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The Equivalence of Pseudodifferential Operators
and Their Symbols via Cech—Dolbeault
Cohomology

by

Daichi KOMORI

Abstract

In this paper we construct the sheaf morphism from the sheaf of pseudodifferential oper-
ators to its symbol class. Since it is hard to construct the morphism directly, we realize
it with two original ideas as follows. Firstly, to calculate cohomologies we use the theory
of Cech-Dolbeault cohomology introduced by Honda, Izawa and Suwa (J. Math. Soc.
Japan 75 (2023), 229-290). Secondly, we construct a new symbol class, which is called
the symbols of C°°-type. These ideas enable us to construct the sheaf morphism, which
is actually an isomorphism of sheaves.

Mathematics Subject Classification 2020: 32W25 (primary); 35A27, 35505, 32C35 (sec-
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§1. Introduction

The theory of hyperfunctions was introduced in [12] and it enables us to conduct
research into systems of differential equations from a completely new perspec-
tive. The essential idea of pseudodifferential operators was given in [12], and later,
Kashiwara and Kawai provided the explicit definition in [8]. Some of the funda-
mental results on pseudodifferential operators are presented in [8, 9.

The class of pseudodifferential operators is a sufficiently large class of differ-
ential operators and it contains truly important differential operators such as the
differential operators of fractional order and those of infinite order. In order to
study differential operators of infinite order, Aoki and Kataoka started to study
the sheaf &% of pseudodifferential operators.
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Since the sheaf &% of pseudodifferential operators is explicitly defined by using
the sheaf cohomology, for the study of &% in the analytic category, Kataoka [11]
introduced symbols of pseudodifferential operators with the aid of Radon trans-
formations. Moreover, Aoki [1, 3] established the symbol theory &/ of &% and
developed the study of systems of differential equations of infinite order. However,
two fundamental problems are unresolved in their symbol theory:

(1) The equivalence of the sheaf &% of pseudodifferential operators and its symbol
class & /91 as sheaves.

(2) The commutativity of the composition of pseudodifferential operators and the
product of symbols through a symbol map.

In his theory Aoki, calculated the cohomological expression of a stalk of &5
by using the theory of Cech cohomology. In general we have to construct the
Cech coverings which consist of Stein open sets. For a global case, however, such
coverings are hard to find when we manipulate the cohomological expression of &%.

In recent years the first problem has been solved by Aoki, Honda and Yama-
zaki [5]. They introduce a new space with one apparent parameter and construct
the sheaf morphism on it. However, their construction is complicated and a more
concise solution is desired as the foundation for symbol theory.

We give two aims of this paper as follows. The first aim is to construct the
map from the sheaf &% of pseudodifferential operators to its symbol class in the
global case. In sheaf theory it is essentially important to construct the existence of
a morphism on open sets which form the basis of the total space. The second aim is
to realize the formulation of the symbol theory in [5] in a precise and unified way.
As noted above, their method is complicated and it is not easy to even understand
the symbol map w: &% — &/N.

To realize the symbol theory on general open sets, we apply the theory of
Cech-Dolbeault cohomology to the symbol theory introduced by Aoki. Honda,
Izawa and Suwa [6] find that the local cohomology groups with coefficients in the
sheaf & of holomorphic functions is isomorphic to the cohomology group which
is induced from double complex consisting of Cech coverings and the Dolbeault
complex. As the theory of Cech-Dolbeault cohomology is based on C®-forms we
can use convenient techniques such as a partition of unity, controlling the support
by cutoff functions, and so on.

As mentioned above, while we can apply useful techniques to eg”% via the Cech—
Dolbeault cohomology, we have still some difficulties in constructing the morphism
from Cech-Dolbeault cohomology of &% to the symbol class & /N since the symbol
class &/M is based on the theory of holomorphic functions. To overcome this
difficulty we introduce a new symbol class &% /91°°, which consists of symbols
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of C>=-type. Finally, we can obtain the morphism between &% and &/ with
concrete integration cycles.

The plan of this paper is as follows. Section 2 provides some notation and
definitions. In Section 3 we introduce the Cech-Dolbeault cohomology of the sheaf
&% of pseudodifferential operators. Thanks to the study of Kashiwara and Schapira
[10] it is known that the section &% (V) on an open cone V is represented by the
inductive limit of local cohomology groups. We apply the theory of Cech-Dolbeault
cohomology to this cohomological expression. In Section 4 we define a new symbol
class and prove that the new symbol class &> /> is isomorphic to the classical
symbol class &/ which was introduced by Aoki. While the classical symbol theory
is based on holomorphic functions, the Cech-Dolbeault cohomology is based on
C°°-functions. Therefore it is hard to construct the map from Cech-Dolbeault
cohomology to the classical symbol class. We realize the map via a new symbol
class in the next section. In Section 5 we construct the morphism ¢ from &% to
&> /N> by using the Cech-Dolbeault expression of &%. We also give the well-
definedness of ¢. In the appendix we prove the commutativity of the symbol map
introduced by Aoki and the morphism constructed in Section 5. For this purpose
we introduced the Cech-Dolbeault cohomology with general coverings.

§2. Preliminaries

Through this paper we shall follow the notation and definitions introduced below.
We denote by Z, R and C the sets of integers, of real numbers and of complex
numbers, respectively.

§2.1. Notation

Let M be a real analytic manifold of dimension n and X a complexification of M.
We always assume that all the manifolds are countable at infinity. Set the diagonal
set
Ax ={(z,7) e X x X |z=7'}.

We write A instead of Ax if there is no risk of confusion. One denotes by p; and
po the first and the second projections from X x X to X, respectively.

One denotes by 7: TX — X the canonical projection from the tangent bundle
to X and m: T* X — X that from the cotangent bundle to X.

Let w be a (p, q)-form with coefficients in C*°-functions, and 9, and 0, the
Dolbeault operators with respect to the variable z, that is, for a local coordinate
z=(z1,22,...,2n), the form w can be written as

w= Z fro(z)dz" ndz’.

|T|=p,|J|=q
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Moreover, the Dolbeault operators are written as

- 0
dw=) D -fu(e)dznde Nd,

. 1
i=1|I|=p,|J|=q

_ n o
('Lw = Z Z Ffjj(z)dzi A\ dZI A dEJ.

i=1|1|=p,|J|=q "
Definition 2.1. We define several sheaves:
(1) Let ﬁgf) be the sheaf of holomorphic p-forms on X. In particular, ﬁé?) =0x
is the sheaf of holomorphic functions on X.

(2) We denote by orx and ory;/x = #}(Zx) the orientation sheaf on X and the
relative orientation sheaf on M, respectively.

) Set Qg?) = ﬁg}i) ®cy orx and ﬁ;?’xn))( =Oxxx ®p2—16;X pglﬂg?).

—
w

One denotes by C;o’(p’q) the sheaf of (p, ¢)-forms with coefficients in C*> on X.

—~
(G2
-

One denotes by &% the sheaf of pseudodifferential operators on T*X.

Let (z;¢) be a local coordinate of T*X. Set T*X = T*X \ T% X, where T3 X
is the zero section. We identify TX (X x X) with 7% X by the map

which is induced from the first projection p;: X x X — X.

Definition 2.2. Let V be a set in 7*X. The set V is called a cone, or equivalently
called a conic set in T* X if and only if

(2;0) € V= (zt() eV foranytecR,.
Here, Ry ={r e R|r > 0}.

Remark 2.3. Let V be a set in 7% X. We say that V' is convex (resp. conic, resp.
proper) if for any z € (V), the set 7~1(2)NV is convex (resp. conic, resp. proper).
Recall that a cone is said to be proper if its closure contains no lines. Moreover,
similar properties are defined for a set in TX in the same way.

Let V and V'’ be subsets in T* X . We write V' € V if V' is a relatively compact
set in V for the usual topology.

Definition 2.4. Let V be an open cone in T*X. A set W C V is an infinitesimal
wedge of type V at infinity if for any K € V there exists § > 0 such that

Ks={(zt) | (=) e K, t>5} CW.

In what follows W is called the infinitesimal wedge of type V for short.
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Definition 2.5. Let Z be a closed cone in T*X. We say that a closed set W is a
closed infinitesimal wedge of type Z if there exists an open cone V in T*X with
Z C V such that W° is an infinitesimal wedge of type V at infinity. Here, W°
means the interior of W.

Definition 2.6. Let V and V' be cones in 7*X with V/ C V. The cone V' is a
relatively compact cone in V' if there exists a compact set K of int(V') such that

Vi={(zt0) |t eRy, (5¢) € K}.

To clarify the differences, one denotes V' E Vit V' is a relatively compact cone
in V, and we also say that V' is properly contained in V.

Remark 2.7. Let V and V' be cones with V' € V. Then by the above definition,
we also have 7(V') € n(V).

Let « be a closed convex cone in T X. We review the «-topology on T'X.

Definition 2.8. The ~-topology on T'X is the topology for which the open sets
U satisty

(1) U is open for the usual topology.

(2) U+~=U.

Here, + is defined by

U _i' "Y - |_| (UZ + rYz),
zeT(U)

where U, = UNT~!(2) and v, = yN7~1(2). In particular if v, = 0, set U, +v, = U..
An open set V of T'X is called v-open if V' is open in the sense of «-topology.

§2.2. The property of C*°-smooth boundaries

We introduce the approximation by a set with C'*°-smooth boundary. The prop-
erties introduced here are mainly used in Section 4 and in the appendix.

Let X = E be an n-dimensional real vector space with the norm | e |, and E*
its dual vector space. Let (e, 0): F x E* — R be a non-degenerate pairing of F
and E*. For a subset K C E we define K° C E* by

K°={¢(€E*|(v,§)>0forallveK}.
For § > 0 and a set K C X, we define
Ks = {z € X | dist(z, K) < 6},
where dist(z, K) is the distance of x € X and K given by

dist(z, K) = in}f{ |z —yl.
ye
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Remark 2.9. Note that we define “y-topology” and “properly contained” in the
same way as in the previous subsection, which is as follows:

e For a closed cone v C E a set U C E is ~y-open if

(1) U is open for the usual topology,
2) U+~v=UinE.

e Let V and V'’ be cones in E with V/ C V. The cone V’ is a relatively compact
cone in V if there exists a compact set K of int(V') such that

VI\{0}={tv |t eRy, veE K}
We say that V' is properly contained in V.

Proposition 2.10. Let K be a closed convex subset in X and § > 0. Then there
exists an open convex subset W with C*°-smooth boundary such that

KcWcCKs
holds.

Proof. Set
h(z) = dist(x, Kj,4).

Since K;,4 is also a convex set, h(x) is a convex continuous function, that is, we
have

htz + (1 —t)y) <th(z)+ (1 —t)h(y) (0<t<1, z,y € X).
Let ¢(x) be a C*®-function on X satisfying
(1) 0 <p(z) <1land [y p(zx)de=1,
(2) supp(p) C {z € X | [z] < 1}.
Set, for £ > 0,

helw) == [ e = v)etu/e)dn

Then we can easily confirm the following properties:
(1) Kc{zeX|h(zx)=0}for 0 <e < d/4
(2) he(x) is a convex C'*°-function.
(3) Since |h(z) — h(y)| < |z — y| holds for any z,y € X, we have

he »h (¢—0+0)

uniformly on X.
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Due to the above property (3), we can choose §/4 > ¢¢ > 0 such that
hey() = h(2)] < 6/4 (€ X)

holds. Hence we get for any 0 < s < §/4,
Kc{zeX|hy <s}CKsp.

By the Sard theorem, the set of critical values of h.,: X — R is of measure zero.
Thus we can choose 0 < s < §/4 which is not a critical value of h., and for such
an s we set

W={zeX|h,(x)<s}.
The set W satisfies all the required properties. O
Corollary 2.11. Let K be a proper convex closed cone and V' a conic open neigh-

borhood of K \ {0}. Then there exists a proper open cone W with C'*°-smooth
boundary except for the vertex such that

K\{0}cwcV.
Proof. Take a non-zero vector vy € int(K°). Set, for some ¢ > 0,
H:{xeX‘(m,vo):cS}
and R R
K=KnH, V=VnNnH.

By Proposition 2.10, in H, we can find a convex open subset W C H with C>-
smooth boundary such that

KcWcV.
Then .
Wz{rv’vGW,r>O}
satisfies the required conditions. O
Corollary 2.12. Let G be a proper convex closed cone in E and S a convex
G-open subset in E. For any § > 0 there exists a convex G-open subset W with
C*>-smooth boundary such that

ECWCS(S.

Proof. It is enough to show that W constructed in the proof of Proposition 2.10
is also G-open. Take a vector v € G. Since Ss/4 is still G-open we have

hz+y+v) <h(z+y).
Hence W + G C W holds. O
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We mention the properties of piecewise C*°-smooth boundaries. Let L be a
closed subset in X.

Definition 2.13. We say that L has piecewise C*°-smooth boundary if and only
if for any x € OL there exist an open neighborhood U of x and C*-functions
fi,--., fe on U satisfying the conditions below:

(1) We have
LNU={zeU]| fulx) = 0 (k=1,2,...,0)},
where 5 denotes either = or > (k=1,2,...,7).

(2) dfy A+ ANdfe # 0 at any point in U.

Hereafter f1,..., f¢ are said to be defining functions of L at x.
Let Ly and Lo be closed subsets in X with piecewise C*°-smooth boundaries.

Definition 2.14. We say that L; and Lo intersect transversally if, for any « €
0Ly N OL4, there exist the defining functions fi1,..., f¢ (vesp. g1,...,9m) of L1
(resp. Lo) at x such that

dfy A Ndfy Adgi A+ A dgm 2 0.

Remark 2.15. We also define open subsets with piecewise C*°-smooth bound-
aries and their transversal intersection in the same way as those for closed subsets.

Proposition 2.16. Let V' and W be non-empty proper convex open cones in X
with C'°°-smooth boundaries except for the origin. Assume that W is properly
contained in V. Let w be a non-zero vector in W and set, for t > 0,

Vi=tw—+V.
Then we have

(1) W\ V4 is relatively compact. Furthermore, for any open neighborhood U of
the origin, we have W\ V; C U if ¢t > 0 is sufficiently small.

(2) OW and 0V, transversally intersect.

Proof. Take a non-zero vector ¢ € int(V°). We may assume (w,{) = 1. For s > 0
we set
H,={ze€X|(z,() =s}.

We first show H; NV and H; N W are bounded. If H; NV is unbounded, then we
can find {x} such that 2, € H; NV and |z| — oo. Then

(xr/|zk|, ) = s/|zk| — 0.
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We may assume that z/|zx| — 29 # 0 (k — 00). Therefore we have xo € V and

<-TO7 C> = 07

which contradicts ¢ € int(V°). Hence both the sets are bounded.
Set
0= dlSt(Hl \ (H1 n V),Hl N W)

Note that we have § > 0 because Hi N W C H;NV. Since V and W are conic, we
have
dist(Hs \ (HsNV),H,NW) >s5 (s> 0).

By noticing that (H; N W) — tw = Hy N (W — tw), we set

M = sup ||
z€(HoN(W —tw))

Then it is easy to see that if s > ¢ + M/ we get
H,nW C H,NV;.

Note that M — 0 if ¢ — 0 + 0. Hence claim (1) follows.

Next let us show claim (2). We denote by p; the vertex of V; (i.e., p = wt).
It is clear that the tangent space (T'0V;), of OV; at ¢ contains the vector ¢ — p;.
Let (TOW), be the tangent space of OW at ¢. Since W is convex, W and the
tangent hypersurface g + (T'OW), of OW at g do not intersect. Hence it follows
from p; € W that the vector ¢ — p; does not belong to (I'0W),. Therefore we
have (TOW), # (T'0V:)q, which concludes that W and V; transversally intersect
at q. O

§3. The sheaf éagﬁ of pseudodifferential operators and
its Cech—Dolbeault expression

First of all we briefly recall the sheaf &% of pseudodifferential operators. Let X be
a complex manifold of dimension n. The sheaf &% of pseudodifferential operators
on T*X is defined by
n 0,n

(3.1) % = H" (a(03312)),
where uA(ﬁgg’Xn))() is the microlocalization of ﬁg?’xn))( along the diagonal set A. One
denotes by 5’%2* the stalk of &% at a point 2* € T*X.

Let V be a subset of T*X. We denote by V° the polar set of V, that is, V°
is defined by

Ve={yeTX |7(y) € n(V) and Re(z,y) >0 for all z € 7~ ' (r(y)) NV }.
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Then the following theorem is essential.

Theorem 3.1 ([10, Thm. 4.3.2(ii)]). Let V be an open convex cone in T*X. We
have

. n 0,n
(3.2) ER(V) = lim HEp (U5 637%),

UG
where U ranges through the family of open subsets of X x X such that UNA =
(V) and G through the family of closed subsets of X x X such that Ca(G) C V°.

Here, the set Ca(G) is the normal cone to G along A. (See [10, Def. 4.4.1].)

Next we recall the Cech-Dolbeault cohomology introduced by Suwa [6, 13].
Let M be a closed subset of X, V5 = X \ M and V; an open neighborhood of M
in X. For a covering V = {Vj, V1 } of X we set

(3.3) C;o,(p,q)(v) _ C;o,(p,q)(vo) ® C§7(p,q)(vl) ® C;;L(zmq—l)(vm)7
where Vy; = Vo N V3. We also set the differential 9: C’;o’(p’q) — C’;O’(p’qﬂ) as
(3.4) I (wo, w1, wo1) = (Owp, Owy,wy — wo — Owp1)-

Then ¥ 0¥ = 0 is easily shown and the pair (C’)O(O’(p") (V),9) is a complex.

Definition 3.2. The Cech-Dolbeault cohomology HEY(V) of V of type (p,q) is
the gth cohomology of the complex (C3%* (), 9).

Next we consider the subcomplex of (C;o’(p’°)(V), ) defined below. Let V' =
{Vb} be a covering of X \ M. We set

PP,V = {(wo,wr,war) € C PV (V) | wo = 0}
_ C;O(pﬂ)(vl) ® C;oy(p,q)(vm)_
Then the pair (C?’(p")(v, V), 1) is a subcomplex of (C’?’(p")(]/), 9).
Definition 3.3. The Cech-Dolbeault cohomology H%?(V,V") is the gth cohomol-
ogy of the complex (C;o’(p")(M V), ).

We have the following proposition.

Proposition 3.4 ([6, Prop. 4.6]). The Cech-Dolbeault cohomology HEY(V, V)
is independent of the choice of V; and determined uniquely up to isomorphism.

Therefore we can choose X as Vi, and hereafter HS?(V,V’) is also denoted
by HZ9(X, X\ M).
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Theorem 3.5 ([6, Thm. 4.9]). There is a canonical isomorphism
(3.5) HY(X, X\ S) ~ HY(X; 09)).

Applying Theorem 3.5 to the cohomology H~y (U; ﬁgg’xn))() in (3.2) we get
the Cech-Dolbeault expression of EX.

Definition 3.6. The sheaf C’;O’X(fgq;r) is the sheaf of (p + ¢,r)-forms with coeffi-
cients in C°°-functions which are holomorphic p-forms with respect to the first
variable, holomorphic ¢-forms with respect to the second variable and antiholo-
morphic r-forms with respect to the first and the second variables. In other words,
for a local coordinate (z1, z2) of X x X and for an open subset V of X x X, a form
f(z1,22) € C’;O;(f(’q;r)(V) is written as

f(Zl,ZQ) = Z f]JK(Zl,Zg)dZ{/\dzzJ/\dEK,
[I|=p,|J|=q,|K|=r

where each f7yx(21,22) is a C°°-function on V.

Set Vo = U\G, Vi =U and Vy; = VonNV; = U\G. For coverings V = {V,, V1 }
of U and V' = {Vu} of U \ G, we define

ORI W, V) = ORI () @ C5% T (Vo).

The differential 9: C)O(O’X(f(’q”)(l), V) — C’;O’X(f(’q;rﬂ)(MV’) is also given as usual,

and the pair (C;)’X(f(’q;')(v, V'), 9) is a complex.

Definition 3.7. The rth Cech Dolbeault cohomology HET"(V, V') is the rth

cohomology of the complex (C)O(O’X(f(’q")(]/, V), 9).

Thanks to Proposition 3.4 and Theorem 3.5 we have the following.
Theorem 3.8. There is a canonical isomorphism
0,n,n 0,n
(3.6) Hy™"(U,U\ G) = Hepy (U3 053%).
Thus the section of é@l? on an open convex cone V is expressed by

ER(V) = lim Hey (U3 0957%) = lim HF™™ (U, U\ G),
UG UG

where U and G run through the same sets as those in Theorem 3.1.
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§4. Two symbol classes

While the classical symbol theory & /M of &% is based on holomorphic functions,
the Cech-Dolbeault expression of & % is based on C°°-functions, and hence it is
difficult to construct the map from the Cech-Dolbeault expression to the classical
symbol class directly. In this section we construct a new symbol class which is of
C*°-type and show that the new symbol class is isomorphic to the classical symbol
class.

§4.1. Sheaves and conic sheaves

First we introduce the relation between conic sheaves on T*X and sheaves on
T* X, which is the radial compactification of T*X.

Definition 4.1. One defines the radial compactification D¢n of C™ by
Den = C" U S* 10,

We show the fundamental system of neighborhoods. If zy belongs to C" a
family of fundamental neighborhoods of zy consists of open sets

Be(z0) = {2 €C" | |z — 20| < &}
for £ > 0, otherwise that of zgoo € S?"~!oo consists of open sets
Gr(D)={z€C"| |z > g erur,

where r > 0 and T is an open neighborhood of zgoo in §?"~1oo (cf. Figure 1).

Figure 1. G,(T")

Definition 4.2. Let V be an open set in C". We define the set V in Den by
V=Dc. \ (C*\V).

Here the closure ® is taken in Dcn.
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Note that we sometimes write "V instead of V.
Definition 4.3. The radial compactification T*X of T*X is

"X = | | TFX.
zeX

Here, T*X ~ @g =Cru §2n—15g

Remark 4.4. Let V be an open set in T*X. We also define the V in the same
way as that in D¢n, i.e.,
V=T*X\(T"X\V).

The topology of T*X is induced from that of Dcn. We introduce the functor
U from the category of sheaves on T*X to the one of conic sheaves on T*X as
follows. For a sheaf .# on f*X, the conic sheaf U(.%#) on T* X, for an open conic
set V, is given by
V(F)(V) = lim F (W),
W
where W ranges through the family of infinitesimal wedges of type V at infinity.

Remark 4.5. We can naturally extend the conic sheaves ¥(.%#) on T*X to the
one on T*X in the following way:
For an open set V in T* X we set

W(F)(V) = lim F(W Ur (V0T X)),
w

where W ranges through the family of infinitesimal wedges of type V' at infinity.
Then we have the following lemmas.
Lemma 4.6. The functor ¥ is exact.
Proof. For p = (z;¢) € T*X with ¢ # 0 we have
YTy = P
where poo = Ryp N (T*X \ T*X). O

Let ¢ be a conic sheaf on T*X. We say that ¢ is conically soft if for any
closed conic set Z, the restriction 4(T*X) — ¥(Z) is surjective. By the definition
of the functor ¥ we have the following lemmas.

Lemma 4.7. Let .Z be a soft sheaf on T*X. Then W(.F) is conically soft.
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Lemma 4.8. Let ¢4 be a conically soft sheaf on T*X and V be an open conic set,
in 7*X. Then we have

HY(V;9)=0 (k#0).

Proposition 4.9. Let % be a sheaf on T*X and V an open conic set in T*X.
Then we have

HY(W(F);V) = lim H*(W; Z),
W
where W ranges through the family of infinitesimal wedges of type V.
Proof. Take a soft resolution of .# on T*X ,
0= F L4 =L —
Since ¥ is exact, we have the resolution of ¥(.%#),
0> U(F) = V(A) >V (L) — -,

and we can compute H*(V; W (.#)) using this resolution. By the definition of ¥
we have

D(V; (7)) = lim T(W; 7).
w

Since the inductive limit and the functor H*(e) commute, we obtain the conclusion.
O

§4.2. The sheaf & /91 of classical symbols

Let us review the classical symbol theory, which is based on the theory of Aoki
[1, 3]. Let z* = (z;¢) be alocal coordinate of T* X . We construct two conic sheaves
S and Non T+ X.

Definition 4.10. Let V be an open cone in T*X.
(1) A function f(z,() is called a symbol on V if the following conditions hold:
(i) There exists an infinitesimal wedge W of type V such that
f(z,¢) € Op-x(W).

(ii) For any open cone V' € V there exists an infinitesimal wedge W' C W
of type V' such that f (z ( ) satisfies the following condition:
For any constant h > 0, there exists a constant C' > 0 such that

(4.1) (2,0 <C-el on W'
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(2) A symbol f(z,¢) on V is called a null symbol if for any open cone V' € V

cone

there exist an infinitesimal wedge W' C W of type V' and constants h > 0
and C' > 0 such that

(4.2) 1f(z,0)] < C-ehlel on W'

(3) We denote by &(V') and (V) the set of all the symbols on V' and the set of
all the null symbols on V, respectively. Moreover, we set

6. = lim &(V), M- = lim N(V),
Voz* Voz*

where V' runs through the family of open conic neighborhoods of z* € T*X.

We can naturally extend the sheaves & and 91 to the sheaves on T* X. Define
the sheaves &

Ty X and N

Ty X on the zero section T% X as follows.

(1) Let U be an open set in X. The section &|ryx(U) is a family of f(z,() €
Or«x(m~1(U)) which satisfies the condition below:
For any compact set K € U and for any constant h > 0 there exists a
constant C' > 0 such that

(¢ <C- el on 77 (K).
(2) Set m'T}*{X =0.

Then the sheaves & and 91 become those on T*X.
Next we construct the quotient sheaf &/9.

Proposition 4.11. Let V be an open cone in 7*X. The section (V) is an ideal
of 6(V).

Proof. Let f(z,¢) € (V) and g(z,¢) € &(V). Then there exists an infinitesimal
wedge W of type V such that f(z,¢) and ¢(z,() are holomorphic on W. By the
definition of 9N for any V' € V we can find an infinitesimal wedge W’ of type V"
and the constants h > 0 and C' > 0 such that

f(z,Q)] < C-ehlel,

Similarly for V’, W’ and h > 0 which are the same ones as above, we can find a
constant C’ > 0 such that

l9(z, Q) < €7 - eIel,
Hence we obtain

1£(2,0) - 9(z, Q)| < C-e M. ¢ 2Pl < ot em 2t O
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One denotes by (&/9)#F the presheaf defined by the correspondence for an
open cone V in To’*X,
Vi &(V)/NV).

Let &/9 be the associated sheaf to (&/M)#F. We have the following exact
sequence of sheaves

(4.3) 0-N—-626/M,M—0.

Here #; is the composition of the canonical morphisms & — (&/M)#F — &/M,
and (4.3) induces the long exact sequence

0—=NV)=6V)—=&/NV)—= H(V;N) —---.

To treat &/M(V) as it is a quotient group &(V)/M(V), we claim HY(V;M) =0
for a suitable V.

Theore{n 4.12. Assume X to be a complex vector space and let Z be a closed

cone in T* X . Moreover, assume that Z satisfies the following conditions (C1), (C2)

and (C3).

(C1) A family of open conic noeighborhoods of Z has a cofinal family which consists
of Stein open cones in T*X.

(C2) The projection w(Z) is a compact set in X.

(C3) There exists ¢ € C™ \ {0} such that

Zc {(z¢) eT*X | z€n(Z), Rel¢, ) > 0}.
Then H*(Z;M) = 0 holds for any k > 0.
The conditions (C1), (C2) and (C3) are collectively called condition C.

Example 4.13. We can construct a closed cone V satisfying the above three
conditions as follows. Let N be a natural number and f1(2), ..., fn(z) holomorphic
functions on X. Set

N
B = {I5(:)< 1)

and assume B to be compact, and let I" be a closed proper convex cone. Then
V = B x I satisfies the second and the third conditions in Theorem 4.12. A cofinal
family of B x T' is given in the following way. We can take a family {B.}.cr. of
open neighborhoods of B as follows:

B.= () {Ifi() <14}

1<i<N
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Since I' is a closed proper convex cone we can take a cofinal family {I'y}xea
which consists of open convex conic neighborhoods of I'. Then the family {B. x
Ca}e,n)ers xa is what we want.

To prove Theorem 4.12 we apply the results in the previous subsection to 1.

Definition 4.14. We introduce several sheaves which are related to the sheaf 91:

(1) Let L, 1oc be the sheaf of rapidly decreasing locally L2-functions. That is, for
an open set U in T*X, a function f(z,¢) belongs to Ly 1OC(~) if f(z,¢) €
Lo 1oc(U NT*X) and for any compact set K in U there exists a constant A > 0
such that
f(z,¢) - el e L2(K NnT*X).

(2) Let Lgplgz be the sheaf of (p, ¢)-forms with coefficients in La joc.

(3) The sheaf fg(ﬁc’)qc) is the subsheaf of Lgp | qg defined below:
For an open set U in T* X a (p, q)-form f € Lgﬁ’gz(U) belongs to ,?2(11’0?( U)
if 0/(,0) € Ly V(D).
(4) The sheaf 9N is the sheaf of holomorphlc functions of exponential decay on
T*X. That is, for an open set U in 7* X, a function f(z,¢) belongs to N(0)

if f(2,() € Op-x(UNT*X) and for any compact set K in U there exist
constants C > 0 and h > 0 such that

1f(z, 0l <C-e M on KNT*X.
Note that sheaves Ly joc, Lgp l’gz and Dizz(ff(;‘i) are soft on T*X.
Lemma 4.15. We have U(0) = N on T*X.

Proof. Let V be an open cone in T*X and f(z,¢) € ¥(MN)(V). By the defini-
tion of M and W, there exists an infinitesimal wedge W of type V such that
f(z,¢) € U(M)(V) with exponential decay estimate. This f(z,¢) is in 9N and this
correspondence gives the map \Il({f‘() — 1. The inverse is also given in the same
way. O

Lemma 4.16. Let Z be a closed cone in T*X satisfying condition C. Then the
following sequence is exact:

0 — L (W) — ling 207 () & 1y Z50 () % -
w w w

(4.4) 5 lim 252 (W) = 0,
w
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where W runs through the family of closed infinitesimal wedges of type Z and the
closure W is taken in 7% X.

The following theorem is crucial in the proof of the exactness of (4.4).

Theorem 4.17 ([7, Thm. 4.4.2]). Let © be a pseudoconvex open set in C" and
¢ any plurisubharmonic function in Q. For every g € Lgp 9T (Q, ) with dg = 0

there is a solution u € Lépl’gz (92) of the equation Ju = g such that

/\u|26_¢(1+|z\2)_2d)\§/ lg2e=% .
Q Q

Remark 4.18. In Theorem 4.17 we adopt Hormander’s notation. A form g €
Lép ’Q)(Q7 ©) is a (p,q)-form on Q with coefficients in square integrable functions
with respect to the measure e~ % dA.

Now we show the exactness of (4.4). Let V1 be a Stein open cone with Z € V4
and W1 be an infinitesimal wedge of type V;. Fix {; € C™ \ {0} whose existence
is guaranteed by condition (C3) in Theorem 4.12. Particularly we assume |(p] = 1
without loss of generality. Let He,(d) be an open half-space defined by

He,(6) = | | {(2:¢) € T2X | Re(¢ — 6o, o) > 0}

zeX

Note that we can take Vi with V; C 7 H¢,(0) since Z satisfies condition C. By
condition (C1), we can take a Stein open cone V5 in T*X satisfying Z e Vo € Vh.
Moreover, for a sufficiently large § the set Vo N He,(6) is an infinitesimal wedge of
type Vo with VoNHe, (6) C W7. This means that for any infinitesimal wedge W1 we
can take an infinitesimal wedge Wy = Vo N He, (8) with Wo C Wi (cf. Figure 2).
Hence it suffices to consider the infinitesimal wedge V2 N H, (). Note that the
infinitesimal wedge Vo N H, () is a Stein set.

Let Wy = Vo N Hey(d) be an infinitesimal wedge of type Vo and f(z,() €
.,222(3(’)?1) (Wl) As W is compact in Wl we can fix a small constant 0 < A’ < h such
that a function f(z,() - el (€00 satisfies the condition of I~/2,10C in Definition 4.14.
Set ©(z,{) = 1 and F(z,() = f(z) - ¢h'(€:C) By Theorem 4.17 we can find
u(z,() € L(O’Q)(Wg) such that Ju = F and

2,loc
(4.5) / (ICP + 1) 2fu(z )P < / F(z 02 dA < oo.
Wo W

Setting g(z,¢) = e {Co:0) -u(z, () we get

g = e~ h(G0:0) ou(z,¢) = e (Co:C) - F(z,0) = f(z,0).
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Figure 2. W7 and Ws

Let W3 be an infinitesimal wedge of type Vo with W3 N T*X C Ws. By (4.5) such
a g(z,¢) belongs to f;?oi)(Wg) because of (4.5) and the exactness of (4.4) has
been proved.
Now we finish the proof of Theorem 4.12. Consider the soft resolution of 91:
5 5(0,0) 9. 5(0,1) 8 8. (0,2
0—N— .,2”2(7100) = fg(,loc) S fg(ylocn) — 0.

Let Z be a closed cone in 7*X satisfying condition C. Applying Proposition 4.9
to the above resolution we obtain

HYZ;9) = lim H*(V;0) = lig H*(V; () = limg H*(W;91) =0,
1% Vv V,W

where V is a Stein open cone in T*X with V' O Z and W is a Stein infinitesimal
wedge of type V. This completes the proof of Theorem 4.12.
As an immediate consequence of the theorem we obtain the exact sequence

0—-NZ)—6(Z2) = 6/NZ)—0.

Corollary 4.19. Let Z be a closed cone satisfying condition C. Then an arbitrary
element f(z,¢) € 6/9(Z) is represented by some symbol f(z,() € &(2).

§4.3. The sheaf &°° /91 of symbols of C*°-type

In this subsection we introduce a new symbol class, which is called symbols of
C-type. Let V be an open cone in T*X and z* = (z;¢) a local coordinate of
T*X. We construct conic sheaves &> and 91> on T*X.
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Definition 4.20. One defines the sheaf C'2°0; as

f(z,0) e C0:(V) < f(2,() is a C*-function on V
and a holomorphic on V in the second variable.

Remark 4.21. The sheaf C°0; is invariant under the coordinate transformation
of X.

Definition 4.22. We introduce symbols of C'*° type as follows:

(1) A function f(z,() is said to be a null symbol of C*°-type on V if it satisfies
the following conditions:

(N1) There exists an infinitesimal wedge W of type V such that
f(2,0) € CZO(W).

(N2) For any open cone V' € V there exists an infinitesimal wedge W' C W
of type V' such that the following condition holds: For any multi-indices
a=(a,0,...,04) € Z%, and = (B1, B2, ..., Bn) € Z%,, there exist
constants i > 0 and C > 0 such that -

o~ 98
02 078 f(z
(2) A function f(z,() is said to be a symbol of C*°-type on V if it satisfies the
following conditions:

Ol <C-e M on W

(S1) There exists an infinitesimal wedge W of type V such that
f(2,0) € C*O(W).

(S2) For any open cone V' € V there exists an infinitesimal wedge W' C W
of type V' such that the followmg condition holds: For any multi-indices
a=(a1,a9,...,0p) € Z2% and S = (B1, B2, ..., Bn) € L%, and for any
h > 0 there exists a constant C' > 0 such that -

o* 0P

525 B3 =-5/(2,0) <C-elll on W
P

(S3) The derivative Taf(z’ ¢) is a null symbol on V for any i = 1,2,...,n.

(3) We denote by &°° (V') and 91°°(V) the set of all the symbols of C*-type on V'
and the set of all the null symbols of C*°-type on V, respectively. Moreover,
we set

6% = lim &(V), N2 = lim WO(V),
Voz* Voz*
where V' runs through the family of open conic neighborhoods of z*.
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In a similar way to the discussion immediately following Definition 4.10, we
can extend the sheaves G and 91> to the sheaves on T* X. Set &>°
and 91>

rix =6
TLX = 0. Then the sheaves &*° and 91°° are well defined on T*X.

T:X

Proposition 4.23. Let V' be an open cone in T*X. Then MN>°(V) is an ideal of
G>(V).

Proof. Let f(z,() € 6°(V) and g(z,({) € M>°(V). Then we can take an infinites-
imal wedge W of type V such that f(z,() and g(z,() are in C°0(W). Then we
have

g 9 o 9P oo 957
90 U090 = 3 S (60 g 595, 0).

By condition (S2) of Definition 4.22, for any V' €V there exists an infinitesimal
wedge W’ C W of type V' such that f(z,() satisfies the following condition: For
any hqo/g > 0 there exists a positive constant Cf5: such that

o~ 0¥

0z 9zP'
Similarly, for the same V' € V and the same W' C W there exist constants
by > 0 and CY, 5 > 0 such that

f(Z,C)’ S CD‘/B’ . ehoﬂﬁ’K‘.

aa—a/ 6,8—6/ vy
S (20| < Gl el

Thus by taking he g = ha'B’ we obtain

2

o~ o8
5 (20 - 9(:,0)|

o 97 go—o' 9p=p
< - -
< Y |5m e @0 g g 90

17 —h' _1
E Ca/,glc(;/@/ .62halﬁl‘<‘ e higil€l < mCe 2h|C|’
0<a’'<a
0<B'<B

where h = ming<a<a,0<p<p{lpp}, C = Ming<y<q0<p'<plCarp Clig } and
m=#{(,6)]0< o <a, 0<p <} This completes the proof. O

One denotes by (&> /9M>)#F the presheaf defined by the correspondence

Vi 8%(V) /M (V),
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where V' is an open cone in T*X , and let &% /91 be an associated sheaf to
(&> /MN>)#F We have the following exact sequence of sheaves:

(4.6) 0= N® = &> 2 5°/N® 0.

Here ko is the composition of the canonical morphisms G — (&> /MN>)#F —
G°° /7M. By the same argument as in the previous subsection we want the exact-
ness of the sequence on Z,

0= MX(Z) = 6X(Z) = 6% /N®(Z) — 0,

where Z is a closed cone in T*X satisfying condition C, and this exactness is
guaranteed by the following argument:
We have the commutative diagram

0— N2 —— 62— s/m(7) ——0

lbz(z) JLl(Z) J{L(Z)

00— N>®(Z) —— 6*(2) W G>®/N>(Z),

where ¢1(Z) and t2(Z) are canonical inclusions and horizontal sequences are exact.
Assuming ¢(Z) to be an isomorphism, the surjectivity of k2(Z) follows from the
fact that the composition ¢(Z) o k1(Z) is surjective.

Corollary 4.24. Let Z be a closed cone satisfying condition C. An arbitrary
element f(z,() € 6°/M>(Z) is represented by some symbol f'(z,() € 6*(Z).

It will be proved in the next subsection that ¢ is an isomorphism between
S /M and G /MN°°.

§4.4. The equivalence of two symbol classes

In this subsection we prove the equivalence of &/91 and G /M.
By the definitions of classical symbols and symbols of C'*°-type, there exist
canonical inclusions
L126‘—)600, Lg:‘)’l‘—>‘)'t°°,

which induce the morphism

L: /M — &> /N>,
Theorem 4.25. The induced morphism

L:G/MN— &> /M

is an isomorphism of sheaves.
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Obviously we have &/ TiX = GOO/‘)TOO\T;(X = 7% . Hence Theorem 4.25
holds on the zero section 1'% X and it is sufficient to prove Theorem 4.25 on T*X.

Since we have already obtained the map
Lt: /M — & /M,

one shows ¢, to be an isomorphism of stalks at z* € T*X.

For this purpose we prepare the following proposition. As the problem is
local, we may assume that 7"X ~ CI x C7 until the end of this subsection. In
addition we can take z* = z§ = (0;1,0,...,0) without loss of generality. Let
D = D;(r1,0) X Da(rg,0) X - -+ X Dp(ry,0) be a polydisc in C? where D;(r;,0) is
an open disc in C whose radius is r; and the center is at the origin. Set

V=DxT,

where T' is an open convex cone containing (1,0,...,0) € (C?.

We denote by 91°(P:9) the sheaf of (p, q)-forms with respect to the variable z
with coefficients in 91°°. That is, we consider the variable ¢ as just a holomorphic
parameter.

Proposition 4.26. Let V = D x I be an open set defined above and let f &€
N (P:9) (V) satisfy d,f = 0. For any polydisc D’ € D we can find u €
Moo P:a=1) (V') with V! = D’ x T such that d,u = f on V'.

Proof. By the induction with respect to k, we prove that the lemma is true if f
does not contain dzZi41,...,dz,. If k=0, it is obvious that f = 0. Assuming that
it has been proved when k is replaced by k — 1, we write

f=dzx Ng+h,
Vi /
g:Z Z gIszI/\dZJ.
[Il=p|J|=q

Here, g is a sum of (p, g — 1)-forms on V with coefficients in C°&0 and h is a sum
of (p, q)-forms on V' with coefficients in C$°&,. Moreover, g and h do not contain

dZ,...,dz, and 3’ means that we sum only over increasing multi-indices. Since
Jf = 0 holds, we have

39in _0

(922]‘

for j > k such that g;; is analytic in these variables.
We want to construct the solution Gy of the equation
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For this purpose we fix a C*°-function ¢ on Dy(rk,0) with compact support such
that 1(zx) = 1 on a neighborhood D” C D of D’, and set

GIJ(Zl7 ey 2

271_\/7 // = T)GrI(Z1, ooy 21, Ty 21, - - -5 2n) AT N AT

ka—T _
/ 91721, oy 21, 2k — Ty Zktls - - -5 2n) AT A dT.

27r\/7

The last integral representation shows that Gy is a C2°O¢-function, and thus we
just confirm that G satisfies condition (N2) in Definition 4.22.

Let @ = (oq,09,...,a) € Z%, and 8 = (B1,02,...,0n) € Z%, be multi-
indices. Hereafter, g7 (21, .- -, zk_l,;k—r, Zktls- -5 2n) 18 also denote&by gr7(zk—
7) for short. Then we have

9% P
527 55701

1 0~ o°
o //;'@@W(Zk—T)gIJ(Zk—T))dT/\ dr

1 o~ o8 _
ﬂ//;'ﬁ@(iﬂ(zk—T)gu(zk—T))dT/\ dr|.

We can calculate the integrand as follows:

19> 9°
e CUC T)QIJ(Zk -7))
9B goa—o  9B—p

Z Z - 87-'1’ 5= ﬁ/d}( —-7)- ngu(% —7).

0<a/<a 0<B'<B

Since (2, — 7) has a compact support and gy is of M>-type,

71 a' Ha—o 85 B B
" Hra 9 /3/1/1( —T)'WWQIJ(%—TMT/\T

< Cupge” hargrlC]

holds for some Co/gr > 0 and ha/gr > 0. As the sets {a € Z%, | 0 < o’ < a} and
{B€Z%|0< B < B} are finite we obtain

‘ o~ 0" < el

970 55801

for some C' > 0 and h > 0.
Now we construct the solution u. Set

G = ZIG[J dz! AN dz’.

1,J



SYMBOLS OF PSEUDODIFFERENTIAL OPERATORS 359

It follows that

_ ’ 100G
oG = > odzindz' NdET =dz Ng+ b,
0%;
I1,J 7
where h; is the sum when j runs from 1 to k£ —1 and does not involve dZzg, ..., dZ,.
Thus by the hypothesis of the induction we can find v such that Ov = f — G and
u = v + G satisfies the equation du = f. The proof has been completed. O

Now let us prove Theorem 4.25.

Proof of Theorem 4.25. It is sufficient to show that the stalks of sheaves are
isomorphic to each other. One denotes by

Lot B [N — BN

the induced morphism from ¢: §/M — G&°/N>°. Since the injectivity of ¢« is
obvious, we prove the surjectivity of it.

Set F' € &,-. There exist a neighborhood V = D xT of z* and f € &(V) such
that f is a representative of F. Then f satisfies 0f € M1 (V) and 9>°f = 0
Recalling the definition of 9, we have 0%f = 92f, where 9, is the Dolbeault
operator with respect to the variable z. Hence we can identify the operator d with
0. in this situation. By Proposition 4.26 there exist D’ € D and g € M>(V’)
with V/ = D’ x I such that dg = df holds. This implies f — g € &(V’). Set
F'" = (f — g)»+. Then «(F"),» = F holds and the surjectivity of ¢.~ has been
proved. O

§5. The equivalence of &% and & /9>

In this section X is assumed to be a complex vector space of dimension n. We
identify X x X with T'X by the map

(5.1) 0: X x X3 (2,2)— (2,2—-2) e TX,
then we can see that the following diagram commutes:

XxX—2% s TX

Here, remark that p; is the first projection. The aim of this section is to prove the
following theorem.
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Theorem 5.1. The sheaf &% of pseudodifferential operators is isomorphic to the
sheaf & /91 of classical symbols.

§5.1. The map ¢ from &5 to &°° /N>

Let Z be a closed convex proper cone in T*X , and let V and V' be open convex
proper cones in T*X with Z € V' € V. Assume 7(Z) is compact, and 7(V")

and 7(V') are relatively compact sets with 7(V’) C w(V'). Furthermore, we assume
that V° and (V')° have C*°-smooth boundaries except for the vertex. Recall that
we have the cohomological expression

. n 0,n
EX(V) = lim HE o (U5 677
]
under the suitable conditions for U and G. If we have already obtained the map
S Henp (U3 0X1%) = 6 /2(V'),

by taking inductive limits hg and li to ¢ in this order we get
UG ZeV' ev

Sz: EX(Z) = GF /N (2).

Hence our aim can be rephrased to construct the map ¢ concretely.
To construct the domains of the integrations we introduce a new class of cones
called trivializable.

Definition 5.2. Let Z be a conic set in 7*X. We say that Z is trivializable if
there exist an open neighborhood Q C X of 7(Z), a conic set Cz in C™ \ {0} and
a C*°-vector bundle isomorphism ¢: Q xx T*X — € x C" such that

o(Z)=7n(Z) x Cyz.

We call ¢ the trivialization morphism and we say that Z is trivialized by ¢. We
denote by ¢, : T X — C" the restriction of ¢ to the fiber of z.

Remark 5.3. Let Z be a closed convex proper cone, and 2 and ¢ be the ones
appearing in Definition 5.2. Then there exists a C°°-vector bundle isomorphism
tp~l: QO xx TX — Q x C", which is the dual vector bundle morphism of (.
Moreover, ¢ and ‘o1 preserve the inner product (e, e) on each fiber. Let z € Q,
veT,X and € € T X, and set ‘o (v) =o' and ¢, (£) = ¢’. Then we have

<’U7£> = <t<pz_1(’l)),<pz(€)> = <UI7§/>'
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Now let us construct the map
~ n 0,n [e'S) oo
S ooy (U3 037%) = &% /90°(V').

Since the family of closed convex proper trivializable cones in T* X is a basis of sets
on which a conic sheaf can be defined, we assume Z to be trivializable throughout
this section. For such a Z we fix an open set {2 C X, a closed convex proper cone
Cyz and a C*°-vector bundle isomorphism ¢ appearing in Definition 5.2, i.e., we
have

o(Z)=7(Z) x Cy.
When we consider the inductive limit hgi it suffices for V' to run through the fam-

zZcv
ily of open sets V' which is trivializable by the common trivialization morphism ¢.

Hence we assume that V' and V'’ are also trivialized by the same trivialization
morphism ¢. Furthermore, we always assume that U is relatively compact.

Remark 5.4. Throughout this section the closure is taken in T*X.

Set B = w(V"). By Corollary 2.11 we take open convex proper cones I'; and
s in T* X such that the following hold (cf. Figure 3):

MV ehelh gV

(2) For i = 1,2, the cone I'; can be trivialized by ¢. That is, there exists an open
convex proper cone Cr, such that

o) = 7(Ty) x Cr, (i =1,2).

Furthermore, we assume that the dual cone C7.. of Cr, has C*°-smooth bound-
ary except for its vertex. Note that we can always take such a cone due to
Corollary 2.11.

(3) GNUNp;H(B) Cint(I'S) U A, where A is the diagonal set in X x X.

Remark 5.5. By taking U sufficiently small, we can guarantee the existence of
I’y since G is tangent to V° near the edge.

We construct the domains of the integrations in the following way. Set v; = I'Y
for i = 1,2. Let Dy and D5 be open domains in X x X with piecewise C'°°-smooth
boundaries such that
(D1) D; is a ~y;-open set for i =1, 2.

(D2) Ax(B) C Dy, where Ax: X — X x X is a diagonal embedding.
(D3) DaNp;t(z) C intpfl(z)(g_l(W) N p;'(z)) for any z € B, where
intp;1(z)(K) is the set of interior points of K taken in the space p;*(z).
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rs 17

Figure 3. Geometrical relations in X x X

(D4) DNpyY(B) C U for D = Dy \ Ds.

(D5) Enp;Y(B) CU\G for E =0D; \ Dy.

(D6) OD; and 9Dy intersect transversally in an open neighborhood of p;*(B).
Moreover, D, is smooth in an open neighborhood of 9Dy N o~ (71) N

i (B).
(D7) py*(2) and OD; (resp. ODy) intersect transversally for any z in an open
neighborhood of B.

Conditions (D1)—(D7) are collectively called condition D.
We construct the domains D, ; and Dy > satisfying condition D. Recall that

o) =7nT;) x Cr, (i=1,2).

Since Z € T’y € I'y holds, we have Cp € Cp, € C7. Here C° is the polar of C'
in C", i.e., for a set C in C" we define

Coz{vG(C"|Re<v, &) >0 for any £ € C'}.

Fix non-zero vectors vy € int(CP, ) and (o € Cy+. We define domains ﬁs’l and
D. 5 in C" (cf. Figure 4) by

Dy = (int(Cg,) — evp) \ {z € C" | Re(z + evg, (o) < re},
D.s = (int(Cg,) + evp) \ {2z € C" | Re(z — evy, (o) < ke},

where £ > 0 is taken to be sufficiently small so that

1
0< k< 5 Re<Uo,C0>
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Vo

Figure 4. The figure of D, ; and D, o

and

(int(CY, +vo)) N{z € Cn ’ Re(z — vy, (o) < 2k} C int(CR)).
For i = 1,2 we define the domain D, ; by

D.i= (0" o'o)(m(ly) x Do) (i =1,2).
The following lemma follows from Proposition 2.16.

Lemma 5.6. The domain D, ; (i = 1,2) has piecewise C*°-smooth boundary
and the pair (D 1, D; 2) satisfies condition D. Furthermore, for any pair (D1, D2)
satisfying condition D, there exists € > 0 such that

Ds,l C .D17 Dg’l \ D572 C th(Dl \ D2)
We introduce the geometrical property of the pair (Dg 1, D 2), which is used
in the following subsections.

Lemma 5.7. Let (D1, D) be a pair of domains satisfying condition D. Then
for a sufficiently small ¢ > 0, 0D, and 0Dy transversally intersect in an open
neighborhood of p; *(B).

Proof. First we show the claim for ¢ = 0. It suffices to show that JCR and
d'p 1 (o(Ds2)) transversally intersect. Let p € 9CR N d'p ' (o(D2)). Since
to-1(o(Dy)) is Cr,-open and dtp-1(0(Dy)) is smooth near p by condition (D6),
(T*0'p; 1 (0(D2))), is contained in

R(CR,)° = RCr, = {(27) | r € R, (2,0) € T, }.
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On the other hand, (T*9Cy. ), is contained in
RACr, = {(z,7¢) | reR, (z,¢) €Cr,}.

As RACr, N RCr, = {0} holds, both the hypersurfaces intersect transversally
at p. Since the claim is true for € = 0, the claim also holds for sufficiently small
e>0. O

Let Dy and D2 be open domains in X x X satisfying condition D. Set D =
Di\ Dy, E=0D;\ Dy, D, =DnNp;'(z) and E, = ENp;'(z).

Definition 5.8. Let u belong to Hg’"’"(U,U \ G) and let w = (wy,wp1) be a
representative of u. One defines the map

(5.2) & Hy (U 697%) = HY"™(U, U\ G) — & /M>(V")

by

(5.3) S(w)(z,¢) = / wi(z,2) el =< —/ woi(z,2") - el =20,
D. E.

In the next paragraph we shall show well-definedness of ¢. More precisely we
shall prove that ¢ is independent of the choices of the domains Dy, Dy and a
representative w of u.

§5.2. Well-definedness of the map ¢

We use the same notation as given in the previous subsection.

Proposition 5.9. Let w = (w1,wp1) be a representative of u € Hg’"’"(U, U\G).
The map ¢ has the following properties.

(1) The image ¢(w) belongs to &>(V’).

(2) The image ¢(w) belongs to M>°(V’) if w is equal to 0 as an element of the
Cech—Dolbeault cohomology.

(3) The image ¢(w) does not depend on the choices of Dy and Ds.

To clarify the domains of the integrations, we write

)0 = o @) =

m@&ﬁ*m—/me»w”@
Dz

E.

The key to the proof of Proposition 5.9 is the transformation of the domains of the
integrations. We can freely transform the domains D; and Dy of the integrations
as long as the difference of integral is of 91°° class.
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Definition 5.10. Let V' be an open cone in Io’*X, and A and B two symbols of
C°°-type on V. One writes

A=DB
if and only if A — B is a null symbol of C*°-type on V.
Before starting the proof of Proposition 5.9 we see some lemmas.

Let Dy, and Dy, be the domains of the integrations given in the previous
subsection. Set

Ds :Dl,s\DQ,ea Es :aDl,s\D2,5~
Lemma 5.11. Let D; and D5 be the domains of the integrations satisfying con-
dition D, and D.; and D. 2 be the domains given in the last subsection. If we

take £ > 0 sufficiently small so that Lemmas 5.6 and 5.7 hold, then there exist
constants h > 0 and C' > 0 such that

502 (@) (2, C) = S, (W) (2, ¢)| < C - e~ el

Remark 5.12. Let us mention that the important points are not only the state-
ment of Lemma 5.11 but also the process of its proof. We shall use the same
argument in the proof of Lemma 5.14.

Proof of Lemma 5.11. Recall that we identify X x X with TX by the map o, and

D571 C Dl, Da,l \DE72 C int(D1 \DQ)
hold by Lemma 5.6. Moreover, note that (D.1,D2) satisfies condition D by

Lemma 5.7. First for the pairs (D1, D2) and (D; 1, D2) we show that Lemma 5.11
holds. By the Stokes formula we have

$ip,E)(W)(2,¢) = S \D2,0D. 1\ Ds] (W) (2,C)

= w1 (Zv Z/) ’ 6<Z/7Z7C> - / ("‘)01(27 Z/) ! €<Z/7Z7C>
(D1\D2)- (6D1\D2) .

_ / (.()1(2, Z/) . 6(2',2,() +/ w01(z7 Z/) . 6<z’,z,§>
(De,1\D2) - (0D 1\D2)=
(D1\D<,1)\D2

- / wor(z,2)) - 770 +/ wor(z,2') - el 79
(8D1\D3)- (0D:,1\D2).
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- (/ _/ +/ )“01(2, ) el 70
(0D1\D2)- (0Dc,1\D2)- ((D1\D¢,1)NOD>).

_/ wo(z,2') - el =2:0) +/ wor(z, 2') el =2:0)
(0D1\D2) - (0D¢,1\D2).

((D1\D¢,1)NOD2)

By noticing that the domains of the integrations are bounded, we can take a
positive number C such that

’

,'L>

‘u_)Ol(Z’Z/) . 6<Zlfzvc>| S C - |ei‘<‘<ziz ’%>| S C - 67|<|R6<Z 2T .

Set v = (V')°. Due to condition (D3) we have, for any z € B,
dist, (0y,0D, N U) > 0,

where dist (K7, Ks) denotes the distance of two sets K; Np; ' (2) and K> Np;*(z)
in the space p; '(2). As B =7(V') € 7(V), and U and B are compact, there exists
a positive constant ¢ such that

in}fg dist, (9y,0D, N U) > 4.
zE

Moreover, since D1 N 9Dy C U holds, we have

lgg dlStZ(a’y, (Dl \ DE’,I) n 8D2) > 4.

If we take a sufficiently small £’ > 0, we have
(D1\ D-1) N 9Dy C int(C(¢', V")) in p7'(B),

where
C(e", V") =07 o 'p(m(Q) x (CV, +€'vo)).
Recall that €2 is an open set appearing in the definition of trivialization.
Let S"~! be the unit sphere in C" with the center at the origin. Since 0 ¢
©.(S™1) holds we have

(Cv \{0}) Nex(S"71) = Cvr N (ST,
which is compact. Furthermore, we have
Re(vo,n) >0 (n € Cv/\{0})
due to vy € int(CR,) C int(CY,). Hence by the compactness of ¢, (S™~1), we obtain

h = inf Re{vg, n) > inf Re(vg, n) > 0.
n€Cy Ny, (Sn=1) neCy /N, (Sm—1)
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Since ‘@ 1(z — 2’) belongs to C(e', V'),
Re(z — 2/, ¢/[C]) = Re("o; (2 — 2'), 92 (¢/ICD)

> inf{Re(v + e'vo,n) | v € C}r, n € Cyr N (S"1)}
> inf{Re(c'vo,n) | n € Cv' N (S" 1)} =€'h.

For such h > 0 we have

|St0. 51 (W) (25 €) = §[p. 1\Ds.0D. 1\ Do) (W) (2, C)

'/ wor (2, 2") '€<ZI_Z’<>‘ < Ce M4l
((D1\D¢,1)NOD2)-

Next we show that Lemma 5.11 holds for the pairs (D, 1, D2) and (D 1, D 2).

By the Stokes formula we obtain

$De 1\ D2,0D. 1\ Do) (W) (2,C) = <. .1 (W)(2, C)

- / Wl(z,Z/) . e<Z/_Z7<> - / wOl(zu Zl) ' e<Z/_Z7<>
(DE,I\D2)Z (aDs,l\D2)z

_ / wi(z, Z/) . e<z’_z,C> +/ wo1(z, ,Zl) . e<z/_z,<>
(DE,I\DE,2)Z (8DE,1\DE,2)Z

wi(z,2) - eF 720 / wor(z,2') - e =50,

- \/(Da,lm(Da,Z\DZ))z (6D1ﬂ(D512\D2))2

By the same argument as above, for sufficiently small ¢’ > 0, there exist C > 0
and h > 0 such that

‘/ (2 7) €<z'_z,<>‘ < Gl
(De,1iN(De,2\D2)) -~

and

‘/ wor (2, 2') .e<z'z,<>’ < Gl
(BDlﬁ(DE,g\D2))Z

Finally we have

<0, m1(@)(2,€) = <[p..1,D. 21 (W) (2, O)
< S, E)(W)(2,C) = S[D.. 1\ D2,0D. 1\ Do) (W) (25 C)
+ 5D, 1\D2,0D..1\D2] (W)(2: C) = §pp. 5.1 (W) (2, )
< 30676/}1‘(',

which is what we want. O

The next corollary immediately follows.
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Corollary 5.13. Let (D, FE) and (D', E’) be two pairs satisfying condition D.
There exists constants A > 0 and C' > 0 such that

6i0.)(@) (2, ) = Spr (W) (2, Q)] < C - e ML,

Next we show that {p gj(w)(2,¢) and pr gq(w)(z,¢) represent the same
symbol in &% /91°°. For this purpose we expect ¢ and % (resp. ¢ and %) to be
commutative. However, ¢ and % (resp. ¢ and %) do not commute in general since
the paths D, and E, of the integrations ¢ depend on the variables z. We surmount
this difficulty.

For a fixed point zp € X and a constant € > 0, we set

B(zg,e) ={z€ X ’ |z — 20| < €}

We define the subsets Dy (zo,€), Da(z0,¢), D(z0,¢) and E(z0,¢) in X x X by

Dy (z0,€) = B(z0,€) X pa(D1 N py (20)),
Ds(20,€) = B(z0,€) X pa(Da N py (20)),
D(z0,¢) = B(z0,¢) x p2(D N pyt(20)),
E(zo,a) = B(zp,¢) X p2(E Npy ~(20))-

Moreover, we write D(zp,¢), = D(z0,€) N p7(2) (resp. E(z0,¢). = E(z0,€) N
pr(2)) as usual.

Lemma 5.14. Let zp € n(V’) and let w = (wy,wp1) be a representative of u €
Hg’"’”(U7 U\ G). The difference of the integrations

f[ﬁ(z(hg)’é(z())g)] (W)(2,¢) = S,y (W) (2, C)

is a null symbol, where

<[5(20,6),E(20’5)] (w)(’za C)

= /; wl (Z, z/) . e(z,_z7<> _ /; w01(27 Z’) . e(z/—z,<>
D(Zo,a)z

E(zo,E)z
and
o)) = [ ey e [ (e e,
D, E.

The key to the proof of this lemma is Lemma 5.11. It is possible to take a
sufficiently small e > 0 for which the pair D(zp,e) and FE(zp,¢) locally satisfies
condition D near zg.
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Proof of Lemma 5.14. If we take sufficiently small ¢ > 0 and ¢’ > 0, due to
Lemma 5.6 we can take the domains Dy and Dy with piecewise smooth boundaries
satisfying condition D and conditions below:

(i) (2,2) €

(i) Dy C Dl(zo, ¢) and Dy C Dy.

(iif) Do C D, and Dg(zo7 ) C D,.

(iv) OD\E, € C(e',V'),0D\E. C C(e/, V') and 8D (zo, )\ E(zq,¢) C C(e',V").

Here we write D = 51\52, E= 651\52, D, = Eﬂpfl(z) and E, = Eﬂpfl(z).
Recall that the domain C(¢’, V') is given by

C(', V') = 07" 0 p(m(9) x (G5 +<'vo))-

To complete the proof, it suffices to show that the two differences

are null symbols. Particularly since case (a) is a special case of (b), we show
case (b).

Since the pairs (D, E) and (D, E) are the domains of the integrations of ¢(w),
by the same argument as in Lemma 5.11, we can cancel out the domains of the
integrations which are outside of C(¢’, V') by using the Stokes formula. Hence we
have

= (/ wi(z,2)) el 720 —/ woi(z,2") - e<zl_z’c>>
D. E.
- </ wi(z,2") celemad) / woi(z,2) - 6<Z'Z’C>>
D. E.
= (/ _ —|—/~ >w1(z,z’) el =20 —/ woi(z,2") - e(# =2:0)
(D1,2\D1,2)\D2,» D1, \D3,. E.
- </~ - w1 (2:7 Z/) . e<Z/_Z’C> — /~ _ WOI(Zy Z/) . e<Z/_Z7C>>
D1,:\D2, - Dy . \Ds..

(o f g Jot

Dy \D2 . D1,:\Da,.

o g ot
9((D1,2\D1,2)\D2,z) E. E.
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(D2,2\D2,.)ND1 -

- (/ D +/~ b >w01(z7zl)'€<21_z’<>-
0Dy .N(D1,2\D1,z) dD;,.N(D2,.\D2,-)

Here we mention that the integral domains appearing in the last line above are
all contained in C(¢’, V') by the properties (iv). We estimate the first integration
on the last line of the equation above. Let (BQ’Z \Ds,)N IN)LZ = |_|ZI\;1 K; . bea
partition such that each K . is a bounded measurable subset in p;1(2). Then we

have
16 8 ,
‘866/ wi(z,2') - et z@’
9z~ 0z (Da2,:\D2,2)ND1 .
o~ 98 , /
e [P . (z _Z)C>
’aza 557 ‘/I;LN_lKi.z wi(z,2') e '
N
o 98 /
< Y v N . ez =201
= ; 920 077 /Ki)z”l@*’) ¢
Give the local coordinate (z, 2’) = (21, ..., 2n, 21, - - -, 2, ) for an open neighborhood

U; of K; . and consider the C*°-coordinate transformation
D, : 7 22
such that L; = ®;(K; ) is independent of the variables z. Then we have
o” 86 / ! o~ 83 ~ —1zi
=z Loli=20) 2 Y > 1) . (P T (2Y)—2.0)
0z 0zP /Kiyzun(z,z) e 50 5P /L w1(z,2") e Jp,.
Here, @;(z,w%) = wi(2z,w) holds under the coordinate transform ®;, and Jg, is

the Jacobian.

Remark 5.15. The existence of such a coordinate transformation ®; follows from
the fact that V' is trivializable by ¢ and the domains of the integrations are
contained in C'(e’, V).

Since the domain L; is independent of the variables z we obtain

o 98 ,
‘aa—a/ wi(z,2) - et ‘Z’“’
2* 0z Ki..

i

" |9z0 928

/ 0% 98 _
<
L;

~i ) —2
@@(M(%Z ) Ja, el D ’O)‘-

o 85 / (,T)l(z’ji) ) e<¢);1(2i)_z’<> . Jq,
L;
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The absolute values of the higher derivatives of the integrand are bounded on L;

since the integrands are of C'*°-class. Hence, for each ¢, by the same argument as
in the proof of Lemma 5.11 there exist M;,C; > 0 and h; > 0 such that

oz 5] o
/ ’82‘1 (gzﬁ (@1(2,2) - Jg, - el 'z )—zyé‘))‘ < M;Cy - e~Mildl,

Finally, for M = maxi<;<n{M;}, C = maxi<,<n{C;} and h = miny<;<n{h;} we
have

0z« 0zP

N
i=1

We can apply the same argument to

(/ e JenGa) e,
0Dz .N(D1,:\Dx1,=) 0D1,.N(D2,:\D2,-)

and these complete the proof. O

o 9° , N
77/ wi (2, 2) - e(? Z,C>‘ < ZMiOieihilq < CMNe Ml
K - i—1

By Lemma 5.14 we finally obtain the following proposition.

Proposition 5.16. Let (D, E) and (D', E’) be two pairs satisfying condition D.
Then the difference of the two symbols

$ip,5)(W)(2,C) = o, B (W) (2, C)
is a null symbol.

Proof. Let D(zg,¢), E(z0,¢) and D'(z0,¢), E'(z0,¢) be the domains of the inte-
grations given in the above. By Lemma 5.14 it suffices to show that the difference

§[5(zo,5),E(z075)] (w) (207 <) - 6[57(2076),5(ZD,8)] (OJ) (Zo, C)

is a null symbol. We mention that D(zo,¢), E(zo,¢) and D’(z9,¢), E'(z0,¢) satisfy
condition D, and hence we can see that the difference becomes the null symbol by
the same argument as in Corollary 5.13 and Lemma 5.14. O

Now we start the proof of Proposition 5.9. In the following proof the Dolbeault
operator 0, + 9,/ is denoted by 9 without notice.

Proof. We start from (1).

(1) First of all note that all the symbols appearing in this proof are on V’'. We
recall the domains D, ; for ¢ = 1,2. The domains D.; and D, 5 in C" are given
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~

D.1 = (int(Cr,) —evo) \ {# € C" | Re(z + evg, (o) < kel
.55’2 = (int(CR,) +€vo) \ {z € C" | Re(z — evo, (o) < Ke},

where k > 0 is taken to be sufficiently small. Then we define the domains D, ; for
1 =1,2 as follows:

D.,; = (g_l o t(p)(ﬂ(l—‘i) X BE’Z—) (i=1,2).

By Proposition 5.16 it suffices to consider the case that the domains of the integra-
tions are D, ; and D, 2. We show that for any multi-indices @ = (a1, @2,...,ap) €
7%y and B = (B1, B2, ..., Bn) € ZZ,, and for any h > 0 there exist constants C' > 0
and e > 0 such that N

0 98 _
527 57051

o4 B ’ ’
- ‘aaaaﬁ (/ wi(z,2') celF ) / wo1 (2, 2') - et Z’Q)‘ < Cellel,
z* 0%z D...

e,z

We fix b’ > 0. Since I'{ € T'5 holds, we can take a sufficiently small ¢ > 0 satisfying
D. C (07t otyp) (T((Fl) x (int(Cp,) U{v € C" | |v] < h’})).

Fix z9 € X and let 15(20,5) and E(zo,e) be the same subsets for D, and E.
appearing in the proof of Lemma 5.14. Noticing that D(zg,¢), and E(zg,¢), do
not depend on z we have

o* 9P o* 9P /
525 557 /D wi(z, 2 ) (z —2,0) _ 507 557 / w(n(Z’ z/) {7 =2.0)

o> 9P N > aﬂ :
~ elF=2:0) N .l =20
6204 azﬁ /5 (wl (Z7 z ) e ) aza azﬁ / (20,6)2 (w()l(z’ Z ) e )

(ZO E)z

o 98 / o~ 98 /
— w (Z -2,¢) w (Z —2,¢)
/D(ZO ). 82’& 8Zﬁ( 1(2’ z ) ) /;(Zo )z 82‘1 azﬁ( OI(Z z ) )

Hence we obtain
o~ 98 _
9z 97 )
8« 98 / 8« 98 /
~ (' =2,0)\ _ (z'=2,0)
/D(zo e) 820‘ 82’8 (W1 (Z i ) ¢ ) /E(zo e) aZO‘ 8z5 (wm (Z z ) € )

o0  of / , g oo /
= (=20 (5= 2.0)
/D<zOs 52"(525 &%) ) /E(m aza(a gwoi(z,27) e )

g
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’

8(1 6ﬂ , 80(—()/ ,
- a A a-A43 . (Z —z,<>
/f)(zo,s) Z aza/ 825 w1 (Z7 z ) azafa/ e

z 0<a’'<fa

o o° N0
- Ao A=gWol (Za 2')- o el =%,
/E(zo,s)z OS%:SQ 0z 826 0z

We can estimate the former integral by

’

o~ 9P B L
9 9 . (='=2,0)
/5(2076)2 Z 9o aéﬁw(zwz) Py ‘

0<a/'<a

oY 98 ,
= Dol A28 ! ‘ Po(0)] . eRe(z' =20
< Z /f)(zo’s)z a0 GEBCUl(Z,Z) 1P (Q)] - € 7

0<a’'<a

where P,/(() is some polynomial with respect to ¢. For v € Cp, and n € Cy,
Re(v,n) > 0 holds. Thus we have

Re(z" — 2, ¢/[¢])
=Re("'p; (2" — 2), 02 (¢/IC)
< sup{Re(—v +evg,n) | vE int(CR,) U{v eC™ | [v] <K'}, n€Cyv N (5" 1)}
< sup{Re(v,n) | [v] <h', ne€ Oy Ne.(S")}
+ sup{Re(evg,n) | n € Cv' N e.(S" 1.
Mentioning that Cy N ¢, (S" 1) is compact, we have
61 = sup{Re(v,n) | | <1, n € Cv' N (S" )} < o0,
09 = sup{Re(v()m) ‘ neCy N @Z(S”_l)} < 00.
Hence we obtain
Re(z — 2/, {/[¢])
< sup{Re(v, ) | [o| <I', n € CvNp.(S"1)}
+sup{Re(evo, n) | n € Cvr N (S"1)}
< 51}1/ + 02 < h.

The last inequality will be justified by retaking i’ > 0 and € > 0 sufficiently small.
(Note that the choice of € depends on h’.) Finally we get

o’ B /
/~ %%Lﬂ(z, Z’) . |Po/ (C)| . eRe(z —2,¢) < C’eh|4|,
0<a’<a D(z0,¢)= 0z 0z

The latter integration satisfies the same inequality by the same argument.
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Next we check that %qu,Es](w) belongs to 91°°(V’) for any i = 1,2,...,n. Fix
20 € X and let D(z,¢) and E(zg,¢) be the same subsets as above. By the Stokes

formula and the facts that (52 + 52/)w01 =w; and J,w; = —5z’w1, we obtain
5z€[D57Es](W) ~ / 5,3(01(2, Z/) . e(z’_Z,Q _ / gZWOI (Z, Z/) ] €<Z/_Z’<>
5(2075)z E(Zovg)z
= - /; 5z’w1 (27 Z/) . €<Z/_Z’C>
D(2075)z

_ [ (W1(z,z’) . 5z/w01(z,zl)) el =20
E(Zo,E)Z

9D (z0,¢)

* /; wl(za Z/) ' e<z,_27c> o /N UJol(Z, Z/) ' e(z’—z,()
E(z0,8)2 OE(20,€) 2

= /~ - wi(z,2') - el 729 4 /~ wor(z,2') - 8729,
9D (20,€):\E(20,€) = 0E(z0,€) =

Since the domains of the integrations are contained in C(e, V') for sufficiently
small ¢ > 0, the last line above is a 1-form with respect to the variable z with
coefficients in the class of null symbols.

(2) In addition to the assumption in the above proof we assume that w is equal
to 0 as an element in the relative Cech-Dolbeault cohomology. Then there exists
T = (T1,701) € C}"’X(S;"’”‘”(v,v') with 97 = w. By substituting (wy,wp;) with
(011,71 — O701) we have

S(w) = / wy(z,2") - el =20 / wo1(z,2") - elF =20
D ]

E. .

:/ Om(z,2') - €729 — / (11(2,2) = D11 (2, 2)) - 57290,
D, . E

€,z

By noticing that the integrations

) / - B Y / - )
827_1(272)'e<z ZC>7 827_01(2)»2)'6<z Q)
De,z Ee,z
vanish, we have

/ or(z,2) - el =20 / (11(2,2") — 0101(2,2')) - el =20
D, . E

€,2

- / Tl(Z7 Z/) : €<ZI_Z7<> T / TOl(Za Z/) : e<Z/_Z7<>'
0D \E:, . OEe .
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By the same argument as in the proof of (1), we can find constants h > 0 and
C > 0 such that

o~ 0P , /
—5</ m1(z,2') - eF 720 —|—/ T01(z,2') - e —z())‘ < C-ehiel
82!1 82 3Dz,2(€)\E€,z 8E€YZ

(3) The claim follows immediately from Proposition 5.16. O

Hereafter we write ¢ instead of ¢|p g] since the map ¢ does not depend on
the choice of D and E by Proposition 5.9. The corollary below also follows from
Proposition 5.9.

Corollary 5.17. The map ¢ is well defined.
In the next subsection we prove the main theorem.

§5.3. The proof of Theorem 5.1

Now we show the proof of Theorem 5.1. As a consequence of Sections 4.1 and 4.2,
there exists a morphism

Sz EX(Z) = G /N> (Z)

for any closed convex proper cone Z in T*X with m(Z) being compact.
Let Z’ be a closed convex proper cone contained in Z. Then it follows from
Proposition 5.9 that the diagram below commutes:

ER(Z) =25 6> /N> (2)

L]

ER(Z') 25 & /N (Z7).

Since the family of closed convex proper cones in T*X is a basis of sets on which a
conic sheaf can be defined, the family {<z}z of morphisms gives a sheaf morphism
on T*X ,

g1 E% — &% /M.
The rest of the problem is whether the map ¢ is an isomorphism or not. In par-

ticular, it suffices to show the morphism ¢, : éﬁ%z* — (6°%°/7M°),« of stalks is
isomorphic. Assume that the following diagram commutes for each point z* (we
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show it in Theorem A.6 in Appendix A .4 since the proof is a little complicated):

(&/MN).-

(GOo/moo)z*-

Here, o is the symbol mapping given by Aoki [2, Def. 4.4]. We also review the
details of ¢ in Definition A.5 in Appendix A.3. The following theorem is essential.

Theorem 5.18 ([2, Thms 4.3 and 4.5]). The symbol mapping o
o: 5§7Z* — (&/M)..~
is an isomorphism of stalks.

The vertical arrow in the diagram is an isomorphism by Theorem 4.25 and
o is also isomorphic by the result of Aoki. Therefore ¢,« is also an isomorphism,
which completes the proof of Theorem 5.1.

Appendix A. The compatibility of two symbol maps

In the appendix we prove the commutativity of (5.4). Since the argument is local,
we assume the following identification:

"X ~XxC" > (Z;C):(217"'azn;<17"'><-n)'

Moreover, assume that X C C"™ is an open set with coordinate system z =
(21, 2n)-

Fix the point 2* so that we can consider the stalk of &% on it. Then we regard
z* = (0; A,0,...,0) for some A € C\ {0} without loss of generality. Recall that the
stalk of the sheaf &% is expressed as the inductive limit of the cohomologies with
suitable subsets U and G:

EX - =1lim HE(U; 097%).
UG

On the other hand, in the theory of Cech-Dolbeault cohomology, the stalk of E
is given in Definition 3.3 and Theorem 3.8.

To express two cohomologies in the same class we give another Cech-Dolbeault
expression. In the second step we calculate the integration of two cohomology
classes and finish the proof.
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Appendix A.1. Another Cech-Dolbeault expression of é”;%

We construct the Cech-Dolbeault cohomology of & % in which two cohomologies
can be embedded. (See [13].)

Let M be a closed set in X. Moreover, let W = {W;}ic;r and W = {W; }icr/
be open coverings of X and X \ M, respectively. Here I and I’ are index sets with
I’ C I. For a sheaf . we set

Cq(Way) = H y(Wagalmaq)a

where Woga,ap = Wao N W, N --- N Wy,. Note that 04y...a, € S (Wasar-a,)
has the orientation, that is, the section o satisfies the formula

Oog-aioigr g = —Tag-uqroog-

This implies that we have 0 = 0 if oy = o for some ¢ # j. The complex
(C*(W;.7),6) is called the Cech complex with coefficients in .. The coboundary
operator 0 is defined by

q+1

k
(50—)040(11-“04{;4-1 = E (71) Oag--apagtr”
k=0

Here we set 04...a5- g1 = Tag-—an_10n41-—ag41- We also define the relative Cech
complex (C*(W,W'; ), ) as follows:
C!WW, ) = {U e CI(W;.7) ’ Oap-ay = 0if ag,a1,...,0q4 € I’}.

Hereafter we denote F#9 = C;o;(g(’"m until the end of this appendix. Recall that

we have the fine resolution of ﬁg(o,xn))(:

00 » TS gt 5. 5 g .

This induces the following double complex:

5 Ls
(-1)718 l (-1)918 (-1)718
—_— _ e

[oit (W)W’;y!ﬁ) O (W,W/;yth+l)

l(s la
1 . (_1)q1+15 1 , 1 (_1)41+15
Cut (W, W Fe2)y —— % cntl(W W Fetl) 5. ..

ls le

(—1)m+1a
. ,
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We counsider the following associated single complex (& (W, W'), D):

FIWW)= @ CrWW,;.Z%), D=5+ (-1)"0.

q1+q2=q

Definition A.1. The Cech-Dolbeault cohomology HY(W,W';.Z*) of (W, W)
with coefficients in .#*® is the gth cohomology of (%#*(W,W'), D).

We describe the differential D in a bit more detail. A cochain & € F1(W, W')
may be expressed as & = (£))g<,, <, with £@) € Cu(W,W'; F9~%). Then
D: FIW,W') — FZI9TL W, W') is given by

(D)) = 5¢@=1 4 (1)1 9™, 0<q <q+1,
where we set £(-1) = ¢lat1) =,

Remark A.2. Assume W consists of two open sets X and X\ M, and W’ consists
of only one open set X \ M. Then the Cech-Dolbeault cohomology H4(W,W'; Z*)
corresponds to the Cech-Dolbeault cohomology defined in Section 2.

Appendix A.2. Two cohomological expressions
in the Cech-Dolbeault cohomology

The goal of this subsection is to express two cohomologies in the same cohomology

class. For more details of Cech representation, see [2] and [12].

By the discussion so far we can get three cohomological expressions H "(ﬁg?xn))(,

W, W), Hy™™(V, V') and HY™" (W, W') of &% ... Set U, and G, as follows:
U ={(z,2) e X x X ||z| <r, |2/ — 2| <r},
Gre={(2,7) €Uy | |21 — 21| Z el2f — 21| (2<i <),
— Re(A(2] — 21)) = e[Im(A(2] — 21))|}-

Thanks to the study of Kashiwara—Kawai [8] we have

(A.1) EX e = lim HE (Uys 6F7%).
el

We write U and G instead of U, and G, . respectively if there is no risk of confusion.
We also set several open sets as follows:
Vo=Wo=U Vi=U\G, Vou=WnVi=U\G,
W, = {(z,z’) cU | —Re(\(2] — 21)) > ¢|Im(\(2] — zl))|},
Wi={(2,2) €U ||z} — x| <elz} — 2|} (2<i<n).
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We can easily see that the following are open coverings of U:
V={W,Vi}, W={Wy,Wi,...,W,},
and the following are open coverings of U \ G:
={W}, W ={W, Wy, ...,W,}.

Fix small r and e. We compute the cohomology HZ(U; ﬁg?’xn))() by applying
the Cech cohomology with respect to the Cech coverings (W, W’). Since W and
W' are Stein coverings, by Leray’s theorem we have the exact sequence

@F Wi 680%) = T(W; 690%) — HE(U: 697%) — 0,

where W; = (,_,; W; and W = (\;_, W;. Hence P € H{(U; ﬁg?’xn))() is represented
by some holomorphic form ¢ = (z, 2 — 2)dz’ € T(W; ﬁ’g(o’x"))() such that
P =[Y(z,2 — 2)d].
We denote by H ”(ﬁg?:))(, W, W') the Cech cohomology with respect to the cov-
erings (W, W').
Next we recall the Cech-Dolbeault expression of HZ(U; ﬁ’g?xn))() with respect
to coverings (V, V). By the results in Section 2, we have

HAU; 097%) = HY™ (v, V).
Moreover, Pe H:(U; ﬁg?’x"))() is represented by some w=(wy, wo1) EC’;O;(?(’";") VA
such that
P = [w] = [(wo,wo1)]-
Remark A.3. While in Section 2 we set V' = {Vp} and the representative of
an element of Cech-Dolbeault cohomology is represented by the pair (w1, wo1), in

this section we set V' = {V;}. Therefore the index of first term of w = (wp,wo1) is
different from the one in Section 3.

Finally, by applying (W, W') to the previous subsection, we have the Cech-
Dolbeault cohomology H g’"’n (W, W'), which is isomorphic to the local cohomology
n o,n
Hg(U; ﬁg{ ><))( ):
w] € HY™™(V,V')
_— —&

P e HA(U; 6¢7%) HY™M™M W, W)
G\¥H ¥ XxX 3 3 s .

T

(W] € HM (O % W, W)
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We introduce the maps q~51, q~52. Let ¢1 be the inclusion map
¢ : T(W; 60) — CPOW, W' . F0) € FHOW, W),
where W = (NI, W;, and define
go: FP(V,V) = COW W F) @ C' W, W F 1) € Z (W, W)
by

wolw,, a=0,
¢ W)a = °
2() 0, a=1,...,n,

Wot| W, (o, 8) = (0,1),...,(0,n),
$2(wW)ap = { —wotlw.,, (o, 8)=(1,0),...,(n,0),

0 otherwise.
Then ¢ induces the morphism between cohomologies
du: HM (O WW') = HY™ (W, W),
and ¢s induces the morphism between cohomologies
Gt HY™™M(V, V') — HY™ ™ (W, W).

Theorem A.4 ([13, Thm. 3.6, Prop. 4.3, Thm. 4.7]). The induced morphisms b
and ¢, are isomorphisms.

Now we work in Hg’"’"(W, W'). Fix P € HA(U; ﬁg?’xn))(). Then we obtain two
representatives

P =[] € H(OU W W), P=w]e HY""(V,V).

These are clearly equivalent to each other in Hg’"’”(W, W), and hence there exists
n € F" (W, W) such that

(A.2) a(w) = ¢1 () = Dny.

Here, note that (Dn); = dn; + (=1)*10n;; fori =1,2,...,n — 1 and n =
(Mo, M5 - - -+ Mn—1). That is, condition (A.2) can be described concretely as follows:

J)Z(WO) = 57707
$2(wo1) = dno — I,
0= 5771 + 5’!72,

0= 577n—2 + (_1)n715nn—13
_451 (w) = 677n71~
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Appendix A.3. A brief review of the symbol map o

We briefly review the symbol map o introduced by Aoki. See [2] and [4] for more
details. In this subsection we adapt the notation in [4].

We use the same notation as introduced in the previous subsection. The stalk
é"%z* has the cohomological expression

n 0,n n o,n
HG,,E(UT; ﬁg{x))() ~H (ﬁg(x))(;w7wl)'

Take ¢ = (z,2' — 2)dz’ € T(W, ﬁg’g{), which is the representative of P &€
H”(ﬁg?’xn))(; W, W'). Set w = 2/ — z. In order to define the symbol map o we set
the integral paths ; for i =1,2,...,n (cf. Figure 5). Fix r > 0 and € > 0.

(1) Let By, B1 be complex numbers satisfying

0 > ReABy > eIm \by,
0> ReAB; > —eIm A\j;.

Then we choose 713 C C as the C*°-smooth path that goes counterclockwise
around the origin from By to 1. Moreover, assume 1 to be a piecewise C'>°-
smooth curve.

(2) Fix wy € y1. For i = 2,...,n we take a sufficiently small § > 0 and set
'y,;:{w,;GC| ‘wz‘:%+5}

Definition A.5. For a pseudodifferential operator P = [¢)(z, 2’ — z) d2] € &% .
the symbol map o is given by

o(P) = /71 717{” ¢(Z7w).e<w,<> dw.

Appendix A.4. The proof of the commutativity of (5.4)

Now we show the commutativity of (5.4). Let P be a pseudodifferential opera-
tor and w = (w1, wp1) be its representative in the framework of Cech-Dolbeault
cohomology.

Theorem A.6. A symbol o(P) is the same symbol as the one ¢(w) in the C*°-
symbol class G /9.

To calculate the difference o(P) — ¢(w), we work in the framework of
H”(ﬁgg’xn))(; W, W') in what follows. Let (z,w) = (21, ..., zn, w1, - .., wy,) be alocal
coordinate system of X x X C C™ x C". Since the symbol mapping is defined by
integration with respect to the variable w, we consider z = (z1,...,2,) as the
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Vi

Figure 5. 71 and ~;

parameter until the end of this paper. Let U = U, and G = G be the sets given
in Section A.2. Moreover, let ¢; be the canonical projection given by

q:C"> (z1,...,20) = % €C (i=1,...,n).
For sufficiently small €1 and €5 with 0 < g1 < g9 < €, we set

I'? = {w e C| —Re(Aw) > &1 [Im(Aw)|},
IS = {w e C|—Re(lw) > ez|Im(Aw)|}.

Moreover, assume that 8o, 81 € T'Y and Sy, 81 ¢ I's. Then we can construct the
closed domains Dq, Dy C C satisfying the following conditions (cf. Figure 6):

(1) D; and D5 satisfy condition D of the 1-dimensional case.
(2) The points By and 5, are on dD; and 9Ds.
(3) (9D1 N Dy C Fi.

Set BlzD1,’yl:8D1\D2 andv{:(')DlﬂU.

Remark A.7. The path v; goes counterclockwise from Sy to 1.



SYMBOLS OF PSEUDODIFFERENTIAL OPERATORS 383

Figure 6. Dy and Dy

Let v; (i = 2,...,n) be the same as those that appeared in the previous
subsection. For i = 2,3,...,n and for w; € By, set the domains B; C C as follows:

Bi:{wie(C‘ \w1|§%+6}

Note that the boundary of B; has the same orientation with the path ~; for i =
2,...,n.

We define the domains D and E of integrations in the framework of Cech—
Dolbeault cohomology by

D =q Y (BN (,fquil(Bk)) nu,

Ez(ONZ-)ﬂU,

i=1
where

Ni=gq;'(v)N <i_ﬁqil(3i))'

To see the relation between the symbol mapping introduced by Aoki and the
one in the framework of Cech-Dolbeault cohomology, we introduce the honeycomb
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system of U. The family {R;}?, of closed sets defined below is the honeycomb
system of U adapted to W with respect to the variable w (for more details of the
honeycomb system, see [13, Sect. 6]):

s ()
i = @) N (B U
k=2

Ri:qi‘l(Bf)m( N qgl(Bw)mU (i=2,...,n—1),

k=i+1
R, = qgl(Fz) nu.

Here, the set K¢ means the complement of K.
We set

I={1,2,...,n},
" = {oz(r) =(ay,...,ap) €I" | o < - Soz,.}.

For simplicity we adopt the following notation. Let k be an integer with 0 < k <n

and o) = (ay,...,a,) € I"). Then (0,ay,...,,) is also denoted by 0a'") and

(a1,..., ., k) is also denoted by a("k. Set agr) = (A1, ey 1, Qg 1,y Q).
For any a™ e 1) one sets R, as

R, = ﬂ R;,

where i ranges through all the components of a("). The order of the subscript in
the honeycomb system means its orientation. That is, for any permutation p we
have
Ra(r) =sgnp - Rp(a(r)).
The key to the proof of Theorem A.6 is how to construct the domains of the
integrations. By the recipe of {R;}?_; we have

sw)= [ da(w)® e+ Z B2 (wor)" - el
Ro R(n

Moreover, we have

n

Rm...n = m Ri = 8131 X X 8an = ﬁaBl = 631 X ﬁ’}/i,
o o

i=1

which contains the domain ] X y3 X + -+ X Y.
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Here we recall the symbol map defined by Aoki. The symbol map o is given

by
=] f o s
Y2

Notation A.8. Let € ' (W, W) = @y, CCOVW;F77). For 0 < j <r
we write
oz( ) T—
n=(no,-..m), 1 ={m)*" } € TV W F7),
where (nj)oa(j) € Fr I (Wyaw)-
The following theorem is crucial for the concrete computation of ¢(w).

Theorem A.9. Let n = (19,71,...,Mn_1) be in Ker(Z" (W, W') Loz F(W,
W")). Then, for 1 <r <n— 1, we have

/ (gnT)OQ(T) .€<w$§> - Z / (57]r+1)0a(r+1) 'e(w,g),
R Ry (r1)

amerm Y o QD) e[ (r+1)

where 0 is the Dolbeault operator.
For the proof of Theorem A.9 we show the following lemma.

Lemma A.10. Let n € Z" (W, W'). We have

DI o) I

alMer) i=1 OQ(T>’i

0557“-%—1)

r+1 ]
= > Z/R (1)

Blr+1) cr(r+1) j=1 0p(r+1)

(w0

Proof. Let {(a™,i) | o™ € I, i € I} and {(BU+D) ) | gD € [0+1) 1 <
j < r+41} be index sets. We denote by (™ [i] the ith component of (™). We define
the map F' by

F:{(a,i ‘ar)el(r) iel}—{(BUY,j) ’ﬁ(r“)el(”‘l) jel}
w w
(™, 1) — (vt k),

where 7("*t1) is (") sorted into increasing order and k = #{¢ | oM [] < i}.
Remark that if i € a(") we have a("i = 0. We also define G by
G: {(BUHY ) | Bt e 16D eI — {(al",i) | o) e I, ic T}
w w
(B0, ) — (B, gD,
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Set

p((a),i)) = e e,
Ry,
Oﬂgwrl)

(B ) = /R (—1)r+1 g

0p(r+1)

. e<w’c> .

By the definitions of F' and G we have the following properties:

(1) FoG=id and Go F =id.
(2) a(F((a(r),1))) = p((a(r), ).

The second property can be shown as follows:

g(F((a(r), 1)) = q((4'" 1, k)
/ 1)k 770% o)

Q»Y(r+1)

_ (_1)r+17k/ (_1)r+17kn2a<r> . e(wi)
R

0alm)q
p((a(r),)).
Hence we have

S OS[ s

amerm i=1 "7 Roam);

> (et

amerlr) i=1

> SaF(as

amerlr) i=1

r+1

SR ICEN)

Br+1) cT(r+1) j=1

r+1

r+1 0857 (w,¢)
- Z Z/ A Y ser

Blr+D e [(r+1) j=1 05(T+1)

Now we start the proof of Theorem A.9.
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Proof of Theorem A.9. By the Stokes formula we have

/ (5%)0"“) L efwi)
R

amerm Y Roa

(r)
_ 0 L )
OR

ameri) 0a(m)

. Z / 0w,

amerm j=17oa )

By Lemma A.10 and the assumption 67, = (—1)"0n, 41 we obtain

S E s

amer() i=1 (Ja(T‘)i

r+1 r+1)

2 o) AN R

a(r+D) er(r+1) j=1 0a<v+1>

=y / (9my) 0" )
Ry 41

alr+1) g (r+1)

— (_1)r+1 Z / ((_1)rénr+1)oa(7'+1) .e(w,Q
R

a(r+1) e (r+1) 0a(r+1)

RO(,((T*’U

a(r+ 1) e [(r+1)

and this completes the proof. O

In the framework of Cech-Dolbeault cohomology whose covering of total space
consists of 2 open sets, we have

g(W) = / w1 - 6<w’ ) */ wo1 - 6<w’c>.
D, E

z

On the other hand, in the framework of Cech-Dolbeault cohomology whose cov-
ering of total space consists of n open sets, we have

g(w) = ¢2(w1 (w 9] + Z WOl 0z _e<w,C>.
Ro,z RUL z
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Thus we can calculate the image ¢(w) as follows:

g(w) = / wl . e<w7<> — / w01 . e(w)C>
D

z z

= [ a(wr)" e +Z 2 (wor)" - ef¢)
Ro

Ro;

= 877 (W) +Z ((610)°" = (Om1)%) - e,
Ro:

By the Stokes formula we have

w,¢) +Z ((670)% — (D)%) - efC)

Ro RO@

:z/w Y/ :

(6m0)° CelwC) / ()" elw:Q)
Ro; ; Ro;

£(w:0) +Z/ ) — 3 / )0 )

i=1 Y Roi Ro; aWerm By m

/ ()0 - e,
R

0a(l)

[
(]
S
qO

aMerm
By applying Theorem A.9 to the above inductively we obtain
- > / (D)% - et
aWerm Y By,
= (D)0 L elw0)

R

a@er® 0a(2) 2

I )
R

a(n=1)gI(n—1) 0a(n—1) ,

By the Stokes formula we have

R

a(n=1)gf(n—1) 0a(n—1) .
n
= (-1)" ! E{ E// nOa(l" D pw,o)
n
am-Derm-1) j=1" B n-1); .
n (n—1)
. Oz
I D DD D RO U P S

amerm) j=1" By .
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(B1)" e
R

aln)c(n) 0a(n) z

_ (=)0 elwo)

amerm Y By,

= / - el
R()l...r,,,,z

To conclude the proof of the commutativity of (5.4) we show

§((AJ) — / ’l/) . e<waC> — / 'l/} . e<w’C>
R Y1 XY2 X XYn

~ / P - elw:C) — o(P).
Y1 Xy2 X XYn

Since we have D1 N Dy C I'Y by the same argument as the proofs of Lemmas 5.11

0l---n,z

and 5.14, for any multi-indices «a, f € Z% there exist positive constants C' > 0
and h > 0 such that
o 98
02 978
and the proof has been completed.

(sw) = o(P)| < Ce™e,
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