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Counting stars is constant-degree optimal for
detecting any planted subgraph

Xifan Yu, Ilias Zadik, and Peiyuan Zhang

Abstract. We study the computational limits of the following general hypothesis testing prob-
lem. Let H = H, be an arbitrary undirected graph. We study the detection task between a
“null” Erd6s—Rényi random graph G(n, p) and a “planted” random graph which is the union
of G(n, p) together with a random copy of H = H,,. Our notion of planted model is a gen-
eralization of a plethora of recently studied models initiated with the study of the planted
clique model (Jerrum, 1992), which corresponds to the special case where H is a k-clique
and p = 1/2.

Over the last decade, several papers have studied the power of low-degree polynomials for
limited choices of H’s in the above task. In this work, we adopt a unifying perspective and
characterize the power of constant degree polynomials for the detection task, when H = H,
is any arbitrary graph and for any p = €2(1). Perhaps surprisingly, we prove that an optimal
constant degree polynomial is always given by simply counting stars in the input random graph.
As a direct corollary, we conclude that the class of constant-degree polynomials is only able to
“sense” the degree distribution of the planted graph H, and no other graph theoretic property
of it.
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1. Introduction

During the last decade, researchers have revealed the existence of an intriguing phe-
nomenon in several hypothesis testing tasks called a computational-statistical trade-
off, which is a parameter regime where some test statistic is known to succeed, but,
conjecturally, no computationally efficient’ test statistics can work. This phenomenon
interestingly appears in multiple different contexts across high-dimensional statistics,
including community detection settings [2, 32], principal component analysis frame-
works [5], regression models [12], and more.

To understand the nature of these phenomena, researchers have focused on simple
statistical models that exhibit them. A simple, yet rich and canonical, family of such
settings appears in community detection, and specifically are the so-called “planted”
subgraph detection (or hypothesis testing) tasks where the goal is to detect the pres-
ence of a subgraph planted in an otherwise Erd6s—Rényi random graph G (n, p) [2,5,
31,32].? The motivation to study these planted subgraph tasks is to be able to identify
the presence of an unusually large community in an otherwise homogeneous graph.
A notable and very well-studied example of such a task is the planted clique prob-
lem [16], where one seeks to detect between a “null” model which is the Erd6s—Rényi
G(n,1/2), and a “planted subgraph” model which is the union of G(n, 1/2) with
a randomly chosen k-clique. Albeit a natural first choice, the assumption that the
planted subgraph is a clique may stand as too restricted for many applications; the
hidden community may be subject to some other structure that could significantly
alter its detection limits. As an example, the desire to extract information from mobile
objects in physics led to the study of the planted matching problem [7, 10, 19, 22].
For other reasons, researchers have studied multiple other planted subgraph models
as well such that: (a) the planted dense subgraph problem [13], where one plants in
G(n, p) an instance of G(n, q) for g > p, (b) the planted tree model [21], where one
plants in G(n, p) a D-ary tree, (c) the planted Hamiltonian cycle problem [3] where
one plants a Hamiltonian cycle.

'For us, we say a test statistic is computational efficient if it is polynomial-time computable.
2For n € N, p = py, an instance of the Erdés—Rényi G(n, p) is an n-vertex undirected
random graph where each edge appears independently with probability p.
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Notably, while at a high-level the methods to understand each planted subgraph
model share similarities, the actual technical statistical analysis is often quite intricate
and tailored to the specifics of the planted graph structure. For this reason, it appears
hard to conclude general statistical principles for community detection based on this
line of work. It is natural to wonder if one could simultaneously study all planted sub-
graph detection tasks by focusing on the properties of a general framework. Motivated
by exactly this desire, the authors of [25] studied the information-theoretic transitions
of a general planted subgraph model, which includes all the above mentioned planted
models as special cases. While [25] focused on the recovery task of estimating the
hidden subgraph, we focus here on the detection variant of it.

Definition 1.1 (Planted subgraph detection task). Letn € N, p = p, € (0,1) and
H = H,, be an arbitrary undirected graph. We consider the following detection task:

(1) (Null distribution Q) In this case, the statistician observes an instance from
the Erd6s—Rényi random graph distribution Q = G(n, p).

(2) (Planted-H distribution IP) In this case, the statistician observes the union of
an Erd6s—Rényi random graph G(n, p) with a random copy of H . The random
copy of H is chosen uniformly at random from all the labelled copies of H
in the complete graph.

It is rather straightforward to see how the general Definition 1.1 contains the men-
tioned detection tasks as special cases; e.g., when H is a k-clique and p = 1/2, we
recover the planted clique task.

Searching for universal structure: Null and planted models. It is worth mention-
ing that this desire for generality shares roots with a fascinating line of work on the
Kahn—Kalai conjecture from probabilistic combinatorics (see [ 18] for the conjecture,
[28] for a recent breakthrough proof, as well as [26] for connection to Bayesian infer-
ence). The context of the conjecture has similarities with our setting. It studies our null
distribution Q = G(n, p), and it is about characterizing the thresholds p for which an
instance of a G(n, p) contains a specific subgraph H = H,, of interest. Similar again
to the literature of planted models, a plethora of works have studied the thresholds for
specific choices of subgraphs (e.g., see the classic work on Hamiltonian cycles [29]
and the very technical recent work on spanning trees of bounded degree [24]). The
Kahn—Kalai conjecture offers a formula for the threshold for any subgraph H. 1t is
remarkable how the, now proven, Kahn—Kalai conjecture directly implies multiple
previous notable results in random graph theory as direct corollaries (including the
mentioned examples). It is also remarkable that the proof of the conjecture was only
a few pages long. This line of work offers at least an argument that seeking a gen-
eral and unifying structure in the analysis of such random graph models can be very
fruitful.
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Returning now to planted subgraph models, similar to [25], the question of finding
a general (now statistical) structure underlying all these models, similar to the line of
work on the Kahn—Kalai conjecture, is the primary motivation of our work. While [25]
studied the information-theoretic limits of planted subgraph recovery tasks, in this
work we investigate a common structure on their computational limits, i.e., in their
computational-statistical trade-offs. Unfortunately, given that the # # NP ques-
tion remains unsolved, identifying the “true” computational limit of any detection
task, characterizing when some polynomial-time test succeeds or not, appears to be
well beyond the current mathematical abilities. For this reason, researchers on compu-
tational-statistical trade-offs have turned to studying multiple powerful restricted class
of test statistics, often containing the best known polynomial-time test, and offering
their proven failure point as evidence that the existing computational limits are fun-
damental.

Low-degree polynomials. Motivated by connections with a celebrated family of
semidefinite programs, called the Sum-of-Squares hierarchy, the study of the power-
ful class of low-degree polynomials to construct test statistics has played a key role
in this direction. First, it can be verified in a plethora of cases that the best known
polynomial-time test statistics (e.g., based on spectral methods, or message passing
methods) can be well approximated by low-degree polynomials (commonly O(1)
or O(logn) degree suffices). On top of that, the class of low-degree polynomials is
believed to be very powerful, and a now well-known “low-degree conjecture” [14],
[20] states that for a general class of detection problems when all degree-O (log n)
polynomials fail to strongly separate the two distributions (see Definition 2.1 below),
then no polynomial-time test will be able to detect between the two. The performance
of the class of degree-O(1) polynomials has also been used as (less strong but still
quite interesting) evidence of hardness. For example, a recent work [23] established
that Approximate Message Passing is optimal among degree-O(1) polynomial in a
spiked matrix estimation setting.

For these reasons, multiple papers have studied so far the power of low-degree
polynomials to achieve strong separation for a number of different planted subgraph
detection tasks. For example, in the planted clique model it is known that if k =
Q(4/n), some degree- O (log n) polynomial succeeds, while if k = o(4/n) all degree-
O(logn) polynomials fail to strongly separate the two distributions (see e.g., [20] and
references therein). It should be noted though that for every new planted subgraph
detection task that has been analyzed a new careful analysis is usually needed, which
often brings its own challenges (similar to the literature on the Kahn—Kalai conjec-
ture). The main focus of this work is to explore the simultaneous study of the class of
low-degree polynomials for all planted subgraph detection tasks i.e., for any planted
subgraph H.
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Absence of structural positive results. Moreover, prior work on low-degree polyno-
mials has built a powerful technique, based on what is called the low-degree advantage
(or low-degree likelihood ratio) [20] (see Definition 2.2), to prove the failure® of the
class of low-degree polynomials for detection tasks. To be more precise, as long as
the degree-D advantage remains bounded, we know that no degree-D polynomial
can strongly separate Q and IP. Yet, our understanding of how to argue about positive
results for the class of low-degree polynomials is significantly more limited and much
less automated. One natural candidate would be to consider the low-degree advantage
again and use it as a criterion if it is unbounded. Unfortunately, this suggestion is not
generally true. For example, for a regime of the so-called planted dense hypergraph
problem, the low-degree advantage explodes (due to rare events) but in fact no low-
degree polynomial succeeds [9]. Understanding whether the low-degree advantage
exploding is a sufficient criterion for the success of low-degree polynomials when we
focus on planted subgraph detection tasks is also a partial motivation for the present
work.

A related struggle is that even if a low-degree polynomial is “predicted” to work,
there is no known general tool to understand the structure of this “optimal’” low-degree
polynomial. Yet, the best known algorithms (and therefore their polynomial approx-
imations) appear to be significantly different among different settings. For example,
the best known polynomial-time algorithm for detecting or recovering the planted
clique when k = c+/n for ¢ > 0 small, is a spectral method combined with a postpro-
cessing step [1], while for the recovery task in the planted Hamiltonian cycle problem
it is a linear program relaxation of a TSP problem [3]. This is a significant issue, as for
any new detection or recovery task that statisticians are facing, it appears as they need
to design the “correct” polynomial-time test statistic mostly based on their intuition
and the unique properties of each subgraph H.

Summarizing the above, this work is motivated by the following three key ques-
tions on planted subgraph detection tasks:

(Q1) For any H = H,,, can we automate when a degree-D polynomial works?

(Q2) Can we characterize the structure of an optimal degree-D polynomial?

(Q3) Which features of H = H,, should a degree-D polynomial be exploiting?
Main contributions (informal). In this work, our main contribution is to offer an
answer to the above questions (Q1), (Q2), (Q3) for any planted subgraph detection
task with arbitrary H = H,, and for any p = (1), when we focus on the class of

degree-D = O(1) polynomials. Informally, under these assumptions, a summary of
our contributions is as follows:

3From this point on in the introduction, by “success” (or “failure”) of a polynomial in a de-
tection task we strictly refer to whether it strongly separates P and Q (or not), per Definition 2.1.
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(i) We start with our main result (Theorem 3.1). We prove that for all choices of
H = H,, an optimal degree-D = O(1) polynomial is always given by the signed
count of a t-star graph in the input graph for some ¢ € {1, D}. In other words, some
degree- D polynomial succeeds in detecting if and only if the signed edge count or the
signed D-star count works. This reveals an interesting new statistical principle shared
by all planted subgraph detection tasks, and an easy-to-check criterion for the success
of constant degree polynomials.

(i1)) A moment analysis of the star counting polynomials, together with our main
result, implies that the success of constant degree polynomials is a function solely
of the degree distribution of the planted H (see Theorem 4.2). In other words, for
any two Hy and H, with the same degree distribution, either some degree-D polyno-
mial succeeds in both detection tasks corresponding to H; and H,, or all degree-D
polynomials fail in both detection tasks corresponding to H; and H,. We find this a
surprising conclusion of our work, given all the potential other features of H a con-
stant degree polynomial could be exploiting (e.g., the local-neighborhood structure of
each vertex).

(iii)) We describe how our results implies a series of old and new results on low-
degree polynomials for planted detection tasks (see Section 4.1).

(iv) We prove that our main result is tight. We provide counterexamples for the
optimality of star counts when either p = o(1) or D = w(1) (see Section 5).

Further comparison with previous work. We would like to expand here briefly on
our literature review. We are not aware of any other work attempting to understand the
above questions for planted subgraph detection tasks per Definition 1.1 in that level
of generality. Yet, we should mention a relevant work by [15].

First, while the author of [15] also defined the union model, they focus their results
on a similar, yet incomparable, general planted subgraph setting where one seeks to
detect between an Erd6s—Rényi G(n, p) and a planted distribution where one plants
a copy of a subgraph H as an induced subgraph in G(n, p).

We first note this is not the same setting as Definition 1.1, as in our planted model
we observe the union of a copy of H with G(n, p). In particular, in our model the
planted H is not assumed to be an induced subgraph of the input graph. Interestingly
notice that the “induced” and “union” models are two distinct generalizations of the
planted clique setting.

The power of a low-degree polynomial in the induced setting for all n7°() < p <
1 —n=°M and for all H that have edge density bounded away from p is analyzed
in [15]. In that case, the author proved that the computational trade-off is similar to
the case of the planted clique model. For any such H, by simply counting edges one
can detect whenever |V(H)| = w(4/nlogn), and the authors proved that a spectral
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method can improve this to |V(H)| = Q(+/n). Moreover, if |V(H)| = o(/n) the
author established that no degree-O(log n) polynomial works for the H’s of interest.
We remark again that we analyze the incomparable union model, and on top of this,
we note that our results do not restrict H at all.

2. Preliminaries

To describe our main contribution in more detail, we need first to give a few def-
initions. Recall that a graph on n vertices can be represented as a list of Boolean
variables

G = (G} jye())
where each variable is the indicator variable of one edge in the complete graph K,,.

We start with the notion of the strong separation which will be our focus of “success”
for a polynomial in a planted subgraph detection task.

Definition 2.1 (Strong separation). For two distributions P, Q supported on graphs
{0, 1}(’5), we say that an (;)—variate polynomial f(G) strongly separates the distribu-
tions P and Q if it holds that

max{\/Var]p(f), \/VEH'Q(f)} = 0(|E]P’(f) - ]EQ(f)D

One should think of strong separation as a stronger condition for detection. A sim-
ple application of Chebychev’s inequality implies that if f strongly separates IP, Q,
then thresholding f suffices to distinguish between the two distributions with vanish-

ing Type I and II errors.
Relevant to strong separation is the concept of the advantage of a test function.

Definition 2.2 ((Low-degree) advantage). For two distributions P, Q supported on
graphs {0, 1}(’5), the advantage of a real-valued test function f: {0, 1}(’5) — R for
testing distribution P against distribution Q is given by

Ep[/]
VEo[/f?]

and the degree-D advantage for testing distribution P against distribution QQ (also

Adv(f) =

called, the low-degree likelihood ratio) is

Ep[f]
Adv=P := max Adv = max ————.
feR[X]<p ) feR[X1<p /Eg[f?]

It is known (see, e.g., [8, Lemma 7.3]) that if Adv=P = O(1), then no degree-D
polynomial can strongly separate P and Q.
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Walsh-Fourier basis. We will use the Walsh—Fourier basis (ys)¢ () (resp. the
degree-D Walsh-Fourier basis (xs)g c(y:s|< p) With respect to the Erdds—Rényi
distribution G (n, p), which is defined by

{l,/}
xs(G) = T] NI
{i,j}es p(l—

Signed subgraph counts. Of special role in this work are the degree-D polynomials
called (signed) subgraph counts. That is, for any shape* § with at most D edges, the
signed count of § is the degree-D polynomial given by

fs(Gy= Y xs(G),

sc(l):s=s

where S = § denotes the graph isomorphism relation.
Finally, we remind the reader of the definition of a star graph.

Definition 2.3. A star graph with ¢ edges is a tree with # 4 1 vertices consisting of ¢
leaves and 1 internal “central” vertex, as shown in Figure 1. In this paper, this graph
is denoted as K, as it can be viewed as the complete bipartite graph with 1 vertex
in one part and ¢ vertices in the other. We will call K ; a ¢-star graph.

Figure 1. A generic star graph on the left, and the star graph K s on the right.

3. Main result: Optimality of star counts

Our main result is a generic result that holds for any p = Q(1) and any D = O(1).
We prove that for all planted subgraph detection tasks (per Definition 1.1), i.e., for any
H = H,, there exists ¢t < D for which the 7-star signed subgraph count is optimal
among all degree-D polynomials to strongly separate P and Q. Formally, our main
result is the following.

4A shape is an edge-induced graph.
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Theorem 3.1. Suppose H = H,, is an arbitrary subgraph, D = O(1) and p = Q(1).
Then, the following hold for testing P and Q in the planted subgraph detection task
corresponding to planting a copy of H per Definition 1.1:

o Iflimsup,_, . Adv=P < oo, then no degree-D polynomial f € R[X]<p achieves
strong separation between P and Q (see [8, Lemma 7.3]).

o [If limy,_ o Adv=PL = o0, then either the signed edge count fy, , or the signed
D-star count fJ(]’ p has unbounded advantage, i.e.,

nll>n;<> max{AdV(fJﬁJ): AdV(fJCl,D)} = 00.

Moreover, suppose S € {K1,1, K1,p} satisfies

maX{AdV(fJ(L] )’ Adv(fxlD)}
Adv(fs)

then fs achieves strong separation between P and Q.

= 0(),

A few remarks are in order.

Remark 3.2. As we mentioned in the introduction, it is not generally true that a
growing advantage Adv=" = w(1) implies that some degree-D polynomial achieves
strong separation. One such example has recently been studied in [9], where one
plants an H ~ G(n?,n~%) in a G(n,n~P) for constants «, 8, ¥ € (0, 1). The authors
prove that whenever o > By and 0 < y < 1/2, no degree-n°") polynomial can strong-
ly separate P from Q. Yet, it is easy to check that, e.g., when a = 5/16, y = 1/4,
B = 1, the constant degree advantage diverges to infinity with n. See Appendix C for
more details on this.

We also note that the above is in interesting contrast to the well-known fact (the
first bullet point in Theorem 3.1) that bounded degree-D advantage rules out the exis-
tence of degree-D polynomials that achieve strong separation [8, Lemma 7.3].

Our Theorem 3.1 shows that, interestingly, for all planted subgraph detection
tasks with p = Q(1), the “converse” does indeed hold for D = O(1): whenever the
degree-D advantage tends to infinity, there indeed exists a degree- D polynomial that
achieves strong separation. In particular our result offers, to the best of our know-
ledge, the first complete characterization of the power of constant-degree polynomials
in such settings.

Remark 3.3. Theorem 3.1 implies that for all planted H’s, the simple choice of
counting signed star graphs is always an optimal choice for strong separation between
P and Q, among all constant-degree polynomials. To the best of our knowledge, this
is the first result revealing this universal optimality of counting stars for all planted
subgraph detection tasks in our regime.
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It is natural to wonder what is the reason counting stars enjoy such general opti-
mality. We point the reader to Section 7, and specifically Proposition 7.1 for details
and a proof sketch. We only would like to note here that the star structure appears
naturally as a subgraph § whose signed count has (almost’) maximum advantage
maxg Adv( fs) among all constant-sized graphs.

Remark 3.4. Our theorem needs two assumptions for the optimality of signed z-
star counts. First, that the class is constant degree polynomials, i.e., D = O(1), and
second that p = Q(1). It turns out that both assumptions are necessary: if either is not
satisfied, then the signed count of stars may fail to be optimal among constant-degree
polynomials (see Section 5).

3.1. A simple criterion using only the degree profile of H

The fact that for any D = O(1), the signed count of star graphs is optimal among
degree-D polynomials for strong separation implies a very simple criterion for the
success of the class of polynomial test functions. To present this, we fix an arbitrary
subgraph H and consider the planted subgraph detection task for H with any noise
level p = Q(1). Suppose a statistician wishes to understand the power of degree-D
polynomial test functions for this setting. Based on the literature, the currently natural
approach would be as follows. First, the statistician would try to show that in one
regime the low-degree advantage

Adv=P = max Adv(f)
SfeR=P[X]
remains bounded and then, in the remaining regime, to design (from scratch!) a con-
stant-degree polynomial that works.

Based on Theorem 3.1, we arrive at a much simpler and automated approach for
how to understand both directions when D = O(1). It is in fact sufficient for the
statistician to only calculate the advantage of the signed edge counts and the advan-
tage of the signed D-star count. Indeed, by our Theorem 3.1 there exists a degree-D
polynomial that can strongly separate P and Q, if and only if

maX{AdV(fJCm)’AdV(fJC],D)} = w(l), 3.1

and by comparing the advantages of the two polynomials fx, , and fx, ,, the statis-
tician would also arrive at an optimal test function.

By “almost” we mean that whenever the low-degree advantage tends to infinity, the signed
count of some star graph also has its advantage tending to infinity.
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On top of that, one can give a more explicit condition than (3.1) using Proposi-
tion 7.9 and Lemma 7.7. Together with the above discussion, this leads to the follow-
ing simple and general condition for all planted subgraph detection tasks.

Corollary 3.5 (A simple condition on the degree profile of H). For any H = H,,
p = (1), D = O(1), and the corresponding planted subgraph detection task, the
following holds. There exists a degree-D polynomial that achieves strong separation
if and only if

Z’UEV(H) dU ZUEV(H) dUD
n(p/(1—p)'/2" n(+D)2(p/(1 — p))P/2

where d, := degg (v) denotes the degree of v in H. Moreover, if (3.2) holds, by
choosing t* € {1, D} that satisfies

n—oo

lim max{ } = 00, (3.2)

> vev(H) dv Svev) 4
n(p/(A—p)1/2° n(+D)/2(p/(1-p))P/?

=
Yvev ) 4
nd+19/2(p/(1-p))r*/2

max {

} = 0(),

we can strongly separate P and Q using fx, .-

A potential striking aspect of Corollary 3.5 is that to judge whether some constant-
degree polynomial works one needs to only know the degree profile of H, and no other
graph property of it. For example, for a d-regular H with v vertices, constant degree
polynomials can strongly separate P and Q either for all such graphs H or for no
such H at all. Other more specific properties of H (e.g., the H’s clique number, or its
girth, or even spectral properties like H being an expander or not), which could nat-
urally motivate the study of several other candidate degree-D polynomials, make no
difference in whether some constant-degree polynomial can strongly separate or not.

4. Characterization of the optimal signed star count

Definition 4.1. We say a test 7' is an optimal test among a class of tests 7 for test-
ing P against Q if whenever there exists a test 7 € T that strongly separates P and Q,
the test 7" also does so.

Based on Corollary 3.5, for constant D, an optimal degree-D polynomial test for
detecting the planted subgraph is given by the signed count of ¢-stars for the maxi-
mizer of the condition (3.2) among ¢ € {1, D}. We will present a characterization of
an optimal test that is (almost®) entirely based on the maximum degree of the planted

®Excluding a small “gray” area, see Figure 2.
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Figure 2. Phase-transition diagram characterized by Theorem 4.2. The x-axis is the maximum
degree A and the y-axis is the number of edges m of the planted subgraph H. CD is an abbre-
viation of constant degree.

subgraph H . If the maximum degree is below the threshold ~ (np/(1 — p))'/2, one
should simply count edges. On the other hand, if the maximum degree is much bigger
than ~ (np/(1 — p))'/2, an optimal test is to count signed large stars (see Figure 2).

Theorem 4.2. Denote A = max;cy(g) di, where d; = degy (i) and m = |E(H)]|.
Then, for p = Q(1), we have the following characterization for optimal constant
degree polynomial tests for the planted subgraph detection problem of testing P
against QQ as defined in Definition 1.1:

o IfA = 0(n(p/(1 — p))'/?), then an optimal test is to count signed edges, i.e.,
f= Y Xin
.1e(3)
In particular, some constant-degree polynomial achieves strong separation if and
only ifm = o((n(p/(1 — p)))*/?).

o IfA> (n(p/(1 = p)Y2%¢ for some constant ¢ > 0, then an optimal test is to
count signed “large” stars, i.e.,

f= Y s

sc(b):s=s
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where § = K for a large enough constant t. Moreover, it is always possible to
sett = [3/2¢] so that the above f achieves strong separation.

The result of Theorem 4.2 is best visualized in Figure 2.

Remark 4.3. Although the characterization in Theorem 4.2 does not capture a middle

region of
1/2 1/2+4+0(1)
o((n755) ) =a=(rr5)
I—p I—p

an optimal test for this region can still be found by comparing the advantage achieved

by the signed count of edges and that achieved by the signed count of D-stars as stated
in Theorem 3.1.

4.1. Applications
To show the applicability of Theorem 4.2, we apply it to a number of examples.

Planted dense subgraph. Let n,k =k, e N and p = p,,q = g, € (0, 1). The
first example we consider is the planted dense subgraph (PDS) setting, denoted by
PDS(k, p, q). To describe it, we first draw H from G(k, q). Then we consider the
planted detection task per Definition 1.1 for planted H and p. Notice that this is
called a PDS setting, as in the planted model IP, the induced subgraph on the k vertices
corresponding to H is “denser” compared to the rest edges of the graph. Indeed, in
the planted instance, every edge using only vertices of H appears marginally with
probability p + (1 — p)g > p while the rest of the edges with probability p.

Notice that, as long as kg =w(logk), H has maximum degree (1 + o(1))(k — 1)g
and edges (1 + o(1))k2g/2 with high probability as n grows to infinity (see Lem-
ma B.1 in the appendix). Using Theorem 4.2 we directly conclude the following.

Corollary 4.4. If p = Q(1), a constant-degree polynomial can achieve strong sepa-
ration in PDS(k, p, q) if and only if

’“”(ﬁ)-

Moreover, if k = w(y/n/ Jq(1 — p)Y/*), counting edges achieves strong separation.

For instance, if k = n®, p = 1 —n™" and ¢ = n™ for constants &, B, y € (0, 1)
we immediately conclude the phase diagram for this PDS(k, p, ¢) for constant-degree
polynomials: they work if and only if 8 > 1/2 4+ «/2 + y/4 (see Figure 3).

It is worth noting that PDS has been commonly studied under the slightly different
following definition we call PDS'(k, p, p’) forO < p = p, < p’ = p, <landk =k,
(see, e.g., [6]). PDS'(k, p, p’) is the detection task between the null Q = G(n, p)
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and the planted model P where now the observed graph is sampled like a G(n, p)
except that the edges between k vertices, chosen uniformly at random, are sampled
now with probability p’ > p. Notice this definition, differently from the one using
Definition 1.1, is not assuming that the planted instance is the union of G (n, p) with a
randomly placed H ~ G(n,q). Yet, forq = (p’ — p)/(1 — p) the two planted models
of PDS(k, p, ¢q) and PDS’(k, p, p’) have marginally (per edge) the same law and it is
natural to expect to have a similar computational transition.
Indeed, for PDS’(k, p, p’) in the specialized regime

Q) =p=1-9(1), pP—p=0n"%, and k=0®uP)

it is known, by using an average-case reduction from planted clique [6], that there
is conjectured hard phase if and only if 8 < 1/2 + «/2. By choosing the matching
parameter ¢ = (p’ — p)/(1 — p) = O(n~%) and y = 0, we arrive at the same conclu-
sion for PDS(k, p, ¢): constant degree polynomials fail if and only if 8 < 1/2 + /2
and counting edges works in the opposite regime.

We are not aware of any comparable low-degree lower bound result for either
PDS'(k, p, p’) and PDS(k, p. q).

CD Impossible Counting edges

succeeds

24204y p
4

o

Figure 3. Phase-transition diagram for PDS(k, p.q), withk =nf, p=1—n"" andq = n=%.

Planted clique and planted independent set. When we choose ¢ = 1 and p = 1/2
for PDS(k, p, q), the setting simply corresponds to the detection task of the planted
clique problem. Corollary 4.4 then directly yields the well-known k = ©(4/n) com-
putational phase transition for constant-degree polynomials for planted clique [1,4].
Interestingly, for p = 1—d/n,d = o(n) and ¢ = 1, PDS(k, p, g) now maps to
the detection task of the planted independent set problem. Indeed, PDS(k,1—d/n,1)
is the detection setting between G(n,1 — d/n) and G(n, 1 — d/n) union a random
k-clique. By equivalently considering the complements of the observation graphs,
we need to detect between G(n,d/n) and G(n,d/n) where k vertices are con-
strained to induce an independent set, known as the planted independent set model.
This and several related settings has been well studied in the literature (see, e.g.,
when d = O(1), [33] for low-degree lower bounds for the search problem in the
null model, and [17] for certification lower bounds in the null model). Corollary 4.4
implies that constant degree polynomials can detect if and only if k = w(n3/4/d /%),
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A
B
Counting Edges
14+ % Succeeds
Both Counting Edges
and Large Stars
Succeed
CD Impossible
>
’ EESTIY ‘

Figure 4. Phase-transition diagram of planted bipartite clique, where H = K, » with a > b.
The small blue triangle represents the region that only counting large stars succeeds. We use
parameter configuration p = 1 —n~Y,a = n® and b = n#.

which recovers the reduction-based hardness of planted independent set conditional
on planted clique conjecture shown in [6].

Planted bipartite clique. Given the previous examples where counting edges is al-
ways constant-degree optimal, one may wonder if the count of large stars is an optimal
constant-degree polynomial in some natural setting. For this reason, we now consider
a planted bipartite clique setting PBC(a, b, p) fora = a,, b = b, € N and p =
pn € (0, 1) with a > b, where we simply choose the planted H to be the bipartite
clique K, 5. The maximum degree of H is then clearly A = a. Using Theorem 4.2
we arrive at the following richer computational diagram (see Figure 4).

Corollary 4.5. Fora,f,y € (0,1), if p=1—n"7, a = n% b = nP, we have for
PBC(a, b, p):

o f2a0<l+yanda+ B <1+ y/2 constant-degree polynomial test fails;

* a+ B > 14 y/2ifand only if counting edges achieves strong separation;

* if 2a > 14 y + ¢ for some constant € > 0, counting large stars achieves strong

separation.

We note that the planted bipartite clique has been studied in [30] in the case
when p is bounded away from 1, where they showed a similar statistical computa-
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tional gap as in the planted clique model. On the other hand, the example we describe
here applies for all p = Q(1).

5. Tightness of Theorem 3.1

In this section, we prove the tightness of our main result (Theorem 3.1). Recall, that
according to Theorem 3.1, under the assumptions p = (1) and D = O(1), the
degree-D polynomials achieve strong separation for detecting a planted subgraph in
G(n, p) if and only if the signed count polynomial of a # < D-star does so too. We
provide counterexamples showing that if either p = Q(1) or D = O(1) is not sat-
isfied, counting stars could fail to achieve strong separation even when some other
degree-D polynomial does so.

Failure of counting stars under vanishing p. Assume p = n~7 for a constant
y € (0, 1). Then we show that for some appropriate constant size k, the planted detec-
tion model with H being a k-clique has the following behavior.

Lemma 5.1. Forany p =n~" wherey € (0, 1) is a constant, there exists a constant k
such that, for the planted subgraph detection task per Definition 1.1 with H being a
k-clique, counting constant-sized stars fails to achieve strong separation, whereas
some constant-degree polynomial test achieves strong separation.

Failure of counting stars under non-constant degree D. Here, we fix p = 1/2 and
k = C/n, where C > 0 is a large enough constant. By focusing on the performance
of degree-D = O(logn) polynomials for the planted subgraph detection task where H
is a k-clique the following holds.

Lemma 5.2. Let H be a clique of size C \/n and p = 1/2, where C > 0 is any con-
stant. Consider the planted subgraph detection task where H is planted in G(n, p).
Then, for any t = t, > 1 (potentially growing with n), counting t-stars fails to achieve
strong separation. However, for large enough C > 0, a degree-O(logn) polynomial
achieves strong separation.

6. Proof preliminaries

We now move to the proof sections of our results. We start by introducing some nec-
essary definitions and notations.

Let n, k € N be natural numbers. We will denote [r] := {1,2,...,n}. We will
use (Z) to denote the number of ways to choose k elements from n elements, and
ngy :=n(m—1)...(n —k + 1) to denote the k-th falling factorial of n. By conven-
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tion, the 0-th falling factorial of any number is equal to 1 and n ) = 0 for any k > n.
Let X be a set. We will denote (f) ={AC X :|A| =k}.

Asymptotic notations. We will use standard asymptotic notations O, 0, 2, w, ©. Let
(an)nen, (bn)nen be two sequences of positive real numbers. We sometimes write
an < by, whena, = 0(by), a, < b, whena, = o(by,), an = b, when a, = Q(by),
an > b, when a, = w(by), and a, ~ b, when lim,_,(a,/by) = 1.

Graph theory basics. A graph is a pair of (V, E) where V' is the vertex set and
E C (‘2/) is the edge set. Sometimes we will identify the vertex set 1 with [n]. K,
will denote the complete graph on n vertices, and K ; will be the complete bipartite
graph with one part having s vertices and the other having ¢ vertices.

We say that H is a subgraph of G, denoted as H C G, if

V(H) C V(G) and E(H) < E(G).

We say that H is an induced subgraph of G, if
V(H
V(H)CV(G) and E(H)=EG)N ( (2 )).

For § C V(G), we denote the unique induced subgraph of G with vertex set S
as G[S]. We say H is a spanning subgraph of G, if it is a subgraph of G and
V(H) = V(G). We say a graph G is edge-induced if there are no isolated vertices
in G.

A homomorphism from graph G, to graph G, is a mapping f: V(G1) — V(G»)
that preserves adjacency relation, i.e., { f(u), f(v)} € E(Gy) if {u,v} € E(G1). An
isomorphism is a bijective homomorphism whose inverse is also a homomorphism,
and we use G; = G, to denote that G; and G, are isomorphic. An automorphism
of a graph G is an isomorphism from G to itself. The set of automorphisms of a
graph G equipped with composition forms a group called the automorphism group
of G, denoted as Aut(G).

Subgraph copies: Notation. We will use throughout a notion of shape and labelled/
unlabelled copies of a shape.

Definition 6.1. A shape § is an edge-induced graph, i.e., a graph without isolated
vertices. By a slight abuse of notation, we sometimes use S to refer to the edge set
E(S) as an edge-induced graph is determined by its edge set. For D € N, we use G<p
to denote the collections of shapes with at most D edges up to isomorphism.

Let S be a shape, and G be a graph. An unlabelled copy of § in G is a subgraph
S C G such that § is isomorphic to S. A labelled copy of § in G is a pair (S, y)
of a subgraph S C G together with a labelling y: V(S) — V(8), such that y is an
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isomorphism from S to §. Note that for a labelled copy (S, y) of §, y~! is an injective
homomorphism from § to G, and conversely every injective homomorphism defines
a labelled copy.

Unless stated otherwise, in this paper we will use copies to refer to labelled copies.

Following the notation in [27] we define for a shape § and a graph G,
Mg g := #{copies of § inside G}, 6.1)

and when n is clear from context, Mg := Mg g, = nqv(s)))-

Example 6.2. In the complete graph K, the number of (labelled) copies of a triangle

K3 isn() = n(n —1)(n — 2), whereas the number of triangles is () = w.

Definition 6.3 (Isomorphic pairs of copies). Let §; and S, be two shapes, and G
and G be graphs. Let ((S1, Y1), (S2, ¥2)) be a pair of copy of §; and copy of §5 in G,
and similarly ((§1, 1), (§2, ¥2)) be a pair of copy of §; and copy of $, in G. We say
that ((S1, 1), (S2.72)) and ((S1, 71). (S2. P»)) are isomorphic if

o foreveryu € V(S1) N V(S2), Vi (y1(w) = 75 (y2(w));
o foreveryv € V(§1) N V(§2), Y 1) = vy (G2 ().

Example 6.4. To illustrate Definition 6.3, consider the two shapes §; and §,, and
the 4 pairs of copies of them in Figure 5. (1) and (2) are isomorphic, as the pairs
of labellings on all the vertices in the intersection are the same. (1) and (3) are not
isomorphic, as in (1) a vertex in the intersection has a pair of labels (b, g) but in (3)
a vertex in the intersection has a pair of labels (b, f). (1) and (4) are not isomorphic,
as in (1) the two vertex sets intersect whereas in (4) the two vertex sets are disjoint.

Remark 6.5. It is not hard to see that the isomorphism of pairs of copies in Defi-
nition 6.3 forms an equivalence relation of the pairs of copies of two shapes in all
graphs. Therefore, the set of pairs of copies ((S1, 1), (S2, ¥2)) of 81 and $5 in all
graphs can be partitioned into isomorphism classes, i.e., equivalence classes defined
by the isomorphism relation.

Definition 6.6 (Intersecting pattern). Let §; and S5 be two shapes. Then, an intersect-
ing pattern of §; and S, is an isomorphism class of the pairs of copies of §; and §, in
all graphs.

The set of all intersecting patterns of §; and §, is denoted as Inter(Sy, S»), and
an element in it is denoted as i (S1, S»2). We use non-calligraphic i (S1, S») in order to
distinguish a specific intersecting pattern from the given shapes $; and §».

Remark 6.7. Recall that an intersecting pattern is characterized by the exact way the
vertex labels of two labelled copies of two shapes intersect. Let us now consider two
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b c f g
a d ;;e
$1 S2

c d

c b.g — c b, f ¢ h &
’_De b.g a, f ’__De De
d a,f V d a8 d a f
e
(1 (2) 3) 4)

Figure 5. An example of 4 pairs of copies of §; and > numbered by (1), (2), (3), (4), where
the labellings of copies of §1 are marked with blue letters, and the labellings of copies of S are
marked with red letters.

arbitrary shapes 81 and §,, with s; = |V(81)| and s, = |V/(S2)|. Notice that the total
number of possible intersecting patterns of 1 and S5 is ) (’;{1) (’Z)k!, as two pairs
of copies of §; and §, are isomorphic if and only if the labels in their intersection are
in to one to one correspondence (see Definition 6.3 and Example 6.4). Indeed, given
the above, we just need to count the total number of ways to choose a subset of V(1)
of size k, a subset of V' (8,) of size k, and a bijective function (that specifies how the
vertices are “glued” in the intersection) between these two subsets, for all values of k.
Importantly, if § is a shape with a constant number of edges (thus a constant number
of vertices), then the number of intersecting patterns of pairs of copies of § with § is
also bounded by a constant.

Definition 6.8. Let $; and S, be shapes, and i (S, S7) be an intersecting pattern of
pairs of copies of $; and §,. For i (S, S2), we define the symmetric difference shape
S1AS, as the shape obtained by first taking the symmetric difference of the edge sets
of a pair of copies that have the intersecting pattern i (S7, S2) and deleting isolated
vertices after the symmetric difference operation. Similarly, we define the union shape
S1 U S, as the shape obtained by taking the union of the edge sets of a pair of copies
that have the intersecting pattern i (Sy, S>).

Remark 6.9. Let §; and S, be shapes, i(S1, S2) be an intersecting pattern, and G
be a graph. The number of pairs of copies of §; and S, with the intersecting pattern
i(S1,S2) in G is equal to Ms,us,,G-
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7. Proof of the main theorem

7.1. Proof strategy

We briefly describe our proof strategy for Theorem 3.1. The first bullet point is a
standard result in the literature of low-degree polynomials, cf. [8, Lemma 7.3], and
our focus will be on the second bullet point of Theorem 3.1.

The first key step of the proof is proving that if the low-degree advantage Adv=P
explodes, then the advantage of the count of a 7-star Adv(fx, ,) explodes for some
t < D.Itis easy to see that if Adv=" = w(1) for some D = O(1), then the signed
count of some shape § with at most D edges satisfies Adv( fs) = w(1). This follows
by expanding the low-degree advantage (Proposition 7.5 and Proposition 7.9) to get

(Adv=P)? = Y (Adv(fs))%,

SEGSD

and using that there are a constant number of shapes with at most D edges. Our main
idea is to use a careful recursive argument, stated in Proposition 7.1, that proves that
as long as

Adv(fs) = w(1) (7.1)

for some §, then it also holds

Adv(fx,,) = o(l)

for some star shape K1 ;. To prove this we use two “advantage-preserving” reduc-
tions that allow us to start with any shape S satisfying (7.1) and recursively switch
to (1) any vertex-spanning subgraph of S which still satisfies (7.1) and (2) any con-
nected component of S which still satisfies (7.1), as shown in Corollary 7.14 and
Corollary 7.15, respectively. This is the key step where the star shapes arise, as it is
easy to prove that the minimal connected and spanning sub-shapes of any subgraph S
are trees of diameter at most 2, which are exactly the star shapes. Using a convexity
argument, we further show in Proposition 7.1 that it suffices to consider the signed
count of star graphs for two extreme cases: either the edge graph, or the D-star graph.

The second step is to prove that either the signed edge count or the signed D-star
count, fx, , forz € {1, D}, achieves strong separation. Note that having an advan-
tage that tends to infinity already implies by definition part of the strong separation

condition, i.€.,
VVarelfx, 1 = o([Ee[fx, ] — Eolfx, ]I)-

To show the other side of the strong separation

v Vare [ fx, | = o(|[Ep[fx, ] — Eolfx, ]I),
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we need to show equivalently

Eplfk, ] <14 0()
IE]P’[]{JCIJ]2 N ‘

We begin by expanding Ep|[ f chl,,] as the sum of the expectations E[ys '] for all
pairs of S, S’ =~ K1,. We show that the pairs with empty (edge) intersection con-
tributes at most 1 4+ o(1) to the ratio above. For the pairs with non-empty intersection,
we show that they contribute o(1) to the ratio above using Proposition 7.2, under the
assumption that

nll>n;o max{Adv(fx, ), Adv(fx, p)} = oo,

and an approximate maximization condition

max{Adv(fx, ), Adv(fx, p)}

= Q(1).
maxi<¢<D AdV(fJCl,t) @

We highlight that this is a key technical part of the proof and the simplicity of the
star shape appears essential. For example, one way this manifests itself is that there
are only a few different cases that two star graphs can be intersecting (see, e.g., Fig-
ures 0, 7 and 8 below) which greatly simplifies the second moment expansion (see
Proposition 7.2).

7.2. Key lemmas

Recall the notation Ms g in (6.1). The first key proposition proves that an exploding
degree-D advantage implies that for § either being the edge graph K;; or the D-
star K1 p, the quantity (MSZH/MS)((I — p)/p)!8! is exploding. This quantity is
simply the rescaled squared ac’lvantage of star count fg, since by Proposition 7.9, we
have

Adv(fs)* =

Eplfs? _ M (1—p)13|
Eqlff] ~ Ms-|Au(S)|\ p

Proposition 7.1. Suppose D = O(1) and p = Q(1). If Adv=L — oo, then among
the edge graph X1 and the D-star X1 p, we have

max{Adv(fx, ). Adv(fx, )} — 0.

Moreover, if Adv=PL — oo, there exists a constant C = C (D) such that for all large
enough n, we have

12£i<XD Adv(fx,,) < C-max{Adv(fx, ), Adv(fx, p)}.
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The next is an important and quite technical proposition that reveals some struc-
ture between overlapping copies of the star shape § with exploding advantage from
Proposition 7.1. This proposition is the key step in a second moment calculation used
in the proof of Theorem 3.1.

Proposition 7.2. Suppose D = O(1), C = O(1), and p = Q(1). Suppose § = K1,
with 1 <t < D is a star shape that satisfies Adv(fs:) < C - Adv(fs) for all star
shapes §' = K1, with at most |S| =t edges, and suppose Adv(fs) — oco. Let
i(S1,82) € Inter(S, S) be an intersecting pattern such that S1 and S, have non-empty
intersection. Then,

an(SlUSZ)l—\V(SlASz)lMSlASZ’H((] _ p)/p)|51A52|/2
Mg (1= p)/p)]

=o(1).

7.3. Auxiliary lemmas

In this section, we have a series of auxiliary lemmas needed for the proof of Theo-
rem 3.1. The proofs for some of the lemmas are deferred to Section A in the appendix.
We start with a standard result, which we state as a fact.

Fact 7.3. The Walsh—Fourier basis (ys) sc(t) (resp. the degree-D Walsh—Fourier
basis (xs) sc(U:s|<D ) with respect to the Erdés—Rényi distribution Q := G(n, p)
form an orthonormal basis for R[X] (resp. R[X]<p) with respect to the inner prod-
uct (-,-)q defined by (f, g)o = Eq[/g].

The following lemma is taken from [27], and will be useful throughout the calcu-
lations in this paper. Recall the definition of Mg g in (6.1).

Lemma 7.4. For a fixed S C ([Z]) isomorphic to some shape S, and (G, H) drawn
from P, the probability that S is a subgraph of the planted H is

Ms . u
P(SCH) = ——.
(s € =
Proof of Lemma 7.4. We have
Mg g = E[#{copies of § inside H}] = Mg - P(S € H). ]

The following proposition calculates the low-degree advantage for all planted sub-
graph detection tasks.

Proposition 7.5. For the planted subgraph detection task, the square of the degree-D
advantage for testing distribution P against distribution Q is

M? 1 — p\ISl
S,H P
(Adv=P)> = 3 : :
$Gop Ms - |Aut(8)|< V4 )
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The following proposition gives a way of double counting the number of pairs of
copies of two shapes in a graph in terms of their intersecting patterns.

Proposition 7.6. Let $1 and S, be shapes, and G be a graph. Then,

Ms, ¢ Ms, ¢ = > Ms,us,,6-
i(S1,S2)€lnter(S1,52)

Proof of Proposition 7.6. The left-hand side is the number of pairs of copies of §;
and §,. The right-hand side counts the same number by enumerating over intersecting
patterns of 8 and §5, and then counting the number of pairs isomorphic to a specific
intersecting pattern. ]

Next, we state a lemma that expresses the number of copies of a star shape in any
graph in terms of its degree sequence.

Lemma 7.7. Let H be a graph, and § = KX be a star shape. Then,
Mspg= Y (d)o.

ieV(H)
where d; = degy (7).

The following lemmas will be useful when dealing with sums of falling factorials
that arise from Lemma 7.7.

Lemma 7.8. Letd,...,dy be asequence of natural numbers taking values at most k
for some function k = k(n), andt € N be a constant. Ifzie[k] d! = w(k), then

> )y = —o(l))( > d{).
ielk] i€lk]
7.4. Proof of Theorem 3.1: Putting it all together

For the signed count polynomial fs of some shape §, the following proposition
expresses its first, second moments under Q and the first moment under P in sim-
ple formulas, whose proof is deferred to Section A in the appendix.

Proposition 7.9. Let S be a shape. Then the following identities hold:

M
Eolfs] =0. Eolf3]= RS Autfs)l,
_ MS,H 1— )4 IS]/2
Eelfsl = aaisy ()
Ms g 1—p\Is1/2
Ad = : .
V(fS) M;/2'|Aut(s)|l/2( p )
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Now we are ready to present the full proof of our main theorem.

Proof of Theorem 3.1. If lim sup,,_, Adv=P < 0, by [8, Lemma 7.3] we conclude
no degree-D polynomial f achieves strong separation between P and Q.
From now on we assume that lim,_, o, Adv=? = co. Suppose § € {Ki11,K1p}

satisfies
max{Adv(chl.l),Adv(fgcl'D)} — o()
Adv(fs) '
By Proposition 7.1,
max{AdV(fgcl.l), Adv(ftxl,D)} — 00, (7.2)
and for some constant Cy, for all large enough #,
max_ Adv(fx,,) < Cr-max{Adv(fx, ). Adv(fx, p)} (7.3)

1<t<D

We now aim to show that fs, the signed count of §, achieves strong separation
between P and Q. From Proposition 7.9, we have

Eqlfs] =0, Eg[f{]= %
Mgy (1—p\sI2
Ep[fs] m(T)
Note that
2 2 —MS
Varg[fs] = Eq[fs] — Eql/fs]” = | Aut(S)|’
Mgy (1—py\IsI2
|Ep[fs]—E@[fs]|—m( » )

The condition in (7.2) implies one side of the strong separation

VVarg[fs] = o(|Er[fs] — Eql/s]l), (1.4)

where we use that | Aut(S)| = O(1) as § has a constant number of edges.
It remains to show that

VVarp[fs] = o(|Ep[fs] — Eol/fs]l)-

Since Ep[fs] — Eqlfs] = Ep[fs] and Varp[fs] = Ep[fZ] — Ep[fs]*, to show
Varp[ fs] = o(|[Ep[fs] — Eq[fs]|?) is equivalent to proving

Eelff] _
Eelfsp = T
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Recall fs = ZSQ(‘Q):S;S xs. We now examine this ratio

Eplf2]  Lssc()s.s=sErltsis]
Ep[fs2 (M2 /1 Aut($)2)((1— p)/p)BI°

Let us compute

i Gij — G jr —
Eplxsxs1 =Ep| [] == = = p}

- {i,j}eS p(l - P) {i’,j’yes’ ¥ P(l - p)

(7.5)

Gij — 4 Gy =P 2
=Ep| [] 2L ] (—
-{i,j}eSAS’ p(l - p) {i’,j"resSNs’ p(l — p)

[ Gij—p
=Ep| xsas l_[ (—) }
L {i,j}esSns’ vp(l_P)
Gij—pr \
= EnEp [my [1 (——) H|. (7.6)
{i,j}esSns’ p(l - p)

Observe that the conditional expectation above evaluates to 0 whenever S A S’ is not
fully contained inside H. For a fixed embedding H of H, if SAS’ C H, then

Gij—r \
EP[XSAS’ l_[ (—) H
{i,jresns’ Vp(l_p)
S e I (=) (]
(e el (Gz ) |k
( p ) {i,jresns’ p(l - p)

(1 - p)|SAs’|/z(1 - p)|(SﬂS/)ﬂE(H)\
p p

: (1.7)

where the last equality follows from

E{(Gu -y H} _ { (L=p)/p if{i.j}eEH).
p(l1—p) 1 otherwise.
Moreover, since D = O(1) and p = €2(1), there exists some constant C, = C2(D, p)
such that SnSAE b
(1_—p)|( NEE max{l, (1_—1’) } <G, (1.8)
p p

and for S, S’ with S N S’ = &, we have

4

| — p\ [(SNSHNE@)
( ? ) —1. (1.9)
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Inserting (7.7) and (7.8) back to (7.6), we get

Gij—p \
EP[XSXS’] ZEHEP[XSAS’ 1_[ (’— H
iyeesnsy NV P(L=p)

1 — p\ISAS'|/2
<G -EH[I{SAS’ c H}(—p) }
P

1— p\ISAs’|/2 ,
—C,- (—) P(SAS' C H)
p
1— p\ISASI/2 Mgas:
—C,- (_p) YSASLH (7.10)
b4 Msnps
where in the last line we use Lemma 7.4. Specifically, in the case that S N §' = &,
by (7.9), we have
1 — p\ISAS'/2 Msns 1
Eplxsxs] = (—p) Mo (7.11)
SAS’

p
Substituting the bound (7.10) and (7.11) back to our ratio (7.5), we get

Eplf2]  Lssc(s)ss=sErltsks]
Eplfs? ~ (M2 /| Aut($)[D)((1 — p)/p)S]

1
M2 1— |S] Z

1
= . Eplxsxs]
PR 002 ). Ee
Mg g ((L=P)/P)° 65 oo
€lnter($,5) (S,S7)
~i(S1,S82)

1 Mg, ns,. 1 (1 — p\IS1A521/2
Mg (1= p)/p)¥! ( 22 ( p )

M
i(Sl,Sz) (S,S/)Z S]ASZ
€lnter($,8):  (S,S))
S1NS2=3 ~i(S1,S>)

+C,- Z Z MSIAsz,H(l—p)SlASz/Z)’

i(51,5))  (S.5): Ms, as, p

€lnter($,8):  (S,S")
SINS2#D =i (S1,52)

IA

where in the second line the summation is over pairs of copies of §, rather than sets
(unlabelled copies) isomorphic to §, which cancels out the | Aut($)|? from the first
line.
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Let us examine the first term, corresponding to pairs with empty intersection:

Z Z MS]ASz,

iGrsy  (Ss)  Msies:
€lnter($,8):  (S,S))
S1NS>2=3 =i (S,S>)

— Z Z MSIUSZa < Z Z MSIUSz,

Gy Gsn: MBIV G (g Msius:

elnter($,8): (5,5 €lnter($,8) (S,S)

SINS2=3 =i (S1,52) =i (S51,52)

Ms,us
MS,US»,H

= Z MS]U S5 M = Z MS]USz,H

i(51,52) 51082 i(51,52)

€lnter(S,S) €lnter(S,S)

2
= Ms,,uMs, n = Mg g,

where in the second-to-last equality we use Proposition 7.6. As a result, the first term
can be bounded by

1 Mg, as,,Hm (1 —
Mg (1= p)/p)l8! 22 ( P

M
i(51,8)  (S.8): S1452
elnter($,8):  (S,S))
S1NS2=3 =~i(S1,S>)

p)|51A52|/2

- 1 M2 (1 - )ISI _
T M2 (1= p)/p)Bl TSN p
Thus, we obtain a bound

EIP[fgz] <14+ Cz
Ep[fs)? = ' MZ,((1—p)/p)s

sy MS]ASz,H(l_P)lslAszl/z_ (7.12)

55y Sy MSias NP

elnter($,8):  (S,5))
S1NS2#D =i (S1,S2)

Next let us examine the second term, corresponding to pairs with non-empty inter-
section:

Z Z MS1AS2,H(1_p)|S1AS2|/2

M
i(5,5) (8,8 O Siss2 P
€lnter($,8):  (S,5))
S1NS2#D =i(S1,52)

_ Ms, as,. 1 (1 — p\IS18821/2
o Z Ms,us, - M ( )
i(51,82) S1482 p

€lnter(S,S):
S1NS»#D
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’

1—
< ¥ n|V<s1us2)|—|V(s1Asz)|MS1AS2,H( pl’

i(S1,52)
€lnter($,S):
S1NS,#D

)IslAszl/2

which is a sum over a constant number (depending on the constant D) of terms. More-
over, under the condition (7.2) and (7.3), each term is 0(M§ g((1— 2)/p)'Sh by
Proposition 7.2. Thus, the second term is bounded by

&) ) Z Z Mg, ns,.H (1 — p)|51A52|/2
Mg (1= p)/p)’S! M. P

i(51,5)) (5.8 | S1AS2
€lnter($,8):  (S,S))
S1NS2#D =i(S51,52)

< G
T Mg (1= p)/p)!
l—p)ISIAszl/Z

3 aVSUSIVE AN oy (_
i(S1,52) P
€lnter($,S):
S1NSr#D
=o(1).
Plugging it back to (7.12), we get the desired bound
E]P’[fsz] <
Ep[fs]* ~

which, as discussed at the beginning of the proof, implies the other side of the strong

1+o0(1),

separation
v Varp[fs] = o(|Ep[fs] — Eol/s]l). (7.13)

Since both conditions (7.4) and (7.13) hold, we conclude that fs, the signed count
of the star shape §, where § is either the edge graph K ; or the D-star KX p,
achieves strong separation between P and Q. ]

7.5. Proof of the key lemmas

We will need the following two claims about some combinatorial properties of the
quantities Mg g. This will be directly useful for proving the intuition that focusing
on stars is all we need, leading to Proposition 7.1.

Claim 7.10. Let S be a shape, and S’ be a spanning sub-shape of . Then, Ms/ g >
Ms g for any graph H.

Claim 7.11. Let S be a shape that is the disjoint union of two shapes 1 and S, that
are vertex-disjoint inside S. Then, Mg, g Ms, g > Ms g for any graph H. If more-
over § has a constant number of edges, then Mg, Ms, < (1 4+ o(1))Mg as n — oo.
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Proof of Claim 7.10. Let S € H together with a labelling y: V(S) — V(S) be a copy
of § in H. Since §' is a spanning sub-shape of §, there is a spanning subgraph S’ C S
that is isomorphic to §” and moreover inherits y as the isomorphism mapping. It is
not hard to see from the argument above for every copy of §, we find a distinct copy
of §’, andMS/,H EMS,H- ]

Proof of Claim 7.11. Let S € H with a labelling y: V(S) — V(5) be a copy of §
inside H. As § is the vertex-disjoint union of two shapes §; and §,, S consists of
two vertex-disjoint subgraphs y~1(8;) and y~!(85), and y induces two labellings
v1:y"1(81) — 81 and y2: y~1(82) — S5. Thus, (y~1(S;). ;) is a copy of §; in H
fori € {1,2}. It is not hard to see that for every copy of §, we find a distinct pair of
copies of §; and $, and Mg, g Ms, g > Ms H.

On the other hand, if § has only a constant number of edges, then in the complete
graph K,,, we have

Mg, Ms, = (n) (s, () (v sy < n'VEVIHITE

< (1 + 0(1))(n)|V(3)| = (1 + 0(1))M3. ]

Immediately, the two claims above yield the following two simple corollaries,
which will be used to prove Proposition 7.1.

Corollary 7.12. Let $ be a shape, and 8’ be a spanning sub-shape of §. Then,
M?, M?2
S’ H - S,.H

Mg+ — Mg

Corollary 7.13. Let S be a shape with a constant number of edges that is the disjoint
union of two shapes 81 and 8, that are vertex-disjoint inside S. Then,

2 2
(MSDH (1 —p)|31) ' (MSZ,H <1 _p>|32|) = (1= o) M (1 —p)ls\
Ms, p Ms, p - Ms p
Combining the advantage of signed subgraph count computed in Proposition 7.9
and the fact that shapes with a constant number of edges have automorphism groups

of constant size, we state the following direct consequences of Corollary 7.12 and
Corollary 7.13, which may be of independent interest.

Corollary 7.14. Let S be a shape, and S’ be a spanning sub-shape of S. Suppose
p =Q). If|8| = O(1), then Adv(fs') = Q(AdV(fs)).

Corollary 7.15. Let S be a shape that is the disjoint union of two shapes $1 and S,
that are vertex-disjoint inside . If |S| = O(1), then

Adv(fs,) - Adv(fs,) = Q(Adv(fs)).
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Proof of Corollary 7.14. By Proposition 7.9, we have

M 1— p\IS] M? 1— p\IS]
S’ .H P 2 S, H V4
Adv(fs)? = . Adv(fs)? = )
M| au(s)| ( P ) Mg - | Aut(S)| ( p )

Notice that the automorphism group of any constant sized shape has size bounded by

a constant, and that
_ S _ S’
(1 p)l \ < (1 p)l |
p P

since p = Q(1) and |$’| < |$|. We may thus use Corollary 7.12 to conclude

M2, T Y
Adv(fg)? = — M (1 p)‘ |
Mg/ jawsn N P
M3 1= p\ISI
2 (2R = aavs?, .
Mg aws) N\ P

Proof of Corollary 7.15. Again the proof follows straightforwardly by using Proposi-
tion 7.9 and noticing that the automorphism groups involved have constant sizes. m

Proof of Proposition 7.1. By Proposition 7.5 and Proposition 7.9, we have

(Adva)zz Z M§,H (1—p)|5|

sea, Ms AN p
= Y Adv(fs)>
SGGED

Since there are at most a constant number of shapes with at most D edges for con-
stant D, if Adv=" — oo, then

sg&(,) Adv(fs) — oo.

Now let § be a shape with at most D edges that maximizes Adv( fs) in the above.
With Corollary 7.14 and Corollary 7.15 in hand, we will show a properly chosen
sub-shape of § satisfies the condition of the corollary.

If § is already star graph, then we are done. If § is not a connected shape, then
we may recurse on one of the connected components §’ of § while ensuring that
Adv( fs) — oo using Corollary 7.15. So now let us assume § is connected. Let T be
a spanning tree of the shape §. By Corollary 7.14,

Adv(fr) 2 Adv(fs) — oo.
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If the diameter of T is at least 3, let us consider a patha —b — ¢ — d of length 3 in 7.
Note that after the edge {b, c} is deleted from 7, what remains is still a spanning
sub-shape 7 — {b, ¢}, and we may recurse on it by Corollary 7.14.

Repeating the process above, we will end up with a shape § that satisfies

Adv(fs) — oo,

and moreover is either a star graph or a tree of diameter at most 2. Note that star
graphs are precisely trees with diameters at most 2. This shows that

Ad . 7.14
sl v(fs) — o0 (7.14)

Next, we will show that (7.14) implies that

maX{AdV(fJﬁ,])v AdV(fJC],D)} — 00,

and
max Adv(fx,,) < C-max{Adv(fx, ), Adv(fx, )}

1<t<D

for some constant C that depends on D. For § = X ;, let us consider the following

function Y . Kol
K . JH — p 1.1
g(r) = —2LeE (22T
MJ(“ P
By Proposition 7.9, g(t) = | Aut(K; ,)|"/? “Adv(fx,,). Thus, forz < D = O(1),
since the automorphism group of X ; has bounded size, there exists Cy > 0 such that

Co < Adv(fx,,)/g(t) < 1. (7.15)

We will show that g(¢) is sandwiched between two convex functions. Using this
strategy, we will show that whenever (7.14) holds, we have max{g(1), g(D)} — oc.
By Lemma 7.7, we have

Yicva) i) @ (1 — p)f/Z.

gt)=(1+o(1)- GEYS »

For the ease of notation, let us denote

S() Yievan (i@ (1 — py\t/2
§0) == 5o ( p ) ’

so that g(z) ~ g(¢). We will prove that, for fixed constant D, there exists constants
C1, Cy > 0 such that

Cr-h(1) —C2=g(1) <h@), Viel[D], (7.16)
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where we denote
h(t) =

Yievan 4i (1 - P)t/z

n(+0/2 p

The second inequality of (7.16) is trivial using the definition of falling factorial. We
then focus on the first inequality. Let us group all the vertices i € V(H) according to
their degrees d;:

Yo=Y @+ Y, @)

icV(H) i:d;>t irdi<t
Foranyi € V(H) with d; > ¢, by Lemma 9.1,

i) = df e 2D > gt o =12/2 > gt =D2/2,

sincet < D and ¢t < d;. For the vertices with degrees less than ¢, we compute

> ievimyd; <t 4 <1 —P)’/2 _ v -t (1 —P>’/2

n(+0/2 p n(+0/2 )
V(H)|t t?\@-D/2
< \V(H)| <_) = o(1),
n np

since p = (1), |V(H)| <n,and d; <t < D = O(1). Combining the results, we get

h(t) = ZieV(H) d,-t 1 — p\t/2
@ = L (+0)/2 ( » )
_ ZiEV(H):d,-<t dit (1 — p)t/Z ZiEV(H):dizt dit (1 _ p)t/2
= n(1+2)/2 P n(1+2)/2 »
D22 Yieviryd;=: @)@y (1 — p\1/2
<0 +e s ( - )
_ p22 2ievan(@d)w (1 - pyi/2
=0(l)+e — ( ; )
= 0(1) + P2 5), a1

where the second last equality holds because (d;)) = 0 for d; < t. Note that e? 22

is a constant when D is a constant. Therefore, by (7.17), given fixed D, there exists
constants Cy, C, > 0 such that

Ci-h(t)—Cy <g(t) <h(t), VtelD],

which finishes the proof of (7.16).
Finally, we notice that the following is convex:

h(t) =

Yievan 4i <1 - P)’/z

L (A+0/2 »



Counting stars is constant-degree optimal for detecting any planted subgraph 137

We will make use of the convexity of /(¢) and the sandwiching bound (7.16) to con-
clude the proof. When (7.14) holds, we have

max_Adv(fx,,) — o

1<t<D
=  max_ g(t) - o0 by the bound (7.15),
= 115112(1) g() - o© since g(t) ~ g(1),
= 1rsr}anD h(t) — oo by the bound (7.16),
= max{h(1),h(D)} - o by the convexity of h(t),
= max{g(1),g(D)} — oo again by (7.16) and g(¢) ~ g(z),
= max{Adv(fx, ), Adv(fx, p)} — oo againby (7.15). (7.18)

We could similarly check that

max;<;<p Adv(fx, ) - . Mmaxi<i<p g(1)
max{Adv(fx, ). AdV(fx, )}~ max{g(1),g(D)}

since Co < Adv(fx,,)/g(t) <1,

maxi<;<p & (1)

= (Gt oWz ). 2 0]

since g(1) ~ g(),

maXlStsD h(l)

< (CO + 0(1)) max{(cl . h(l) _ C2)7 (Cl . h(D) — Cz)}

by (7.16) and that max{i(1), h(D)} — oo,

<ﬂ maXlstth(t) <@
- C; max{h(l),h(D)} T C;

since h(t) is convex. In other words, there exists a constant C5 such that, if

max Adv — 00,
max Adv(fic, )

then for large enough n,

lgltixD Adv(fx,,) < Cz-max{Adv(fx, ;). Adv(fx, p)}- (7.19)

Moreover, notice that Cy and C; depend on D only, and thus C3 depends on D only.
In conclusion, we showed that (7.14) implies (7.18) and (7.19). ]
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Proof of Proposition 71.2. Letd; = degg (i) fori € V(H). By Lemma 7.7,

Msy= Y (di)o.

ieV(H)

First, let us notice that if S1AS> = &, then §1 = S =~ §, and the desired bound
easily follows, as in this situation the ratio of interest is bounded by
My
Mg (1= p)/p)¥]

V(S1US2)l pr
s 2 < (1+0(1)
Mg x((1—p)/p)

= (14 o(1))

TAuS)]-Adv(p? ~ M

where we use Proposition 7.9 in the second to last line and Adv( fs) — oo in the last
line. So from now on let us assume S1AS, # @. If S1, S2 = K1, have non-empty
intersection and S; A S, # @, there are two cases.

Case 1. In this case, S; and S, do not share the same root. Note that
|V(S] U52)| = |V(S1AS2)| and |S]AS2| =2|S|—2

in this case. Consider the shapes S| = S; \ S> and S5 = S>[V(S2) \ V(S7)], as illus-
trated in Figure 7.

Notice that S| and S are vertex disjoint, and S{ LI S} is a spanning sub-shape
of S1AS,. By Claim 7.10 and Claim 7.11, we have

Ms,as,.m = Msiusyu = Mg, aMs) 1

Then, using [V (S1 U S2)| = [V(S1A82)], |S1AS2] =2|8| —2, and that Mg, a5, <
MS{,HMSé,H’We get
nlv(SIUSZ)l_‘V(SlAsz)‘MSIASZ,H((l _ p)/p)|SlA52|/2

Mg (1= p)/p)’S!
Mg g Mg; g

= M2, (= p)/p)
\/(MZ;,H/Ms;)((l =)/ )i (M, /Msy)((1 = p)/ p)!

(Mg 1 /Ms)((1 = p)/p)lS!

(1 = p)/ p)/SI=(siI+I83D/2-1
T IVEEVSDHIVEHD2

IA

(1+0(1))

(7.20)

where the last line uses Ms = (1 — 0(1))n!V®)! for constant sized shapes S.
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———
x

Figure 6. Case 1 for the intersecting pattern i (S7, S2) of two ¢-stars with non-empty intersec-
tion. The edges contained solely in Sy, solely in S», and in the intersection of S; and S>, are
marked by blue, red, and purple respectively.

Figure 7. Vertex disjoint S| and S/, whose union is a spanning sub-shape of S1 A S5 in Figure 6.

Since for some constant C, § satisfies Adv( fs/) < C - Adv( fs) for all star shapes
8’ = K, with at most |§| edges, by Proposition 7.9 and that the automorphism
groups involved have bounded size for |§| < D = O(1), we have that for some con-
stant C’ > 0,

(M2, 1/ Ms)((1 = p)/p)’*!
(M3 1/ Ms)((1 = p)/p)3]

for all star shapes 8" = K with at most |§| edges. As S|, S} are also star shapes
with at most |§| number of edges, we have

<C' (7.21)

MG /M) = p)/ )i (MG, /M) (1= p)/ p)'*]

<C’
(Mg 1/ Ms)((1 = p)/p)!S!
Also observe that as
/ / / /
S ISIEISI L g sy VSDIE IS
2 2
we have
(1 _p)/p)ISI—(IS{IJrISéI)/Z—l - 1
nlVOI=AVSDI+IV(SH)D)/2 ~

where we use the fact that (1 — p)/p = O(1) as p = Q(1), and |§| < D = O(1).
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X

Figure 8. Case 2 for the intersecting pattern i (S7, S2) of two ¢-stars with non-empty intersec-
tion. The edges contained solely in S1, solely in S», and in the intersection of S and S», are
marked by blue, red, and purple, respectively.

Plugging these bounds back into (7.20), we get

nIV(SlUSZ)I—\V(SlAsz)\MSIAsz,H((l — p)/p)IS1As21/2
M3 (1= p)/p)'S!

(M3, i/ Ms)((1=p)/p)SiT- (M3, L/ Ms)((1 = p)/p)'2
(M3 1/ Ms)((1—p)/ p)'S]

((1- p)/p)\3|—(lSi|+|S§\)/2—l
' nIV(S)I—(IV(S{)\+|V(S§)|)/2

<(1 +o(1))\/

C/
< — =o().
n

Case 2. Under this case, star-shaped copies S and S, share the same root vertex, as
shown in the Figure 8. Let x := |V(S; U S3)| — |V(S1AS2)|. Note that 0 < x < ¢.
Then, S1AS> = Kj,2;—2x, and by Lemma 7.7, we have

Ms, a5yt = MK, 5 poi = Y, (di)@i—20)-
ieV(H)

If x > ¢/2, then S1AS> = K225 18 a star graph with at most ¢ edges, and
therefore by the inequality (7.21), for some constant C’, § satisfies
(M2, 4/ Ms)((1— p)/p)!*" ,
(M2 1/ Ms)((1 = p)/ p)P

for all star shapes 8’ = K ;» with at most |§| = ¢ edges, we have

M3 as, 1 (1 —p)lslAszl o Min (1 —p)|sw

Mg, rs, )4 Ms p
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Rearranging the inequality, we get

Mg as, /1 — p\ISI=IS1AS2]
Mg as,, 0 < VC'-Ms g \/#(—)

Ms p
< (VT +o(1)) .n(|V(S1A52)|—|V(3)|)/2(1 - P)(‘S"'S‘ASZ'W
P

1 — p\@x-0)/2
= (VT o(0) -2 (L) My i,

and
n|V(S1US2)|_|V(S1AS2)|M51Asz,H((l _ p)/p)lslAszl/Z
Mg 4 ((1—p)/p)ls!
_ x _ t/2—x
< (VT + o(1)) - (n(p/( p)))ﬂZ(z/(l )

_ t/
< (1 o) 210D o,
S,H

as

M - Mg g 1= p\ISi
GOy = (o) 5t ()
> (1—o(1)) - Adv(fs)? - | Aut(S)| — oo

by our assumption.
Therefore, we now assume x < ¢/2. Since

D a2 = Y. (i)

i€V (H) i€eV(H)

= My > a)(n(H'f)/Z(%)tﬂ) = w(n).

we may apply Lemma 7.8 and calculate

plVSUSIHVEI A8y 3 o (1= p)/ p)IS1ASal/2
Mg (1= p)/p)l¥]
_ (n(p/(X=p)* iy (di)@i—2x)
a Qievin(di)n)?
(n(p/ (1= PV Xieyiay d7' >
Qievan 4i)? '

< (1+o(1))-

141

S,H
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Let A := max;ey(m) di. We have

(n(p/(L = PV ey 47 - (n(p/(1 = PV Cievemy d)) AT

Cievan 41)? B Qievin 4i)?
_ (n(p/(1 = p))*AT 0
= » 7 . (7.22)
ieV(H) “i
Recalling the assumption that the star-shape § = KX, satisfies
Mgy 1= p\ISi
SH(ZE)T = Adv(f5)? - | Aus)| - oo,
Ms b4
and using Lemma 7.8, we have
(ZieV(H) dit)z

w(l) < <(1+o(1)-

M (p(l=p))' ~

MSZ,H <1 - p)|3| _ (ZieV(H)(di)(t))z

Ms p n'*tl(p/(1 = p))*

Thus, we obtain

1 1
E ] )
Yievam) 4 (”(’“)/2(10/(1 - P))t/z)

and plugging it back to (7.22), we get

((p/(L = P)* Yievan 4" _ (n(p/(1 = p))* A"
Qievan 4i)? - Yievan 4i

AL—2x
<o) 0

On the other hand, notice that ) ;cy gy df > A’, and therefore

(n(p/(L = PV Yieyiay > _ (p/(1 - p)))FAI2X
Qievam 4))? N Yievan 4
_ ((p/(1 = p)))*
- A2x :

(7.24)

Combining (7.23) and (7.24),
(n(p/(1 = P Yievamy di'
Qievan 4i)?

. a2 ((p/(1 = )"
< winlo{ sy ) ) 029
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If A > n'/2HV@0(p /(1 = p))!/2, then

((p/A=p))* _ _ ((p/(d=p)*

A2x - nx"”x/’(p/(l _p))x = nx/t = 0(1)’

since x > 0 and t < D = O(1). Otherwise, if A < n'/2tV/C(p/(1 — p))V/2, we
can bound

Al—2x - n(t+1)/2—x—x/t(p/(1 _ p))t/z—x
[
n D (p(1 = p))i 2 P2 (p (1= )2

= o(#) =o(1).

Since in both regimes of A the expression in (7.25) is 0(1), we conclude that

an(SlUSz)l_lV(SlASz)‘MslAS2,H((1 — p)/p)IS14821/2
Mg (1= p)/p)¥]
(n(p/ (= PN Yievan 4"~

=(I+o(1)- <o(1),
( ) (ZieV(H) df)?
which finishes the proof for Case 2.
Combining the case discussions, we obtain the result. ]

8. Proof of the main corollary

Proof of Corollary 3.5. We prove both directions of the stated condition.

Svev ) 9
0/2(p/(1—p))/?

If limsup,,_, o ~or¥ < oo fort € {1, D}, then by Lemma 7.7, we

have
2 2
. {Mx],l,H(l—p)l MJCI,D,H(I—p)D}
lim sup max ,
n—00 My, p My, p p

ZveV(H)(dv)(t) 2
=1l 1 1
im sup ,é?ff’})}{( + o ))(n<1+f>/2(p/<1—p))f/2) }

ZveV(H) dy 2
= I;HSUPIGI?E’E}{( of ))(n(1+t)/2(p/(l —p))’/z) }

Thus, by Proposition 7.9, we have max{Adv( fx, ,). Adv(fx, ,)} = O(1) since the
automorphism groups of K ; and K; p have bounded sizes. By the contrapositive

of Proposition 7.1, the degree-D advantage in this case must be bounded away from
infinity. By Theorem 3.1, degree- D polynomial tests do not achieve strong separation
between P and Q.
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Svevin 4
n+0/2(p/(1-p))?/?

If lim,, oo MaX;e¢1,p34 } = 00, by Lemma 7.7 and Lemma 7.8,

2 2
li {Mxl,l,H(l—p)l Mxl.D,H(l—p)D}
1m max )
n—00 MJCl,l p My, » p
ZveV(H)(dU)(t) 2
W2 (p/ (1= p) 72

= lim max {(1—o(1)) Loevn o ’ = 0.
n—o0 te{l1,D} n(1+t)/2(P/(1 - p))t/z

By Proposition 7.5, the square of the degree-D advantage can be written as

= lim max {(1—1—0(1))(

n—o0 te{1,D}

(ALY — Y Mgy (l—p)lSl .1
seGop Ms - [Aut(S)[L p ’

which clearly tends to infinity as n — oo, since for ¢ € {1, D}, K ; is one shape that
contributes to the summation (8.1), its automorphism group has constant size, and all
the terms are non-negative. If t* € {1, D} satisfies

> vev(H) dv Sveva 4L
n(p/(1—p)1/2° nU+D)/2(p/(1—p))P/2

=
Yvev ) 4
n(d+19/2(p/(1-p))r*/2

max {

} = 0(1), (8.2)

then by Proposition 7.9 and Lemma 7.7, we also have

max{Adv(fx, ), Adv(fx, p)}
AdV(f,}(l’t*)

max {

> vev ) dv Yvevan (@) )
| Aut(K 1 DIV 2n(p/(1—p)/2° |Awt(K 1, p)IV/2n 01+ D)/ 2(p/(1—p))D/2

Yvevin (@v)
W72 (p (1= p)) 72
2 vev(H) dv Yvevin 4
n(p/(A—p)1/2° n(+D)/2(p/(1-p))P/2

)y dy”
. veV (H) %v _
€1 DR G a—pyE — C2

IA

(1+o(1)-

max {

A

for some constants Cq, C, > 0 by the bound (7.16),
= 0(1),

where in the last line we use that (8.2) together with the assumption

max Z’UEV(H) dé N
te{1,03 | n+D/2(p /(1 — p))!/2
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sk
ZUEV(H) dlti
2 (p /(1= p)) /2

' > veV(H) i’ = ®( D veV(H) di” )
n(+O2(p /(1= py2 2 n(+/2(p /(1 — p))*/2 )

implies that — 00, and thus

C

Finally, since Adv=" — oo and

max{Adv(fx, ;). Adv(fx, p)}

Adv(fx, ) =ow.

by Theorem 3.1, the polynomial f]cl. .« strongly separates P and Q. |

9. Proof of the characterization theorem

Here we prove our characterization theorem of optimal tests based on the maximum
degree.

Proof of Theorem 4.2. By Corollary 3.5, whenever strong separation can be achieved
by degree-D polynomials for some constant D, an optimal test is

JHy o = Z xS-

Sc(h)iS=XK, x
where t* € {1, D} and satisfies

> vev) dv Svevan @
n(p/(1—p)1/2° nU+D)/2(p/(1-p))P/?

*k
Svevr db
nFO2(p/ (1= p)) /2

max {

} = 0(1). ©.1)

Now let us consider for which t* € {1, D} the condition (9.1) is achieved.
If A < (n(p/(1— p))"/?, then

D ieviH) dpP 1 d; b
ST (1= P i 2 ((n(p/(l - p)))l/z)

i€eV(H)

A

1 d;
Vn ,-G;H)(W/(l - p)))m)
_ ZieV(H) d;
n(p/(1—p)t2

Therefore, t* = 1 achieves the condition (9.1), and the signed count of edges is an
optimal test in this case. Let us now address when the signed count of edges achieves
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strong separation given that it is an optimal test. By Corollary 3.5, fx, , achieves
strong separation if and only if

ZieV(H) di
n(p/(1— p))1/2

Since ZieV( mydi = 2m where m = |E(H )|, we thus conclude that the signed count
of edges achieves strong separation if and only if m = w(n(p(1 — p))'/?).

On the other hand, if A > (n(p/(1 — p)))"/?>*# for some constant & > 0,

ZieV(H) diD > AD
n(1+D)/2(17/(1 _ p))D/2 - n(1+D)/2(p/(1 _ p))D/Z

- = (Gommm)
— /n\(m(p/(1—p)))/2
> %(n(p/(l — ).

In particular, setting D = [3/2¢], we have

Yievand L(n P )8’3 N L(n P )3/2
nAED2(p/(1—p)P2 = /n\'1—p/  ~ n\' 1-p
( P )3/2 S Dievi) di

L—p/ " n(p/(1—pHV>
where in the last line we use that ZieV(H) di <n(m—1)and p = Q(1). Therefore,

t* = D = [3/2¢] achieves the condition (9.1), and the signed count of D-stars is an
optimal test in this case. Moreover, from the second to last line above, we know

ZieV(H) diD = o0
n(+D)2(p/(1 — p))P/2

By Corollary 3.5, we conclude that the signed count of D-stars, fx, ,, achieves
strong separation. ]
Lemma 9.1. Let a, b be non-negative integers with a > b. Then it holds that

|

(@@ = @b >ab -exp(—b2/2(a —b+ 1)).
Proof. We compute

b—1

al .
log(m) =bloga + Zlog(l —i/a)

i=0
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using the fact that log(1 — x) > —x /(1 — x) holds for any x € (0, 1),

b—1 .
i
> bloga — Z o
i=0
b—1 i
> bl — _
= vlogd Z a—b+1
i=0
b2
>pl _
=T S b+ )
We conclude by taking exponential of both sides. [

10. Proof of tightness of the main theorem

In this section, we prove the tightness of our main theorem: if either p = Q(1) or
D = 0(1) is not satisfied, counting stars could fail to strong separate P and Q in the
planted subgraph detection task while some other degree-D polynomial does so. Our
proofs consider two natural planted subgraph detection settings:

* aconstant-sized clique planted in a sparse G (n, p),
 aclique of size k = O(4/n) planted in G(n, 1/2),

and show in each case that counting stars does not capture the strong separability
of the problem with respect to degree-D polynomials, with D = O(1) in the first
setting and D = O(logn) in the second setting. The main effort in these proofs lies
in careful second moment analysis which confirms strong separation is achieved by
some natural degree- D polynomial (which of course is not achieved by counting stars)
in each setting.

Proof of Lemma 5.1. For p = n~Y where y € (0, 1) is a constant, let k = 4/y. Con-
sider the planted subgraph detection task with a clique of size k planted in G(n, p).
We want to show under this setting, it holds that (1) counting stars fails to achieve
strong separation and (2) there exists a constant degree polynomial test that strongly
separates the two hypotheses.

For (1), we calculate the advantage of signed count of a star shape KX;; using
Proposition 7.9 and Lemma 7.7:

(Adv(fx ))2 _ Qieven(@m)? (1 _ p)t

CAu(Ky )| -ntt\ p
Qicvan d)? (1 —p\t k> k2 \t
== ( . ) < 7-(n1_y) . (10.1)
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In particular, we plug in k = 4/y and can easily verify that k2 < n'~” < n holds.
Therefore, the advantage (10.1) of counting a star shape K ; is O(1) for any ¢, which
implies that counting star fails to achieve strong separation.

For (2), consider the simple polynomial test f which counts the unsigned number
of unlabelled copies of k-cliques in G, which can be expressed as

f(G)= Y 1G[U]isaclique},

ucv:|U|=k

and corresponds to a degree—(g) polynomial. We will show that f achieves strong
separation for detecting a planted clique of size k in G(n, p). To this end, we need to
compute the first and the second moments of f under P and Q. We observe that we
always have f > 1 under G ~ P, so Ep[f] > 1. Recall that p =n~" = o(n~2/*~1)
for our choice of k. Under QQ, we have

Eolf]= ) Eo[l{G[U]isaclique}]
ucv:|U|=k
Ucv:|U|=k
Eqlf?] = Z Eq[1{G[U] is clique}1{G[U’] is clique}]

UU'CV:|U|=|U'|=k

S S - ORGE

vu'cv:|U|=|U"|=k

k
Y Y 200

i=0 UU'CV:
|U|=|U"|=k,
[UNU’|=i

n n n pk(k—l)—i(i—l)/z
] I k—i k—i

k(k—1)—i(i—1)/2

-

4

n2k—ip

-

N
Il
o

(n* p)? iz — (1),

VB

Il
o

1

and we get Varg[f] = o(1). Now we turn to the second moment of f under P. We
first notice that for any realization of the planted H, we have

Ep[f?] = Ep[/?/H].



Counting stars is constant-degree optimal for detecting any planted subgraph 149

Thus, we may equivalently consider another distribution P’ where we fix the planted
k-clique to be on the first k vertices {1,...,k} C V := [n]. Let us denote this fixed
set of vertices where the k-clique under P’ is planted on as W. We may now compute

Ep[f?] = Ep/[f7]

> Ep[l{G[U]is clique}1{G[U"] is clique}]
uyu’'cv:
UI=|U"|=k
k k
x=0 y=0 j<min{k—x,k—y},
J <min{x,y}

> Ep [1{G[U] is clique}1{G[U'] is clique}]
U,u’'cv:
U|=IU"|=k,
|[UNW |=x,|U' NW|=y,
|[UNU\W |=i, [ UNU'NW|=j

=142 Z Z Ep/[1{G[U] is clique}]
O<x<k UCV:
\UT=k,
|{UNW |=x

P DEDDEEEDY

0<x<k 0<y<k i<min{k—x,k—y},

J <min{x,y}
> Ep [1{G[U] is clique}1{G[U] is clique}]
uyu’'cv:
|U|=|U’|=k,

UNW |=x,|U'NW|=y,
[UNUN\W |=i,[UnU'nW |=j

=142 Y Y 06

0<x<k UCV:

|U|=k,
|{UNW |=x
+ Z Z Z Z pz(g)—(ﬁ)—(ﬁ)—(é)—ﬁ
0<x<k 0<y<k i<min{k—x,k—y}, uu’'cv:
J <min{x,y} |U|=|U"|=k,

|{UNW|=x,|U' NW|=y,
|[UNU\W |=i,|[UNU'NW|=j

S112 Y kot p-0)
0<x<k

+ > > > fx =i i k=i =y =i ,2(5) =)= () =(2) -1

0<x<k 0<y<k 0<i<min{k—x,k—y},
0<j<min{x,y}
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<142 Y Kk p)-06)
0<x<k
4o Z Z JxHY = 2k—x—y—i pz(’i)—(é)—(ﬁ)—(é)—ﬁ

0<x<y<k 0<i<k-y,
0<j=<x

<14 G max nk=x p(3)-() (10.2)
0

<x<
LG S p2k=x=y=i p2(5)=G)-(3)-()-is (10.3)

0<i<k-y,
0<j=x

where Cy in the last inequality is a constant depending on the constant k. Let us sepa-
rately examine the terms n*—* p(g)_@) and p2k—x—y—i pz(g)_(g)_(g)_(é)_ij appear-
ing in (10.2) and (10.3). Recall p = n™" = o(n~2/*=1),

For any 0 < x < k, we have

nk=x p(3)=() = (nkp(’é))“"/"px(k—x)/2 =o(1).
Forany0 <x <y <k,0<i <k—y,and0 < j < x, we have
p2k=x=y=i ,2(5)-(3)-() ()
_ (nkp(g))2—(X+Y+i)/kpx(k—x)/2+y(k—y)/2+i(k—i—2j)/2. (10.4)

Note that the first exponent 2 — (x + y + i)/k is strictly positive as x + y +i <
X + k < 2k, and the second exponent satisfies

x(k—x)  y(k—y) +i(k—i—21')

2 T2 2
. x(kz— x) L y(kz— y) itk —1'2—2x)
. X(k2—X) n y(kz— » i(k—(k;y)—ZX)
. X(kz— xX) y(kz— ) L —;‘x
. X(kz— xX) y(kz— ) —(k;y)x
. X(k2—X) n (y—X)2(k—y)
> 0,

where we repeatedly apply 0 <i <k —y,0<j <x,and 0 < x <y < k. Therefore,
we conclude that the expression in (10.4) is o(1). Now that we know both terms
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in (10.2) and (10.3) are o(1), we use these bounds and conclude that
Ep[f?] — 1 < C; max nk_xp(g)—()ﬁ)
0<x<k

. k X i ..
+ Ck max n2k_x_y_l p2(2)_(2)_(5)_(2)_11
0<x<y<k,
0<i<k-y,
0<j=<x

<o(1).

Since moreover Ep[f] > 1, we know Varp[f] = o(1). As Varg|[ f], Varp[ f] = o(1)
and |[Ep[f]—Eq[f]] = 1 —o(1), we conclude that f achieves strong separation. m

Proof of Lemma 5.2. Letk = C /n where C > 0 is a constant. Consider the planted
subgraph detection task with a clique of size k planted in G(n, %) We want to show
under this setting, it holds that (1) counting stars fails to achieve strong separation
and (2) there exists a degree- O (log ) polynomial test that strongly separates the two
hypotheses.

For (1), let us consider the signed count polynomial fs where § is a star shape.
When § is a t-star for any ¢+ > 2, | Aut(S)| = ¢!. By Proposition 7.9, we may cal-
culate the advantage of counting ¢-stars for detecting a planted clique of size k in
G(n,1/2) as

2 MSZ,Kk
| Aut(S)[ - M

i€ di) 2
= (14 o(1))- Qi Z(IIkaZ)FZ!)())

(k -k")? ¢! kz(e-kz)t

(Adv(fs))

§(1+0(1))-W§7

t-n

which is bounded by O(1) for any 1 > 2 when k = C 4/n for a constant C. It is also
easy to check that counting edges does not achieve strong separation in this case. We
thus conclude that counting stars fails to strongly separate P under this setting for
any ¢.

Now we turn to prove (2). The seminal work of [1] proved that a spectral method
successfully detects a planted k-clique with high probability when k = C \/n for
a large enough constant C > 0, and it is known that such spectral method can be
well approximated by degree-O (log n) polynomials (see [11,20]). However, these
results do not address the aspect of strong separation. Here, we will show that some
degree-O(log n) polynomial does achieve strong separation when k = C /n for a
large enough constant C > 0, following a slight variant of the polynomial that approx-
imates the trace method.
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For convenience, in the following discussion we will use M to denote the {+1,—1}
adjacency matrix of G drawn from the null distribution Q or the planted distribu-
tion P, where an entry (i, j) is 1 if {, j} is an edge in G, —1 if {i, j} is not an edge,
and 0 on the diagonal i = j. Let /[ = Blogn, where B is a large enough constant.
Consider the following polynomial

SM) = Z M, i, Miy iy ... Mi;_ i, Mi, i,
(i1,..-507):
i; €[n], all distinct
of M, which is a degree-/ polynomial in the entries of M. Moreover, we will call
i = (i1,...,i;) a (simple) closed path (of length / on [ vertices), and use

M= M;, i, M; M

i—1,i1

Miz,il

2,03 ¢+

to denote this product that corresponds to the closed path i.
Under the null distribution QQ, we have

Eq[f(M)] =0,
Eqlf(M)*]= >  EqglM'M’]

closed paths zT,]T

Y. UHEDH=EG)
closed paths lT,]T

nn—1)...n—1+1)-2]
= (1 4+ o(1))2In’.

Let us now consider the planted distribution P. Since the planted clique can be
specified by a subset of vertices the clique is planted on, we will denote this subset of
vertices as W, where we use bold letter to emphasize it is uniformly random among
all subsets of size k. Under P, we have

Ep[f(M)] = > Ep[M]

closed path 7.

= Z Ep[l{i1,....i; € W}],

closed path i

since conditioning on the planted clique, Ep[M 7|W] = 0 whenever i is not fully con-
tained in the planted clique, and 1 otherwise. We further observe that the probability
that any fixed closed path i of length / is contained in W is simply

k(k—1)...(k—1+1) k!
nn—1).. . (n—1+1) _(H"(l))’(E)’
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which can also be verified using Lemma 7.4. As a result,

Ep[f(M)] = > Ep[l{i1.....ij € W}
c]oso::dpathtT
- Z P(ii,....i; € W)
closedpatth

N
:(1+0(1))n(n—1)...(n—1+1).(;)
= (1 +o(D)K".

Finally, we turn to the second moment of f (M) under IP. We have

Ep[f(M)2]= >  Ep[M'M]
closed paths l_',jT
= ) Ex[l{vGancwy]
closed paths t_',jT

(1 +0(1)) Z (li)lV(z_'Af)\7

n

closed paths l_,j_

following similar reasoning as before, where i A j denotes the symmetric difference
shape of the two closed paths i and j, which in particular, as we recall from Defini-
tion 6.8, does not contain any isolated vertex. Note that for the case of vertex-disjoint
i and j, there are approximately n? many such terms in the sum, each contributing
approximately (k/n)?!, and thus the total contribution is close to k2! which matches
the square of the first moment of f(M) under P. If we can show that the rest of
the contribution from the other terms corresponding to pairs of i and j that are not
vertex-disjoint’ is much smaller than k2, then we would be done.

Let us further break down the situation when i and j are not vertex-disjoint into
cases. In the following definitions, the indices in the constraints are cyclic modulo /

(e.g., i7_y refers to i; if #/ = 1). For a pair of closed paths i and j, define

A= {te[l]:Vt' €l],j; # iy},
B:={te[l]l:3 e[ll.st j; =iy, ji1 #iv—1. jiy1 # ivs1}.
S = e jerht €[1]: 3" € 1], st e, jesr} = {iv i)}
a:=|A|, b:=|B|, s:=|S]|,

7In fact, one can even follow the argument used in the proof of our main theorem to only
focus on the pairs of i and j that are not edge-disjoint. Nevertheless, the argument we present
here suffices for the proof.
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where A is the index set of vertices in fnot shared with i, B is the index set of vertices
in j shared with i that do not participate in any shared edges, and S is the set of edges
in j shared with i. We moreover observe that if we restrict the attention to the set S
of shared edges, they form a number of connected components, and we denote this
number as c. Formally,

C:={te[l]:{jt,jr+1} € S, {je-1,Je} €S},
c:=1C|,
CC :={(Jrs Ji+1s---» Ji+s,) 1 t € C, 5, is the maximum such that
Vi<r<t+s—L{jrJjr+1} €S},

where C is the set of the starting indices in the closed path j of the connected compo-
nents of the set S of shared edges (if i and j do not overlap completely), and C C is the
collection of connected components (sub-paths of ;) of S. Let us state as a fact that
whenever s = |S| < [, the parameters a, b, s, ¢ satisfy the identity / =a + b + 5 + ¢,
which is easy to verify.

Now, we claim that |V(i Aj)| = 2] — b — 2s. To see this, let us consider which
vertices in V(i) U V() belong to V(i Aj).If s = | S| = [, then the two closed walks
overlap completely, and the claim obviously holds. So let us consider otherwise.

« First, all vertices in V(i) U V(j) that do not correspond to any shared vertex or
participate in any shared edges belong to V(i A j), and there are
20—b—(s+c¢)) =2a

such vertices.

+ Second, each pair of shared vertices from i and j that do not participate in shared
edges (corresponding to vertices in j indexed by B) contributes exactly 1 vertex
to V(i Aj), and there are b of them.

* Third, every connected component of shared edges in S contributes 2 vertices,
since each connected component is a sub-path shared by i and j, and only the
two endpoints of the sub-path survive the symmetric difference operation. This
gives a total of 2¢ vertices.

From the analysis above, we have |V(iAj)| = 2a +b +2¢ =21 — b — 2s.
Moreover, we may estimate the number of pairs of i and j with the specific choice
of parameters a, b, s, ¢ in the following way:

Without loss of generality, we enumerate the number of 7 as
nn—1)...(n—1+1)<n’.

* Next, we enumerate the vertices indexed in A in the order they are traversed in j,
creating < n“ choices.
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 Then, we enumerate the vertices in j indexed in B, by enumerating the indices ¢

and the matching indices ¢’ of i, creating < (I x [ )b = [2b choices.

* Finally, we enumerate the vertices that participate in the shared edges according
to the connected components the shared edges form. For each of the ¢ connected
components, we enumerate the starting index ¢ in j, the matching index ¢’ in i,
the size s; of this connected component, and the direction (whether they follow
the forward direction j; = jy, ji+1 = iy+1, ji+2 = it/+2, ... or the backward
direction j; = jy, ji+1 = i'—1, jt+2 = iy/—2, ... ) of this component of shared
edges, creating < (I x [ x [ x 2)¢ = (213)¢ choices.

It is not hard to see one can uniquely recover a pair of i and j using the information
above. Thus, the total number of pairs of i and j with the specific choice of parameters
a,b, s, c is bounded by

N(a,b,s,c) < nl .ne. le . (213)6 — 2612b+36nl+a.

Now we are ready to prove a bound on the second moment of f (M) under P:

kN\IVGEADI
Ep[/(M)*] = (1+o0(D) (;)V B
pathslT,jT
k\2l—b—2s
= (1+0() 3 2 ()
a,b,s,c paths i,/:

l_',f satisfies the parameters a,b,s,¢

= (1+01) ¥ N(a,b,s,c)(S)ﬂ_b_zs,

a,b,s,c

note that when 7, fare vertex-disjoint, the parameters are (a =/, b =0,5 =0,c =0)

< (1+o(D) |:n21 . <i€_z)21 + a’bX’S:,c: 2012b+3cnl+a<§)21_b_2si|‘

a<l

Let us examine one term in the sum above:

ye 2b+3c, l+a (k )2l—b—2s — ¢ 2b+3c) 2l—b=2s  a+b+2s—
n

— 2()12b+36k21—b—2sns—(2
() D) ()
k n k2/
where we use the previously stated identity / = a 4+ b + s + ¢ in the second to
last line. Moreover, when i and ]_ are not vertex-disjoint (i.e., a < /), either b > 0
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or ¢ > 0. In either situation, when k = C /n for a large constant C and [ = ©(logn),
the expression k2! (12/k)? (213 /n)¢ (n/k?)* above is o(k?! /n%*°). Since there are at
most [* = 0(n%%1) choices of parameters a, b, s, ¢ that satisfies ¢ < [, and each term
in the sum contributes o (k2 /n%4%), we conclude that

EP[f(M)Z] = (1 + 0(1)) |:n21 . <§)2l + Z 2612b+3cnl+a(1£)21_b_2s:|

n
a,b,s,c:
a<l

< (14 o()[k> + k! /n®4%)
< (1 +o(1)k?.

Together with the first moment under P, we get that Varp[ f(M)] = o(k?"). From
the moment computation for Q, we also have

Varg[f(M)] = O(In') = o(k?),
[Ep[f(M)] - Eq[f(M)]] = (1 —o(1))k".

We have thus verified that f(M) achieves strong separation for detecting a planted
clique of size k in G(n, 1/2). ]

11. Conclusion and future directions

In this paper, we initiate the unified study of the computational thresholds in detecting
arbitrary planted subgraph structures in G(n, p). We give a complete characteriza-
tion of the strong separation power of constant degree polynomials in the regime of
p = Q(1). In particular, we reveal that under these assumptions, it is always optimal
to count stars among all constant-degree polynomials.

Our work suggests many future directions.

(1) At a conceptual level, we believe our results make a strong case that studying
“unified” planted random graph models, containing as special cases multiple well-
studied models, is very beneficial. In our case, it was the generality of the studied
model (Definition 1.1) that allowed us to reveal the (perhaps surprising) constant-
degree optimality of the star counts. To the best of our knowledge, this optimality
has not been observed before for any specific case of planted H. It is interesting
what other common structural computational properties are satisfied by all planted
subgraph models.

(2) In terms of specific directions, we consider a very interesting project to study
what the optimal degree- D polynomial is when either D = w(1) or p = o(1) that our
established star-count optimality fails (see Section 5). Moreover, our proof techniques
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carefully leverage the graph structure and do not trivially extend to hypergraphs. It is
a nice question whether and how these phenomena generalized to planted hypergraph
settings.

(3) The recent work [23] suggests the constant-degree optimality of counting
trees (equivalently of Approximate Message Passing) in terms of recovering a hidden
spike in the spiked Wigner model (with a “dense” prior). While no trivial connection
with our work is possible (we study the detection version between Bernoulli graph
models), it is an exciting direction to study possible connections between the star-
optimality from our work and the tree-optimality from [23].

(4) It is also interesting to explore whether similar unified phenomena hold in
planted random hypergraph or even more general settings.

A. Proof of auxiliary lemmas

Proof of Proposition 7.5. Recall that the fact that

Xij—p
1s(X) = 1_[ IV
iyees) VPA=p)

for § C (12/) :|S| < D form an orthonormal basis of the multilinear polynomials
in R[X]<p withrespectto (:,-)g. Thus, we may expand any polynomial f € R[X]<p
in this basis as

fX)y= > A(faslexrs= Y. fsxs.

sc(h):IsI=p sc(h):Is1=p

where j:g := (f, xs)q are the Fourier coefficients of f. Thus, we may compute

<D _ Ep[f] Ep[> s fsxs]
AV s VR s;(g%z@ VEQI(Xs fsxs)?]
C mex 25 JsEplys]
Sg(é§i§|SD \/Zs,s/ Js fs'Eolxsxs']
_max s fsEelis) Y. EelxsP.

Sg(gﬁ;@ Vs /3 s<():1s1=D
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We may compute the expectation Ep[ys] by first conditioning on H and then
taking the expectation over random H:

Ep[xs] = EuEp[xs|H].

Conditioning on a fixed H, Ep[ys|H] = 0 whenever S is not fully contained in H,
and Ep[ys|H] = ((1 — p)/p)!SV/2 if S C H. Therefore, we have

|S|/2
EplrsiH] = 1(s < (17 )
Thus,
1S1/2
Eplts] = Enl(s c)(1=2 )

—rsem(10)”

Ms o (1 — p)ISI/2
Ms 14 ’

(A.1)

where the last line uses Lemma 7.4. Plugging this expression back in (A), we get

M2, /1— p\IS|
<D\2 _ sH(l-p
Adv=Py2 = 3 §( > ) .

sc(b):s|1<D

Finally, we group the summation over subsets § < ( ) |S| < D according to the
isomorphism classes of the shapes §. For each shape §, there are Mg /| Aut(S)| sub-
sets of ( ) (unlabelled copies) that are isomorphic to §, and for isomorphic subsets,
the expressions in the summation are equal. As a result, we may rewrite the summa-
tion as

2
(Adv=P)? — Z Mg _MS,H(I_p>‘S|

2
jG, 1auE)] Mz
-y Mg g (l—p)ls‘ .
j & Ms - [Au)\ p

Proof of Lemma 77.7. For the enumeration of Mg g, we first fix vertex i € V(H) and
count the number of copies of K, that have its root at i. Suppose the degree of i
is d;, then the number of copies of Ky ; rooted at i is (d;)«). The total number of
copies of K, in H is obtained by summing over all the vertex i € V(H):

Msg= Y (di)a. n

ieV(H)
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Proof of Lemma 7.8. Clearly, one side of the inequality is obvious

Z(di)(t) < Z d},

i€lk] i€lk]

so we focus on the other inequality.
We have for all i € [k],

\!
; - — .
(di)y = df (1 dl) 1(d; > 1)
2
Zd-t( _;_)1{‘1 >y >=dl — 1 —12d

1
4

Hence,
Yiek (@i -1 ket 2 i di! (A2)
ZlE[k] di 7 Yiewd! Yick 4i
Clearly, by our assumption,
kt!
—— =o(1). (A.3)
Zie[k] dit
Also by the Holder inequality,
2 Yiewdi ! - IZ(Zie[k] diy1=1tg/e
Yiemdi T Dictkr di
k 1/t
= 12(—) = o(1). (A4)
Dietk i
Inserting (A.3) and (A.4) into (A.2), we obtain
o (d:
Zze[k]( t)t(t) > 1—o(1),
Zie[k] di
as desired. [

Proof of Proposition 7.9. Recall that the Walsh—Fourier basis y s form an orthonormal
basis with respect to Q. Thus,
Eqlxs]=0 ifS # &,
Eqlxsl =1,
Eqlxsxs] =0 ifS#S
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and we may compute the first and the second moments of fs under Q as

Eqlfs]= Y. Eglxs]=0,
sc(h):s=s
Eolf$] = > Eqlxsxs’]
$,5'¢(%):8,8'=$
— 21 — —MS
= 2. Eolil= s

sc(h):s=s

Finally, we calculate the first moment of fs under PP. Using the expectation of yg
under P in (A.1), it holds that

Eplfs]= Y. Eplxs]

sc(h):s=s
Z MSJ{(I—p)‘S‘/Z MS,H (1—p)|5\/2
= —_— = — — .
M Aut(S
sc(h):s=s § P [ Au($)[Rp
The advantage of fs follows from the definition
Ep[fs] Ms g 1— p\Isi2
Adv(fs) = = ( ) _

VEQL/Zl M2 aws)/2\ b

B. Deferred lemmas and proof of lemmas in applications and
counterexamples

Lemma B.1. Letk <nand 0 < q < 1 be such that kq = w(log k). With probability
1 —0(Q), for H ~ G(k, q), its maximum degree is (1 &= o(1)) - (k — 1)q, and its
number of edges is (1 = 0(1)) - (’;)q

Proof of Lemma B.1. Let X ~ Binomial(k — 1, ¢), where k, g are given as in the
statement. We use the multiplicative Chernoff inequality to obtain the tail bound for X
as follows:

P[IX —E[X]| = SE[X]] = P[|X — (k — 1)q| = & - (k — 1)q]

82 (k — 1)4)

< Zexp(— 3

where 0 < § < 1 is a parameter to be determined.
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Now let H ~ G(k, g), and denote the degree of a vertex i € V(H) as d;. Note
d; ~ Binomial(k — 1, g) for every i € V(H). Using union bound, we compute an
upper bound on the probability that the maximum degree of H is too large as

IP[ max)di Z(1+8)-(k—1)q]fk-IP’[Xz(l—i—S)-(k—l)q]

icV(H
82k — l)q)

3 (B.1)

< 2k -exp (—
In the same way, we can also bound the probability that the minimum degree is too
small:

2
P[ierrl}i(%)di <(1-=98-(k-— l)q] §2k-exp(—w). (B.2)
Since kg > w(log k), we may set §> = C(logk)/kq for a large enough constant C
that ensures both bounds (B.1) and (B.2) are o(1). This implies, with high probability,
that all degrees d; of H ~ G(k, q) is concentrated in the range (1 £ o(1)) - (k — 1)g,
and consequently, the maximum degree of H ~ G(k,q) is (1 £ o(1)) - (k — 1)g and
the number of edges is (1 £ o(1)) - (1;) -q. n

C. Explanation of Remark 3.2

Let us consider the advantage of the signed count of a triangle J4. We claim that it
diverges to infinity in the setting of Remark 3.2, where in the planted model PP we
have G(n?,n~%) planted in a G(n,n™#) witha = 5/16,y = 1/4, = 1.

Indeed, we may verify

Ep[fx.]> _ (Csc@)s=x, Ep[xs])’

Adv(f,)? = >
YT Eolfz,] T VDI Aut(Ky)]
by Proposition 7.9, we have
nlV (X)) B 5
> (1—-o0(1)) —— -
> (1—o(1)) AL plxs]

for an arbitrary S C ([g]) such that S =~ K4,

—nB 2
(e em(=25-)"")

n¥\4 4 4 2
.n4((7) (n—a)<2)(nﬂ)(2)/z)

%

A%
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1 nB—200)
=’ p0-2p)4
1 n9/4

=z Q') = w(1),

where C, C’ are universal constants.
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