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Note on the relation between enhanced ind-sheaves and
enhanced subanalytic sheaves
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Abstract – In this paper we shall explain a relation between Theorem 9.5.3 by D’Agnolo and
Kashiwara [Publ. Math. Inst. Hautes Études Sci. 123 (2016), 69–197] and Theorem 6.3 by
Kashiwara [Jpn. J. Math. 11 (2016) 113–149]. For this purpose, we shall prove that there
exists a fully faithful functor from the triangulated category of enhanced subanalytic sheaves
to that of enhanced ind-sheaves.
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1. Introduction

Kashiwara and Schapira [10] introduced the notion of ind-sheaves and subanalytic
sheaves to treat “sheaves” of functions with tempered growth conditions. Ind-sheaves
are defined as ind-objects of the category of sheaves of vector spaces with compact
support. Subanalytic sheaves are defined as sheaves on subanalytic sites. Moreover, the
authors proved that there exists a fully faithful functor from the category of subanalytic
sheaves to the category of ind-sheaves, and its essential image is equal to the category
of ind-objects of R-constructible sheaves with compact support.

After a groundbreaking development in the theory of irregular meromorphic connec-
tions by Kedlaya [14,15] and Mochizuki [16,17], D’Agnolo and Kashiwara introduced
the notion of enhanced ind-sheaves extending the notion of ind-sheaves and established
the Riemann–Hilbert correspondence for analytic irregular holonomic D-modules
in [1] as below (see [7] for the algebraic case). Let X be a complex manifold. Then
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there exists a fully faithful functor SolEX which is called the enhanced solution functor
(see [1, Def. 9.1.1] and also Definition 3.31) from the full triangulated subcategory
Db

hol.DX / of the derived category of DX -modules consisting of objects with holonomic
cohomologies to the triangulated category Eb

R-c.ICX / of R-constructible enhanced
ind-sheaves:

(1.1) SolEX WD
b
hol.DX /

op ,! Eb
R-c.ICX /:

Moreover, Mochizuki characterized its essential image by the curve test [18, 19]. In
[4] (see also [5]), the author defined C-constructibility for enhanced ind-sheaves and
proved that they are nothing but objects of its essential image. Namely, we obtain
an equivalence of categories between the triangulated category Db

hol.DX / and the
triangulated category Eb

C�c.ICX / of C-constructible enhanced ind-sheaves:

SolEX WD
b
hol.DX /

op �
�! Eb

C�c.ICX /:

At the 16th Takagi Lectures,1 Kashiwara explained a similar result to (1.1) by using
“enhanced subanalytic sheaves” instead of enhanced ind-sheaves as below. We denote by
Db.Csub

X�R1
/ the derived category of subanalytic sheaves on a bordered spaceX �R1;

see Section 3.1 for the definition. Then there exists a fully faithful functor SolTX (see
[8, §5.4] and Definition 3.34) from Db

hol.DX / to Db.Csub
X�R1

/:

(1.2) SolTX WD
b
hol.DX /

op ,! Db.Csub
X�R1

/:

In this paper we shall explain the relation between (1.1) and (1.2). For this purpose,
we shall prove that there exists a fully faithful functor from the triangulated category
of enhanced subanalytic sheaves to that of enhanced ind-sheaves. Although it may be
known by experts, it is not in the literature to our knowledge. The main results of this
paper are Theorems 3.15, 3.20, 3.38 and 3.39. One can summarize these results in the
following commutative diagram:

Db.Csub
X�R1

/

Db
hol.DX /

op � �

SolE;sub
X

//

% �

SolT;sub
X

.�/Œ1�

33

� u

SolE
X ((

Eb
R-c.C

sub
X / �

IE
X
��
o

Eb.Csub
X /
?�

RE;sub
X

OO

� u

IE
X ((

IE
X
��
o

Eb
R-c.ICX / �

�E
X

OO

Eb
IR-c.ICX / �

�E
X

OO

Eb.ICX /:

J E
X

hh

(1) The 16th Takagi Lectures took place at Graduate School of Mathematical Sciences, The
University of Tokyo, on November 28 and 29, 2015.
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See Section 2.6 for the definition of Eb.ICX /, Section 3.1 for the definition of
Db.Csub

X�R1
/, Section 3.3 for the definitions of Eb.Csub

X /, RE;sub
X , Section 3.4 for the def-

initions of Eb
IR-c.C

sub
X /, I E

X , J E
X , Eb

R-c.ICX /, Definition 3.19 for Eb
R-c.C

sub
X /, Definition

3.31 for SolEX , Definition 3.34 for SolT;sub
X and Definition 3.36 for SolE;sub

X .

2. Preliminary notions and results

In this section we briefly recall some basic notions and results which will be used
in this paper.

2.1 – Subanalytic sheaves

We shall briefly recall the notion of subanalytic sheaves. References are made to
[10, §6] and [20].

Let k be a field and M a real analytic manifold. We denote by Opsub
M the category

of subanalytic open subsets of M . Then we can endow Opsub
M with the following

Grothendieck topology: a subset S � Ob..Opsub
M /U / is a covering of U 2 Opsub

M if for
any compact subset K of M there exists a finite subset S0 � S of S such that

U \K D

� [
V 2S0

V

�
\K:

We denote such a site by M sub and call it the subanalytic site.
A subanalytic sheaf of k-modules onM is a sheaf of k-modules on the subanalytic

site M sub. We shall write Mod.ksub
M / instead of Mod.kM sub/. Note that it is abelian.

Note also that there exists the natural morphism �M WM !M sub of sites. Then we have
a natural left exact embedding �M�WMod.CM /! Mod.Csub

M / of categories. It has an
exact left adjoint ��1M that has in turn an exact fully faithful left adjoint functor �MŠ. We
denote by Db.Csub

M / the derived category of Mod.Csub
M /. Note that there exist the six

Grothendieck operations2˝, R	homsub, Rf�, RfŠŠ, f �1, f Š for a real analytic map
f WM ! N . Moreover, we set RHomsub WD ��1M ı R	homsub. Note also that these
functors have many properties similar to classical sheaves. We shall skip an explanation
of this.

2.2 – Ind-sheaves

Let us briefly recall the notion of ind-sheaves. References are made to [10] and [11].

(2) We shall use the symbol RfŠŠ instead of RfŠ.
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Let k be a field and M a good topological space (that is, a topological space which
is locally compact, Hausdorff, countable at infinity and has finite flabby dimension). We
denote by Modc.kM / the category of sheaves of k-vector spaces on M with compact
support. An ind-sheaf of k-vector spaces on M is an ind-object of Modc.kM /, that is,
an inductive limit

“ lim
�!
i2I

” Fi WD lim
�!
i2I

HomModc.kM /. �;Fi /

of a small filtrant inductive system ¹Fiºi2I in Modc.kM /. Let us denote by IkM the
category of ind-sheaves of k-vector spaces on M . Note that it is abelian. Note also
that there exists a natural exact embedding �M WMod.kM /! IkM . It has an exact left
adjoint ˛M , that has in turn an exact fully faithful left adjoint functor ˇM . We denote
by Db.IkM / the derived category of IkM . Note that there exist the six Grothendieck
operations ˝, R	hom, f �1, Rf�, f Š and RfŠŠ for a continuous map f WM ! N .
Moreover, we set RHom WD ˛M ı R	hom. Note also that these functors have many
properties similar to classical sheaves. We shall skip an explanation of this.

2.3 – Relation between ind-sheaves and subanalytic sheaves

Let us briefly recall the relation between ind-sheaves and subanalytic sheaves. The
results are summarized by the following commutative diagrams:

Mod.ksub
M /
� � IM //

� v

IM

�
))

IkM
JM

oo

S
IR-ckM ;

JM

ii

Db.ksub
M /
� � IM //

� u

IM

�
((

Db.IkM /
RJM

oo

S
Db

IR-c.IkM /:
�M

hh

References are made to [10, §§6.3, 7.1] and [21, §A.2].
Let k be a field and M a real analytic manifold. We denote by ModcR-c.kM / the

abelian category of R-constructible sheaves on M with compact support and denote
by IR-ckM the category of ind-objects of ModcR-c.kM /. Moreover, let us denote by
Db

IR-c.IkM / the full triangulated subcategory of Db.IkM / consisting of objects whose
cohomologies are contained in IR-ckM . Then there exists a functor

JM W IkM ! Mod.ksub
M /; “ lim

�!
i2I

” Fi 7! lim
�!
i2I

�M�Fi :

Note also that the functor JM is left exact and admits a left adjoint IM WMod.ksub
M /!

IkM which is fully faithful, exact and commutes with filtrant inductive limits.
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Theorem 2.1 ([10, Thm. 6.3.5], see also [21, A.2.1]). There exists an equivalence
of abelian categories:

Mod.ksub
M /

IM

�
// IR-ckM :

JM

oo

Furthermore, there exists an equivalence of triangulated categories:

Db.ksub
M /

IM

�
// Db

IR-c.IkM /:
RJM

oo

We shall denote by�M WDb
IR-c.IkM /

�
�!Db.ksub

M / the inverse functor of IM WDb.ksub
M /

�
�! Db

IR-c.IkM /.
Let us summarize the commutativity between the various functors and functors I ,

RJ . Let f WM ! N be a morphism of real analytic manifolds. Then we have

RJMR	hom.IM .�/; �/ ' R	homsub.�;RJM .�//:

and

˛M ıIM ' �
�1
M ;

RJM ı �M ' �M�,
IM ı�MŠ ' ˇM ;

��1M ıRJM ' ˛M ,
IM ı�

R-c
M� ' �M jModR-c.kM /;

IM ıf
�1
' f �1ıIN ; RJM ıˇM ' �MŠ,

�M ıf
�1
' f �1ı�N ;

RfŠŠıIM ' IN ıRfŠŠ; Rf�ıRJM ' RJN ıRf�,
RfŠŠı�M ' �N ıRfŠŠ;

IM ıf
Š
' f ŠıIN ; RJM ıf Š ' f ŠıRJN ,

�M .�˝�/ ' �M .�/˝�M .�/:

IM .�˝�/ ' IM .�/˝IM .�/;

2.4 – Bordered spaces

We shall briefly recall the notion of bordered spaces. See [1, §3.2] and [3, §2.1] for
the details.

A bordered space is a pair M1 D .M; {M/ of a good topological space {M and
an open subset M of {M . A morphism f W .M; {M/! .N; {N/ of bordered spaces is
a continuous map f WM ! N such that the first projection {M � {N ! {M is proper
on the closure x�f of the graph �f of f in {M � {N . The category of good topological
spaces is embedded into that of bordered spaces by the identification M D .M;M/.
Note that we have the morphism jM1 WM1 !

{M of bordered spaces given by the
embeddingM ,! {M . For a locally closed subsetZ �M ofM , we setZ1 WD .Z; xZ/,
where xZ is the closure of Z in {M and denote by iZ1 WZ1 !M1 the morphism of
bordered spaces given by the natural embedding Z ,!M .
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2.5 – Ind-sheaves on bordered spaces

Let us briefly recall the notion of ind-sheaves on bordered spaces. The results are
summarized by the following (non-commutative) diagram:

Db.Ik {MnM /
� �

Ri {MnMŠŠ

// Db.Ik {M / qM1
// Db.IkM1/ WD Db.Ik {M /=D

b.Ik {MnM /
? _

lM1oo

? _
rM1

oo
OO

ˇM1

?�

˛M1

��

Db.kM / ' Db.kM1/ WD Db.k {M /=D
b.k {MnM /:

?�

�M1

OO

References are made to [1, §3].
Let k be a field and M1 D .M; {M/ a bordered space. A quotient category

Db.IkM1/ WD Db.Ik {M /=D
b.Ik {MnM /

is called the category of ind-sheaves on M1, where Db.Ik {MnM / is identified with its
essential image in Db.Ik {M / by the fully faithful functor Ri {MnMŠŠ

. Here, i {MnM W {MnM
! {M is the closed embedding. An object of Db.IkM1/ is called an ind-sheaf onM1.
The quotient functor

qM1 WDb.Ik {M /! Db.IkM1/

has a left adjoint lM1 and a right adjoint rM1 , both fully faithful, defined by

lM1 WDb.IkM1/! Db.Ik {M /; qF 7! � {MkM ˝ F;

rM1 WDb.IkM1/! Db.Ik {M /; qF 7! R	hom.� {MkM ; F /:

Note that there exists an embedding functor

�M1 WDb.kM / ,! Db.IkM1/; F 7! j�1M1 � {M jMŠF .' j�1M1 � {MRjM�F /;

which has an exact left adjoint

˛M1 WDb.IkM1/! Db.kM /; F 7! j�1M ˛ {MRjM1ŠŠF .' j�1M ˛ {MRjM1�F /

that has in turn an exact fully faithful left adjoint functor

ˇM1 WDb.kM / ,! Db.IkM1/; F 7! j�1M1ˇ {M jMŠF .' j�1M1ˇ {MRjM�F /:

Note also that there exist the six Grothendieck operations˝, R	hom, Rf�, RfŠŠ,
f �1,f Š for a morphismf WM1!N1 of bordered spaces. Moreover, we set RHom WD
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˛M1 ı R	hom. Note that these functors have many properties similar to classi-
cal sheaves. We shall skip an explanation of this. We just recall that the functor
j�1M1 WD

b.Ik {M /! Db.IkM1/ is isomorphic to the quotient functor and the functor
RjM1ŠŠWDb.IkM1/! Db.Ik {M / (resp. RjM1�WDb.IkM1/! Db.Ik {M /) is isomor-
phic to the functor lM1 (resp. rM1).

It is clear that the quotient category

Db.kM1/ WD Db.k {M /=D
b.k {MnM /

is equivalent to the derived category Db.kM / of the abelian category Mod.kM /. We
sometimes write Db.kM1/ for Db.kM /, when considered as a full subcategory of
Db.IkM1/.

2.6 – Enhanced ind-sheaves

We shall briefly recall the notion of enhanced ind-sheaves on bordered spaces:

Db.IkM1�R1/ QM1
// Eb.IkM1/
? _

LM1oo

? _

RM1

oo

IshM1

��

WD Db.IkM1�R1/=�
�1Db.IkM1/

Db.kM1/ ' Db.kM / � �
�M1

//

� � ˇM1 //

Db.IkM1/:˛M1
oo

?�

eM1

OO

��1

hh

References are made to [2, 12]. We also refer to [1, 13] for the notion of enhanced
ind-sheaves on good topological spaces.

Let k be a field and M1 D .M; {M/ a bordered space. We set R1 WD .R; xR/

for xR WD R t ¹�1;C1º, and let t 2 R be the affine coordinate. We consider the
morphisms of bordered spaces

M1 �R21
p1;p2;�
������!M1 �R1

�
�!M1

given by the maps p1.x; t1; t2/ WD .x; t1/, p2.x; t1; t2/ WD .x; t2/, �.x; t1; t2/ WD .x;
t1C t2/ and �.x; t/ WD x. Then the convolution functors for ind-sheaves onM1 �R1,

.�/
C

˝ .�/WDb.IkM1�R1/ � Db.IkM1�R1/! Db.IkM1�R1/;

R	homC.�; �/WDb.IkM1�R1/
op
� Db.IkM1�R1/! Db.IkM1�R1/

are defined by

F1
C

˝ F2 WD R�ŠŠ.p�11 F1 ˝ p
�1
2 F2/;

R	homC.F1; F2/ WD Rp1�R	hom.p�12 F1; �
ŠF2/;
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where F1; F2 2 Db.IkM1�R1/. Then the triangulated category of enhanced ind-
sheaves on a bordered space M1 is defined by

Eb.IkM1/ WD Db.IkM1�R1/=�
�1Db.IkM1/:

An object of Eb.IkM1/ is called an enhanced ind-sheaf on M1. The quotient functor
QM1 WDb.IkM1�R1/! Eb.IkM1/ has fully faithful left and right adjoints

LE
M1
WEb.IkM1/! Db.IkM1�R1/;

QM1.F / 7! �M1�R1.k¹t�0º ˚ k¹t�0º/
C

˝ F;

RE
M1
WEb.IkM1/! Db.IkM1�R1/;

QM1.F / 7! R	homC.�M1�R1.k¹t�0º ˚ k¹t�0º/; F /:

Here, ¹t � 0º stands for ¹.x; t/ 2M �R j t � 0º and ¹t � 0º is defined similarly.
For a morphism f WM1 ! N1 of bordered spaces, we have the six Grothendieck

operations
C

˝, R	homC, Ef �1, Ef�, Ef Š, EfŠŠ for enhanced subanalytic sheaves on
bordered spaces. Note that these functors have many properties similar to classical
sheaves. We shall skip an explanation of this. Moreover, we have external hom functors
R	homE, RHomE WD ˛M1 ı R	homE and functors

��1.�/˝ .�/WDb.IkM1/ � Eb.IkM1/! Eb.IkM1/;
R	hom.��1.�/; �/WDb.IkM1/

op
� Eb.IkM1/! Eb.IkM1/

which are defined by

��1F ˝K WD QM1.��1F ˝ LE
M1

K/;

R	hom.��1F;K/ WD QM1R	hom.��1F;RE
M1

K/:

We set

kE
M1
WD QM1qM1

�
“ lim
�!

a!C1

” � {M�xRk¹t�aº
�
2 Eb.IkM1/:

Then we have a natural embedding functor

eM1 WDb.IkM1/! Eb.IkM1/; F 7! kE
M1
˝ ��1F:

Let us define !E
M1
WD eM1.�M1!M / 2 Eb.IkM1/, where !M 2 Db.kM1/ ('

Db.kM /) is the dualizing complex; see [9, Def. 3.1.16] for the details. Then we have
the Verdier duality functor for enhanced ind-sheaves on bordered spaces,

DE
M1
WEb.IkM1/

op
! Eb.IkM1/; K 7! R	homC.K; !E

M1
/:
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Let i0WM1!M1 �R1 be a morphism of bordered spaces induced by x 7! .x;0/.
We set

IshM1 WD i
Š
0 ı RE

M1
WEb.IkM1/! Db.IkM1/;

shM1 WD ˛M1 ı IshM1 WEb.IkM1/! Db.kM /

and call them the ind-sheafification functor and the sheafification functor, for enhanced
ind-sheaves on bordered spaces, respectively. Note that a pair .eM1 ; IshM1/ is an
adjoint pair and there exist isomorphisms F ��! IshM1eM1F for F 2 Db.IkM / and
F
�
�! shM1eM1 �M1F for F 2 Db.kM /. See [3, §3] for details.

3. Main results

The main theorems of this paper are Theorems 3.15, 3.20, 3.38 and 3.39.

3.1 – Subanalytic sheaves on real analytic bordered spaces

The notion of subanalytic sheaves on bordered spaces was introduced by Kashi-
wara. Although it has already been explained in [8, §§3.4–3.7], in this subsection we
shall explain it again in detail.3 The results are summarized by the following (non-
commutative) diagram:

Db.kM1/ ' Db.kM / � �
�M1

//

� � ˇM1 //

� _

R�M1�

��

� _

�M1Š

��

Db.IkM1/˛M1
oo

RJM1

yy

Db.ksub
M1

/
IM1

�
//

+ �

IM1

99

��1
M1

OO

Db
IR-c.IkM1/:

�M1

oo

S

A real analytic bordered space is a bordered spaceM1 D .M; {M/ such that {M is a
real analytic manifold andM is an open subanalytic subset. A morphism f W .M; {M/!

.N; {N/ of real analytic bordered spaces is a morphism of bordered spaces such that the

(3) Kashiwara [8] introduced the notion of subanalytic sheaves on subanalytic bordered
spaces. In this paper, we shall only consider them on real analytic bordered spaces.



Y. Ito 180

graph �f of f is a subanalytic subset of {M � {N . Note that a morphism Lf W {M ! {N of
real analytic manifolds such that Lf .M/ � N induces a morphism of bordered spaces
of real analytic bordered spaces from .M; {M/ to .N; {N/. The category of real analytic
manifolds is embedded into that of real analytic bordered spaces by the identification
M D .M;M/.

Let M1 D .M; {M/ be a real analytic bordered space. We denote by Opsub
M1

the
category of open subsets of M which are subanalytic in {M . Note that the category
Opsub

M1
can be endowed with the following Grothendieck topology:

a subset S � Ob..Opsub
M1

/U / is a covering of U 2 Ob.Opsub
M1

/ if for any
compact subset K of {M there exists a finite subset S 0 � S of S such that
K \ U D K \

S
V 2S 0 V .

This Grothendieck topology is the one induced from that of {M .
Let us denote by M sub

1 the site Opsub
M1

with the above Grothendieck topology and
denote by Mod.ksub

M1
/ the category of sheaves of k-vector spaces on the site M sub

1 .
Note that the category Mod.ksub

M1
/ is abelian. Note also that there exists the natural

morphism �M1 WM !M sub
1 of sites. Then we have a natural left exact embedding

�M1�WMod.kM /! Mod.ksub
M1

/

of categories. It has an exact left adjoint ��1M1 WMod.ksub
M1

/!Mod.kM /, which has in
turn an exact fully faithful left adjoint functor �M1ŠWMod.kM /! Mod.ksub

M1
/. Note

that the restriction �R-c
M1�

of �M1� to ModR-c.kM1/ is exact.
We denote by Db.ksub

M1
/ the derived category of Mod.ksub

M1
/. For a morphism

f WM1! N1 of real analytic bordered spaces, we have the Grothendieck operations4
˝, R	homsub, Rf�, RfŠŠ, f �1, f Š for subanalytic sheaves on bordered spaces and set
RHomsub WD ��1M1 ı R	homsub. Then these functors have many properties similar to
classical (subanalytic) sheaves.

Proposition 3.1. Let f WM1 ! N1 be a morphism of real analytic bordered
spaces and F ;F1;F2 2Db.ksub

M1
/, G ;G1;G2 2Db.ksub

N1
/, K 2Db.kM /, L 2Db.kN /,

J 2 Db
R-c.kM1/.

(1) R�M1�Hom.��1M1F ;K/ ' R	homsub.F ;R�M1�K/;

RHomsub.�M1ŠK;F / ' RHom.K; ��1M1F /I

(4) We shall use the symbol RfŠŠ instead of RfŠ.
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(2) R	homsub.RfŠŠF ;G / ' Rf�R	homsub.F ; f ŠG /;

Rf�R	homsub.f �1G ;F / ' R	homsub.G ;Rf�F /;
R	homsub.F1 ˝ F2;F / ' R	homsub.F1;R	homsub.F2;F //I

(3) f �1.F1 ˝ F2/ ' f
�1F1 ˝ f

�1F2;

RfŠŠ.F ˝ f �1G / ' RfŠŠF ˝ G ;

f ŠR	homsub.G1;G2/ ' R	homsub.f �1G1; f
ŠG2/I

(4) for a cartesian diagram

M 01
f 0

//

g0

��

N 01

g
��

M1
f

// N1;

we have g�1RfŠŠF ' Rf 0
ŠŠ
g0�1F , gŠRf�F ' Rf 0�g0ŠF ;

(5) f Š.G ˝ �N1ŠL/ ' f
ŠG ˝ �M1Šf

�1L;

R	homsub.J;F /˝ �M1ŠK ' R	homsub.J;F ˝ �M1ŠK/I

(6) we have the commutativity of the various functors:

˝ f �1 Rf� f Š RfŠŠ
R�� � � ı ı �

�R-c
� ı ı ı ı �

��1 ı ı ı � ı

�Š ı ı � � �

where “ı” means that the functors commute, and “�” that they do not.

Since the proof of this proposition is similar to the case of classical sheaves, we
shall skip the proof.

From now on, we shall describe a relation between ind-sheaves on M1 and sub-
analytic sheaves on M1. Let us recall the diagram:

Db.ksub
M /
� � IM //

� v

IM

�

))

Db.IkM /
RJM

oo

S
Db

IR-c.IkM /:
�M

ii
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See Section 2.3 for the details. Recall also that jM1 WM1 ! {M is a morphism of real
analytic bordered spaces associated to the natural embedding jM WM ,! {M . Then for
any F 2 Mod.ksub

M1
/ and any G 2 Mod.ksub

{M
/ we have

j�1M1RjM1�F
�
 � F ; j�1M1RjM1ŠŠF

�
�! F ;

RjM1ŠŠj�1M1G ' � {M�kM ˝ G ; RjM1�j�1M1G ' R	homsub.� {M�kM ;G /;

and hence functors j�1M1 ;RjM1ŠŠ, RjM1� induce equivalences of categories:

Qj WDb.ksub
M1

/
�
�!

®
F 2 Db.ksub

{M
/
ˇ̌
� {M�kM ˝ F

�
�! F

¯
'
®
F 2 Db.ksub

{M
/
ˇ̌

F
�
�! R	homsub.� {M�kM ;F /

¯
:

Let us consider the following functors:

IM1 WDb.ksub
M1

/! Db.IkM1/; F 7! qI {MRjM1ŠŠF ;
RJM1 WDb.IkM1/! Db.ksub

M1
/; F 7! j�1M1RJ {MRjM1�F;

where qWDb.Ik {M /! Db.IkM1/ is the quotient functor.
We denote by Db

IR-c.IkM1/ the full triangulated subcategory of Db.IkM1/ consist-
ing of objects such that RjM1ŠŠF 2 Db

IR-c.Ik {M /. Then the next lemma follows from
[10, Lem. 7.1.3] and the definitions of functors IM1 , RJM1 . We shall skip the proofs.

Lemma 3.2. Let f WM1 ! N1 be a morphism of real analytic bordered spaces
associated with a morphism Lf W {M ! {N of real analytic manifolds. The functors below
are well defined:

(1) �M1 WDb
R-c.kM /! Db

IR-c.IkM1/,

(2) ˇM1 WDb.kM /! Db
IR-c.IkM1/,

(3) .�/˝ .�/WDb
IR-c.IkM1/ � Db

IR-c.IkM1/! Db
IR-c.IkM1/,

(4) R	hom.�M1.�/; �/WDb
R-c.kM1/

op � Db
IR-c.IkM1/! Db

IR-c.IkM1/,

(5) f �1WDb
IR-c.IkN1/! Db

IR-c.IkM1/,

(6) RfŠŠWDb
IR-c.IkM1/! Db

IR-c.IkN1/,

(7) f ŠWDb
IR-c.IkN1/! Db

IR-c.IkM1/.

Let us describe the relation between ind-sheaves on M1 and subanalytic sheaves
on M1.

Proposition 3.3. Let M1 D .M; {M/ be a real analytic bordered space. Then we
have
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(1) a pair .IM1 ;RJM1/ is an adjoint pair and there exists a canonical isomorphism
id ��! RJM1 ı IM1;

(2) there exists an equivalence of triangulated categories:

Db.ksub
M1

/
IM1

�
// Db

IR-c.IkM1/:
RJM1

oo

Proof. (1) Let F 2 Db.ksub
M1

/ and G 2 Db.IkM1/. Then we have

HomDb.IkM1 /
.IM1F ; G/ ' HomDb.IkM1 /

.j�1M1I {MRjM1ŠŠF ; G/

' HomDb.ksub
M1

/.F ;Rj
�1
M1

RJ {MRjM1�G/

' HomDb.ksub
M1

/.F ;RJM1G/;

where in the first and third isomorphisms we used the fact that qD j�1M1 and the second
isomorphism follows from the pairs .j�1M1 ;RjM1�/, .I {M ;RJ {M /, .RjM1ŠŠ; j

�1
M1

/

being adjoint pairs. This implies that a pair .IM1 ;RJM1/ is an adjoint pair.
Hence there exists a natural morphism id! RJM1 ı IM1 of functors. Moreover,

for any F 2 Db.IkM1/, we have isomorphisms in Db.IkM1/,

.RJM1 ı IM1/.F / ' j�1M1RJ {MRjM1�j�1M1I {MRjM1ŠŠF
' j�1M1RJ {MR	hom.� {MkM ; I {MRjM1ŠŠF /
' j�1M1RJ {MR	hom.I {M� {MkM ; I {MRjM1ŠŠF /
' j�1M1R	homsub.� {MkM ;RJ {M I {MRjM1ŠŠF /
' j�1M1RjM1�j�1M1RjM1ŠŠF
' F ;

where the first isomorphism follows from q D j�1M1 , in the second and fifth iso-
morphisms we used the fact that RjM1�j�1M1.�/ ' R	hom.� {MkM ; �/, the third iso-
morphism follows from I {M ı �

R-c
{M
D � {M jModR-c.k {M /, the fourth isomorphism follows

from the adjointness of .I {M ; RJ {M / and in the fifth we used the fact that id ��!
RJ {M ı I {M .

(2) First, let us prove that for any F 2 Db.ksub
M1

/ one has IM1.F / 2 Db
IR-c.IkM1/.

There exist isomorphisms in Db.Ik {M /,

RjM1ŠŠIM1.F / ' RjM1ŠŠqI {MRjM1ŠŠF ' � {MkM ˝ I {MRjM1ŠŠF
' I {M .� {MkM ˝ RjM1ŠŠF /;
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where the third isomorphism follows from I {M ı �
R-c
{M
D � {M jModR-c.k {M / and the fact

that I {M .� ˝ �/ ' I {M .�/˝ I {M .�/. Since I {M .� {MkM ˝ RjM1ŠŠF / 2 Db
IR-c.Ik {M /, we

have RjM1ŠŠIM1.F / 2 Db
IR-c.Ik {M /. This implies IM1.F / 2 Db

IR-c.IkM1/.
By (1), the functor IM1 is fully faithful. Let us prove that the functor IM1 is

essentially surjective. Let G 2 Db
IR-c.IkM1/. Then we have RjM1ŠŠG 2 Db

IR-c.Ik {M /.
By Theorem 2.1, there exists F 2 Db.ksub

{M
/ such that RjM1ŠŠG ' I {MF and hence

we have G ' j�1M1I {MF . Moreover, there exist isomorphisms in Db.IkM1/,

j�1M1I {MRjM1ŠŠj�1M1F ' j�1M1.� {MkM ˝ I {MF / ' j�1M1RjM1ŠŠj�1M1I {MF

' j�1M1I {MF ;

where in the first isomorphism we used

.RjM1ŠŠ ı j�1M1/.�/ ' � {M�kM ˝ .�/; I {M ı �
R-c
{M
D � {M jModR-c.k {M /

and the fact that I {M .� ˝ �/ ' I {M .�/˝ I {M .�/ and in the second isomorphism we used
the fact that .RjM1ŠŠ ı j�1M1/.�/ ' � {MkM ˝ .�/. Hence we have

G ' j�1M1I {MF ' j�1M1I {MRjM1ŠŠj�1M1F ' IM1.j
�1
M1

F /:

This implies that the functor IM1 is essentially surjective.
Therefore, the proof is completed.

We shall denote by

�M1 WDb
IR-c.IkM1/

�
�! Db.ksub

M1
/

the inverse functor of IM1 WDb.ksub
M1

/
�
�! Db

IR-c.IkM1/.

Proposition 3.4. Let f WM1 ! N1 be a morphism of real analytic bordered
spaces associated with a morphism Lf W {M ! {N of real analytic manifolds. Then we
have the following:

(1) RJM1R	hom.IM1.�/; �/ ' R	homsub.�;RJM1.�//.
(2) For any L 2 Db.kM /, any F ;F1;F2 2 Db.ksub

M1
/ and any G 2 Db.ksub

N1
/, we

have

(i) ˛M1IM1F ' ��1M1F ,

(ii) IM1�M1ŠL ' ˇM1L,

(iii) IM1f �1G ' f �1IN1G ,

(iv) RfŠŠIM1F ' IN1RfŠŠF ,
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(v) IM1f ŠG ' f ŠIN1G ,

(vi) IM1.F1 ˝ F2/ ' IM1.F1/˝ IM1.F2/.

(3) For any L 2 Db.kM /, any F 2 Db.IkM1/ and any G 2 Db.IkN1/, we have

(i) RJM1 �M1L ' �M1�L,

(ii) ��1M1RJM1F ' ˛M1F ,

(iii) RJM1ˇM1L ' �M1ŠL,

(iv) Rf�RJM1F ' RJN1Rf�F ,

(v) RJM1f ŠG ' f ŠRJN1G.

(4) For anyF;F1;F22Db
IR-c.IkM1/, anyG2Db

IR-c.IkN1/ and any L2Db
R-c.kM1/,

we have

(i) IM1�R-c
M1�

L ' �M1L,

(ii) �M1f �1G ' f �1�N1G,

(iii) RfŠŠ�M1F ' �N1RfŠŠF ,

(iv) �M1.F1 ˝ F2/ ' �M1.F1/˝ �M1.F2/.

Proof. Since the proofs of the assertions in the proposition are similar, we only
prove (2)(i). Let F 2 Db.ksub

M1
/. Then we have

˛M1IM1F ' j�1M ˛ {MRjM1ŠŠj�1M1I {MRjM1ŠŠF
' j�1M ˛ {M .� {MkM ˝ I {MRjM1ŠŠF /
' j�1M ˛ {M � {MkM ˝ j

�1
M ˛ {M I {MRjM1ŠŠF

' j�1M ��1
{M

RjM1ŠŠF

' ��1M1F ;

where in the second isomorphism we used the fact that RjM1ŠŠj�1M1 ' � {MkM ˝ .�/

and the fourth isomorphism follows from ˛ {M ı I {M ' �
�1
{M

.

3.2 – Convolutions for subanalytic sheaves on real analytic bordered spaces

In this subsection, let us define convolution functors for subanalytic sheaves on real
analytic bordered spaces. Although it has already been explained in [8, §5.1], in this
subsection we shall explain it again in detail.5

(5) Kashiwara [8] introduced convolution functors for subanalytic sheaves on subanalytic
bordered spaces. In this paper, we shall only consider them on real analytic bordered spaces.
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Let M1 D .M; {M/ be a real analytic bordered space. We set R1 WD .R; xR/

for xR WD R t ¹�1;C1º, and let t 2 R be the affine coordinate. We consider the
morphisms of real analytic bordered spaces

M1 �R21
p1;p2;�
�����!M1 �R1

�
���!M1

given by the mapsp1.x; t1; t2/ WD .x; t1/,p2.x; t1; t2/ WD .x; t2/,�.x; t1; t2/ WD .x; t1C
t2/ and �.x; t/ WD x.

Then the convolution functors for subanalytic sheaves on M1 �R1,

.�/
C

˝ .�/WDb.ksub
M1�R1

/ � Db.ksub
M1�R1

/! Db.ksub
M1�R1

/;

R	homC;sub.�; �/WDb.ksub
M1�R1

/op
� Db.ksub

M1�R1
/! Db.ksub

M1�R1
/

are defined by

F1
C

˝ F2 WD R�ŠŠ.p�11 F1 ˝ p
�1
2 F2/;

R	homC;sub.F1;F2/ WD Rp1�R	homsub.p�12 F1; �
ŠF2/;

for F1;F2 2 Db.ksub
M1�R1

/. Note that for any F , F1, F2, F3 2 Db.ksub
M1�R1

/ there
exist isomorphisms

F1
C

˝ F2 ' F2
C

˝ F1;

F1
C

˝ .F2
C

˝ F3/ ' .F1
C

˝ F2/
C

˝ F3

and
k¹tD0º

C

˝ F ' F ' R	homC;sub.k¹tD0º;F /;

where ¹t D 0º stands for ¹.x; t/ 2M �R j t D 0º. Hence, the category Db.ksub
M1�R1

/

has the structure of a commutative tensor category with
C

˝ as the tensor product functor
and k¹tD0º as the unit object.

The convolution functors have several properties similar to the tensor product functor
and the internal hom functor. For a morphism of real analytic bordered spacesf WM1!
N1, let us denote by fR1 WM1 �R1!M1 �R1 the morphism f � idR1 of real
analytic bordered spaces.

Proposition 3.5. Let f WM1 ! N1 be a morphism of real analytic bordered
spaces, F ;F1;F2;2 Db.ksub

M1�R1
/ and G ;G1;G2;2 Db.ksub

N1�R1
/. There exist iso-

morphisms

R	homC;sub.F1
C

˝ F2;F / ' R	homC;sub.F1;R	homC;sub.F2;F //;

HomDb.ksub
M1�R1

/.F1
C

˝ F2;F / ' HomDb.ksub
M1�R1

/.F1;R	homC;sub.F2;F //;
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RfR1�R	homC;sub.f �1R1
G ;F / ' R	homC;sub.G ;RfR1�F /;

f �1R1
.F1

C

˝ F2/ ' f
�1

R1
F1
C

˝ f �1R1
F2;

R	homC;sub.RfR1ŠŠF ;G / ' RfR1�R	homC;sub.F ; f ŠR1G /;

RfR1ŠŠ.F
C

˝ f �1R1
G / ' RfR1ŠŠF

C

˝ G ;

f ŠR1R	homC;sub.G1;G2/ ' R	homC;sub.f �1R1
G1; f

Š
R1

G2/:

Proof. First, let us prove the second isomorphism. By using the adjointness, we
have

HomDb.ksub
M1�R1

/.F1
C

˝ F2;F /

' HomDb.ksub
M1�R1

/.R�ŠŠ.p
�1
1 F1 ˝ p

�1
2 F2/;F /

' HomDb.ksub
M1�R1

/.F1;Rp1�R	homsub.p�12 F2; �
ŠF //

' HomDb.ksub
M1�R1

/.F1;R	homC;sub.F2;F //:

Let us prove the first isomorphism. By using the second isomorphism, for any
F0 2 Db.ksub

M1�R1
/, we have an isomorphism

HomDb.ksub
M1�R1

/.F0;R	homC;sub.F1
C

˝ F2;F3//

' HomDb.ksub
M1�R1

/

�
F0;R	homC;sub.F1;R	homC;sub.F2;F3//

�
:

Hence, we have

R	homC;sub.F1
C

˝ F2;F3/ ' R	homC;sub.F1;R	homC;sub.F2;F3//:

Let us denote by QfR1 WM1 �R21 ! N1 �R21 the morphism f � idR2
1

of real
analytic bordered spaces. Then there exist cartesian diagrams,

M1 �R21
F

//

QfR1
��

�

M1 �R1
� //

fR1
��

�

M1

f

��

N1 �R21 F

// N1 �R1 �
// N1;

where F D p1; p2; �, respectively. Hence, we have

f �1R1
.F1

C

˝ F2/ ' f
�1

R1
R�ŠŠ.p�11 F1

C

˝ p�12 F2/

' R�ŠŠ Qf �1R1
.p�11 F1

C

˝ p�12 F2/
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' R�ŠŠ. Qf �1R1
p�11 F1

C

˝ Qf �1R1
p�12 F2/

' R�ŠŠ.p�11 f �1R1
F1
C

˝ p�12 f �1R1
F2/

' f �1R1
F1
C

˝ f �1R1
F2;

where in the second isomorphism we used Proposition 3.1(4) and in the third iso-
morphism we used Proposition 3.1(3). The remaining assertions can be proved in the
similar way. We shall skip the proofs.

Proposition 3.6. Let F ;G ;H 2 Db.ksub
M1�R1

/ and F0 2 Db.ksub
M1

/. Then there
exist isomorphisms

��1F0 ˝ .F
C

˝ G / ' .��1F0 ˝ F /
C

˝ G ;

R	homsub.��1F0;R	homC;sub.F ;G // ' R	homC;sub.��1F0 ˝ F ;G /

' R	homC;sub.F;R	homsub.��1F0;G //;

R��R	homsub.F
C

˝ G ;H / ' R��R	homsub.F ;R	homC;sub.G;H //:

Proof. First let us remark that � ı p1 D � ı p2 D � ı �.
By using Proposition 3.1(3), we have

��1F0 ˝ .F
C

˝ G / ' ��1F0 ˝ R�ŠŠ.p�11 F ˝ p�12 G /

' R�ŠŠ.��1��1F0 ˝ .p�11 F ˝ p�12 G //

' R�ŠŠ.p�11 ��1F0 ˝ .p
�1
1 F ˝ p�12 G //

' R�ŠŠ.p�11 .��1F0 ˝ F /˝ p�12 G /

' .��1F0 ˝ F /
C

˝ G :

The second assertion can be proved in the similar way. We shall skip the proof.
Let us prove the last assertion. For any G0 2 Db.ksub

M1
/, there exist isomorphisms

HomDb.ksub
M1

/.G0;R��R	homsub.F
C

˝ G ;H //

' HomDb.ksub
M1�R1

/.�
�1G0;R	homsub.F

C

˝ G ;H //

' HomDb.ksub
M1�R1

/.�
�1G0 ˝ .F

C

˝ G /;H /

' HomDb.ksub
M1�R1

/..�
�1G0 ˝ F /

C

˝ G ;H /
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' HomDb.ksub
M1�R1

/.�
�1G0 ˝ F ;R	homC;sub.G ;H //

' HomDb.ksub
M1

/

�
G0;R��R	homsub.F ;R	homC;sub.G ;H //

�
;

where in the third (resp. fourth) isomorphism we used the first assertion (resp. Proposi-
tion 3.5). Hence, we have an isomorphism

R��R	homsub.F
C

˝ G ;H / ' R��R	homsub.F ;R	homC;sub.G ;H //:

Lemma 3.7. For any F 2 Db.ksub
M1�R1

/ and any G 2 Db.ksub
N1

/, we have

��1G
C

˝ F ' ��1.G ˝ R�ŠŠF /;
R	homC;sub.��1G ;F / ' � ŠR	homC;sub.G ;R��F /;

R	homC;sub.F ; � ŠG / ' � ŠR	homC;sub.R�ŠŠF ;G /:

Proof. Note that there exist cartesian diagrams (i D 1; 2):

M1 �R21

�

�
//

pi

��

M1 �R1

�

��

M1 �R21
p1oo

p2

��
�

M1 �R1 �
// M1 M1 �R1:�

oo

Then by using Proposition 3.1(3), (4), we have

��1G
C

˝ F ' R�ŠŠ.p�11 ��1G ˝ p�12 F /

' R�ŠŠ.��1��1G ˝ p�12 F /

' ��1G ˝ R�ŠŠp�12 F

' ��1G ˝ ��1R�ŠŠF
' ��1.F ˝ R�ŠŠF /:

The remaining assertions can be proved in the similar way. We shall skip the proofs.

Since R�ŠŠk¹t�0º ' R�ŠŠk¹t�0º ' 0 and ��1kM ' kM�R, we have the following
corollary:

Corollary 3.8. For any F 2 Db.ksub
M1�R1

/ and any G 2 Db.ksub
M1

/, we have

�M1�R1�.k¹t�0º ˚ k¹t�0º/
C

˝ ��1G ' 0

R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/; �
�1G / ' 0;
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�M1�R1�kM�R
C

˝ F ' ��1R�ŠŠF .' � ŠR�ŠŠF Œ�1�/;

R	homC;sub.�M1�R1�kM�R;F / ' �
ŠR��F .' ��1R��F Œ1�/:

At the end of this subsection, we shall prove the following proposition:

Proposition 3.9. Let M1 D .M; {M/ be a real analytic bordered space.

(1) For any F1;F2 2 Db.ksub
M1�R1

/, there exists an isomorphism in Db.IkM1�R1/:

IM1�R1F1
C

˝ IM1�R1F2 ' IM1�R1.F1
C

˝ F2/:

(2) For any F 2 Db.ksub
M1�R1

/ and any G 2 Db.IkM1�R1/, there exists an isomor-
phism in Db.ksub

M1�R1
/:

RJM1�R1R	homC.IM1�R1F ; G/ ' R	homC;sub.F ;RJM1�R1G/:

(3) The functor .�/
C

˝ .�/WEb
IR-c.IkM1�R1/�Eb

IR-c.IkM1�R1/!Db
IR-c.IkM1�R1/

is well defined.

(4) For anyF1;F2 2Db
IR-c.IkM1�R1/, there exists an isomorphism in Db.ksub

M1�R1
/:

�M1�R1F1
C

˝ �M1�R1F2 ' �M1�R1.F1
C

˝ F2/:

Proof. (1) Let us denote by S the closure of ¹.t1; t2; t3/ 2 R3 j t1 C t2 C t3 D 0º

in xR3, and consider the morphisms Qp1; Qp2; Q�W S ! xR given by Qp1.t1; t2; t3/ D t1,
Qp2.t1; t2; t3/ D t2, Q�.t1; t2; t3/ D t1 C t2 D �t3. We shall denote the corresponding
morphisms {M � S ! {M � xR by the same symbols. Then there exists a commutative
diagram

M1 �R21
k //

u

��

{M � S

Qu

��

M1 �R1
jM1�R1

// {M � xR;

where u D p1; p2; �, and k is the morphism associated to the embedding R2 ,! S ,
.t1; t2/ 7! .t1; t2;�t1 � t2/. Note that for any F1; F2 2 Db.IkM1�R1/ there exists an
isomorphism

F1
C

˝ F2 ' j
�1
M1�R1

R Q�ŠŠ. Qp�11 RjM1�R1ŠŠF1 ˝ Qp
�1
2 RjM1�R1ŠŠF2/:
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This assertion can be proved similarly to [1, Lem. 4.3.9]. Then we have an isomorphism

IM1�R1F1
C

˝ IM1�R1F2 ' j
�1
M1�R1

R Q�ŠŠ. Qp�11 RjM1�R1ŠŠIM1�R1F1

˝ Qp�12 RjM1�R1ŠŠIM1�R1F2/:

Moreover, we have isomorphisms

Qp�11 RjM1�R1ŠŠIM1�R1F1 ' Qp
�1
1 RjM1�R1ŠŠj

�1
M1�R1

I {M�xRRjM1�R1ŠŠF1

' Qp�11 .� {M�xRkM�R ˝ I {M�xRRjM1�R1ŠŠF1/

' Qp�11 .I {M�xR� {M�xR�kM�R ˝ I {M�xRRjM1�R1ŠŠF1/

' Qp�11 I {M�xR.� {M�xR�kM�R ˝ RjM1�R1ŠŠF1/

' I {M�S Qp
�1
1 .� {M�xR�kM�R ˝ RjM1�R1ŠŠF1/

' I {M�S Qp
�1
1 .RjM1�R1ŠŠj

�1
M1�R1

RjM1�R1ŠŠF1/

' I {M�S . Qp
�1
1 RjM1�R1ŠŠF1/;

where in the second isomorphism we used the fact that

RjM1�R1ŠŠj
�1
M1�R1

' � {M�xRkM�R ˝ .�/

and in the sixth isomorphism that

RjM1�R1ŠŠj
�1
M1�R1

' � {M�xR�kM�R ˝ .�/:

See also the end of Section 2.3. In a similar way, we have an isomorphism

Qp�12 RjM1�R1ŠŠIM1�R1F2 ' I {M�S . Qp
�1
2 RjM1�R1ŠŠF2/:

Hence, there exist isomorphisms

IM1�R1F1
C

˝ IM1�R1F2

' j�1M1�R1
R Q�ŠŠI {M�S . Qp

�1
1 RjM1�R1ŠŠF1 ˝ Qp

�1
2 RjM1�R1ŠŠF2/

' j�1M1�R1
I {M�xRR Q�ŠŠ. Qp�11 RjM1�R1ŠŠF1 ˝ Qp

�1
2 RjM1�R1ŠŠF2/

' IM1�R1j
�1
M1�R1

R Q�ŠŠ. Qp�11 RjM1�R1ŠŠF1 ˝ Qp
�1
2 RjM1�R1ŠŠF2/

' IM1�R1R�ŠŠk�1.RkŠŠp�11 F1 ˝ RkŠŠp�12 F2/

' IM1�R1R�ŠŠ.p�11 F1 ˝ p
�1
2 F2/

' IM1�R1.F1
C

˝ F2/:
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(2) By using Proposition 3.3(1), 3.5 and assertion (1), for any F0 2 Db.ksub
M1�R1

/,
we have the isomorphism

HomDb.ksub
M1�R1

/.F0;RJM1�R1R	homC.IM1�R1F ; G//

' HomDb.ksub
M1�R1

/.F0;R	homC;sub.F ;RJM1�R1G//:

Hence we have

RJM1�R1R	homC.IM1�R1F ; G/ ' R	homC;sub.F ;RJM1�R1G/:

(3) Let F1; F2 2 Db
IR-c.IkM1�R1/. By Proposition 3.3(2), there exist F1; F2 2

Db.ksub
M1

/ such that F1 ' IM1�R1F1, F2 ' IM1�R1F2. Moreover, by using the
first assertion, we have

F1
C

˝ F2 ' IM1�R1F1
C

˝ IM1�R1F1 ' IM1�R1.F1 ˝ F2/:

This implies that F1
C

˝ F2 2 Db
IR-c.IkM1�R1/. The proof is completed.

(4) This assertion follows from Propositions 3.3(2) and assertion (1).

3.3 – Enhanced subanalytic sheaves

In this subsection, let us define enhanced subanalytic sheaves similarly to the
definition of enhanced ind-sheaves. The results are summarized by the following
(non-commutative) diagram. Functors esub and Ishsub will be defined in Section 3.4:

Db.ksub
M1�R1

/ QM1
// Eb.ksub

M1
/

? _
Lsub

M1oo

? _

Rsub
M1

oo

Ishsub
M1

��

WD Db.ksub
M1�R1

/=��1Db.ksub
M1

/

Db.kM1/ ' Db.kM / � �
R�M1�

//

� � R�M1Š
//

Db.ksub
M1

/:��1
M1

oo

?�

esub
M1

OO

��1

gg

Let M1 D .M; {M/ be a real analytic bordered space and set R1 WD .R; xR/ for
xR WD R t ¹�1;C1º. Let us set

Eb.ksub
M1

/ WD Db.ksub
M1�R1

/=��1Db.ksub
M1

/
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and we shall call an object of Eb.ksub
M1

/ an enhanced subanalytic sheaf6 on M1. The
category ��1Db.ksub

M1
/ can be characterized as follows:

Lemma 3.10. For F 2 Db.ksub
M1�R1

/, the following five conditions are equivalent:

(i) F 2 ��1Db.ksub
M1

/,

(ii) F
�
�! kM�RŒ1�

C

˝ F ,

(iii) R	homC;sub.kM�RŒ1�;F /
�
�! F ,

(iv) .k¹t�0º ˚ k¹t�0º/
C

˝ F ' 0,

(v) R	homC;sub.k¹t�0º ˚ k¹t�0º;F / ' 0.

Proof. By using a distinguished triangle

k¹t�0º ˚ k¹t�0º �! k¹tD0º �! kM�RŒ1�
C1
��!

and the fact that k¹tD0º
C

˝F ' F (resp. F ' R	homC;sub.k¹tD0º;F /), we have that
condition (ii) (resp. (iii)) is equivalent to condition (iv) (resp. (v)).

Let us prove that the three conditions (i), (ii), (iii) are equivalent. Let us assume
that condition (ii) (resp. (iii)) is satisfied. Then we have

F
�
�! kM�R

C

˝ F Œ1� .resp. R	homC;sub.kM�RŒ1�;F /
�
�! F /:

By Corollary 3.8, F
�
�! ��1R�ŠŠŒ1�F (resp. ��1R��F �

 � F ). Hence, condition
(i) is satisfied.

Let us assume that condition (i) is satisfied. By using Proposition 3.4(2)(iii), we
have IM1�R1F 2 ��1Db.IkM1/, and hence by [1, Lem. 4.4.3] we have

��1R��IM1�R1F
�
�! IM1�R1F ;

IM1�R1F
�
�! � ŠR�ŠŠIM1�R1F :

By using Proposition 3.4(3)(iv), (v) (resp. (2)(iv), (v)) and Proposition 3.3(2), we have

��1R��F �
�! F .resp. F

�
�! � ŠR�ŠŠF /:

By Corollary 3.8, this implies that condition (iii) (resp. (ii)) is satisfied.
Therefore, the proof is completed.

(6) In [8], it seems that an object of Db.ksub
M1�R1

/ is called an enhanced subanalytic sheaf.
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Let us prove that the quotient functor

Qsub
M1
WDb.ksub

M1�R1
/! Eb.ksub

M1
/

has fully faithful left and right adjoints. By Corollary 3.8, the two functors

LE;sub
M1
WEb.ksub

M1
/! Db.ksub

M1�R1
/;

Qsub
M1

.F / 7! �M1�R1�.k¹t�0º ˚ k¹t�0º/
C

˝ F ;

RE;sub
M1
WEb.ksub

M1
/! Db.ksub

M1�R1
/;

Qsub
M1

.F / 7! R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/;F /

are well defined.

Lemma 3.11. The functors LE;sub
M1

, RE;sub
M1

induce equivalences of categories

LE;sub
M1
WEb.ksub

M1
/
�
�!

®
F 2Db.ksub

M1�R1
/
ˇ̌
�M1�R1�.k¹t�0º ˚ k¹t�0º/

C

˝ F
�
�! F

¯
;

RE;sub
M1
WEb.ksub

M1
/
�
�!

®
F 2Db.ksub

M1�R1
/
ˇ̌

F
�
�! R	homC;sub.�M1�R1�.k¹t�0º

˚k¹t�0º/;F /
¯
;

respectively.
Moreover, the quotient functor admits a left (resp. right) adjoint LE;sub

M1
(resp. RE;sub

M1
).

Proof. By Corollary 3.8 and the fact that for any K 2 Eb.ksub
M1

/ there exists an
isomorphism

�M1�R1�.k¹t�0º ˚ k¹t�0º/
C

˝ LE;sub
M1

K
�
�! LE;sub

M1
K;

the functor

LE;sub
M1
WEb.ksub

M1
/!

®
F 2Db.ksub

M1�R1
/
ˇ̌
�M1�R1�.k¹t�0º˚k¹t�0º/

C

˝F
�
�!F

¯
is well defined. Let K 2 Eb.ksub

M1
/. Then there exists F 2 Db.ksub

M1�R1
/ such that

K ' Qsub
M1

F . Let us prove that

Qsub
M1

.�M1�R1�.k¹t�0º ˚ k¹t�0º/
C

˝ F / ' Qsub
M1

.F /:

Since there exists a distinguished triangle

k¹t�0º ˚ k¹t�0º �! k¹tD0º �! kM�RŒ1�
C1
��!;
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it is enough to show that Qsub
M1

.�M1�R1�kM�RŒ1�
C

˝ F / ' 0. This assertion follows
from Corollary 3.8, so that we have

Qsub
M1

LE;sub
M1

K ' Qsub
M1

.�M1�R1�.k¹t�0º ˚ k¹t�0º/
C

˝ F / ' Qsub
M1

.F / ' K:

Hence we have Qsub
M1
ı LE;sub

M1
' id. Moreover, it is clear that for any

G1 2
®
F 2Db.ksub

M1�R1
/
ˇ̌
�M1�R1�.k¹t�0º ˚ k¹t�0º/

C

˝ F
�
�! F

¯
;

we have LE;sub
M1

Qsub
M1

.G1/ ' G1. Therefore, there exist equivalences of categories

LE;sub
M1
WEb.ksub

M1
/
�
�!

®
F 2Db.ksub

M1�R1
/
ˇ̌
�M1�R1�.k¹t�0º˚k¹t�0º/

C

˝F
�
�!F

¯
:

Using a similar method, we have an equivalence of category

RE;sub
M1
WEb.ksub

M1
/
�
�!

®
F 2Db.ksub

M1�R1
/
ˇ̌
F
�
�!R	homC;sub.�M1�R1�.k¹t�0º

˚k¹t�0º/;F /
¯
:

Let us prove that the quotient functor admits a left (resp. right) adjoint LE;sub
M1

(resp.
RE;sub
M1

). Let F 2 Db.ksub
M1�R1

/ and K 2 Eb.ksub
M1

/. Since functors LE;sub
M1

, RE;sub
M1

induce fully faithful functors

LE;sub
M1
WEb.ksub

M1
/ ,! Db.ksub

M1�R1
/; RE;sub

M1
WEb.ksub

M1
/ ,! Db.ksub

M1�R1
/

and Proposition 3.5, there exist isomorphisms

HomEb.ksub
M1

/.Q
sub
M1

F ; K/

' HomDb.ksub
M1�R1

/.L
E;sub
M1

Qsub
M1

F ;LE;sub
M1

K/

' HomDb.ksub
M1�R1

/.�M1�R1�.k¹t�0º ˚ k¹t�0º/
C

˝ F ;LE;sub
M1

K/

' HomDb.ksub
M1�R1

/

�
F ;R	homC.�M1�R1�.k¹t�0º ˚ k¹t�0º/;LE;sub

M1
K/
�
;

HomEb.ksub
M1

/.K;Q
sub
M1

F /

' HomDb.ksub
M1�R1

/.R
E;sub
M1

K;RE;sub
M1

Qsub
M1

F /

' HomDb.ksub
M1�R1

/

�
RE;sub
M1

K;R	homC.�M1�R1�.k¹t�0º ˚ k¹t�0º/;F /
�

' HomDb.ksub
M1�R1

/.�M1�R1�.k¹t�0º ˚ k¹t�0º/
C

˝ RE;sub
M1

K;F /:
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Let us prove that there exist isomorphisms in Db.ksub
M1�R1

/:

R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/;LE;sub
M1

K/ ' RE;sub
M1

K;

�M1�R1�.k¹t�0º ˚ k¹t�0º/
C

˝ RE;sub
M1

K ' LE;sub
M1

K:

SinceK 2 Eb.ksub
M1

/, there exists F0 2 Db.ksub
M1�R1

/ such thatK ' Qsub
M1

F0. More-
over, there exists F0 2 Db

IR-c.IkM1�R1/ such that F0 ' �M1�R1F0 by Proposition
3.3(2). Then we have isomorphisms

R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/; �M1�R1�.k¹t�0º ˚ k¹t�0º/
C

˝ F0/

' R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/;

�M1�R1 �M1�R1.k¹t�0º ˚ k¹t�0º/
C

˝ �M1�R1F0/

' R	homC;sub��M1�R1�.k¹t�0º ˚ k¹t�0º/;

�M1�R1.�M1�R1.k¹t�0º ˚ k¹t�0º/
C

˝ F0/
�

' RJM1�R1R	homC.�M1�R1.k¹t�0º ˚ k¹t�0º/;

�M1�R1.k¹t�0º ˚ k¹t�0º/
C

˝ F0/

' RJM1�R1R	homC.�M1�R1.k¹t�0º ˚ k¹t�0º/; F0/

' R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/; �M1�R1F0/;

where in the first isomorphism we used Proposition 3.4(3)(i), in the second isomorphism
we used Proposition 3.9(4) and in the third and fifth isomorphisms we used Propositions
3.4(4)(i) and 3.9(2). In the fourth isomorphism we used the fact that for any G 2
Db.IkM1�R1/ there exists an isomorphism in Db.IkM1�R1/:

R	homC.�M1�R1.k¹t�0º ˚ k¹t�0º/; �M1�R1.k¹t�0º ˚ k¹t�0º/
C

˝G/

' R	homC.�M1�R1.k¹t�0º ˚ k¹t�0º/; G/:

This assertion can be proved similarly to [1, Cor. 4.3.11]. Hence there exists an isomor-
phism in Db.ksub

M1�R1
/:

R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/;LE;sub
M1

K/ ' RE;sub
M1

K:

Moreover, we have isomorphisms

�M1�R1�.k¹t�0º ˚ k¹t�0º/
C

˝ R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/;F0/

' �M1�R1 �M1�R1.k¹t�0º ˚ k¹t�0º/

C

˝ R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/; �M1�R1F0/
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' �M1�R1 �M1�R1.k¹t�0º ˚ k¹t�0º/

C

˝ �M1�R1R	homC.�M1�R1.k¹t�0º ˚ k¹t�0º/; F0/

' �M1�R1

�
�M1�R1.k¹t�0º ˚ k¹t�0º/

C

˝ R	homC.�M1�R1.k¹t�0º ˚ k¹t�0º/; F0/
�

' �M1�R1.�M1�R1.k¹t�0º ˚ k¹t�0º/
C

˝ F0/

' �M1�R1 �M1�R1.k¹t�0º ˚ k¹t�0º/
C

˝ �M1�R1F0;

where in the first isomorphism we used Proposition 3.4(3)(i), in the second iso-
morphisms we used Proposition 3.9(2) and in the third and fifth isomorphisms we
used Proposition 3.9(4). In the fourth isomorphism we used the fact that for any
G 2 Db.IkM1�R1/ there exists an isomorphism in Db.IkM1�R1/:

�M1�R1.k¹t�0º ˚ k¹t�0º/
C

˝ R	homC.�M1�R1.k¹t�0º ˚ k¹t�0º/; G/

' �M1�R1.k¹t�0º ˚ k¹t�0º/
C

˝G:

This assertion can be proved similarly to [1, Cor. 4.3.11]. Hence there exists an isomor-
phism in Db.ksub

M1�R1
/:

�M1�R1�.k¹t�0º ˚ k¹t�0º/
C

˝ RE;sub
M1

K ' LE;sub
M1

K:

Therefore, we have

HomDb.ksub
M1�R1

/.L
E;sub
M1

Qsub
M1

F ;LE;sub
M1

K/ ' HomDb.ksub
M1�R1

/.F ;R
E;sub
M1

K/;

HomDb.ksub
M1�R1

/.R
E;sub
M1

K;RE;sub
M1

Qsub
M1

F / ' HomDb.ksub
M1�R1

/.L
E;sub
M1

K;F /;

and hence there exist isomorphisms

HomEb.ksub
M1

/.Q
sub
M1

F ; K/ ' HomDb.ksub
M1�R1

/.F ;R
E;sub
M1

K/;

HomEb.ksub
M1

/.K;Q
sub
M1

F / ' HomDb.ksub
M1�R1

/.L
E;sub
M1

K;F /:

Therefore, the quotient functor admits a left (resp. right) adjoint LE;sub
M1

(resp. RE;sub
M1

).

We sometimes denote Qsub
M1

(resp. LE;sub
M1

, RE;sub
M1

) by Qsub (resp. LE;sub, RE;sub) for
short. Let us set

E�0.ksub
M1

/ D
®
K 2 Eb.ksub

M1
/
ˇ̌

LE;sub
M1

K 2 D�0.ksub
M1�R1

/
¯
;

E�0.ksub
M1

/ D
®
K 2 Eb.ksub

M1
/
ˇ̌

LE;sub
M1

K 2 D�0.ksub
M1�R1

/
¯
;

where .D�0.ksub
M1�R1

/;D�0.ksub
M1�R1

// is the standard t-structure on Db.ksub
M1�R1

/.
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Proposition 3.12. A pair .E�0.ksub
M1

/;E�0.ksub
M1

// is a t-structure on Eb.ksub
M1

/.

Proof. It is enough to show that for anyK 2 Eb.ksub
M1

/ there exists a distinguished
triangle

K1 �! K �! K2
C1
��! ;

with K1 2 E�0.ksub
M1

/, K2 2 E�1.ksub
M1

/.
Let k 2 Eb.kM1/. Then there exists a distinguished triangle

F1 �! LE;sub
M1

K �! F2
C1
��!

in Db.ksub
M1�R1

/ with F1 2 D�0.ksub
M1�R1

/, F2 2 D�1.ksub
M1�R1

/. By Corollary
3.8 and Lemma 3.11, we have an isomorphism ��1R�ŠŠLE;sub

M1
K ' 0 in Db.ksub

M1�R1
/

and hence we have an isomorphism

��1R�ŠŠF1Œ1� ' ��1R�ŠŠF2

in Db.ksub
M1�R1

/. Since functors R�ŠŠ and ��1 are left t-exact with respect to stan-
dard t-structures, we have ��1R�ŠŠF2 2 D�1.ksub

M1�R1
/. Since functors R�ŠŠŒ1� and

��1 are right t-exact with respect to standard t-structures, we have ��1R�ŠŠF1Œ1� 2
D�0.ksub

M1�R1
/. Therefore, we have

��1R�ŠŠF1Œ1� ' ��1R�ŠŠF2 ' 0

and hence there exist isomorphisms

LE;sub
M1

Qsub.F1/ ' F1; LE;sub
M1

Qsub.F2/ ' F2

in Db.ksub
M1�R1

/ and a distinguished triangle

QsubF1 �! K �! QsubF2
C1
��!

in Eb.ksub
M1

/.
The proof is completed.

We denote by
Hn
WEb.ksub

M1
/! E0.ksub

M1
/

the n-th cohomology functor, where we set E0.ksub
M1

/ WD E�0.ksub
M1

/ \ E�0.ksub
M1

/.
By Proposition 3.6, the convolution functors can be lifted to the triangulated category

Eb.ksub
M1

/. We denote them by the same symbols
C

˝, R	homC;sub. Namely, we obtain
functors

.�/
C

˝ .�/WEb.ksub
M1

/ � Eb.ksub
M1

/! Eb.ksub
M1

/;

R	homC;sub.�; �/WEb.ksub
M1

/op
� Eb.ksub

M1
/! Eb.ksub

M1
/
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which are defined by

Qsub
M1

.F /
C

˝Qsub
M1

.G / WD Qsub
M1

.F
C

˝ G /;

R	homC;sub.Qsub
M1

.F /;Qsub
M1

.G // WD Qsub
M1

.R	homC;sub.F ;G //;

for F ;G 2Db.ksub
M1�R1

/. Moreover, by Proposition 3.1(4), for a morphism f WM1!
N1 of real analytic bordered spaces, the following functors are well defined:

Ef�WEb.ksub
M1

/! Eb.ksub
N1

/; Qsub
M1

F 7! Qsub
N1

.RfR1�F /

Ef �1WEb.ksub
N1

/! Eb.ksub
M1

/; Qsub
N1

G 7! Qsub
M1

.f �1R1
G /;

EfŠŠWEb.ksub
M1

/! Eb.ksub
N1

/; Qsub
M1

F 7! Qsub
N1

.RfR1ŠŠF /;

Ef ŠWEb.ksub
N1

/! Eb.ksub
M1

/; Qsub
N1

G 7! Qsub
M1

.f ŠR1G /:

Let us define external hom functors

R	homE;sub.�; �/WEb.ksub
M1

/op
� Eb.ksub

M1
/! Db.ksub

M1
/;

RHomE;sub.�; �/WEb.ksub
M1

/op
� Eb.ksub

M1
/! Db.kM /;

RHomE;sub.�; �/WEb.ksub
M1

/op
� Eb.ksub

M1
/! Db.k/;

by

R	homE;sub.Qsub
M1

F1;Qsub
M1

F2/ WD R��R	homsub.F1;F2/;

RHomE;sub.Qsub
M1

F1;Qsub
M1

F2/ WD �M1�R	homE.Qsub
M1

F1;Qsub
M1

F2/;

RHomE;sub.Qsub
M1

F1;Qsub
M1

F2/ WD R�.M IRHomE.Qsub
M1

F1;Qsub
M1

F2//;

for F1;F2 2 Eb.ksub
M1�R1

/. Note that for any K1; K2 2 Eb.ksub
M1

/, we have

HomEb.ksub
M1

/.K1; K2/ ' H0RHomE;sub.K1; K2/:

Moreover, for F0 2 Db.ksub
M1

/ and F 2 Db.ksub
M1�R1

/, the objects

��1F0 ˝Qsub
M1

F WD Qsub
M1

.��1F0 ˝ F /;

R	homsub.��1F0;Qsub
M1

F / WD Qsub
M1

.R	homsub.��1F0;Qsub
M1

F //

are well defined and hence the following functors are well defined:

��1.�/˝ .�/WDb.ksub
M1

/ � Eb.ksub
M1

/! Eb.ksub
M1

/;

R	homsub.��1.�/; �/WDb.ksub
M1

/op
� Eb.ksub

M1
/! Eb.ksub

M1
/:

At the end of this subsection, let us prove that these functors have several properties
similar to classical sheaves.
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Proposition 3.13. Let f WM1 ! N1 be a morphism of real analytic bordered
spaces.

(1) (i) For any K1; K2; K3 2 Eb.ksub
M1

/, one has

R	homC;sub.K1
C

˝K2; K3/ ' R	homC;sub.K1;R	homC;sub.K2; K3//;

R	homE;sub.K1
C

˝K2; K3/ ' R	homE;sub.K1;R	homC;sub.K2; K3//;

RHomE;sub.K1
C

˝K2; K3/ ' RHomE;sub.K1;R	homC;sub.K2; K3//;

RHomE;sub.K1
C

˝K2; K3/ ' RHomE;sub.K1R	homC;sub.K2; K3//;

HomEb.ksub
M1

/.K1
C

˝K2; K3/ ' HomEb.ksub
M1

/.K1;R	homC;sub.K2; K3//:

(ii) For any K 2 Eb.ksub
M1

/ and any L 2 Eb.ksub
N1

/, one has

Ef�R	homC;sub.Ef �1L;K/ ' R	homC;sub.L;Ef�K/;

Rf�R	homE;sub.Ef �1L;K/ ' R	homE;sub.L;Ef�K/;

Rf�RHomE;sub.Ef �1L;K/ ' RHomE;sub.L;Ef�K/;

RHomE;sub.Ef �1L;K/ ' RHomE;sub.L;Ef�K/;

HomEb.ksub
M1

/.Ef
�1L;K/ ' HomEb.ksub

N1
/.L;Ef�K/:

(iii) For any K 2 Eb.ksub
M1

/ and any L 2 Eb.ksub
N1

/, one has

R	homC;sub.EfŠŠK;L/ ' Ef�R	homC;sub.K;Ef ŠL/;

R	homE;sub.EfŠŠK;L/ ' Rf�R	homE;sub.K;Ef ŠL/;

RHomE;sub.EfŠŠK;L/ ' Rf�RHomE;sub.K;Ef ŠL/;

RHomE;sub.EfŠŠK;L/ ' RHomE;sub.K;Ef ŠL/;

HomEb.ksub
N1

/.EfŠŠK;L/ ' HomEb.ksub
M1

/.K;Ef
ŠL; /:

(2) For any K;K1; K2 2 Eb.ksub
M1

/ and any L;L1; L2 2 Eb.ksub
N1

/, one has

Ef �1.K1
C

˝K2/ ' Ef �1K1
C

˝ Ef �1K2;

EfŠŠ.K
C

˝ Ef �1L/ ' EfŠŠK
C

˝ L;

Ef ŠR	homC;sub.L1; L2/ ' R	homC;sub.Ef �1L1;Ef ŠL2/:
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(3) For a cartesian diagram

M 01
f 0

//

g0

��

N 01

g
��

M1
f

// N1

and any K 2 Eb.ksub
M1

/, one has

Eg�1EfŠŠK ' Ef 0ŠŠEg
0�1K; EgŠEf�K ' Ef 0�Eg0ŠK:

(4) (i) For any F 2 Db.ksub
M1

/ and any K1; K2 2 Eb.ksub
M1

/, one has

R	homC;sub.��1F˝K1; K2/

' R	homC;sub.K1;R	homsub.��1F ; K2//

' R	homsub.��1F ;R	homC;sub.K1;K2//;

R	homE;sub.��1F˝K1; K2/

' R	homE;sub.K1;R	homsub.��1F ; K2//

' R	homsub.F ;R	homE;sub.K1; K2//;

RHomE;sub.��1F˝K1; K2/

' RHomE;sub.K1;R	homsub.��1F ; K2//

' RHomsub.F ;R	homE;sub.K1; K2//;

RHomE;sub.��1F˝K1; K2/

' RHomE;sub.K1;R	homsub.��1F ; K2//

' RHom.F ;R	homE;sub.K1; K2//;

HomEb.ksub
M1

/.�
�1F˝K1; K2/

' HomEb.ksub
M1

/.K1;R	homsub.��1F;K2//

' HomDb.ksub
M1

/.F ;R	homE;sub.K1; K2//;

(ii) For any F 2 Db.ksub
M1

/, any G 2 Db.ksub
N1

/, any K 2 Eb.ksub
M1

/ and any L 2
Eb.ksub

N1
/, one has

Ef �1.��1F ˝ L/ ' ��1f �1F ˝ Ef �1L;
EfŠŠ.��1F ˝ Ef �1L/ ' ��1RfŠŠF ˝ L;
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EfŠŠ.��1f �1F ˝K/ ' ��1F ˝ EfŠŠK;
Ef ŠR	homC;sub.��1G ; L/ ' R	homC;sub.��1f �1G ;Ef ŠL/:

(iii) For any F 2 Db.ksub
M1

/ and any K;L 2 Eb.ksub
M1

/, one has

��1F ˝ .K
C

˝ L/ ' .��1F ˝K/
C

˝ L;

R	homsub.��1F ;R	homC;sub.K;L// ' R	homC;sub.��1F ˝K;L/

' R	homC;sub.K;R	homsub.��1F ; L//;

R	homE;sub.K
C

˝ L;F / ' R	homE;sub.K;R	homC;sub.L;F //:

Proof. (1)(i) The first (resp. second) assertion follows from Proposition 3.5 (resp.
Proposition 3.1(2)). The third (resp. fourth, fifth) assertion follows from the second
(resp. third, fourth) one.

(ii) The first (resp. second) assertion follows from Proposition 3.5 (resp. Proposition
3.1(2)). The third (resp. fourth, fifth) assertion follows from the second (resp. third,
fourth) one.

(iii) The first (resp. second) assertion follows from Proposition 3.5 (resp. Proposition
3.1(2)). The third (resp. fourth, fifth) assertion follows from the second (resp. third,
fourth) one.

(2) The three assertions follow from Proposition 3.5.

(3) The two assertions follow from Proposition 3.1(4).

(4)(i) The first assertion of (i) follows from Proposition 3.6.

The second assertion of (i) follows from Proposition 3.1(2).

The third (resp. fourth, fifth) assertion of (i) follows from the second (resp. third, fourth)
one.

(ii) These assertions follow from Proposition 3.1(3), (4).

(iii) These assertions follow from Proposition 3.6.

3.4 – Relation between enhanced ind-sheaves and enhanced subanalytic sheaves

In this subsection we shall explain the relation between enhanced subanalytic sheaves
and enhanced ind-sheaves. The results are summarized by the following commutative
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diagram:

Db.ksub
M1

/
� � IM1 //

� _

esub
M1

��

Db.IkM1/
RJM1

oo

� _

eM1

��

Eb.ksub
M1

/
� �

IE
M1 //

IE
M1

�

((

shsub
M1

OO

Eb.IkM1/
J E

M1

oo

IshM1

OO

Eb
R-c.k

sub
M1

/

S

IE
M1

�

((

Eb
IR-c.IkM1/

S
�E

M1

hh

Eb
R-c.IkM1/:

S
�E

M1

hh

Theorems 3.15 and 3.20 are two of the main results of this subsection and this paper.
Let M1 D .M; {M/ be a real analytic bordered space. Let us consider a quotient

category
Eb

IR-c.IkM1/ WD Db
IR-c.IkM1�R1/=�

�1Db
IR-c.IkM1/:

Note that this is a full triangulated subcategory of Eb.IkM1/ by using��1Db
IR-c.IkM1/

D ��1Db.IkM1/ \ Db
IR-c.IkM1�R1/ and [9, Prop. 1.6.10]. Note also that kE

M1
2

Eb
IR-c.IkM1/. Moreover, Proposition 3.14 below follows from Lemma 3.2 and Propo-

sition 3.9(3).

Proposition 3.14. Let f WM1 ! N1 be a morphism of real analytic bordered
spaces associated with a morphism Lf W {M ! {N of real analytic manifolds. The functors
below are well defined:

(1) eM1 WDb
IR-c.IkM1/! Eb

IR-c.IkM1/,

(2) .�/
C

˝ .�/WEb
IR-c.IkM1/ � Eb

IR-c.IkM1/! Eb
IR-c.IkM1/,

(3) Ef �1WEb
IR-c.IkN1/! Eb

IR-c.IkM1/,

(4) EfŠŠWEb
IR-c.IkM1/! Eb

IR-c.IkN1/,

(5) Ef ŠWEb
IR-c.IkN1/! Eb

IR-c.IkM1/.
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By Proposition 3.4(2)(iii), (3)(v), the following functors are well defined:

I E
M1
WEb.ksub

M1
/! Eb.IkM1/; Qsub

M1
F 7! QM1IM1�R1F ;

J E
M1
WEb.IkM1/! Eb.ksub

M1
/; QM1F 7! Qsub

M1
RJM1�R1F:

Theorem 3.15. Let M1 D .M; {M/ be a real analytic bordered space. Then we
have

(1) a pair .I E
M1

; J E
M1

/ is an adjoint pair and there exists a canonical isomorphism
id ��! J E

M1
ı I E

M1
,

(2) there exists an equivalence of triangulated categories:

Eb.ksub
M1

/

IE
M1

�
// Eb

IR-c.IkM1/:
J E

M1

oo

Proof. (1) This assertion follows from Proposition 3.3 and Lemma 3.11.

(2) Since the functor IM1�R1 WDb.ksub
M1�R1

/! Db
IR-c.IkM1�R1/ is well defined,

for any K 2 Eb.ksub
M1

/ we have

I E
M1

K D QM1IM1�R1LE;sub
M1

K 2 Eb
IR-c.IkM1/:

LetL 2 Eb
IR-c.IkM1/. Then there existsG 2Db

IR-c.IkM1�R1/ such thatL'QM1G
and hence

I E
M1

RJ E
M1

L ' QM1IM1�R1RJM1�R1G ' QM1G ' L;

where in the second isomorphism we used Proposition 3.3(2). Therefore, the proof is
completed.

We shall denote by

�E
M1
WEb

IR-c.IkM1/
�
�! Eb.ksub

M1
/

the inverse functor of I E
M1
WEb.ksub

M1
/
�
�! Eb

IR-c.IkM1/. There exists a commutativity
between the various functors and functors I E, J E, �E as below.

Proposition 3.16. Let f WM1 ! N1 be a morphism of real analytic bordered
spaces associated with a morphism Lf W {M ! {N of real analytic manifolds.

(1) For any K;K1; K2 2 Eb.ksub
M1

/ and any L 2 Eb.IkM1/, we have

(i) I E
M1

.K1
C

˝K2/ ' I
E
M1

K1
C

˝ I E
M1

K2,
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(ii) J E
M1

R	homC.I E
M1

K;L/ ' R	homC;sub.K; J E
M1

L/,

(iii) RJM1R	homE.I E
M1

K;L/ ' R	homE;sub.K; J E
M1

L/.

(2) For any K 2 Eb.ksub
M1

/ and any L 2 Eb.ksub
N1

/, we have

(i) I E
M1

Ef �1L ' Ef �1I E
N1

L,

(ii) EfŠŠI E
M1

K ' I E
N1

EfŠŠK,

(iii) I E
M1

Ef ŠL ' Ef ŠI E
N1

L.

(3) For any K 2 Eb.IkM1/ and any L 2 Eb.IkN1/, we have

(i) Ef�J E
M1

K ' J E
N1

Ef�K,

(ii) J E
M1

Ef ŠL ' Ef ŠJ E
N1

L.

(4) For any K 2 Eb
IR-c.IkM1/ and any L 2 Eb

IR-c.IkN1/, we have

(i) �E
M1

Ef �1L ' Ef �1�E
N1

L,

(ii) EfŠŠ�E
M1

K ' �E
N1

EfŠŠK,

(iii) �E
M1

.K1
C

˝K2/ ' �
E
M1

K1
C

˝ �E
M1

K2.

Proof. Let us denote by fR1 WM1 �R1!N1 �R1 the morphism f � idR1

of real analytic bordered spaces.
The assertions of (1), (2) and (3) follow from Propositions 3.4, 3.9. Let us skip

the details. Since the proofs of (4)(ii), (iii) are similar, we shall only prove (4)(i). Let
K 2 Eb

IR-c.IkM1/, L 2 Eb
IR-c.IkN1/. Using (2)(i) and Theorem 3.15(2), we have

�E
M1

Ef �1L ' �E
M1

Ef �1I E
N1

�E
N1

L ' �E
M1

I E
M1

Ef �1�E
N1

L

' Ef �1�E
N1

L:

Let us prove that the functors I E
M1

, J E
M1

preserve the R-constructibility. Let
us recall that an enhanced ind-sheaf K on M1 is R-constructible if for any
open subset U of M which is subanalytic and relatively compact in {M there exists
F 2 Db

R-c.kU1�R1/ such that Ei�1U1K ' kE
U1

C

˝ QU1 �U1�R1F . We denote by
Eb

R-c.IkM1/ the category of R-constructible enhanced ind-sheaves. See [2, §3.3] for
the details.

We shall set

kE;sub
M1
WD Qsub

M1

�
lim
�!

a!C1

�M1�R1�k¹t�aº
�
2 Eb.ksub

M1
/:

Lemma 3.17. There exist an isomorphism I E
M1

kE;sub
M1
' kE

M1
in Eb.IkM1/ and

an isomorphism J E
M1

kE
M1
' kE;sub

M1
in Eb.ksub

M1
/.
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Proof. By the definition of kE
M1

, we have

kE
M1
' QM1j�1M1�R1

�
“ lim
�!

a!C1

” � {M�xRk¹t�aº
�
:

Since I {M�xR ı � {M�xR� ' � {M�xR and the fact that a functor I commutes with the filtrant
inductive limits, there exist isomorphisms in Db.Ik {M�xR/:

“ lim
�!

a!C1

” � {M�xRk¹t�aº ' I {M�xR
�

lim
�!

a!C1

� {M�xR�k¹t�aº
�
:

Hence, we have

kE
M1
' QM1j�1M1�R1

I {M�xR
�

lim
�!

a!C1

� {M�xR�k¹t�aº
�
' I E

M1
kE;sub
M1

:

The second assertion follows from the first assertion and Theorem 3.15(1).

Proposition 3.18. The triangulated category Eb
R-c.IkM1/ is a full triangulated

subcategory of Eb
IR-c.IkM1/.

Proof. Let K 2 Eb
R-c.IkM1/. Since a pair .I E

M1
; J E
M1

/ is an adjoint pair, we
have a morphism I E

M1
J E
M1

K ! K in Eb.IkM1/. Since K is R-constructible, for
any open subset U of M which is subanalytic and relatively compact in {M there
exists F U 2 Db

R-c.kU1�R1/ such that Ei�1U1K ' kE
U1

C

˝ QU1 �U1�R1F U . By
Proposition 3.4(4)(i), Theorem 3.15(2), Proposition 3.16(1)(i) and Lemma 3.17, we
have

kE
U1

C

˝QU1 �U1�R1F U
' I E

U1
.kE;sub
U1

C

˝Qsub
U1
�U1�R1�F

U / 2 Eb
IR-c.IkU1/:

This implies that for any open subset U of M which is subanalytic and relatively
compact in {M , Ei�1U1K 2 Eb

IR-c.IkU1/. Hence, by Proposition 3.16(2)(i), (3)(ii) there
exist isomorphisms

.I E
M1

J E
M1

K/jU1 ' I
E
U1
J E
U1
.KjU1/ ' KjU1

for any open subset U of M which is subanalytic and relatively compact in {M . This
implies that I E

M1
J E
M1

K
�
�! K and hence K 2 Eb

IR-c.IkM1/.

Definition 3.19. Let M1 D .M; {M/ be a real analytic bordered space. We say
that an enhanced subanalytic sheafK is R-constructible if for any open subset U ofM
which is subanalytic and relatively compact in {M there exists F 2 Db

R-c.kU1�R1/

such that
Ei�1U1K ' kE;sub

U1

C

˝Qsub
U1
�U1�R1�F :
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Let us denote by Eb
R-c.k

sub
M1

/ the category of R-constructible enhanced subanalytic
sheaves.

Theorem 3.20. LetM1 be a real analytic bordered space. Then the functors I E
M1

,
J E
M1

induce an equivalence of categories

Eb
R-c.k

sub
M1

/

IE
M1

�
// Eb

R-c.IkM1/:
J E

M1

oo

Proof. It is enough to show that the following functors are well defined:

I E
M1
WEb

R-c.k
sub
M1

/! Eb
R-c.IkM1/; J E

M1
WEb

R-c.IkM1/! Eb
R-c.k

sub
M1

/:

Since the proofs of them are similar, we shall only prove that I E
M1

is well defined.
Let K 2 Eb

R-c.k
sub
M1

/ and U be an open subset of M which is subanalytic and
relatively compact in {M . Then there exists F U 2Db

R-c.kU1�R1/ such that Ei�1U1K '
kE;sub
U1

C

˝Qsub
M1

�M1�R1�F
U . By Propositions 3.4(4)(i), 3.16(1)(i), (2)(i) and Lemma

3.17, there exist isomorphisms

Ei�1U1I
E
M1

K ' I E
U1

Ei�1U1K ' I
E
U1
.kE;sub
U1

C

˝Qsub
M1

�M1�R1�F
U /

' kE
U1

C

˝QM1 �M1�R1F U :

Therefore, we have I E
M1

K 2 Eb
R-c.IkM1/.

Let us summarize the results of Proposition 3.18 and Theorems 3.15, 3.20 in the
following commutative diagram:

Eb.ksub
M1

/
� �

IE
M1 //

IE
M1

�

((

Eb.IkM1/
J E

M1

oo

Eb
R-c.k

sub
M1

/

S

IE
M1

�

((

Eb
IR-c.IkM1/

S
�E

M1

hh

Eb
R-c.IkM1/:

S
�E

M1

hh
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At the end of this subsection, let us consider an embedding functor from Db.ksub
M1

/

to Eb.ksub
M1

/ and a Verdier duality functor for enhanced subanalytic sheaves.
Let us define a functor

esub
M1
WDb.ksub

M1
/! Eb.ksub

M1
/; F 7! ��1F ˝ kE;sub

M1
:

By Proposition 3.21 below, we have the following commutative diagrams:

Db.ksub
M1

/
esub

M1 //

IM1

��

Eb.ksub
M1

/

IE
M1
��

Db.IkM1/ eM1

// Eb.IkM1/;

Db
IR-c.IkM1/

eM1 //

�M1

��

Eb
IR-c.IkM1/

�E
M1

��

Db.ksub
M1

/
esub

M1

// Eb.ksub
M1

/:

Proposition 3.21. For any F 2 Db.ksub
M1

/ and any F 2 Db
IR-c.IkM1/, we have

I E
M1

esub
M1

F ' eM1IM1F ; esub
M1

�M1F ' �
E
M1

eM1F:

Moreover, the functor esub
M1
WDb.ksub

M1
/! Eb.ksub

M1
/ is fully faithful.

Proof. Let F 2 Db.ksub
M1

/. By Proposition 3.4(2)(iii), (vi) and Lemma 3.17, there
exist isomorphisms in Eb.IkM1/:

I E
M1

esub
M1

F ' I E
M1

kE;sub
M1
˝ ��1IM1F ' kE

M1
˝ ��1IM1F ' eM1IM1F :

Let F 2 Db
IR-c.IkM1/. By Proposition 3.4(4)(ii), (iv) and Lemma 3.17, there exist

isomorphisms in Eb.ksub
M1

/:

esub
M1

�M1F ' kE;sub
M1
˝ ��1�M1F ' �

E
M1

kE
M1
˝ ��1�M1F ' �

E
M1

eM1F:

Let F1; F2 2 Db.ksub
M1

/. By Proposition 3.3, the functor IM1 W Db.ksub
M1

/ !

Db.IkM1/ is fully faithful and hence there exists an isomorphism

HomDb.ksub
M1

/.F1;F2/ ' HomDb.IkM1 /
.IM1F1; IM1F2/:

Since the functor eM1 WDb.IkM1/! Eb.IkM1/ is fully faithful, we have an isomor-
phism

HomDb.IkM1 /
.IM1F1; IM1F2/ ' HomEb.IkM1 /

.eM1IM1F1; eM1IM1F2/:

Moreover, by the first assertion, we have

HomEb.IkM1 /
.eM1IM1F1; eM1IM1F2/

' HomEb.IkM1 /
.I E
M1

esub
M1

F1; I
E
M1

esub
M1

F2/:
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By Theorem 3.15, the functor I E
M1
WEb.ksub

M1
/! Eb.IkM1/ is fully faithful, and hence

HomEb.IkM1 /
.I E
M1

esub
M1

F1; I
E
M1

esub
M1

F2/ ' HomEb.ksub
M1

/.e
sub
M1

F1; e
sub
M1

F2/:

Therefore, we have

HomDb.ksub
M1

/.F1;F2/ ' HomEb.ksub
M1

/.e
sub
M1

F1; e
sub
M1

F2/:

This implies that the functor esub
M1
WDb.ksub

M1
/! Eb.ksub

M1
/ is fully faithful.

The functor esub commutes with several functors as below.

Proposition 3.22. Let f WM1 ! N1 be a morphism of real analytic bordered
spaces. For any F ;F1;F2 2 Db.ksub

M1
/ and any G 2 Db.ksub

N1
/, we have

esub
M1

.F1 ˝ F2/ ' e
sub
M1

F1
C

˝ esub
M1

F2;

EfŠŠesub
M1

F ' esub
N1

RfŠŠF ;
Ef �1esub

N1
G ' esub

M1
f �1G ;

Ef Šesub
N1

G ' esub
M1

f ŠG :

Proof. By Proposition 3.13(4)(iii) and the fact that kE;sub
M1

C

˝ kE;sub
M1
' kE;sub

M1
, we

have

esub
M1

.F1 ˝ F2/ ' kE;sub
M1
˝ ��1.F1 ˝ F2/

' .kE;sub
M1

C

˝ kE;sub
M1

/˝ .��1F1 ˝ �
�1F2/

' .kE;sub
M1
˝ ��1F1/

C

˝ .kE;sub
M1
˝ ��1F2/

' esub
M1

F1
C

˝ esub
M1

F2:

The second and third assertions follow from Proposition 3.13(4)(ii) and the fact
that Ef �1kE;sub

N1
' kE;sub

M1
.

Let us prove the last assertion. By Propositions 3.3, 3.16(3)(ii) and 3.21, we have
isomorphisms in Eb.ksub

M1
/:

Ef Šesub
N1

G ' Ef Šesub
N1

�N1IN1G ' esub
M1

�E
M1

IM1f
ŠG ' esub

M1
f ŠG :

We set
shsub
M1
WD i Š0 ı RE;sub

M1
WEb.ksub

M1
/! Db.ksub

M1
/

and call it the subanalytic sheafification functor for enhanced subanalytic sheaves on
real analytic bordered spaces.
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Proposition 3.23. The subanalytic sheafification functor shsub
M1

has the following
properties:

(1) A pair .esub
M1

; shsub
M1

/W Db.ksub
M1

/
esub

M1 // Eb.ksub
M1

/
shsub

M1

oo is an adjoint pair.

(2) For any F 2 Db.ksub
M1

/, one has F
�
�! shsub

M1
esub
M1

F . Namely, the following dia-
gram is commutative:

Db.ksub
M1

/
esub

M1 //

id
''

Eb.ksub
M1

/

shsub
M1

��

Db.ksub
M1

/:

(3) For any K 2 Eb.IkM1/, one has RJM1IshM1K ' shsub
M1

J E
M1

K. Namely, the
following diagram is commutative:

Eb.IkM1/
J E

M1 //

IshM1

��

Eb.ksub
M1

/

shsub
M1

��

Db.IkM1/ RJM1

// Db.ksub
M1

/:

(4) Let f WM1 ! N1 be a morphism of real analytic bordered spaces. For any
K 2 Eb.ksub

M1
/ and any L 2 Eb.ksub

N1
/, one has

Rf�shsub
M1

K ' shsub
N1

Ef�K; f Šshsub
N1

L ' shsub
M1

Ef ŠL:

Namely, the following diagrams are commutative:

Eb.ksub
M1

/
Ef� //

shsub
M1

��

Eb.ksub
N1

/

shsub
N1

��

Db.ksub
M1

/
Rf�

// Db.ksub
N1

/;

Eb.ksub
N1

/
Ef Š

//

shsub
N1

��

Eb.ksub
M1

/

shsub
M1

��

Db.ksub
N1

/
f Š

// Db.ksub
M1

/:

Proof. (3) Let K 2 Eb.IkM1/. Then there exists F 2 Db.IkM1�R1/ such that
K ' QM1.F /. Then we have

RJM1IshM1K
' RJM1 i Š0RE

M1
K

' i Š0RJM1�R1R	homC.�M1�R1.k¹t�0º ˚ k¹t�0º/; F /
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' i Š0RJM1�R1R	homC.IM1�R1�M1�R1�.k¹t�0º ˚ k¹t�0º/; F /

' i Š0R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/;RJM1�R1F /

' shsub
M1

J E
M1

K;

where in the second (resp. fourth, fifth) isomorphism we used Proposition 3.4(3)(v)
(resp. (4)(i), Proposition 3.9(2)).

(1) Let F 2 Db.ksub
M1

/ and K 2 Eb.ksub
M1

/. Then we have

HomEb.ksub
M1

/.e
sub
M1

F ; K/ ' HomEb.IkM1 /
.I E
M1

esub
M1

F ; I E
M1

K/

' HomEb.IkM1 /
.eM1IM1F ; I E

M1
K/

' HomDb.ksub
M1

/.F ;RJM1IshM1I
E
M1

K/

' HomDb.ksub
M1

/.F ; sh
sub
M1

J E
M1

I E
M1

K/

' HomDb.ksub
M1

/.F ; sh
sub
M1

K/;

where in the first and last isomorphisms (resp. second isomorphism) we used The-
orem 3.15 (resp. Proposition 3.21), in the third isomorphism we used the fact that
.eM1 ; IshM1/ is an adjoint pair and Proposition 3.3(1), and the fourth isomorphism
follows from assertion (3). This implies that a pair .esub

M1
; shsub

M1
/ is an adjoint pair.

(2) Let F 2 Db.ksub
M1

/. By assertion (1), there exists a canonical morphism F !

shsub
M1

esub
M1

F . Moreover, we have

shsub
M1

esub
M1

F ' shsub
M1

J E
M1

I E
M1

esub
M1

F ' RJM1IshM1eM1IM1F ' F ;

where in the first isomorphism we used Theorem 3.15(1), in the second isomorphism
we used assertion (3) and Proposition 3.21, and in the last isomorphism we used the
fact that IshM1 ı eM1 ' id and Proposition 3.3(1).

(4) Let K 2 Eb.ksub
M1

/. For any F 2 Db.ksub
N1

/, we have

HomDb.ksub
N1

/.F ;Rf�sh
sub
M1

K/ ' HomDb.ksub
M1

/.e
sub
M1

f �1F ; K/

' HomDb.ksub
M1

/.Ef
�1esub

N1
F ; K/

' HomDb.ksub
M1

/.F ; sh
sub
N1

Ef�K/;

where in the first and last isomorphisms we used the fact that a pair .f �1;Rf�/ is an
adjoint pair, assertion (1) and Proposition 3.13(1)(ii), and in the second isomorphism
we used Proposition 3.22. This implies that there exists an isomorphism Rf�shsub

M1
K '

shsub
N1

Ef�K.
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Let L 2 Eb.ksub
N1

/. Then there exists G 2 Db.ksub
N1�R1

/ such that L ' QN1G .
We shall denote by fR1 WM1 �R1 ! N1 �R1 the morphism f � idR1 of real
analytic bordered spaces. Then we have isomorphisms in Db.ksub

M1
/:

f Šshsub
N1

L ' f Ši Š0R
E;sub
N1

L ' i Š0f
Š

R1
RE;sub
N1

L

' i Š0f
Š

R1
R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/;G /:

Moreover, by Proposition 3.5, we have

f Šshsub
N1

L ' i Š0f
Š

R1
R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/;G /

' i Š0R	homC;sub.f �1R1
�N1�R1�.k¹t�0º ˚ k¹t�0º/; f

Š
R1

G /

' i Š0R	homC;sub.�M1�R1�.k¹t�0º ˚ k¹t�0º/; f
Š

R1
G /

' i Š0R
E;sub
M1

Qsub
M1

f ŠR1G

' shsub
M1

Ef ŠL:

Let us set
!

E;sub
M1
WD esub

M1
.�M1�!M / 2 Eb.ksub

M1
/;

where !M 2 Db.kM1/ (' Db.CM /) is the dualizing complex; see [9, Def. 3.1.16(i)]
for the details. Note that since !M ' j�1M ! {M , we have !M 2 Db

R-c.kM1/. We shall
define a functor

DE;sub
M1
WEb.ksub

M1
/op
! Eb.ksub

M1
/; K 7! R	homC;sub.K; !

E;sub
M1

/:

Lemma 3.24. There exist an isomorphism I E
M1

!
E;sub
M1
' !E

M1
in Eb.IkM1/ and

an isomorphism J E
M1

!E
M1
' !

E;sub
M1

in Eb.ksub
M1

/.

Proof. Since !M is R-constructible, there exists an isomorphism �M1!M '

IM1�M1�!M in Db.IkM1/. Hence, we have

!E
M1
WD eM1.�M1!M / ' eM1.IM1�M1�!M / ' I

E
M1

esub
M1

.�M1�!M /

' I E
M1

!
E;sub
M1

;

where in the third isomorphism we used Proposition 3.21.
The second assertion follows from the first assertion and Theorem 3.15(1).

Proposition 3.25. Let f WM1 ! N1 be a morphism of real analytic bordered
spaces.
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(1) For any K 2 Eb.ksub
M1

/ and any L 2 Eb.ksub
N1

/, one has

Ef ŠDE;sub
N1

L ' DE;sub
M1

Ef �1L;

Ef�DE;sub
M1

K ' DE;sub
N1

EfŠŠK;

J E
M1

DE
M1

I E
M1

K ' DE;sub
M1

K:

(2) For anyK 2Eb
R-c.k

sub
M1

/, we have DE;sub
M1

K 2Eb
R-c.k

sub
M1

/ and DE;sub
M1

DE;sub
M1

K 'K.
In particular, there exists an equivalence of categories:

DE;sub
M1
WEb

R-c.k
sub
M1

/op �
�! Eb

R-c.k
sub
M1

/:

Proof. (1) First, let us prove that Ef Š!E;sub
N1
' !

E;sub
M1

. By Proposition 3.22 and
the fact that f Š!N ' !M , we have

Ef Š!E;sub
N1
' Ef ŠeE;sub

N1
.�N1�!N / ' e

sub
M1

.�M1�f
Š!N / ' e

sub
M1

.�M1�!M /

' !
E;sub
M1

:

The proofs of assertions in (1) are similar, so we shall only prove the first assertion.
Let K 2 Eb.ksub

M1
/ and L 2 Eb.ksub

N1
/. By Proposition 3.13(2), we have

Ef ŠDE;sub
N1

L ' Ef ŠR	homC;sub.L; !
E;sub
N1

/ ' R	homC;sub.Ef �1L;Ef Š!E;sub
N1

/

' DE;sub
M1

Ef �1L:

(2) Let K 2 Eb
R-c.k

sub
M1

/. By Theorem 3.20 we have I E
M1

K 2 Eb
R-c.IkM1/. Since

DE
M1
WEb

R-c.IkM1/
op
! Eb

R-c.IkM1/

(see [2, Prop. 3.3.3(ii)]), we have DE
M1

I E
M1

K 2Eb
R-c.IkM1/. Hence, by Theorem 3.20,

we have J E
M1

DE
M1

I E
M1

K 2 Eb
R-c.k

sub
M1

/. By assertion (1), we have J E
M1

DE
M1

I E
M1

K

' DE;sub
M1

K, and hence DE;sub
M1

K 2 Eb
R-c.k

sub
M1

/.
Moreover, since I E

M1
J E
M1

DE
M1

I E
M1

K ' DE
M1

I E
M1

K we have

DE;sub
M1

DE;sub
M1

K ' J E
M1

DE
M1

I E
M1

J E
M1

DE
M1

I E
M1

K ' K;

where the second isomorphism follows from [2, Prop. 3.3.3(ii)] and Theorem 3.15(1).

Several operations preserve the R-constructibility as below. Let us recall that a
morphism f W .M; {M/! .N; {N/ of real analytic bordered spaces is called semi-proper
if the second projection {M � {N ! {N is proper on the closure x�f of the graph �f of
f in {M � {N .
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Proposition 3.26. Let f WM1 ! N1 be a morphism of real analytic bordered
spaces associated with a morphism Lf W {M ! {N of real analytic manifolds. The functors
below are well defined:

(1) esub
M1
ı �M1�WDb

R-c.kM1/! Eb
R-c.IkM1/,

(2) Ef�WEb
R-c.k

sub
M1

/! Eb
R-c.k

sub
N1

/, if f is semi-proper,

(3) Ef �1WEb
R-c.k

sub
N1

/! Eb
R-c.k

sub
M1

/,

(4) EfŠŠWEb
R-c.k

sub
M1

/! Eb
R-c.k

sub
N1

/, if f is semi-proper,

(5) Ef ŠWEb
R-c.k

sub
N1

/! Eb
R-c.k

sub
M1

/.

Proof. (1) Let F 2 Db
R-c.kM1/ and U be an open subset ofM which is subana-

lytic and relatively compact in {M . We set F U WD k¹tD0º ˝ �
�1F jU . By Propositions

3.1(6) and 3.22, we have

Ei�1U1.e
sub
M1

�M1�F / ' e
sub
U1
�U1�.F jU / ' kE;sub

U1
˝ ��1�U1�.F jU /:

Since kE;sub
U1
' kE;sub

U1

C

˝ �U1�R1�k¹tD0º, there exist isomorphisms

kE;sub
U1
˝ ��1�U1�.F jU / ' .k

E;sub
U1

C

˝ �U1�R1�k¹tD0º/˝ �U1�R1��
�1F jU

' kE;sub
U1

C

˝ �U1�R1�.k¹tD0º ˝ �
�1F jU /

' kE;sub
U1

C

˝ �U1�R1.F
U /;

where in the first isomorphism we used Proposition 3.13(4)(iii). Since F is R-construct-
ible, we have F U 2 Db

R-c.kU1/. This implies that esub
M1

�M1�F is R-constructible.

(2) Let K 2 Eb
R-c.k

sub
M1

/. By Theorem 3.15 and Proposition 3.16(3)(i), we have iso-
morphisms

Ef�K ' Ef��E
M1

I E
M1

K ' �E
N1

Ef�I E
M1

K:

Since K is R-constructible, we have I E
M1

K 2 Eb
R-c.IkM1/ by Theorem 3.20, and

hence, by [2, Prop. 3.3.3(iv)], we have Ef�I E
M1

K 2 Eb
R-c.IkN1/. This implies that

Ef�K ' �E
N1

Ef�I E
M1

K is R-constructible by Theorem 3.20.

(3) Since this assertion can be proved in the similar way as (2), we shall skip the proof.

(4) Let K 2 Eb
R-c.k

sub
M1

/. Then we have

EfŠŠK ' EfŠŠDE;sub
M1

DE;sub
M1

K ' DE;sub
N1

Ef�DE;sub
M1

K
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by Proposition 3.25. This implies that EfŠŠK is R-constructible by assertion (2) and
Proposition 3.25(2).

(5) Since this assertion can be proved similarly to (4), we shall skip the proof.

Moreover, convolution functors preserve the R-constructibility as below.

Proposition 3.27. We have the following:

(1) The functors

.�/
C

˝ .�/WEb
R-c.k

sub
M1

/ � Eb
R-c.k

sub
M1

/! Eb
R-c.k

sub
M1

/;

R	homC;sub.�; �/WEb
R-c.k

sub
M1

/op
� Eb

R-c.k
sub
M1

/! Eb
R-c.k

sub
M1

/

are well defined.

(2) For any K;L 2 Eb
R-c.k

sub
M1

/, one has

(i) DE;sub
M1

.K
C

˝ L/ ' R	homC;sub.K;DE;sub
M1

L/,

(ii) DE;sub
M1

R	homC;sub.K;L/ ' K
C

˝ DE;sub
M1

L,

(iii) R	homC;sub.K;L/ ' R	homC;sub.DE;sub
M1

L;DE;sub
M1

K/,

(iv) R	homE;sub.K;L/ ' R	homE;sub.DE;sub
M1

L;DE;sub
M1

K/,

(v) RHomE;sub.K;L/ ' RHomE;sub.DE;sub
M1

L;DE;sub
M1

K/.

Proof. (1) LetK;L 2 Eb
R-c.k

sub
M1

/ andU be an open subset ofM which is suban-
alytic and relatively compact in {M . Then there exist F ;G 2 Db

R-c.kU1�R1/ such that

Ei�1U1K ' kE;sub
U1

C

˝Qsub
U1
�U1�R1�F , Ei�1U1L' kE;sub

U1

C

˝Qsub
U1
�U1�R1�G . Hence

,we have

Ei�1U1.K
C

˝ L/ ' Ei�1U1K
C

˝ Ei�1U1L

' .kE;sub
U1

C

˝Qsub
U1
�U1�R1�F /

C

˝ .kE;sub
U1

C

˝Qsub
U1
�U1�R1�G /

' kE;sub
U1

C

˝Qsub
U1
.�U1�R1�F

C

˝ �U1�R1�G /;

where in the first isomorphism we used Proposition 3.13(2) and in the last isomor-
phism we used kE;sub

U1

C

˝ kE;sub
U1
' kE;sub

U1
. Since F ;G 2 Db

R-c.kU1�R1/, there exists

an isomorphism �U1�R1�F
C

˝ �U1�R1�G ' �U1�R1�.�ŠŠ.p
�1
1 F ˝p�12 G // and

�ŠŠ.p
�1
1 F ˝ p�12 G / 2 Db

R-c.kU1�R1/. Therefore, K
C

˝ L is R-constructible.
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Moreover, by using assertions (2)(i), (iii), there exist isomorphisms

R	homC;sub.K;L/ ' R	homC;sub.DE;sub
M1

L;DE;sub
M1

K/ ' DE;sub
M1

.DE;sub
M1

L
C

˝K/;

and hence by Proposition 3.25(2) and the first assertion of (1), R	homC;sub.K;L/ is
R-constructible.

(2) Since the proofs of the assertions in (2) are similar, we shall only prove (i). By
Proposition 3.13(1)(i), we have

DE;sub
M1

.K
C

˝ L/ ' R	homC;sub.K
C

˝ L;!
E;sub
M1

/ ' R	homC;sub.K;DE;sub
M1

L/:

3.5 – Irregular Riemann–Hilbert correspondence and enhanced subanalytic sheaves

In this subsection we shall explain the relation between [1, Thm. 9.5.3] and [8,
Thm. 6.3]. Theorems 3.38 and 3.39 are two of the main results of this subsection and
this paper.

3.5.1. Main results of [1] and [8]. The aim of this subsection is to introduce the main
results of [1, 8]. The results are summarized by the following commutative diagram:

Db.Csub
X�R1

/

Db
hol.DX /

op � �

SolE
X

//

$ �

SolT;sub
X

.�/Œ1�

22

Eb
R-c.ICX /

IE
X

� // Eb
R-c.C

sub
X / � Eb.Csub

X /:

?�

RE;sub
X

OO

LetX be a complex manifold and denote byXR the underlying real analytic manifold
ofX . We denote by OX and DX the sheaves of holomorphic functions and holomorphic
differential operators on X , respectively. Let Db.DX / be the bounded derived category
of left DX -modules. Moreover, we denote by Db

coh.DX /, Db
hol.DX / and Db

rh.DX /

the full triangulated subcategories of Db.DX / consisting of objects with coherent,
holonomic and regular holonomic cohomologies, respectively. For a morphism f WX!
Y of complex manifolds, denote by

D
˝, Df�, Df �, DX WDb

coh.DX /
op ��! Db

coh.DX / the
standard operations for D-modules.

Let M be a real analytic manifold of dimension n. We denote by C1M the sheaf of
complex functions of class C1 onM and by DbM the sheaf of Schwartz distributions
on M .

Definition 3.28 ([10, Def. 7.2.3]). Let U be an open subset of M .
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(1) One can say that f 2 C1M .U / has polynomial growth at p 2 M if for a local
coordinate system .x1; : : : ; xn/ around p, there exist a sufficiently small compact
neighborhood K of p and a positive integer N such that

sup
x2K\U

dist.x;KnU/N jf .x/j < C1:

A function f 2 C1M .U / is said to be tempered at p 2M if all its derivatives have
polynomial growth at p, and is said to be tempered if tempered at any point of M .
Let us denote by C

1;t
M .U / the subset of C1M .U / consisting of functions which are

tempered.

(2) We set Dbt
M .U / WD Im.�.M IDbM /! �.U IDbM //.

Note that subanalytic presheavesU 7!C
1;t
M .U / andU 7!Dbt

M .U / are subanalytic
sheaves; see [10, §7.2] and also [20, §3.3].

We shall write Db.Csub
X /, Eb.Csub

X /, Eb
R-c.C

sub
X / instead of Db.Csub

XR
/, Eb.Csub

XR
/,

Eb
R-c.C

sub
XR
/, respectively.

Definition 3.29 ([10, §7.3], [1, §5.2] and also [20, §3.3]). Let us denote by Xc

the complex conjugate manifold of X . An object Ot
X 2 Db.Csub

X / is defined by

Ot
X WD R	homsub

�X ŠDXc
.�Xc ŠOXc ;C

1;t
XR

/ ' R	homsub
�X ŠDXc

.�Xc ŠOXc ;Dbt
XR
/

and is called the subanalytic sheaf of tempered holomorphic functions on X .
Moreover, the tempered solution functor is defined by

SoltX WD
b.DX /

op
! Db.ICX /; M 7! R	homˇX DX

.ˇXM; IXOt
X /:

Note that an ind-sheaf IXOt
X is nothing but the ind-sheaf of tempered holomorphic

functions on X which is denoted by Ot
X in [10, §7.3]. Note also that there exist

isomorphisms ��1X Ot
X ' ˛XIXOt

X 'OX and hence we have ˛XSoltX .M/' SolX .M/

for any M 2 Db
coh.DX /.

Definition 3.30 ([1, Def. 8.1.1] and [13, Def. 7.2.1]). Let QkM WM � R1 !

M � P1R be the natural morphism of real analytic bordered spaces, where P1R is
the real projective line. An object Dbt

M�R1
2 Db.ICM�R1/ is defined by

Dbt
M�R1

WD QkŠM IM�P1RDbt
M�P1R ' IM�R1

QkŠMDbt
M�P1R;

and DbT
M 2 Db.ICM�R1/ is defined by the complex, concentrated in �1 and 0,

Dbt
M�R1

@t�1
���! Dbt

M�R1
:

Moreover, we set DbE
M
WD QM .DbT

M / 2 Eb.ICM / and call it the enhanced ind-
sheaf of tempered distributions.



Y. Ito 218

Note that we have H i .DbT
M / D 0 for any i ¤ �1 and hence there exists an isomor-

phism DbT
M ' Ker.@t � 1/Œ1� in Db.ICM�R1/.

Definition 3.31 ([1, Def. 8.2.1] and [13, Def. 7.2.3]). Let Qi WX �R1!X �P1C

be the natural morphism of bordered spaces and � 2 C � P1C the affine coordinate
such that t D � jR, where t is a coordinate of R and P1C is the complex projective
line. An object OE

X 2 Eb.ICX / is defined by

OE
X WD QXR	hom��1

XcˇXc DXc
.��1XcˇXc OXc ;DbT

XR
/

' QX Qi ŠR	homp�1ˇP1CDP1C
.p�1ˇP E�CjP1C; IX�P1COt

X�P1C
/Œ2�;

where E�CjP is the meromorphic connection associated to d C d� ,pWX �P1C!P1C

is the projection and �Xc WXc � R1 ! Xc is the morphisms of bordered spaces
associated with the projection Xc �R! Xc .

It is called the enhanced ind-sheaf of tempered holomorphic functions on X .
Moreover, the enhanced solution functor is defined by

SolEX WD
b.DX /

op
! Eb.ICX /; M 7! R	hom��1ˇX DX

.��1ˇXM;OE
X /;

where � WX �R1 ! X is the morphism of bordered spaces associated with the first
projection X �R! X .

Note that OE
X is isomorphic to the enhanced ind-sheaf induced by the Dolbeault

complex with coefficients in DbT
XR
Œ�1�,

DbT
XR
Œ�1�

N@
�! �1Xc ˝OXc DbT

XR
Œ�1�

N@
�! � � �

N@
�! �

dX

Xc ˝OXc DbT
XR
Œ�1�;

where �pXc is the sheaf of p-differential forms with coefficients in OXc and dX is the
complex dimension of X .

Note that IshXOE
X ' IXOt

X and hence there exists an isomorphism IshXSolEX .M/'

SoltX .M/ for any M 2 Db
coh.DX /.

Let us recall the main results of [1].

Theorem 3.32 ([1, Thm. 9.5.37 and 9.6.1]). The enhanced solution functor induces
an embedding functor

SolEX WD
b
hol.DX /

op ,! Eb
R-c.ICX /:

(7) Although [1, Thm. 9.5.3] was stated using the enhanced de Rham functor, we can obtain
a similar statement using the enhanced solution functor.
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Moreover, for any M 2 Db
hol.DX / there exists an isomorphism in Db.DX /,

M
�
�! RHE

XSolEX .M/;

where RHE
X .K/ WD RHomE.K;OE

X /.

Let us recall the main results of [8].

Definition 3.33 ([8, §5.2]). Let QkM WM �R1 !M � P1R be the natural mor-
phism of real analytic bordered spaces. An object DbT;sub

M 2 Db.Csub
M�R1

/ is defined
by the complex, concentrated in �1 and 0,

QkŠDbt
M�P1R

@t�1
���! QkŠDbt

M�P1R
:

Note that we have H i .DbT;sub
M / D 0 for any i ¤ �1 and hence there exists an

isomorphism DbT;sub
M ' Ker.@t � 1/Œ1� in Db.Csub

M�R1
/. Remark that the notion DbT

in [8, §5.2] is equal to DbT;subŒ�1� in our notion.

Definition 3.34 ([8, §§5.3, 5.4]). An object O
T;sub
X 2 Db.Csub

X�R1
/ is defined by

the Dolbeault complex with coefficients in DbT;sub
XR

Œ�1�,

DbT;sub
XR

Œ�1�
N@
�! �1Xc ˝OXc DbT;sub

XR
Œ�1�

N@
�! � � �

N@
�! �

dX

Xc ˝OXc DbT;sub
XR

Œ�1�:

Moreover, we set

SolT;sub
X WDb.DX /

op
! Db.Csub

X�R1
/; M 7! R	homsub

��1�XŠDX
.��1�XŠM;O

T;sub
X /:

Note also that there exists an isomorphism in Db.ksub
X�R1

/:

O
T;sub
X ' R	homsub

��1
Xc �XcŠDXc

.��1Xc �Xc ŠOXc ;DbT;sub
XR

Œ�1�/:

Theorem 3.35 ([8, Thms. 6.2 and 6.38]). There exists an embedding functor

SolT;sub
X WDb

hol.DX /
op ,! Db.Csub

X�R1
/:

Moreover, for any M 2 Db
hol.DX / there exists an isomorphism in Db.DX /:

M
�
�! RHomE;sub.SolT;sub

X .M/;O
T;sub
X /:

(8) Although [8, Thm. 6.3] was stated using the enhanced de Rham functor, we can obtain a
similar statement using the enhanced solution functor.
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3.5.2. Relation between [1, Thm. 9.5.3] and [8, Thm. 6.3]. Let us explain the relation
between [1, Thm. 9.5.3] and [8, Thm. 6.3]. The results are summarized by the following
commutative diagram:

Db.Csub
X�R1

/

Db
hol.DX /

op � �

SolE;sub
X

//

% �

SolT;sub
X

.�/Œ1�

33

� u

SolE
X ''

Eb
R-c.C

sub
X / �

IE
X

��

o

Eb.Csub
X /
?�

RE;sub
X

OO

� t

IE
X ''

IE
X

��

o

Eb
R-c.ICX / �

�E
X

OO

Eb
IR-c.ICX / �

�E
X

OO

Eb.ICX /:

J E
X

gg

Definition 3.36. Let us define O
E;sub
X
WD Qsub

X .O
T;sub
X Œ1�/ 2 Eb.Csub

X / and set

SolE;sub
X WDb.DX /

op
! Eb.Csub

X /; M 7! R	homsub
��1�XŠDX

.��1�XŠM;O
E;sub
X /:

By the definition, it is clear that

O
E;sub
X ' Qsub

X R	homsub
��1

Xc �XcŠDXc
.��1Xc �Xc ŠOXc ;DbT;sub

XR
/;

and for any M 2 Db.DX / one has

SolE;sub
X .M/ ' Qsub

X .SolT;sub
X .M//Œ1�:

Lemma 3.37. We have the following:

(1) There exists an isomorphism DbT
M ' IM�R1DbT;sub

M in Db.ICM�R1/.

(2) There exists an isomorphism O
E;sub
X ' J E

XOE
X in Eb.Csub

X /.

(3) For any M 2 Db.DX /, there exists an isomorphism in Eb.Csub
X /:

SolE;sub
X .M/ ' J E

XSolEX .M/:

(4) For any M 2 Db.DX /, there exists an isomorphism in Db.Csub
X�R1

/:

SolT;sub
X .M/Œ1� ' RE;sub

X SolE;sub
X .M/:

Proof. (1) Since the functor IM�R1 is exact, we have isomorphisms

DbT
M ' Ker.@t � 1WDbt

M�R1
! Dbt

M�R1
/

' Ker.@t � 1W IM�R1
QkŠMDbt

M�P1R ! IM�R1
QkŠMDbt

M�P1R/

' IM�R1 Ker.@t � 1W QkŠMDbt
M�P1R

! QkŠMDbt
M�P1R

/

' IM�R1DbT;sub
M I

see Definition 3.30 for the details of DbT
M and Definition 3.33 for the details of DbT;sub

M .
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(2) We have isomorphisms

J E
XOE

X ' QXRJX�R1R	hom��1
XcˇXcŠDXc

.��1Xc ˇXc OXc ;DbT
XR
/

' QXRJX�R1R	hom��1
XcˇXcŠDXc

.��1Xc IXc�Xc ŠOXc ;DbT
XR
/

' QXRJX�R1R	hom��1
XcˇXcŠDXc

.IXc�R1�
�1
Xc �Xc ŠOXc ;DbT

XR
/

' QXR	homsub
��1

Xc �XcŠDXc
.��1Xc �Xc ŠOXc ;RJXR�R1DbT

XR
/

' QXR	homsub
��1

Xc �XcŠDXc
.��1Xc �Xc ŠOXc ;DbT;sub

XR
/

' O
E;sub
X ;

where in the second isomorphism we used ˇXc ' IXc ı �Xc Š, in the third isomorphism
we used ��1Xc ı IXc ' IXc�R1 ı �

�1
Xc , in the fourth isomorphism we used Proposition

3.4(1) and in the fifth isomorphism we used assertion (1) and Proposition 3.3(1).

(3) Let M 2 Db.DX /. By the fact that ˇX ' IX ı �XŠ and assertion (2), there exist
isomorphisms

J E
XSolEX .M/ ' R	homsub

��1�XŠDX
.��1�XŠM; J E

XOE
X / ' SolE;sub

X .M/:

(4) First let us prove that

R	homC;sub.�X�R1�.k¹t�0º ˚ k¹t�0º/;DbT;sub
XR

/ ' DbT;sub
XR

:

By assertion (1) and Proposition 3.16(1)(ii),

R	homC;sub.�X�R1�.k¹t�0º ˚ k¹t�0º/;DbT;sub
XR

/

' R	homC;sub.�X�R1�.k¹t�0º ˚ k¹t�0º/;RJX�R1DbT
XR
/

' RJX�R1R	homC.IX�R1�X�R1�.k¹t�0º ˚ k¹t�0º/;DbT
XR
/

' RJX�R1R	homC.�X�R1.k¹t�0º ˚ k¹t�0º/;DbT
XR
/:

Moreover, by using the fact that R	homC.�X�R1.k¹t�0º˚ k¹t�0º/;DbT
XR
/'DbT

XR

(see e.g. [1, Prop. 8.1.3]), we have

RJX�R1R	homC.�X�R1.k¹t�0º˚ k¹t�0º/;DbT
XR
/' RJX�R1DbT

XR
'DbT;sub

XR
:

Hence, we proved R	homC;sub.�X�R1�.k¹t�0º ˚ k¹t�0º/;DbT;sub
XR

/ ' DbT;sub
XR

.
Next we shall prove that

R	homC;sub.�X�R1�.k¹t�0º ˚ k¹t�0º;O
T;sub
X // ' O

T;sub
X :
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By the fact that O
T;sub
X ' R	homsub

��1
Xc �XcŠDXc

.��1Xc �Xc ŠOXc ;DbT;sub
XR

Œ�1�/, we have

R	homC;sub.�X�R1�.k¹t�0º ˚ k¹t�0º;O
T;sub
X //

' R	homC;sub.�X�R1�.k¹t�0º ˚ k¹t�0º/;

R	homsub
��1

Xc �XcŠDXc
.��1Xc �Xc ŠOXc ;DbT;sub

XR
//Œ�1�

' R	homsub
��1

Xc �XcŠDXc

�
��1Xc �Xc ŠOXc ;

R	homC;sub.�X�R1�.k¹t�0º˚k¹t�0º/;DbT;sub
XR

/
�
Œ�1�

' R	homsub
��1

Xc �XcŠDXc
.��1Xc �Xc ŠOXc ;DbT;sub

XR
/Œ�1�

' O
T;sub
X :

By the definition, it is clear that

RE;sub
X SolE;sub

X .M/

' R	homC;sub.�X�R1�.k¹t�0º ˚ k¹t�0º/;

R	homsub
��1�XŠDX

.��1�XŠM;O
T;sub
X //Œ1�

' R	homsub
��1�XŠDX

�
��1�XŠM;

R	homC;sub.�X�R1�.k¹t�0º ˚ k¹t�0º/;O
T;sub
X /

�
Œ1�

' R	homsub
��1�XŠDX

.��1�XŠM;O
T;sub
X /Œ1�

' SolT;sub
X .M/Œ1�:

Theorem 3.38. The functor SolE;sub
X induces an embedding functor

SolE;sub
X WDb

hol.DX /
op ,! Eb

R-c.C
sub
X /:

Moreover, for any M 2 Db
hol.DX / there exists an isomorphism in Db.DX /,

M
�
�! RHE;sub

X SolE;sub
X .M/;

where RHE;sub
X .K/ WD RHomE;sub.K;O

E;sub
X /.

Proof. First, let us prove that SolE;sub
X .M/ 2 Eb

R-c.C
sub
X / for any M 2 Db

hol.DX /.
Let M 2 Db

hol.DX /. By Theorem 3.32, we have SolEX .M/ 2 Eb
R-c.ICX / and hence by

Theorem 3.20 we have J E
XSolEX .M/ 2 Eb

R-c.C
sub
X /. This implies that SolE;sub

X .M/ 2

Eb
R-c.C

sub
X / by Lemma 3.37(3). Hence, a functor

SolE;sub
X WDb

hol.DX /
op
! Eb

R-c.C
sub
X /

is well defined.
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For any M;N 2 Db
hol.DX /, there exist isomorphisms

HomDb
hol.DX /

.M;N / ' HomEb
R-c.ICX /

.SolEX .N /;SolEX .M//

' HomEb
R-c.C

sub
X
/.J

E
XSolEX .N /; J E

XSolEX .M//

' HomEb
R-c.C

sub
X
/.SolE;sub

X .N /;SolE;sub
X .M//;

where in the first (resp. second, third) isomorphism we used Theorem 3.32 (resp.
Theorem 3.20, Lemma 3.37(3)). This implies that the functor SolE;sub

X WDb
hol.DX /

op !

Eb
R-c.C

sub
X / is fully faithful.

Let M 2 Db
hol.DX /. By using the adjointness, there exist isomorphisms

HomDb.DX /
.M;RHE;sub

X SolE;sub
X .M//

' HomDb.DX /

�
M;RHomE;sub.SolE;sub

X .M/;O
E;sub
X /

�
' HomDb.DX /

�
M; ��1X R��R	homsub.SolE;sub

X .M/;O
E;sub
X /

�
' HomDb.DX /

�
��1�XŠM;R	homsub.SolE;sub

X .M/;O
E;sub
X /

�
' HomEb

R-c.C
sub
X
/.SolE;sub

X .M/;R	homsub
��1�XŠDX

.��1�XŠM;O
E;sub
X //

' HomEb
R-c.C

sub
X
/.SolE;sub

X .M/;SolE;sub
X .M//

' HomDb.DX /
.M;M/:

Hence, there exists a canonical morphism

M! RHE;sub
X SolE;sub

X .M/

which is given by the identity map idM of M. Let us prove that it is an isomorphism.
By Lemma 3.37(2), we have isomorphisms

RHE;sub
X SolE;sub

X .M/ ' RHomE;sub.SolE;sub
X .M/;O

E;sub
X /

' RHomE;sub.SolE;sub
X .M/; J E

XOE
X /;

and by Proposition 3.16(1)(iii) we have

RHomE;sub.SolE;sub
X .M/; J E

XOE
X / ' �

�1R	homE;sub.SolE;sub
X .M/; J E

XOE
X /

' ��1RJXR	homE.I E
XSolE;sub

X .M/;OE
X /:

By Proposition 3.4(3)(ii) and Lemma 3.37(3), there exists an isomorphism in Db.CX /,

��1RJXR	homE.I E
XSolE;sub

X .M/;OE
X / ' ˛XR	homE.I E

XSolE;sub
X .M/;OE

X /

' RHomE.I E
XSolE;sub

X .M/;OE
X /

' RHomE.I E
XJ

E
XSolEX .M/;OE

X /:
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Since M 2Db
hol.DX /, SolEX .M/ is R-constructible by the first assertion and hence there

exists an isomorphism I E
XJ

E
XSolEX .M/ ' SolEX .M/ by Theorem 3.20. By Theorem

3.32 we have

RHomE.SolEX .M/;OE
X / ' RHE

XSolEX .M/ 'M:

Therefore, there exists an isomorphism M
�
�! RHE;sub

X SolE;sub
X .M/.

Theorem 3.39. We have the following:

(1) For any M 2 Db
hol.DX /, there exists an isomorphism in Eb.ICX /:

SolEX .M/ ' I E
XSolE;sub

X .M/:

Namely, there exists a commutative diagram:

Db
hol.DX /

op � � SolE;sub
X //

� v

SolE
X ((

Eb
R-c.C

sub
X /

oIE
X
��

Eb
R-c.ICX /:

(2) For any M 2 Db.DX /, there exists an isomorphism in Db.Csub
X�R1

/:

SolT;sub
X .M/Œ1� ' RE;sub

X J E
XSolEX .M/:

Moreover, there exists a commutative diagram:

Db
hol.DX /

op � � SolT;sub
X

.�/Œ1�
//

� v

SolE
X ((

Db.Csub
X�R1

/

Eb
R-c.ICX /:
?�

RE;sub
X
ıJ E

X

OO

Proof. (1) Let M 2 Db
hol.DX /. Since SolEX .M/ is R-constructible, there exists

an isomorphism I E
XSolE;sub

X .M/ ' I E
XJ

E
XSolEX .M/ ' SolEX .M/ by Theorem 3.20 and

Lemma 3.37(3).

(2) This follows from Lemma 3.37(3), (4).

Remark 3.40. One can consider C-constructibility for enhanced subanalytic
sheaves similar to [4, Def. 3.19]. See [6] for the details.
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