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Height functions on a cuspidal edge with a distinguished
singular curve

Fawaz Alharbi and Raul Oset Sinha

Abstract. We classify submersions on a cuspidal edge M in R3 with a distinguished singular
curve S in it. We use this classification to study the contact of the pair (M, S) with planes,
which is measured by the singularities of the height functions on (M, S). The discriminants of
the versal deformations of the submersions obtained are also described.

1. Introduction

The beginning of the XXI century has witnessed a great impulse in the study of differ-
ential geometry of singular surfaces. Differential geometers and singularity theorists
have got together to define new types of curvature for singular points or understand the
behaviour of classical curvatures when approaching a singular point, amongst other
approaches. Good examples of this are [11,13,15-17,19,21].

One way of understanding the geometry of an object through singularity theory
techniques is studying its contact with flat objects such as planes or lines. For the
former, one must study the singularities of the height functions on certain directions,
which codify the type of contact of the object with the plane orthogonal to that dir-
ection. More precisely, consider planes orthogonal to a direction v in the unit sphere
in R3. These planes are the fibres of the function 4,(p) = (p, v). The contact of a sur-
face M with these planes at a certain point is measured by the singularities of Ay o ¢
at the origin, where ¢ is a parametrisation of M. By varying v, we get the family of
height functions H : U x S? — R on M given by

H((x,y),v) = (¢(x, ), V).

In this setting, the model surfaces in R are planes and the parametrisation ¢ is taken
in general form. However, in this paper, we follow the approach in [7] and invert the
situation: we fix a model surface and consider its contact with fibres of submersions.
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For this we must classify submersions up to changes of coordinates in the source that
preserve the model surface, i.e., we must classify submersions under the geometric
subgroup R(X). Many authors have studied the contact with planes of singular sur-
faces such as the cross-cap (or Whitney umbrella) [7, 10], the cuspidal edge [20], the
swallowtail [9], the cuspidal cross-cap [18] or even singular surfaces in R* [6].

In this paper, we consider the cuspidal edge with a distinguished singular curve
in it. Such a setting appears in different situations such as in bifurcation diagrams of
certain caustics [1]. In Section 2, we describe some generic geometry of the cuspidal
edge, introduce the classification tools and compare our setting to Zakalyukin’s con-
tact flag singularities [22]. We remark that our setting can be considered as an example
of corner flag contact singularities (corner in the sense of [3]). In Section 3, we
obtain the module of vector fields tangent to both the cuspidal edge and its distin-
guished curve and classify submersions which preserve not only the cuspidal edge,
but the curve too. For this classification we use an adopted version of Arnold’s spec-
tral sequence method for reduction to normal forms [5]. In particular, the method is a
version of [3, Lemma 8.1] and [2, Lemma 2.10]. We study the types of contact in Sec-
tion 4 and relate them to certain curvatures of cuspidal edges. In Section 5, we analyze
different discriminants of the versal deformations of the submersions obtained in our
classification. These discriminants model the duals of the pair given by the cuspidal
edge and the distinguished curve.

2. Preliminaries

We go over some elements of the geometry of the cuspidal edge and establish some
notation for the classification of germs of functions on the cuspidal edge equipped
with a singular curve.

2.1. Geometric cuspidal edge

Let U C R? be an open set with local coordinates (x, y). Let f : U — R3 be given by
f(x,y) = (x,y%,y3). A cuspidal edge is any surface which admits a parametrisation
A-equivalent (changes of variables in source and target) to f. In [14], a normal form
for a general cuspidal edge M is given under diffeomorphisms in the source and
isometries in the target

B0 ) = (1,000 + 3075100 + 70 + b)), @)
such that a(0) = a’(0) = 0, b1 (0) = b} (0) = 0, b(0) = 0, b3(0) # 0, where

1 1
a(x) = Eazoxz + ga3ox3 + ﬁa4ox4 + 0(5);
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1 1 1

bi(x) = Ebzox2 + 8530)63 + ﬁb4ox4 + 0(5);
1 1 , 1 3

by(x) = Shizx + £hox® + 2b3x’ + O(4);

2
bs( )—lb +1b +1
3X,J’—603 613X 24

1
—bosy? + 0(3).
+120 05y~ + O(3)

1 1
b —by3x2+ —b
04y + 2 23X + 2 14Xy

In the terminology of [7], such an M is called a geometric cuspidal edge and the
image of f is called the standard cuspidal edge. The set of singular points of M is
the line y = 0 and its image is parametrised as y;(x) = ¢(x,0) = (x, a(x), b1(x)),
and will be denoted by ¥ € M. The tangential direction of M at the origin along X,
which will be denoted by T3y, is parallel to the vector v; = (1,0, 0).

In [14], amongst many other invariants, Martins and Saji study the curvature and
torsion of X at the origin as a space curve and the cuspidal curvature (see [16]). Using
the normal form (2.1), we have

the curvature of X: k5 (0) = /a3, + b3y;

a20b30 — baoazo .
2 2 ’
azy + b

the cuspidal curvature:  k.(0) = bo3.

the torsion of X: x(0) =

Denote the coordinates of the target space R? by z = (u, v, w). Then, the tangent
cone to M is the plane w = 0. The osculating plane of ¥ at the origin is orthogonal
to the vector (0, —b5g, az¢) and it coincides with the tangent cone if b = 0.

Let y : (R,0) = (R3,0); ¢ — y(t) be a singular curve in R3, that is, y/(0) =
(0,0, 0). The point 0 is called of A-type if y”(0) # 0. In this case, the singular
curvature of y at 0 (see [12, 18]) is defined by

ly"(0) x )’W(O)|.
ly"(0)[3

The intersection of the plane u = 0 with the geometric cuspidal edge M is a

Ksing (y) =

singular space curve having a cusp at 0, which will be denoted by S and parametrised
as

1
y2(y) = ¢(0,y) = (0, Eyz, ¥>b,(0, y)). (2.2)

The limiting tangential direction Tg of y, at the origin is parallel to the vector
v, = (0, 1, 0). Clearly, 0 is an A-type point of y, and hence its singular curvature is

Ksing(Vz) = |boa|.
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Notice that in this case king()y2) coincides with the cuspidal curvature k. defined
in [16].

By M, we shall mean the pair (M, S) consisting of the geometric cuspidal edge
M and the singular curve S in it, as described above.

2.2. Classification tools

Consider germs of smooth functions g : (R”,0) — R in local coordinates x =
(x1,X2,...,Xx,). Let & be the ring of all such germs and denote by M, the max-
imal ideal in &,.

Let (V, 0) be the germ of an algebraic variety in (R”, 0). Recall that two function
germs g1 and g, are R (V)-equivalent if there is a diffeomorphism-germ ¢ : (R”,0) —
(R”,0) such that g, = g1 o ¢ and ¢ preserves V (i.e., (V) C V).

Let 6, be the set of germs of the vector fields on R”. Let I(V) = (hy, ha, ..., hy),
h; € &, be the ideal of germs of functions that vanish on V. The module of all vector
fields in 6, tangent to V' is denoted by ® (V') and defined as

S
) = {g € 6, : 3rij € Ex such that §(hy) = Y ryjhi Vj =12, s}
i=1
It is evident that if ¢ € ®(V) then its flow ¢, preserves V.

Let @%(V) = {£ € O(V) : £(0) = 0. Then, the tangent space and the extended
tangent space to the R (V)-orbit of g at the germ g are given by

LR(V).g = {£(g) : § € ©°(V)}

and
L.R(V).g ={§(2):§ € O(V)},

respectively.
The R -codimension of g is defined as d(g, R} (V)) = dimg (M, /L R(X).g8).
Our goal in Section 3 is to classify germs of functions g with respect to R(V)-
equivalence where V is the germ of the pair consisting of the model cuspidal edge
and a distinguished singular curve in it such that d(g, R (V)) < 2. The basic method
of the classification and prenormal forms is based on Arnold’s spectral sequence [5].

2.3. Comparison to Zakalyukin’s flag contact singularities

A flag in an affine space A" is a set Fy of nested affine subspaces L’f‘ C---C L]s“' -
A". Zakalyukin studied in [22] the contact of the flag F with the image of a smooth
mapping p : M™ — A", where M is a smooth manifold. The tangent space to the Fj-
orbit he used was T, = dp(6,n) + p*(OF,), where p* is the regular pullback. When
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n=23,s =1,and k; = 2, if p are generic maps from surfaces to R3, the flag contact
singularities give the contact of the cross-cap with planes, which was done in [7]. If
p are generic 2-dimensional wavefronts, the flag contact singularities give the contact
of the cuspidal edge or the swallowtail with planes, which were done in [20] and [9],
respectively.

The approach can be reversed: On certain stratified singular surfaces such as wave-
fronts, the stratification induces a flag in the well-defined tangent space. For instance,
for a cuspidal edge, besides the tangent cone (which is a plane), there is a distin-
guished line in the tangent cone (the tangent direction to the singular set), or for the
swallowtail, in the tangent cone one may consider the tangent direction in the limit to
the cuspidal edges and the point in it given by the origin.

When classifying submersions on such wavefronts in order to study contact with
planes, since the vector fields tangent to the wavefront are tangent to the strata, in
a way, one is analyzing contact with a flag. The contacts of these wavefronts with
planes are related to the contact of an embedded surface with the flag induced by the
wavefront.

This is better understood using Damon’s theorem on transverse fibre squares (see
[8] for details). Suppose the image of the wavefront V' is the discriminant of a map
F : (R?0) — (R30). Leti : (R?,0) — (R?,0) be an embedding transversal to F
and let g : (R3,0) — R be a submersion such that g oi = 0. Then

_ 9@ _ iy 0D
dg(Ov) + (g) di(0) +i*©y)’

where 0(g) are germs of vector fields along g (similarly for 7). On one hand dg(®y)
= L.R(V).g and on the other hand di(6,) + i *(©y) is Zakalyukin’s tangent space
for the embedding i. Considering the relation of ®y with ©f,, this shows that the
classification of submersions preserving V is closely related to the classification of
embeddings with respect to the flag Fj.

In our setting, where we consider the pair M = (M, S), however, the tangent
direction to the distinguished curve S is transversal to the tangent direction to the
singular curve X, and therefore the induced geometry is not related to contact with a
certain flag. As we will see in the next Section, we want tangent vector fields which
preserve the cuspidal edge surface and that preserve the distinguished curve, which
can be interpreted as an intersection of different flags. In this sense, our work can be
seen as an example of corner flag contact singularities (see [3] for details on corner
singularities).
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3. Functions on a cuspidal edge equipped with singular curve

Let (f,72), f(x,¥) = (x,¥%,5%), 72(y) = f(0,y) = (0, >, »?), be the pair of the
A-normal form of a cuspidal edge and a distinguished singular curve in it determined
by the equation x = 0. Denote by X the pair (X, B), where X = f(R2,0) and B =
72(R, 0). In this case, the defining equation of X is /1 (u, v, w) = v3 — w? and the
defining equations of B are h; and hp(u, v, w) = u.

A diffeomorphism ¢ : (R3,0) — (R3,0) will be said to preserve X if and only if
¢(X) C X and ¢(B) C B. Two function germs g1, g2 : (R®) — (R,0) are JR()?)—equi—
valent if there is a diffeomorphism ¢ of the ambient space such that g, = g1 o ¢ and
@ preserves X.

A vector field & € 05 is said to be tangent to X if and only if £(I(X)) € I(X) and
£(I(B)) C I(B), where I(X) = (h;) and I(B) = (hy, h3). Such vector fields can be
integrated to obtain diffeomorphisms that preserve X.

Let ©(X) C 65 be the &,-module of all vector fields tangent to X .

Proposition 3.1. The module ©(X) is generated by the vector fields

0
Sl—uay
3 2, 0
£ = (V7 —w?)—,
ou
& 2va —i—3wa
T w’
0 0
%'4 2wa—+3v %

Proof For notation purposes, we write (u, v, w) = (X1, X2, X3). Vector fields & =
Zl 1 £ =0 7x; on R3 such that £(/(X)) € I(X) are computed in [20, Proposmon 3.1],
call that module ®(X). Now we are looking for vector fields § = Zl 1 £ =0 e such
that for each j = 1, 2 there exist functions r; (X1, X2, X3) such that

3 g 2
;Si Ble = ;rihi-

Consider, for j = 1,2, the map ®; : 8;5 — R given by

2

oh;
@, r) = ZE‘ Zrt i

where £ = (§1,62,83) € &3 and r = (r1,r2) € 82. Let K; = ker ®;. Let : 65 — &3
be the canonical projection given by 7(§,r) = §. Let B; = n(K;). Then

®(B) = Bi N B..
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Finally,
O(X) = O(X) N O(B).

In order to obtain the K;, we use syzygies in the computer package Singular. It
can be checked that all the vector fields obtained by this method are, in fact, liftable,
i.e., there exists a vector field 7 on R? such that dh; () = & o h;, and are therefore
tangent to X . .

Corollary 3.2. For g € &;, the tangent space to the ﬁ(f )-orbit of g at the germ g
is defined as

LR(X).g = {(uA1 + (0 - wZ)Az)g—g + (2uP + 2wQ)g—g
u v

2 g
+(3U)P+3U Q)%:Al,Az,P,Q 682 .

Remark 3.3. The extended tangent space Leﬁ(f ).g coincides with LR(X ).g.

We will classify germs of submersions g : (R3,0) — (R, 0) with respect to the
JR(Y )-equivalence relation. The classification method is described in the following
lemma. We review first some concepts from [4].

Consider a fixed and convenient Newton diagram I' C ZZ,. Each face I'; of I'
specifies a quasihomogeneity type o; = (®i1, ®i2, ..., ®ip) in which the degree of
the monomials x* = xlflxlzc2 ---xif” with exponent lying on I'; is equal to one, that
is (k,a;) = a1k, + -+ + dinky, = 1. Here a1, 2, . .., @i € N and they are called
weights of the variables x1, X3, .. ., X, respectively.

A monomial x¥ is said to have Newton degree d if d = min; (k, aj). The mono-
mials of Newton degree d are exactly those whose exponents lie in the diagram d T’
obtained from I through a homothetic transformation of ratio d.

The Newton order d of a power series is the smallest of the Newton degrees of
the monomials that appear in it. The series of order at least d form an ideal S; in the
ring &,. The ideals §; yield the Newton filtration in &y, that is, §o = &4, Sk C 3
whenever k > [.

The sum of the terms of Newton degree d of a power series g of order d will be
referred to as the principal part of g.

Forg € &,,let g = go + g be a decomposition of a function germ into its principal
part go of the Newton degree N and higher order terms g. We assume that the R -
codimension of g is finite, that is, d(go, R} (X)) < oo. Denote by 1, v and w the
components of the vector field ¢ that belong to ©(X). The following is a version of
[3, Lemma 8.1] and [2, Lemma 2.10].

Lemma 3.4. Consider a monomial basis of the linear space &,/ LJQ()? ).go. Let
e1(2),e2(2),...,es(z) be all its elements of Newton degrees higher than N.
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Suppose that for any o € Sg \ S8, B > N:
(1) There is a vector field § = L?% + i)% + u')% € O(X), such that

d 0 dgo .
® = aio —l—% +a—w+w+;c,ez(2)
where & € §-g and c; € R.

(2) Moreover, forany §, N < § < ,8, and any € S the expression

Yy . oY .
E(W, ) = +% +@

belongs to Sg.
Then any germ g = go + & is R(X )-equivalent to a germ go + > i_,aiei, where
a; € R.

Remark 3.5. By removing the requirement that g has finite codimension, the proof
of Lemma 3.4 shows that any function g = go + g is R(X)-equivalent to a similar
form

8o + Z aie; + v,
where ¥ belongs to sufficiently large power of the maximal ideal.
Two families of germs of functions Hy, H, : (R® x R’, (0,0)) — (R, 0) are
called P-R™" (X)-equivalent if there exists a germ of a diffeomorphism @ : (R3 x

R’, (0,0)) — (R3 x R, (0, 0)), having the form ®(z, u) = (¢(z, u), x(u)), and a
function germ C : (R!,0) — R such that

Hy(z,u) = Hy o ®(z,u) + C(u).

Let G(z,u) be a deformation of g € &,. Then, G is called R+ (X)-versal if for any
other deformation H of g there is a map germ ®(z, u) (which need not necessarily
be a diffeomorphism) and a germ of a function C as above with

H(z,u) = Go®(z,u) + C(u).

Given a deformation G(z, u), where u € R!, the initial speeds Gi of G are defined
by

G
Gi = —(z,0), Vie{l,2,..., 1}
Bu,-
The following result is a version of [7, Theorem 3].

Proposition 3.6. A deformation G of a germ of a function g on X is ﬁ+(f )-versal
if and only if
LR(X).g +R{1,Gy,....G;} =&,
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Normal form d(f, RT (X)) R(X)-versal deformation
utv 0 utv

U+ w 1 Uu—+w+Av

+v 4+ u? 1 +v+u?+ Au

u + v? 2 U+ 0?4+ Aw+ A
+v+ul 2 +v 4+ ud 4+ u? + \u

w4 uv +au®,a#0 209 w4+ uv + au? + Au + Aqv
(*): a is a modulus and the codimension is that of the stratum.

Table 1. Germs of submersions in M. of R+ (X)-codimension < 2.

The !R(f )-classification of germs of submersions is stated as follows.

Theorem 3.7. Any function germ g at the origin with R (X)-codimension < 2 (of

the stratum in the presence of moduli) is e9?()? )-equivalent to one of the germs in
Table 1.

Proof. After integrating the 1-jets of the vector fields from ®()? ), the linear changes
of coordinates that were obtained are

$1(u, v, w) = (u,e* v, > w);
¢ (u, v, w) = (eu, v, w);

¢3(u, v, w) = (u, v + c3w, w);

where ¢; € R. Note that the diffeomorphisms ¢4 (u, v, w) = (—u, v, w) and ¢5(u, v, w)
= (u, v, —w) preserve X.

Now, let g = go + & be the decomposition of g into its 1-jet go = au + bv + cw,
witha,b,c € R, and § € M2. We shall classify all germs g with R+ (X)-codimension
< 2 (of the stratum in the presence of moduli).

We start by normalising the 1-jet using the above linear changes of coordinates.
For simplicity, we shall say two function germs are equivalent if they are R(X)-
equivalent.

Suppose a # 0. If b # 0, then g is equivalent to u & v, otherwise, g¢ is equivalent
to u + w or u. Next, assume a = 0 but b # 0, then g¢ is equivalent to +v. Finally, if
a = b = 0, then, clearly, g¢ is equivalent to w. Thus, the orbits of the space of 1-jets
areu v, u + w, u, v and w.

We shall demonstrate how to apply Lemma 3.4 and Remark 3.5 in the first case
and all other cases may be handled in a similar manner.

Let g = go + g, where the principal partis go =u +vand g € Mﬁ,v’w. Note that
go is quasi-homogeneous with respect to weights a,, = o, = oy, = 1, and its Newton
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degree N = d(go) = 1. So, go € S;. Also note that, by Hadamard’s lemma,
g, v, w) = ugi(u, v, w) 4+ vg2(0, v, w) + wgz(0,0, w), (3.1

where g1 € My v, 82 € My, and g3 € My,. Now the R (X)-tangent space to the
orbit of g¢ at gg is

LR(X).go = {(uA1 + (v® —w?)42) £ (2vP +2wQ) : A1, A2, P, Q € &.}.
Thus, we get mod LR(X).go: u = 0 and v = 0 and w = 0. It follows that
€,/LR(X).g0 ~ R.

Leth =uhy(u,v,w) + vh(0,v,w) + wh3(0,0,w) be any homogeneous polynomial
of degree m, from the right-hand side of (3.1) and hence /& € §,,. Note that A4; is
a polynomial of degree m — 1 in the respective variables. Clearly, / is contained in
Lﬁ(f).go, by setting A; = hy, A, =0, P = %hz and Q = %h} This implies
the existence of a vector field £ = ft% + 1}% + u')ai € O(X), such that h = 3g° =0y +
ag 09 + ag 045, and constraint (1) of Lemma 3.4 is fulfilled. For the second constralnt
of the lemma, let ¥ be any polynomial of degree s < m, so that { € §5. Hence, the
expression

0
EW, o) = —1// +a—wv+ BZ

belongs to §,,. Therefore, the conclusion of the lemma implies that g is equivalent to
u % v. By similar considerations one can show that u + w + g, where g € M, y .y, is
equivalent to u + w. The codimensions of ¥ & v and ¥ + w are 0 and 1, respectively.
An R (X)-versal deformation of the latter germ is u + w + A v, with A1 € R.
Next, consider the principal part go = u. The R(X )-tangent space to the orbit of
go at go is
LR(X).go = {udi + (v —w?) Az : A1, A € ;).

Thus, we get mod LR (X).go: u = 0 and w? = v3. It follows that
&:/LR(X).go = {h1(v) + wha(v) : hy. hay € &).

Using Remark 3.5 and taking into account the constraints on g, it is evident that g
is equivalent to a germ of the form 7 = u + h (v) + wgz(v), where 1y € M2 and
iziz € My. If izil contains a term dv?, d # 0, then h is equivalent to the germ u =+ v?
which has codimension 2 and an R (X)-versal deformation is u & v2 + A, w + A1 v,
A1, A2 € R. Otherwise, in the most general case, & has codimension greater than 2.
By similar arguments to the previous case, we can show that any germ g with
the 1-jet being +v is equivalent to a germ of the form A* = £v + h3(u), where
hi € M2. Let h3(u) = dau® + dsu® + hj(u), where dp, d3 € R and h} € Mj. If
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dy # 0, then h* is equivalent to +v + u? and its codimension is 1. Next, if d» = 0 but
ds # 0, then i* is equivalent to +v + u and its codimension is 2. An Rt (X)-versal
deformation of the germs +v % u? and v + u> may be given as +v &+ u? + pu
and v + u> + A,u? + A u, respectively, where 1, A1, A, € R.

Finally, consider the 1-jet go = w. Then, g is equlvalent to a germ of the form
h=w+ vhl(u) + hz(u) where hl G M, and h2 € Mz Let h1 diu + h3(u)
h3 € Mu, 0 # d; € R and h2 = cou? + h4(u), h4 € Mu, 0 # ¢, € R. Consider
the principal part hg = w + djuv + cou?. Using ¢y and ¢4, one can reduce g to
20 = w + uv + au?, where 0 # a € R. The IR()?)-tangent space to the orbit of gy
at gy is the set

{Quv + 3w)P + Quw + 3v*)Q + (uv + 2au®)A; + (v — w?)(v + 2au) 4,
A1, A2, P, Q € ;).

Hence, we have
6, /LR(X).50 ~ {ao +au 4+ arv +asu® 1 a; € ]R}.

By Lemma 3.4, the germ his equivalent to w + uv + au?, where 0 # a € R is
a modulus. In this case, the codimension of 7 is 2 and an fRﬂf )-versal deforma-
tion may be taken as w + uv + au? + Au + Av. If d; = 0 or ¢, = 0, then 7 has
codimension greater than 2. This finishes the proof of the theorem. ]

4. Height functions and contact with planes

Recall that we have two distinguished tangential directions on M = (M, S) at the
origin. The first one is the standard tangential direction 734 along the singular points
Y of M. The other one is the limiting tangential direction Jg at a cusp point of S.

Let S2 be the two sphere. Then the family of height functions H : M xS? >R
on M is defined by H((x,y),v) = Hy(x,y) = ¢(x,y) - v, where - is the scalar
product. Following the approaches discussed in [20], the contact of M along Ty or
Ts at p with planes 7y through p and orthogonal to the direction v is measured by the
singularities of the height functions Hy on M . The contact of M with 7, is described
by that of the fibre g = 0 with model X, where g as in Theorem 3.7. Moreover, H,
can have singularities of R -codimension < 2 (of the stratum) at any point p € M
and for any v € S2, due to transversality constraints (see the Appendix in [7]).

We shall take M and S as in (2.1) and (2.2), respectively. If we set v = (v, v2, v3)
€ R3 then

Hy(e, ) = x4 () + 55 ua + (1) +yha0) + b (e, v,
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In particular, the restrictions of Hy to the singular set ¥ and S are given by
Hy(x,0) = %(azovz + baovs)x” + é(%ovz + b3ovz)x’
+ 2—14(61401)2 + baoua)x* + 0(5),
and

1 1 1 1
Hy(0,y) = 5)’202 + (gb03y3 + ﬁbo4y4 + mbosys)% + 0(6),

respectively.

The precise description of the nature of the contact between M and 7y is provided
below.

If 7y is transverse to both 734 and Ty then the contact of M with 1y at the origin
is the same as that of the zero fibre of g = u £ v with the model X. On the other
hand, if 7y contains both s and T then the contact is described by that of the fibre
g = w + uv + au?, and the height function Hy(x, y) has singularities of type A,.

Proposition 4.1. The height function Hy(0, y) along the singular curve S can have
singularities of types Aii, i = 1,2, 3, which are modeled by the contact of the zero
fibre of the submersions g =u + v, g =u + w and g = u + v?, respectively, with
the model X. The geometrical meaning can be described as follows:

Afc : 7y is not a tangent plane of S;
A2ﬂE : 7y is not the osculating plane of S and King(S)(= k¢) # 0;
A3jE : 7y is the osculating plane of S and King(S) = 0, K;ing(S) £ 0.

Proof. In all cases, the height function along S is singular. It exhibits singularities of
type Afc when vy # 0. This condition occurs when 7y does not include T and has
been indicated by g = u + v earlier.

Assume 7y contains Ty at the origin. The plane 7y is transversal to 737 when vy #
0, and hence it is not the tangent cone. Then the contact of 7y with M is described by
the contact of the zero fibre of g = u + w and g = u =+ v2, with the model X.

For the height function H, (0, y) along S to have A%-singularities, we must have

Uy = 0 and b031)3 ;ﬁ 0.

The second constraint implies that the cuspidal curvature of S at the origin kjng ()
(= k¢) = |bos| # 0. The contact of a germ M with 7y is the same as that of the zero
fibre g = u 4+ w.

The function Hy (0, y) has an A3i-singularity if

Uy = 0, b03 =0 and b04v3 75 0.
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This means that ke (S) = 0 but Kgmg(S ) = |bo4| # 0 at the origin. The contact of a
germ M with 7y is the same as that of the zero fibre g = u + v2. ]

Proposition 4.2. The height function Hy(x,0) along the cuspidal edge ¥ can have
singularities of types A,f—singularity, k = 1,2 which are modeled by the contact of
the zero fibre of the submersions g = £v £+ u**!, k = 1,2, respectively, with the
model X. The geometrical meaning can be described as follows:

AljE : Ty is not the osculating plane of 3;

AZjE : 1y is the osculating plane of ¥ and tx(0) # 0

Proof. Note that the function Hy(x, 0) is singular at the origin if and only if v; = 0.
Let 7y be a member of a pencil of planes that contains 734 at the origin. Then the
contact of a generic M along the singular set ¥ with 7y is the same as that of the zero
fibre of g = v + uk*! k = 1,2, with the model X . In particular, Hy(x, 0) has an
Af-singularity when

Vadag + v3bsg # 0.
This means that the plane 7y is not the osculating plane of X (i.e., the limiting normal

curvature from [14] k,(0) = bag # 0). The contact is described by the fibre of g =
+v =+ u?. On the other hand, H,(x, 0) has an A,-singularity when

V2a20 + v3b20 =0 and azobzg — azobo # 0.

This implies that 7y is the osculating plane of ¥ and tx(0) # 0. It is described by the
fibre g = +v 4 u3. ]

5. The geometry of functions on a cuspidal edge equipped with a
singular curve and their dual

Consider the model pair X . For a deformation F : (R3 x R2,0) — R; (z,A) — F(z, 1)
of agerm g € &, on X, we proceed to study the family G(x, y,A) = F(f(x,y),A),
and define the discriminant of the family G as the set

aG 4G

Dy(F) = {(A,G(x,y,/\)) eRZxR: 2 = _oa (x,y,)k)};

ax dy
as well as the discriminant of the family G restricted to the singular set ¥ and the
singular curve B as the sets

Dy (F) = {(x, G(x.0.0) eR2xR: 29 — ¢t (x,O,/\)}
ox
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Da(F) = {(x, G0, y,2) € R2xR : %—i —0at (O,y,/l)},

respectively.

It can be shown that if F; and F, are P-R™ ()? )-equivalent deformations then the

sets D; (F1) and D; (F») are diffeomorphic for all i € {1, 2, 3}. It therefore suffices to
calculate the sets D; (F') for the versal deformations F(z, A) of the germs F(z,0) = g
listed in Table 1.

For the versal deformation F(z,A) = u % v, the fibre g = 0 is a plane transverse
to the tangent cone of X, Tx and 7p at the origin. The sets D (F) and D, (F) are
empty. However, the set D3 (F) is a plane, parametrised by (A1,A,) = (A1,42,0).

For the versal deformation F(z,A) = u + w + A;v, the fibre g = 0 is a plane
which is tangent to Jp and transverses both to the tangent cone of X and to Ty
at the origin. The singularity of g( £(0, y)) = y> determines the contact between
Tp and the fibre g = 0, which is classified as type A>. We have G(x, y,A) = x +
y3 4+ A1y2. Hence, the sets D;(F) and D,(F) are both empty. The set D3(F)
is a union of the plane (A1, A,) — (A1, A5, 0), and a smooth surface parametrised
by (v, 42) = (3. 42, 5Hy?) (Figure 1).

For the versal deformation F(z,A) = u & v? + A,w + A v, the fibre g = Ois a
parabolic cylinder which is tangent to Jp and transverse to both the tangent cone
of X and Ty. The contact between Tp and the fibre g = 0 is established by the
singularity of g( £(0,y)) = & y* and hence of type Agc. Wehave G(x,y,A)=x+
y* + A3 + A1 y2. Therefore, the sets D;(F) and D,(F) are both empty. On
the singular curve B we have G(0, y, 1) = £y% 4+ 1,3 4+ 1,2, and so %—3 =0
when y = 0or A = F2y? — %)Lzy. Thus, the set D3 (F) is a union of the plane
(A1,A2) = (A1, 42,0), and a surface parametrised by (y, A5) — (F2y? — %)Lzy,
Ao, Fyt — %kzy"’) which is cuspidal cross-cap (Figure 2).

Figure 1. The set D3(F) of the versal deformation F(z,A) = u + w + Aqv.
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Figure 2. The set D3(F) of the versal deformation F(z,1) = u & v2 + Aow + A v.

*  For the versal deformations F(z,1) = v +u? + Ajuor F(z,A) = +v £ u3 +
Au? + Aqu, both fibres g = +v + uk k=23 are tangent to Jx and transverse
7p and the tangent cone. The singularities of g( f(x,0)) = £x* measure the

contact of Ty with the fibre g = 0, and therefore are classified as being of type
Af k=23

(1)  When k = 2, the set D1 (F) coincides with D, (F') and is parametrised
by (x.A2) — (F2x, A2, Fx2), which is a regular surface. The set D3 (F)
is the plane (A1, A2) — (11, A2, 0) (Figure 3).

(2) When k = 3, the set D;(F') coincides with £, (F') and is parametrised
by (x,A2) = (F3x2 — 242x, Ay, F2x3 — A,x?), which is a cuspidal
edge. The set D3(F) is the plane (A1, A;) — (A1, A5, 0) (Figure 4).

*  For the versal deformation F(z,A) = w + uv + au? + Aou + A,v, the tangent
plane to the fibre g = 0, which is a hyperbolic paraboloid, coincides with the
tangent cone and contains both 7y and 7. Since g(f(x,y)) = y3 + xy? + ax?,
a # 0, the contact of the fibre g = 0 with Ty and I3 is of type A4,.

We have G(x,y,A) = y3 + xy? 4+ ax? 4+ Aox + A, y2. Therefore, 3—? = 0 when
Ay = —y2% —2ax. On the other hand, %—? =0 wheneithery =0o0rA; = —%y —X.

Figure 3. The set D; (F) of the versal deformation F(z,A) = v & u? + Aju. In the left figure
are the sets D (F) and D (F), and the right figure is D3 (F).
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Figure 4. The set D; (F) of the versal deformation F(z, 1) = £v £ u3 + Aou? 4+ Aqu. In the
left figure are the sets D; (F) and D5 (F'), and the right figure is D3 (F).

Hence, the set D, (F) is a union of two intersecting regular surfaces parametrised
by
(x, A1) = (A1, —2ax, —ax?)
and 3 )
(x,y) > (—Ey —x,—y?—2ax, —§y3 —xy?— axz).
The set D, (F) is a regular surface parametrised by (x, A1) = (A1, —2ax, —ax?),
which is exactly one of the components of &D; (F). The set D3 (F) is a union of a

regular surface parametrised by (A5, y) — (—% ¥, A2, —% ¥3) and a plane tangent
to it at the origin (Figure 5).

The discriminants may be used for the examination of the dual of the cuspidal
edge equipped with a singular curve as explained below.

Figure 5. The set D; (F) of the versal deformation F(z, 1) = v £ u3 + Aou? 4+ Aju. In the
left figure are the sets D1 (F) and D, (F), and the right figure is D3 (F).
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We have the sets

OH  9H
Di(H) = {(v, H(x,y)) € S2xR: 0 = 22 —oat (x,y,v)},
ox ady

Dy(H) = {(v, Hy(x.0)) € 82 xR : 22— 0t (x.0. v)}
ox

and
oH
Da(H) = {(v. Hy(0,)) € $? xR : 7y =0ut ©..)}.

o If my is transverse to Js and contains J3s but is not the tangent cone, then the
set D1 (H) coincides with the set £, (H) and describes locally the dual of the
curve X.

*  When ny is the tangent cone containing both T and 7z, then the set D;(H)
consists of two components. One of them is D, (H ) (the dual of X) and the other
is the proper dual of M which is the surface consisting of the tangent planes to M
away from points on X together with their limits at points on %, i.e., the tangent
cones at points in X. The set £3(H) also consists of two components. One of
them is the dual of the singular point of S and the other is the proper dual of S

e If my is a member of the pencil containing T but it is transverse to T4 and the
tangent cone of M, then D1 (H ) and D, (H ) are empty. However, the set D3(H)
consists of two components. One of them is the dual of the singular point of S and
the other is the proper dual of S.

If the contact of M with 7y is described by that of the fibre g = 0 with the model
X, with g as in Theorem 3.7, then D; (H) is diffeomorphic to D; (F), fori = 1,2, 3,
where F is an R (X)-versal deformation of g.

Proposition 5.1. Let M be a pair of a generic cuspidal edge in R> equipped with a
singular curve given by u = 0. Then, the calculations and figures in Section 5 give
the models, up to diffeomorphisms, of D;(H).
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