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On the Duality Formula for
Parametrized Multiple Series

by

Masahiro IGARASHI

Abstract

We show that a duality formula for certain parametrized multiple series yields numerous
relations among them. As a result, we obtain a new relation among extended multiple
zeta values, which is an extension of Ohno’s relation for multiple zeta values. We perform
the same study for multiple Hurwitz zeta values, and obtain a new identity for them.

Mathematics Subject Classification 2020: 11M32 (primary); 11M35 (secondary).
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§1. Introduction

Fischler and Rivoal [5], Kawashima [21] and Ulanskii [25] studied the following
extension of the multiple zeta value (MZV for short):

& ) ———

0<my <oy e,y mp<oo M1 """ Mp
mi €L
where 1 < p € Z, ¢ € {0,1}, 1 <k, €Z (i =1,....p—-1),2 < k, € Z
and the symbols <., (i = 1,...,p — 1) denote < if ¢; = 1 and < if ¢; = 0.
For ¢; =1 (i = 1,...,p — 1), this multiple series becomes an MZV, which was
studied in Euler [4], Hoffman [8] and Zagier [26]. The MZV has rich mathematical
content. For example, the product of MZVs has two kinds of multiplication laws:
one is induced from the series expression of an MZV and the other is an iterated
integral expression, and they yield numerous relations over Q. Furthermore, the
set of MZVs generates a Q-algebra with the multiplication laws. Understanding
the algebra is one of the important problems in mathematics, because MZVs have
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connections with various mathematical objects, e.g., knot invariants, Feynman
integrals, modular forms and mixed Tate motives over Z. The extension (1) keeps
these rich contents. Another simple case, ¢; = 0 (i = 1,...,p — 1), becomes the
multiple zeta-star value (MZSV for short). The MZSV is an interesting object itself.
Indeed, it is almost the same as MZV in appearance, but aspects of its relations
are fairly different: see, e.g., [18, 23, 24]. It can be seen that relations among
MZSVs have brevity. All other cases of (1) are hybrids of both < and <. (They
can be expressed in Z-linear combinations of MZVs or MZSVs.) These hybrid
MZVs frequently appear in the study of MZVs and MZSVs. The most important
point of the extension (1) is that it gives a unified expression of the three objects
MZV, MZSV and the hybrid MZV, and this gives unified extensions of relations
among MZVs and MZSVs: see the case a = 1 of (7) below. Hereafter, we call the
multiple series (1) the extended multiple zeta value (EMZV for short). Kawashima
[21] introduced the EMZV to study a Newton series and relations among MZVs.
He proved a duality relation among EMZVs [21, Prop. 5.3]. Ulanskii [25] gave an
algebraic formulation for the EMZV, and proved some basic properties of EMZVs:
the Chen iterated integral representation, the duality formula, the shuffle and
stuffle relations [25, Cor. 2, Thms 1, 2 and 3]. Fischler and Rivoal [5] used the
EMZV and an extended multiple polylogarithm to study a Padé approximation
problem involving multiple polylogarithms. They also proved a duality formula
for EMZVs, and applied it to construction of Q-linear forms in the Riemann zeta
values (see [5, Sect. 2]). We note that multiple series of the extended form (1)
naturally appear as derivatives of hypergeometric series (see [13]).

In the present paper, we also study multiple series of the extended form (1).
Our interest is duality relations among them. In the first part of the paper, we
study the multiple series

(W)m, mp! P 1
® 2 e A L s )

0§m1<cl~-<cp71mp<oo i=1
m;EZL

where 1 <p € Z, a;,b; € Z such that a; +b; > 1 (i =1,...,p—1), ap + by, > 2,
a,p € C such that Re(a) > 0, 8 ¢ Z<o = {0,—1,-2,...}; (a)m denotes the
Pochhammer symbol, i.e., (a),, = a(a+1)---(a+m—1) (1 <m € Z) and (a)o = 1.
The Pochhammer symbol can be expressed as a quotient of the gamma function:
(a)m =T(a+m)/T'(a). Therefore, Stirling’s formula for I'(z) can be applied to the
estimation of (a),,. For the convergence of (2), see [12, Lem. 2.1]. The multiple
series (2) is an extension of both the EMZV and our two-parameter multiple series
studied in [10, 12]. The study of this kind of two-parameter extension of the MZV
originated in [10] by the author. See also [12, 13] and [17, Note 2]. For other results,
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the author proved the cyclic sum formula for the case ¢; =1 (i = 1,...,p— 1)
of (2) and for the case ¢; =0 (i =1,...,p — 1): see [15] and also [17, Note 2(iv)
and (v)].

§1.1. Definitions and notation

To describe our results concisely, we follow Ulanskii’s algebraic formulation for
EMZVs [25], which is an extension of Hoffman’s for MZVs [9]. The formulation
is done by using three non-commutative variables, zo, 1 and z_;. Hereafter, we
assume that i, m, n, p, q, v, l;, my, ki, ki, si, i, yJ( ), MJ@ € Z. For brevity, we

frequently use the notation z., ,(k;) = z., 2" " (c;i_1 € {0,1}, k; > 1). For
. ki1 ko1 kp—1
example, we write x127Y xo aTY o xe, X7 as

Zl(kl)zcl (kQ) T Zep (kp) = H Zeiq (k )
i=1

where ¢y = 1. Here we put
= {Hf:lZCi—l(ki) ’ p>20,c0=1,¢¢€ {071}7 ki > 1(1 =1,... 7p71)7 kp > 2}3

where H?Zl Ze,_,(k;) = 1 € Q, and denote by V° the Q-vector space whose basis
is B. (This vector space corresponds to Y9 in [25].) We define the evaluation map
Z = Zop: B"—= Cby Z(1;(a, 8)) = 1 and

Z(z1(k1)ze, (k2): - -ze,_, (Fp); (e, B))

® = 2 —" mp+1{ﬁ (s + )" }(mp+lﬁ)’“f’1’

0<m1<ey+<e,_Mp<OO i=1

Ju

where «, 5 € C such that Re(a) > 0, 8 ¢ Z<o. This map can be extended
to a Q-linear map onto the whole space V°. To describe partial derivatives of
(3), we use the evaluation map Z({T = Z(*{ri}‘?,l) B BY — C defined by

Zirye_ (15 (B,a)) = 1 and

Z(*{H}Ll)(zl (k1)ze, (k2)- - +ze,, (Kq); (B, @)
B)ms mgl(mg + o
_ Z (8) ( )

B my! (5)mq+1

0<my <oy M{P < KM <1 cymo

. (i) £ (i) .

mi—1<c,_, M; S."'SM” <i1—¢; M
Mg-1<eq_y M{D <MD <y o ymg<oo

(4) N — 5)ml(m1 +a)k { ﬁ (J[[l Mf)1+ B> (i +1 )t }

=2
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where ¢ > 1,7, >0 (i=1,...,9), ¢cg =1, a, 5 € C such that o ¢ Z<g, Re(8) > 0.
This map can also be extended to a Q-linear map onto the whole space VY. If
r; = 0, we regard the inequalities m;_1 <¢,_, Ml(i) <... < My) <1—¢; m; of (4)
as mij—q1 <¢;_, my. Forr; =0 (i =1,...,q) and for ¢ = 1, the multiple series (4)

becomes
Z{(oye <Hzc o ) (Hzc . B, )),

2o (k) (Bro) = 3 :

0<m; <oo (m1 + ﬂ)rl+1(m1 + a)k171 7

respectively; therefore the map Z(*{T_}q ) is an extension of the map Z with
rSi=1

the additional parameters {r;}7_,. This gives an algebraic description of par-

tial derivatives on a of (3): see the proof of Theorem 1.1(i). To describe another

derivation aspect of our results, we need the maps o%!, o,.: B — V° defined by
o%1(1) =0,.(1) =1 and

0_1;,1 (Zl (kl)zq (k2) TZep_ 1 (kp))

S e et

riteetrp=r ~i=1
’I‘iZO

or(z1(k1)ze, (k2)- - Zepoi (kp))

= Y {Metsan fo ttn),

p— _ i—
o lc,r-&-rp r oo i=1

c;iTi,rp >0

where r > 0. These are variations of the map o, used in [19, Sect. 6]. (For ¢; =1
(. =1,...,p — 1), the map o, becomes o,,.) In the present paper, we use the
following standard definition of the dual: Let 7 be the map 7: BY — B defined
by 7(1) = 1 and T(aclx61~ e, T1) = T1T—e, T, X1, where n > 1 and
e; € {—1,0,1} (¢ =1,...,n—1). Then 7(v) is called the dual of v. It is obvious

that 72(v) = v. The maps %!

, o and T can be extended to Q-linear maps from
the whole space VO to itself. Let v € B®. Then 7(v) can also be expressed as
7(v) = [[{2) 2, (Kj), where ¢ > 0, ¢ =1, ¢; € {0,1}, kf > 1 (i =1,...,q - 1),
ky > 2. Hereafter we assume this expression for 7(v). For any fixed real numbers

b (a <b<o0), we regard the sum >

a<clMl<62~--<cpMp<cp+lbAMl,‘..,Mp as 1 if
=0.
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§1.2. Main theorem

For v = []V_, z1(k;), we proved in [12] a large class of relations among the multiple
series Z(v; (o, «)) by using the duality formula

(5) Z(v; (o, B)) = Z(7(v); (B,)), Re(a),Re(8) >0

(see [12, Thm. 1.1 and Lem. 2.3]). The symmetry in o and 5 of (5) played an
essential role for the proof (see [12, Sect. 2]). From this fact, we think that this
kind of symmetry of parametrized multiple series is useful for the study of relations
among multiple series (e.g., MZVs). In the present paper, we prove a large class
of relations among (2) by using a duality formula for (3), which is an extension of
(5) (see Lemma 2.2 below), that is, we prove the following.

Theorem 1.1. Let v € B°, and let 7(v) be its dual. Then

(i) we have

(6) Z(a) (v); (e, B)) = Z ZEkcflTl,{,-i}g:Z)(T(”); (B, )
eyri+{_yri=r
c’lrl,rizo
for allr >0, a, B € C with Re(a),Re(B) > 0, where ¢} and q are those of
the dual 7(v) = [T}y 2o, (K});

(ii) we have
(7) Z(or(v); @) = Z(o,7(v); @)

for allr >0, a € C with Re(a) > 0, where Z(v;a) == Z(v; (o, ) (v € B,
a € C with Re(a) > 0).

The identities (6) and (7) yield numerous relations among (2) and EMZVs. In
fact, even the simple case v = []}_, z1(k;) of (7) becomes a large class of relations
[12, Thm. 1.1]. We note that, for v € BY and its dual 7(v), the identity (6) gives
two different relations among (2): see Example 2.7(i) below. This is one of the
features of our multi-parameter extension. The specializations o« = 8 = 1 of (6)
and of (7) give a large class of relations among EMZVs. In particular, the case
a =1 of (7) is a new extension of Ohno’s relation for MZVs [22, Thm. 1], which
extends Ohno’s relation to a relation involving MZSVs and the hybrid MZVs.
Besides this, the specialization v = 21 (k1){[]}_5 z0(k;)} and o =1 of (7) gives a
relation between MZSVs and the hybrid MZVs: see (26) below. For a recent crucial
result on (2), we note that Hirose, Murahara and Onozuka [7] determined all the
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linear relations among (2) with « = S. In fact, they proved that the multiple
series (2) with o« = 8, ¢; =1 (1 = 1,...,p — 1) satisfies the same relation as the
linear part of Kawashima’s relation for MZVs [20, Cor. 5.5, and that any linear
relation can be written as a linear combination of the linear part relation for (2)
with a = 3, ¢; = 1 (see [7, Thms 1-3]). It is interesting to study whether the linear
part relation can be derived from another relation for (2) by using differentiation.

In the present paper, we shall also study a duality formula for multiple Hurwitz
zeta values; see Section 3 for details. The result, Theorem 3.1 below, is another
main theorem of the paper.

We explain our idea for the proofs of Theorems 1.1 and 3.1. It is to use
symmetries in a and 8 of the multiple series (2), (27) and (28) below; see (9) and
(32) below. These symmetries can be found by making a change of variables to
an iterated integral representation of (2) and of (27): see the proof of (9) and of
(32). We note that the change of variables also brings changes of the positions of
the parameters of (2), (27) and (28): compare the positions of the parameters a
and 3 on both sides of (9) and of (32). This plays an essential role for deriving
various and numerous relations. Indeed, the changes of the positions allow us to
show that partial differential operators act on each side of (9) and of (32) in two
different ways, and this gives the relations in the theorems. (The above idea was
used in our previous works [10, 12].) Another main tool for the proof is our method
of computing the Pochhammer symbol (a),, used in [13], which was developed in
its preprints distributed in 2013. This allows us to compute derivatives of (a).,
without computing products of finite multiple harmonic sums: see, e.g., (10)—(12)
below and compare them with our computation used in [11].

We shall prove Theorem 1.1 in Section 2. Our method of proof is similar to
that in [10] and [12]. In Section 3 we shall apply our method to multiple Hurwitz
zeta values as well, and shall obtain an identity for them similar to Theorem 1.1(i),
which also yields numerous relations.

The present paper is a revised version of preprints of ours which were dis-
tributed in October 2015. See also a preprint [16, Note].

§2. Proof of Theorem 1.1
We first prove a duality formula for (3). We define the symbol we,(t) (e; €
{_]—7 07 1}) by

w,l(t) = -, wo(t) = w1 (t) = —.

1 1 1
t
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Lemma 2.1. Letn>1ande; € {—1,0,1} (i=1,...,n—1). Then the following
iterated integral representation of (3) holds:

(8) Z(x1x61~-~xen71x,1;(mﬁ))

_ // S 1w1to{Hwel }

0<to< <ty <1
X w1 (t )2 P (1 — ) L dtg - - - dt,
for all a, B € C with Re(a),Re(B) > 0.

Proof. The proof is the same as that in [12, Proof of Lem. 2.2]. The integrand of
the iterated integral of (8) can be rewritten as

k—l
orf Tl Jocs = Tt

where p > 1, ¢co =1, ¢ € {0,1}, k; > 1 (i =1,...,p — 1), k, > 2. Using this
expression, we can rewrite the iterated integral of (8), which we denote by I, as

7= // (1 —tun)' oty 1{1_[“’011 “<Hw_ J>}

0<t11<':'<t1k1 <
<tin <o <tig, <
<tp1 <+ <tpk, <1

P ki
X t;lzpﬁ(l — tpkp)a_l (H H dtm).

i=1j=1

Further, applying the expansions

o = (@ o~ m
(I—tn) "= Z %tna (1 —ti) t= Z ti1
’ m=0

(i = 2,...,p) to the integrand and integrating term by term, we also have the
1dent1tles

>

0<my <oy <,y mp<oo

1
x/ (1 = tpr, )y dtp,
0

o {H | G

1=1
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-1

_ (@)m, g 1 1
- 2 " {H el s s

0<my <¢q -~<cp_1mp<oo

L(a)l(mp +1)

I'a+m,+1)
(W)m,  mp! s 1 1
- 0<m1<61mz<2 _ mp<oo mq! (a)mp+1 { };[1 (mi + ﬁ)ki }(mp + B)k”il
= Z(z " e, ab T e, lz’i”l 1,(04,[3))
for o, f € C with Re(a), Re(3) > 0. The monomial ;2" 'z, =271 e, 1x]il_1
can be rewritten as x1%, - - @, _,r—1 (e; € {—1,0,1}); thus we obtain (8). O

Using Lemma 2.1, we can prove the following duality formula for (3), which
will play an essential role in the proof of Theorem 1.1.

Lemma 2.2 (Duality formula). Let v € BY, and let 7(v) be its dual. Then

(9) Z(v; (@, ) = Z(7(v); (B, @)
for all a, p € C with Re(a),Re(B) > 0.

Proof. Making the change of variables t; = 1 — u,—; (i = 0,1,...,n; see [26,
p.510]) to the iterated integral on the right-hand side of (8), we obtain (9). O

Remark 2.3. Ulanskii [25] proved the Chen iterated integral representation and
the duality formula for EMZVs [25, Cor. 2 and Thm. 1]. The case a« = § =1 of
(8) and of (9) are Corollary 2 and Theorem 1 of [25], respectively. We also note
that (8) and (9) are extensions of our previous results [12, Lems 2.2 and 2.3].

§2.1. Proof of Theorem 1.1(i)

Let v = [T0_; ze,_, (ki) € B, and let 7(v) = [I?_; z;_, (k) be its dual. The proof is
done by differentiating both sides of the duality formula (9) » times with respect
to 8. The left-hand side of (6) is an immediate result of differentiating that of

(9). To obtain the right-hand side, we calculate the derivative (7r1,)r ddgr ( (éf)mi )
. mq 1

(r > 0). From the definition of ¢; (= 0,1), we have (8)m,4c; = (8)m, (m1 + B)e1.
Using this, we have the expression

(5)m1 _ z ml 1+c
(10) (B)mq+1 B (ml ‘|‘B <H m1+c )

1=2
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where myq, ..., mq € Z such that 0 < mi<y e <ey Mg and cﬁl = 1. The deriva-

tives of the factors on the right-hand side of (10) can be calculated as follows:

(=17 dr ((ﬁbm_ﬁcgl>
ri! dﬂ” (5)m1+c;

_ (/@)7ni,1+c;71 T 1
Bt E: 11

MY
mi_14c,_ <MD <o <MD <myte; =1 +5

(5)7ni_1+c271 T 1
W B > e

i B - M(Z
mi—1<.s 1A[1(L)§"'§Mr(;)<1,c{mi j=1 4, +8

forr; >0 (G =2,...,q). (From the definitions of the symbols ¢; and <, the
inequalities m;_1 + ¢;_; < Ml(z) and Mr(f) < m; + ¢, of (11) can be rewritten as
mi_1<C(L_71M1(’) and ngj)<1_cfimi7 respectively.) Using (10) and (11), we have

i ()

('rﬁ»c'lfl)

- Y

- /

Lt rg=r (m1 + B)r1+61
T‘,’,ZO

4 WL7 1+cl 1 T 1 )
([] 2 MY + 5

m +c ) ) L
mio1<g_ M{V< <MD <) gmg IZ1T

(7’1+c'1—1)
S =
e (mq + B)"
r; >0

S I

mg+1 X . . >
q =2 mi_1<y 1M1(1)S"'§M1(‘:)<1,c(mi j=1 j
i— : z

Z :

- /
my + g)an

At STy rimr (M1 TP)
ciri,ri >0

(12) XO%WMf1< 3 f .}ﬁ)

mg+1 - ) ) -
T i=2 77M‘—1<6271Ml(l)ﬁ"'SMf-z)<1,C;mi J=1""y
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for r > 0: the last identity of (12) follows from the identity

(13) (Ti+cg_1) 1 ifcf=r=0o0rc,=1,7 >0,

Ti 0 ifci=0,r>1.
Therefore, using (12), we have

(*rll)’“ aaﬂ: <(6) i { ‘ﬁ L } — +1@)%1)

=1

_ oy 5 (B)my mal(my + )
my! 1
i+, ri=r my <. M1(2)§---§M,(§)<1_C/ ma (ﬁ)mq+
71,1 >0 ! : 2

me_1<y MDD < <MD < myg
g—1 a q

1 q T 1 1
(14) X (my + B)Ei7 (my + o)kt {g (31;[1 Mj@ N B) (m; + a)¥i }

for r >0, my,...,mq € Z such that 0 < m1<¢; -+~ <y mq and cy = 1. Differ-
entiating the right-hand side of (9) r times with respect to 8 and using (14), we
obtain the right-hand side of (6). This completes the proof of Theorem 1.1(i).

§2.2. Proof of Theorem 1.1(ii) and a related theorem

For brevity, we put yﬁ,? = Z] 1 yj( 2 (i,m>1, y( 2 > 0): we regard y0 as 0. For
any v = [V z,_, (ki) € B° and its dual 7(v) = [[_; zer_ (k}), we define the
following two monomials:

(15) { H ch 1 k + Yk; —c; )}Zcpl (kp + YI(gi)fz)v
1 ll 1 k
Uy T M { H Tei_ - }

16) _ zl(ki){ Hzc;_lu)zl(l)li1-1z1<k;>},
1=2
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where y = ({y,(ji)_cl}Z 1 ,y](f)_Q) and l; >0 (t=1,...,¢q—1). If [;_; =0 in (16),
the factor becomes

therefore we regard 2, (1)z1(1)~ 121 (K)) as zer (k).
Theorem 1.1(ii) can be proved in the same way as in [12, Sect. 2]. We first
prove the following identity.

Proposition 2.4. Let v € B°. Then

T

> > Z(or-1(vy); )
=0 sty @

(>>0

;>

(17) = > Z(@r-1(vgy, 3=y @)

=0 I, +~~‘+lq71:l
;>0

for allr >0, o € C with Re(a) > 0.

Proof. The proof is similar to that of [12, Lem. 2.5]. Let v = [[%_, z, , (k;) € B°,
and let 7(v) = [[{_, zr_, (k) be its dual. Here we note that the identities

(7“! dﬁr({H mziﬁ }(mp +1ﬂ)kp1)

— i+71ri— kp rp—
) (le (1 ;) ) ( *Tpk ?) 1
ridetrp=r N i=1 (m; + B)ritri J (my + B)FrtTe—
7 >0

)

( ) _ Jr’l"p—’r l
Ty " l ciTi,rp>0

y“)zo

1

(p)
(mp +B>kp+yk;;—2+rp*1

(18) X
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hold for r > 0 and my,...,m, € Z such that 0 < m; <, -+ <c,_,my. Therefore,
using (18), we have

(_rll)r 88;7” (ﬁ?ﬁl (a?:iﬂ { Z,)_l (m; i Bk } (my +15)k”_1> ‘ﬁ—a

=1
r p—1
-y Yy Gl (T :
- | v® .
) “ mip: (a)m - ) kity,, /. teirs
=0 Sy, Tiden v Vit (mita) TR
» _; Tre=r—
Vi, 2=t im0
y§ >0
1
(19) X PR R
(mp+a) P kp—2 P

for r > 0 and my,...,my € Z such that 0 < m1<, -+ <.,_,my. Differentiating
the left-hand side of (9) r times with respect to 5 at § = o (o € C with Re(a) > 0)
and using (19), we obtain the left-hand side of (17). To obtain the right-hand side
of (17), we use the same computation as in the proof of Theorem 1.1(i). From the
definition of ¢; (=0, 1), we have (8)m,1e; = (8)m; (mi + B)¢. Using this, we have
the expression

(20 ngi: (H%anim)ml%

i=1 i=1

where myq,...,mg € Z such that 0 < m1<. e <ey Mg The derivatives of the
factors on the right-hand side of (20) can be calculated as follows:

(—1)% dsi ((ﬂ)mﬁc;)
sil dB* \ (B)mis

_ (ﬂ)mi+cg - 1
B (ﬁ)mH»l H

'rn,i-l-c;SMl(i) §‘~~§M5(Z:)<7m+1 J=1

_ (ﬁ)mri—c; > 1

mi < MY < <MD <y I
4

(B)ﬂ%ﬂrd >
o =ty % )
Mit1 .0 Zlf:lyﬁﬂz&:—li mi<c;M{i)<“'<Mz(Z)<mi+1j=1 (
y{V>0
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for s;,m;,m;r1 > 0 such that m; <. miq1 (i=1,...,q9—1), where we regard
Z 1 if S; = O,
0=s; 0 otherwise.
y$9>0

(From the definitions of the Symbols ¢; and <,,, the inequality m; + ¢, < ]\41 of
(21) can be rewritten as m; <. M .) Using (13), (20) and (21), we have

(o)

qg—1 r+c—1
-y (Mo
S N s =1 mz+6r7+c (mq + )t

qI(Gtss x >

Mit+1 g — i i =
L0 WDt mi< MO <o <MD <y 1 (
k2 k2

v 20
= Z (B)vm <<1—
Stz dran, e N
+21 1 Si=T

C; 7177q15120

(4) (RS}
. _ L ; ; . ) Jj
=L =0 Dt ma< g MY < <MD <y 71 (M;" + 58

(Z)Jrﬁ ( )+1>

1

—

1 > 1
(i + BT ) (g + By

v§>0
r —1
SIS > (o ) o
=0 li+-+lg_1=l SNa- Ll i (ﬂ)mq i=1 (ml + ﬁ)Ciri (mq + ﬂ)rq-i_l
llZO i=1 "' q

Ui
+Zi:1 EJ 1'9; )77’ l
cirivrg,ysY >0

—

Q

L

(2)
mi< /M( <. <M( demyyq 351 (Mj +8

X
i
I



548 M. IGARASHI

for r > 0. Therefore, using this result, we have

R s o e

T

_} : 2 : 2 : 2 : (@)m, my!
1=01 lg_1=l (1) (1) my! (a)mq
= 1+"l'+>%—1— Zl h 61T1+Tq ma < g MY < <My <

‘= +Z E/ 1"/(1)_"'*l :

ch iTHTeY )>0

p 1 i 1 1
(22) . { it ( - ' )} atT
E (mi+a)kiters ]1;[1 (M +ayy 1)) (mg+a)fatre

forr > 0and my,...,my € Zsuch that 0 <my <. --- <er My Differentiating the
right-hand side of (9) r times with respect to 8 at § = o (a € C with Re(a) > 0)
and using (22), we obtain the right-hand side of (17) This completes the proof
of (17). O

me_1<g MUV cMT Y <m,
qg—1 q—1

Proposition 2.5. Theorem 1.1(ii) and Proposition 2.4 are equivalent.

Proof. Letv € B°, and let vy be the monomial defined by (15). From the definition
of the dual map 7, it can be seen that the dual 7(vy) takes the form

(23)  zp2’? {Hx oy o }—21 {Hz B i 1‘1z1(k2)}

with
p—1
Lty = Zyl(:)—cz + y](f)_w

where I; > 0 (i = 1,...,q — 1) and the parameters ¢, ¢;_, and k. are those of
T(v) =1}, zer (k7). The monomial (23) is just v TAT=IL
by (16). The equivalence can be proved by using these facts on monomials and the
same argument as in [12, Proof of Prop. 2.7]. O

the monomial defined

We can also prove the following theorem, which shows that the same equiva-
lence as in [12, Thm. 1.2] holds for the extended multiple series.

Theorem 2.6. The following assertion (A) is equivalent to Theorem 1.1(ii):

(A) Letv € B°, and let 7(v) be its dual. Then the identity (7) holds for all “even”
integers r > 0 and a € C with Re(a) > 0.

Proof. This can be proved in the same way as in [12, Sect. 3]. O
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Applying Theorem 2.6 to the case v = []5_; z1(k;), we have Theorem 1.2 of
[12].

Example 2.7. We give some examples of Theorem 1.1:

(1) We put v = z1 (k){I1’—s 20(ki)} (0, ki >1 (i =1,...,p—1), k, > 2). Then

we have

(v0) = {Hxx}xx - {:szc;l(l)}zc;l(z),

i=p

where ¢ > 1, ¢) =1, ¢ € {0,1} (i =1,...,q — 1). Because 72(vg) = vg, the dual
of 7(vg) becomes vg. For these monomials, the identity (6) gives the following two
different relations among (2), which come from the symmetry in a and S of (9)
(compare (14) with (19)): by taking v = vg in (6),

Z pr_[l kz+7"171 kaerfZ
_ T4 Tp
ri+-trpy=r 1

1=
7‘7120

><Z<21 k1+r1{Hzok+n} 75)>
(24) =Y e ({ Hzcl (O SANCRER)

/ q L
ciri+ E i—o Ti=T
!’
cir1,r; >0

and, by taking v = 7(vg) in (6),

> ({Hz 1+ }z/q 24 r); (@ 5))

rittrg=r
’I‘iZO

(25) = > Z oy i}y (Zl(kl){ Zli[QZO(ki)}; (8, Oé))

e(p)ri+>t_gri=r
e(p)r1,mi =0
for all 7 > 0, a, 8 € C with Re(a),Re(8) > 0, where e(p) = 1if p=1and e(p) =0
otherwise. If p = 1, the right-hand side of (25) becomes Z(*T)(zl(kl) (B,a)) =
Yo o(m+ B)7" " (m + a) k1L therefore, the case p = 1 of (25) is the sum
formula proved in [10] (see also [127 Rem. 2.4] and [13, (R2)]). We note that,
for the monomials vg and 7(vg), the identity (7) gives only the following relation
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among (2) with o = g:

2 (stto{ Tt = 1)

> ({Hz 1-1-67"1)}2.; 1(2+rq);a>

Zl 1 chritre=r
c; ’I‘L,TqZO

for all r > 0, o € C with Re(a) > 0.
(ii) Since the dual of [T%_, z1(k;) is T[], 21 (k}), the identity (6) with v=T]"_, 21 (k;)

becomes
S AT e[ o)

ritotrp=r ~i=1
7‘120

(26)

q

= > Z?{n};}l)(H (i +74); ’)>

T14-trg=r =1
Tizo

for all r > 0, «, 8 € C with Re(a),Re(8) > 0

§3. Duality of multiple Hurwitz zeta values

In the present section, we apply our method used in Section 2 to deriving duality
relations for multiple Hurwitz zeta values. Our result in the present section is also
formulated in the same way as in the introduction. We define the evaluation map
(=C(s: B = Cby((1;a) =1 and

P

1
27)  C(za(k1)ze, (h2) - -ze,, (kp)ia) = > —
1L (my 4 )k
O§m1<gl~~~<cp_lmp<oo =1

where p > 1 and o € C\ Z<¢. This map can be extended to Q-linear maps onto
the whole space VY. We call the multiple series (27) the multiple Hurwitz zeta
value (MHZV for short). In [10] and [13], we studied relations for MHZVs in some
different ways. Our results were described as relations between MHZVs and the
multiples series

- myp! P 1
23) Al |

0§m1<01~~<6p_1m,,<oo =1

where z € {-=1,1}, p > 1, a;,b; € Z such that a; +b; > 1 (i = 1,...,p— 1),
ap +b, > 2, a € C with Re(o) > 0, (a), is the Pochhammer symbol. (For
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related works, see Remark 3.3 below.) Our result in the present section, a duality
of MHZVs, is also described as such a relation. To formulate it, we introduce the

evaluation map H(y, 1. = H, : BY — C defined by Hip, y(Lia) =1
vtJi=1 rSi=1

({7‘1'};‘1:1)70‘
and

H(*{ri}le) (21(k1)ze, (ko) - +2e,_, (Kq); @)

(29) = > M{H< j M<$+a> (mz}rl)ki}’

0<M{V < <MD <y ymy

mi71<ci,1Ml(i)S'"'SM,E::)<1fc,imi
mq,1<cq,1M{q>§--f§M£g><1,cqmq<oo
where ¢ > 1,7, >0 (i = 1,...,¢9), ¢¢g = 1, @« € C with Re(a) > 0. If r; =
0, we regard the inequalities m;_1 <,,_, Ml(l) < ... < M() <1—¢; m; of (29)

as m;—1 <¢_, m;. This map can be extended to Q-linear maps onto the whole
space VY. We also use the map ¢%2: B® — V0 defined by ¢%2(1) = 1 and

072 (21 (k1) ey (k2)- -7, (Kp))

_ {H(“” )}H“

riteetrp=r S i=1
7‘7;20

where r > 0. This can be extended to a Q-linear map from the whole space V°
to itself. Using the same method as in Section 2, we can prove the following new
relation between MHZVs and (28) with z = 1, which yields numerous relations.

Theorem 3.1. Let v € B°, and let 7(v) be its dual. Then

(30) (o (v);a) = Z H{{ri}gzl)(T(U% @)
ri+4-trg=r
TiZO
for allr >0, o € C with Re(a) > 0.

Proof. Let v = []i_; z¢,_, (ki) € B°, and let 7(v) = [[{_; 2, (K}) be its dual. In
the same way as in the proof of Lemma 2.1 with a = 1, we have the following
iterated integral representation of (27):

C(xlwel' cTep_1T—1; a)

(31) = // o~ wlto{]‘[we”} tn) dtg - - - dty,

0<to<-<tn,<1
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for a € C with Re(a) > 0, where n > 1 and ¢; € {-1,0,1} (i = 1,...,n — 1).
Further, making the change of variables t; = 1 —wu,—; (i =0,1,...,n) to the above
iterated integral, we have the duality formula

oy e

0§m1<cll~~~<c/ l'rnq<<>o m +1
a—

(32) = H;{o}gzl)(T(U); a)

for &« € C with Re(a) > 0. The left-hand side of (30) can be obtained by differ-
entiating that of (32) r times. The right-hand side of (30) can also be obtained
in the same way as in the proof of Theorem 1.1(i). Indeed, dividing both sides of
(10) by (B8)m,, we have the expression

L1 <ﬁ(a)mi1+cgl>7

(a)mq+1 (O‘)m1+c/1 =2 (O‘)mmch

where mq,...,mq € Z such that 0 < my<e <o,
and a computation similar to that in the proof of (12), we have

(_rll)r d(Z” ((gg:ii' { ﬁ (m; i 1k })

i=1

mg and ¢, = 1. Using this

T1

- ¥ (e > II——)

(e} / (1)
ridetrg=r ( )m1+01 0<M® <o MWD <y 4o I=1 Mj + «
r; >0 =1 == 1 1
g (O[)m7171+0271 q
- X 11 (z ||
. Q)4 . M (m;+1)
=2 i mi—l‘i’C;_lSMl(l)S" j=1 j i=1 T

<MD <mi+]

S e s My

(1)
ritetrg=T (@), +1 o<MP < <P < /m1j:1M ta
,',,720 - 1 = — 1 l—cl

(- x o))

mi—1<.r lMl(I)S‘
i
SMT(»;)<1—c§mL
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33) = Z Z (qu)!{ﬁ(ﬁ '1a>(mﬂlr1)’fi}

()
R e VN e §07;)1mq+1 =1 My
Ti 2> - - 7. r
m"'_1<c,’~71M1(i)S"'SN]£E><17c(m7"
mg—1<./ M{Q)S"'SM£Q)<1—J Mg
q—1 a

forr >0, mq,...,mq € Zsuch that 0 < mi<e - <cr—1Mgq and c; = 1. Therefore,
differentiating the right-hand side of (32) r times and using (33), we obtain the
right-hand side of (30). This completes the proof. O

Note. I note that the case v = [[%_, z1(k;) of (30) was proved in my manuscript
submitted to a journal on March 9, 2015 and its preprint distributed in Febru-
ary 2015 in the same way as in the proof of (30): the case v = []7_; z1(k;) of
the proof of (30) is just the proof written therein. As regards the duality for-
mula (32), I stated the case v = [[}_, z1(k;) of it in my talk at the Seminar
on Analytic Number Theory, Graduate School of Mathematics, Nagoya Univer-
sity, Japan, February 13, 2008. (See also [12, Acknowledgments, p.578] and [16,
Note (ii)].) Therefore Theorem 3.1 and its proof are extensions of my previous

works on MHZVs.

Example 3.2. For the monomials vy and 7(vg) used in Example 2.7(i), the iden-
tity (30) also gives the following two different relations between MHZVs and (29),
which are similar to (24) and (25): by taking v = vg in (30),

= R0

rit-trp=r N i=1 =2
’I“iZO
qg—1
= 2 ey ({ T g @50)
ritetrg=r i=1

T3 20

and, by taking v = 7(vg) in (30),

Sty <{Hzc 1-1-7‘2}2;1(2-1-7",1);0[)

ri4-trg=r
7’7;20

= 2 Hi, (zl’fl{HzO })
r1+'r~;-£6p=r

for all > 0, o € C with Re(a) > 0.
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Remark 3.3. Coppo [1], Coppo and Candelpergher [2], Emery [3] and Hasse [6]
proved relations between the case ¢; = 0 (or ¢; = 1) (1 = 1,...,p — 1) of (28)
and the single Hurwitz(-Lerch ) zeta values ((z1(k1); @), Yoo 2™ (m+a)~F. We
proved in [10] relations between the above case of (28) with z = 1 and the case
ci=1(=1,...,p—1) of (27): see [10, Prop. 2 and its examples] and [13, (R3)].
See also [17, Note 2].

Corrections to [14]. (i) Page 223, line 7: “the idea” should be “our idea”.
(ii) Page 223, line 15 from the bottom and page 234, line 12: “former” should
be “previous”. (iii) Page 235, line 7: “sort” should be “kind”.

Corrections to [12]. (i) Page 575, lines 2-3 from the bottom: “what we noted”
should be “a note on”. (ii) Page 578, line 23 from the bottom: “March 2007” should
be “February 3, 2007”.
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