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A note on vector valued maximal inequalities in Sobolev
multiplier spaces

KenG Hao Oo1 (*)

ABSTRACT — We address some vector valued maximal inequalities in a type of Sobolev multiplier
spaces associated with Bessel capacities. We show that the vector valued maximal inequalities
are of local type.
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1. Introduction and statements of the main results

Letn e Nand 1 <r, p < co. Denote by M the standard Hardy—Littlewood maximal
function on R” such that

Mf(x) = sup | f(DIdy.  x eR”,

r>0 | Br(X)| JB,(x)
where B, (x) is the ball centered at x € R” with radius r > Oand f € L} (R")isa
locally integrable function. Fefferman and Stein [4] proved the following vector valued
maximal inequality:

an |(Sepy)
J

’

LP(R")

) E Cn,p,r

LPR"

(Zlfjl’);

where f; € L. (R"), j € N,and Cp ,, > 0 is a constant depending only on n, p, r.
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The present paper addresses the corresponding vector valued inequalities in a type
of Sobolev multiplier spaces. Let 0 < o < oo and 1 < 5 < n/a. Recall the definition
of Bessel capacities Cap, (),

Capa,s(E) = inf{”‘/)”SLS(Rn) 9 >0, Gy x@>1on E},

where E C R" is an arbitrary set, Go(x) = (1 + |-|*)~*/2](x), x € R” are the
Bessel kernels, and # ~! is the inverse distributional Fourier transform on R”. The
Sobolev multiplier spaces M, associated with Bessel capacities are then defined to
be the subclass of the locally p-integrable space L? (R™) such that

loc

(Il @rrax?
I/ laggs = S?(W <00

whenever /' € M,"*. Here, the supremum is taken over all compact sets K € R” with
non-zero capacities. It is shown in [7, Theorem 3.1.4] that the quantity || f|| Mg 18
equivalent to the best constant C > 0 making the following trace inequality hold:

=

([, 16Gaxowblserrar)” < Cloli,

for all ¢ € L*¥(R™). Several characterizations of the Sobolev multiplier spaces M,
are studied in [8]. I. E. Verbitsky showed in [6, Theorem, Section 2.6.3] that

(1.2) IMS llagss < Coausip 1 f g

(see also Proposition 2.2 below). Motivated by (1.1) and (1.2), one may reasonably
suspect if the following Fefferman—Stein type vector valued inequality

13) [(Zopr) (Z1sr)’
J J

holds. Unfortunately, it turns out that (1.3) does not hold, which we will show in the

<C
= Ln,as,p,r
M-S ’

.8
My

proof of Theorem 1.1 in Section 2. Nevertheless, the following local type of vector
valued inequality is true.

THEOREM 1.1. Letn e N, 0 <@ <00, 1 <s <n/a,and 1 < p,r < co. Define
the local Hardy-Littlewood maximal function M'° by

1
M f(x) = su
f( 0<r21 |Br(x)|

/ fO)Idy. x € R”,
Br(x)



A note on vector valued maximal inequalities in Sobolev multiplier spaces 249

where f € L\ (R™). Then the vector valued inequality

(Zu;-v)’l‘

< Cuas,pr

(1.4) H 3 (M ) )

a.s
My

holds for any sequence { f;} of functions such that (3_; | f;|" )% € My"*. The vector
valued inequality (1.4) does not hold if M'*° is replaced by M.

ProrosiTioN 1.2. The vector valued inequality (1.4) fails for r = 1. In other words,
there is a sequence { f; } of functions such that

H Z|ﬁ|HMg.S <oco but H ZMlocfj‘
! J

The following theorem gives another localized version of the Fefferman—Stein type

ws — Q.
MY

vector valued inequality in terms of M.

THEOREM 1.3. Letn e N,O<a <oo, 1 <s <n/a,1 < p,r <oo, xg € R", and
Ro > 0. Then the vector valued inequality

(Sir)’

(1.5) H(Z(Mf,)  ABiy(x0)

Masfcnasero M

holds true for any sequence { f;} of functions such that (Zl | fi |’)% € M, where
supp(fj) € Bpry(x0), j € N, and the constant Cy, o5, p,r,r, > 0 depends only on the
parameters n,a, s, p, r, Ro but not on xg. The vector valued inequality (1.5) fails for
r=1.

Assume further that 1 < s < n/a. Then, the vector valued inequality

ao  [(Toapr) (Cinr)

s < Cu.a.s,p.r.Ro
D

a.s
My

holds true for any sequence { f;} of functions such that (Z} | f; |r)% e M, where
supp(fj) € Bgr,(xo) and j € N.

A function space X is said to be a predual of M, 1‘,1 *% if the dual space X * is isomorphic
to M I‘,’ *_In other words, for any continuous linear functional £ € X *, there exists a
unique function g € M,"*, such that

£ = [ fegwis fex
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and the operator norm || £| satisfies

Clgllpes < 121 < Cligllpe-s

for some constant C > 0. Several preduals of M ,;" ** have been characterized in [8], one
of which is the space N;**, ¢ = p/(p — 1), which consists of functions f with the
finite quantity

q
1/ s = inf( / If(x)lqa)(x)l_qu) ,
w R
where the infimum is taken over all weights w > 0 such that
oo
o0ty = [ Cobus(bx € B s 00) = 1) <1

It is shown in [8, Theorem 1.10] that

(1.7 IV fllyees < Cnasial

Slings

and the inequality (1.7) cannot be improved by replacing M'*® with M since N, is
canonically embedded into L' (R") (see Proposition 2.1 below) and it is known that M
is unbounded on L!(R"). The vector valued analogue of (1.7) is given by the following
theorem.

THEOREM 1.4, Letn e N, 0 <a <00, 1l <s <n/a,and 1 < q,r < oo. Then,
the vector valued inequality

(o)

NS =< Cn,a,s,q,r
q

(Z_lfjr)l

holds for any sequence { f;} of functions such that () i 1S |r)% € N;**. The vector
valued inequality (1.8) fails for r = 1.

o,s
NCI

Note that the Fefferman—Stein type vector valued inequalities also hold for Morrey
spaces and their preduals in place of M ;j‘ *in (1.3) (see [5, Theorems 2.9 and 2.12]).
Our method to prove Theorems 1.1 and 1.4 can also be applied to the Morrey spaces
and their preduals (see Section 4 for details).

2. Proofs of the main results

ProposiTioN 2.1. Letn e N,0<a < o0, 1l <s <n/a,and 1 < q < oo. It holds
that

||f||L1(]R") = Cn,a,s,q”f“Ng'S



A note on vector valued maximal inequalities in Sobolev multiplier spaces

for any function f € Nj*. As a result, (1.7) fails by replacing M'°® with M.

Proor. We first show that

2.1) IS lagg-s < 1S llzoe -

Indeed, by Young’s inequality, one has

[Ga * ¢llLs®n) < [|GallLi®nyll@llLs®ny = ll@llLs®n),

which gives

22) |E| < Cap, (E). ECR",
and hence
1
[ Lf ()P b
1 g = sup T
K apa,s(K)
1
fK ldx \7
< 1 lzrocer sup(—
& K Capa,s(K)
1
K| \?
1 e sup(—
( )K Capa,s(K)

< 1 f Lo ®n)s

251

which yields (2.1). Now, we use the fact that N** is isomorphic to the Kthe dual

(My,"*) defined by

1 laassy = sup { [ 1 egwldx s g € Mg, gl = 1} R

(see [8, Theorem 1.7]). As a result, we obtain by (2.1) that
71z =sop{ [ 17 @gldr ¢ € LZR), lglimn < 1)

<sup{ [ 1£e00ldx s € ME Nglgge < 1)

= I/ loaagesy

< Coasgl flings.

which yields the result.
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Readers may find that Verbitsky’s proof of (1.2) in [6, Theorem, Section 2.6.3] is
not complete, as the assumption s < n/« is made throughout the argument. We supply
the proof which includes the case s = n/« in the following proposition.

ProposiTioN 2.2, Letn e N,0 <a <00, 1 <s <n/a,and 1 < p < oo. It holds
that

IMfllpggs < Cras.pll £ llpgges

. o,s
for any function f € M,"".
Proor. Introduce

~ 1
M f(x) = sup
r>1 |Br(x)| B, (x)

[f()Idy, xeR",

where f € L1 (R™). Itis clear that M f < M f 4 M f . We first show that

loc
(23) IV fllaggs < Coasop S e
Recall the estimate

Cpras|Br(x)] < Capy s (Br(x)) < Cnas

B,(x)], r>1, xeR"

(see [7, Proposition 3.1.4 (iii)]). Then, we have by Holder’s inequality that

1

2
|ﬂwvw) < o

Mfu)swp(

|/ llaggs -
r>1 Mp

|Br(x)| JB,(x)

By using (2.2), one has

=

— |K|
”Mf”M,‘,’“ < Chas.p SI%P(— ”f”M,‘i” = Cnas.p |f||M,‘,“v

Capa,s(K)

which yields (2.3). It remains to show that

2.4 IV £ llpggs < Crasp

[ laggs-

To this end, let K € R” be a compact set with Cap,, ;(K) > 0. Then, there exists a
VK >1on K\ N for some set N € R” with Cap, ((N) = 0 and

(2.5) (VK)S c Alloc’
[(VK)“)’]AI10C <c(n,a,s,8),
(2.6) ||(VK)8 ”Ll(Capa,s) ~ Cap,, ((K),
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where § € (1,n/(n —a)) fors <2andé € (s — 1,n(s — 1)/(n —as)) fors > 2 (see
[8, Lemma 3.2]). Note that in (2.5), a nonnegative weight w is said to be in the All"c
class provided that

2.7 M*w(x) < Co(x) ae.

for some constant C > 0. The infimum of all such constants is denoted by [w] Atoe-
Recall that if @ € A'°, then

/ (M(0))! w(x)dx < C(n.q.©) / () o (x)dx
R” R”

for some constant C(n, ¢, ¢) > 0 depending only on 7, ¢, ¢ with [@] e = € (see [8,
Lemma 8.2]). Further, note that Cap,, ;(N) = O entails [N | = 0 by (2.2). Consequently,
it follows that

/ (M £ () dx < / (M £(0))” (VK (x)dx
K R~
< Cras / £ (VEY () dx
R}’l

[o¢]
— Coas / / | ()|Pdxd
0 {(VK)S>1}

o0
Pl [ Capus(fx < B (VY () > 1))
2 Jo
= C"a“ssl|f||pg~s ”(VK)S ||L1(Capass)

S50 Cape s (K).

= Cn,a,s

= Cn,a,s

Dividing both sides by Cap,, ((K) and then taking supremum over all such compact
sets K, one obtains the estimate (2.4) and the proof is now complete. u

Before we proceed to the proof of Theorem 1.1, we recall some classic facts regarding
weighted norm inequalities. For 1 < p < oo, we say that a nonnegative weight w € 4,
if there exists a constant C > 0 such that

1 “rax)” <
(2.8) (W/Ba)(x)dx) (/B w(x)"? dx) <C

for all balls B in R”. On the other hand, we say that w € A; if

Mow(x) < Cw(x) ae.
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for some constant C > 0. The infima of all such constants C > 0 are denoted by [w]4,
for]1 < p <oo.Wehave A, C A, for1 < p < g < oowith [w]a, <[w]s,.Itisshown
in [3, Theorem 3.1] that

(2.9) /R (Z(Mf,.(x))r)%w(x)dx < N([wla,) / (Z|f,(x)| ) o(x)dx
J

for some increasing function N : [0, c0) — [0, 00), where 1 < p,r < ocandw € 4.

On the other hand, the local version A};’C for 1 < p < oo is defined to be the class
consisting of nonnegative weights @ such that (2.8) is satisfied for all balls with radii
less than 1. We have similarly that A}j’c - Ag’c for1 < p < g < oo with [w] qloe < [w] Aloe-
Besides that, by [9, Lemma 2.11], one has

(2.10)

(o)

for some increasing function &’ : [0, 00) — [0, 00), where 1 < p,r < occandw € A};’C.

y
r

~s

o(x)dx < N ([0] ) / (Z| f,(x)|) w(x)dx

Proor or THEOREM 1.1. Recall the characterization of M ;,x * as

@1 ol ~ s ([ toirocar)”.

where the supremum is taken over all nonnegative weights @ € AllOC with the properties
ol (Capy ) = 1 and [C()]Alloc < c¢(n,a,s) for some constant ¢(n, «, s) > 0 depending
only on n, &, s (see [8, Theorem 1.2]). As a result, (1.4) follows by combining (2.11)
and (2.10). To show that (1.4) does not hold if M'® is replaced by M, we consider the
following example in the one-dimensional case R (see also [10, Theorem 1, page 51]).
Let f; = X2i—127] for j =1,2,... Then

(S151) = 200w € L%®).
J

Note that x(1,00) € Mp"* by (2.1). Since M f;(x) > 1/8 for all |x| < 2/, we obtain

PRI SR
J

J:27 =|x|

which yields
> Mfj ) =
J
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everywhere x € R and hence (1.4) fails for these f;. ]

Proor or ProposiTiON 1.2. We consider the one-dimensional case R. Let N € N,
N >3,

fi= X[j—l

N

=2 N,

2.

and f; =0for j > N +1.Fix j =1,2,...,N and x € [0, 1]. Assume that x <
(j—1)/N.Leté = j/n —x.Clearly,0 < § < 1, and hence

l 1 x+6 %
M* f;(x) > —/ (Ndy = ———.
20T s o L PO T30 2y
If (j—1)/N <x < j/N, then by choosing 0 < § < 1 small enough such that
(x —8,x+8) S ((j —1)/N, j/N),onehas M f; (x) > 1. Subsequently, if x > j/N,
then by letting 6 = x — (j — 1)/ N, we have 0 < § < 1 and hence

: 1 x+6 %
MOC 1 x Z —/ 7 d = .
CA T T ML Ty =
We conclude that for x € [0, 1], it follows that

L

2(N—j+1)°

Jj—1
N b
Jj=1
-

IA

X
X

\%

Consequently, for x € [0, 1], we have

ZMlocfj(X) — Z Mloc](j(x) + Z Mloc]rj(x)

J 1<j=<N 1<j<N
x</gt x>t
1 1 1 1
Ay ly
1<j<N 7 zlsjsNN_] +1
x<igh x>Igt
11
z -
2],:2]

Note that

Y=o € My
J
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by (2.1). However,

P 1 1 P N
Mlocf»‘ > / M fi(x)) dx >C - >
| ]Z Tllaagzs = Capy,s ([0, 1])( 0 JZ ) ; J
as N — oo. Hence, (1.4) fails for r = 1. ]

Proor orF THEOREM 1.3. Let xg € R”, Rg > 0, and w € All"c. Then there exists
® € Aj such that w = w on Bg,(x¢) with [w]4, < Cy r,[®]4,, Wwhere Cy, g, > 0 s
a constant depending only on n and Ry but not on xg (see [8, Lemma 8.1]).

Note that @ € A, with [@]4, < [@]4,. Then

S M@ )+ 251 ey (D)
Rn
J

_ [R (;(ij(x))’)fw(x)dx

ya
r

2.12) = N (@) fR ) (jZ 151) @(0dx

Al

2.13) - (@) [ [(Z1r) atwax

]

< N Corlola) [ (Z151)" ot

where we have used (2.9) in (2.12) and (2.13) follows by the fact that (3 i [ il )%

is supported in Br,(xo). As aresult, (1.5) follows by combining the above estimates
with (2.11).

The example given in the proof of Proposition 1.2 also shows that (1.5) fails for
r=1.

The proof of (1.6) is postponed to Section 4 for technical reasons. ]

Proor or THEOREM 1.4. Note that

7
.14 ol ~inf ([ oo dx )"
w RrR”?

where the infimum is taken over all nonnegative weights w € AV with

lolltcap, ;) =1 and [a)]Alloc <cn,a,s)
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for some constant ¢(n, @, s) > 0 depending only on n, «, s (see [8, page 6]). Now,
observe that when w € All"C C AE’C, we have w17 = =1/ (-1 ¢ Alq"c, which yields
(1.8) by combining (2.14) and (2.10).

The failure of (1.8) when r = 1 is exhibited by the same example in the proof
of Proposition 1.2. To this end, we first show that y[o,1] € N . Indeed, by letting

K =0, 1] and choosing (VK)8 as in (2.5), then

. KN8 1—q
= [ ()
||X[0,1]||1vq “Jo \JJVEY I L1 capy o) )

= || (VK)8 ”Z‘T(lcapa.s)

= Cn’asssq

< 00,

as claimed. Now, we see that for N = 1,2,...,

N
1
C Z =lxonlivgs = H ZMlocfi” a.s
j=2 J J Na

>
N(X.S
j q

= Cn,a,s,qHX[O,l)”Ng’s'

< Crasg

Since 0 < || x0,17ll 1 (rny = Cn,a,s,q||X[0,1]||Ng~S by Proposition 2.1, taking N — oo
would yield a contradiction. ]

3. Vector valued maximal inequalities in Sobolev multiplier spaces associated
with Riesz capacities

Letn € N,0 <a <oo,and 1 <s <n/a. The Riesz capacities cap,, ,(-) are defined
to be

capy s (E) = inf{[|@[|3s@n) 1 ¢ = 0, I ¥ ¢ > 1 on E},

where E C R” is an arbitrary set, I(x) = |x|~®~®, x € R” are the Riesz kernels.
The (homogeneous) Sobolev multiplier spaces M " for 1 < p < oo associated with

Riesz capacities are defined to be the subspaces of L{ (R") such that

Jx LCIC AL

1 s = s;p( T
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whenever f € M;,x **. Here, the supremum is taken over all compact sets K € R” with
cap, ¢ (K) > 0. Denote by Ng** the preduals of M,"**, where ¢ = p/(p — 1). We have
similar characterizations as in (2.11) and (2.14):

=

6. lollgs s ([ tpeorocmx)”

where the supremum is taken over all nonnegative weights w € A;, with the properties
”w”Ll(capaHQ < land [a)]Al = c(nvaa S), and

3.2) ||(p||N(([x’S ~ igf (/]Rn |(p(x)|qa)(x)1—qa’x) q ’

where the infimum is taken over all nonnegative weights w € A; with

”w”Ll(capa!s) =1

and [w]4, < ¢/(n,,s). Here, the constants ¢(n, a, 5), ¢/ (n, &, s) > 0 depend only on
n, o, s. As aresult, combining (3.1) and (3.2) with (2.9), we have the vector valued
maximal inequalities that

63) [(Zosy)
J

= Cn,a,s,p,r
X X

1
sy
J

for X = M;"* and N;**. As in Proposition 1.2, the vector valued inequalities (3.3) fail
forr = 1.

We remark that the example given in the proof of Theorem 1.1 does not counter
the validity of (3.3) for X = M,"*. In fact, y(1.00) £ My"’. To see this, for each
N =1,2,..., we compute that

N
P Jo X(1,00)(X)dx _N-1

. ~ —
”X(l,oo)”Mg,s e Capa’s([O’ N]) N1-as

as N — oo. Here, we have used the fact that cap, ((By(x)) = "% - cap, ((B1(0))
(see [1, Theorem 5.1.2]).

It is worth mentioning that the embedding L (R") <> M’ fails, as already shown
in the above example. Nevertheless, the following embedding

(3.4) L& ®(R") <> M
is valid. Indeed, by the Sobolev embedding theorem, one has
1
s*

___’

1o * @l Ls* mny = Cnasll@llLs@ny. "
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which yields

as

|E|'™n < Chas -Capy(E), E CR"

As aresult, the embedding (3.4) follows since
1
Jx If(X)I”dX) ?
Capa,s (K)

I« If(x)l”dX)fl’
K%

17 s = s

= Cn,a,s,p sup(
K

=

_1 4 as
= Crus.psup | K|35 ( / If(x)l”dX)
K K

E Cn,ot,s,p”f”L%.OO(Rn)?

where we have used a standard fact that

1

1.1 r
\f leoo@n ~  sup |E| +(/E If(x)l’dx) ,

0<|E|<o0

here,0 < ¢ <ocand 0 <r <gq.

4. Completion of the proof of Theorem 1.3

In this section, we prove the remaining estimate (1.6) in Theorem 1.3. In this case,
the condition as < n is assumed. We first observe that

.1 lellags ~ lellyes

for any function ¢ with supp(¢) € Bg,(xo), where the implicit constants depend only
onn,a,s, p,and Ry but not on xo. To show (4.1), recall that

4.2) capy (E) < Cnoas - Capy ((E), as <n,

where £ C R” is an arbitrary set (see [ 1, Proposition 5.1.4 (a)]). Then, it follows that
1
Ix Iw(X)Ide) »
Cap, (K)

1
lp(x)[Pdx\7»
= Cn,a,s,p Sup(fK—
K Capa,s(K)

(4.3) = n,a,s,p”ﬁDHMgsS-

lellpes = sll;p(
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We remark that the support condition of ¢ is irrelevant in showing (4.3). On the other
hand, recall that

1 1
Ji le(o)|dx ) U (IK |¢(x>|1’dx) ’
Capa,s(K) K:diam(K)<Rg Capa,s (K) ’
where the last supremum is taken over all compact sets K € R” with diam(K) < Ry
(see [7, Corollary 1.2.2]). As a consequence, we have
1
Jx |<p(X)|”dX) 7
Capoc,s (K)
_ sup(fKﬂBRO(xO) e ) %
Capy ¢ (K)
fImER (x0) lp(x)|Pdx 7
(o)
K \ capy (K N BRy(xo))

< sup (fK |‘P(x)|pdx)‘l’

Capa,s(K)

rr——

ol s = sup(

" K:diam(K)<Ro
~ ll@llargs

which yields (4.1).
Let { f; } be a sequence of functions such that supp( f;) € Bgr,(xo) for j € N. Note
that (3_; | f; |’)% is supported in Bg,(xo). Hence, (4.1) and (3.3) yield

| (]ng,.)r)i > 1) | s
)(;mv);

Inequality (1.6) follows by combining the above estimates with (4.3). The proof of
Theorem 1.3 is now complete.

<
ppas = TS pir
p

<
= Cn,a,s,p,r,Ro Mes
P

5. Vector valued maximal inequalities in Morrey spaces

The Morrey space LP* for 1 < p < 00,0 < A < nis defined to be the set of all
locally p-integrable functions f € L?_(R") such that

loc

=

s = sup  rA (/B ()If(y)l”dy) < 0.

(x,r)eR” x(0,00)
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Denote by ¢ = p/(p — 1). The corresponding vector valued inequalities for L? 4 and
their preduals H9* read as

X

(0w )' ], = €
J

(Z_lm’);

for X = L?* and H%*. The proof of (5.1) can be obtained similarly to those of
Theorems 1.1 and 1.4. Indeed, part of the results in [2] say that

5.2)

1
171 supf ([ 1 0P0ar) "o e ar ol gy <1,
5.3)

1f L & inf{(/Rn |f(x)|qw(x)1_qu)" ro € i, ol (yeo ) = 1},

where Agf;i)l is the Hausdorff capacity. Combining (5.2) and (5.3) with (2.9) yields
(5.1). This is a different approach than the proof of (5.1) in [5].
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