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1. Introduction and main results

The 9-Neumann problem in strongly pseudoconvex domains was solved by Kohn
[16,17], and the technique there showed that the existence of a subelliptic estimate will
give the solution. The condition is simply counting the number of positive or negative
eigenvalues of the Levi form. In [18], he gave a sufficient condition for subellipticity
over pseudoconvex domains with real analytic boundary by introducing a sequence
of ideals of subelliptic multipliers; see also [19]. The most general result concerning
subelliptic estimates for the d-Neumann problem was obtained by Catlin [6-8]. He
proved [6] that subelliptic estimates hold for k-forms at zy on any smoothly bounded,
pseudoconvex domain, which is of finite type in the sense of D’Angelo [10]. Herbig
[12] extended Catlin’s sufficiency result by replacing the boundedness condition on
the weight functions with that of self-bounded complex gradient, a weaker condition
which allows unbounded families of functions. This notion was introduced by McNeal
[20]. However, in the case when the domain is not necessarily pseudoconvex the
results are related to the celebrated Z (k) condition which characterizes the existence of
subelliptic estimates of index ¢ = % according to Hérmander [13] and Folland—Kohn
[11]. Hormander [13] proved the necessary and sufficient conditions for the % estimate
on non-pseudoconvex domains. For similar results see [1,2,5,9,21-26].

The first purpose of this paper is to give a sufficient condition for subelliptic estimates
for the 3-Neumann problem on a smoothly bounded, weakly g-pseudoconvex (resp. g-
pseudoconcave) domain in a Stein manifold X for forms of type (r, k), with k = ¢ (resp.
k < q) with values in a holomorphic vector bundle. Second, we study the compactness
and the Sobolev estimates of the d-Neumann operator V. Such compactness estimates
immediately lead to very important qualitative properties of the d-operator, such as
smoothness of solutions, the closed range property, the L2-setting and the Sobolev
estimates of N on Q for any d-closed (r, k)-form with k = ¢ (resp. k < ¢). The
main results generalizes Khanh and Zampieri [14, 15] results to forms with values
in a holomorphic vector bundle. The proof starts with the known estimate on scalar
differential forms and then obtains a similar estimate locally on bundle-valued forms
using a local frame. Then, by using a partition of unity, we globalize this estimate at
the cost of the constants.

On the other hand, we study the é-equation, ou = f, with support conditions in a
weakly g-pseudoconvex domain €2 in a Stein manifold X for forms of type (7, k), with
k = g with values in a holomorphic vector bundle. Similar results for this problem
were considered in [3,4, 15,27-43]. Applications to the E_)b-problem for smooth forms
on boundaries of 2 are given.
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2. Preliminaries

2.1 — Notation in C"

Let Q be a bounded domain in C” and let L2(S2) denote the space of square
integrable functions on 2. We can write an (7, k)-form f as

!/
=) frrdz ndzy,
1y

where I = (iy,...,i;)and J = (J1,..., jx) are multiindices and dz; = dzy A -+ A
dz,,dzy =dZzZy A--- A dZy. The notation Z’ means summation over strictly increas-

ing multiindices and Lf « (§2) denotes the space of (r, k)-forms whose coefficients are
in L2($2). The norm Lfk(Q) is defined by

/ RS
112 = [ 17Eav and 1P =3 fr e
@ 1J
for f € L2, (Q)and dV = i"dzy AdZy A--- A dz, A dZ,. Denote by CrOZ(S_Z) the
space of complex-valued differential forms of class C *° and of type (r, k) on €2 that
are smooth up to the boundary, and denote by D, x (U) the elements in C) (Q) that

are compactly supported in U N Q. For 0 < ¢ < n, the Cauchy—Riemann operator, or
simply the D-bar operator, 9: L2, () — L2, . () is defined by

rk+1
2 ’ - : 1ofry . _
d ZfI,JdZI ANdzZjy =ZZ 5 dzj Ndzp NdZy,
1,J j=11,J J

withdomd = {f € L2, (Q): 0f € L2, |

(£2)}. Here, the derivatives are taken in
the distributional sense. The operator 9 is linear, closed and densely defined. The
Hilbert space theory of unbounded operators gives that the adjoint of 9, which we
denote by d*, is also linear, closed and densely defined. The Laplace—Beltrami operator
O is defined by O = 30* + 9*9: dom O — Lik(Q) and kerd = {f € dom d N
dom *:9f = 0 and 8* f = 0} is its kernel. One defines the d-Neumann operator
N: Li () — Lf, . (2) as the inverse of the restriction of O to (ker 0)™.
We define the Fourier transform # of u as

() = fR i f( dx,

where dx = dx; ...dx, and x.§ = Z7=1 x;&;. For each € = 0 and for any u €
D, x (R™), the Sobolev norm is given by

1 Ve, uny = /R A+ EP RGP dé.
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Thus, H, (£2) can be defined as the completion of D, x (R") with respect to the norm
I/ ||i,€ (R Moreover, let us restrict to the domain 2 C R”. Then
r.k

”f”%{,f_k(g) = inf||F||%1ﬁk(R")’
where F' € Hf’k(R”) and Flg = f.

DeriniTioN 1. The 3-Neumann problem is said to satisfy a subelliptic estimate of
order € > 0 at zg € 2 on k-forms if there exist a positive constant ¢ and a neighborhood
V 3 zo such that

1 I7re < c(1df 1130 + 10% f 170 + £ 1F0)-

2.2 — Notation in complex manifolds

Let X be an n-dimensional Stein manifold with a Hermitian metric w and €2 be a
relatively compact domain in X . Let E be a holomorphic vector bundle, of rank p, over
X with a Hermitian metric 4 and E* its dual. An E-valued differential (r, k)-form u on
X is given locally by a column vector ul = (u',u?,...,uP),whereu®,1 <a < p,are
C-valued differential forms of type (r, k) on X . For integers r,k = 0, C ;’2 (2, E) is the
complex vector space of E-valued differential forms of class C *° and of type (r, k) on
and C r",’; (R, E) is the subspace of C r°z (Q, E) whose elements can be extended smoothly
up to bQ2. Let D, (2, E) be the space of E-valued differential forms of type (r, k)
with compact supportin 2. Let#g: Crfz (X,E)—C ,?'; (X, E™) be the operator defined
by #g u = hit, which commutes with the Hodge star operator. The corresponding
operator #g+: Crc”Z(X, E*) — C,f‘;(X, E)is defined by #g+u = h~'ii = #5 L u.

For fu € CR (X, E), a global inner product (f,u)q and the norm || - || o, with
respect to w and £, are defined by

(o) =/QfA*#Eu,
112 = (/. ).

For f € CX(Q2, E) and n € Dy x—1(R2, E), the formal adjoint operator ¥ of the
operator 9: C%_1(Q2, E) > CX (2, E) is defined by

(O f.n) = (f.9m),

@2.1) _
Y= —#E* *8*#5.

Write ) .
Qu,u) = || 9ul® + 0% ull® + | fII?



Subellipticity, compactness, H € estimates and regularity for 9 155

and
Bri(Q.E) = {f € CRQE)., »#g [lpa = 0}.
Let Li 1 (€2, E) be the Hilbert space obtained by completing C (Q, E) under the norm

|| 7 |I%. The operators 9, 3*, O and N are defined for E-valued differential (r, k)-forms
as in the case of C-valued differential (r, k)-forms.

DeriniTION 2. A form u € Lfk(SZ, E) is supported in Q (suppu C Q) or u
vanishes to infinite order at the boundary of €2 if u vanishes on h<2.

Choose a finite covering {U; };e; by domains of the charts n;: U; — V; and let
@j: Elu; — Vj be a collection of trivializations. Let gpj*.‘ be an induced map 90;.‘5 =
pjofo 77]._1 acting from C*°(Uj;, Ely;, ) to C*°(V;, C?) which can be identified with
C°(V;)P. Let (pj); be a smooth partition of unity subordinate to { f; }jes and put

(2.2) ||f||%{e(X,E) = Z ||(prjf||%-1€(Rn)’
J

where the right-hand side is the usual Sobolev e-norm defined as in the Euclidean case.
Thus, H;, (€2, E) can be defined as the completion of D, (X, E') with respect to the
norm (2.2). Moreover, let us restrict to the domain 2 C X. Then

2 — i 2
”f”H;k(Q,E) = inf “F”Hf.k(X,E)’

where F € sz(X, E)and Flg = f.

2.3 — g-pseudoconvexity and the (q — P) property

Let © be a domain of a Stein manifold X defined by p < 0 with dp # 0 on the
boundary Q. Let TChQ be the complex tangent bundle to the boundary »$2. For a
given boundary point zg € b2, we consider a boundary complex frame which means
an orthonormal basis w!, ..., 0" = dp of (1, 0)-forms with C* coefficients on a

small neighborhood U of zg. We denote by (p(z));”;lzl, the matrix of the Levi form

30p(z) in the complex tangential direction at z with respect to the basis w!, ..., »".

Let Ay < A3 < --- < 4,1 be the eigenvalues of (p(z) :’;Ll and denote by s;rQ (2),
Spa(2) sgﬂ (z) their number according to the different sign. Take a pair of indices
1<g<n—1and0 < gy <n— 1suchthatg # go. We assume that there is a bundle
Vao ¢ T1O0hQ of rank go with smooth coefficients in a neighborhood V of zg, say

the bundle spanned by {L1, L2, ..., Lg,}, such that

q0

q
(2.3) D XA=Y pjj=0 onbQnV.
Jj=1 J

—1
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DEerintTION 3. We have the following:
(1) If ¢ > qo, Q2 is said to be weakly g-pseudoconvex at zg.

(1) If g < qo, €2 is said to be weakly g-pseudoconcave at z.

Since Z?O=1 p;; is the trace of the restricted form (p;; )|y, then Definition 3 depends
only on the choice of the bundle V', not on its basis. Condition (2.3) is equivalent to

n—1 q0
/ -
(2.4) Z Z pij frikUr, jKk — ZP;‘J‘M2 =0,
|=r i,j=1 j=1
|K|=k—1
for any (r, k)-form u with k = ¢. In this form (2.3) will be applied. For some cases,
instead of (2.4), it is better to consider the variant

n—1 q0
(2.5) Z/ Z Pij JTiKUI,jK — Z/ ijj|f1,jK|2 = 0.

[|=r ij=1 [|=r j=1

|K|=k—1 |K|=k—1
It is obvious that if Lpq |y is assumed to be diagonal, instead of < 0, the left-hand side
of (2.5) equals

, n—1
Yo e frikink;
[I|=r i,j=qo+1
|K|=k—1

thus, if U is the Levi-orthogonal complement of V, then (2.5) is equivalentto Ly |y =0.

RemaARrk 1. Definition 3 is a generalization of the usual pseudoconvexity or pseu-
doconcavity, as well as of the celebrated condition Z(q) (cf. [3, 14, 15,27]) (that is,
the Levi form has at least n — g positive eigenvalues or at least ¢ + 1 negative eigen-
values). Note that a pseudoconvex domain is characterized by s~ (z) = 0; thus, it is
1-pseudoconvex in our terminology.

ExampLE 1. Let s7(z) be constant for z € Q close to zg. Then (2.3) holds for
qo = s~ and g9 = s~ + 1. In fact, we have A;— < 0 < Ay—41, and thus the nega-
tive eigenvectors span a bundle V?° for go = s, which, identified to the span of

Lla L21 sy qu, ylelds Zj:l A’] = Z]qozl p]]

ExaMPpLE 2. Let Q satisfy the Z(g) condition at z, that is, sT(z) = n — g or
s7(z) g+ 1forz e VN bQ. Thus Q is strongly g-pseudoconvex or strongly g-
pseudoconcave at zg.
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ExampLE 3. Itisreadily seen that for gg = s~ + s° and forany g > go (resp. go = s~
and any g < qy), (2.3) is satisfied in a suitable local boundary frame. Thus any index
q ¢ [s~.s~ + s°] satisfies (2.3) for either choice of go. Note that s~ + s® =n — 1 — s+
and thus g ¢ [s~,n — 1 — sT] coincides, in the terminology of [12], with condition
Z(q). Instead, we use the terminology of strong g-pseudoconvexity (concavity) when
g >n—1—s7 (resp. ¢ < s7) because this is the same as asking that (2.3) holds with
strict inequality.

The condition in Definition 4 below generalizes to domains which are not necessarily
pseudoconvex, the celebrated P property by Catlin [6, 8].

DEeriNITION 4. A boundary b<2 is said to have the (¢ — P) property in V' if for
every positive number M there is a function ™ € C®(Q N V) with [¢M| < 1 on Q
M

M M
and such that, if we denote by A?" < A?" <... < )Lf_l the ordered eigenvalues of
the Levi form ((]55[ ), we have

q q0 q0
M —
(2.6) Y AT =N M > c(M‘2€+ > |¢j|2) onQNV,
j=1 j=1 j=1
and

q q0

oM M
E:AJ _§ ¢ijM onhbQ NV,
j=1 j=1

where € > 0 and the constant ¢ > 0 does not depend on M.

ReEmMaRrk 2. We notice that if condition (2.6) holds for forms in some degree g > ¢
(resp. ¢ < qo), then it also holds in any degree k = ¢ (resp. k < ¢). In fact, (2.6) forces
/\2 = 0 (resp. Af; < 0) which implies /\? > 0 for any k = ¢q (resp. /\? < 0 for any
k <q).

Now we give a geometric condition on b2 which implies that b2 has property
(g —P).

DEerinITION 5. Let €2 be a smoothly bounded, weakly g-pseudoconvex domain in
a Stein manifold and let V' be the bundle which occurs in the above definitions. The
boundary <2 is said to be weakly ¢ regular at z, if there exist a neighborhood V' of
zo and a finite number of relatively compact subsets S; of bQNV,i =0,1,..., N,
such that

1) @d=SyCSy_1C---CS1CSo=b2NV,;

(2) ifz € S; \ Sj+1, then there are a neighborhood V/ € V and a CR submanifold D
of b N V' of CR dimension g with z € D which satisfy
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(@ SNV’ cD,

(® Vaolp € Tz D,

(c) if AID <o < AqD are the ordered eigenvalues of the restricted Levi form
(pl])|TCD ’ then

q 40
ZAJI-)—Z/O]‘]' >0, zeD.
j=1 j=1

This generalizes the notion of weak regularity of a pseudoconvex boundary intro-
duced by Catlin [6].

ProrosriTion 2.1. Ifthe boundary of 2 is weakly q-regular, then it satisfies property
(g = P).

Proor. The proof is the same as in [14, Theorem 2.1]. [ ]

Let Q be a domain of a Stein manifold defined by p < 0 with dp # 0 on the
boundary h2. Let V be a subbundle of 71:°5<2 of rank, say, o, W a bundle contained
in VL, the orthogonal to V in 71252 with respect to 39, such that W N V = {0} and
V + W = T1%5Q. The boundary h<2, as well as the bundles V and W, is supposed
to be real analytic.

ProrosiTiON 2.2. Assume that in a neighborhood V' of a boundary point zy, in
addition to the above hypotheses, the following two conditions are also fulfilled:

2.7) 3dply <0, ddp|w =0,

and W N Kker Lpgq is involuting and that there is no complex curve y C b2 such that
T, C 'W. Then b2 satisfies the (9 — P) property.

Prookr. It is obvious that (2.7), combined with ‘W C V1, implies (2.3); in fact,
if V is the bundle of the first gy eigenvalues and if A is the minimum eigenvalue of
ddp|yw, which is supposed to be non-negative, then

q q0
DI
j=1

Jj=1

Thus, Q2 is g-pseudoconvex for ¢ = go + 1. Then, from Proposition 2.1, b2 satisfies
the (g — P) property. ]
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3. Subellipticity of the d-Neumann problem

THEOREM 3.1. Let Q be a weakly q-pseudoconvex (resp. q-pseudoconcave) domain
with smooth boundary in C". Suppose that b2 has property (q — P). Then e-subelliptic
estimates at zg hold for forms of degree k = q (resp. k < q). More precisely, there
exist a positive constant € and a positive constant ¢ such that

3.1) lullze < cOu.u),
foru € O, 1 ().

Proor. Let Ss = {z € 2 : —§ < p(z) < 0} be a strip, where § is a small enough
positive number. Following Khanh and Zampieri [15],

(3.2) lullZe < cOu.u),

for u € D, (Ss N Q) with k = g (resp. k < g). Since bQ2 is compact, by a finite
covering {U, },=1 of b2 by neighborhoods U, as in (3.2), we have

(3.3) lullfe < cQu.u),

when u is supported in the strip Ss.
Now we estimate the integral over 2 \ Ss. Choose ys € D(2) such that y5(z) = 1
whenever p(z) < —§ and z € Q \ S;. Using (3.3), one obtains

e < [ WPV + lysulye
S5
< 10 u) + Julle
= (Cl + C/)Q(uv M),
for some ¢1, ¢’. Thus, we obtain the subelliptic estimate
lullFre < cOu.u).
for u € D, x(2). Thus the proof follows. ]

THEOREM 3.2. Let X be a Stein manifold of complex dimension n. Let Q2 be a
weakly q-pseudoconvex (resp. q-pseudoconcave) domain with smooth boundary in X .
Suppose that b2 has the property (g — P). Let E be a holomorphic vector bundle,
of rank p, on X. Then, for k = q (resp. k < q), the e-subelliptic estimates at z, for
E-valued (r, k)-forms hold for the d-Neumann problem on Q2. More precisely, there
exists a positive constant ¢ such that

(3.4) [l Zre gy < € Qu,u),

foru e 0,1 (R, E).
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Proor. Let { fj}jN=1 be a finite covering of b2 by a local patching. Extend the
subelliptic estimate (3.1) to E-valued forms. Let ey, ez, . .., e, be an orthonormal basis

on E; = w7 1(z), forevery z € fj, j € J. Thus every E-valued differential (r, k)-form

p
a=1

components of the restriction of u on f;. Since b2 is compact, there exist a finite
number of elements of the covering { f;}, say, fj, j = 1,2,...,m, such that U'vnzl iy
cover bQ2. Let {{; "o be a partition of unity such that Co € Dk (R2), ¢ € Dri(ff),
j=12,...,m,and Z;"ZO §j2 = 1 on Q, where {Uj}j=1,..,m is a covering of bQ2.
Let U be a small neighborhood of a given boundary point &, € b2 such that
UeV e fj, foracertain j, € . Ifu € D, 4 (R, E),0<r<n,g<k<n-2,on
applying the subelliptic estimate (3.1) to each u“ and adding fora = 1,..., p, we get

u on X can be written locally, on f;, as u(z) = u%(z)ey(z), where u® are the

the subelliptic estimate for u|Qny,

10wl 4e < cO(Lou, Lou) < €O (u,u).

Similarly, for j = 1,...,m, we get subelliptic estimate for u|eny;
I5ullFre < cQGu. Gu) < €Qu,u).

Summing over j, we get
||“||12L16(E) < cQ(u,u).

Thus the proof follows. u

4. Compactness, H € estimates and regularity for 9

As a consequence of the subelliptic estimate (3.4), one first proves the L? existence
theorem of the d-Neumann operator.

THEOREM 4.1. Let X be a Stein manifold of complex dimension n. Let Q2 be a
weakly q-pseudoconvex (resp. q-pseudoconcave) domain with smooth boundary in X.
Suppose that bQ2 has the property (g — P). Let E be a holomorphic vector bundle,
of rank p, on X. Then, for k = q (resp. k < q), ker({, E) is finite-dimensional and
the range of O is closed in Lf ¢ (82, E), and there exists a bounded linear operator
N: Lik (Q,E) — Lik (2, E) satisfying the following properties:

(1) Ran(N, E) C dom(O, E); NO =1 — H ondom(1, E);
(i) for f € L2 (Q, E), we have f = 00*Nf @ 0*ONf @ H f;

(iii) N8 = N on dom(d, E) and N3* = 3*N on dom(d*, E);
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(iv) forall f € Lf’ (&, E), we have the estimates

_ INFI = el £,
JNFI+ 13 NF | < Vel £

W) iffe Lfk(Q, E) Nker(d, E), then 3*Nf gives the solution u to the equation
ou = f of minimal Lf,k_l(Q, E)-norm;

i) if f e Lfk(Q, E) Nker(3*, E), then N gives the solution u to the equation
0*u = f of minimal Lik+1(9’ E)-norm.

Proor. From (3.4) ate = % and for f € dom(é, E)n dom(é*, E), we have
@D 1 e < CABS o + 13 Bros + 1F 1200)-

This gives the existence of the -Neumann operator Nz : L2, (Q.E)— H}! (QE).
Inequality (4.1) implies that from every sequence {fH)o2, in dom(d, E) N dom(d*, E)
with || £, || bounded, 3 f;, — 0 in L2k+1(Q E), and 8* f, — 0 in L2, (R, E)as
v — 00. Then (4.1) implies that || £, || H2E) S < C for some constant C. By the Rellich
lemma, the inclusion map ig: Hll/C (R, E)— sz(Q E) is compact, and one can
extract a subsequence of the sequence f, which converges in the L2 k(Q E)-norm.
Thus, for f € dom(d, E) N dom(d*, E), f L ker(O, E), the hypotheses of [13, Theo-
rem 1.1.3] are satisfied and so this theorem implies that ker(OJ, E) is finite-dimensional
and the estimate

holds, and hence
4.3) ”f”HO(E) C||Df||H0(E), for f € dom(O, E), f L ker(O, E).

Thus the closed graph theorem (cf. [13, Theorem 1.1.1]) implies that O has closed
range and forces, since [ is self-adjoint, the strong Hodge decomposition

L2, (Q.E) = Ran(d, E) @ ker(d, E)
= 990* dom(0, E) @ 9*d dom(0, E) @ ker(O, E).
Estimate (4.3) also implies the existence of N as a unique bounded operator on
Lfk(Q, E) that inverts O on ker(Cd, E)*. We extend N to the whole Lfk(Q, E)

space by setting N = 0 on ker(O, E). The properties follow directly, as in the proof
of [9, Theorem 3.1.14]. [ ]
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THEOREM 4.2. Under the same assumptions as Theorem 4.1, fork = q (resp. k < q),
the 0-Neumann operator N : Lfk(Q ,E) — Lfk(Q, E) is compact.

Proor. To show that N is compact, it suffices to show compactness on ker(CJ, E )+
(since N = 0 on ker([J, E)). When f € ker(OJ, E)l (and hence N f € ker([J, E)b),
integration by parts and the Cauchy—Schwarz inequality imply

1IN/ 2008, + 13* NS 1200 = (NS ) proge,
< 1/ o INS oy < 1F 12005,

The last inequality follows from (4.3) for Nf. Applying (4.1) and then (4.3) to Nf,
one obtains

INF a0y < CAINS o) + 13 NS o + INS 200 < KILf 2o

where K is a positive constant. Thus N is compact on Lf ¢ (&, E) by the Rellich lemma
(the embedding of H:,/CZ(Q, E) into Lfk(Q, E) is compact). ]

THEOREM 4.3. Under the same assumptions as Theorem 4.1, the following are
equivalent:

(1) the compactness of the d-Neumann operators N ;
(2) the compactness of the embedding j,x of the space dom(d, E) N dom(d*, E),
provided with the graph norm || || + ||ou|| + [|0*u/|, into C3 (Q,E);

(3) forevery e > 0 there is a C¢ > 0 such that, foru € D?4,0 < g <n — 1, we have
(44) lul < eQu.u) + Celuly -y -

Proor. First we prove (3) = (1). We want to prove that for any bounded sequence
{up} C Crfi (Q, E), the sequence {N;x(u,)} admits a convergent subsequence. Since
N,k is a bounded operator in Cr‘?z (Q, E), we observe that {N, x (u,)} is a bounded
sequence in C rOZ (Q, E). According to the Bolzano—Weierstrass theorem, every bounded
sequence has a convergent subsequence. Hence there exists a subsequence v; = fy;
such that {N(v;)} converges in Hr_kl (2, E) since Crfz (Q, E) is compactly embedded
in Hr_kl (2, E). To conclude that, it is sufficient to prove that { N,z (v;)} is a Cauchy
sequence. We observe that estimate (3.1) applied to {N, x (v;)} gives

[ Nri (v — vl < ellv; —vill + Cel[Nrg (v; — vl g1k

For fixed § > 0, we get the conclusion choosing ¢ such that g||v; — v;| < $ for any
J.land M € N such that g|| N, x (v; —v)|| < ‘% forany j,/ > M. Then {N, x(v;)}
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is a Cauchy sequence. Similarly, one obtains that {1V, x (v;)} is a Cauchy sequence
which implies that {v;} is a Cauchy sequence.

Now we prove (1) = (2). It is easy to observe that N, x = j, x, when the range
dom(d, E) N dom(d*, E) is endowed with the graph norm. On the other hand, com-
pactness is stable under adjunction.

Finally, we prove (2) = (3). If the compactness estimate does not hold we can
choose a sequence {u,} such that Q (u,,u,) = 1 and

4.5) L= |unll® = € + nllunlf 1 g

for any n € N. By compactness of the embedding there exists a subsequence v; = fy;
which converges in C} (Q, E) and hence also in H r_kl (2, E). From (4.5) the common
limit is 0. But this contradicts the fact that, again by (4.5), ||u,| = €. ]

Now we briefly review classical results about Sobolev estimates for [1.

THEOREM 4.4. Let X be a Stein manifold of complex dimension n. Let Q2 be a
weakly q-pseudoconvex (resp. q-pseudoconcave) domain with smooth boundary in X .
Suppose that b2 has the property (q — P). Let E be a holomorphic vector bundle, of
rank p, on X. Then

1/ ey SN0 NGeey.  for f € Dra(R, E) N dom(T, E).

Proor. Let { fi}JN=1 be a finite covering of b2 by a local patching. Extend the
subelliptic estimate

1 1Fe S IO f e, for f € Dpx() N dom(D)

to E-valued forms (for the proof see [34, Theorem 3.1]). Thus the proof follows as in
Theorem 3.2. ]

THEOREM 4.5 (Cf. [23]). Let X be an n-dimensional complex manifold of complex
dimension n and Q be a bounded domain of X. Let Q € X be a submanifold with
smooth boundary. Suppose the compactness estimate (4.4) holds on Q2. Let E be a
holomorphic vector bundle, of rank p, on X. Suppose further that the d-closed (r, k)-
formaisin H™*(Q2, E) and a L ker(O, E). Then there is a constant Cy, such that the
canonical solution u oféu = o, withu L ker E_J satisfies

I/ lam ey < CalllelzmeEy + 111D

Since C®(Q, E) = (py=o H™(Q, E), it follows that if & € C3(, E), then u €
CX_1(Q,E).
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THEOREM 4.6. Let X be a Stein manifold of complex dimension n. Let Q2 be a
weakly q-pseudoconvex (resp. q-pseudoconcave) domain with smooth boundary in X .
Suppose that b2 has the property (q — P). Let E be a holomorphic vector bundle,
of rank p, on X. Then, for a € C:;;(S_Z, E), g <k <n—2, satisfying df =0 in
the distribution sense in X, there exists u € Cr‘?,‘;_l (8_2, E), such that o = f in the
distribution sense in X.

5. Closed range property

Closed range properties of the E_)-operator are closely connected to the existence of
the d-Neumann operator.

THEOREM 5.1. Under the same assumptions as Theorem 4.1, fork = q (resp. k < q),
we have

(i) the operator 3 has closed range in Lik (R, E) and Lz,k+1 (R2,E),
(ii) the operator 8* has closed range in Lik (Q, E) and L?,k—l (Q,E).

Proor. Using (4.2) and by using [13, Theorems 1.1.3 and 1.1.2], we obtain that
0: Lik(Q, E) —> Likﬂ(Q, E) and 0*: Lik(Q, E) —> Lf’k_l(Q, E) have closed
range. [

THEOREM 5.2. Under the same assumptions as Theorem 4.1, fork = q (resp. k < q),
the 0-Neumann operator N exists and N : Lfk(Q, E)— Hrlk(Q ,E).

Proor. From (4.1),
1/ 12028y < CUBS 200z + 18 F 10z + 17 1Z0m)-

for f € Dom(d, E) N Dom(d*, E). Since there exists an interpolation between
Hrlk(SZ, E) and Lfk(Q, E) as illustrated in [9, Appendix B and Theorem B.3] and
by using the procedure of [9, Theorem 5.2.1], we conclude that the range of N is
Hrl’k (2, E). This gives the existence of the d-Neumann operator N : Li ((Q.E) -
H!' (QE). "

TuEOREM 5.3. Under the same assumptions as Theorem 4.1, fork = q (resp. k < q),
there exists u € H:,/CZ(Q, E) with ou = f.

Proor. From Theorem 4.1, forany f'e Lfk(Q ,E)Nker(d, E)and f Lker(O, E),
there exists au € H:,/CZ(Q, E) with du = f. [
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6. The 9 problem with support condition

By applying the duality of the 9-Neumann problem one obtains a solution to the
d-equation with exact support on such domains.

THEOREM 6.1. Let X be a Stein manifold of complex dimension n. Let 2 be a
weakly q-pseudoconvex domain with smooth boundary in X. Suppose that b2 has the
property (q — P). Let E be a holomorphic vector bundle, of rank p, on X. Then, for
qg<k<n—qandfor f € Lf,k(X, E), supp f C Qwith d f = 0 in the distribution
sense in X, there exists u € Lik_l(X, E), suppu C Q such that du = f in the
distribution sense in X .

Proor. Let f € Lf’k(X, E) and supp f C Q. Then f € Lik(Q, E). From
Theorem 4.1, Ny_; i exists forn —k = g, and since Ny = (Dn_r,n_k)_1
on Ran(0,—,—k. E*) and Ran(Ny—, p—k, E*) C dom(O,—;n—k, E*), we have
Ny—ym—i #g > f € dom(Oy—yp—k. E*) C erz—r,n—k(Q’ E*), for k < n — q. Thus,
one can define u € Lik—l(Q’ E) by

6.1) u=—x#g ONy_pp_i#g * f.

Extend u to X by defining u = 0 in X \ Q. That the extended form u satisfies the
equation du = f in the distribution sense in X is proved as follows. We shall first
prove that du = f in the distribution sense in 2.

For 1) € dom(d, E*) C Lﬁ_r,n_k_l(Q, E*), one obtains

e+l = [ nnsthp e o) = 07 [ Ggn s
= (0D [ By = 1L B,
Q

Since ¥ = 0* on By (Q, E), when ¥ acts in the distribution sense and Brk (Q.E)
is dense in dom(d, E) N dom(d*, E) in the graph norm, from [13, Proposition 2.1.1],
then from (2.1) one obtains

(On.#E * f)g = (f.0" #E- *1)q.
Since supp f C Q, then we obtain
(On.#ge * ) = (/0" #p xn)q = (0 /. #g *n)y = 0.
It follows that 8* (#z /) = 0 on Q. Using Theorem 4.1 (iii), we have

(6.2) *Np—rni(#E % f) = Np—yn—s—10*(#g » ) = 0.
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Thus, from (2.1), (6.1) and (6.2), we obtain
u = —0 * #E éN,,_r,n_k #E x f
= (1) wttg 0 Nk #E * f
= (=1 % #5(0%0 + 00" ) Nu—rni #E * f
= (=1)"* xttpttpx f
=/

in the distribution sense in . Since ¥ = 0 in X \ €, then for 7 € dom(d*, E) C
Lfk(X, E), we obtain

(u,0*n)y = (u,0%n)q = (#g *0*n. #£ *u)q.
Thus, from (2.1), we obtain
6.3) (u,d*n)y = (=) (I#tg xn. #E xu)q = (#E *1.#E xu)q = (0u. n)q.
where the second equality holds since
#g xu = (1) KGN, ., #E + f € dom(3*, E¥).
Thus, from (6.3), we obtain
(, " n)x = (fima = (fn)x-

Thus du = f in the distribution sense in X . Thus the proof follows. ]

This gives the extension of d closed forms from the boundary of such domains,
where 0y, is the tangential Cauchy Riemann operator.

TueoreM 6.2. Under the same assumptions as Theorem 6.1, for | € C2 (b2, E),
g <k <n—q—1,satisfying dp f =0, there exists F € Cf;;(s_z, E)suchthat F|pq = f
and OF = 0.

Proor. Let f € Cro’z(bQ, E),q <k <n—gq—1, with 35 f = 0. Then there
exists [/ € Crol‘;(S_Z, E) such that f'|p = f and 9 f/ vanishes to infinite order on
bQ. Following,Theorem 6.1, there exists f € Cr‘?i (Q, E) with supp f C  such that
df = df'. Then the form F = f’ — f satisfies F € Crfz(S_Z,E), Flpo = f and
oF = 0. [

TueoreM 6.3. Under the same assumptions as Theorem 6.1, if f € Cr°12 (b, E),
g<k<n—q—1withdy f =0, there exists u € C2_1 (b2, E), such that pu = f.
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Proor. Let f € CROQE), g <k <n—q—1,with dp f = 0. Then from
Theorem 6.2 there exists F' € C} (. E) such that F|pq = f and dF = 0. Following
Theorem 6.1, there exists U € C;‘fz_l(ﬁ_l, E) satisfying U = f in Q. Thenu = U |pq
satisfies dpu = f. ]

The necessary and sufficient condition on f € H rl ,/cz (b2, E) to have a d-closed
extension F on €2 is summarized as follows. In what follows, differentiation is always
taken in the distribution sense.

THEOREM 6.4. Under the same assumptions as Theorem 6.1, for f € Hrll/c2 (b, E),
q <k <n-—q—1, we assume that

(6.4) 0 f =0.
Then there exists F € Lfk_l(Q, E) such that F = f on b and F = 0 in Q.

Proor. Since f € Hrl’,/cz(bQ, E) is a form, one can extend f componentwise to
Q such that each component is in H!(Q2, E). For the detailed construction of such
an extension, see e.g. [7, Lemma 9.3.3]. Let f’ be an arbitrary extension of f with
f'e Hrl,k(Q, E).

From (6.4), we can require that f; = dp f' = 0 in bQ. If we extend f; to be zero
outside €, we get d fi = 0 in X in the distribution sense. We set

V=—x#g ON #g * [

From Theorem 6.1 and its proof, we have v € L%k(Q, E). We set v = 0 outside 2.

Then dv = f; in the distribution sense on X with v supported in .
Setting F = f/ —vinQ,wehave F = fonbQanddF =0 f' —dv= f1— f1 =0
on 2. |
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