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A law of iterated logarithm on lamplighter
diagonal products

Gideon Amir and Guy Blachar

Abstract. We prove a law of iterated logarithm for random walks on a family of diagonal products
constructed by Brieussel and Zheng (2021). This provides a wide variety of new examples of law

of iterated logarithm behaviors for random walks on groups. In particular, it follows that for any

% < B < 1 there is a group G and random walk W}, on G with E|W},| ~ nP such that

W, W (log log ) =P
0<limsup¢<oo and 0 < liminf /nl(loglogm) ™%

nB (loglogn)!1=A nb oo

1. Introduction

Let G be some finitely generated group, with a finite symmetric generating set S. Let W),
be a random walk on G, with finitely supported symmetric step measure such that the
support of W; generates G. A central object of study in the theory of random walks on
groups is the distribution of the distance |W;| of the random walk from its origin point,
and its connection to other geometric and algebraic properties of G. One is interested in
understanding both the behavior of |W,,| for specific families of groups and the set of
possible behaviors of the distance function for random walks on groups in general (often
referred to as the “inverse problem”). Usually, fine understanding of the underlying metric
structure of G is lacking, and beyond some examples of polynomial growth groups and
some non-amenable groups, most works focused on understanding the expected distance
on some families of groups, with few works also looking at some moderate and large
deviation regimes (see Subsections 1.1 and 1.2).

The main contribution of this paper is proving a law of iterated logarithm type result
for random walks on a family of diagonal products studied in [3]. These groups were used
to capture a variety of behaviors of random walks on groups, in particular in terms of the
expected distance. Our result provides a wide variety of law of iterated logarithm type
behaviors for random walks on groups.
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1.1. The expected distance E|W,,|

Throughout this paper, we will only consider symmetric finitely supported random walks
W, on a group G, whose support generates the group G. Much advancement has been
done in the last years regarding the expected value E|W,|, also known as the speed or
rate of escape of the random walk. It is trivial to see that the expected distance is sub-
additive, and in particular that E|W,,| < n (where <, >~ denote (in)equalities up to an
absolute constant that may depend on the choice of group and random walk measure
but not on n). By [20], for any random walk W, on an infinite finitely generated group,
one has E|W,| = /n. For many “small” groups, such as virtually nilpotent groups, the
random walk is always diffusive, that is, E|W,| ~ 4/n. In contrast, for non-Liouville mea-
sures, the entropy of the random walk is H(W,) >~ n by works of Avez, Derriennic and
Kafmanovich—Vershik [2,7, 15], which in turn is equivalent to E|W},| >~ n by Guivarc’h,
Varopoulos and Karlsson—Ledrappier [10, 16,26]. For a long time all known examples of
random walks on groups exhibited one of the two extreme behaviors above. We note that
some of the above works extend beyond the case of finitely supported symmetric measure
considered in this paper.
This leads to the following natural question, attributed to Vershik.

Question 1.1. What functions can be realized as the speed function of a random walk on
some group?

The first “non-classical” examples toward this question were given by Erschler [9],
who proved that if a random walk on a group G satisfies E|W, | >~ n®, then the random
walk on G ¢ Z satisfies E|W,,| ~ n'i Starting with G = Z and using this result recur-
sively, one can realize all of the functions f(n) = n1=27" as speed functions of iterated
wreath product.

The next step was taken by Amir and Virdg [1], who constructed groups where
W, ~ nP for % < B < 1 (and more generally with E|W,,| ~ f(n) for any “nice enough”
function f within that range). Their construction uses permutational wreath product over
the natural action of the mother groups M, on the boundary of their tree with Z-valued
lamps.

In [3], Brieussel and Zheng constructed random walks on groups that, up to some
regularity condition, capture the whole range of possible behaviors of the expected
distance.

Theorem 1.2 ([3, Theorem 1.1]). Let f:[1,00) — [1, 00) be a continuous function with
f(1) = 1 such that % and fz“x) are non-decreasing. Then there exist a group A and a
random walk Wy, on A such that E\W,| ~ f(n).

The examples constructed and analyzed in Brieussel and Zheng also gave new behav-
iors of other geometric quantities such as the entropy of the random walk, the return
probabilities and the isoperimetric profile.
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We remark that, in general, it is not known whether the speed of a (symmetric, finitely
supported) random walk on a group depends on the choice of the step distribution (up to
the equivalence ~). However, we believe that for the examples discussed in this article,
the speed and the law of iterated logarithm do not depend on the choice. We did not pursue
this direction.

1.2. The law of iterated logarithm

Since the possible behavior of the expected distance is well understood in many cases,
one may try and study further questions regarding the behavior of the distance function of
the random walk W,,, for example, moderate and large deviations of the distance function.
One such direction is to study the times in which the random walk is atypically far from
its origin. This can be formulated by the law of iterated logarithm.

The classical law of iterated logarithm for random walks on Z, first established by
Khintchine [18] and Kolmogoroff [19], states that any random walk W, with zero mean
and unit variance satisfies

i | W |

msup ————= =1
n—oo +/2nloglogn

almost surely.

Unlike the expected distance which was well studied, there are much fewer examples
where the law of iterated logarithm of random walks on groups is understood. There are
several ways to phrase a law of iterated logarithm for a random walk on a general group.
Perhaps the strongest one is finding a function g(#) such that

[Wal _

lim sup =
n—oo g(n)
almost surely. However, finding such a function requires a tight estimation for the distance
|W, |, which is in many cases hard to achieve.
We say that g(n) is an upper scaling function for Wy, if

w,
0 < limsup [Wal
n—oo & n)

< o0

almost surely, and that & (n) is a lower scaling function for Wy, if

0 < liminf Wl
n—00 (n)

< 0

almost surely. Scaling functions can be thought of as a way of measuring the rate with
which |W,,| goes to infinity.

These definitions can also be rephrased in terms of inner and outer radii. We say that a
function R(n) is an outer radius for W, if |W,| > R(n) finitely often with probability 1,
and a function r(n) is an inner radius for W, if |W,,| < r(n) finitely often with probabil-
ity 1. It follows that g(n) is an upper scaling function if C g(n) is an outer radius for some
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constant C > 0, but cg(n) is not an outer radius for some other constant ¢ > 0 (and one
can similarly rephrase lower scaling functions in terms of inner radii).

Let us briefly review previous works in this direction. The classical results for Z and
74 can be found, for example, in [8], where Dvoretzky and Erdos give a characterization
for the inner and outer radii of a simple random walk on Z¢. Hebisch and Saloff-Coste
generalize this theorem for arbitrary groups with polynomial volume growth of order
d > 3 (see [11, Theorem 9.2]).

In [21], Revelle studies groups of the form G ? Z, where the random walk on G has
a-tight degree of escape (which is a form of control over the tail of the distance func-
tion), and proves that G ? Z has o’ = 1JFT‘)‘-tight degree of escape; he also shows that
n® (loglogn)'~®" is an upper scaling function for G 2 Z, whereas n® /(loglogn)'~® is a
lower scaling function for this group. Revelle studies in addition several Baumslag—Solitar
groups, proving they have an inner radius of order /n/loglogn and an outer radius of
order v/nloglogn.

Finally, in [24] Thompson proves laws of iterated logarithm for certain polycyclic and
metabelian groups. He shows that these groups are all diffusive, have %—tight degree of
escape and have an upper scaling function g(n) = /nloglogn.

Note that in all previously known cases, there was either a very detailed understanding
of the metric properties of the groups and the behavior of random walks on them (e.g.,
for polynomial growth groups), or some tight form of control over the tail behavior of the
walk is assumed (as in the results of Revelle [21] and Thompson [24]). Such understand-
ing and control is generally lacking for most groups, and is the main reason why there are
only few families of groups for which laws of iterated logarithm (or other moderate and
large deviation estimates) are known.

There is no example of a Liouville group where it is known that no form of the law of
iterated logarithm holds, and we expect a law of iterated logarithm to hold, for instance,
for the Amir—Virdg construction mentioned above. However, proving such a law would
require better understanding of the metric structure of automata groups and of rare events
concerning their natural actions than is currently available.

1.3. Main results

In this article, we consider the groups constructed in [3]. These groups are diagonal prod-
ucts of lamplighter groups with finite lamp groups. We focus on the case where the lamp
groups are expanders, and prove a law of iterated logarithm on these groups. Our main
theorem is the following.

Theorem 1.3. Let f:[1,00) — [1,00) be a continuous function such that (1) = 1 and

such that f?x) and % are non-decreasing. Let A be the group from [3] (in the expander

case) for which the speed function is equivalent to f(n). Write W, for the random walk
on A with the appropriate generators.
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G If m is non-decreasing, then

: |Wal
0 < lim sup < 00

n—soo loglogn f(@)

almost surely.

ai) If % is non-decreasing for some € > 0, then

W,
0 < liminf — Wl
n=00 een J (nloglogn)

almost surely.

Example 1.4. Let % <a < 1, and suppose that the speed function we choose is f(n) =n®.
Then the theorem states that

P O<1imsup¢<oo =1
n—ooo n*(loglogn)l—«

and

W, |(log log )12
P(0<1iminf| n|(loglogn) <oo):1.

n—00 n«

Our proof draws ideas from the works of Revelle [21], Brieussel and Zheng [3] and
classical proofs of the law of iterated logarithm, together with a careful analysis of ran-
dom walk excursions and the dependencies between the number of excursions of different
lengths at different positions and times. Let us describe briefly the main sources of diffi-
culty when trying to prove a law of iterated logarithm (or other tail estimates), compared
to estimating the expected distance E|W,,| (see also the proof sketch in Section 3).

First, expectation is additive, regardless of the dependency structure between different
parts, which allows for the simplification of many of the estimates. For instance, if one
wants (as in the analysis of Brieussel and Zheng) to estimate the expected total number of
length k excursions completed by some random walk on Z, it is enough to estimate the
probability that the random walk completes a length k excursion from a given point x at
time 7, and then sum up these probabilities. However, to understand the tail behavior of
the total number of length k excursions completed by the walk, one must understand the
dependency between completing excursions at different times and positions.

Second, it is harder to handle rare events than typical events. The expected distance is
governed by the typical behavior of the random walk, while the law of iterated logarithm,
and in greater generality the tail behavior of |W,,|, is governed by rare events (but not those
that are too rare). The groups we analyze are constructed as diagonal products of lamp-
lighter groups over Z (see Section 2). To get distance estimates on the diagonal product,
one must use distance estimates on the different layers. Typical behavior happens in all
layers at once. However, rare events do not a priori happen simultaneously in all layers;
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thus, one must analyze the dependency between the different layers more carefully. A key
step in the proof is showing that these rare events boil down to rare events of the projection
of the random walk to Z, and then bounding the contribution of the different layers under
these events.

Revelle’s approach [21] plays a key role in analyzing these rare events, but new ideas
are required to deal with the difficulties arising from the Brieussel-Zheng construction.
Revelle studies lamplighter groups over Z, while the Brieussel-Zheng construction is
an infinite diagonal product of such lamplighters. Furthermore, the local times used by
Revelle in his analysis are here replaced by the number of long excursions, and so we
need to estimate the number of long excursions starting from any point and of many scales
together. For this reason our analysis requires a more refined understanding of excursions
especially at extremal times of the random walk.

Let us also remark that one could try to construct examples of groups satisfying a law
of iterated logarithm as in the example above by considering the wreath products G ? Z,
where G is taken to be a group with speed 7#, and then using Revelle’s results [21]. How-
ever, there are two caveats to this approach. First, the wreath product G ? Z will have a
rate of escape n#T1/2; thus, it could only provide examples with & > 2. Second, in order
to apply Revelle’s theorems, one must know that the random walk on G satisfies a tight
degree of escape which amounts to proving tail bounds on the distance of the random walk
on G, which requires the same kind of analysis done in our paper.

Remark 1.5. Throughout this article, we did not optimize the constants. Any unnumbered
constant is some universal constant, but its value may change between claims. However,
numbered constants keep their values for the rest of the paper.

2. Realizing speed functions with diagonal products

In this section, we describe the groups from [3], and give an outline of the technique used
in this article to estimate the speed of the random walk on these groups, proving Theo-
rem 1.2. These groups are diagonal products of a sequence of lamplighter groups with
finite lamp groups, where the lamp groups are chosen to be expanders or diffusive groups.
In this article, we focus on the expander case, although we first give the general description
for the groups.

2.1. Diagonal product

Definition 2.1. Let X = {xy,...,x|x|} be aset, and let {A;}>0 be a sequence of groups.
Suppose that each Ay is generated by a set X(s) which we identify as a copy of X in
Ag, that is, X(s) = {x1(5), ..., x)x|(s)}. The diagonal product of {As}s>0 with respect
10 {X(5)}s>0, which will be denoted A, is the subgroup of the direct product [ [, As
generated by the diagonal elements (x; (5))s>0- -
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Alternatively, we can construct A as follows: Let F(X) be the free group gen-
erated by X, and let 75 F(X) — Ay denote the natural projections. Then A =

F(X)/(Ngso ker 7s.
Note that A has a natural generating set, given by the diagonal elements.

Remark 2.2. If X has a natural algebraic structure, for example a union of several groups,
it is natural to require that the above construction will be compatible with that structure.
This can be done by requiring that the identifications of X (s) with X respect that structure.

2.2. The lamp groups

Let A ={ai,....a)4)} and B = {b1,...,b|p|} be two groups. Let {I's}s>0 be a sequence
of groups, where each I’y is generated by a set of the form A(s) U B(s), where A(s) and
B(s) are subgroups of I'y isomorphic to A and B, respectively.

Fix a sequence of strictly increasing integers {ks}. For each s let Ay = I'y? Z, with
a generating set given by t(s) = (e, +1), «; (s) = (a;(5)8p,0) forall 1 <i < |A|, and
Bi(s) = (bj(s)dk,,0) forall1 < j <|B|.

Finally, we take A to be the diagonal product of the groups Ay with respect to the

above generating sets, marked with the generating set 7 = (t, a1, ..., 4}, B1,. .., B|B))-
If Uy and Ug are the uniform measures on the subgroups 4 = {a1, ..., a4} and B =
{B1.....BB|}, and p is the uniform measure on {z, '}, we use the “switch-walk-switch”

measure for our random walk on A, that is
q = Uy x Ug) * p* (Uy * Ug).

Denote by W,, the random walk on A with step distribution g. By the choice of ¢, we
may write W,, = ( fSW", Sy,), where S, is a simple random walk on Z, and fSW" denotes
the lamp configuration at the layer A at time 7.

Following [3], we make the following assumptions on the groups T.

Assumption 2.3. We assume the following about the groups {I's} and the sequences {k,}
and {/;}:
(i) ko=0and 'y = A(0) x B(0) =~ A x B.

(ii) Let [A(s), B(s)]'* denote the normal closure of the subgroup generated by
commutators [a; (s), bj(s)]. Then we assume

Ty /[A(s), B(s)]"™ = A(s) x B(s) =~ A x B.
(iii) Letting [y = diam(T'y), we assume that ks and /; grow at least exponentially.

In [3], the authors treat two cases of families of groups I'y: one of them is when the
random walks on [’y are diffusive, and the other one is when the groups {I's} satisfy the
following linear speed assumption.
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Definition 2.4 ([3, Definition 3.1]). Let {I's} be a sequence of finite groups where each
I'y is marked with a generating set A(s) U B(s). Let ng = Uy(s) * Up(s) * Ua(s), Where
Ui(s), Up(s) are uniform distribution on A(s), B(s). We say {I's} satisfies the (o, T)-linear
speed assumption if in each T,

Ly (1) =E|XO|r, > 6t forallt < Ty,

where X has distribution 7*".
Note that for the definition to be meaningful, we must have o < 1.

In this paper, we focus only on the case where the groups satisfy the linear
speed assumption. Such groups can be constructed, for instance, using Lafforgue super
expanders or with lamplighter groups over a d -dimensional infinite dihedral group (see [3,
Examples 3.2 and 3.3]).

2.3. Excursions and the speed in a single layer

In a single layer Ay = I’y 2 Z, the lamp value at x € Z can only be changed when the
random walk reaches x or x — k. As A(s) is a subgroup and the measure chosen on it is
uniform, a product of random elements from A(s) is again a uniform element from A(s)
(and the same holds for B(s)). Therefore, conditioning on the trajectory of the simple ran-
dom walk S/, the distribution of the lamp value at x € Z depends only on the number of
kg-excursions.

Definition 2.5. Let S; be arandom walk on Z, and let kK > 0. We say that the random walk
begins a k-excursion in time j, if it visits S; — k before its next visit in §;. We denote
by T (k, x, n) the number of k-excursions the random walk S; performs before time n
starting at x.

To estimate the speed of the random walk on Ay, Brieussel and Zheng give bounds on
the speed in terms of the number of kg-excursions and the diameter /; = diam(I's). By
dividing the range into intervals of length kg and working in each one separately one after
the other, one can show that for some universal constant C > 0,

Ck ks ks .
[Wala, < 2SZZ:T(?S,?S],H)+C|range(Sn)|, (1)

which has an expected value of Ck—;" +C'/n < ©ifks < /1. Also, since Iy = diam(T),
we also have the bound
|Wala, < [range(Sn)lls,

which has an expected value < /7 ;. Together we get

n

E|Wn|AS < ﬁls + o
s
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Brieussel and Zheng show that this also gives a matching lower bound because of the
linear speed assumption, so one gets the asymptotic behavior of the speed of the random
walk on Ag.

2.4. Estimating the speed of the random walk

The random walk on A can be thought of as parallel random walks on each A, so in order
to estimate the speed in A one needs to use the estimates for the speed in each layer A,.
In [3], Brieussel and Zheng show that there is some universal constant C > 0 such that

[Wala, < [Wala =C Z [Wala,- @
s:ks <[|range(Sy)|

As the speed in each layer Ay is of order/n [s + k% and the sequences {k} and [ grow at
least exponentially, it follows that for each n there is a layer s1(n) = max{s | kyly < \/n}
that determines the speed of the random walk, that is, E[|W,|a] is equivalent to
E[[Wala,, ] up to universal constants. This proves the following.

Proposition 2.6 ([3, Proposition 3.6]).

E[|Wn|A] = E[|Wn|Asl(n)] s \/Elsl(n) + k .
s1(n)+1

This proposition allows one to realize various functions as the speed functions of such
groups. To do so, given a function f: N — N one must choose appropriate sequences
{ks} and {/5}. This is done in the following way.

Proposition 2.7 ([3, Corollary B.3]). Let f: N — N be a function such that % and
% are non-decreasing, and let mg > 1. Then one can find sequences {ks} and {ls} of
positive integers such that kg1 > moks, ls41 > mols, and also such that

fn) = fn),
where
(x) Vx I + if (ksls)2 =x< (ks+lls+l)2‘
s+1

This concludes the proof of Theorem 1.2.

3. Sketch of the proof

As mentioned in the introduction, in order to show that

W,
0<limsupm < 00

n—-oo an
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almost surely, we need to prove that there are constants C, ¢ > 0 such that Ca, is an outer
radius but ca, is not an outer radius. For the analogous claim
|Wn |A

0 < liminf < 00,
n—>oo n

we need to prove that there are constants C’, ¢’ > 0 such that ¢’b, is an inner radius for
|Wy|a, but C’b,, is not an inner radius.

Our overall framework (as in [3]) is to first study the distance of the random walk on a
single layer A, and then deduce a bound for the distance of the random walk on A. For a
single layer, Brieussel and Zheng provide an upper bound for the distance of the random
walk in terms of k-excursions (1), and a lower bound on the speed of the random walk

BIWla) = ¢ 3 min(T hnx. 0.1 | ®

xX€Z

To estimate the fluctuations of the distance of the random walk, we use the same upper
bound (1), but one needs to prove a version of (3) that holds for the distance almost surely
and not only for expectation, that is, for large enough n

|Wn|As zczmin{T(kS7x’n)»lS}' (4)

x€Z

Proving (4) requires modifying ideas from Revelle [21] (with the role of local times being
replaced by the number of long excursions), together with concentration bounds on the
number of long excursions. This, in turn, requires understanding the tail behavior of
T(k,n)=k) .cy Tk, kx,n)and of ) ., min{T (k,x,n),l} forall k,[. Finer under-
standing of these tail behaviors is also required to get a good lower bound on the RHS
of (4). This part takes the bulk of the work, and the dependencies between excursions in
the same layer and between different layers come into play.

The above steps provide upper and lower bounds on the distance in a single layer in
terms of kg, [y, which we then add up by (2) to bound the distance of the random walk
on A.

Because of the law of iterated logarithm on Z, we know that there are times in which
the range is small or large compared to its expected value. We show that in these times,
the distance reaches its lim inf and lim sup values, respectively. As in the case of the speed
of the random walk, we prove that there is one layer A that is equivalent to the distance
in A; however, since we consider the times in which the range is extremal, this layer is
different from the critical layer used to estimate the speed of the random walk.

The article is constructed as follows. In Section 4, we associate another random walk
to S¢, so that the numbers of k-excursions of S; at all points correspond to the local times
of the new random walk. To do so, we use the results in Appendix A, which study the
induced random walk of S; on kZ. In Section 5, we study the tail behavior of T'(k, n),
showing that under appropriate assumptions it is highly concentrated around its mean 5.
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In Sections 6 and 7, we study the tail behavior of ), ., min{7T'(k, x, n), l}, for the two
critical layers. These results rely on the tail behavior of the maximal local time of a random
walk, which we study in Appendix B.

We then return to the random walk on A. In Section 8, we prove the lower bound
for the distance of the random walk in terms of the k-excursions. Section 9 is devoted to
deduce the bounds for the distance in a single layer, and in Section 10 we use the bounds
for a single layer to bound the distance of the random walk on A. Finally, in Section 11, we
express our results in terms of the speed function, and conclude the proof of Theorem 1.3.

Remark 3.1. In Theorem 1.3, we demand that the random walks are slightly super-
diffusive. These conditions stem from the fact that the more diffusive the random walk
is, the harder it is to get strong concentration inequalities for the number of k-excursions.

For the lim sup statement (Theorem 1.3 (i)), this manifests in not having a precise
enough bound for the contribution of the layers near the lim sup critical layer. It may be
that by having a better understanding of the joint behavior of the distance in those layers,
one could improve the bounds.

For the lim inf statement (Theorem 1.3 (ii)), the difficulty arises from the sequence of
parameters kg, [ used in the approximation of the speed function. When f is almost dif-
fusive, these sequences may grow extremely fast. One can still write an explicit formula
for the liminf in terms of kj, [ (see Proposition 10.2); however, this may not coincide
with the expression in the theorem.

4. The k-induced random walk

Let S; be a simple random walk on Z. Recall that T'(k, x, n) denotes the number of k-
excursions starting from x that are completed until time n. To study the distribution of
T (k, x,n) for each k, x, n, we associate a new simple random walk on Z with S;, so that
k-excursions in S; can be approximated by the local times of the new random walk.

Definition 4.1. Let S; be a simple random walk on Z, and let k > 0. The k-induced ran-
dom walk of S; is the simple random walk Y(k) on Z defined in the following manner.
We first set n( ) = = 0, and for any j > 1 define inductively

k) _ . _
n; —mln{t>n “S, Snj(-k_)ll_k}'

The random walk Y( ) is then given by Y( V=g ) /k. We also write Ni(n) =
max{; | n(k) < n} for the number of steps Y ' made untll time 7.

It is easy to see that Y(k) is indeed a simple random walk on Z. In addition, as the
expected time to reach £k starting from 0 is k2, we have E[Ny (n)] = o
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Proposition 4.2. There are universal constants dy,c,C > 0 such that for all n and for

di/n
allk < «/W’
cn Cn 2
P £ [577 ]) = oy

Proof. By choosing appropriate ¢, ¢’ > 0, Appendix A shows that

(o ¢ 25 52) <20 (-0)

n

Note that if £k < &/%W’ we have == 64loglogn, so

exp (— 2(;1](2) =< exp (—3 log log n) =

log3n
completing the proof. ]

We turn to give bounds on the k-excursions of S; by means of the induced random
walks. Denote the local time of ¥, ,,(k) at x by

L®On)y=[0<r<n|Y® =x),

and let
Oy =[0<t<n|v® =xv® =x-1.

Proposition 4.3. For any x € Z,

Z(Zk)<(%—‘,n> —1<Tk,x,n) < L(k/z)(L;%J,n).

We remark that when I% is not an integer, it can be replaced with L%J and the

proposition still holds. However, we treat % as an integer for convenience.

Proof. For the upper bound, we write x = % jH+rwithO=<r< % Any k-excursion
starting at x must include at least one %-excursion starting at % j,so T(k,x,n) <
T(5.%j.n) < L% (j,n).

For the lower bound, write x = 2kj’ + r’ with 0 < r’ < 2k. A similar argument shows
that T(2k, 2k (j’ + 1),n) < T(k,x,n). We note that {35 (2k(j’ 4 1),n) counts the num-
ber of 2k-excursions starting at 2k (j’ + 1) which are completed before time n, with the
possibility that we do not finish the last 2k-excursion before time 1. This proves the lower

bound. |
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S. The total number of k-excursions

We turn to give upper and lower bounds for

T(k.n) =Y kT(k.kx.n).

x€Z

Note that this also provides bounds on the total number of k-excursions, by the following
proposition.

Proposition 5.1. For any n, k,

%T(Zk,n) <Y Tk.xom) < T(%n)

xX€Z

Proof. For the lower bound, note that any 2k-excursion starting at 2k x must contain at

least one k-excursion from each of 2kx — k, ..., 2kx. Therefore,
=

T(2k,2kx,n) < — ZT(k 2kx — j.n),
j =0

and we have
T(2k.n) =2k Y T(2k.2kx.n) <2 T(k.x.n).
XE€L XEZL

For the upper bound, notice that any k-excursion from %x + j for some 0 < j < %

contains at least one X -excursion from %x. Therefore,

2
k/2—1
ET(k,x,n) 2}2; ( x+jn)f%éT(%,%x,n)zT(%,n).l

Before studying the asymptotic behavior of T'(k, n), we prove an (almost) monotonic-
ity result for T'(k, n).

Lemma 5.2. Suppose 2k < k'. Then T(k’,n) < 3T (k, n).

Proof. For any x € Z, each k’-excursion from k’x contains at least L%J — 1 many
k-excursions from points kZ. Therefore,

T'(k'.n) = k'Y Tk k'x.n) <k'——> " T(k.kx.n)
x€Z Lk J x€Z
k/
T(k n) < 3T (k,n). [

Lk'J -



G. Amir and G. Blachar 1054

: N
For specific values of n and k of order at most Jioglorn e use the k-induced random

walks defined in Section 4 to get a concentration result.

Lemma 5.3. There are universal constants d,, c, C > 0 such that the following holds:

For large enough n, if k < «/;ZOZT%’
cn Cn 6

Proof. Using Proposition 4.2, let d1, ¢, C > 0 be the constants such that

PN ¢ [53.50]) = 5

log3 n
forall k < % Then for any k < ﬁ%, by Proposition 4.3,
4C 4C
(T(k n) > Tn) <P (k 3 L% (x,n) > k”)
X€Z

Cn )< 2
(k/2)?) ~ log’n’

=P (Nk/z(n) >
For the lower bound, we use again Proposition 4.3:
k
P(T(k.m) < S Nai) | Nax(m))

<P (k D PP ) —1) < %Nzk(”) ‘ Nzk(”))

X€Z

<P (L) = 1) < g Nakto) | Nkt

x€Z

Let Z = |{x : L®®(x,n) > 0}|. This is the range of a simple random walk on Z after
Ny (n) steps. We thus have

(Nzk(”)/g)z) — exp (_ Nzk(n)>’

P(Z > %Nzk(n) ‘ Nzk(n)) = exp (_ 2Nox (1) 128

SO
P (ko) < S Nak(n) | Nox)

<P ( > PP n) < %Nzk(”) +Z ‘ Nzk(”))

X€Z

<P ( Z e(zk)()@n) < iNzk(n) ) Nzk(l’l)) +exp (_Ni];(gn))
x€Z
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Conditioning on Nk (n), Y ez £@®)(x, n) is a binomial random variable, with
parameters N (n) and % Therefore, by Chernoff’s inequality,

(X600 < Vo) | M) ) < exp (— 7 N

xeZ

We therefore have

P(Tthkom) < S Nawn) | Nax)) = 2exp (~ 2Nk ().

SO

(T(k n) < —”) (Nzk(n) < 2k2) +P(T(k n) < L

16k ‘ Nai(n) 2 2k2>

16k
2 k
o P (T < ENan) | Naw(n) = 5

IA

2 g ( cn )
X —_ ).
log® n P\ 256k2

IA

Let d, > 0 be a constant such that a’22 < /c/768. For any k < _dayn_

Vloglogn*
1 768
k2 > d2 loglogn > —loglogn
and thus 4
rtem <y 4
( (k.n) < 16k/ ~ log*n
concluding the proof. ]

We are now ready to get a concentration result for all values of n, k simultaneously.

Proposition 5.4. There are universal constants d,, ¢y, C1 > 0 such that the following

holds almost surely: For all but finitely many n and for all k < %,

cin Cln
<T(k,n) < —
T SThm ==

Proof. We choose an exponential sequence of times t,, = 2", and for each m an exponen-
i ;=21 j < _davtm

tial sequence k,,; = 2 deﬁned.for. all i such that k,, ; < Toslosr” Note that for each m

there are at most K log #,, such indices for some constant K.

By Lemma 5.3, there are constants ¢, C > 0 such that for each m, i,

Cln Ctm]) - 6
km i km,i N 10g3 Im .

(T(k,,, itm) & [
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Taking a union bound over i, we have

Cly Ctm])< 6K 6K

( T(k’"“"”)¢[km, Korn s

T log?ty,  m2log?2’

As the latter expression is summable over m, by the Borel-Cantelli lemma we have that
for all but finitely many m, for all i

Cly Ctm
7 < < m
A T (km,istm) < B ®)

m, i m, i
We extend this result to general n, k in two steps.
First, let m be such that (5) holds for all i, and let k < % Take i such that
kmi <k <km,it1. By Lemma 5.2,

3Cty, 6Cty,
<
km,i—l - k

T(k»tm) = 3T(km,i—1,tm) =

and

Clm Clm
Tk, ty) > T k JItm) = > —.
( m) ( m,i+1 m) - 3km i1 = 6k

Finally, take any n, and let m be such that #,, < n < t,,4+1. Suppose n is large enough
so that (5) holds. Then,

6C tyt1 - 12Cn
k -k

T(k,n) < Tk, tmy1) <

and

ctm cn
T(k,n) = T(k,tm) = & = Tk

as required. ]

6. The truncated sum of k-excursions, lower layer

We turn to study the sum ) .., min{7(k, x,n), !} for k,I > 0. Our two cases of
interest are When kl ~ /nloglogn (which will turn out to be the liminf layer) and
when k/ ~ m (which will be the limsup layer). We begin with the liminf layer;
for this we study the maximal number of k-excursions from a given point, that is,
maxyez T(k, x,n).

6.1. The maximal number of k-excursions

Similarly to the way we estimated 7 (k, n), we get tail bounds on the maximal number of
k-excursions in two steps. We first use the induced random walks to get a tail bound for
given values of n and k, and then use exponential scales to combine these bounds into a
bound for the maximal number of k-excursions.
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Lemma 6.1. There is a universal constant ¢ > 0 such that for all large enough n and for

di/n
allkfm,

P(maxT(k,x,n)z ¢ nloglogn) < 3

X€Z k - log3 n

Proof. We use the induced random walks from Section 4. By Proposition 4.3,

J/nlogl logl
P maxT(k.x,n) = OB b (o [ /D)y ) > CVITOBIORT)
xX€Z k x€Z k
From Appendix B,
P (max L(x,n) > mnl/z) < Cm? exp(—C'm?)
X€Z
for large enough n, m. Let ¢’ > 0 be a constant such that for k < J%
c'n 2
P (Nepatn = <2) < 2
k/2(1) 2 oz n
Using Proposition 4.2,
P (ma;L(k/z)(x,n) > W)
xe

’
< P(Nk/z(n) > (;{—Z) + P(maxL

x€Z

c'n c+/nloglogn
(%)==
2 2

< + Z—/ loglogn exp (—i—/ log logn).

~ log3n

Finally, choosing ¢ = 2+/¢’, we have

2 2

c c 2loglogn 1
o loglogn exp (—7 log log n) = <

log*n ~ log®n
for large enough 7, as required. ]

Proposition 6.2. There are universal constants dy, C > 0 such that the following holds

almost surely: For all but finitely many n and for all k < %,

C /nloglogn
3 .

max T'(k,x,n) <
X€Z

Proof. We choose an exponential sequence of times t,, = 2", and for each m an exponen-
T

. i . i Vtm
tial sequence ky, ; = 2 deﬁns:d for all i such that k,, ; < 3 Joglosr” Note that for each m
there are at most log #,, such indices.
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By Lemma 6.1, there is a constant ¢ > 0 such that for all m,i we have

c/tm loglogtm) - 3

km’,' o log3 tm '

P (max T(kmi,x,tm) >
x€Z

Taking a union bound,

. tm loglogt 3 3
P(Elz smax T(km.i, X, tm) > €t 108 108 Im <—5—= .
x€Z km,i log” t,, m2log=2

The latter expression is summable over m, so by Borel-Cantelli lemma we have that for
all but finitely many m, for all i we have

tm loglog ¢t
max T(kp.i. X, tm) < CVIm 108108 m (6)
X€Z km i

Let n1, k be such that k£ < jllT% Take m such that t,, < n < t;,+1, and suppose n
is large enough so that (6) holds. Take i such that k,, ; <k < ki +1. Then

max T (k,x,n) <maxT (kp,;, X, tm+1)

x€Z xX€Z

C/tm+y1loglogty, 11
km,i

_ deiToglogn

- k

as required. ]

6.2. The truncated sum

We are now ready to get an asymptotic bound for the truncated sum of k-excursions.

Proposition 6.3. There are universal constants da, ¢y > 0 such that the following holds
almost surely: For all but finitely many n, for all k < 2% and for all I,

e

> min{T ke x.m). 1y = exmin (.

xX€Z

Proof. We first assume that [ > —anokglogn. By Proposition 6.2, there is a constant C > 0
such that for large enough n we have

C\/nlogl
max Tk, x,n) < — Y0808 _ o)
xX€Z k
so by Proposition 5.4

. 1 1 c'n
> min{T(k,x.n).1} = ol > T(k.x.n) = 5o T@km = —=

xX€Z xX€Z
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for large enough n and a universal constant ¢’.
Now suppose | < —””lokglog”. Let

Ay ={xeZ|Tk,x,n) <1}, Ay ={xe€Z|T(k,x,n)>1}

Note that by Propositions 5.1 and 5.4, for large enough n we have

cin 1
— < =-T2k,n) < Tk, x,
TR n>_§ (k. x.n)
= > Tk.x.n)+ > T(k.x.n).
X€A; X€A3

We split into two cases:

1 If ZXGAI T(k,x,n) > %, then clearly

C1 ﬁ I
8. /loglogn

(ii) Otherwise, we must have erAz T(k,x,n) > % By Proposition 6.2,

c+/nloglogn
k

Zmin{T(k,X,ﬂ)vl} z Z T(k,x.n) = % =

X€EZ x€A;

an - Z T(k,x,n) <

— < . |A2|’
8k X€A;

C]ﬁ .
> __a~vn
s0 [A2] = & Tglos” showing

>%l

in{T(k,x,n),l}>1-|45| > .
> min{T (k. x.n).1} = 1 -|As| 5o /os T

X€Z

The proposition is thus proved.

7. The truncated sum of k-excursions, upper layer

1059

For the remaining case, we switch strategy. We first need the exact distribution of
T (k, 0, n), which can be found, for example, in [5]. The main idea is the following: We
use the reflection principle successively, reflecting the random walk whenever we first
visit any jk for any j < 0. In this manner, the number of k-excursions starting from O has
the same distribution (up to a factor of 2k) as the minimum (or maximum) of the random

walk. This proves the following.
Lemma 7.1 ([5]). Foranya € N,
P(T(k,0,n) > a) = P (01213 S, < —2ka>
<Ii=<n

= P(max S; > 2ka).

0<t<n



G. Amir and G. Blachar 1060

Lemma 7.2. There are universal constants c,c’ > 0 such that for large enough n and for

c/n
allk = /loglogn’

\/_ ) C,
«/loglogl’l IOg I’l
1 jCC.f" By [he IeﬂeCtion pIinCi ple (See Lelnnla . l )7

\/_ )
A/ log log n

p (T(k,o,n) <z

o)
tJogTogn

o
Jmax Si =2 {k\/lcoglm—‘)

(
P(maxS< 2c/n +2k>
(

(T(kOn)_k (T(k()n)_(

=P

IA

o<t<n | = loglogn
4
max S; < C—ﬁ),
0<t<n loglogn
where the last inequality follows from k < J;;(W To bound the latter probability, we
use [12, Lemma 2]. Following their proof, one can choose ¢ = 7 and get

IA

P

LN ¢’
P ( max S; ) <
0<t=n 4«/10g logn log®n
for large enough n, concluding our proof. ]

Proposition 7.3. There exists a universal constant ¢ > 0 such that the following holds

almost surely: For all but finitely many values of n and for all k < 2«/%’

Zmin{T(k x,n) cvn } cvn - [range (S, /4)|
7 k/loglogn k /loglogn EeLOn/a)l-

X€Z
. . _ _cn
Proof. For convenience, write [ = F gl We first note that
> omin{T(k.x.n). 0} = > min{T(k.x.n).1}.
X€Z x€range(Sy/2)
Writing
Znk = Z max{/ — T'(k,x,n), 0},
xerange(Sy/2)
we have
Z min{T (k, x,n),l} =1 - |range(Sp/2)| — Zy k., @)
x€range(Sy/2)

so we turn to upper bound Z,, .



A law of iterated logarithm on lamplighter diagonal products 1061

Note that for any x € range(S,/,), by Lemma 7.2

P(T(k,x,n) <1) <P(T(k,0,n/2) <) <

log®n
for large enough n. Therefore, for any x € range(S,,2),

/

E[max{/ — T(k,x,n),0}] <1-P(T(k,x,n) <1) < ——1,
log”n
and thus
/ //[
E[Zy k] = [ - E[range(Syn/2)] <
log3 n log? n
By Markov’s inequality,
//[
\/_ log? nl 4c”
PZ”"—4WZ< = Jog
oglogn :
08 4«/10g10gnl 08 "
for large enough 7.
Let t,, = 2™ and let ky,, ; = ﬂjﬁ (50 L, = WTZ’IW = 2%) for all i such
that k,,, ; > 1. As there are at most log t,, such indices, we have
t 4 " 4 "
P(ai:z,m PR — L )5 S —
’ 4«/10glogtm log 2ty mlolog 22

The latter expression is summable over m, so by Borel-Cantelli lemma we have that for
all but finitely many m and for all i as above,

_ Ntm
ki = 4./loglog tm
From the lim inf law of iterated logarithm (see [4, 12]), we know that for large enough m,

[range(S,,,/2)| > % and thus (7) yields

Zl‘m

lm i
> min{T (ki x. tm). Imi} = == - [range(S,, /2)] ®)

X€Z

for all but finitely many m and for all i as above.

Y
Now, letn, letk < ZJW and write [ = —kW.Letm such thatt,, <n <tp+1,

and let i such that k,, ; < k < ky, i +1. Assume 7 is large enough so that (8) holds. Then

> min{T(k.x.n). 1} = > min{T ki1 X lm). Im,i41}
X€Z X€Z
L,
> - [range(Sy, 2)]

l
< - Irange(Sy/4)|

Y ange(Sye)l.
range
Sk«/logl ogn EELOm/4

I v
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Corollary 7.4. There are universal constants d3, c3 > 0 such that the following holds

almost surely: For infinitely many n and for all k, [ with k < %,

Zmin{T(k,x,n),l} > c3 min {%’ v/nloglogn l}.
X€Z

Proof. By the usual law of iterated logarithm, there are infinitely many n such that
Irange(S,/4)| > 4 L /nToglogn. Using Proposition 7.3, we have two cases:

G) Ifl > then

L

k /loglogn’
NG }
loglogn

> ————,/nloglo =1
4k«/10g10gn nioglogn

(i) I/ < 2 letk’ = 172 > k. Then

3 min{T (k. x.n). 1} = me{T(k xon). -

X€Z X€Z

> min{T(k.x.n).1} = Y min{T(k'.x.n).1}
xX€Z XEL

> ————,/nloglogn
— 4k’ Jloglogn glog
=—\/ log1 [.

1 nloglogn

This concludes the proof. ]

8. Bounds on the distance in A

We return to the construction of [3]. Recall that our group A is a diagonal product of lamp-
lighter groups Ay = T’y ¢ Z, where each [y is generated by a set of the form A(s) U B(s),
and the diagonal product is taken with respect to the generating set «; (s) = (a;(s)d¢, 0),
Bi(s) = (bi(s)dg,.0) and 7(s) = (e, +1).

As explained in Subsection 2.3, for any given layer s, the number of ['s-steps the ran-
dom walk makes at x in Ay depends only on whether we reached x and on the number
of kg-excursions from x. In this section, we provide bounds for the distance of a simple
random walk on A and on Aj in terms of the kg-excursions.

For the upper bound on the distance, we use the bound found in [3, Proposition 2.14
and proof of Lemma 3.4].

Proposition 8.1. Forall s > 0,

ks ks
[Wala, < llmln{Zk T( > J= x ) + |range(Sy)|, |range(S,,)|ls}.

JEZ
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In addition, writing so(n) = max{s > 0| ks < |range(S,)|}, we have

[Wala 500 > [Wala,.

s<s0(n)

We now turn to the lower bound. For all s > 0, we have
|Wn|A > |Wn|As > Z |fn(x)|1"s-
XEL

To get a lower bound for the RHS, we use the following lemma.

Lemma 8.2. Let {I's} be a sequence of finite groups, let [y = diam(Iy), and suppose that

{Ts} satisfies (o, colg)-linear speed assumption for some constants 0 < o, co < 1 with
ocoly > 4. Then forall t > 0,

) o . 0Co

P(|X, il‘s > gmm{t,cols}> > R

Proof. Assume first that 1 < coly. Let p = P(|X |, > 21). Then

ot <E|X|r, < (1- p)%t + pt < %t + pt,

so p > 2, and the assertion follows.
Now, let t > cols. By [20, Lemma 4.1], we have

1
EIXr, = §E|Xc(3

If ocoly > 4, we therefore have

o
Fs_lz ECOZS—I.

BIX()| = 20k,
Let p = P(|Xt(x)| > %) Then
20 < BIXO) = (1= 97D 4 ply = Ty i,
We therefore have p > %, as required. [

We are now ready to prove our lower bound on the metric in a single layer.

Proposition 8.3. Let {5} be a sequence of finite groups, let [y = diam(T'y), and suppose
that {T's} satisfies (0, cols)-linear speed assumption for some constants o, cg > 0. Also
suppose there is mo > 1 such that

ks+1>2ks and g4y > mols

for all s. Then, almost surely, for large enough n, for all s such that ks < ﬁ% we have

oC .
Wala, = 52 D min{T (ks x.n). cols}.

xX€Z
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Proof. We use a similar approach to Revelle [21]. It is trivial that for all n, s,

1
LANESDIIACIIE

xX€Z

Let I , denote the indicator of whether the random walk on Z visited x before time n.
Conditioning on T (ks, x,n) and Iy, for all x, the random variables | f,(x)|r, are
independent.

Let 6, = %min{T(ks, x,n), cols}, and write Z, = |f,,(x)|rst9x_1. By Lemma 8.2,

P(Zx > 1) = %, so we may apply [21, Lemma 2] to get

P(Z 1wl <52 X

X€Z X€Z

:P(Z |fn(9x)|r‘s O < ﬂ Ox

- maxy Oy 16 S, maxy Oy

T(k.hxvn)a Ix,n)

T(kS7 xa n)» Ix,n)

x€Z

0Co
SCXP (—mggx T(ks,x,n),lx,n). (9)

Let d3, ¢, c; > 0 be constants such that Propositions 6.2 and 6.3 hold. For each m,
let A,, denote the event that for all # > m and for all s with k; < _davn__

S — 2 /loglogn’
J/nlogl
max ex S min{w,ls}
xX€Z ks

and

!
Z 0, > czmin{i, Vi ls} > c'vn max 0.
o ks +/loglogn J1oglogn xez

We have P(Ufno:1 Am) = 1. Also, let B, denote the event that for all s with k; <

dy/n
2/loglogn’

Y 1A, <7D 6.

xX€e€Z xX€Z

Conditioning on A,,, (9) shows that

P(Zihwin <526
X€E€Z

x€Z

) <o ( c'Jn )
xp(——N—"
m) = CxP J/loglogn

for all n > m. As {ks} increases exponentially, we may take a union bound to see
c'n )
J/loglogn

for all n > m and a constant ¢”. The latter expression is summable, so the Borel-Cantelli
lemma shows that for each m, conditioning on A,, we have that P(liminf BS | A,) = 1.
Butas P(J;,—; 4m) = 1, we must have P(liminf Bf) = 1, as required. n

P(By, | Am) < ¢"lognexp (—
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9. Bounds on the distance in a single layer

We use the results obtained in the previous section to bound the distance of the random
walk in each layer separately. As explained before, for a given s, the number of steps that
the random walk on Ay = I'y ? Z makes in the copy of the lamp group I’y at any given
point x € Z until time n is T (ks, x, n), and the distance in each copy of [ is also bounded
from above by ;.

When s is small, we expect to reach saturation in [’y relatively fast, so the effective
bound should be /5. However, when s is big, the number of excursions can be small com-
pared to I;, so the bound should depend on T (kg, x, n). We are therefore looking for the
layers which will separate these two cases.

To do this, let dy, d», d3 be the constants from Propositions 5.4 and 6.3 and
Corollary 7.4. Take a constant r < % min{dy, d,, d3}, and consider the following layers:

Ky < IV }
' = Jloglogn )’
s,
Jloglogn
ra/n }
JIoglogn)’
s3(n)= max{s >0 | ksls < \/nloglogn},

F3(n) = min{sp(n). 53(n)}.

so(n)= max{s >0

{s=
so(n)= max{s >0
{s=

s2(n)=maxis > 0 | ksly <

We will prove that the dominating layer for the lim sup is s, (n), whereas the dominating
layer for the lim inf is 53 (n).
9.1. Upper bounds

Proposition 9.1. There is a universal constant C > 0 such that almost surely, for large
enoughn and all s > 0,

C/nloglognly, s <s3(n),
Cn
[Wala, < T

s
Cy/nloglogn, s> s4(n).

Proof. By Proposition 8.1, we have

s2(n) < s < s4(n),

k
[Wala, <11 min{T(;s, n) + |range(S,)|, [range(Sy)| ls}
for all s > 0. Also, by the classical law of iterated logarithm, for large enough n we have

|range(Sy)| < 2+/nloglogn. (10)
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The case s < s2(n) follows from |W,|a, < 11 - |range(S,)| /s and (10).

We move to the case where s,(n) < s < s5(n). By Proposition 5.4, almost surely for
large enough n and for all s < s;(n),

ks Cln . 2C1]’l
r(3n) = k2 ks

Also, by (10), for large enough n we have

2
[range(Sy,)| < 2+y/nloglogn < krn

s

proving the second case.
ry/n
Jloglogn’

For the case where s > s3(n), as kg > we may apply Lemma 5.2 and

Proposition 5.4:

rﬁ 3Cin 6C;
T(ks,n) < 3T(—,n> < —— = —y/nloglogn.
2./logl r/n r
oglogn 24/loglogn
Now the bound on |W;, |, follows from (10). |

Proposition 9.2. There is a universal constant C > 0 such that almost surely, for all large

enough n for which |range(S,)| < \/% and all s > 0,

C.Jn

W, |a, < J/loglogn
T | Cn
ks’

ls, s <53(n),
S3(n) < s < sq(n).
Proof. By Proposition 8.1, we have
. ks
[Wala, <11 m1n{T<?,n) + |range(S,)|, [range(Sy)] ls}

for all s > 0. Also, by our assumption on r, |range(S,)| < J%’ so the case s < 53(n)
follows automatically.
We move to the case where 53(n) < s < s5(n). By Proposition 5.4, almost surely for

large enough n and for all s < s;(n),

= k/2 ks

T(ks,n> _ Cin 2C1n.

In addition,

[range(Sy,)| <

proving part of the second case.
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ryJn < 2./n

I < 4
For the case where s,(n) < s < s7(n), as Toelomn <ks < Tioghon®

Lemma 5.2 and Proposition 5.4:

we may apply

rJn Cin 2¢, rn
T (kg,n) < 3T( ,n) < = —/nloglogn < .
2./logl r/n r k
oglosn 2/loglogn y
The conclusion follows. [

9.2. Lower bounds

Proposition 9.3. There is a universal constant ¢ > 0 such that almost surely, for all but
finitely many n,

cy/n

l 9 < 3 b
|Wola, > Jloglogn 5§ =<5:0m)
nlAs = en ~ ,
T s3(n) <5 < sy(n).
s

Proof. Using Proposition 8.3, for large enough n we have
[Wala, = ¢y min{T(ky. x.n). L}
X€Z

for all s < s¢(n). The result follows from Proposition 6.3. |

Proposition 9.4. There is a universal constant ¢ > 0 such that almost surely, for infinitely

many n,
cy/nloglognls, s <s(n),

—n, s2(n) < s < sp(n).
ks

o

|Wn|As z

Proof. Using Proposition 8.3, for large enough n we have

[Wala, = ¢ Z min{T (kg, x,n),ls}

x€Z

for all s < s¢(n). The result follows from Corollary 7.4. [

10. Bounds on the total distance

We now use the bounds on each layer achieved in the previous section to find a bound on
the distance of the random walk on A in terms of the sequences {ks} and {/s}. Recall the
following bounds from [3]:

(Wala <C " [Wala,. (11

s<s0(n)
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where so(n) = min{s > 0| ks < |range(S,)|}, and
|Wn|A > |Wn|As (12)

for any s > 0.
For the lim sup, recall the critical layer

ry/n
Sz(ﬂ) = max{s > 0 ‘ ksls < m},
and that
r/n }

so(n) = max{s >0 ‘ ks TogTozn

where r > 0 is some universal constant.

Proposition 10.1. Suppose that {I's} satisfy the (o, col)-linear speed assumption and
diam(T'y) < Cyl. Suppose there exists a constant mg > 1 such that

ksy1 > 2kg,  Ilsy1 > mols

forall s. Let

+ /nloglognlg, .

gn) =
ksz(n)+1

Then almost surely,

0 < limsup [Wala and limsup [Wala
n—soo g(n) n—oo gn)+ /n loglognlogloglogn

Proof. For the lower bound, we use (12) and Proposition 9.4, showing that for infinitely
many n we have

|Wn|A

I \Y

1
Y (| Wn |A52(n) + |Wn |As2(n)+1)

¢
(,/nloglognlh(n) + ) = -g(n),
ksz (n)+1 2

I V

ZV(”n‘)A > 0 almost surely.

For the upper bound, we use (11). We divide the interval 0 < s < s5¢(n) into three parts,
and use Proposition 9.1 to analyze the contribution of each of them:

so limsup,,_, o,

e For0 <s < s5(n),

Z [Wala, < Z C1+/nloglogn g

5<s2(n) s<s2(n)
\/n loglogn [s,n)

where the last inequality follows from /541 > mgls.

—1—1/
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* Forsy(n) +1<s <s4(n),

> Whla s Y <2

s2(n)+1<s<s}(n) s2(n)+1<s<sh(n) ks ks 41

where the last inequality follows from kg1 > 2k;.

* For sy(n) + 1 < s < so(n), recall that for large enough n we have |range(S,)| <
2/nloglogn. As ksy1 > 2kg, the number of layers s3(n) + 1 < s < s9(n) is at most
¢ logloglogn for some constant ¢ > 0, so

Z [Wala, < Ci1y/nloglognlogloglogn.

so(n)+1<s<s0(n)
Summing the above yields
[Wala < Cg(n) + C y/nloglognlogloglogn,
proving the second lim sup is finite. ]

For the lim inf, recall that

2
so(n) = max{s >0 ’ ky < %},

s3(n) = max {s >0 ‘ kslg < \/nloglogn},
and that §3(n) = min{s,(n), s3(n)}.

Proposition 10.2. Suppose that {I's} satisfy the (o, cols)-linear speed assumption and
diam(T'y) < Cyls. Suppose there exists a constant mg > 1 such that

ksy1 > 2kg, lsy1 > mols

forall s. Let

n Jn
+ L.y, s3(n) < sp(n),
hn) = ksyon+1  +/loglogn s3(2) 0
i therwi
Ty A otherwise.
J/loglogn So(m)
Then almost surely
w,
0< liminf| nla < o0
n—oo (n)

Proof. For the upper bound we use again (11). Take n such that |[range(S,)| < J%’

and assume 7 is large enough such that Proposition 9.2 holds. We divide the interval
0<s< s(’)/ (n) into several parts and analyze the contribution of each of them:
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* For0 <s <733(n),

SLANEDS €I,
- S = «/loglogn l—l/mo Jloglogn 2@

s<53(n) 5<53(n)

where the last inequality follows from /541 > mgls.

* Fors3(n) <s < sy(n), we have

Z |Wn|Ax =< Z 2 = ~2Cn

F3(n)+1<s<s](n) F3(n)+1<s<s](n) ks Ky

where the last inequality follows from ks4q1 > 2k;.

Summing the above, we have

C.n Cn
_EVr e S ) < sh(),
Jloglogn ™ ksymy+1 0

Wila <
[Wala < Cn

C
— ] 4+ —
/loglogn so(n) ks; )

In the second case, s4(1) < 53(1), 50 Ky (nyls) (n) < +/7 loglogn, and thus the latter term is
inessential. We therefore get |W,|a < 2Ch(n) for each such n, proving the above lim inf
is finite.

To prove that the liminf is positive, we use (12). Take n large enough so that
Proposition 9.3 holds. If s3(1) < s¢(n), we have

, otherwise.

1
[Wala = §(|Wn|As3(n) + |W"|AS3(n)+1)
c NG n c
> | —=! +—— ) = =h(@n).
- 2(«/10g10gn s3() ks3(,,)+1) 2 (n)

Finally, if s3(n) < s3(n), we have

c/n
(Wala = Walay,, = 1og10gnlsé<"> = ch(n).
This concludes the proof. ]

11. Proof of the main theorem

We return to the idea of [3] for approximating a given function. Let f : N — N be a
function such that £ (") ) are non-decreasing. Choose sequences {ks} and {/s} as
in Proposition 2.7, and let A be the corresponding diagonal product. Denote by W, the
random walk on A with respect to the “switch-walk-switch” measure.
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Theorem 11.1. If m is non-decreasing, then almost surely
W,
0 < lim sup [Wala < 00.

n—oo loglogn -f(@)

Proof. We first note that, by Proposition 2.7,

12

f( rn ) rn i logrl(r)lgn
loglog n loglogn > Ksy(ny+1

[

1 n
—(\/nloglognlh(n) + )

loglogn Ksym)+1
Therefore, Proposition 10.1 shows that almost surely,

W,
0 < lim sup [Wala < 00.

n—00 Jog logn<f(10g{f)gn) + Jloﬁgn loglog logn>

f(n)

Trlegloglogn is non-decreasing,

Jn n
———logloglogn < f{————),
JIoglogn gloglogh ~ f(loglogn)

and the conclusion follows. [

f(n)
Theorem 11.2. If NG

oglogn)lte
and {l} are chosen so that loglogks < Is (as in Lemma C.1), then almost surely

is non-decreasing for some € > 0, and the sequences {k}

0 < liminf [Wala

n—>00 m-f(n loglogn)

Proof. We first note that, by Proposition 2.7,

log1
f(cinloglogn) >~ y/cinloglogn ls, () + arogogn

kS3 (n)+1

Ve )
Jloglogn s3(m) ksyoy+1 /)

Also, the assumption that loglog ks < [, is non-decreasing shows that s3(n) < s¢(n) for
large enough n. Therefore, Proposition 10.2 shows that almost surely

~ log logn(

W,
0 < liminf [Wala < 0. [

n—>00 mf(n loglogn)
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A. k-jumps of a simple random walk on Z

Let S; be a simple random walk on Z, and fix £ > 0. Recall from Definition 4.1 the

sequence {ngk)}}";o: We set ngk) =0, and

k . k
n® =infit > | S, (S0, £k}
Recall also Ni(n) = max{j |n§k) <n}. LetX; = n}k) - n;k_)l Our goal is to estimate
Ni(n).

Proposition A.1. Let0 <r < % There exists ¢ > 0 such that for any n, k > 1,
cn rn
P (Nk(n) > k_2) <exp (—k—z)
Proof. For k = 1, we may choose ¢ = 1 and the inequality will hold; so we assume k > 1.
Note that
P(X,- > kz) — P( max |Si— S| < k)

nj_1<t<nj_1+k2

=P( max | S;]| <k) = 1—P( max | S| zk)
0<t<k? 0<t<k?

-1 ]E|Sk2|’

- k

where the last step follows from Doob’s maximal inequality. Since E|S,| ~ +/ %n there is

aconstant pg > 0 such that P(X; > k2) > po for all k. As the random variables X1, X»,.. .,
are i.i.d., for all ¢ > 1 we have

cn cn/ pok?
P(Nk(n) > pokz) =P< Z X; fn)

j=1

cn/pok?
P( Z k2. 1{Xj>k2} < n)

Jj=1

IA

Chernoff’s inequality shows that

P (Bin( ) = 75) =ew (-(1-0) 3)

Now, let 0 < r < 1. Choosing a large enough ¢ so that r < (1 — %)2, we have

(= 21) <o (-2)

as required. ]
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Proposition A.2. Let0 <r < %. Then there exists ¢’ > 0 such that for all n, k > 1,
c'n n
P (Nk(n) < k_z) < exp (——)

Proof. First, for k = 1 we may take ¢’ = 3 and the desired probability is 0; so we assume
k > 1. Note that

P(X; > k*) <P (|Sk2| <k),
and the latter converges from below to P(—1 < N(0, 1) < 1) & 0.683. One can check that
by taking p; = 0.9 we have P(X; > k?) < p; forall k > 2.

Our next step is to show by induction that k%X 7 is stochastically dominated by a geo-
metric random variable G; ~ Geo(1 — p;). To this end, we use that for simple random
walk {Y;} on the interval [—k, k], the hitting time of {—k, k} when starting at j is stochas-
tically dominated by the same hitting time when starting at 0. To see this, simply let the
walker starting at O walk until the first time it hits & j . The remaining time until the walker
hits +k has the same distribution as for a walker starting at j.

Using this fact, we deduce

P(X; > ik*| (i — Dk?)
= Z P(X; > ik? | X; = (i — Dk*, Sz = @) P(Si_1ye2 = @)

—k<a<k

<P(X; = ik® | X; = (i — DK®, Sg_iyee = 0) = P(X; = k?),

so forany m > 1,

i=1
m

< []Px; = k) =PX; = K*)™.
i=1

This proves that kizX ; is stochastically dominated by G;. Therefore, for any ¢’ < 1 — py,
o'n c'n/k? c'n/k? n
P(Nk(n)<k—2)=P< 3 X >n> §P( 3 G >k—2).
j=1 j=1
By [14, Theorem 2.1],

c'n/k? ’
n cn
Jj=1

for A = l_c#.
Finally, let 0 < r < %.Asc’(k—l—lnl) =1-—p —c’—c’ln% —1—p; as
¢’ — 0, by choosing small enough ¢’ we have ¢/(A — 1 —In ) > r, and thus

/

P<Nk(n) > i—g) < exp (—;—Z) |
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B. On the maximal local time of a simple random walk

For a simple random walk S; on Z, recall that
L(x,n) =[{0 <k <n | Sk = x}|

denotes the local time of S; at x until time n. We are interested in the tail behavior of
L(n) = maxyez L(x,n). The main aim of this section is to prove an upper tail bound on
the maximal local time of a simple random walk on Z (Corollary B.4). This seems like a
classical result; however, we could not find the exact statement we needed in the literature,
and therefore provide the statement with proof and background for completeness.

For the local time of a simple random walk S; on Z at a given point, we have the
following bound.

Lemma B.1. Foranyn > 1, any x € Z and any u > 1,
u?
P(L(x,n) > u) <exp (——)
2n

Proof. First, for any x € Z we have
P(L(x,n) > u) < P(L(0,n) > u),
so we may assume that x = 0. A standard use of the reflection principle shows that

P(L(0,n) zu)zP( max S; zu) §P( max S; zu)

0<t<n—u 0<t<n

(see, for instance, [23, Theorem 9.3]). Then, by the maximal Azuma—Hoeffding inequality,
)

P( max S; > u) < exp (——)

0<t<n 2n

as required. ]

B.1. Brownian motion and the Skorokhod embedding
Let B; be a Brownian motion on R starting at 0. Define a sequence of stopping times by
79 = 0 and, inductively,

T = il’lf{l‘ > Tk—1 | |B, — Bfk—1| = 1}.
Then S; = By, is a simple random walk on Z, and 73 — t¢—; are i.i.d.r.v. with E[zx —
Tx_1] = 1 and 62 = E[(tx — t%_1)?] < 00. We therefore have

2
Pty —n| = Vi) < 2exp (55 ). (13)
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B.2. Brownian local time

Given a Brownian motion B; on R, a theorem of Trotter [25] shows that almost surely
there exists a function n(x, ¢), jointly continuous in x and ¢, such that

d t
nn) = - /0 ooy (By) ds,

where 1(x, t) is called the local time of B; at x. The distribution of 7(0, ¢) is well known:

Forall u > 0,
n(0,1)
P =20(u) —1 14
( i < u) (u) (14)

(see, for example, [17]).
Let n(t) = sup,er n(x,t). By the scaling property of Brownian motion, % has the
same distribution as (1), which, by [17], satisfies

2

P((1) = viu) = P(n(1) = u) < exp (~ ) (1s)
for large enough u.

B.3. Strong approximation for the local time

We give a strong approximation theorem for the maximal local time of a random walk and
a Brownian motion, using the Skorokhod embedding. This is similar to other results (such
as in [0, 13,22]), but with a more quantitative flavor.

We use the notations of [22]. Fix x € Z. Define

v =inflk > 0| B, = Sk = x}

and, inductively,
v; =inf{k > vj_1 | By, = Sk = x}.

For each j, let
aj ('x) = n('x’ TV]'+1) - n(x’ ij—l)-

From [22], a1 (x), az(x), ..., are i.i.d.r.v. with
Pa; () = u) = Pn(0.71) = ) = C exp (~u) (16)

(for some universal constant C > 0), and E[a; (x)] = 1. In addition, the random matrices
L = (L(x,n))xezn>0 and A = (a;(x))xez,;j>1 are independent.

Lemma B.2. There is a universal constant ¢y > 0 such that for any x € Z and u > 1,

nl/3,4/3
=)

P(la1 (X) + - + L emy () — L(x.m)] = i) < 3exp (—
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Proof. By the above, we have
P(lai(x) + -+ + apem(x) = L(x, n)| = v/nu)

= D Pllar(x) + -+ ap(x) = k| = nu) P(L(x.n) = k)

k=0
z ay(x) +---+ap(x)—k Jnu
:k;p() = ‘zﬁ)P(L(x,n):k)
(nu)2/3
ar(x)+---+apx)—k Jnu
< kg 3 T E ﬁ)P(L(x,n)=k)

+P (L(x,n) > (nu)2/3)

(nu)2/3

- Z P()al(x) + o ap(x) —k‘ > n1/6u2/3) P(L(x.n) = k)
k=0

vk
nl/3,4/3
+ exp (—T)
nl/3,4/3 nl/3,4/3 nl/3,4/3
< 2exp I — + exp i — < 3exp ——

Note that we used Lemma B.1 during the proof to show that

13,4/
P(L(x,n) > (nu)2/3) < exp (—ﬁ).

2

Lemma B.3. There is a universal constant C1 > 0 such that for any x € Z and u > 1,

TA/nu
P(lai(x) + -+ + arcn(x) —n(x, m)| > ﬁu) < Cpexp (— 1 )
Proof. By [22, equation (2.6)],

Ial(x) +--+ aL(x,n)(x) - n(x, Tn)| <y-+ aL(x,n)(x)

for some constant y > 0. Therefore, by (16),

P(lay(x) +--- + aL(x,n)(x) —n(x, )| > \/ﬁu)
<P(y + apm(x) = +/nu) < Cexp (—%(\/ﬁu - y))

as required. ]

Corollary B.4. There are universal constants C, C' > 0 such that for all n,u > 1,

P(L(n) > /nu) < Cu?exp(—C'u?).
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Proof. Ifu > \/n, the claim is trivial. So we assume u < /n. By combining Lemmas B.2
and B.3, for any x € Z we have

P(|L(x.n) = n(x, Ta)| = 2+/nu)

1/3,,4/3
< 3exp (—%) + Cy exp (_n\iﬁu).

Taking a union bound, we have

P( sup |L(x,n) —n(x,t,)| > Zﬁu)

|x|<n

1/3,,4/3
< Cn(3exp (—%) + Cjexp (_n 4nu)).

The function n — n exp(—n"‘uﬁ) for fixed u, o, B > 1 is decreasing for n > 1, so we may
use n > u? and get

2
P( sup |L(x,n) —n(x,tx)| > 2«/514) < Cu?exp (—u—)
lx|<n 2
for an appropriate constant C > 0. The claim now follows from (13) and (15). [ ]

C. Approximation of functions

In [3, Appendix B], Brieussel and Zheng show how to approximate a function f:[1,c0) —
[1, 00) such that % and f?x) are non-decreasing by a function of the form

= x
S = ot Vg, (ksls)® < x < (kssrly1)?
+

ks
for appropriate sequences of nonnegative integers {ks} and {/;}. Here, we prove the
following lemma.

Lemma C.1. Let f:[1,00) — [1, 00) be a continuous function such that f(1) = 1 and

ﬁ and W are non-decreasing for some ¢ > 0, and let mo > 1. Then one can

find sequences {ks} and {ls}, possibly finite with last value infinity in one of them, such
that:

. ks+1 > I’)’Z()ks and ls+1 > mOZstl" all s;

© S(X) =omy f(x); and
* loglogks < I for large enough s.

Proof. Writing g(x) = f ()’C‘z), we have (loglgo;(;% and ﬁ are non-decreasing. We can

now use [3, Lemma B.1] to find sequences {k;} and {/s} so that the first two conditions of
the lemma are satisfied.
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To prove the last assertion, we recall the construction of {k} and {/}. They are defined
inductively, according to the following procedure: Define first kg = o = 1. Assuming that
ks and [; were defined and that g(ksl5) =I5, we have [; < g(x) < k% for all x > kgl;.
Take the minimal y > m2ks/s such that moly < g(y) < ﬁ If such y exists, we have
two cases:

i gy = ﬁ —in which case we take kg1 = mokg and [y = ﬁ > moly;
(ii) g(y) = moly —in which case we take ;11 = mols and kg1 = # > moks.

If such y does not exist, the assumption on (l%vl‘g;é% shows that we have g(x) >
for all x > kglg, in which case we take kg1 = moks and [y = oc.
To ensure the last condition, note that by our assumption on g, for any x > 1 we have

moks

- g(xexpexpx) _ g(xexpexpx) X
~ (loglog(x expexp x))1+e X (x + log(1 + lexyyi+e’

expx

The right term tends to 0 as x tends to oo, hence for large enough x we have
g(xexpexpx) > x. In particular, for large enough s we have

g(mols exp(exp(moly))) = mols. 17

Now, if (17) holds for some s, then in the second case we have y < mgls expexp(mols),
s0 kg1 < expexp(mols) = expexp(ls+1) as required. |

Acknowledgments. We thank the anonymous referee for their helpful comments.

Funding. The authors were supported by Israeli Science Foundation grant #957/20. The
second author was also supported by the Bar-Ilan President’s Doctoral Fellowships of
Excellence.

References

[1] G. Amir and B. Virdg, Speed exponents of random walks on groups. Int. Math. Res. Not. IMRN
2017 (2017), no. 9, 2567-2598 Zbl 1405.60007 MR 3658209

[2] A. Avez, Harmonic functions on groups. In M. Cahen and M. Flato (eds.), Differential geome-
try and relativity: a volume in honour of André Lichnerowicz on his 60th birthday, pp. 27-32,
Springer, Dordrecht 1976 Zbl 0345.31004

[3] J. Brieussel and T. Zheng, Speed of random walks, isoperimetry and compression of finitely
generated groups. Ann. of Math. (2) 193 (2021), no. 1, 1-105 Zbl 1535.20232 MR 4199729

[4] K. L. Chung, On the maximum partial sums of sequences of independent random variables.
Trans. Amer. Math. Soc. 64 (1948), no. 2, 205-233 Zbl 0032.17102 MR 0026274

[5] E.Csdkiand Y. Hu, Lengths and heights of random walk excursions. In Discrete random walks
(Paris, 2003), pp. 45-52, Discrete Math. Theor. Comput. Sci. Proc., AC, Discrete Math. Theor.
Comput. Sci., Nancy, 2003 Zbl 1073.60527 MR 2042373


https://doi.org/10.1093/imrn/rnv378
https://zbmath.org/?q=an:1405.60007
https://mathscinet.ams.org/mathscinet-getitem?mr=3658209
https://doi.org/10.1007/978-94-010-1508-0_4
https://zbmath.org/?q=an:0345.31004
https://doi.org/10.4007/annals.2021.193.1.1
https://doi.org/10.4007/annals.2021.193.1.1
https://zbmath.org/?q=an:1535.20232
https://mathscinet.ams.org/mathscinet-getitem?mr=4199729
https://doi.org/10.2307/1990499
https://zbmath.org/?q=an:0032.17102
https://mathscinet.ams.org/mathscinet-getitem?mr=0026274
https://doi.org/10.46298/dmtcs.3337
https://zbmath.org/?q=an:1073.60527
https://mathscinet.ams.org/mathscinet-getitem?mr=2042373

(6]
(7]

(8]

(9]

(10]
(11]
(12]
[13]
(14]
[15]
(16]
(17]
(18]
(19]
(20]
(21]

(22]

(23]
[24]
(25]

[26]

A law of iterated logarithm on lamplighter diagonal products 1079

E. Csaki and P. Révész, Strong invariance for local times. Z. Wahrscheinlichkeitstheorie Verw.
Gebiete 62 (1983), no. 2, 263-278 Zbl 0488.60045 MR 0688990

Y. Derriennic, Quelques applications du théoreme ergodique sous-additif. Astérisque 74
(1980), 183-201 Zbl 0446.60059 MR 0588163

A. Dvoretzky and P. Erdos, Some problems on random walk in space. In Proceedings of the
Second Berkeley Symposium on Mathematical Statistics and Probability, pp. 353-367, Univ.
California Press, Berkeley-Los Angeles, Calif., 1951 Zbl 0044.14001 MR 0047272

A. Erschler, The asymptotics of drift and entropy for a random walk on groups (in Russian).
Uspekhi Mat. Nauk 56 (2001), no. 3(339), 179-180 English translation: Russian Math. Surveys
56 (2001), no. 3, 580-581 Zbl 1026.60004 MR 1859741

Y. Guivarc’h, Sur la loi des grands nombres et le rayon spectral d’une marche aléatoire.
Astérisque T4 (1980), no. 3, 47-98 Zbl 0448.60007 MR 0588157

'W. Hebisch and L. Saloff-Coste, Gaussian estimates for Markov chains and random walks on
groups. Ann. Probab. 21 (1993), no. 2, 673709 Zbl 0776.60086 MR 1217561

N. C. Jain and W. E. Pruitt, The other law of the iterated logarithm. Ann. Probab. 3 (1975),
no. 6, 1046-1049 Zbl 0319.60031 MR 0397845

N. C. Jain and W. E. Pruitt, Asymptotic behavior of the local time of a recurrent random walk.
Ann. Probab. 12 (1984), no. 1, 64-85 Zbl 0538.60074 MR 0723730

S. Janson, Tail bounds for sums of geometric and exponential variables. Statist. Probab. Lett.
135 (2018), 1-6 Zbl 1392.60042 MR 3758253

V. A. Kaimanovich and A. M. Vershik, Random walks on discrete groups: boundary and
entropy. Ann. Probab. 11 (1983), no. 3, 457-490 Zbl 0641.60009 MR 0704539

A. Karlsson and F. Ledrappier, Linear drift and Poisson boundary for random walks. Pure
Appl. Math. Q. 3 (2007), no. 4, 1027-1036 Zbl 1142.60035 MR 2402595

H. Kesten, An iterated logarithm law for local time. Duke Math. J. 32 (1965), no. 3, 447456
Zbl 0132.12701 MR 0178494

A. Khintchine, Uber einen Satz der Wahrscheinlichkeitsrechnung. Fund. Math. 6 (1924), no. 1,
9-20 Zbl 50.0344.02

A. Kolmogoroff, Uber das Gesetz des iterierten Logarithmus. Math. Ann. 101 (1929), no. 1,
126-135 Zbl 55.0298.01 MR 1512520

J. R. Lee and Y. Peres, Harmonic maps on amenable groups and a diffusive lower bound for
random walks. Ann. Probab. 41 (2013), no. 5, 3392-3419 Zbl 1284.05250 MR 3127886

D. Revelle, Rate of escape of random walks on wreath products and related groups. Ann.
Probab. 31 (2003), no. 4, 1917-1934 Zbl 1051.60047 MR 2016605

P. Révész, Local time and invariance. In D. Dugué, E. Lukacs, and V. K. Rohatgi (eds.), Ana-
Iytical methods in probability theory, pp. 128-145, Lecture Notes in Math. 861, Springer,
Berlin-Heidelberg, 1981 Zbl 0456.60029 MR 0655268

P. Révész, Random walk in random and non-random environments, 3rd ed., World Scientific,
Hackensack, NJ, 2013 Zbl 1283.60007 MR 3060348

R. Thompson, The rate of escape for random walks on polycyclic and metabelian groups. Ann.
Inst. Henri Poincaré Probab. Stat. 49 (2013), no. 1, 270-287 Zbl 1274.60018 MR 3060157
H. F. Trotter, A property of Brownian motion paths. Illinois J. Math. 2 (1958), no. 3, 425-433
Zbl 0117.35502 MR 0096311

N. T. Varopoulos, Long range estimates for Markov chains. Bull. Sci. Math. (2) 109 (1985),
no. 3, 225-252 Zbl 0583.60063 MR 0822826


https://doi.org/10.1007/BF00538801
https://zbmath.org/?q=an:0488.60045
https://mathscinet.ams.org/mathscinet-getitem?mr=0688990
https://zbmath.org/?q=an:0446.60059
https://mathscinet.ams.org/mathscinet-getitem?mr=0588163
https://zbmath.org/?q=an:0044.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=0047272
https://doi.org/10.4213/rm411
https://doi.org/10.1070/RM2001v056n03ABEH000411
https://zbmath.org/?q=an:1026.60004
https://mathscinet.ams.org/mathscinet-getitem?mr=1859741
https://zbmath.org/?q=an:0448.60007
https://mathscinet.ams.org/mathscinet-getitem?mr=0588157
https://doi.org/10.1214/aop/1176989263
https://doi.org/10.1214/aop/1176989263
https://zbmath.org/?q=an:0776.60086
https://mathscinet.ams.org/mathscinet-getitem?mr=1217561
https://doi.org/10.1214/aop/1176996232
https://zbmath.org/?q=an:0319.60031
https://mathscinet.ams.org/mathscinet-getitem?mr=0397845
https://doi.org/10.1214/aop/1176993374
https://zbmath.org/?q=an:0538.60074
https://mathscinet.ams.org/mathscinet-getitem?mr=0723730
https://doi.org/10.1016/j.spl.2017.11.017
https://zbmath.org/?q=an:1392.60042
https://mathscinet.ams.org/mathscinet-getitem?mr=3758253
https://doi.org/10.1214/aop/1176993497
https://doi.org/10.1214/aop/1176993497
https://zbmath.org/?q=an:0641.60009
https://mathscinet.ams.org/mathscinet-getitem?mr=0704539
https://doi.org/10.4310/PAMQ.2007.v3.n4.a8
https://zbmath.org/?q=an:1142.60035
https://mathscinet.ams.org/mathscinet-getitem?mr=2402595
https://doi.org/10.1215/S0012-7094-65-03245-X
https://zbmath.org/?q=an:0132.12701
https://mathscinet.ams.org/mathscinet-getitem?mr=0178494
https://doi.org/10.4064/fm-6-1-9-20
https://zbmath.org/?q=an:50.0344.02
https://doi.org/10.1007/BF01454828
https://zbmath.org/?q=an:55.0298.01
https://mathscinet.ams.org/mathscinet-getitem?mr=1512520
https://doi.org/10.1214/12-AOP779
https://doi.org/10.1214/12-AOP779
https://zbmath.org/?q=an:1284.05250
https://mathscinet.ams.org/mathscinet-getitem?mr=3127886
https://doi.org/10.1214/aop/1068646371
https://zbmath.org/?q=an:1051.60047
https://mathscinet.ams.org/mathscinet-getitem?mr=2016605
https://doi.org/10.1007/BFb0097320
https://zbmath.org/?q=an:0456.60029
https://mathscinet.ams.org/mathscinet-getitem?mr=0655268
https://doi.org/10.1142/8678
https://zbmath.org/?q=an:1283.60007
https://mathscinet.ams.org/mathscinet-getitem?mr=3060348
https://doi.org/10.1214/11-AIHP455
https://zbmath.org/?q=an:1274.60018
https://mathscinet.ams.org/mathscinet-getitem?mr=3060157
https://doi.org/10.1215/ijm/1255454547
https://zbmath.org/?q=an:0117.35502
https://mathscinet.ams.org/mathscinet-getitem?mr=0096311
https://zbmath.org/?q=an:0583.60063
https://mathscinet.ams.org/mathscinet-getitem?mr=0822826

G. Amir and G. Blachar 1080

Received 15 December 2022.

Gideon Amir
Department of Mathematics, Bar-Ilan University, Building 216, 5290002 Ramat Gan, Israel;
gideon.amir@biu.ac.il

Guy Blachar
Department of Mathematics, Bar-Ilan University, Building 216, 5290002 Ramat Gan, Israel;
guy.blachar@biu.ac.il, guy.blachar @ gmail.com


mailto:gideon.amir@biu.ac.il
mailto:guy.blachar@biu.ac.il
mailto:guy.blachar@gmail.com

	1. Introduction
	1.1. The expected distance \mathbb{E}|W_n|
	1.2. The law of iterated logarithm
	1.3. Main results

	2. Realizing speed functions with diagonal products
	2.1. Diagonal product
	2.2. The lamp groups
	2.3. Excursions and the speed in a single layer
	2.4. Estimating the speed of the random walk

	3. Sketch of the proof
	4. The k-induced random walk
	5. The total number of k-excursions
	6. The truncated sum of k-excursions, lower layer
	6.1. The maximal number of k-excursions
	6.2. The truncated sum

	7. The truncated sum of k-excursions, upper layer
	8. Bounds on the distance in Δ
	9. Bounds on the distance in a single layer
	9.1. Upper bounds
	9.2. Lower bounds

	10. Bounds on the total distance
	11. Proof of the main theorem
	A. k-jumps of a simple random walk on Z
	B. On the maximal local time of a simple random walk
	B.1. Brownian motion and the Skorokhod embedding
	B.2. Brownian local time
	B.3. Strong approximation for the local time

	C. Approximation of functions
	References

