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On existence of minimizers for weighted L?-Hardy inequalities
on C'”-domains with compact boundary

Ujjal Das, Yehuda Pinchover, and Baptiste Devyver

Abstract. Let p € (1,00), 0 e R,and Q & R¥ be a C!-”-domain with a compact boundary
0, where y € (0, 1]. Denote by §q (x) the distance of a point x € Q to dQ. Let Wol’p:“(Q)
be the closure of CS°(2) in W1-2:¥(Q), where

7 ; 1, .
W2(@) 1= g € Wt (@) IV s + 1917, g s—cwrm)) < 29}

We study the following two variational constants: the weighted Hardy constant

Hy p(Q) := inf{/ |Vo|P85%dx :/|¢|P55(“+P>dx =1lp¢c Wgﬁpia(sz)},
Q «Q

and the weighted Hardy constant at infinity

A, (Q) := sup inf { / V| P85%dx / |28 @ P dx = 1}.
KeQ wl?P(Q\K) _ _
Q\K
We show that Hy, ,(2) is attained if and only if the spectral gap 'y, p(2) := A7, (R2) —
Hy . p(R2) is strictly positive. Moreover, we obtain tight decay estimates for the corresponding
minimizers. Furthermore, when Q is bounded and« + p = 1, then A72 , (£2) = 0 (no spectral
gap) and the associated operator —Aj_, , is null-critical in € with respect to the weight 551,
whereas, if @ + p < 1, then A5°,(Q) = }Lﬁ-lr” >0 = Hy. p(2) (positive spectral gap)

and —A, p is positive-critical in €2 with respect to the weight 85(0{—1—;9 ).
1. Introduction
Let N >2and Q2 & RY be a C!Y-domain with a compact boundary 92, where

y € (0, 1]. Denote by 8q (x) the distance of a point x € Q2 to d€2. Fix p € (1, c0) and
a € R. We say that the L*?-Hardy inequality (or the weighted Hardy inequality) is
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satisfied in €2 if there exists C > 0 such that

/ IVo|? §5%dx = C / p|? 85T P dx forall g € (). (1.1)
Q Q

The one-dimensional weighted Hardy inequality was originally proved by Hardy (see
[27, p. 329]). The celebrated papers [37,42] should also be mentioned in connec-
tion with one-dimensional weighted Hardy-type inequalities, where general weights
in place of the distance function to the boundary are studied. A comprehensive review
on weighted Hardy inequalities is presented in [10]. For « = 0, inequality (1.1) is
often called the Hardy inequality for domains with boundary. We note that (1.1)
can also be viewed as a geometric Caffarelli-Kohn—Nirenberg-type inequality for
domains with boundary (cf. [22]). The validity of (1.1) indeed depends on o and
the domain 2. For instance, if @ + p < 1, then (1.1) does not hold on bounded Lip-
schitz domains [29], see also Proposition 3.2. On the other hand, for & + p > 1,
(1.1) is established for various types of domains: bounded Lipschitz domains [38],
domains with Holder boundary [31], general Holder conditions [44], unbounded John
domains [33], domains with sufficiently large visual boundary [29], domains having
uniformly p-fat complement [34,43] and also for uniform domains with a locally
uniform Ahlfors regular boundary and p = 2 [41], see also the references therein.
Let

Whre(Q) = {p € WP (Q):

N . D D 1/p
¢l riay = VO @) + 1017 g sarm))” < o0h

and let W, 7** (R2) be the closure of C2°(£2) in W1-73(RQ). Set

Hy () =inf{/ |Vo|Psg%dx : f 19|85 P dx = 1,9 € Wol’l’;“(sz)}. (1.2)
Q Q

Itis clear that Hy, ,(S2) > 0. As mentioned above, if « + p < 1, then the L*?-Hardy
inequality does not hold for a bounded smooth domain (in other words, one has
Hy p(2) = 0). However, if Hy ,(€2) > 0 for a given domain €2, then by means of
a standard density argument, it turns out that (1.1) holds with H,, ,(€2) as the best
constant for inequality (1.1). We call the constant H,_ ,(S2) the L*?-Hardy constant
(or simply the weighted Hardy constant) of 2.

Form € N, let

4

We recall that if @ + p > N, then for any domain Q € RY . we have Hy p(R2) >
Ca,p,N [6, Theorem 5] and [26, Theorem 1.1]. Further, if 2 & R is a convex domain
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and o + p > 1, then Hy, ,(2) = cq,p,1 [7, Theorem A]. There have been many efforts
towards the estimation of H,, ,(£2) for various domains, see for example, [9, 11, 18]
and references therein.

The main aim of the present article is to address the question of the attainment
in Wy 7**(Q) of Hy, () for C'-domains with compact boundary and study the
asymptotic behaviour of the corresponding minimizers when they exist. Consider
another variational constant, the weighted Hardy constant at infinity, namely,

AL, (Q) = sup _inf { /|V<p|1’55“dx: [|<p|1’85(“+1’)dx = 1}.
’ KeQ WHP(Q\K) _ _
Q\K

Remark 1.1. At this point, the above definition of the weighted Hardy constant at
infinity requires a short explanation. By the Agmon—Allegretto—Piepenbrink-type the-
orem (see, Theorem 2.1), we have

/\g‘fp(Q) = sup{)t eR:3KE@Qandu € Wl’P(Q \ K) such that ¥ > 0 and

loc

A _
— div(8g® [VulP V) — =™ = 0in @\ K}.

Indeed, this key property will play a central role throughout the paper.

Consider the spectral gap Ty, ,(£2), defined by

Lo p(R) = 25°,(R2) — Hy, p ().

Since any u € wih? (Q\ K) for K € Q can be extended by zero outside K and
considered as a Wol’p;“ (2)-function, it follows that one has A3°,(Q) > He,»(Q), i.e.,
e, p(R2) > 0.

Remark 1.2. The («, p)-Laplacian
Ag,p(u) = div(8g%|Vu|?~>Vu)

is clearly related to the energy functional [, |[V|?85%dx. Consider the linear case
p = 2, and let P be the Friedrichs extension of —8g+2)Aa,2 in L2(Q; 85(°‘+2)).
Then the best Hardy constant Hy 2(£2) and Ag%, (€2) are, respectively, the bottom of
the spectrum and the bottom of the essential spectrum of P in L?(; 85(‘”2)) (see
for example [1]). Hence, [’y »(€2) is indeed a spectral gap of P.

We show that for any domain Q € R¥ with compact C > -boundary, the follow-
ing “gap phenomenon” holds true.
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Theorem 1.3. Let @ € RY be a domain with compact CY> -boundary. Then the

variational problem (1.2) admits a unique (up to a multiplicative constant) positive
minimizer in Wol’p;a (2) ifand only if Ty, p(2) > 0.

Moreover, we obtain the tight decay estimates of the minimizers (when exist) for
bounded domain in Theorem 6.1 and for unbounded domain in Theorem 7.2. These
results extend the main results of [32], which deals with the case o = 0, to the case
o € R. The proofs of the theorems strongly rely on the fact that for C >>-domains
with compact boundary, one can compute explicitly the weighted Hardy constant at
infinity A57,(€2). We will first prove the case of bounded C 1.>_domains, and then
the case of unbounded C 'Y -domains with compact boundary, which we call exterior
domains by analogy with the case where the boundary is connected.

In the course of the paper, we also show some other results that are significant
in their own right and which we now describe. Besides the fact that the explicit esti-
mate of the weighted Hardy constant at infinity is crucial for our approach, there is
independent interest to analyze this constant in the weighted case (o # 0), see [41].
First, we prove that if Q is a C*>-bounded domain, then Ag () = ca,p,1 (Corol-

Cl’>>

lary 5.2), while for a -exterior domain (i.e., an unbounded domain with compact

boundary), we have (Theorem 7.1)
Aaop(R) = Ca,p 1= min{Co,p,1, Ca,p,N }-

Note that if @ + p = 1, then ¢4, p,1 = 0 and hence Hy ,(2) = 0, i.e., the Hardy
inequality (1.1) fails to hold in this case. In fact, the Hardy inequality (1.1) does not
hold for C'*>-bounded domains when o + p < 1 (see [29] and also Theorem 3.1).
Moreover, for such (o, p), we show that —A , is null-critical (resp., positive critical)
in Q with respect to the weight 85(a+p) ifa + p =1 (resp.,  + p < 1), see Propo-
sition 3.2. Similarly, in C ¥ -exterior domains, if @ + p € {1, N}, then ¢q,, = 0 and
the Hardy inequality (1.1) does not hold (Corollary 3.4 and Theorem 7.1).

Let us discuss now the behavior of a minimizer. We show in Theorem 6.1 that
a positive minimizer u (if exists) satisfies u < 8¢, near the compact boundary 02,
where either v € (X2=1 ¢XP-llifg 4 p > lorv e (%,O] ifa+p<lis

p r—1
the unique solution of the (transcendental) indicial equation

WIP72vje + (1= v)(p = D] = He,p(R).

In fact, if « + p < 1, then Hy ,(2) = 0 for C LY bounded domains, and therefore,

v = 0. In addition, when Q is a C ! -exterior domain, we prove in Theorem 7.2
that the minimizer u also satisfies u < [x|” ~ 8¢, near oo, where either b € (“:’%N,

#] ifo+p<Norve|0, W) ifa + p > N is the unique solution of the
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indicial equation

1517720 = N + 1) + (1 = 9)(p — 1)] = Ha,p(Q).

The gap phenomenon for Hardy-type inequalities has a long history. For instance,
for « = 0 and bounded C2-domains, the gap phenomenon has been established in
[35, p = 2] and [36, p € (1, 00)]. In C?-exterior domains, one-way implication of
the gap phenomenon was established in [15], which was extended to the weighted
case for p = 2 in [16]. One of the crucial difficulties occurs in the weighted case due
to the simultaneous concentrations at the boundary and at infinity, see [16]. A related
gap phenomenon for weighted Hardy-type inequalities for C2-bounded domains and
o« + p > 11is proved in [5]. See also [14] where the gap phenomenon is established
under the Neumann boundary condition. It is important to mention that indeed there
are C»>-bounded domains with a positive spectral gap (Remark 6.5). However, to
our knowledge, it has not been clear whether there are exterior domains with a positive
spectral gap. In fact, we observe that there is no such C 1 -exterior domains if o +
p > N. Nevertheless, when « + p < N, we show that such exterior domains exist,
see Remark 7.7.

Now, we briefly describe our approach, which is based on the criticality theory.
Having a C2-domain, the authors in [35,36] used the existence of tubular coordinates
near the boundary and the C2-smoothness of the distance function near the boundary,
which allowed them to construct suitable sub- and supersolutions of the correspond-
ing Euler—Lagrange equation using the so called Agmon trick, see [35,36] for more
details. Therefore, going from C2-domains to C ¥ for some y € (0, 1] was indeed
significantly challenging. In [32], the authors used criticality theory to prove the gap
phenomenon in a C 1Y -domain with a compact boundary and & = 0. One of the key
steps of their proof is to show that the corresponding Euler—Lagrange equation admits
an Agmon ground state u provided there is a spectral gap, and under this assump-
tion, u in fact belongs to the right function space, see [32, Theorems 4.1, 4.4, 5.1,
and 5.4] for the details. For the first part of the proof, the authors used criticality the-
ory [32, Lemma 2.3], and for the second one they used Agmon’s trick to construct
suitable sub- and supersolutions of ([32, Lemmas 3.4 and 3.5]) of the correspond-
ing Euler—Lagrange equation followed by a weak comparison principle due to [36]
to compare the Agmon ground state and these sub- and supersolutions. Since the dis-
tance function is only Lipschitz continuous near a C !> -boundary, they replaced the
distance function by the Green function of —A, (for exterior domains the authors
also used certain power functions of | x| to investigate the behaviour near infinity). It
is important to note that this replacement was effective due to the fact that the Green’s
function of —A, is C 1> _smooth near 92 and satisfies the Hopf-type lemma and
therefore behaves asymptotically near d<2 as the distance function ([32, Lemma 3.2]).



U. Das, Y. Pinchover, and B. Devyver 1094

Our main tool of the present paper for proving the gap phenomenon is criticality
theory for equation (2.1). As it is done in [32] for the case of ¢ = 0, we first recall
that if there is a spectral gap, then the operator —Ay , — Hy, p (Q)Sa(aﬂ’ )1 p 1s crit-
ical in 2 and therefore, it admits an Agmon ground state (Lemma 2.8). In the next
step, we construct, with the help of the Agmon trick, suitable sub- and supersolutions
of the corresponding Euler-Lagrange equation (2.1), in order to obtain the asymp-
totic behaviour of a minimizer near the boundary. To perform the Agmon trick in the
weighted case (@ # 0), we first derive the basic tool, a chain rule (2.3) for A p, in
Lemma 2.10. In view of (2.3), one may anticipate using the powers of Green’s func-
tion of —Ag, , (or the powers of dg) to exploit the Agmon trick when the domain
is bounded. But, this does not help as the Green’s function of —A, , (or the powers
of §g) for certain o and p does not satisfy Hopf-type lemma, see Remark 8.1 (ii).

One of our crucial ideas is to realize that the powers of the Green function of
—A, in Q is the right comparison functions for our purpose near d€2, see Lemma 5.1.
This realization comes from the identity (2.5) in Remark 2.11. As the identity (2.5)
shows, one needs to take care of the extra singular terms in this identity to successfully
perform the Agmon trick in the weighted case. Additionally, for exterior domains, a
standard analysis of the function ¢ + [¢|?~2¢[(@ — N + 1) + (1 —¢)(p — 1)] on cer-
tain compact interval leads us to determine the appropriate power function of |x| to
apply the Agmon trick near infinity, see Lemma 5.4. Finally, in order to compare the
Agmon ground state and these sub- and supersolutions, we derive the weak compari-
son results in Lemma 4.2 and Lemma 4.3 which extend the weak comparison results
of [36] to the weighted case. Certain estimates of the integral of some powers of the
distance function near the boundary play a crucial role in extending these results to
the weighted case.

In Table 1, we summarize the spectral gap phenomenon as a function of the bound-
edness of Q2 and the values of & 4+ p. We use the notation I'y, ,(£2) = 0 for cases in
which we give examples of domains with and without a positive spectral gap.

Throughout the paper, we use the following notation and conventions.

« For R > 0, we denote by Bg C R the open ball of radius R centered at 0, and
let B = RY \ Bg.

* Forr>0,wesetQ, :={xeQ:0<dgx)<r},Q :={xeQ:dqx)>r},
and

1
5,={xeQ:8agx)=r}, D,:= {er:Er <89(x)<r}.

+ s denotes the characteristic function of a set S ¢ RV.

o We write 4] € A, if A isa compact set, and A; C A,.
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For a Lebesgue measurable set A C RY, its Lebesgue measure is denoted by
|A|n.

C refers to a positive constant which may vary from line to line.

Let g1, g2 be two positive functions defined in 2. We write g1 < g5 in Q if there

exists a positive constant C such that C ~1g,(x) < g;(x) < Cga(x) forall x € Q.

Letg1,22:Q2 —> R.If x¢ € QU {oo} and limy s x, 2—8 = 1, we write g1 ~ g2

as x — Xp.
For any real valued measurable function u and @ C RY, we define

igfu = essigfu, supu = esssupu, ut = max(0,u), u~ = max(0,—u).

Q Q
For a subspace X(€2) of measurable functions on 2, X.(R2) := {f € X(Q) |
supp f € Q}.
For a real valued function u, we define I,(u) = [u|?~2u.
The operator A, (u) := div(|Vu|?~2Vu) is called the p-Laplacian.
The operator Ay, p(u) := div(§5*|Vu|?~2Vu) is called the (o, p)-Laplacian.

L?(2; ) denotes the weighted L? space on 2 with respect to the weight func-
tion w.

2. Preliminaries

Let V e L (R2). Consider the functional

In particular, for V = —A

loc

Qupy(9) = [ G2 IVel? + ViglP)dx forall g € CX(Q).
Q

85(a+p ) with A € R, we study the functional

Qs (9) = / (3% Vel? =485 Plp|P)dx  forall p € C2(Q).
Q

The associated Euler—Lagrange equations (up to the multiplicative constant p) are

Qu,p,v (W) := (=Ag,p + VI)w =0 ingQ,

and

A :
Qa’p’_/wg(ot-kp) (w) 1= <_Aa,p - (g(x—erIp)w =0 in Q. 2.1
Q
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A function u € W];C’p (R2) is called a (weak) subsolution (resp., supersolution) of the
equation
(—Aq,p+VIp))w=0 inQ 2.2)

if
/(8§“|Vu|1’_2Vu Vo + V|ulP2up)dx <0 (resp., > 0)
Q

for all non-negative ¢ € C>°(2), and in this case we write Q4 p v (4) < 0 (resp.,
> 0). A function u € Wléc’p (R2) is a (weak) solution of (2.2) if u is both subsolution
and supersolution of (2.2). Furthermore, we write Oy, p,v > 0 in Q if the equation
Qa,p,v(w) = 0in £ admits a positive (super)solution in €.

2.1. Basic notions in criticality theory

First, we quote the Agmon—Allegretto—Piepenbrink (AAP)-type theorem (see [39,
Theorem 4.3]) stated for our particular case.

Theorem 2.1 (AAP-type theorem). The following assertions are equivalent:
(1)  Qu,pyv =00nCZ(Q);
(ii)  the equation Qy,p.v (W) = 0in Q admits a positive (weak) solution;

(iii) the equation Qq, p,v (W) = 0in Q admits a positive (weak) supersolution.

We recall some basic results of criticality theory for the operator Q.1 in 2. The
operator Qg p,v > 0in Q is subcritical in Q if there exists a non-zero non-negative
W e C2°(R2) such that Qq,pv—w > 0 in Q, otherwise Qg p,v is critical in Q. It
follows from the AAP theorem (Theorem 2.1), that Q , v is critical in €2 if and only
if the equation Qg,p,v(w) = 0in 2 admits a unique (up to a multiplicative constant)
positive supersolution, and this supersolution is in fact a (unique) positive solution of
the above equation (see [39] and references therein). It is called the Agmon ground
state (or simply ground state) of Q4 p v in Q.

Definition 2.2 (Positive solution of minimal growth at infinity). Let K¢ be a com-
pact set in € such that Q2 \ Ky is connected. A positive solution u of the equation
Qa,p,v(w) =0in Q \ K is said to be a positive solution of minimal growth in a
neighborhood of infinity in 2 (and denote it by u € Mg\ k) if for any compact set K
in ©, with a smooth boundary, such that Q2 \ K is connected and Ko € int(K), and
any positive supersolution v € C((2 \ K) U 0K) of the equation Qg ,,v(w) = 01in
Q\ K, the inequality u < v on dK implies thatu < v in Q2 \ K.

A positive solution u of minimal growth at infinity with respect to Ko = @
(u € Mg) is called a global minimal solution.
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It turns out that Q4 , v admits a global minimal solution in €2 if and only if
Qq,p,v is critical in € ([39, Theorem 5.9]). Hence, a global minimal solution is a
ground state of the corresponding critical operator Qg p,v. In [39, Theorem 5.9],
it was moreover proved, under the assumption that Q4 p,v is non-negative, that for
any given xo € €2, there exists a positive solution uy, € Mgq\(x,}- However, a subtle
issue concerning u, was left aside in this work and appears to be lacking also in the
current literature, namely, the possibility that u,, has a removable singularity at xo
(i.e., extends to a global solution in the whole 2), but is not in Mg. We address
this issue in Appendix D; namely, we show that if uy, € Mq\(x,} has a removable
singularity at xo € €2, then ux, € Mg, and therefore, Q. p, v is critical. As a corollary,
we can complete the results of [39, Theorem 5.9] and obtain the following theorem.

Theorem 2.3 ([39] and Theorem D.2). Let V € L2 (S2), and assume that Q. p v
is non-negative in Q. Then for any xo € Q, the equation Qq p v (w) = 0 admits a
positive solution uy, in Q \ {xo} of minimal growth in a neighborhood of infinity
in Q.
Moreover, we have the following dichotomy:
(1)  either uy, has a removable singularity in xo, and this occurs if and only if
Qa,p,v is critical in Q, and uy, is an Agmon ground state,

(ii)  or ux, has a nonremovable singularity at xo, and this occurs if and only
if Qa,p,v is subcritical in Q, and uy, is called a minimal positive Green
function of the operator Qq, p,v in Q with singularity at xo € Q.

Remark 2.4. If @ < R¥ is a C1Y-domain, then clearly —A,, is subcritical in €2. Let
O0< Ve Wi;c’p (2) be a minimal positive Green function of the operator —A, in
with a singularity at some xo € . It is known that ¥ € C17(Q \ {xo}) for some
0 < y < 1. Furthermore, the Hopf boundary point lemma holds for —A, in  (see

[32, Section 2]).
Next we recall the notion of a null-sequence.
Definition 2.5 (Null-sequence). A non-negative sequence (¢,) € W12(Q) N C.(Q)
is called a null-sequence with respect to the non-negative functional Q¢ v if
* there exists a subdomain O & 2 such that ||¢,||1»0) < 1 foralln € N, and
o limy oo @, p,v(pn) = 0.
Definition 2.6 (Null vs. positive-criticality). We call an operator Qg , v null-critical
(respectively, positive-critical) in 2 with respect to a weight function W = 0if Qg p v

is critical in € with a ground state ® satisfying ® ¢ L? (2, Wdx) (respectively, ® €
LP(2, Wdx)).
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Remark 2.7. The non-negative functional @, , y is critical in  if and only if it
admits a null-sequence in 2. Moreover, any null-sequence converges weakly in
Lf;c (2) to the unique (up to a multiplicative constant) positive (super)solution of the
equation Qg , v (w) = 0in €2, hence, it converges to the ground state. Furthermore,
there exists a null-sequence which converges locally uniformly in 2 to the ground
state [39].

The following lemma, which is not new, asserts that if the spectral gap is strictly

positive, then the operator Q (a+p) 18 critical in Q.

a’pa_HO(,p(Q)SS_Z
Lemma 2.8. If the spectral gap condition

Ta,p(R) = A2, () — Ha,p(R) > 0

is satisfied, then the operator Q ) is critical in Q2. In particular, the

: o,p.—Ha, p()85F?
equatlon

(—Aa,p — Hap()554TP I)w =0
admits a ground state in Q.
Proof. The proof follows arguments similar to those in [32, Lemma 2.3]. ]

It turns out that a ground state of a critical operator admits a null-sequence which
is pointwise bounded by the ground state.

Lemma 2.9 ([17, Lemma 5.5]). Let (¢,) € WEP(Q) N Co(R) be a null-sequence
with respect to the non-negative functional Qo p v, and let ® € Wlic’p ()N C(R) be
a corresponding Agmon ground state. For each n € N, let ¢,, = min{g,, ®}. Then
(@n) is a null-sequence for Qq p,v.

2.2. A chain rule

The following lemma is an extension of [21, Lemma 2.10] to the operator A, , which
will be used frequently in this article.

Lemma 2.10. Let 0 <u € W7 n C(RQ), and let F € C*(Ry) satisfy F' > 0 and

loc
(F)P=2F" is continuous on (0, +00). Suppose that |F'(u)|P~2|VF'(u)| € LL ().

loc
Then the following formula holds in the weak sense:

~Aa,p(F) = ~|F')|P2[(p = DF" )8 [Vul? + F' () Ag,p(w)].  (2.3)

Moreover; if Ag, (1) € LL (), then Ag,,(F(u)) € LL ().

loc loc
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Proof. Denote —A,, ,(u) by g, and let ¢ € C°(£2). By the product and chain rules,
we have

f|VF(u)|P_2VF(u)-V¢dv = — /|Vu|1’_2Vu-V(|F’(u)|p_2F'(u))<pdv
Q Q

+ / [Vul?=2Vu - V(I F' () [P~ F' (u)p)dv,
Q

where dv = §5%dx. By our assumption on F* and u, it follows that
[F')|P2F'(w)g € W, (2) N C(RQ).
Consequently, the second term of the right-hand side in the above equality equals
[ 1vur2vn vaE P Fane = [ glF 0P F g
Q Q

Therefore,

/|VF(u)|p_2VF(u)-Vgodv = —/|Vu|P—2w-V(|F’(u)|P—2F’(u))<pdv
Q Q

T / ¢|F'(u)|P~2 F' (u)pdx.
Q

Consequently, in the weak sense we have

— Aq,p(F(u))
= 8% |VulP72Vu - V(|F' (W) |P2F' (1)) — Ag.p ()| F'(w)|P72F' (u).

Note that for p > 2 and s > 0, the function I,(s) := |s|?~2s is continuously differ-
entiable, and I,(s) = (p — 1)|s|?~2, so the chain rule in W7 implies that in this
case

V(F' )72 F'(w) = (p — DIF' )P 2 F" (u)Vu,

Therefore, in the weak sense,
8% [VulP=>Vu - V(| F'w)|P 2 F'(u)) = (p — DIF' ) |P 2 F" (u)85% |Vul?. (2.4)

Consider the case p < 2. In light of (A.6) in Appendix A (or by [28, Theorem 2.2.6]
which is applicable under the hypotheses on F), it follows that (2.4) still holds true.
This implies (2.3), and hence clearly completes the proof of Lemma 2.10. |
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Remark 2.11. Let ¥ > 0 be a minimal positive Green function of the p-Laplacian in
Q with a singularity at some xo € 2. We have in Q \ {x¢}

e _ _ _,VW¥. Vg
Ag.p(W) = div(§g% VY|P 2VU) = §5% A, (W) — a|VI|? ZW
Q
_, VW .Viq
= —a| VY|P — . (2.5)
852

Taking u = W in Lemma 2.10 with F € C2(R ) satisfying its assumptions, we obtain
that the following formula holds in the weak sense in € \ {xo}:
— Ao p(F(V))
= S WPV (p - D)V —aF () 0]
i (2.6)

In the sequel, we will apply (2.6) to F(t) = t” + t# > 0, where v and B will be
two well-chosen real exponents such that F meets near 92 all the requirements of
Lemma 2.10 needed to obtain (2.6).

2.3. Some integrability results

We say a function g: 2 — R is integrable near 02 if there exists ¢ > 0 such that
th lgldx < oo. Let f:(0,00) — (0, 00) be a Lipschitz function. In the following
proposition, we discuss the integrability of f o §g near 0S2.

Proposition 2.12. Let Q be a domain with compact C 'Y -boundary and f: (0, 00) —
(0, 00) be a Lipschitz continuous function. Then, f o 8q is integrable near 092 if and
only if f is integrable near 0.

Proof. Leta > 0, by the coarea formula we have
a
[ reaax = [ s @)
Qq 0

where %; 1= {x € Q : §g(x) =t} and HY ! denotes the (N — 1)-dimensional Haus-
dorff measure. Let ©; := {x € Q : 0 < 8q(x) < 1} U Q¢. By [30, Theorem 3], we
have

HV(3) = P2, RY)
for all # > 0, where P(-, R%) is the De Giorgi perimeter with respect to RY [2,
Definition 3.35]. From the lower semicontinuity of P [2, Proposition 3.38], we obtain

HY () = P(Q.RY) = P(Q¢,RY) = HN 1 (3Q), (2.8)
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where the equality P(22, RY) = P(Q¢,R¥Y) is well known [2, Proposition 3.38]
and the last equality holds as € C!¥ [20, see the discussion on p. 246]. Further,
since 0€2 is compact, we have HYN 1) < oo [20, Theorem 5.7], and subsequently,
P(Q2,RY) = P(Q¢,RY) < 0o. Note that either Q or Q€ is bounded in R . Hence,
it follows from the isoperimetric inequality [2, Theorem 3.46] that HY~1(0Q) > 0.

Now, we claim that 2 has uniform lower density with respect to the boundary,
i.e., there exists g, 6 > 0 such that

_ 1B N8
| Br(x)| N

for all r € (0,1) and x € 32 [30]. Note that for any C!¥-domain 2, the reduced
boundary coincides with the usual boundary (see, for example, [23, Example 3.1])

2.9)

and hence, C!'Y-domains satisfy (2.9) with 6 = % and 7o = 1 [2, see the proof
of Theorem 3.61]. Thus, it follows from [30, Theorems 3 and 4] that there exists
to, C > 0 such that

HY1(2,) < C < oo forallt € (0, 1), (2.10)
provided P(Q¢,R¥) < oo. Using [2, Proposition 3.38], we observe that
P(Q¢,RY) = P(Q.RY) = P(Q.RY),

which is shown above to be equal HY ~1(3Q) < co. Hence, (2.10) holds.
Therefore, (2.7), together with (2.8), and (2.10) imply the proposition. |

Remark 2.13. Let Q be a domain with compact C!¥ boundary. As an immediate
consequence of the above proposition, we infer that 5 is integrable near the bound-
ary if a € [0, 1) and it is not integrable if @ = 1. This fact will be used extensively in
the subsequent sections.

3. Thecaseax + p <1

In the present section we show that for C 1Y -bounded domain, the weighted Hardy
inequality (1.1) does not hold if o« + p < 1. In fact, in this case, the corresponding
operator is critical.

The following theorem is known for bounded Lipschitz domains [29]. However,
we give a short proof for the reader’s convenience.

Theorem 3.1. Let @ C RY be a CYY -bounded domain. If & + p < 1, then one has
Hy,p(R2) = 0.
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Proof. Following [6] we consider the test function 1, = 65/7, where & > 0 is fixed.
Clearly, u, € C oo (Q) (that is, u, is locally Lipschitz continuous function in €2).
We claim that u, € W L-P3 “*(Q). Since Q is a C Y -bounded domain, it follows from
Proposition 2.12 that u, € W Lp: @ (€2). Moreover, note that C>'(Q) C W0 P(Q),
and consider a function G € C*°(R) such that G(¢) < |t|, G(t) = 0if |¢] < 1 and
G(t) =t if |t| = 2. Define u, . := lG(nu ). Obviously, u, . € ' (). The dom-
inated convergence theorem implies that u, , — u, in W1 P
ug € Wy 7%(Q).

Next, we use the function u, € W, ”**(Q) to prove that H,_ ,(£2) = 0. Observe

(2). Hence, we get

that
(£) [ e ax = [ Vel
p P 8%
Q @ Q
This implies that Hy ,(2) < ( ) for all ¢ > 0. Hence, Hy,,(£2) = 0. [

Actually, for C Y -bounded domains the following stronger result holds.

Proposition 3.2. Let Q be a C'Y-bounded domain and suppose that o + p < 1.
Then,

(a+p)

(i)  —Ag,p is positive-critical in Q with respect to the weight §, when

a+p<l1;
(i) —Aq,p is null-critical in Q with respect to the weight 551 wheno + p = 1.

In particular, under the above conditions, we have Hy ,(2) = 0.

Proof. It can be verified that the sequence (u,,1/,) in the proof of Theorem 3.1 (with
&= %), is in fact a null-sequence with respect to the functional @, , o when o+ p <1.
Hence, —A, , is critical with a ground state ® = 1 (alternatively, one can simply see
that 1 is a global solution of —Ag, ,(¢) = 0 of minimal growth at infinity in £2).

Now, ifa + p <1l,then®=1¢ WP (Q), and by the dominated convergence
theorem, it follows that u,, 1/, — ® = 1 in W, ”**(Q). Hence, ® € W, ***(Q2) and
it is a minimizer. This proves (i).

On the other hand, if @ + p = 1, then as we just noticed, ® = 1 is a ground state of
—Aq,p, and clearly, ¢ Wol’p;a (2) (by Remark 2.13). Therefore, in this case, —Agy,
is null-critical in € with respect to the weight 851. This completes our proof. ]

The next proposition gives the weighted Hardy constant and the Hardy constant
at infinity for the case Q2 = Rﬁ (the half-space). The value of the weighted Hardy
constant Hy_ p (Rﬁ) is well known for « + p > 1 and it seems to be also known for
o + p <1 ([8, inequality (5)], [10, Assertion 3.2.5, for « = 0]). However, since we
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could not find an appropriate proof, we provide it here for the reader’s convenience.

The result for 15>, (Rﬂ\r’ ) seems to be new.

Proposition 3.3. Ha,p(Rﬂ\r’) = )Lg‘fp(Rﬁ) = Ca,p,1, Where Rﬁ is the half-space
in RN,

Proof. We first prove that Ha,p(Rﬂ) = Ca,p,1. It is well known that Hy ,(Ry) =

Ca,p,1,1.€.,

oo oo
le()]” " ()17
C(x,p,l/ prow dr S/t—adt forall p € CZ°(R4),
0 0

where the constant cg, 5,1 is sharp [24]. Since any positive solution of the equation

d _ _ o — .
Y NP2 = capt T PIfIPT2f =0 inRy,

clearly yields a positive solution of the equation

(—Aa,,, - ;j—jjfp)w =0 inRY,

ny
it follows from the AAP-type theorem (Theorem 2.1) that
Ha,p(RI_X) > Ha,p(R-i-) = Ca,p,1-

Next, we show the converse inequality. We can of course assume that N > 2, oth-
erwise the problem is trivial. Our proof relies on the construction of suitable “almost
minimizing” sequences. Fix an arbitrary ¢ > 0; we will show that

Ha,p(R]J\rI) < HypRy) + ¢,

by evaluating both sides of the Hardy inequality along a suitable sequence (uy),eN-
We first make some preliminary remarks. Consider a function u € C2° (Rf ), which
is of the form

u(x) = v(x)p(xn),

where x = (x', xy) and v € CX (RN 1), ¢ € C*((0, 00)). Then, by Fubini, one has

u(x)? )
ey = ol

N 0
RY

[ 1)
ot
[oH-p d

t. 3.

On the other hand,
IVul? = (lpVeol* + v’ [}/,
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Upon using the elementary inequality
(a®> + b¥)P2 < C(e)a®? + (1 + )b?, a > 0,b >0,

and integrating, we conclude that

/Wtﬂdxgc(g)|||vx,v|||g(/|"f#d,)+(1+8)”v”5(/ ¢’ (t)lp )
RY N 0 J
N

(3.2)
We now fix the function ¢ € C£°((0, +00)), and let (v, ),en be a sequence of func-
tions with v, € C® (RN 1) such that ||v,|l, = 1 and |[|[Vv,]|[, — 0 as n — +oo.
Such a sequence is easily constructed e.g., by taking 0 < y € C>X(R) with

x(x)={1 =1

0 |x[=2,

and letting v, (x) = —=7 x( |x|) c= (/g X)_l . Now, considering the quotient of (3.2)
by (3.1) with the choice u(x) = v, (x")¢(xn) and letting n — + 00 yields the inequal-

ity
(e )|P ')
Hey p(RY) dt < (14¢) | ——dt
/ ([ t

Taking the minimum over all functions ¢ € C2°((0, 00)), it follows that

Hop(RY) < (1 + &) Ha,p(R4).
Finally, letting ¢ — 0 gives
Hyp(RY) < Hy p(Ry).
We now prove that A3° (RN ) =Hy,p (Rf ). First, one trivially has
o, (RY) = Hy p(RY).
For the converse, letus fix K € Rﬁ ,andletp € CX (Ri’ ) be such that

p
leN”

Let s > 0, and consider the function

Y(x) =50 p(sx).
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Then

J L LT T LG

a+p o
XN XN

X
rv N RN RY

Moreover, if one chooses the parameter s large enough, then ¥ has compact support
in Rﬂ\r’ \ K. Hence,

e, RY) < / ~
RN N Rﬂ

VP, _ [ e,
N

Taking the infimum over all ¢’s, we obtain the inequality
AP, (RY) < Hy p(RY).

Thus, )tg?p Rﬁ) = Hy,p (Rﬁ), which concludes the proof. n

By localizing everything near a boundary point of a C'-” domain, which admits a
tangent hyperplane at every boundary point, we obtain the following result.

Corollary 3.4. Let Q be a C %> -bounded or exterior domain. Then,

® (@) = Hi_p,RY)=0.

Proof. Inlight of Proposition 3.3, it is sufficient to prove that A2 | (2) = 0. We give
only a rough sketch of the proof and refer to the literature for more details. Since any
boundary point admits a tangent hyperplane, one can apply the same arguments as in
[32, Theorem 4.1] and [35, Theorem 5] and use Proposition 3.3 for « 4+ p = 1 to show
that locally around any point xo € €2 it is possible to construct a minimizing sequence
concentrating at x¢ such that the corresponding Rayleigh—Ritz quotient tends to zero.

4. Local a-priori estimates and weak comparison principles

First, we prove a local integral estimate for positive (super)solutions of —Ag ,(¢) =0
in 2. An analogous result for « = 0 is proved in [36, Proposition 2.1].

Lemma 4.1. Let Q € RY be a domain, and 0 < u € wl-p (R2) be such that one has

loc
—Ag,p(u) > 0in Q in the weak sense. Then the following statements hold.

(i)  There exists Cy > 0 such that, for every x € 2,

v
/ (|uu|)P3S—2adx§Cor—a+N—P forallr € (0,8g(x)). (4.1)

B /2(x)
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(ii) If, in addition, 92 is CV7 for some y € (0, 1] and compact, then there exists
C1 > 0 such that

Vu|\p-1

/ (' “') §odx < C1r2™ P forallr > 0, 4.2)
u

D,

where Dy := {x € Q: % < 8q <r}.

Proof. (i) Fix x € Q and r € (0, 8g(x)). Consider a cutoff function § € C(B,(x))
satisfying

C
0=0=1. 6=1lonB(x). supp(d) C Barps(x). sup(|V6]) < —. (43)

For every ¢ > 0, —7— € W, ’p(B (x)). Testing —Aq, p(#) > 0 against this func-

67
. % ke
tion, we obtain

p—2 o? —a
By (x)

This implies

|Vul?

6 \p-1
P2 - . - p 17
/|W| (r(5)" vu-ve+a-pe TERST

By (x)

>8§“dx > 0.

Now, by (4.3), recalling in particular that 6 is supported in B,,,3(x), and using the
Holder inequality we get

(-1 [(551) 5%

By (x)

[0

By (x)

Cp Y 1/p 0|Vul . (p—1)/p
<2 [ara) | [ s

By /3(x) By (x)

Since g > 3 on By, /3(x), we easily get

5% < Cr otV

By, /3(x)
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Therefore,

/(9|vu|)p8§adx < Cr—l){+N—p
u+e
By (x)

for some C > 0 independent of . Thus, letting ¢ — 0 and recalling that 6 = 1 in
B, /2(x), we obtain (4.1).

(i) Let x € D,. By Holder inequality and (4.1)

/(lvu—u|>”—18§adx < [ /5§“dx}l/p[ /(¥)p8§adx}(p—1)/p

By /2(x) By/2(x) By /2(x)
< CrW-a)/p (et N=-p)(p=1)/p _ cpl-a+N-p

Since 02 is compact, the set D, can be covered by a finite number of balls belong-
ing to the family {Br/3(x) : x € Q such that g (x) = %r}. Let N(r) be the minimal
number of balls needed for such a cover. Since Q is a C **>-domain with a compact
boundary, it follows that N(r) < Cr'=", where C > 0 depends only on the geometry
of © (see Appendix C). Thus, we have (4.2). ]

Next, we prove two “non-standard” weak comparison principles (WCP). The first
one concerns WCP in a neighborhood of 02 (similar result for @ = 0 can be found in
[36, Proposition 3.1]) and the second concerns WCP near infinity.

Lemma 4.2. Let @ S RN be a domain with compact C -boundary 0, and let
Ny C Q be a relative neighborhood of 0K2. Assume that g € L°°(Nyq) and uy,u, €
wl-p (Nygq) N C(N3q) be two positive functions such that

loc

8 g ;
(—Aa,p_yprIp)Ml <0< (_Aa,p_sa__i_pl’p)uz in Ny N Q2.
Q Q

In addition, suppose that the following growth condition holds true

liminf L / uf[(|Vu1|)P—1 N (|Vu2|)P—1:|8§a =0 s

r—>0 r 751 175}
D,

where D, = {x €Q: %r <da(x) < r}. If
Uy <up on g, 4.5)
for some a > 0 sufficiently small such that 2, U X, C Q N Nyq, then

U <u, iny,. 4.6)
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Proof. Leta > 0 be such that 2, U ¥, C 2 N Nyq. First, let us assume

Uy <uUp on Xg,. 4.7
Consider 1 € C!(R) such that
0<h<l1 h@®)=1ift>1, h@)=0ifr < % W(t) >0 ift > 0.
For r € (0,a), let ¥, be the function given by ¥, (x) = ( x)) for x € Q. Then v/,

is a Lipschitz continuous function and
rIVYrlloo < Co := sup|h]. (4.8)

Notice that ¥, =0 in {x eQ:0<dg((x) < g} By continuity, the inequality u; < u,
still holds in a neighborhood of ¥,. In what follows, we assume that r € (0, a) is close
enough to a, so that u; < u, on X,. For such an r, let

W= XQ, (“f - u§)+.

Since ul,uz € Wl1 (Mg N Q) N C(Nyq N Q) are positive, it follows that the func-
tions u1 ,u2 e W ’p(uV;)Q N Q) N C(Nyg N Q). Thus, in view of (4.5),

loc

w € WP (Nyg N Q) N C(Nyg N Q)

loc

and

Vw:{V(u P—ull) ifx e Nyg NQandu; > us, 4.9)

0 otherwise.

In view of (4.7), w = 0 in a neighborhood of X¥,. Hence, wrwu;_p € Wl’p(Qa)
Testing the inequality (—Aa, P E-T p)uz > 0 against this test function, we obtain

/|Vu2|p 2Vu, - V(I//,wu2 Py§o%dx > / 8a+p1ﬂ,wdx.
Q4 Qq
Testing the inequality

(—Aa,,, - %%Ip)ul <0

against the function wrwu}_p which is in € Wol’p (24), we obtain

/|Vu1|p_2Vu1 .V(l//,wu}_p)Séadx < / (Sojg%plﬂ,wdx.

Q

Qﬂ a
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Subtracting the latter two inequalities, we get

/ Vo P2V, - V(W,wu;_p)(gs_z“dx - / |Vuq|?~2Vuy - V(lﬁrwui_p)(gs_z“dx
Qq Qq

> 0. (4.10)

Now, suppose that (4.6) does not hold. Then £ = {x € Q, : u; > u,} has a positive
measure. Consider

Li(r) = / [[Vua|P2Vuy - V(wuy ?) — |Vuy |P72Vuy - V(wu) P)]y,85%dx,

E
Vuy|P~2Vu Vu1|?~2Vu _
Iz(r)=/w[| 2|p_1 2| 1|p_1 1]-VW,89“dx.
o U uy

By (4.10), we have
Ii(r) 4+ I(r) > 0 forallr € (0,a).

Using (4.8), we estimate

C \Y p—1 \% p-1
|I2(r)| < —O/uf[(| u1|> + (l u2|) ]8§“dx forall r € (0,a).
r

Ui Uz
D,

Consequently, by (4.4), we have liminf, ¢ |/2(r)| = 0. On the other hand, we claim
that /1 (r) < 0 for all € (0, a). Indeed, using (4.9) one sees that /() can be written
in the form

Li(r)= _/ H(uy,uz, Vuy, Vuz) ¥, 6% dx,
E

where the function H is given by
H\P
H(ty,t2, X1, X2) 2[1 +(p— 1)(72) ]|X1|p
1
o\ Pl t1\P-1
i () ()
11 1)
f1\?
+ 14+ =D(3F) el
I
forallt1,1, € R, x1,x, € RV . It was proved by Anane [4] that H (t1, 12, x1,x2) >0
for all #1,t, € RT, x1,x, € RN, Thus, I;(r) < 0. Since I;(r) is non-decreasing,
it follows that either /1(r) = O for all r € (0, @), or there exist ap > 0 and y9 > 0

such that I;(r) < —yp for all r € (0, ap). This is not possible as Iy + I, > 0 and
therefore, limsup,_,o /1(r) = 0. On the other hand, if 7,(r) = 0 for all r € (0, a),
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then H(uq,us, Vug, Vi) = 0 on E. Thus, it follows from [4, Proposition 1] that
u1Vuy —uVup = 0in E. Hence, Z—f is constant in every connected component of
the open set E. Furthermore, there exists such a component E” with dE’ N Q # @,
and if £ € dE' N Q # 0, then uy(§) = u,(€). Since Z—f is constant in E’, it follows
that u; = u, in E’, a contradiction to the definition of E. This contradiction shows
that £ cannot have a positive measure. Since E is open, it is empty.

In the general case, assuming only (4.5), we apply the above result to the functions
uy and (1 4 &)up where ¢ > 0. It follows that u; < (1 + &)u, in 24 and € > 0 is
independent of a. Since this inequality holds for arbitrary ¢ > 0, we obtain the desired
result. |

Next, we prove a similar WCP near infinity for an exterior domain 2 < RV Let
us recall that for R > 0, set

QR = {x e Q:8aq(x) > R}, Zg:={xeQ:8q(x)=R).

Lemma 4.3. Let Q C RY be an exterior domain with compact boundary and let
Ro > 0 be sufficiently large. Assume that g € L®(QR0) and uy,u, € Wi;c’p (QRo)N
C(QR0) be two positive functions such that

In addition, suppose that the following growth condition holds true

lim inf — / u{’[(M)H + (M)p_l]@“dx =0, (@11

R—oo R 1751 Uy
DR

where DR = {x eQ: %R <da(x) < R}. Ifu; < upon Xpg, for some Ry > Ry,
then u; < uy in Q1.

Proof. We replace r, Q,, X, etc., in the proof of Lemma 4.2, with R, QR Tp, etc.,
and take 4 € C!(R) such that

1
0<h<1, h@)=0ift>1, h(z):lifzgz, W(t) >0 ift > 0.

Then the proof of the lemma is literally the same as the proof of Lemma 4.2, and
therefore, it is omitted. ]
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5. Construction of sub and supersolutions

We assume that « + p # 1. First, we construct sub and supersolutions near the com-
pact boundary of a domain € C* for the equation

(—Dap — w85 P Iw =0 inQ 5.1

using Agmon’s trick (see, [32, Lemma 3.4] and references therein). As a motivation,
we note that in the model case 2 = Rﬁ , the function 8]‘1’{ n = X} is a solution of (5.1),
+

if and only if v and p satisfy the following indicial equation
WIP2v[e + (1 =v)(p = D] = .

We note that for every p € (1, 00), the function v — |[v|P2v[a 4+ (1 —v)(p — 1)] is

non-negative and strictly decreasing either on the interval [%{’_1, %] if
a+p>1,or [%, 0] if @ + p < 1, and attains its maximum value ¢y, p1 =
|°‘+’+_1|p atv = “’L’%. Therefore, the equation

|v|p_21)[06 + (1 _ v)(p — 1)] =U fOI’M S [O,Ca,p,l]

has exactly one root in [‘H’#, @2l lifa + p > Lorin [22=1,0] ifa + p < L.

p—1 r
This root will be denoted by vy, ,(it). Notice that vy, ,(¢o,p,1) = %.

Lemma 5.1. Let Q be a CY -domain with compact boundary, with ¥ € Wlolc’p ()N
C V¥ (Q) a minimal positive Green function of =Ap in Q. Letv < B < v+ ¥, such
that either v, B € [%, %] ifa+p>1orv,pe [°‘+’+—1,O] ifo+p <l
Then there exists an open neighborhood Ny C Q2 of 02 such that the functions
WY + WP and W’ — WA are positive subsolution and supersolution, respectively, for

the equation (—Aa,p — (%)Il,)w = 0in Q2 N Nyq, where
Q

Ay =P 2[4+ (1 =v)(p = D).
Moreover, Nyq can be chosen to be independent of small perturbations of v and B.
Proof. First, we consider the case of subsolutions. By (2.6), it follows that
— A, p (W + WP
= — W B2 (p - (v — DY

+ BB — W2 | V|2
VWV . Vig

(U B-
(¥l 4 fU 1)( -

)]sz v w2
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— gDy ¢ ﬂq;ﬂ—”|1’_2[(p — D1 —v) + B(1 — HYF) |V

o VW Vg, V[P

Now, from [32, Lemma 3.2 and Assertion (3.16)] it follows that

So VW - V3§ w262
%— +0(%) and % + 0(8Y). (5.2)

uniformly in a relative neighborhood of 02 as d2 is compact. Consequently,

— Ag p(W" + VP)
= WDl 4 pWPTP2(p 1)(v(1 - v) + B = pHUr™)

+a( + YY1 + 0(81))185°

AV /\ﬂ B—v B—v
S Y e+ pY )yO(87 )]

<[ + 008 )

= \I/V(p—l)lv + ﬂ\pB—V|p—2|:

in a relative neighborhood of 92 close to 9€2.
Thus, in order to guarantee that U* + WA is a subsolution as required in the state-
ment, it suffices to impose the condition

_ —vip— Ay A v v
=Dl 4 gehY|p 2[Ivlp—z |/3|52\pﬁ +a(v+pYPT)0C, )]

<[ + 065 )]

(@ + whyr—t,

— oz+p
852

which can be written in the form

Xy A
= Iﬂlf P s a(v + pUP) O |11+ 06])]

< Ay(1 + Whyr—1,

v+ pwh—2|

Since WA~Y = 0 on 92, by expanding both sides of the above inequality in ¥#~" to
the first order, we obtain
[y + AV L o(WF~Y) + 0D + 0(5L)]
< A1+ (p = DV +o(¥P ™)), (5.3)
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where

ﬂ w72
2 A
=(P-2)—+ Bigp2

Note that since W(x) is asymptotic to dg ()f) as x — dQ2 (by a Hopf-type lemma,
see [32]) and B — v < y, we have that % — 0 as x — d2. Moreover, by a direct
computation and using the choice of v, 8 (dependingono + p < lora + p > 1) and

the condition %

< v < B, one verifies that A < A, (p — 1), see Proposition B.1
in Appendix B.

Thus, it follows that condition (5.3) is satisfied in Ny C 2 where Njq is a suit-
able relative neighborhood of 92 which can be chosen to be independent of v and 8 if
v, B are as in the statement and belong to small neighborhoods of two fixed parameters
a+’+_1 <o < Bo.

We now consider the case of supersolution. Proceeding as above, we see that in

Vo, Bo satisfying the conditions

order to guarantee that W” — W# is a positive supersolution as required in the state-
ment, without loss of generality, we may assume that W — W5 is positive in a relative
neighborhood of 9€2. So, it suffices to impose the condition

\IJV(P—I) |U _ ﬂ\pﬂ—v Ip—2

Ay A B
X[|v|p—2 - |ﬁ|5_2‘1’ —a(v - p¥F)0@]) |1 - 06}

> do (W — wF)r~!
in a relative neighborhood of 02. The latter inequality can be written as

Ay A
v B - Y - = U0 [ - 0]

> Ay(1 = PPl
Expanding both sides we arrive at

[hy — AW Lo (WP~) — 0(L)][1 — O(SL)]
> b(1—(p = DPP™ 4 o(WF™)).

Again, since A < A, (p — 1), where A is the same constant defined above, it follows
as in the case of subsolution that W’ — WA is a positive supersolution as desired. m

Corollary 5.2. Let Q be a CY7-bounded domain. Then Aap(§2) = Ca,p1-

Proof. The case @ + p = 1 follows from Corollary 3.4. Therefore, we may assume
that  + p # 1. In view of Lemma 5.1, we see that for any v < 8 < v + ¥ such that

either v, B € [“+” ! a;pll]whena+p> l,orv,B € [D“F’#,O) whenao + p <1,

we have a positive supersolution ¥’ — W8 of the equation —Agp(p) = 80’}}; = Ip(p)
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near the boundary of 2, where A, = |[v|?2v[a + (1 —v)(p — 1)] € [0, ¢y, p,1]. Thus,

Ay < )Lgf’p(Q) for all v > %. Choosing A, = cq,p,1, it follows A°° (2) > ca,p1-
The converse inequality follows from Proposition 3.3 by using arguments similar

to those used in the proof of Corollary 3.4. |

The rest of this section concerns exterior domains. The first proposition gives the
asymptotic behaviour at infinity of the distance function.

Proposition 5.3. Let Q2 be an exterior domain. Then,
Véq - x
8 (x)

Proof. For any x € @, let P(x) be a point on 02 such that §q(x) = |[x — P(x)|. It
is well known (see for example, [3]) that §g is differentiable at x if and only if the
nearest point P(x) is achieved uniquely on the boundary, and in this case

x — P(x) x — P(x)

T S

Since dg, is differentiable a.e. in €2, the above identity is valid a.e. in 2. Thus,

=1+ 05" (x)) as|x| — oo.

Vég-x x—Pkx)  |x]? _P(x)-x

= X = fora.e. x € Q.
da(x) 85 (x) §5(x)  8%(x)

Since |x| ~ dg(x) at infinity and |P(x)| is bounded, it follows that g&(zx))c =1+

O(85" (x)) near infinity. n

In the following lemma, we assume « + p # N. Using Agmon’s method, we
construct sub and supersolution near infinity for the operator —A,, , — M8§(“+p )1 P

in an exterior domain. If ¢ + p < N (resp., @ + p > N), the function
vis P 2o[@ =N +1) + (1= v)(p - 1)]

a+p—N a+p—N 0 oH—p—N] and
p b

is non-negative and strictly increasing on [?, T], resp., [ ,

attains its maximum over [““’ —N “ﬂ;_N ] “J;’i _1N ] atv = , and

a+p—N
, TEesp., [O, +

atp— N\p

its maximum value is ¢o,p,N = | Therefore, the indicial equation

P2 =N+ D+ (1 =v)(p =Dl =p.  pel0capnl

has exactly one root in [“J;’%N, %], resp., [0, W]. This root is denoted by

Va,p,N (). Notice that vy p N (Ca,p,N) = %(a + p—N).
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Lemma 5.4. Let Q@ C RY be a CV-exterior domain, and suppose thata + p # N.
Assume that v € [“+p_N °‘+I’_N] ifa+p<N,andv € [0, @] ifo+p>N

(-1 p
respectively, and B € R be such that B < v < 8 + 1. Then there exists R > 0 such
that the function Uy = |x|” + |x|? (resp., U_ :=|x|” — |x|®) is a positive sub (resp.,

supersolution) of the equation

Ay
(—Aa,p - (ga—ﬂ)Ip)w =0
Q
in QR uniformly in v, where Ay = WP2v[(@ =N + 1) + (1 —v)(p —1)].
Proof. First, we consider the case of subsolution. By taking
F(t)=¢t"+t# and u(x)=|x|
in (2.3), it follows that
- Aa,p(U-i-)
= —plx "7+ BT — DO = Dlx]
+ BB — DIxP )55 |V|x||?
+ "+ Bl P Mg (2]
= ™+ Bl (p - D = DI 4 BB - DIxP )

(w]x]"~' + Blx|) x-Véa\Tea
+ o ((N—l)—a ; )]59

= [P0+ B 772 (p = DL = v) + B(1 = )l F)

—a

pv\ (X Vig o 3o
+ (v + Blx| )(a—SQ (N 1))] i

Therefore, there exists R > 0 large enough such that

— Ao, p(Us)
= |x["@ Dy + BIxP7V1P72(p — D1 —v) + B(1 = B)Ix|P)

—

)
0+ BIXP )1+ 06N = (N = D)l

) A
— |y [v(=D B—v p—2 14 B
= |x]*® Dy + Blx|f~] [W_Z + e

P (v + Bl P 065" |

1 —1ys—(a+p)
><[80[—+p+0(3Q 85|
Q
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in Q& The first asymptotic uses Proposition 5.3 and the latter one uses the fact that
87 = |x|72 + 0(85")857  as |x| — oo,

which is valid as 99 is compact. Thus, in order to guarantee that |x|” + |x|# is a
subsolution as required in the statement, it suffices to impose the condition

Y
DR

0D+ el 2] XP= + oo + BlxlP ) 05h |

x [1+ 0@gh]
< Ju(x]” + |x|B)?71,

in a suitable neighborhood of infinity. The above condition can be written in the form

i ~
B—v p—Z[ v B

v—H%x +

| | | | |v|p—2 |ﬁ|p—2

P+ v+ BIxIP ) 065h |

x [1+ 0@gh]
<A, (1 + |x[F)P~L, (5.4)

By the assumptions on v, 8, we have |x|[f~> — 0 as |x| — co. Thus, by expanding
both sides of (5.4) in |x|#~ to the first order, we obtain

[ + AIX P + o(1xP7) + 065HI + 0665Y]

<A+ (p = DIxF™ +o(|x[F7)), (5.5)
where )
MB s P2
A= -2 A .
PBT

Now, by a direct computation and using the choice of v, 8 (depending on « +

p <N ora+ p> N) and the condition 8 < v < (%), one can verify that

A< /A\,,( p — 1), see Proposition B.1 in Appendix B. Thus, in order to verify that (5.5)
is satisfied near infinity, it suffices to verify that O(8§I)|x|”_ﬂ =o0(1) as |x| = oo.
This is satisfied as v — 8 < 1 and |x| is asymptotic to §g (x) near infinity.

We now consider the case of supersolution. Proceeding as above, we see that due
to the choice of v, B, the function U_ = |x|” — |x|? is indeed positive in a neighbor-
hood of infinity. So, it suffices to impose the condition

Ay Ag
P2 gl

x|P @D}y — ﬁ|x|ﬂ—V|P—2[ IxX[P7 —a(v - ,3|x|ﬁ_v)0(5§1)]
x [1— 0(55")]

> J(|x]” = |x|#)P!
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in a neighborhood of infinity. The latter inequality can be written in the form

T

v — Bl P P2 s —
b2 " [pIr2

P — e = BIxP) 065"
X [1 - 0(5g")]
> Ay (1 — |x[f=yp~1 (5.6)

By the assumptions on v, 8, we have |x|#~> — 0 as |x| — oo. Thus, by expanding
both sides of (5.6) in |x|#~" to the first order, we obtain

[ — AlX[P7 + 0(1xP7Y) — 0(8gHI[1 — O(8gh)]
> Jo(1 = (p — DIx PV + o(Ix[F7)),

where A is the same constant defined above. Using arguments similar to those above,
it follows that A < A, (p — 1), and hence, one obtains the desired assertion. |

6. Bounded domains

We start with the first main result of this section.

Theorem 6.1. Let Q@ C RY be a bounded domain with a compact C'> -boundary.

Assume that the spectral gap Ty, p(2) 1= Ag7,(2) — Ha,p(S2) is strictly positive.
Then, equation (1.2) admits a unique (up to a multiplicative constant) positive

minimizer u € Wol’p;a(Q), and u < 8, in a relative neighborhood of 02, where

V = Va,p (Ha,p (€2)).

Proof. By our assumption and Corollary 5.2, Hy ,(£2) < Cq,p,1. According to Corol-
lary 3.4, one necessarily has & + p # 1. Lemma 2.8 implies that the operator —Ay , —

H;‘g’jr(pm I, is critical in €2, and therefore, it admits a ground state u € VVlolép (2). In

particular, u is a minimal positive solution in €2. Moreover, u is a unique (up to a

multiplicative constant) positive (super)solution of the equation
Ha,p(R2)
(—Aa,p - (‘;j+pl,,)w =0
Q
in 2. We prove the following claims, which ultimately imply the result.

Claim. (i) u € L?(Q; 55_2('”17)), i) u e Wol’p;a(ﬂ), and (iii) u < 83 in a relative
neighborhood of 02, where v = vy p(Hg, p(S2)).

For the proof of the claim, we let B € (%, “;+1_1] ifa+p>1lorfe

(°‘+’+_1,0] ifa+ p < 1,besuchthatv < B < v + 7, where v = vy ,(He, p(R)),
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and 7 is such that the Green function ¥ is C 7. Note that by definition of v, one has

a+p—1
14

Ay = Hg, ,(£2) and moreover, the spectral gap assumption implies that <.

(i) By Lemma 5.1, it follows that ¥’ — W# is a supersolution of

. Hy p ()
Bap(9) = iy Tr(9) = —5"‘1” »(®)
Q Q

in Nyq, where Nyo C 2 is a suitable neighborhood of d€2. Since u is a positive solu-
tion of minimal growth in a neighborhood of infinity in €2, it follows that
u < C(¥’ — WPy < CW" in a neighborhood of Q. Since W is asymptotic to dq
as x — 0Q (by Hopf’s lemma, see [32]), we infer that

u < C8Y (6.1)

for some C > 0 in a suitable neighborhood of d€2. As 2 is bounded and v >

a+p—1
p b
it follows from Remark 2.13 that u € L?(Q; 85(‘”1’)).

(ii) In view of Lemma 2.9, there exists a null-sequence (u,) in Wol’p “(Q) with

u, < u such thatu, — uin L? (Q). Hence,

loc

a2 st 1n) + (Hep () + D)

ARG(?) =a, P

=@y p-He, S(@)55tP (un) + (Ho, p(R) + Dlu]|?

LP(Q §= (l¥+ﬁ))
LP(Q §= (Ot‘l’P))

Since
lim Qa’p’_Ha’p(Q)g—(o{—‘,-p) (uy) =0,

n—>oo

we infer that (u,) is a bounded sequence in W1 P%(Q). Due to the reflexivity of

Wy P (), there exists v € W, 7** () such that, up to a subsequence, u, — v in
W 1.P3 “*(Q2). Consequently, up to a subsequence u, — v ae. in Q. However, since
(2), it follows thatu = v € W0 1.p; **(Q). This proves (ii).

(iii) Notice that, in view of (6.1), it remains to prove that there exists C > 0 such
that

Up — U in Lf;c

u>Cé8% (6.2)
in a relative neighborhood of Q. By Lemma 5.1, it follows that U¥ + W# is a sub-

solution of s Ho ()
Aa,p(p) = a_:p-[p((ﬁ) = % p(®)
59 59

in a suitable neighborhood 2, C Q of dQ2 for some a > 0. Certainly, u is a posi-
tive supersolution of the same equation, and let C > 0 sufficiently small such that
C (¥’ + WP) <y on =,. Now, we verify that (4.4) is satisfied with u; = C(¥" + Wh)
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and u, = u. Since <v < B <v+yand VY is asymptotic to §g as 5 (x) — 0

(by Hopf’s lemma, see [32]), Lemma 4.1 (ii) implies

a+p—1
p

[Vul

lim inf ~ [ (WY 4 \p/’)l’( ) "oty = 0, (6.3)

Again, using the fact that W is asymptotic to g as §q(x) — 0 and (5.2), it follows
that

(W + WA v + wh) Pl < CS;;(”_I)(I’_I) near 952 for some C > 0.

<v<fB<v+7y,weget

Consequently, as %

V(WY 4+ Wh)|\ p-1

11rn1nf /(\IJ" \Ilﬁ)p( T ) 5o%dx = 0. (6.4)

Observe that (6.3) and (6.4) yield (4.4) with u; = 5(\11" + \Ilﬂ) and u, = u. Hence,
the WCP (Lemma 4.2) implies that C(¥"” + Wh) <y on Q,. This yields (6.2). There-
fore, (6.1), together with (6.2), imply that u < §,. ]

Remark 6.2. Suppose that & + p < 1, and Q is a C¥-bounded domain. Then, by
Theorem 3.1, we have H, p(Q) = 0. Consequently, we always have a spectral gap
since ['g, p(£2) = A5°,(2) — Ho p(Q) Ag p () = ca,p,1 > 0. Hence, by the above

theorem, the ground stateu = 1 € Wo 1.

(2) is a minimizer. Therefore, —Aq p is
positive-critical in €2 with respect to the weight 851. This gives an alternate proof of

Proposition 3.2 (i).
We now show that the converse of Theorem 6.1 holds.

Theorem 6.3. Let Q C RY be a C> -bounded domain. Assume that there exists a
minimizer u € W 1.P3 “*(Q) of (1.2). Then there is a spectral gap H, p(Q)<AP (Q) =

Ca,p,1-

Proof. If o 4+ p = 1, then by Theorem 3.1, it follows that —A;_,, , is null-critical
in  with respect to the weight 891. Hence, there does not exist any minimizer in
this case. Thus, the theorem’s hypothesis necessarily implies that o« + p # 1. Let
u € Wy P**(R) be a positive minimizer for (1.2) i.e.,

Ha,p(S2)
(_Aa,p_ ;‘l’;_i_pl'p)u =0
Q

in Q. By Theorem 6.1, we have Hy ,(2) < cq,p,1. Assume by contradiction that

Hy,p(R) = co,p1- Let v € (2= “E2LTif o + p > 1 and v € (“H2=, 0] if
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a + p < 1 be such that °‘+’+_1 <v < B <v+ 7. Itfollows that A, < Hy ,(2).
Further, by Lemma 5.1, WY + WA is a subsolution of

A
(—Aw - S(x—jpf,,)w =0 inQeCQ
Q

for some a > 0 uniformly with respect to v, and u is a positive supersolution of this
equation. Let C > 0 be a constant (which can be taken to be independent of v) such
that C(¥” + WA) <y on X,. As in the proof of Theorem 6.1, the WCP (Lemma 4.2)

Ol+p 1

implies that C 3% =< u. Thus, by taking v — , we get

~ atp—1

Céy " =u.

This implies that u ¢ L?(Q; 85(“+”)), and hence u ¢ W,"”** (), which is a contra-
diction. Therefore, Hy,;,(2) < Ca,p,1. n

We conclude the present section with a proof of Theorem 1.3 for bounded domains
along with some consequences.

Proof of Theorem 1.3 for CYY -bounded domains. The proof is a direct consequence
of Theorems 6.1 and 6.3. ]

As mentioned in the introduction, it has been proved by Avkhadiev that if @ € RY
is convex and o + p > 1, then Hy ,(R2) = cq,p,1. Moreover, it is well known that if
there exists at least one tangent hyperplane for 92 (and in particular, if Q has C!
boundary), then A5, (€2) < cq,p,1. Since the inequality Hy,p(€2) < A57,(S2) always
holds, it follows that if @ + p > 1, then Hy p(2) = A57,(2) = ca,p,I for convex
C!-domains, i.e., there is no spectral gap. One can in fact generalize a little bit this
argument, and show the following result.

Proposition 6.4. Let Q C RY be a C'>-domain. Assume either that o + p > 1 and
Q is bounded with mean convex boundary, or that « + p < 1 and Q is an exterior
domain with mean concave boundary. Then, there is no spectral gap, i.e., Hy p(2) =

Agp(L2).

Proof. Assume first that « + p > 1 and 2 is a bounded mean convex domain. By
Corollary 5.2,

Aap(R) = Cap1-

Since there always holds that Hy,,(2) < A57,(€2), it is enough to prove that one has
Hgy p(S2) > cq,p,1. For this, according to the AAP -type theorem (Theorem 2.1), it is
enough to find a positive supersolution to the equation

(—Dap — Cap185 TP I)w =0 inQ. (6.5)
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Note that since €2 is mean-convex, one has —Adgo > 0 in the sense of distributions
(see [40, Theorem 3.4]). Also, note that g € C(22) N W1°°(Q) and that |[Vig| = 1
a.e. Then, according to Lemma 2.10, one computes that in the sense of distributions,

A p(8%) = WP 208X PPV [(p — (1 = v)85% ! = Ag,p(82)].

Moreover,
Ao, p(8g) = —adx® ' + 857 Adq < —adg® .

Hence, as v = vy, p(Ca,p,1) = %(a + p — 1) > 0, we obtain
—Ag,p(8g) = WP72[(1 = v)(p = 1) + al85* " I,(8g) = ca,pa1 Lp(83).

Therefore, dg, is a positive supersolution of (6.5), and this concludes the proof in this
case. The proof for exterior domains is similar and will be omitted. ]

Remark 6.5 (Bounded domains with positive spectral gap). Here we provide some
examples of bounded domains where the spectral gap condition holds. Let o = 0,
and p = N = 2. From [19, Theorem 4.1] and [11] respectively, it follows that cer-
tain sectorial regions and non-convex quadrilateral in two dimension have the Hardy
constant Hy»(2) < i. Then, using the same smooth approximation arguments as
in [35, Example 6], we can have a family of smooth domains (£2,),en such that
Ho2(R2p) < Hpp(R2) < %. Since (§2,) are smooth, Ag% (§2,) = % for all n. Hence,
(2,,) satisfy the spectral gap condition. Also, there are annular domains that admit a
positive spectral gap, see [35, Example 4]. Moreover, we have seen in Remark 6.2 that
any smooth bounded domain satisfies the spectral gap condition when o + p < 1.

7. Unbounded domains

In this section, we prove Theorem 1.3 for the case of exterior domains. We start with
the following result, which allows us to compute Ag°,(€2) for all values of & and p.

Theorem 7.1. Let  be a CYY -exterior domain with a compact boundary. Then,
Agf’p(Q) = Ca,p = Min{Co,p,1,Ca,p,N }-
In particular, if o + p € {1, N}, then Ho,p(2) = A57,(€2) = 0.

Proof. First assume that « + p = 1. Then, by Corollary 3.4, we have A5°,(2) =
Capa1 = Cap = 0. Next, we consider « + p # 1. We write RY = RV \ {0}.
It is well known that Hy , (Riv ) = cq,p,N, see [6] for instance. Notice that for every
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@ € CX(RY) and every compact set K C RY, there exists a constant ¢ > 0 such that
the function v defined by

¥ (x) = p(cx)

has support in RY \ K. Hence, by using the scale invariance of the Rayleigh quotient
defining the Hardy constant, one sees that

AZ?IJ(R*N) = Ha,p(R*N) = Ca,p,N -

Now, we write 92 = I'y U - -- U Iy, where by assumption I'; N I'; = @ fori # j, and
I; is compact, connected, and C 7. There exists a compact set K C € such that

Q\K =N U-UNegr,

where N; N N; = @ fori # j, the set N is a relatively compact neighborhood of T';

for 1 <i < £, and Ny, is the exterior of a large ball centered at the origin in RV .
00, ]

For 1 < j < {4+ 1, define A4 5 , the Hardy constant of  at infinity around I'; for
1 < j < £ (resp., the best Hardy constant of € when |x| — +oo for j = £ + 1) by

A“J(Q) sup  inf {/|V¢J|p5§°‘dx :/l(p|p8§(“+p)dx = 1}.
UeN;, Wh? @) J

Then, one sees easily from the support consideration that

Aap(8) = 151}]_1? AT ().
However, by the scale invariance of the Hardy constant,
ASNR) = A%, (RY) = capv.
Moreover, the proof of Corollary 5.2 implies that for every 1 < j < £,
225 () = capar.
Thus, we obtain that /\°° (Q) = min{cqg,p,1,Ca,p,N} = Ca,p- [ ]

We are now ready to prove the analogue of Theorem 6.1 for the C!:¥-exterior
domain.

Theorem 7.2. Let @ S RN be a C'7-exterior domain. Assume that e, p(R2) >0,
i.e., there is a spectral gap. Then, there exists a unique (up to a multiplicative con-
stant) positive minimizer u € W 173 *(Q) for (1.2). Furthermore, u < g in a relative

neighborhood of 02, where v = vy p(Hy, p(2)), and u =< |x|" near infinity, where
V= vy, p N (Hy, p(82)).
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Proof. By Theorem 7.1, we have 457,
spectral gap is equivalent to Hy, ,(£2) < cq,p. In particular, since ¢q,, =0fora + p €
{1, N}, the assumptions necessarily imply that o+ p ¢{1, N}. Also, if a+p> N,
then by [26, Theorem 1.1] Hy ,(R2) > co,p,N = Cqa,p and therefore in this case,
Hey,p(82) = ca,p = Aq_p(§2). Thus, the assumptions of the theorem necessarily imply
that 1 Za + p < N.

According to Lemma 2.8, the operator

HasP(Q)I
~Rep T Tty 1p
Q

(2) = cq,p. so the assumption that there is a

admits a ground state u € ngc’p (2) in Q. In particular, u is the unique (up to a mul-
tiplicative constant) positive (super)solution of the equation

Ho,p(S2)
(_Aa’p_;a’;-l—pfp)w =0
Q

in Q. Thus, it remains to show that (i) u € L?(R: 85 7), (i) u € W)"7**(Q), and

(iii) that u satisfies the required asymptotics near 02 and infinity.

(i) Repeating the arguments of Theorem 6.1, it follows that
u < 84 (7.1)
in a relative neighborhood of d$2, where v = vy, p(Hy,p(2)) € (%, ““;+1_1] if
a+p>1and v = vy p(He,p(RQ)) € (2=, 0] if @ + p < 1. On the other hand,

since Hy,p(2) < cq,p,N it follows from Lemma 5.4 that U_ = |x|” — |x|# is a super-
solution of [—Aa,p — (gg%fp]w = 0 near infinity, where D € [“;’%N, W) is
suchthat 8 < v < f + 1 and

A = [01P20[(@ = N + D)+ (1= 9)(p — D] = Hop(R). (7.2)

SO U = Vg, p N (Ha,p(2)). Being a positive solution of minimal growth at infinity,
u satisfies

u(x) < CU_(x) < C|x|” in B (7.3)

for some C > 0 and R large enough. Therefore, combining (7.1) (as v > %)

and (7.3) (as ¥ < “’L’;_N), we infer that u € L?(; 55(u+p)). Now, part (ii) follows

from the same arguments as in the proof of Theorem 6.1.

(iii) Recall that the required asymptotic (7.1) of u near the boundary was demon-
strated above. In light of (7.3), it remains to show that there exists C > 0 such that

u(x) > Clx|” (7.4)
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near infinity, where b = vy p n (Hey,p(2)) € [“’;’%N, @) satisfies (7.2). Let
a+p—N}

,B<17<min{,8+1, <0,

and note that this choice of B, ¥ is possible as Hy ,(2) < cq,p,n. It follows from
Lemma 5.4 that Uy = |x|” 4 |x|# is a subsolution of [—Aa,p — Hop&D) Ip]w =0

Sa-i-p
in a suitable neighborhood Q& of infinity for some R > 0 large enou?gh. Clearly, u is

a positive supersolution of the same equation. Let C > 0be sufficiently small such
that CUy < u on Xp.

In order to apply the appropriate WCP (Lemma 4.3), we need to verify that the
growth condition (4.11) is satisfied with u; = CU4 and u, = u. Due to the choice of
v and B, and using Lemma 4.1 (ii), we infer that

1 [Vu|\r-1
liminf— [ UP(==)" sgdx =0, 75
it [ U(5F)" e &
DR
Notice that U, |VU|P~! < C|x|PTO=D@=D pear infinity for some C > 0. Conse-
quently, by the choice of ¥ and 8, we get

VU, |
Ut

| Pl
liminf - [ U2 ( ) st =o. (7.6)

R—o00
DR

Therefore, (7.5) and (7.6) yield (4.11) with u; = 5U+ and u, = u. Hence, the WCP
(Lemma 4.3) implies that C Uy <uin QR . This yields (7.4). Therefore, (7.3) together
with (7.4) implies that ¥ < |x|” near infinity. [

As a simple but quite surprising corollary of the above theorem, we obtain the
following result when a + p < 1. Recall that in this case, if Q is a C*Y-bounded
domain, then Hy, ,(2) = 0 (Theorem 3.1), i.e., the weighted Hardy inequality (1.1)
does not hold. However, (1.1) does hold if Q is a C - -exterior domain and @ + p < 1.

Corollary 7.3. Let 1 # o + p < N and Q be a C'Y -exterior domain. Then,
Hgy p(2) > 0.

Proof. Let Q be a C 'Y -exterior domain. We give a proof for & + p < 1. The case 1 <
o + p < N, follows using similar arguments. By Theorem 7.1, we have A5, (€2) =
Ca,p = Ca,p,1- Suppose that Hy ,(2) = 0, then the corresponding spectral gap
Lo, p(2) = cq,p,1 is positive. Hence, —Ag,  is critical in € (by Lemma 2.8). Fur-
ther, it follows from Theorem 7.2 that there exists a minimizer u € W, *”** () such
that u < 1 near dQ and u < |x|@+P=N)/(P=1) pear infinity. Notice that w = 1 is also a
positive solution of the equation —A, ,w = 0. But, since —Ag,, is critical in €2, there
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exists a unique (up to a multiplicative constant) positive supersolution in Wléc’p (2) to
the equation —Ay ,w = 0 [39, Theorem 4.15]. Thus, we arrived at a contradiction.
Hence, Hy, ,(£2) > 0. [

Remark 7.4. As a consequence of the above corollary and the fact that Hy ,(2) >
Ca,p,N for C1¥-exterior domain if @ + p > N, it follows that the weighted Hardy
inequality holds in C ! -exterior domain for any o € R, p € (1,00) with a + p ¢
{1, N}.

Theorem 7.5. Let 2 C RN be an exterior domain with a compact C %> -boundary.

Assume that eithera + p = 1 ora + p > N. Then (1.2) does not admit any minimizer
. a7 l.pa
in Wy 77 ().

Proof. We consider two cases.

The case o + p =1 or a + p = N. By Theorem 7.1, Hy,p(2) = A57,(€2) = 0.
Assume that u € W, 7**(Q) is a positive minimizer. In particular, —Aa, p is critical,
and consequently, the equation —A, ,w = 0 admits a unique positive (super)solution
in Q. Therefore, ¥ = constant > 0, which is a contradiction as 1 ¢ L? (2, 851) U
LP(2,, SS_ZN). Hence, (1.2) does not admit any minimizer in Wol’p;a ().

The case o + p > N. Suppose by contradiction that u € I/T/Ol’p **(Q) is a minimizer

of (1.2). Since @ + p > N, it follows that Hy ,(2) = cq,p,n (see [26, Theorem 1.1]).

Lemma 5.4 implies that for every v, B close to M with 8 <v < W
there exists R > 0 (independent of v) such that the functlon Uy = |x|” + x| isa
positive subsolution of [—Ag, , — 5 + = Ip]w = 0in QX for some R > 0 sufficiently

large, where
v =PIP2v[l@ =N+ 1)+ 1 —v)(p-1]

Since A < H,, ,(£2), it is clear that u is a supersolution of the same equation above.
Let C bea positive constant (independent of v) such that CU + <uon Xg. Using the
WCP (Lemma 4.3) as in the proof of Theorem 7.2, for § < v < a"’f} N , it follows

a+p—N
D

that C|x|” < u near infinity (uniformly in v). Thus, by taking v — , we get

- a+p—N

Cé, ” =<u

near infinity. But, this implies that u ¢ L?(; 55_2('”1’ ), and hence u ¢ W, P (Q),
which is a contradiction. Therefore, (1.2) does not admit a minimizer in W, "**().
"

Theorem 7.6. Let Q@ C RY be an exterior domain with a compact C%> -boundary,
and assume that (1.2) admits a minimizer in Wol’p;a (2). Then Hy p(2) < ca,p-
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Proof. In view of Theorem 7.5, it is clear that we need to consider only the case
1#a+p<N.LetueW,”*() be a positive minimizer of (1.2). By Theo-
rem 7.1, Hy p(S2) < cq,p. Suppose that Hy ,(2) = cq,p. By repeating the arguments
of Theorem 6.3, it follows that Hy ,(2) < cq,p,1. Thus, Hy, »(R2) = cq, p,n. In this
case, following the arguments of part (iii) in the proof of Theorem 7.2 we obtain that

there exist C > 0 and R > 0 such that
~ - —N —N
u(x) > Clx|” in QR foralleuchthata+p 1 <v< L.
p— p

Letting
1
Vp—>—(a+p—N),
4

we obtain that u(x) > C|x|@+?=N)/P in QR Consequently, u & Wol’p;a (2) which
is a contradiction to our assumption. Hence, Hy,,(2) < g, p. ]

We can now give the proof of Theorem 1.3 for the case of exterior C 'Y -domains.

Proof of Theorem 1.3 for exterior domain with compact C 'Y -boundary. It is a direct
consequence of Theorems 7.2 and 7.6. [

Remark 7.7. (i) In the case of exterior domains, we observe that if « + p > N,
then there is no spectral gap ([9, Theorem 4] and also [26, Theorem 1.1]), since in
this case cq,p,N < Hy,p(2) < A5°,(2) = cq,p,n. However, it remains open whether
there are exterior domains with a positive spectral gap when 1 <o + p < N. We
consider ¢ = 0, p = 2. For N > 7, Robinson [41, Example 6.5] showed that there are
exterior domains €2 that have the Hardy constant near the compact boundary (see the
precise definition in [41]) strictly less than %. Then it follows that Ag%, (£2) < %
these domains, and consequently, Hy»(2) < }—r Now, using the smooth approxima-

for

tion arguments as in [35, Example 6], we can have family of smooth exterior domains
(2p) satistying Hp2(2,) < %. Since all the 2,, are smooth, Agf’z(Qn) = i. There-
fore, each €2, admit a positive spectral gap.

(1) At a first glance, it may seem to be not worthy to study the spectral gap phe-
nomenon for exterior domains when o + p > N, since in this case there is no spectral
gap. However, this is not the case as we give both necessary and sufficient condition
for the existence of minimizers. For instance, when & + p > N, using our results we
conclude that the weighted Hardy constant Hy ,(2) is not attained in the exterior
domains.

(iii) In light of the above remark, one might think that it is not useful to carry
out the decay analysis for the existence of minimizers in exterior domains when
o + p > N. However, the reason why this analysis is still relevant is justified by
considering a perturbation of —A, , by a potential W with compact support (see
Remark 8.1 (ii)).



U. Das, Y. Pinchover, and B. Devyver 1128
8. Concluding remarks

We conclude with some remarks that summarize our main results concerning the spec-
tral gap phenomenon for domains with compact C !¥-boundary, and with a number
of open problems.

Remark 8.1. (i) For domains with compact C ¥ -boundary, we proved that Hy, ,(2),
the L*P?-Hardy constant, is attained in Wol’p “*(Q) if and only if there is a posi-
tive spectral gap (I'y,,(€2) > 0). The weighted Hardy constant at infinity is obtained
explicitly as A5, (2) = cq,p,1 for C Y -bounded domains and Agp(§2) = ¢q,p for
C 17 _exterior domains. In both the bounded and exterior domain cases, the sharp
two-sided decay estimates of a minimizer (whenever exists) are obtained. In the case
of bounded domains, for & + p < 1 we have Hy, »(£2) =0and 0 < A5°,(2) - 0 =
A2, () asa+p— 1% It turns out that the gap phenomenon holds rather trivially
for the case o + p < 1, while it is more subtle for « + p > 1 as it depends on the
geometry of the boundary. Whereas, for exterior domains, we see that Hy ,(2) = 0
if and only if @ + p is either 1 or N, and Ag°,(2) > Oasa + p — 1T or N*.In
exterior domains, the gap phenomenon holds trivially if &« + p is either 1 or N, while

all the other cases need special attention.

(i1) For 1 — p < a < 0, we remark that the Green’s function of —A, , ona C Ly
bounded or exterior domain does not satisfy the Hopf’s lemma. Because if it does,
then one can follow the arguments of [32, Lemma 3.4] and obtain that A3°,(£2) >
(ijl)p . But, we have seen in the previous remark that /\gf’p (2) < cq,p,1- This leads
to a contradiction.

(iii) One can verify that our analysis also goes through if we consider the following
minimization problem for a given W € C.(2):

Hy pw () = inf{@a,p,w(@ : / 9|785 P dx = 1,¢ € WOI’P;“(Q)},
Q

where Qg pw (¢) = [olIV@|?85* + W|p|P]dx. Such minimization problems are
related to the following perturbation problem:

—Agpp + WIy(p)= 50{%1,,(@ in Wy 7% ().
Q
In this case, following the same arguments of the proof of Theorem 1.3, we can
prove the spectral gap phenomenon in a domain with compact C ! -boundary i.e.,
Hy pw(Q) is attained in Wy () if and only if Hy pw(Q) < A3, (82). More-
over, we can obtain the tight decay estimates for the corresponding minimizers which
are actually solutions of the above PDE.
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(iv) The assumption that the domain has C 17 -regularity is crucial for our results.
We recall that the tubular neighborhood theorem holds for C2-domains, but not for
C !> -domains with 0 <>>< 1 (see the discussion of this point in [32]). Moreover,
the distance function ég is not guaranteed to be differentiable near the boundary.
Therefore, we replace the distance function with the minimal positive Green function
of the p-Laplacian and use the Hopf-type lemma substantially in our analysis. It is
important to mention that the minimal positive Green function of the p-Laplacian
does not satisfy the Hopf-type lemma on C'-domains, see [25, Section 3.2]. One
may also observe that the C 'Y -regularity of the domain is essential for the estimates
of the weighted Hardy constant at infinity which plays a significant role in the gap
phenomenon.

Finally, we propose three open problems.

(1) Does the gap phenomenon hold in domains with compact C !-boundary?

(2) For 1 <a + p < N with N < 7, are there C!”-exterior domains with a
positive spectral gap? (cf. Remark 7.7).

(3) Let 2 be C 7 -exterior domain and & + p € {1, N}.Is —A,, , critical in Q?

A. A chain rule

In this appendix we prove a chain rule for I,. In the case p > 2, the mapping ¢
|t|7=2¢ is of class C, so the chain rule for I, simply follows from the standard chain
rule in W12 In the case p < 2, one needs to take care of the singularity at zero of
t +— |t|P~2t. We prove the chain rule in the framework of a smooth manifold M . For
our purposes, one should take M = Q.

Lemma A.1. Letv € C®(M), and |v|P~2|Vv| € L} (M); p € (1,00). Then, in the

loc
sense of distributions, we have

VI,(v)=(p—1D|P2Vv,

Proof. Take X € C2°(TM) a vector field. Since I,(v) is continuous, we have

—/Ip(v)diVde = — lim /Ip(v)diVde

e—0
M {lv|>e}u{v=0}

= — lim / I,(v)divXdx. (A.1)
e—>

{lv|>¢}
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The last equality follows as I,(0) = 0. According to the coarea formula,

o0

/leldx = /0({|v| =t} N supp(X))dt.

supp(X) —o0

Since Vv € L}
equality is finite. Hence, one can choose a sequence &, — 0 such that the sequence
(oc({|v]|= &,} N supp(X)))nen is bounded. Moreover, by Sard’s theorem (which can
be applied since v € C°°(M)), one can assume that the sequence (¢,),eN is chosen

such that {|v| > &,} are C'-domains. Then, by Green’s formula,

(M) (because it is continuous), the left-hand side of the above

—/Ip(v)diVde = /I;,(v)(Vv,X)dx—/Ip(v)(v,X)da, (A.2)
{lv|>en} {lv|>en} {lv|=en}

where v is the exterior normal to {|v| = &,}. Now,

/ I,(v)(v, X)do

{lvl=&n}Nsupp(X)

<o({lv] = en} Nsupp(X)) Ip(en) [ X [lLoe.  (A3)

Since I,(en) — 0, we obtain
Ip(en)o({|v] = en} Nsupp(X)) = 0as n — oo.

Consequently, from (A.3), (A.2), and (A.1) we get

—/Ip(v)diVde = lim0 /I;(v)(Vv,X)dx. (A.4)
&n—>
M {lv>en}
Define
Vu(x) .
if Vu(x) # 0,
n(x) = V()|
0 if Vu(x) = 0.
Then,

/Il’,(v)(Vv,X)dx = /I;(v)(n,X)|Vv|dx = /Il’,(t)g(t)dt,

{lvl>en} {lvl>en} {lt|>en}

where g(t) = f{v:t} (n, X)do. The last equality follows from the coarea formula. Let
T > 0 be such that v|gppx) € [T, T]. Then, in the above integral one can replace

f\t|>8n by f{|t|>Sn}ﬂ[—T,T]‘ Now, we claim that

X0y Lp() g() € LY([=T, T)). (A.5)
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Indeed, again by the coarea formula,

[imoleow = [ |I;,(r)|( / ||X||Leoda)dz

{t#0}N[-T,T] {t#0}Nv(supp(X))  {v=t}
= Xl /<p — DJu]P2|Vuldx < oo,
supp(X)N{v#0}

since by assumption |v|?72|Vv| € L} (M). This proves (A.5). Subsequently, the

loc
dominated convergence theorem implies that

limo /Il/,(t)g(t)dt = /I;,(Z)g(t)dt =/I;,(z)g(z)dt,

En—>
{lt|>en} {t#0} R

even if I;,(O) = o0. Indeed, one has [, (+00) - du = 0 if £(A) = 0. Then, by (A.4)
and the coarea formula, we get

—/Ip(v)diVde =/I;)(t)g(t)dt =/I;,(v)(Vv,X)dx.
M R M

Hence, in the distribution sense, we have V.I,(v) = I,(v)Vv = (p — D|v|P~2Vv.
[

Suppose now that F satisfies the assumptions of Lemma 2.10, and set v = F’(u),
where u € WP (2) N C(2). We need to prove that in the sense of distributions,

loc

V(Zp(v)) = V(I,(F'(w) = (p = DIF'u)|P~2F"(u)Vu. (A.6)
Note that we have Vv = F”(u)Vu € L? (). Thus, v € Wicl)c’p(Q) N C(R).

loc
To prove the above assertion, take a smooth compactly supported vector field X

on 2, and a sequence (u,) € C*°(2) such that u, — u in Wl;C’I’(Q) and u, —> u
uniformly on the support of X. Let v, = F’(uy). Then, for every n € N, according
to the previous lemma, we get

—/Ip(v,,)didex = /(p— D)|va|P72(Vug, X )dx. (A7)
Q Q

We have v,, — v uniformly on supp(X) and
Vv, = F"(u,)Vu, — F"(u)Vu in L?(supp(X)).

So, I,(vn) = vy|vn|?~2 — I,(v) uniformly on the support of X, and the left-hand
side of (A.7) converges to — [, I, (v)divX dx. The right-hand side of (A.7) reads as

(p—1) / | )P~ F (1) (Vit, X )dx.
Q
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By the assumption on F, the function | F'|?~2 F" is continuous on (0, c0), and since
there exists >> 0 such that u(supp(X)) C (e, &~ '), one concludes that

|F/1P72 (un) F" () — | F'1P72 ) F" ()

uniformly on the support of X. Since Vu,, — Vu in L?(supp(X)), we conclude by
the dominated convergence theorem that the right-hand side of (A.7) converges to

(p-—1)/Wl”(uNP‘ZF”@o(Vu,x3dx.

Hence, we infer that (A.6) holds in the distribution sense.

Remark A.2. Actually, the above proof shows that it is enough to assume X €
W -4 () with compact support and ¢ = p’ :=

(r—1)"

B. Auxiliary inequalities

In this appendix we prove two elementary inequalities that play crucial role in the
proofs of Lemma 5.1 and Lemma 5.4.

Proposition B.1. The following holds.

a+p—1 at+p—1

(1) Let v < B, such that, either v € [ o i

]ifa—i—p>l,0rve

[a+1l))_1 ,0] ifo + p < 1, respectively. Then,
( 2”ﬂ+k||ra<x( —1) (B.1)
o #lgir= <M1 -

where A, = [v|P"2v[a + (1 —v)(p — 1)].

at+p—N N oH—p —N

(ii) Let B < v, such that either v € [ =

]zfa—|—p<N orv €

[O, ‘H_I; N] ifa+p>N respectlvely. Then,
P v[P—2
(p—=2) +Aﬂ|ﬂ|1’ > <X (p—1), (B.2)

where A, = WIP™2v[(c =N + 1) + (1 —v)(p — 1)].
Proof. (i) Notice that (B.1) holds if

_nB @'”"’2
(P =2 3, 1

<(p-D. (B.3)
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An elementary computation shows that (B.3) is true if

(g)—l[a+(1 — V@ -D+le+1-Ap-D _(p-HE-p)
v a+(1-v)(p-1) v ’

which is equivalent to

By w=h__ =P -
vVa+({1=-v)(p-1) v
Since v < B and v[o + (1 — v)(p — 1)] is non-negative, (B.4) holds if
p>a+(1-v)(p—-1),
which is indeed true as o + (1 —v)(p — 1) < v.
(i1) The proof of (B.2) follows from analogous computation as above. ]

C. Covering lemma

Lemma C.1. Let @ C RN be a C%'-domain with a compact boundary. Then the

minimal number of balls of radius r to cover D, = {x e Q: %r <dgx) < r} is
or'=N).

Proof. By our assumption, €2 is a Lipschitz domain. Therefore, locally at the bound-
ary, the domain is a subgraph of a Lipschitz continuous function ¢. Thus, there is a
small neighborhood U C Q2 of the boundary (up to a translation and rotation) which

isgivenbyU ={x e Q:0<xy < o(xX1,...,XN-1)}-
Moreover, in the neighborhood U, the Euclidean distance to the boundary
dq is equivalent to the graph distance dy(x) := |@(x1,...,xXn—1) — xn]| (see

[13, Lemma 7.2]). Namely, there exists a constant C > 0 such that
do(x) <dy(x) <Ciég(x) forallx e U.

Consequently, it is enough to cover the set Dy, := {x eU: %r <dn(x) < r} by
O(r'=N) balls of radius .

Recall that any compact set in RV =1 can be covered by O(r'~") balls of radius r.
So, we can cover the (N — 1)-dimensional base domain by O (=) balls of radius r.
Using the Lipschitz continuity of ¢, there is a parallelpiped with sides of order r which
covers Dy, by O(r'=") balls of radius r. [
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D. Subcriticality implies the existence of Green function

Definition D.1 (@-capacity [17]). Let @ be a non-negative functional on W 7 (Q) N
C:(S2) of the form

Qlp) = / [Vl + ViglPldx. ¢ € WHP(Q) N Co(S).
Q

where A := (a;;) € L7n(R; RN>*N) be a symmetric and locally uniformly positive

definite matrix, and

N

G =Y ay(0E&EE. £ eRVN.

i,j=1

Letu € WL? (2) N C(2) be a positive function. For a compact set F € €2, the

loc

Q-capacity of F with respect to (2, u) is defined by
Cap(F,Q,u) := inf{Q(¢) : ¢ € WHP(Q) N Ce(R), ¢ > u on F).

Theorem D.2. Let Q > 0in Q, xo € Q and u € Mq\(x,}- If u has a removable
singularity at xg, then Q is critical in Q. In other words, if Q is subcritical, then it
admits a minimal positive Green function at x.

Proof. Let w € 2 be a smooth subdomain such that 2 \ @ is connected, and x¢ € w.
Let u% be the solution of the Dirichlet problem:

Qw=0inQ,\®, w=uondw, w=0o0ndRQ,.

Then 0 < u$ <wuand u® /" u® <uin Q \ w. On the other hand, by the definition
of minimal growth, u < u® in Q \ w. Therefore, u® = u in Q \ w.
Without loss of generality, we may assume Bj(xg) C €27. Denote

u;n — ufl/m(xo)'
Extend u}' by u and 0 in By/,,(xo) and outside €2, respectively, and denote this
extension by u/”'. Then by the pasting lemma [12, Lemma 3.1], we have that u!' €
W, P (Q) and Q' (@) > 0in ;.

For a fixed m > 1 we have

lim #) =u inQ.
n—-oo

Using Cantor’s diagonal argument, it follows that there is an increasing subsequence

{m(n)}52_; of integers such that am™ s in Q asn — oo.
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Moreover, u}' is the @, 4,y -capacitor of (Bj/,, 2,,u), see [12, Proposition 4.1].
That is,

Cap(Bl/m9 Qn’ u) = @p,A,V(IZ:ln)
Since
Cap(Bl/m(n)v Q,u) > Cap(Bl/m(n), Qy,u),

and Cap(B1/m(n)» 21, u) — 0 as n — oo, it follows that (,‘ZP,A,V(ﬁ,,m(")) — 0. In addi-

~m(n)

tion, U, -~ — u in . Therefore, {ﬁnm(")}go

| is a null-sequence for @, 4,y. Hence,
Op,a,v is critical, and u is the ground state.

We note that for the linear case (p = 2), the theorem follows easily using the
strong comparison principle (which follows from the strong maximum principle). =
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