = 0 and
ly —1/2| < 1.For P >0, weset up =min{ug, P}. Clearly up is an integrable function
and up — p a.e.in E. Moreover, since 0 < up < u, up satisfies inequality (3.31). We
first claim that there exist Cp, C1 > 0 such that for every x € JE and every r < ro/2 there
exists a set A(x) C dF such that

fA(x) < €8N (3.32)

and

2N N 2N
/ up S CorN RO 4 B / wp (3.33)
B, (x) yeA(x) Bssr (y)

Again, there is no loss of generality by restricting ourselves to x = 0. Recall that by
Definition 3.13, since E is (8, ro)-Reifenberg flat, for every r < r/2 there exists an
hyperplane H, such that

d(0E N B,, H- N B,) < 4r.
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In particular, if N, = {y € B, : d(y, H,) > 28r} wehave d(y,d0E) ~d(y, H;) for y € N,,

so that
e Ea) AT
Hp = Hp T+ Hp
, Ny BN

(331 r dt 2N
N-1 N+1
= Cr / 25 (1—)+/ e
28r pNFTUTY B, NNf

2N
2N 1T
< CorV w7 +/ wp
B,NNE

We now estimate the last term on the right-hand side. By the triangle inequality,
for every x € Nf N B,, d(x,9E N B,) < 3§r and thus setting r; = 56r we find that
{Br, (¥)}yeaens, is acovering of N° N B,. By the Vitali covering lemma we can extract
a finite subset of points A C dE N B, such that

e {B, /5(¥)}yea consists of pairwise disjoint balls,
® {B;, (¥)}yea is still a covering of N N B,.
Since By, /5(y) = Bsr(y) C NF N B4 for y € A, the first condition gives

rV A S INS O Bagsy ~ $ryrV T,
which, by definition of ry, yields (3.32). The second condition gives
2N 2N
[T oY T
ByNNf yed Brl (62)

concluding the proof of (3.33).
For k > 0, we set r;, = (58)%r and define recursively Ay = {0} and

U 4.

X€Ax—1

From (3.32) we have
fAr < (C18"M)F, (3.34)

and thus applying recursively (3.33) we find, for K > 0,
W N-7r(-y) e
< Co Z (BAR)r + ) ne '
By yEAK+1 BrK+1 )
By definition of up we have

3 f WITT < (AR ) By | PR

yedg 1 " Bricen 0"

< (187K (58)KN N ptT
= N5k N PRt
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Thus, if 57 C18 < 1 we can let K — oo to obtain, from the definition of rx and (3.34),

2N
/ HF T = Co(Y (Gt AR e N ),
By k>0

where C, = €57~ %410)_Finally, if |y — 2N (1 -

2 =C - Finally, if [y — 1/2| < 1, then 575 (1 —y) < I and thus
provided § is small enough, the sum converges and we have (notice that all the constants
involved are independent of P)

N+1

2N N
N+1 < N—1+2y
Up Sr .
By

Letting P — oo concludes the proof of (3.30). ]

Remark 3.19. We point out that this estimate is essentially optimal, as can be seen from
the case E = Bj; see [24, Chapter I1.13] and Section 4 below.

Remark 3.20. A quick inspection of the proof shows that for every g <2, ug € L{ (RM)
if E is §-Reifenberg flat with § small enough. This is again optimal in light of the boundary
behavior of the 1/2-harmonic measure of the ball; see [24, Chapter I1.13] and Section 4
below. This higher integrability (with respect to L /\%711) would not, however, be sufficient
by itself to obtain the regularity of volume-constrained minimizers of ¥, o, so that we

need the more precise estimate (3.30).

Combining Proposition 3.14 with Proposition 3.16 and Lemma 3.18 we find that for
small charge Q every volume constrained minimizer of 57 ¢ is also a perimeter almost-
minimizer for which the classical regularity theory applies (see [27]) so that we have the
counterpart of Proposition 3.12.

Proposition 3.21. Let @ = 1. For every y € (0, 1/2) there exists Q(y, N) > 0 such that
for every Q < Q(y, N), every volume-constrained minimizer Eg of ¥1,¢ is C'Y with
uniformly bounded CY norm. As a consequence, for every B < y, up to translation, E 0
converges in C'P to By as Q — 0.

4. Rigidity of the ball for small charges

In this section we prove Theorem 1.5, i.e. we show that for every o € (0,2) and small
enough charge O, the ball is the unique minimizer of 4 ¢ under volume constraints in
the class of nearly spherical sets.

Before embarking on the proof let us set some notation and make a few preliminary
remarks. First, recall that fixing an arbitrary y € (0, 1), we say that E is nearly spherical if
|E| = |B| (where B = Bj is the unit ball), £ has barycenter O and there exists ¢ : B — R
with [[¢]lc1.v9p) < 1 such that

IE = {(1 + ¢(x))x : x € IBY.
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With a slight abuse of notation we still denote by ¢ its 0-homogeneous extension out-
side 9B, that is, the function RY 3 x > ¢ (x/|x|). We recall from [16] that if E is nearly

Sphel‘lcal, we ha ve
/
oB

In particular, if |||y 1.00(55) < 1, recalling the notation ¢ = ﬁ [ ¢ we have, for
s €(0,1),

< ¢ 4.1)
B

_ .24
/a s /a =95 Wl 4.2)

For two Radon measures 4 and v on RY, we define the positive bilinear operator
(see [24])

_ du(x)dv(y)
Io(p,v) = T N—a -
RV xRN X — Y|

In particular, we have I, (1) = I4(1, ). We let pg be the optimal measure of £ and
letug(x) = [ E % be the associated potential. When there is no risk of confusion
we drop the index E from both. In the specific case of the unit ball B we have, by [24,
Chapter I1.13],

Co 1

(L= [xP)? ~ d(x.0B)>"
We sometimes write ¢, = ¢(x). In particular, if E is nearly spherical and ¢ is the corre-

sponding parametrization, we set 7' (x) = (1 + ¢)x for x € B, so that £ = T(B). We
then define g = T, ! g (which is a probability measure on B) so that

dgy dgy
do(E) = . 4.3
(E) /M 70 - TN *3

We can now begin the proofs. We first prove that g has the same behavior as g close
to dB.

uB(x) =

Lemmad4.1. Let o € (0,2) and let E be a nearly spherical set. Then its optimal measure
satisfies, for x ¢ 0B,

gx) < ~ B (x). (4.4)

1
d(x,9B)*/2

Proof. The proof resembles the proof of Lemma 3.18, taking advantage of the regularity
of E to obtain a sharp estimate. We first show that © = u g satisfies

p(x) < (4.5)

1
d(x,0E)e/2’
Recall that by (2.5) and (2.8),

(-A)*2y(x) =0, x e E°,
ux) —J4u(E)=0, x€kE.
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Thus, by the boundary regularity theory for the fractional Laplacian developed in [35],
u(x) — do(E) < d(x,dE)*/2.
Hence, arguing as in the proof of Lemma 3.18 we compute, for x € E,

’ .5 o 2. Jot(E) - u(y)
C'(N,a)u(x) ) (A2 (x) & C(N,oc/Z)/EE e

a2
S/ d()’,aEI\)] dyS/ dz
Ee |x — y[N+te BS( oy (0 |2V FEme/2

< d(x,dE)"%/2.

Since g(x) = (1 + ¢x)Y u((1 + ¢»)x) with |¢| < 1/4, up to choosing § small enough

we obtain 1

80 T L+ 00)) = e Ey

Thus (4.4) follows provided

d((1 4+ ¢x)x,0E) ~ }1 — |x|’. (4.6)
Let us prove (4.6). Since
d((1 + ¢x)x,0E) = ynelglllg |1+ ¢x)x — (1 + @)yl
testing with y = x/|x| we obtain the upper bound
d((1 + ¢x)x,0E) < (1 4 p) |1 = |x]| < [1 = |x]|.

To get the lower bound we may assume that |1 — |x|| <« 1. Squaring we get

d((1 + ¢x)?x,9E)
= min |(1 + ¢)x — (1 + ¢,)y|
y€dIB

= min{(1+ )’ lx” =201+ g1+ )y + 11+ 637

= min {14 9012 =200+ 601+ )lxl 411+

+2(1 + ¢ (1 + ¢y)x - (% = y)}

—-{1 2l = 2 a4 >||—-}

—yrrel}’rllg(-i-cbx sl ey +2(1 + ¢x)(1 + ¢y) (x| =y - x)
2

2 minflivl =1+ 22 a0,

Now for every y, either [x| —y -x = ]|x| — 1|2 or x| —y-x K ]|x| — 1|2. The first
case directly leads to the conclusion of the proof of (4.6). In the second case, writing
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x = ro with o € 9B, this means that |0 — y|? = %(|x| —x-y) < }|x| — 1}2 and thus
l¢x — ¢y S lo — y| < ||x| — 1| from which we find that for every y € 0B,
2
¢x — ¢y

x|—14+——" +(x|=y-x)2||x|—1
=14 G2+ =y 0 2 |l

and the claim follows as well. [

2
’

Next we state and prove two lemmas giving the Taylor expansion of the term
|T(x) — T(y)|" N~ appearing in (4.3).

Lemma 4.2. For x,y € B, we have

ITC) =TGP = b= yP(1+ ¢x + &y + ¢xy + ¥ (x, 7)), (4.7)
where 1 5
v = 5P+ 1y (B2
el D (1- 560+ 60) 2 “8)

Proof. Expanding the squares we get

IT(x) = TGP = [(x = ) + 3((x + 9)(@x — by) + (x = 3)(@x + $)|”
=[x =y PP+ (x> = Y P)(@x — dy) + [x = ¥ P (Px + &)
+ gl v P1ox — by 12+ glx = yPIgx + byl
+ 5 (x 2 =y (@5 — 65).

Comparing with (4.7) we are left with the proof of
21X HVP1ox = by 2+ glx = yPIgx + by
= %(|X|2 + |y|2)(¢x - ¢y)2 + |x — y|2¢x¢Y'
For this we write (¢x + ¢)? = (dx — ¢y)> + 42, to get
31X FYPlox — oy 12+ glx — 2Pl + oyl

=t — g PUx + ¥+ [x =y + |x — yPpxdy
= 2UxP + yP) (@ — dy)* + [x — yPdxohy. u

As a consequence we get the following Taylor expansion of |7'(x) — T'(y)|~V—),

Lemma4.3. Setd = N —a. If [|¢|lw1.c0ap) <K | then for x,y € B,
IT(x) — T(y)[" N
~(N— a a a
1=y (1= 5 ) (1- 50 ) - Fren +iwn). @)
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where

Ee )| S 93 + ¢y + v (x. )%, (4.10)
and where ) is the function defined in (4.8).

Proof. Let us first point out that under our hypothesis we have || || < 1. Indeed, this
follows from |||y 1.00(5p) < 1 and

NEI

_ ~lx Y
AP

+1. 4.11)

This inequality may be easily seen using for instance polar coordinates. That is, if x = ro
and y = sv then

(IXI+|y|)2_ r?+s?

|x — y] Cr =52 +rslo —v|?

_ |r — s|? 2rs
[r —s|2+rslo—v|?  |r—s|?+rsjo—v|?
2

o — v

<1

We then obtain the result by (4.7) and Taylor expansion. ]

The next result contains one of the key linearization estimates we need to obtain our
rigidity result.

Lemma 4.4. Let E be a nearly spherical set with ||§|y1.00(9p) < 1. Then for every
a€(0,2)ande > 0,

Ja(E) - ]oz((] - %d’)g)’ 58 [¢]§1(2—a)/2(33) + [¢]§11/2+8(33)s (412)

where (1 — %q&) g is seen as a measure on B (recall that ¢ is extended by 0-homogeneity
onRN)and@ = N —a.

Proof. We fix ¢ > 0. In view of (4.9) and (4.3), it is enough to prove that

[ g +| [ e d,
B B

+
xB |x — y|N—@ xB |x — y|N—@

58 [¢]§](2—a)/2(33) + [¢]i]l/2+s(33)'

Recall that from the proof of Lemma 4.3, ||¢||z@pp) < 1 implies || ||z < 1. More-
over, by the radial symmetry of wp and the 0-homogeneity of ¢ we have

/ ¢2 dg. dg (42‘)/ 42 dug(x)dug(y)  Ia(B) 2
pe ~ -
BxB |x — y|N— Y BxB |x — y|N—« HN-1(0B) Jap
2)

< Blge-wrgs)- (4.13)
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Hence, by (4.10) we are left with the proof of

Y(x.y)
/B m dgx dgy

2 2
<B |x —y 58 [¢]H(2—a)/2(33) + [¢]H1/2+£(83)'

By symmetry in x and y we have

x|+ [y]
————dgxdg, =0.
[ = e dy
Moreover, the Young inequality yields
[ ~ 5\ o o
(x| + 1yDldx + byl =] (x> +1y1%) | _— + ¢ + ¢y,

so that by (4.13) and the definition (4.8) of 1, we just need to prove

> %)2 L
[ el (B ) g deds,

2 2
Se [#lge-wrppy T [Plg1/24e o)

Using (4.11) and (4.4) we have

¢x_¢y 2 1
(Ix]* + 2)( dgxd
Ly P+ (G ) oy s dss

bx — ¢y 2| drs(x)dug(y)
sﬁﬂi( ) s ¢ﬂ]—ﬁj7W;—

| Ix Tyl |

dx — ¢y \* dup(x) dup(y) )
S/BXB(i—L) |x — y| V- +/33¢’

||X| |y||

where we have used the Young inequality and formula (4.13) to estimate the second term
in the last inequality. Thanks to (4.2), we may further reduce the proof of (4.12) to

/ (m—@)%muwwm<
BxB

2 2
i‘x—| — ﬁ| |x — y|N—a ~E [¢]H(2—a)/2(33) + [¢]H1/2+s(33)- (414)
x y

Recalling that g (x) < (1 — |x|)™*/2 and writing x and y in polar coordinates x = ro
and y = sv, withr,s € R and 0, v € dB, we get

/ ( bx — ¢y )2 dpg(x)dps(y)
BxB

|x — y|N=«

51—l

</ (4’(0) ¢(U)) |:/ / rN=1gN=1 drds i|
= s\ To o] [T #1572 (r s+ rslo o)W 7

X do dv

2
:/ (—¢(")_¢(”)) F(lo —v)) do dv,
aBxdB\ |0 — V]
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where

Lol pN-1gN—1 drds
F(0) = .
o Jo |1—r®2|1 —5|%/2 (|Jr —s|? + rs2)(N-0)/2
We claim that for 8 € (0, 2),

1 1
ON—a—1 + ON—2+2¢"

F0) <. (4.15)

It is enough to prove this estimate for 8 < 1. To this end we first estimate

/1/2[1 rN—lSN—l drds
o Jo |1 =792l —5|*2 (|r — 5|2 + rs§2)WV-0)/2
1/2 -l
5/ A / ! ds dr
0 LJo |1 —=s[%/2 (Jr — 5|2 + rs§2)(N-o)/2
1/2 r r3/4 1/2 1
s[ rN“/ ds dr+/ / _ds 1,
0 o (Ir—s>+rso2)N-o/2 0 3/4 |1 —s|%/?

1/2 vl 3/4 ds
< _
N/o ’ /0 (Ir—S|2+rs92)(N‘“)/2]dr+1'

Using the change of variables s = r¢ we then compute

/3/4 ds N /3/(4}‘) dt
=r
o (r—sP+ g2y o (I—1P 162w

2 dt 3/(4r) gy
5’1_N+a[1 +/ —N_OHF/ N—aj|
12 (1 —1| +0) 2 t

S rl—N+Cl|:1 + + rN—Cl—li|.

QN—ot—l

We thus conclude that

/1/2/1 rN_ISN_l dr ds
o Jo [1—r|¥2]1—s®/2 (|r — 5|2 4 rs§2)N-a)/2

<1 +/1/2r"‘[1 + _1 +rN°‘1i| dr <1+
~ gN—a—1 ~
0

W. (416)

We now focus on the integral between 1/2 and 1 which we split as

1 1 pN—1gN-1 drds
e e
1 ,1/4 1,1
5/ / 1 dr ds +/ / 1 drds
2o [1—r]e/? 172 J1ja |1 —r]®/2]1 —5]%/2 (|r — 5|2 4 §2)V-0)/2

<1 1/2 ! 1 dtdw
S 0 -1 ta/2|t — w|"f/2 (w? + 92)(1‘/—0!)/2’

where in the last line we have made the change of variablesr = 1 —fands =1—1 4+ w.
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We now prove that for every w € (—1, 1),

1/2 dt .
/(; W < |wl a+1+Xa=1|10g|w||- 4.17)

Since the left-hand side of (4.17) increases when we replace w by |w/, it is enough to
prove it for w > 0. We then obtain (4.17) from

1/2 dt w2 gy 2w dt 2 dt
/(; Z“/2|l _ w|a/2 E/0 1o/ 2e/2 + /,é, wa/2|t _w|oc/2 + /Zw t_ot

<Sw'™ 4+ 14 yg—i|logwl.
Using (4.17) we then find

V2ot I dt dw I I
0 _1 12|t — w2 (w2 + §2)(N-)/2 ~& gN—a—1 + GN—2+2¢"

This proves

/1 /1 rV 1Nt drds o1
172 Jo |1 _ rl(x/2|1 _ s|a/2 (|r _ s|2 + rsgz)(N—a)/z ~& gN—a—1 gN—2+2¢’
which together with (4.16) concludes the proof of (4.15).

We thus find
/ ( ¢x — by )2 dup(x) dup(y)
BxB\ |3 — 1l |x — Ve
(¢(0) —p(v))? / (¢(0) —p(v))?
< - dodv+ —————dodv
° /BBXBB lo —v|N-etl aBxap |0 —v|N+2e
2.3)
= [¢]§1(2—a)/2(33) + [¢]§{l/2+s(33)7
which is (4.14). n

We may now conclude the proof of the stability inequality for nearly spherical sets.

Proposition 4.5. [f E is a nearly spherical set with || | y1.00(9p) <K 1, then for o € (0,2)
and € > 0,

Ja(B) - J(ot(E) e [¢]§1a/2(33) + [¢]12L1(2—a)/2(33) + [¢];11/2+s(33)' (4.18)

As a consequence,
do(B) — dou(E) S P(E) — P(B). (4.19)

Proof. Using the same notation as above and using the equality I, (g) = Io(g — uB) +
214(g — B, tB) + lo(tB), we have
do(B) — Jo(E) = Iy(uB) — do(E)
= Io(uB) — Iu(g) + In(g) — do(E)
= —Io(g — ) —21a(g — B, uB) + la(g) — do(E).
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We now notice that by optimality of pp we know that up is constant in B (recall (2.8))
and thus, since [ up = [pg =1,

Io(g — B, ) = /BMB(g —UB) = uB(O)/B(g —uB) =0.
Using (4.12) we can compute
Ja(B) = do(E) + 1o(g — 11B)

Ioz(g) - Iot((1 - %‘p)g) + Ce([éb]i](z—a)/z(alg) + [¢]§11/2+£(33))

IA

~2
o A~
- _Tla(gbg) + ala(g, ¢g) + CS([¢]§{(270¢)/2(BB) + [¢]i]1/2+5(33))

56‘ [Ol(gs ¢g) + [¢]i[(2—0¢)/2(33) + [d)]?{l/Z-&-s(aB)'

We further decompose the term 7, (g, ¢g) as follows:

Io(g.98) = lo(B. $g) + lu(g — 1B, 9g)
= lo(1uB,duB) + lo(B, $(g — 1B)) + loa(g — 1B, $2).

We now observe that since pp is radially symmetric and since ¢ is 0-homogeneous,

“@.1)
Io(1p dup) =C | ¢ s/ ¢°.
aB dB
By (4.2), we therefore have

do(B) — do(E) + 1o(g — 1B) Se la(iB. ¢(g — uB)) + la(g — 1B, 98)
+ @5 0-wrpp ¥ Bliarepp (420

We first estimate /(g — g, $g). We notice that

I (pg) < (/ ¢3dgx dgy)l/z(/ ‘155 dgx dgy)1/2
¢ ~ \Uxp [x —y[N 7@ BxB |Xx —y[N ™
“.13) L6
S /(‘;B ¢ S [¢]H"‘/2(BB)'

Thus, the Cauchy—Schwarz inequality for I, (recall that it is a positive bilinear operator)
gives

Io(g — B 98) < Io(g — 18)"*1s(9)"? < In(g — 1B) *[Plgarrppy. (421

We now turn to I (g, ¢p(g — up)). For this we use the fact that up is constant on B to
write

La(up. $(g — ) = uB(O)/qu(g — ug).
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Let p be a smooth, positive cut-off function with p = 1 on B and p = 0 on BS. We then
set & = ¢p so that

/B¢(g—u3)=/RN P(g — us)

= [(D]HWZ(RN)[g - MB]H—a/z(RN)
20 1/2
< [@lgerr@nyla(g —1B) '~

We finally show that
[®]7 < (917 + [ ¢ (4.22)
Ha/2(RN) ~ ¢ H"‘/z(BB) 9B . .
Forall x, y,
(®x — (I)y)2 = (¢xpx — ¢ypy)2 < (¢x — ¢y)2/0x + Py(Px ioy)2
< (hr — )2 + $2(x — »)2
so that

22) o, — d,)? _ 2 ¢2
[q)]Ha/z(RN) < / % 5/ @x—% +/ [P Er
ByxBs |X — Y| B | ByxBy |X —

SxBy | X — Y y|Nta=2

5/Bszz |x—)’|%)”): /¢

Using polar coordinates we now write

/ (px — By)?
B>xB»> |.X - y|N+a

2 r2 drds
_ B 2 N—1_N-1
_/BBxaB(d)(a) () |:/o /o Tl ((r —s)? ]dadv.

+ rs|lo —v|2)W+e)/2

Arguing as for (4.15) we have

2 p2
1
//rN_lsN_l i drds <
0o Jo ((r—s)

+ rs|0 _ v|2)(N+a)/2 ~ |a _ le—1+¢x’

which concludes the proof of (4.22). Recalling (4.2) we find
To(up, $(g — 118)) Se Ta(g — 118) "2 [Blirer2am) + [BL31/21¢ oy (4.23)

Plugging (4.21) and (4.23) into (4.20) we get

Ja(B) = Ja(E) + Ia(g — 15)

Se la(g — MB)1/2[¢]HW2(83) + [¢]§{(2—a)/2(33) + [¢]§11/2+s(33)'
Using the Young inequality we conclude the proof of (4.18).
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Since E is nearly spherical we have* (see [16])

| vl < ) - P8,
B
so that (4.19) follows using (2.4). [
We can now conclude the proof of Theorem 1.5.
Proof of Theorem 1.5. Let E be anearly spherical set with [|¢[|y1.0095) < 1. If F, 0 (E)
< Fa,0(B), then rearranging terms we find
) @i
P(E)— P(B) = Q°(Ju(B) — Ju(E)) < Q7(P(E)— P(B)).

This implies that either P(E) = P(B) and thus E = B by the isoperimetric inequality
or 1 < Q2, which proves the claim. |

5. Non-existence in dimension 2

We show here a non-existence result in dimension 2: in N = 2 minimizers in § (and hence

classical minimizers) cannot exist for large Q.

Theorem 5.1. Let N = 2 and a € (0, 1]. Then for Q > 1 there are no minimizers of
min{¥q 0(E) : |E| =wn, E € §}. (5.1)

Proof. Let us point out that although the case @ = 1 is already covered by [31] (with
an explicit threshold between existence and non-existence) we will still include it in the
proof. We follow the ideas of [22, Theorem 3.3] in the streamlined version of [13]. For
v € dB; andt € R, we let

Hf ={x-v>1t}), H,={x-v<t}, Hy,={x-v=t}
We then define, for any measure p and set E,
/"l’l:)t,t = 'u|Hviz and Eft =EnN Hft.

Assume that E is a minimizer of (5.1). Comparing the energy of E with the one of two
infinitely far apart copies of E jf, with measures uf,t, we have

Fa,0(E) < P(ES) + P(E; ) + Q% La(13,) + Q% La(it5,)-

Using P(E) = P(E}},) + P(E;,) —2X"(E N Hy) and I (E) = Io (i) + Ta(ity,)
+ 21, (/L,Jf,,, Ky.), this simplifies to

Q%I (pyt, . pty) < HUE N Hyy).

“This is the only place where we use the assumption that the barycenter of E is 0.
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We now integrate this inequality in ¢ and v to get

|E|zf [Jfl(EmHv,,)dv
3B, JR
0 / Ja(its i) dv
0B
. / // du(X)dM(y)d
- 2—a v
0B IX— |

vr Ut

2 dp(x) du(y)
/]R2><]R2

|x — y[i=e ”

v

Vv

where we have used the fact that for every (x, y),

X+ xu—, (X, y)dtdv ~|x —y|.
/BBI[I; HV.IXHU.I

Since |E| = wy, this yields the estimate

1z 0
dloc

where d = diam(E). If @ = 1 this already gives the conclusion so that we are left with
the case o« < 1. Since for N = 2, P(E) 2 d, we get the lower bound

Fa0(E) 2 Q0.

1/2

For a generalized set E, made up of n copies of the ball of radius r = n~"/<, we have

2
_ -1 2.«
— = +07r

FaolEr) S nr + -2
Optimizing in r by choosing r = Q~2/1+®) we find, by minimality of E,
2 ~ 2
OT-a < Fa0(E) < Fuo(Er) S OTHe,
which is absurd if @ > 1. |

Remark 5.2. While we believe that the same result holds for N > 3, it is well known that
this kind of argument gives useful information only when @ > N — 2, which is compatible
witho < lonlyif N =2.
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