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Special K-Stability and Positivity of
CM Line Bundles

by

Masafumi HATTORI

Abstract

We show that the CM line bundle on a proper family parametrizing specially K-stable
varieties with maximal variation is big and nef. As an application, we show projectivity
of any proper subspace of the coarse moduli space of uniformly adiabatically K-stable
klt-trivial fibrations over curves constructed in Hashizume and Hattori (Geom. Topol. 29
(2025), 1619-1691).

Mathematics Subject Classification 2020: 14J10 (primary); 14J17, 14J27, 14J40 (sec-
ondary).
Keywords: klt-trivial fibration, adiabatically K-stable, coarse moduli space.

§1. Introduction
§1.1. Positivity of CM line bundles

K-stability was first introduced by Tian [Tia97] for Fano manifolds and reformu-
lated by Donaldson [Don02] for other polarized varieties. This notion is defined
in a purely algebro-geometric way and is considered to be closely related to the
existence of constant scalar curvature Kahler (for short cscK) metrics as the Yau—
Tian—Donaldson conjecture predicts. On the other hand, K-stability is closely
related to birational geometry and moduli problems. For log Fano pairs, K-stability
is completely detected by the J-invariant, which was first introduced by Fujita—
Odaka [FO18] and Blum-Jonsson [BJ20] and the moduli scheme parametrizing K-
polystable log Fano pairs is constructed (see [X25]). On the other hand, Hashizume
and the author [HH25] construct a moduli space parametrizing uniformly adiabat-
ically K-stable klt-trivial fibrations over curves and show that this moduli space
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is a kind of K-moduli space if we choose some polarizations. Here, uniform adia-
batic K-stability is first introduced in the author’s works [Hat24b, Hat25] as the
K-stability of a fiber space when its polarization is very close to an ample line
bundle on the base.

Odaka ([Odal0, Conj. 5.2]) conjectured the K-moduli conjecture 10 years ago;
it predicts that there will exist a quasi-projective moduli scheme parametrizing all
K-polystable varieties with some fixed numerical data. This conjecture is shown
for the Fano case (cf. [XZ20, LXZ22, X25]). He further conjectured that we can
choose a Q-ample line bundle on the moduli space to be the CM line bundle,
which was introduced by Paul-Tian [PT09, PT06]. Indeed, the CM line bundle
of a KSBA moduli space (see [Ko023] for details) is ample by [PX17]. Recently,
it was shown that a K-moduli space of log Fano pairs with fixed dimension and
volume is a projective scheme ([CP21, CP23, Pos22, XZ20]) with the CM line
bundle ample. On the other hand, Fujiki-Schumacher [FS90] showed that compact
subspaces of moduli spaces parametrizing some cscK manifolds are projective by
using the generalized Weil-Petersson metric, which is closely related to the CM line
bundle. Their result is enhanced by Dervan—Naumann [DN25] for any moduli space
parametrizing all cscK manifolds. Recently, Ortu [Ort23] has constructed moduli
spaces parametrizing manifolds with optimal symplectic connections (cf. [DS21]).
Ortu also shows that any compact subspace of her moduli spaces is projective.

§1.2. Main results

In this paper, we settle Odaka’s conjecture on positivity of the CM line bundle for
special K-stability.

Theorem 1.1. Let 7: (X,A,L) — S be a polarized log Q-Gorenstein family,
where S is projective and (Xs,As) is klt for any geometric point 5 € S. Suppose
that m has mazimal variation along any curve (cf. Definition 2.20). If (X5, As, Ls)
is specially K-stable for any closed point s € S, then the CM-line bundle Acm,» 15
ample.

Special K-stability was first introduced by [Hat24a]. We note that K-stability
of Q-Fano varieties, log Calabi—Yau varieties, and varieties with the ample canon-
ical divisors are equivalent to special K-stability of them and special K-stability
is compatible with the theory of filtrations as Ding stability of log Fano pairs (see
[Fujl9] and [Lil7]). On the other hand, special K-stability ensures the existence
of cscK metrics by the result of Zhang [Zha24].

We recall the following fact shown in [HH25].

Theorem 1.2 (For details, see Theorem 3.11). We fird € Zsq, u € Qsp, v € Qso.
Then there ezists a separated Deligne-Mumford moduli stack Mgy . of finite type
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over C with a coarse moduli space Mgy . parametrizing uniformly adiabatically
K-stable kit-trivial fibrations f: (X,0,A) — P! such that

(1) dim X =d,
(2) for any general fiber F, F - A%~' = v, and
(3) Kx ~q —ufrO(1).

Furthermore, there exists w € Qsg such that for any uniformly adiabatically
K-stable klt-trivial fibration f: (X,0, A) — P! as above, if vol(A) = w, then (X, A)
is specially K-stable.

For the case when wu is nonpositive in Theorem 1.2, .#gy y 4 » parametrizes
polarized klt minimal models. In this case, the quasi-projectivity of the open
locus of Mgy, parameterizing varieties with only canonical singularities has
been solved by [Vie95] We also remark that My, ., is not proper in general.
Indeed, the moduli space of uniformly adiabatically K-stable rational Weierstrass
fibrations with a fixed section is contained in the projective GIT moduli scheme
of Miranda [Mi81] as an open subset, but they do not coincide.

By Theorem 1.1, we show that proper subspaces of the coarse moduli spaces
constructed by [HH25] are all projective.

Corollary 1.3. Any proper subspace B of Mg ., is projective.

§1.3. Outline of the proof

We briefly explain the idea of the proof of Theorem 1.1 here. Special K-stability
of a polarized klt pair (X, A, L) consists of the following two properties.

(i) H=0(X,A,L)L+ Kx + A is ample, and
(ii) uniform J¥-stability of (X, L).
Consider a polarized log family 7: (X, A, L) — S of relative dimension n and an

ample line bundle H on X. Recall that the log CM line bundle Acw,» is defined
as

n(Kx, +Ag) - L1
T (_ Lr
(see Definition 3.2). We define the following variant of the CM line bundle

L 4 (n+ 1L (Kxys + A))

nH, - L1

SO L (1)L H)

AJx H = T (—

We call this the J”-line bundle (cf. Definition 3.4). The following is a key obser-
vation in this paper.
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Proposition 1.4. Let w: (X,L) — S be a polarized family with an ample Q-
line bundle H, where S is projective and every geometric fiber of m is normal. If
(X5, Ls) is JHs-semistable for any closed point s € S, then Ay u is ample.

This phenomenon is first observed by Murakami [Mur23, Lem. 2.7] for the
case when 7 is smooth and all fibers are uniformly J-stable. In this paper, we show
that the same phenomenon occurs also when 7 is nonsmooth but flat. This is the
first ingredient to show Theorem 1.1. Furthermore, we remark that although we
need some assumptions on the variation on the family to deduce the positivity
of the CM line bundle, we need no such assumption to deduce Proposition 1.4.
Indeed, Proposition 1.4 also holds for trivial test configurations as we will see in
Example 5.2. On the other hand, we show that m,(H"*!) is ample by using a
similar technique to obtain the ampleness of the CM line bundle of a family of
K-stable log Fano pairs with maximal variation as follows.

Theorem 1.5. Let m: (X,A,L) — S be a polarized log Q-Gorenstein family of
relative dimension n, where S is projective and (Xs,As) is kit for any geometric
point 5 € S. Suppose that © has mazimal variation along any curve and m,L" 1 =
0. If there exists A € Qsq such that A < §(Xs, As, Ls) for any closed point s € S
and Kx s+ A+ AL is m-ample, then the Q-line bundle m.(Kx g+ A+ ML) s
ample.

This is the second ingredient. With these ingredients, we obtain Theorem 1.1.
We give the proofs of these ingredients in Section 5.

§2. Preliminaries

We work over the field of complex numbers C.

Notation and conventions

(i) If we say that X is a scheme, then we assume X to be of finite type over C.
If X is further separated, irreducible, and reduced, then we say that X is a
variety. For any point x € X, let x(x) denote the residue field of the local ring
Ox . That is, if we set m, as the maximal ideal of Ox ., k(x) = Ox 5 /M.

(ii) Let X be a scheme. We denote

X(S) :=Hom(S, X)

and call this the set of all S-valued points of X. If S = Spec(2, where € is
an algebraically closed field, then we call elements of X (.S) geometric points
of X. If the image of Spec? — X is x € X, we denote this by T € X.
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Let X be a scheme of finite type over C, and U an open subset. We say that
U is big if codimx (X \ U) > 2.

For any coherent sheaf .# on P", #(d) denotes F ®0.. Opn(d) for any
deZ.

We say that a proper morphism of schemes f: X — Y is a contraction if
f+O0x = Oy.

Let X be a scheme of finite type over C with a (Q-)line bundle H. Let
|H| (resp. |H|g) denote the set of all effective divisors linearly equivalent
(resp. effective Q-divisors Q-linearly equivalent) to H.

Let X be a scheme of finite type over C. We say that a property P holds
for any very general closed point x € X if there exist countably many
closed subvarieties V; C X such that P holds for any closed point = €
X\UZ, Vi

Let f: X — S be a proper morphism of normal varieties. Let g: T' — S
be a morphism from a normal variety. Then we set X7 = X xg T and
fr: X — T as the morphism induced by f and g. Let h: X7 — X be the
canonical morphism. If L is a Q-line bundle on X, we set Ly := h*L. For
any s € S, we denote X, = X and Ly = Ly, where T' = Spec k(s). Suppose
that f is flat, all geometric fibers are connected and normal; there exists a
Q-divisor A such that Kx,g + A is Q-Cartier and A does not contain any
fiber of X over S. Then we set At as follows. Take an open subset U C X
such that codimx (Xs\ U) > 2 for any s € S and f|y is smooth. Then
we see that A|y is Q-Cartier and can consider h|;‘l,1(U)A|U. Let Ar be the
closure of h|;§,1(U)A|U. We note that then

Kx,r+Ar = h" (Kx/s +A).

Let D be a Q-Weil divisor on a projective normal variety X. We say that D
is big if there exist an ample Q-Cartier Q-divisor A and an effective Q-Weil
divisor F such that D = A+ E. If D + A’ is big for any ample Q-Cartier
Q-divisor A’, then we say that D is pseudo-effective.

Let X be a projective normal variety. We say that C' is a movable curve of X
if there exist a projective birational morphism p: X’ — X and very ample
hypersurfaces Hy, ..., Hqyjm x—1 such that C' = HiN---NHgim x—1- Let L be
a line bundle on X. We denote L-C = p*L-C for simplicity. By [BDPP13],
L-C > 0 for any movable curve C' if and only if L is pseudo-effective.

Let f: X — S be a proper morphism such that any geometric fiber is normal
and connected. Then we consider the following functor. For any morphism
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of schemes T' — S, we attain the following set:
Picy,s(T) = {L | L is aline bundle on X7}/ ~r,

where Ly ~p Lo if and only if L; ® f7B ~ Lo for some line bundle B
on T'. Then we have the relative Picard scheme Picx /g, which represents
the étale sheafification of the above functor. If S = Spec C, then we simply
denote Pic(X) := Picy,g. Furthermore, Pic’(X) denotes the identity com-
ponent of Pic(X) and parametrizes all line bundles algebraically equivalent
to Ox. See [F+05, §9] for details. Let [L] denote an element of Pic(X) whose
representative is a line bundle L.

(xii) Let E be a locally free sheaf on a smooth projective variety S. We say that E
is nef (resp. ample) if Op(g)(1) is nef (resp. ample). Also, E is called weakly
positive if for any a € Z-o and ample line bundle A, the stalk of Sym® E ®
Og(bA) at the generic point of S is generated by H°(S, Sym® E ® Og(bA))
for some b € Z~¢. If S is a curve, then the nefness of S is equivalent to the
weak positivity.

(xiii) Let X be a proper normal variety and 7: Y — X be a resolution of singu-
larities of X. Then Alb(Y') denotes the Albanese variety of Y. Let 8: Y —
Alb(Y) be a canonical morphism. Then it is well known that there exists a
canonical morphism a: X — Alb(Y") such that 8 = oo w. Thus, we denote
Alb(Y') by Alb(X) and call this the Albanese variety of X. We also call «
an Albanese morphism.

(xiv) Let X be a Noetherian scheme. Let .#°® be a complex of Ox-modules. We
say that .#°® is a perfect complex if there exist a family of open subsets
{U;}7_, and bounded complexes ¢ of finite free Oy,-modules with a quasi-
isomorphism ¥;* — #°|y, for each i. On the other hand, let E be a coherent
sheaf on X. Then FE is called an Ox-module of finite Tor-dimension if for

any « € X, the stalk £, admits a resolution of finitely generated free Ox -
modules of finite length ([MFK94, p.111]).

§2.1. K-stability
We first recall the fundamental concepts of birational geometry and K-stability.

Definition 2.1. Let X be a quasi-projective normal variety. Suppose that B is
a Q-divisor on X such that Kx + B is Q-Cartier. Then we call (X, B) a sublog
pair. If B is further effective, then we say that (X, B) is a log pair. For any prime
divisor E over X, choose a proper birational morphism 7: Y — X such that F is
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defined on Y. Then we set the log discrepancy of (X, B) with respect to E as
A(X,B)(E) = OrdE(Ky — W*(KX + B)) + 1.

The above value is independent of the choice of . We say that (X, B) is subkit
(resp. sublc) if A(x p)(E) >0 (resp. > 0) for any prime divisor E over X. If E is
further effective, then we say that (X, B) is kit (resp. lc).

For any coherent ideal a of X and rational number r > 0, we consider the pair
(X, B + ra). We call ra a Q-ideal. We define the log discrepancy of (X, B + ra)
as follows. Take E a prime divisor over X and 7w: Y — X such that 7 is a log
resolution of (X, B) and a, i.e. Ex(m) + ;!B + 7 'a is a simple normal crossing
and Y is a smooth variety proper over X such that F is a prime divisor defined
on Y. Here, we note that 7~ 'a is a Cartier divisor. Then

A(X,B+ra)(E) =ordg(Ky — 7" (Kx + B) — 7’71'71(31) + 1.

We say that (X, B +ra) is subklt (vesp. sublc) if A(x pira)(£) > 0 (resp. > 0) for
any prime divisor E over X.

Let (X, B) be a log pair. We set
Aut(X,B) = {0 € Aut X | 0.B = B}.

It is well known that Aut(X, B) is a group scheme and let Auto(X, B) be the
identity component of Aut(X, B).

Definition 2.2 (Log canonical threshold). Let (X, B) be a log subpair and let D
be an effective Q-Cartier Q-divisor on X. Take an arbitrary Q-ideal a on X. Then
we define the log canonical threshold for (X, B) with respect to D as

let(X, B; D) = sup{t € Q | (X, B+ tD) is sublc}.

On the other hand, we set the log canonical threshold of (X, B) with respect to a
as
let(X, Bya) = sup{t eQ | (X,B +ta) is sublc}.

Definition 2.3. We say that a, is a graded sequence of nonzero ideals if there
exists a sequence of ideals {ﬂm}mezzo satisfying

U - Oy C Oy
for any n,m € Z~. For any prime divisor E over X, we set (cf. [JM12, Lem. 2.3])

dg(am
ordg(ae) ;== lim = inf orEi(a).
m— 00 m m>0 m

ordg(an,)
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By [JM12, Cor. 2.16], we can set

A E
let(X, B;a,) = lim m-lct(X, B;a,,) = inf (XL)().
m—oo E OI“dE(Cl.)
Further, (X, B, L) is called a polarized log pair if (X, B) is a log pair and L
is an ample Q-line bundle.

Definition 2.4. Let (X, B, L) be a polarized klt pair and take ro € Z~ such that
roL is Cartier. For any m ¢ Z~q, we call D an mrq-basis-type divisor of L if there
exists a basis {Di}?ng,Ox(mroL)) of H%(X,Ox(mroL)) such that

1 hO(X,0x (mroL))

D= mroh? (X, Ox (mroL)) ; o

Let | L|mro-basis denote the set of all mro-basis-type divisors of L. We set

Srom(X, B, L) = inf let (X, B; D)

Dé€|L|mry-basis

and 0(X, B, L) := limsup,,_, ., Orom (X, B, L). We call 6(X, B, L) the d-invariant
and know by [BJ20, Thm. A] that §(X, B, L) = limy, 00 Orgm (X, B, L).

Let (X, B, L) be a polarized klt pair as above. Let |L|gp denote the set of all
effective Q-divisors Q-linearly equivalent to L. Suppose that roL is Cartier for
some 1o € Z~g. We set for any prime divisor F over X,

Tr(E)= sup ordg(D), Sr(E)= lim sup  ordg(D).
D€|L|g M= DE|L|m-basis

Indeed, we see that the above limit exists (cf. [BJ20]). We set the a-invariant as

X,B, L) = inf —CB0
(X, B, L) =iy To(E)
On the other hand, we see that
X, B, L) =inf ——~——~
X, B.L) =iy S.(E)

Definition 2.5 (K-stability). Let (X, B, L) be a polarized log pair of dimension n.
A normal semiample test configuration (X, L) for (X, L) is defined as follows:

(1) X is a normal variety with a G,,-action and £ is a semiample G,,-linearized
Q-line bundle on X.

(2) There exists a proper surjective and G,,-equivariant morphism 7: X — Al
where G,, acts on A' by multiplication.
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(3) (m71(1), Llz-1()) = (X, L).

Let (X1, Lyt) denote a semiample test configuration (X x Al, L x Al) with the
trivial G,,-action on the first component X. It is well known that there exists
another semiample test configuration (Y, Ly) and two G,,-equivariant birational
morphisms o: Y — X and p: Y — X1 such that £y = ¢*L and their restrictions
to (m o o)~1(1) are nothing but the identity morphisms of X. Then consider the
Gm-equivariant canonical compactification (), L£y) — P of (Y, Ly) — Al such
that the fiber over co € P! coincides with (X, L) with the trivial G,,-action.
Let H be an arbitrary R-line bundle over X and let By be the Zariski-closure
of B x G,, in Y. Then we set the non-Archimedean Mabuchi functional and the
non-Archimedean J-functional as
n(KX + B) Lt 7on+1
(n+1)L" Yo

MEMNX, L) = (Kg 51 + By = Yo + Yoxea) - Ly™ —

n—1
nH - -L"" ——

H,NA — > Ho - —
TN L) = T Ly = e D

It is well known that MXA(X, £) and JHNA(X| £) do not depend on the choice
of (¥,Ly) (cf. [BHJ17, §7] and [Hat21]).

We say that (X, B, L) is uniformly K-stable (vesp. (X, L) is uniformly JH -
stable) if there exists € > 0 such that

MEMX, L) (vesp. THNMX, L) > e T2 N2 (X, L)

for any normal semiample test configuration (X, L) for (X,L). We say that
(X, B, L) is K-semistable (resp. (X, L) is J -semistable) if

MgA(X,E) (resp. JH’NA(X,ﬁ)) >0

for any normal semiample test configuration (X, £) for (X, L). It is well known that
JENA(X L) > 0 (cf. [BHI17, Prop. 7.8]) and hence uniform K-stability implies
K-semistability.

For JH -semistability in the case when H is ample, there exists a useful crite-
rion. We prepare the following notion.

Definition 2.6. Let (X, L) be a polarized normal variety of dimension n with an
R-line bundle H. We say that (X, L) is J¥ -nef if for any subvariety V C X of
dimension p,
H.-L !
(" L
We also say that (X, L) is uniformly J¥ -positive if there exists ¢ > 0 such that
(X, L) is JH==L nef.

Lp—pH-Lp_1>~V20.
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Theorem 2.7 ([Hat25, Thm. 3.2]). Let (X,L) be a polarized normal variety
with a nef R-line bundle H. Then (X, L) is JH -nef if and only if (X, L) is JH-
semistable.

If H is further ample, then (X, L) is uniformly JH -positive if and only if
(X, L) is uniformly JH -stable.

By using J-stability and the -invariant, we can set the following key notion.
Definition 2.8 (Special K-stability, [Hat24a, Def. 3.10]). Let (X, B, L) be a po-
larized klt pair. If (X, B, L) is uniformly JO(X:B-L)L+Ex+B_stable and §(X, B, L)L
+ Kx + B is ample, then we say that (X, B, L) is specially K-stable. If (X, B, L) is
JOXB L) L+Kx+B_semistable and §(X, B, L)L + Kx + B is nef, then we say that
(X, B, L) is specially K-semistable.

By [Hat24a, Cor. 3.21], specially K-stable log pairs are uniformly K-stable.

§2.2. Filtered linear series and good filtrations

We collect some fundamental concepts of filtrations.

Definition 2.9. Let R = @, ¢z,
such that Ry = C. Then F is called a (decreasing, left-continuous, and multiplica-
tive) filtration of R if FAR,, C R,y is a vector subspace for any A € R and m € Zxg
and the following hold:

R, be a finitely generated graded C-algebra

’

¢ FAR,, C FNR,, for any A > X and FAR,, = yo, F* R,
o F*R,, - FN R,y € FMY R, 4, and
L] FORO = Ro.

We say that this filtration is linearly bounded if there exist a positive real number
C and mg € Z~q such that F*R,, = 0 (resp. = R,,) for any m > mg and A\ > Cm
(resp. < —Cm).

Let X be a normal projective variety and L an ample line bundle on X. Let
F be a linearly bounded multiplicative filtration on R = @,,~, H*(X, Ox(mL)).
Then we define a graded subalgebra FR™ == @, -, F™M HO(X,0x(mL)) C R.
We set _t

N (F) = lim sup sup{t € R ’ F'R, #0}
k—o0 k

and
Amin(F) = inf{A € R | vol(FRW) > 0}.
We set the weight wr(m) of R, with respect to F' as

wr(m) =Y dim <F’\Rm/ U FXRm)

AER AN
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and we call wp the weight function of F. Set

wg(m)
mh9(X,Ox(mL))

Sm(F) =
and

1 Amax (F)
S(F) = )\min(F) + —= / VOI(FR(A)) d.
(L) S xin (F)

It is well known that S(F) = lim,— 0 S (F) (cf. [BJ20, Cor. 2.12]).
Two fundamental examples follow.

Example 2.10. Let X be a proper variety with an ample line bundle L on X.
Let R = @ HY(X,0x(mL)) and D be a closed subvariety of X. Let F be a
linearly bounded multiplicative filtration on R. Then we set a filtration F|p on
@ HY(D,Op(mL|p)) as

F|pHO(D, Op(mL|p)) = Image(FAH(X,Ox(mL)) - H°(D,Op(mL|p)))

for any A € R and m € Z>(. Then we call F|p the restricted filtration on D. We
can check that F|p is multiplicative and linearly bounded.

Example 2.11. Let F be a linearly bounded multiplicative filtration of R =
D,>0 Lom- 1f we set for any A € R,

F)R,, = FR,,

then we see that Fy is also a linearly bounded multiplicative filtration.

Definition 2.12 (Good filtrations, cf. [Hat24a, Def. 2.12]). Let X be a normal
projective variety of dimension n and L an ample line bundle on X. Let F' be a
linearly bounded multiplicative filtration on R = @,,~, H*(X, Ox(mL)). If there
exist ag,a; € R and C € Ry such that -

+1 2

|lwp(m) —agm”™ ™ —a;m"| < Cm"~

for any m € Z~q, then we say that F' is a good filtration.

We note that if ' = Fy, and @ F*R,, is a finitely generated bigraded algebra,
then F' is good.
The following notion was first introduced by [XZ20].

Definition 2.13. Let (X, B, L) be a polarized klt pair. Take r € Z~( such that
rL is Cartier and a linearly bounded filtration F' on R = @mZO R,,, where R,, =
HO(X,0x(mrL)). Now we set the base ideal of F*R,, as

I \(F) = Image(FARm ® Ox(—mrL) = Ox)
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for A € R. Set IS/\)(F) = {Ip mr(F)}m>0 as a graded sequence of ideals. For any
& > 0, we set the d-lc slope of F' as

1s(F) == sup{\ € R | let(X, B; IV (F)) > 3},

Furthermore, we set

We remark that the following holds.

Theorem 2.14 ([XZ20, Prop. 4.5]). Let (X, B, L) be a polarized kit pair. Take
r € Zso such that rL is Cartier and set R = R(X,rL). Then

0(X,A,L) = sup{5 >0 | Bs(F) > 0 for any linearly bounded filtration F' on R}.

We remark that Xu and Zhuang showed Theorem 2.14 only for log Fano pairs,
but their proof also works for Theorem 2.14 in the same way. We also note the
following useful lemma, which also holds for general polarized kit pairs.

Lemma 2.15 ([XZ20, Lem. 4.13]). Let (X, B, L) be a polarized kit pair. Take r €
Z~q such that rL is Cartier and a linearly bounded filtration F' on R = ®m20 Ry,
where R,, = H°(X,Ox(mrL)). For any real numbers s, € (0,1), it holds that

11 Goos(F) 2 - o (F) + (1= $)ua (F).

Definition 2.16 (Donaldson—Futaki invariant and J-functional for filtrations).
Let (X, L) be a polarized variety of dimension n with L a line bundle and let F be
a multiplicative filtration on R, where R = ,,~, R and R,, = H(X,Ox (mL)).
Let wg(m) be the weight function of F. Then we see that (cf. [Hat24a, eq. (2)])

. wp(m)
rrlgnoo mn+1

exists and write this as bg. On the other hand, it is well known that x(X, Ox(mL))

is a polynomial of degree n. We denote this by agm™ + a;m™~1 + O(m"~2).
Take H an ample Q-line bundle on X. Take a sufficiently divisible r € Z~q

such that rH is very ample. Let D € |rH| be a very general member and let F'|p be

WF|p (m)
rm"

the restriction (cf. Example 2.10). Let ag = %7;'1 and by = lim,, oo
By [Hat24a, Lem. 2.20], we see that the value
l;oao — Elobo
ag
is independent of the choice of 7 and very general D. We denote this by J7NA(F)
and call it the J”-functional of F. For an arbitrary Q-line bundle 7' on X, there
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exist two ample line bundles H; and H, such that T'= H; — Hs. It is easy to see
that JHNA(F) is linear with respect to H. We set JTNA(F) = JHUNA(F) —
JH2NA(FY) Then JTNA(F) is independent of the choice of H;, and Ha.

If F is a good filtration and wg(m) = bom™ ! + bym™ + O(m™~ 1), then we
set the Donaldson-Futaki invariant of F' as

boai — agb

DF(F) = 20‘1172“01_

o

Remark 2.17. We do not know much about the relationship between this Donald-
son—-Futaki invariant and the Futaki invariant introduced by Székelyhidi [Szé15).

For details, we refer to [Hat24a, Rem. 2.20].

Proposition 2.18 ([Hat24a, Lem. 2.20]). Let (X, L) be a polarized variety with
L a line bundle and let H be a nef Q-line bundle. If (X, L) is JH -semistable, then

jH,NA (F) > 0
for any multiplicative linearly bounded filtration F on @mzo H°(X,0x(mL)).

Proof. Let F' be a multiplicative linearly bounded filtration on @, H°(X,
Ox(mL)). By the fact that J#NA(F) is linear with respect to H, we may assume
that H is very ample and take a very general member D € |H|. By [Hat24a,
Lem. 2.20], we see that

jH’NA(Fz) Z 0.
By [BJ20, Cor. 2.12], S(F') = S(Fz). On the other hand, Fz|p = (F|p)z. Since

I s ),

we have JHNA(Fy) = JHNA(F), which completes the proof. O

THNAF) = n(S(Flp) -

§2.3. Polarized log family
In this subsection, we discuss the following concept.

Definition 2.19. Let 7: X — S be a proper flat morphism of normal varieties
such that 7,O0x = Og, A an effective Q-Weil divisor on X, and L a m-ample Q-line
bundle on X. We say that m: (X, A, L) — S is a polarized log family if any fiber
X over s € S is normal and no irreducible component of A contains some fiber
X, If Kx/5+ A is Q-Cartier, then we say that m: (X, A, L) — S is Q-Gorenstein.
We say that 7 is of relative dimension n if dim Xy = n for general s € S.

A polarized log Q-Gorenstein family 7: (X, A, L) — S satisfies the condition
of (viii) in “Notation and conventions”. Hence, for any morphism g: 7' — S from
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a normal variety, we can set Ap as (viii). To state Theorem 1.1, we prepare the
following notion.

Definition 2.20 (Maximal variation). Let w: (X,A,L) — S be a polarized log
family. Suppose that for any irreducible curve C' C S containing a general point of
S and two general distinct closed points p,q € C, (X,,Ap) and (X4, A,) are not
isomorphic. Then we say that m has maximal variation.

On the other hand, if the restriction 7|,-1(¢) has maximal variation for any
irreducible curve C' C S, we say that m has maximal variation along any curve.

Next we show that if some fiber of a polarized log Q-Gorenstein family is
specially K-stable, then so are very general fibers. We make use of this assertion
to show Theorem 1.1. To prove this, we first show the following on J-semistability.

Proposition 2.21. Let w: (X, A, L) — S be a polarized log family and let H be a
Q-line bundle on X. Suppose that there ezists a closed point sy € S such that Hs,
is nef and (Xs,, Ls,) is J:0 -semistable. Then for any very general point s € S,
(X, Ls) is JHs-semistable.

Proof. 1t is well known that if Hy, is nef, then so is H, for any very general point
s € S. On the other hand, we deal with J#s-nefness. Consider the Hilbert scheme
Hilbx,g. Recall that for any S-scheme T, the set of T-valued points of Hilbx g is
the set of closed subschemes of X x g T flat over T'. It is well known that Hilby g
has countably many connected components and each of them is proper over S.
Here, we claim that for a very general point s € S and any p-dimensional closed
subvariety V C X,
H,- L1
(n e

Lo —pH,) LTV 2 0,

Indeed, for any closed subvariety V' C X, of dimension p, there exists a connected
component H C Hilbx, s containing the point corresponding to V. Since s is very
general, H — S is surjective. Then

n—1

L —pH)-Lp_1~V:<nML —pH ).Lp—l-v’>0
s s s In S0 S0 S0 =

S0

(niHS Ly
Ly

by the JHso-nefness of (X,,, Ls,), where V' C X, is a p-dimensional closed sub-

scheme whose corresponding point in Hilbx/s is contained in H. This means that

for any very general closed point s € S, (X,, L,) is J#:-nef and H, is nef. By
Theorem 2.7, we obtain the assertion. O]

Corollary 2.22. Let 7: (X,A,L) — S be a polarized log Q-Gorenstein family.
Suppose that there exists a closed point sg € S such that (Xs,, As,, Ls,) is specially
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K-stable. Then there exist positive rational numbers A and € such that for any very
general point s € S, §(X,, Ay, Ls) > Mre and (X, L) is JExs T2+ _semiistable.
In particular, (X, Ag, Lg) is specially K-stable for any very general closed point
seSs.

Proof. We know that the correspondence

S S8 6(X§7A§7L§)
is lower-semicontinuous by [BL22, Thm. 6.6]. Thus, for any sufficiently small ¢ €
Qs0, there exists a nonempty open subset U C S such that §(Xz, Ag, L) >
0(Xsys Agg, Lsy) — € for any geometric point § € U. Choose € small enough such

that there exists A € Qs such that (X, , L, ) is uniformly J*¥s0 T80T w0 _gtaple

S0
and A + 2e < (X, Agys Ls, ). Then we see that 6(Xs, As, Ls) > A+ ¢ for any
geometric point 5§ € U. On the other hand, (X, L) is JEXs TAs+ALs_semistable
by Proposition 2.21 for any very general closed point s € S. O

§3. CM line bundle
In this section, we discuss the CM line bundle.
§3.1. CM line bundle and J-line bundle
First, we explain how to define the log CM line bundle for a polarized log Q-
Gorenstein family.

Definition 3.1. Let S be a Noetherian scheme and let E be a vector bundle
over S. Let X C Pg(E) be a closed subscheme such that Ox is a perfect complex
as an Op,(g)-module. Suppose that the generic fiber of the canonical morphism
m: X — S is of dimension n. We say that Ox satisfies the condition @, if the
following hold:

(1) for each point s € S of depth 0,
dim((Supp(Ox))s) <,
(2) for each point s € S of depth 1,
dim((Supp(Ox))s) < 7+ 1.

Let L := Opg(p)(1)|x. Assume now that Ox satisfies the condition Q.. For any
sufficiently large m € Z~o, consider the Knudsen—-Mumford expansion [KMT76,
Thm. 4] (cf. [MFK94, Lem. 5.8])

n+1
det(m.Ox(mL)) ®M
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where M; is a uniquely determined line bundle on S for ¢ = 0,...,n+ 1. It is well
known that the Knudsen-Mumford expansion is compatible with base changes.
More precisely, for any morphism g: 7" — S, consider the Knudsen-Mumford

expansion
n+1

det(ﬂ'T*OXT (mLT)) =~ ®M®(T)7
1=0

where m7, X7, and L are the base changes by T — S. Then N; = ¢g*M; for
0<i<n+1 (ctf [CP21, Lem. 3.5]).

Definition 3.2 (CM line bundle). Let 7: (X, A, L) — S be a polarized log family
of relative dimension n. Take r € Z~( such that rL is a m-very ample line bundle.
Then X C Pg(m.Ox (mrL)). We set the log CM line bundle of 7 as

>\CM,7r = 7T*(,UJLLn+1 —+ (n —+ I)Ln . (KX/S + A)),

n—1
where py, = n% for general closed point ¢t € S, and 7 (L™ - D) is

defined to be a Q-divisor unique up to Q-linear equivalence on S for any Q-Cartier
Q-divisor D on X as follows. Suppose that mL is relatively very ample over S.
Take a line bundle M on S such that N := mL+7*M is very ample. By the Bertini
theorem and [Har77, II, Exer. 8.2], we see that there exist a positive integer [ and
Dy,...,D, € |IN] such that Y := Dy N Dy N ---N D, is normal, irreducible, and
finite over S. We may further assume that ¥ ¢ Supp D and then we can define
D NY as a Q-Cartier Q-divisor on Y. Then we set a Q-Weil divisor

1
W’TF*(D n Y) — nm(Dt . L?il)M

Then we see the following.

(L™ - D) =

Proposition 3.3. Let m: (X, A, L) — S be a log Q-Gorenstein polarized family
with a Q-Cartier Q-divisor D on X as above. Then m.(L"™ - D) is a Q-Cartier
Q-divisor on S uniquely determined up to Q-linear equivalence independent of the
choices of m, I, and Dy,...,D,. In particular, Acm,~ 15 a well-defined Q-line
bundle on S and for any morphism g: T — S from a normal variety, it holds that

>\CM,7rT = g* (ACM,TF) .
Proof. We note that for any Q-Cartier Q-divisors F; and E3 on X, we have
7T*(Y n (El + EQ)) ~Q 7T*(Y N El) + 7T*(Y n Eg)

and if By ~g Eo, then 7. (Y N Eq) ~g 7. (Y N E3). Thus, we may replace D
with a very ample line bundle on X by the linearity of 7.(Y N D) with respect
to D and by decomposing mD = A; — As, where A; and As are very ample and
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m € Z~y is sufficiently large. We may further assume that D is an effective normal
Cartier divisor on X such that every fiber of 7|p: D — S is equidimensional and
of dimension n — 1 by the Bertini theorem and [Har77, II, Exer. 8.2]. Then we
see that Op satisfies the assumption of [KM76, Thm. 4]. Indeed, it suffices to
show that Op is a perfect complex of Pg(E), where E = 7,(Ox(rL)), since the
condition @,y is satisfied (see [KM76, p.50] and [CP21, Lem. A.1]). For this, it is
enough to show that Op is an Op, (g)-module of finite Tor-dimension (cf. [MFK94,
p.111]). By the fact that D is a Cartier divisor of X and [MFK94, Lem. 5.8], we
know that Op is also of finite Tor-dimension. Thus, we may apply [KM76, Thm. 4]
for m|p and there exists the Knudsen-Mumford expansion

det((7|p)«Op (mrL|p)) ®N

We assert that (D - L") = (m|p).(L|) = 2N, Indeed, take a big open subset
S° C S such that S° is smooth and D is flat over S°. Over S°, we have

n n 1
T (D - L")[so = (D)« (LID)lse = - Nulso

by [CP21, Lems A.1, A.2]. Hence, m.(D - L") ~g N, is Q-Cartier and for
any morphism g: 7' — S from a normal variety, we see that ¢g*(m.(L™ - D)) =
mr« (LY - D). It follows from this that Acmr, = g% (Acm,x). We complete the
proof. O

Definition 3.4 (J-line bundle). Let m: (X, A, L) — S be a polarized log pair with
an R-line bundle H on X. We set the J¥ -line bundle with respect to H as

H,- L}

Nor H = W*((n—i— HL"-H—n
’ 9 L?

Ln—i—l)’

where t € S is a general closed point. As Proposition 3.3, we have the following.

Proposition 3.5. Let n: (X, A, L) — S be a polarized log pair with an R-line
bundle H on X. Then, g*(A\jx,0) = Ajrp Hy for any morphism g: T — S from
a normal variety.

If H= Kx/s+ A for a Q-Gorenstein family, then we obtain that A\j » g =
ACM, -
Definition 3.6 (CM degree and J-degree). Let 7: (X, A, L) — C be a polarized

log family of relative dimension n with C' a proper smooth curve. Let ¢ be a closed
point of C' and v := (L}). Then we set the CM degree as

CM((Xa A7 L)/C) = ) degc )‘CM,W|C-

(n+1)v
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On the other hand, let H be an R-line bundle on X. We set the J¥-degree as
T((X, L)/C) = o dege Ayl
’ (n+1)w o

We note that

Kx, +Ay)- L?ianJrl)
(n+ 1)Ly ’

nH; - L?ianJrl)

(n+ 1)L}

CM((X,A,L)/C) =v"! ((KX/S +A) L™~ n(

JH(X,L)/C) = v (H L

Next, we explain a relationship between the CM degree and the Harder—
Narasimhan filtration.

Definition 3.7 (Harder-Narasimhan filtration). Let C be a proper smooth curve.
For any locally free sheaf E on C, we set the slope of E as
deg- E
FE) = .
HE) rank B
We say that E is semistable if u(E) > p(F) for any nonzero subsheaf F' C E. It
is well known that there exists the unique sequence (cf. [HL10, Thm. 1.3.4])

0=FEoCE1GCE G- CEp1 G Ey=E

such that F;/FE;_; is a semistable locally free sheaf and yu; = pu(F;/E;_1) satisfies
that pu; > piqq for 1 <7 < k. We denote fimin == p and call this the minimal
slope of E. For any A € R, we set ﬁﬁ‘NE as the union of subsheaves of minimal
slope at least A. We call %N the Harder—Narasimhan filtration of E.

Definition 3.8. Let 7: (X,A,L) — C be a polarized log family of relative
dimension n, where C' is a proper smooth curve. Take r € Z-o such that rL
is Cartier. Take s € C such that X, is normal. Let R,, = m.Ox(mrL) and
R,, = HY(X,,0x, (mrLy)) for any m € Z>o. We set the Harder-Narasimhan
filtration .ZyN on R,, as Definition 3.7. We define a filtration Fyn as

FixRy = Image(FinRm C Ry — Rin).

It is known by [XZ20, Lem.-Def. 2.26] that the filtration .Zpy is linearly bounded
and multiplicative and so is Fyn. We call Fyn the induced filtration of R =
D0 B (see [XZ20, §2.8]).

The following is important to calculate the CM degree or the J-degree.

Proposition 3.9. Let m: (X, A, L) — C be a polarized log pair of relative dimen-
sion n, where C is a proper smooth curve. Let s € C be a closed point. Take
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r € Zsgo such that rL is Cartier and define the induced filtration Fgn on R =
D..>0 H°(X,,0x_ (mrLy)). Then Fux is a good filtration and

Ln+1
(n+1)Ln’
Proof. By definition (cf. [XZ20, Prop. 4.6]), we see that

S(FHN) =T

degey . Ox (mrL)

'm (7 = .
Sim(Fian) mh9 (X, Ox,(mrLy))

Furthermore, let g(C) be the genus of C'. By the Leray spectral sequence and the
Serre vanishing theorem, we have that

X(X,0x(mrL)) = x(C,7.Ox (mrL))

for any sufficiently large m > 0. Then, by the Riemann—Roch theorem on locally
free sheaves on C, we have

(1) dege m.Ox(mrL) = h°(Xs, Ox, (mrLs))(g(C) — 1) + x(X, Ox(mrL)).

By this, we see that Fyy is a good filtration. Note that

n
WO(X,, Ox. (mrLy)) = ("",) L+ O(m™ 1),
n!
(mT)"H 1
b L) =t ™).
Thus we have the second assertion by lim,, o Spm(Fun) = S(Fan). O

As [Hat24a, Cor. 3.9], we obtain that the CM degree is nonnegative when a
fiber is smooth and admits a unique cscK metric.

Corollary 3.10. We keep the notation as above. Suppose further that A =0 and
X is a smooth variety with a cscK metric in c1(Ls) and Aut(Xs, Ls) discrete for
some s € C. Then CM((X,0,L)/C) > 0.

Proof. Let x(X, Ox(mrL)) = bom™ ™t +bym™+O0(m™ ') and h®(Xs, Ox, (mrLs))
= apm™ + a;m"~ ! + O(m"~2). We see by (1) that

dego m.Ox (mrL) = bom™ ™ + (b1 + ag(g(C) — 1))m™ + O(m™~1).

Thus, we see that CM((X,0, L)/C) = DF(Fun). On the other hand, we see that
(X5, Ls) is asymptotically Chow stable by [Don01]. Thus, we see as [Hat24a,
Thm. 2.18] that

DF(Firy) > 0.

We complete the proof. O
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§3.2. Moduli of uniformly adiabatically K-stable klt-trivial fibrations
over curves and the CM line bundle

Let f: X — C be a morphism of normal varieties such that f,Ox = O¢ and
suppose that C is a proper smooth curve. We say that f: (X, A) — C is a kit-
trivial fibration over a curve if Kx + A ~g ¢ 0 and (X, A) is klt. Then we set the
discriminant divisor

Bi= Y (1-Ict(X,A; f*P))P.
pPeC

Let M be a Q-divisor on C such that
Kx +A ~q f*(K¢c+ M+ B).

We call M the moduli divisor. Take an f-ample Q-Cartier Weil divisor A. We say
that f: (X,A,A) — C is uniformly adiabatically K-stable if there exist positive
constants €y and d such that

MEA(X’M) Z 5JEA+L’NA(X,M)

for any £ € (0, &) and normal semiample test configuration (X, M) for (X,cA+L),
where L is a fiber of f. It is known by [Hat25, Thm. 1.1] that f is uniformly
adiabatically K-stable if and only if one of the following holds.

e —Kx — A is nef but not numerically trivial and 6(C, B,—K¢c — M — B) > 1,
or

e Kx + A is nef.

Let 34,5, be the following set of isomorphism classes of uniformly adiabati-
cally K-stable klt-trivial fibrations for d € Z~¢, u € Q~¢, and v € Q¢:

(i) f is a uniformly adiabatically K-stable klt-trivial fibration
over P! with dim X = d,

f: (XaovA) _>IP)1 .. . . d—1
(ii) A is an f-ample line bundle such that Kx - A" =—uw,

(iii) Kx ~g —uf*Op (1)

Theorem 3.11 (Cf. [HH25, Thm. 1.2]). We fiz d € Zso, u € Qsp, v € Qso.
Then we have the following for some r € Z~g. For any locally Noetherian scheme
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S over C, we attain a groupoid My, . (S) whose objects are

(i) mx is a flat projective morphism and X is a scheme,
(ii) o/ € Picx;s(S) such that < is f-ample,
(iii) wg]/ g exists as a line bundle, whose restriction to any geometric
fiber X5 over § € S coincides with Oy, (rKu,),
wx / (iv) WX*WE;};] is locally free and it generates HO(Xs, Ox, (—IrKx.)),
for any point s € .S and any [ € Z,

(v) f is the canonical S-morphism to C := Projq (& WX*OJ[X_/IEJ)

and (X5, %) — Cs € 34,0, for any geometric point § € S

and isomorphisms are S-isomorphisms «: (X, o) — (X', ") such that a* o/’ =
o @ [*RB for some B € Pice,5(S).

Then Mq.pur s a separated Deligne-Mumford stack of finite type over C with
a coarse moduli space Mgy yr (cf. [Ols16]).

Furthermore, there exists w > 0 such that for any geometric point 5 € Mgy r,
if vol(ef5) = w, then «f5 is ample and the object (X5, 9f5) corresponding to 5 is
specially K-stable.

Take w as in Theorem 3.11. We can set the CM line bundle Aoy on My e
with respect to the volume w as follows. As [HH25, Rem. 6.5], we can put the univer-
sal family mo, : (%, %) = M.y, for any geometric fiber (%s, o/5) over Mq v u,r-
Here, we note that o/ is uniquely determined up to relative Q-linear equivalence
over the universal base curve ¢ := Proj ,, (B> ﬂq/*w[@;j%dw)w). If we
choose the relative linear equivalence class of &7 so that vol(«%) < w for some
geometric point § € Ay, ., then (%, o) might not be K-semistable or <%
might not be ample. It is not hard to see that by adding a sufficiently relatively
ample line bundle on € over .#g v 4 to &/, we may choose %7 so that & is rela-
tively ample over .4y y ., and vol(efs) = w. By Theorem 3.11, we have that all the
members (%s, o/5) of My, are specially K-stable. Then we can define the CM
line bundle Acm,r,, with respect to &7 on .#gy .. by the construction of (%, <)
(cf. [HH25, Exa. 2.13]). Let 7: Ay p.u,r — Map,u,r be the canonical morphism to
its coarse moduli space. By [Alp13, Thm. 10.3] and [HH25, Thm. 1.4], we obtain
a Q-line bundle Acwm,y 00 My 4 o, such that 7 Acm,w = AcM,x,, as the argument
of [CP21, Lem. 10.2]. Note that any geometric fiber (%, %) is specially K-stable
by Theorem 3.11.

8§4. Nefness of the CM line bundle

We first discuss the nonnegativity of J-degree.
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Proposition 4.1. Let w: (X,A,L) — C be a polarized log family, where C is a
proper smooth curve, and let H be a nef Q-line bundle on X . Suppose that for any
very general closed point s € C, (X, L) is Js-semistable. Then

JH(X,L)/C) > 0.

Proof. We first deal with the case when H is ample and for any very general point
s € C, (Xs, L) is JHs-semistable. Suppose that rH is very ample. Take a general
member D € |rH| such that D is normal, 7|p: D — C' is flat and a contraction,
and Dy is compatible with Fyy, where r € Z~q. We set the Harder—Narasimhan fil-
trations Fun on @,,,~ T Ox (mrL) and Fp un on @,,,~ 7 Op(mrL|p) respec-
tively. There exists the canonical map -

(2) FanmOx (mrL) — ﬁf\)’HNW*OD(mrLb)

for any sufficiently divisible m € Zsg and A € Q by [HL10, Lem. 1.3.3]. We
consider the restricted filtration (Fun)|p, (cf. [Hat24a, Exa. 2.4]) and the induced
filtration Fp un defined for the family (D,rL|p) — S. We see by (2) that for any
sufficiently divisible m € Z~o and A € Q, there exists a natural inclusion

(Fan)|, H°(Ds, Op, (mLy)) C Fp uxyH(Ds, Op, (mLs)).

Let wryy (M), Wrp, gy (M), and w(p,y)|p, (M) be the weight functions of Fn,
Fp un, and (Fun)|p, respectively. Then we have by Proposition 3.9 that

JM((X,L)/C) = lim (n!wFDvHN(m) _nr(Hs L) (n 1)!wFHN(m))

> lim (n!w(FHN)\DS (m) _ TL’I“(HS : L?_l) (n + 1)!wFHN (m))
m—oo mm (TL -+ 1)L? mntl
— j’r‘H,NA(FHN).

By Proposition 2.18 and the linearity of J# N4 (Fyy) with respect to H, we have
rJENA (Fyn) = TN (Fan) > 0.

We claim that the assertion in the general case follows from what we have
shown in the previous paragraph. Indeed, suppose that L+ cm* P is ample for some
¢ € Q¢ and closed point P € C. Then we see that

jH+5(L+c7r*P)((X’ L)/O) >0
for any € € Qs¢. Thus,

jH((X, L)/C) _ gg% jH+E(L+c7r*P)((X’ L)/C) > 0.

We complete the proof. O
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Next we deal with nefness of the CM line bundle when a fiber is specially
K-semistable.

Proposition 4.2. Let m: (X,A,L) — C be a polarized log Q-Gorenstein family
such that C is a proper smooth curve and L™t = 0. Take r € Z~q such that rL is a
line bundle. Suppose that there exist a closed point s € C and § € (0,6(Xs, Ag, Ly)]
such that Kx,c + A+ 0L is w-nef. Then the following hold:

(1) For any sufficiently divisible m € Z~qo and sufficiently small e € Qs and e’ €
Qso, there exists D € |mrL+ (me +2g(C))m* P| such that (Xs, Ay + 22 D,)

mnr

is le, where g(C) is the genus of C' and P is an arbitrary closed point of C.
(2) Kx/c+ A+6L is globally nef.

Proof. Consider the induced filtration Fyy of R = @m>0 R,,., where we let R,,, =
HO(X,,Ox.(mrLy)). By L™ = 0 and Proposition 3.9, we see that S(Fyx) = 0.
By Theorem 2.14 and Lemma 2.15, for any positive sufficiently small rational
numbers ¢ and ¢’, it holds that

§(XS7 Asv LS) + EI
mr

ICt(X57 As; Im,fma(FHN)) 2

for any sufficiently large m € Z~¢, where I;, x(Fun) is the base ideal of Fﬁ‘NRm.
In particular, I, —me(Fun) # 0. We know that I, e (Fun) is the image of

Fan 1 Ox(mrL) ® Ox, (—mrLs) = Ox,.
By [CP21, Prop. 5.7], we see that

Fien.Ox(mrL) C Image(H°(X, mrL + (me + 29(C))m*P) @ O¢

— mOx (mrL))

for any sufficiently divisible m € Z~¢. This means that there exists an effective
divisor D € |mrL + (me + 2¢g(C))n* P| such that the section corresponding to D
is contained in I, e (Fun). Thus, we see that (X, Ag + ‘Hi, D;) is lc. Note that

m

me + 2¢g(C)
mr

+ € ,
DNQKX/C+A+(5+5)(L+

)
KX/C+A+
mr

ﬂ'*P)

and hence T.O0x (I(Kx/c + A + %D)) is a nef vector bundle for any suffi-
ciently large and divisible | € Zs¢ [F18, Thm. 1.11]. This means that O(1) of
Po(mOx ((Kx/c + A + 5+’ D)) is globally nef. Since Kx/c + A+ ‘H—f'D is

m-ample, we have a closed immersion ¢: X — Po(m.Ox (I(Kx/c + A + ZSLf/D)))

Then we have that

!
R BN %*0(1)

Kx/c-l-A“r‘
mr
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is nef. Here, we take m sufficiently divisible and e, ¢’ sufficiently small. Thus,
Kxs + A+ 0L is nef by taking the limit. We complete the proof. O

Theorem 4.3. Let w: (X,A,L) — C be a polarized log Q-Gorenstein family,
where C is a proper smooth curve. If there exists a closed point s € C' such that
(Xs,As, L) is specially K-semistable and Kx;c + A + 6(Xs, Ag, L)L is w-nef,
then

CM((X,A,L)/C) > 0.

Proof. By taking some ¢ € Q and replacing L by L + c¢n* P, where P is a closed
point of C, we may assume that L"*! = 0. Then we see that

CM((X, A, L)/C) = JHxsetatoXebe L)Ll (X 1)/C).

Thus, the assertion follows from Propositions 4.1 and 4.2. O

§5. Bigness of the CM line bundle
First, we deal with Proposition 1.4. To show this, we assert the following.

Proposition 5.1. Let w: (X,L) — S be a polarized family. Suppose that S is
projective and there exists an ample Q-line bundle H on X. If there exists a closed
point sg € S such that (X, Ls,) is JH=0-semistable, then \j » p is big.

Example 5.2. We remark that we do not need to assume that 7 has a maximal
variation. Indeed, we can easily check that Aj . g is big even in the case when the
family pi is a trivial test configuration as follows. Let (X1, Ly1) be the trivial test
configuration for a polarized manifold (X, L). Let H be an ample line bundle on
X and it is trivial that Hy: 4+ aX x {0} is ample on X1 for a > 0. It is easy to
see that

DF(Xp1, Ly1) = degpr Aem,x = 0,

I
(n+1)L"

where 7: (X x P!, L x P!) — P! is the canonical compactification of X1 and
TN Xy, L) = 0.

However, we see that

[CES degp1 (Ay,r 1, +axxoy) = T NN Xy, L) +a=a > 0.

Proof of Proposition 5.1. Take an ample line bundle M on S. Take § € Q¢ such
that H — d7*M is also ample. By Proposition 2.21, we have that (X,, L) is J/--
semistable for any very general closed point s € S since (H — dn*M), = H,. For
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any movable curve C' — S,
AJ i H—6n0 - C >0

by Propositions 3.5 and 4.1. By [BDPP13], we conclude that Aj . m_sr=ns iS
pseudo-effective. On the other hand,

Maam-C=m+1)(LYHM-C

for any movable curve C — S where t is a general point of S. Thus, Ay <y =
(n+ 1)(L})M is big by [BDPP13]. Since A\j x5 = Ajx, H-sn M + O] x ne 01, WE
have that \j r g is big. O

Proof of Proposition 1.4. This immediately follows from Propositions 4.1 and 5.1.
Indeed, we see that Ay« m|v ~ Ay ry . H, is big and nef for any subvariety V C S
by Proposition 3.5. Then Ay r g is ample by the Nakai-Moishezon criterion. [

Next, we deal with Theorem 1.1. For this, we show the following technical
result.

Proposition 5.3. Let 7: (X, A, L) — S be a polarized log Q-Gorenstein family of
relative dimension n with maximal variation, where S is projective and (Xz, As)
is klt for any geometric point 5 € S. Suppose that m, L™ = 0. Suppose that there
exists A € Qs such that A < 6(X,, Ag, Ls) for any very general closed point s € S
and Kx;5 + A+ AL is m-ample. Then the Q-line bundle m,(Kx, g + A + AL)" 1
is big.

Proof. We modify the argument of all the parts of the proof of [XZ20, Lem. 7.4]
as follows. By taking a resolution of singularities of S, we may assume that S is
smooth. Let D = Supp(A). Take a big line bundle H on S and r € Z~( such that
M =r(Kx s+ A+ AL) is a m-very ample line bundle and H7 (X, M&*) = 0 and
HI(Dy, MZ*|p,) = 0 for any s € S, j > 0, and k > 0. We may also assume that
the two canonical maps

Sym® H* (X, Ox,(Mj)) — H°(X,, Ox, (dM))
and
H°(X,, Ox, (dM,)) — H°(Ds, Ox,(dMsy))
are surjective (cf. [F+05, Lem. 5.1]) for any d € Z~( by taking M sufficiently
ample. Choose d € Z~( such that the following further holds:

e Let Ix, and Ip, be ideal sheaves of Ph?(Xe:0x, (M) =1 with respect to closed
embeddings of X, and D, into P’ (Xs:0x.(M:)=1 induced by M,. Then
H'%Ix,(d)) and H°(Ip,(d)) generate Ix, and Ip, respectively for any s € S.
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Indeed, since there are only finitely many possibilities for the Hilbert polynomials
of Xy and D, for all s € S with respect to M,, we can take d such that Ix,
and Ip, are d-regular by [F+05, Thm. 5.3] and the above condition immediately
follows from [F+05, Lem. 5.1]. Then it is easy to see that X, and D, are cut out
by homogeneous polynomials of degree at most d in P’ (X:0x: (M) Combining
them, we conclude that 7 and d satisfy all the conditions of [XZ20, Def. 6.1]. Let
W = m.0x(M) and Q = 7. Ox(dM) @ (7|p)«Op(dM|p) and set the ranks of
them as w and q respectively. We note that @ is not locally free in general but there
exists a big open subset S° C S such that D|g. and any irreducible component of
D|go are flat over S°. We see that Q|g- is a locally free sheaf of rank ¢ and set B
as a Weil divisor on S such that det(Q|so) ~ Blge. Since S is smooth, we regard
B as a Cartier divisor. Due to [XZ20, Thm. 6.6], we see that there exist m € Zs¢
and a nonzero map

Sym™ ™ (W) g0 — det(Q)so)*™ @ Os(—H)|se.
By the Ss-condition of .S, the above map is uniquely extended to the nonzero map
Sym@ ™ (W) | g0 — Og(mB — H))|so.

For any movable curve g: C — S, the image of C' contains a very general point of
S and hence g*W is a nef vector bundle by Proposition 4.2 and [F18, Thm. 1.11].
This means that the degree of the image of Sym™™ (W) — Og(mB — H)
is nonnegative since g* Sym® ™ (W®**) is nef (cf. [L04b, Thm. 6.1.15]). Since the
map Sym??™ (W&4) — Og(mB— H) is also nonzero, the degree of g*Og(mB—H)
is nonnegative. Therefore, B is big by [BDPP13].

In this paragraph, we show the inequality (6) below, which is a key step to
show Proposition 5.3. Consider the injective maps

q1
det(m, Ox (dM)) — X m.Ox (dM)
=1
and
q2

det(m.Op(dM|p)|se) = Q) mOp(dM|p)|se,

i=1
which are sections of the canonical surjections

é 7.Ox (dM) — det(r, Ox (dM))

i=1
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and

q2
Q) .0p(dM|p)|se — det(m.Op(dM|p)|se)
=1

respectively, where ¢; and g, are the ranks of m,Ox (dM) and 7,.Op(dM|p) respec-
tively. We note that such sections indeed exist since for any vector space V of
dimension [ over C, the canonical surjection

l
QV — det(V)
1=1

splits in a GL(I)-equivariant way by the linear reductivity of GL(I). By them, we
obtain the embedding

q1 q2
(3) det(Qlg0) — ®7r*(9x(dM)|so ® ®7T*OD(dM\D)|SO

i=1 =1

in a similar way. Let Z := X (&) XSD(qz), where X (@) .= X xgX Xg---xgX means
the ¢i-times self fiber product of X over S. Let Mz := > pi M+ ;1.2:1 pi*M|p,
where p;: Z — X is the ith projection and p; : Z — D is the (¢1 + j)th projection.
Let f: Z — S denote the canonical morphism. Then we see that (see [CP21, §2.2])

q1 q2

Q) 7. Ox (dM) @ (R 7.Op(dM|p) = .0z (dMz).

i=1 i=1

By the adjunction of f, and f* applied to (3), we have a nonzero map
f*Os(B)|f—1(So) — OZ(dMZ”f—l(So).

This means that (dMz — f*B)|s-1(se) is effective on some irreducible component
of f=1(S°). Now, Z might not satisfy Serre’s So-condition and dMz — f* B might
not be effective on Z entirely. For this, we discuss as follows. Recall that any irre-
ducible component of D N7~ 1(S°) = D x5 S° is flat over S°. Thus, so is f~1(S°)
and hence we see that any irreducible component of f~1(S°) can be denoted as
771(8°) (@) x go 771(S°) N Dy X g0 -+ - X g0 ™ H(S°) N Dy, for some irreducible com-
ponents D1, ..., Dy, of D. We can also check that f~1(S5°) is generically reduced
by the fact that f is flat over S° and a general fiber of f is a fiber product of
reduced schemes over C. Let Z/ = X(@) xg Dy xg - Xg D,, and Z] be the
Zariski closure in Z’,

F_l(SO)(q]) X go 7T_1(SO) ﬁDl X go +++ Xgo 7T_1(SO) ﬂqu.
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Let v: Z1 < Z' be the natural inclusion and v: Z'"¥ — Z] the normalization.
Since codimyz(Z \ f~1(S°)) > 2, codimzw (Z"™ \ v=1(f~1(S°) N Z}))) > 2. By the
So-condition of Z’¥, there exists a nonzero map

(4) VL fl 5 Os(B) = v* 'Oz (M| 21).

We denote the base change by ¢ for any movable curve g: C — S of f|z/, Mz|z,
v Zy = Z's and v 2" — Z1 by fz:,, Mz, 1o, and vc. Let Bo == g*B. We
note that Mz, is nef by Proposition 4.2. By the property of (4), dviig Mz, —
VELE f},c B¢ is effective for any movable curve C — S. Thus, we obtain that

(5) (v M, — vinifyy, Be) - vere M, > 0,

where N = dq; +(d—1)g2 = dim Z]  — 1. Then we have that dim(Z5\ Z; o) < N
since each fiber of each D; — S is of dimension at most n — 1. This means that
for any N + 1 line bundles L1, Lo, ..., Ly41 on Z,

Li-...- LN+1 = Ll‘Z{,C et LN+1|Z{,C'
Therefore, we have by (5) that
(6) dMéV&H > (M3, ;) degc Be-

To complete the proof of Proposition 5.3, we have to show by (6) that there
exists a positive constant C4 > 0 such that Mg“ > Cy degy Be for any movable
curve C — S. Let

q2
Cy = max{(Mt")q1 H(MtlDE,t)n_l} >0

i=1
be a constant, where D’l,...,D,’J2 run over all ¢o irreducible components of
D|;-1(g0y. Here, we note that (Mg,ot) = (MM)" 12, (My|p,,)" " and thus
(Mg,c ;) = Co. Next, we see as the equation [Pos22, (6.3.5.i)] that there exists
a constant Cy > 0 such that

(7) MET 4+ ME - Ac > clMggl,

independent of the choice of Dy, ..., Dy, and C. Indeed, let D; ¢ :== D; xg C and
take the Zariski closure D} o = D; ¢ N 71(S°) C D; ¢ for each 1 < i < go. It is

easy to see that Dy o is flat over C. Let

Zh = X3 x¢ Dic xc - xe Dy o C Zt
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Since each fiber of each D; — S is of dimension at most n — 1, (MZ/C)NJr1 =
(MZ'C|Z§)N+1- By applying [Pos22, Lem. 7.0.5] to ZJ, there exists a positive con-
stant dy € Q- depending only on n such that

n—1

q2
(Mg )N = quda(MEF ) (M) [ (04
=1
q2 q2
+di Yy (Mo|p)™(MP)® T [(Milp, )"

i=1 J#i

Dq‘,,r,)

This proves the existence of such Cy. Thus, we see by (6) and (7) that there exists
a positive constant Cy = d~!CyC} independent of the choice of movable curves C
such that

(8) MY+ ME - Ac > Oy dege Be.
Now it suffices to show the following claim.

Claim 1. There exists a positive constant Cs > 0 independent of the choice of
mouvable curves C — S such that

METY > C3(ME - Ac).

Proof of Claim 1. We mimic the proof of [XZ20, Lem. 7.6]. We note that there
exists 0 < & < 1 such that Kx, + (1 —&)As+ AL; is big as a Q-Weil divisor for any
very general point s € S. Indeed, we choose { such that Kx, + (1 —§)A, + ALy, is
big, where 7 is the generic point of S. Then we see that Kx_, + (1 —&)As+ AL is
big for general s. For any movable curve C' — S, we see that (X¢, A¢) is klt since
(X, A,) is klt for any closed point ¢ € C. Thus, we can take a Q-factorization ¥
of X¢, i.e. there exists a small projective birational morphism ¢g: Y — X from
a normal Q-factorial variety by [BCHM10, Cor. 1.4.3]. Let A}, := g7 'A¢ and let
¢: Y — C be the canonical morphism. Fix 1’ € Z~¢ such that 'L is a line bundle.
By Proposition 4.2, we see that for any sufficiently small ¢ > 0 and sufficiently
divisible m € Z¢, there exists an effective divisor D € |ms’ Lo+ (me+2g(C)) f* P
such that let(Xy, Ag; D) > 22 where g(C) is the genus of C, P € C' is a closed

mr’?

point, and s € C is a very general point. Thus, we see that (X, Ag + %Ds)

is lc for any very general s € C. Let I' :== (1 — {)AL + ;J;fg*D. For any very

general s € C, we see that gs: Yy — X, is a small birational morphism and
Ky, +Ts ~g (95)7 "(Kx, + (1 —§)As + ALs) + ==5g% D,. Note that the birational
map g; ! is isomorphic in codimension one and hence (g,); ' (Kx, + (1 — §)Ay) is
a big Q-divisor. Thus, Ky, + I's is big for any very general s € C' and hence

(9) HO(Y;, Oy, (I(Ky, +T))) #0
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for any sufficiently divisible | € Z~g. Let ¥: Yi. — Y be the lc modification of
(Y,T) by [OX12, Thm. 1.1]. In other words, 9 is a projective birational morphism
of normal varieties and there exists an effective -exceptional Q-divisor G such
that

Y*(Ky +T) = G = Ky, +¢7'T + Ex(¢),

Ky, + %77 + Ex(¢) is ¢-ample and (Yic, ¥; 1T + Ex(¢)) is le. Since (Xg, As +
Ate

mr! S

) is lc for sufficiently general s € C', we have that G is vertical with respect
to C'. Therefore, there exists a coherent sheaf G; on C' whose support is zero-
dimensional for any sufficiently divisible [ € Z~( such that there exists an exact
sequence

0= (p0¥).Oyi. ((Kyi.sc + ¢ 'T + Ex(¥))) = 0.0y ((Ky o +T)) = G — 0.

By [F17, Thm. 1.1], we have that (¢ o 9).Oy, (I(Ky o + ¢¥;'T + Ex(¥))) is
weakly positive over C' for any sufficiently divisible [. Since dim SuppG; = 0,
0Oy ([(Ky)c + 1)) is also weakly positive. This means that for any ample line
bundle A on C and positive integer a, there exists b € Z~( such that the stalk
of Sym“b(g*Oy(l(Ky/C +T1))) ® Oc(bA) at the generic point of C' is generated
by HY(C, Sym“b(g*Oy(l(Ky/c +T))) @ Oc(bA)). By the following commutative
diagram for any very general point s € C,

Symab (SD*OY(Z(KY/C + F))) ® OC(bA) e QQ*OY (abl(Ky/C + F)) & Oc(bA)

| |

Sym™ HO(Y;, Oy, (I(Ky, +Iy))) ——— H°(Y;, Oy, (abl(Ky, +T))),
(9), and the facts that

Sym™ (0. Oy (I(Ky,c + 1)) ® (Oc/ms) = Sym™ H(Y;, Oy, (I(Ky, +T%))),
(p*OY(abl(Ky/c +1) @ (Oc/my) = H° (YS, Oy, (abl(Kys + Fs))),

where m; is the maximal ideal sheaf corresponding to s, for any very general point
se C, H(C, g.Oy (abl(Ky;c+T)) ® Oc(bA)) # 0. This means that b(al(Ky ¢ +
I') + g* A) is effective. By considering a — oo, we obtain that Ky ¢ +1I"is pseudo-
effective and hence so is Kx, /o + (1 —§)Ac + A+e ) Therefore, we obtain that

mr’

Kx.jc+(1—=£)Ac + ALc is pseudo-effective. This means that

MY > rg(ME - Ac).

By taking C'5 = r€, we complete the proof of Claim 1. O
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By (8), Claim 1, and [BDPP13], we obtain that there exists a positive constant
C, such that 7,(M"™*!) — CyB is pseudo-effective. Since B is big, so is m,(M™T1).
We complete the proof. O

Proof of Theorem 1.5. Here, we note that for any closed subvariety V' C 9, the
restriction 7wy : (Xy,Ay) = V of 7 to V also has maximal variation since 7 has
maximal variation along any curve. By the property of the Knudsen-Mumford
expansion, we have that (my).(My)"*! = (7.(M)"1)|y,. By Propositions 4.2
and 5.3, (my)«(My )"t is big and nef. Thus, Theorem 1.5 immediately follows
from the Nakai—-Moishezon criterion. O

By applying Proposition 5.3, we show the following key ingredient to prove
Theorem 1.3.

Theorem 5.4. Let w: (X, A, L) — S be a polarized log Q-Gorenstein family with
mazimal variation, where S is projective and (Xz, Ag) is klt for any geometric point
5 € S. Suppose that there exists a closed point sg € S such that (Xsy, Asys Lsy) 8
specially K-stable and K x/s+A+6(Xs,, Dsy, Lsy) L is m-ample. Then the CM-line
bundle Acwm,~ is big.

Proof. Let n be the relative dimension of m and v = L . Then, for any movable
curve C' — S, the pullback of (n + 1)vL — 7* (7, (L™ 1)) satisfies

((n+ L — 7 (m (L)) = 0.

Thus, we may assume that L’é“ = 0 for any movable curve C' — S by replacing
L with (n + 1)vL — 7* (7. (L™*1)). Next we take positive rational numbers A and
¢ such that for any very general point s € S, d(x, a,,z,) > A+ ¢ and (X, L)
is JExs+As+ALs_semistable by Corollary 2.22. Here, we may assume that Kx/s+
A + AL is m-ample. By taking a suitable r € Z~y, we may further assume that
M =r(Kx/s + A+ AL) is a m-very ample line bundle.

By Proposition 5.3, 7, (M™*1) is big. This means that for any movable curve
cC — S, MgJr1 > 0. If we choose 0 < § < W, then we see by [L04a,
Thm. 2.2.15] that

* n 6 * n
Mo = §(me)* (me)«(MET) = T<KXC/C +Ac+ALe — ;Wc(ﬂc)*(McH))
is big, where t is a general closed point of S. Here, we claim the following.

Claim 2. Let a = inficg (X, Ay; My). Then a > 0 and

ade

10 K A ANg— —orn—
(10) Xe/c + Bo+Ake A+ (1+ra)e

T (me)s (ME)

is nef.
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Proof of Claim 2. Take D' € |Mc—dnt (mc)«(MAT)|g by the bigness and assume
that Supp D’ does not contain X, for some very general closed point s € C. By
Proposition 4.2, we see that for any sufficiently small n € Q¢ and sufficiently
divisible m € Z, there exists an effective divisor D € |mL¢ + (mn+2g(C))n§ P
such that let(Xs, Ag; Dg) > ’\;f, where g(C) is the genus of C, P € C is a closed

point, and s € C' is a very general point. Then we have that for any prime divisor
FE over X,

A
mA<Xs,AS)(E) >

On the other hand, @ > 0 by [BL22, Prop. 5.3]. Thus, we have that (X, As +

2D+ 1= D) is le. This means that

A
EordE(Ds).

ag

D/
A+e

A
KXC/C+AC+ED+

mn +2g(C)
NQKXC/C+AC+)\(LC+77T9()7TCP)

roge
Ate

o, n
(KXC/C +Ac + ALc — ;Wc(WC)*(McH)>

is nef by [F18, Thm. 1.11]. Since this holds for any sufficiently small 7 and large
m, we have that (10) is nef. O

Take o as Claim 2. Then we have that for any movable curve C — S,

CM((X¢,Ac,Le)/C) = j(Kxc/c+Ac+>\L077A+(T‘f§W)E”E(WC)*(MEH))((XC’LC)/C)
ade il
+)\+(1+7"a)5( o)

By the choice of o, Kx, /o +Ac + ALc — Wjﬁa)gwé(wc)*(]wgﬂ) is absolutely
nef on X¢. Since (X, L) is JExs+8s+ALs_gemistable for any very general point
s € S as we stated in the first paragraph of the proof of Theorem 5.4, we have by
Propositions 3.3 and 4.1 that

1 ade n
m)\CM,ﬂ- -C > m(ﬂ*(M . 0).

Thus, Acu,» is big by [BDPP13] since m, (M"™*1) is big. O

Proof of Theorem 1.1. First, we assert that there exists a closed point sy € S
such that Kx g + A + (X, Ay, Ls,) L is m-ample. To show this, we note that
for any closed point s € S, Kx, + As + 6(Xs,As, Ls)Ls is ample. Thus, there
exists an open neighborhood U of s such that Kx i + Ay + 0(Xs, As, Ls) Ly
is 7|z-1py-ample by [KM98, Prop. 1.41]. By quasi-compactness of S, there exist
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finitely many open subsets U; and closed points s; € U; such that JU; = S
and Kx, ju, + Ay, + §(Xs,, As,, Ls,) Ly, is m|z-1y,-ample. By letting s¢ be an
s; attaining max{d(Xs,, As,;, Ls,)}, we see the claim holds. Then, the assertion
of Theorem 1.1 immediately follows from Proposition 3.3, Theorems 4.3 and 5.4
applied to this sg in the same way as Proposition 1.4 by using the Nakai—-Moishezon
criterion. O

§6. An application to the moduli of K-stable Calabi—Yau fibrations
over curves

Let Mg,y be the coarse moduli space of 4y, -, which exists by [KeMo97]. In
this section, we deal with Corollary 1.3. More precisely, we prove the positivity of
some CM line bundles for certain polarizations.

Theorem 6.1. There exists w € Zsq such that for any proper subspace B of
Mg vur, Aomwl|B is ample. In particular, B is projective.

First, we recall the following well-known result.

Lemma 6.2 (Cf. [Ka85, Prop. 8.3], [DG18, Prop. 4.2]). Let (X,A) be a projective
klt pair such that Kx + A ~g 0. Then dim Auto(X,A) = dimPic’(X) and for
any two ample line bundles Ay and Ay algebraically equivalent to each other, there
exists & € Auto(X, A) such that £* Ay ~ As.

Proof. For the reader’s convenience, we show this lemma here. First, we show that
dim Auto(X, A) < dim Pic?(X). Fix a very ample line bundle L on X. Consider a
morphism

o1 Autg(X,A) 3 g — [¢"L ® L' € Pic’(X).

By [M70, §4, Cor. 1] and [A05, Prop. 4.6], ¢, is a homomorphism of Abelian
varieties. Thus, it suffices to show that Ker¢; is a finite group scheme. Let
1 X o PP (X.0x(£)=1 be the natural embedding defined by |L|. Since g € Ker ¢y,
satisfies that g*L ~ L, there exists a group homomorphism v: (Ker¢r)? —
PGL(h%(X,Ox(L))) such that (Keror)? acts on PP (X:Ox(1)=1 g5 that o is
(Ker o1, )%equivariant, where (Ker )" is the identity component of Ker ¢y . It
is easy to see that v is trivial and (Ker ¢y)? trivially acts on (X, A). Therefore,
Ker ¢y, is a finite group scheme. We note that if dim Aute(X,A) > dim Pic?(X),
then ¢y, is further étale.

We prove dim Auto(X,A) > dimPic’(X) by induction on dim X = n. Tt is
well known that the assertion holds when n = 1. We may assume that n > 1.
Since (X, A) is klt, X has only rational singularities by [KM98, Thm. 5.22]. Thus,
dim Pic’(X) = dim Alb(X), where 7: X — Alb(X) is the Albanese morphism
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(cf. [Ka85, §8]). By [A05, Thm. 4.8], we have that there exist an étale morphism
A — Alb(X) from an Abelian variety, a projective connected klt log pair (F, Ag),
and an isomorphism over A,

d: A X Alb(X) (X,A) — A X (F,AF).

Note that A — Alb(X) is an étale Galois covering and let G = Ker(A — Alb(X))
be the Galois group. We see that G is a finite commutative group. By identifying
(F, Ap) with the fiber of 7: (X, A) — Alb(X) over 0, G acts on (F, Ap) naturally.
Let ¢: G — Aut(F, Ar) be the natural homomorphism induced by the G-action.
On the other hand, G naturally acts on (X, A) X a,(x) A equivariantly over A.
By @, we obtain the induced G-action on A X (F, Ar) such that

g- (Cl,f) = (a’ + g7¢q(a‘)(f))7

where g € G, a € A, and f € F are closed points. Here, ¢4(a) € Aut(F,Ar).
Note that ¢4(0) = ®(g,-) o ¥(g) o ®(0,-)~ 1. Thus, ¢,(0) is contained in the same
component of Aut(F,Ar) as ¢(g). Since ¢4(a) is continuous on a € A, we can
write

¢g(a) = (g) o ty(a),
where t,: A — Auto(F, Ap) is a morphism of Abelian varieties.

If Alb(X) is a point, then dim Auty(X,A) = 0 also holds by what we have
shown in the first paragraph. Thus, we may assume that dim Alb(X) > 0 and then
dim F < n. Take a very ample line bundle L on X. Let L be the pullback of L
to A x F under the morphism A x F' — X. Now, L, denotes the restriction of L
to {a} x F C A x F for any closed point a € A. For any closed point a € A and
g € G, we have

Lo =g"L®Oayxr = dg(a) Lgra
(11) = ty(a)*(¥(9) Ly+a)-

p: A>ar [L,® LYY € Pic’(F);
p is indeed a morphism. We also consider the morphism
¢ = @r,: Autg(F,Ar) > g [g"Lo® LY ] € Pic’(F).

By what we have shown in the first paragraph and the induction hypothesis, ¢ is
an étale homomorphism. Furthermore, by [KM98, Lem. 1.6], we see that

o(h) = [h* Ly ® Ly™']
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for any h € Auto(F,Ap) and b € A. Thus (11) is rephrasable as
p(a) = p(ty(a)) = [(9)* Lyta ® LF "]
Since Lg is G-invariant, we see that
¥(9) Lgta @ L§ ™ = 9(9)" (Lgra ® L 1.

Thus we obtain that

(12) pla) = @(ty(a)) =1¥(g)"p(g + a).

Then, consider the cartesian diagram

1211 E—d Auto(F, AF)

A—L 5 Pid(F),
and let A be the identity component of Ay. We see that A is an Abelian variety
since this is a projective algebraic group. Let n: A — A be the natural morphism.
Then there exists a morphism p: A Autg(F, Ar) such that pop=pon. Let H
be a Galois group of p: A — Alb(X) and let ¢: H — G be the natural morphism.
Via ¢, H acts on A x (F,Ap) equivariantly over A x (F,Ar). We denote the
automorphism of A x (F,Ap) by by, induced by h € H. Note that G acts on
Auto(F, Ar) and Pic’(F) in the way that

g-s=v(g)osor(g™),

for any g € G and s € Auto(F, Ap), and
g- MO LG =g~ Me L]

for any g € G and [M] € Pic?(F) respectively. We see that ¢ is G-equivariant. Let
tn(a) = tyn) (p(a@)) for any h € H and a € A. By (12), if we put

On(a) = pa) — tn(a) — v(g(h™")) 0 p(a + h) o P(q(h))

for h € H and a € A, then we have that 6),(ad) € Kerq = Kerp. Since 6;,: A —
Kerp is a morphism and Kerp is finite, 05(a) is independent of @ and we also
denote 0, = 05(a) € Ker p. Put an automorphism of A x (F, Ar) over Alb(X) as

v (a, f) = (a,p(a)(f))
and a morphism ¢y, for any h € H as

en: A F 3 (a, f) e (a+h(gh) o8, (f) € Ax F.
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Then we see that ¢, = ¥ o b, o U™l By ¥, we may assume that H acts on
A x (F,Ap) by ¢, and then we see that the automorphism of A x (F, Ap),

oyt (@, f) = (@+b, f)

is H-invariant for any b € A. This means that o;, descends to an automor-
phism of (X, A) and hence A acts on Alb(X) transitively. Therefore, Auto(X, A)
acts on Alb(X) transitively. This shows that dimPic®(X) = dimAlb(X) <
dim Auto(X, A). We complete the proof of dim Autg(X,A) = dim Pic”(X).

Finally, we deal with the last assertion. Take m € Z~ ¢ such that A?m is very
ample. We see that

@A, Auto(X,A) 2 g [¢7A4; @ AP € Pic(X)

is surjective since ¢ 4om is a surjective map and is the composition of ¢ 4, and an
1
étale endomorphism

Pic’(X) 3 [M] — [M®™] € Pic’(X).

This is equivalent to the existence of an isomorphism & € Autg(X, A) such that
&* Ay ~ Ay for any As algebraically equivalent to A;. We complete the proof. [

To prove Theorem 6.1, we show the following by applying Lemma 6.2.

Proposition 6.3. Let f: (X,A, A) — P! be a uniformly adiabatically K-stable
Klt-trivial fibration with —(Kx + A) not numerically trivial but nef.

Then dim Autg(X, A) = dim Pic’(X) and for any two ample line bundles A,
and As algebraically equivalent to each other, there exists ¢ € Auto(X,A) such
that ¢* A1 ~ As.

Proof. Take s € Q¢ such that —(Kx + A) ~g sf*O(1). Then we see by [Hat25,
Thm. 1.1] that for any three distinct closed points pi,pa,p3 € P, (X, A +
%Zle S (pa)) is Kt and Kx + A+ £ Zf’zl f71(pi) ~g 0. We claim that

3
(13) Ath(X,A) = Autg (X,A—F ;Zfl(pz)>

Indeed, Auto(X,A) acts on P! but Autg(X,A) is an Abelian variety by [Hat24a].
Let G be the image of the group homomorphism Aut(X,A) — PGL(2). Since G
is a proper linear algebraic group, G is a point. Thus, Autg(X, A) fixes f~1(p) for
any p € P! and (13) holds. By Lemma 6.2,

3
. s 1 50
dim Autg (X,A + 3 E f (pz)) = dim Pic”(X).

i=1
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Thus, we complete the proof of the first assertion by (13). The second assertion
follows in the same way as Lemma 6.2. O

Proof of Theorem 6.1. By [Ko90, Prop. 2.7], there exist a proper normal variety
B’, a finite surjective morphism g: B’ — B, and a morphism of stacks §: B" —
M such that mog =rog, where v: B — Mgy and m: Mgy ur — Mayur
are the natural morphisms. We set w as in Theorem 3.11. Let f: (X, A) — B’
be the pullback of the universal family (%,</) on Mgy, via § (cf. [HH25,
Rem. 6.5]) with vol(Ay) = w for any point b € B’. Then A is f-ample and
(Xp, Ap) is specially K-stable for any closed point b € B’.

Here, we claim that the family X — B’ has maximal variation. To show this,
assume the contrary and that there exists a proper curve C' C B’ such that C passes
through a very general point and for any two general closed points p;1,p2 € C, X,
and X,, are isomorphic. Then A, and A, are algebraically equivalent for any two
very general closed points p,q € C'. By Proposition 6.3, we see that there exists an
isomorphism ¢: X, — X, such that A, ~ ¢*A,. This means that C is contained
in a fiber of g by the definition of My, 4 . This contradicts the finiteness of g.
Thus, the family X — B’ has maximal variation.

The CM line bundle Acm,f = ¢"(Acm,w|p) on B’ is big and nef by The-
orem 1.1. Thus, we have that (Acmw|s)®™® > 0. By the Nakai-Moishezon
criterion [Ko90, Thm. 3.11], Acm,w|p is ample and hence B is projective. O
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