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Upper bound on the second Laplacian eigenvalue
on real projective space

Hanna N. Kim

Abstract. In this paper, we prove an upper bound on the second nonzero Laplacian eigenvalue
on n-dimensional real projective space. The sharp result for 2-dimensions was shown by Nadi-
rashvili and Penskoi and later by Karpukhin when the metric degenerates to that of the disjoint
union of a round projective space and a sphere. That conjecture is open in higher dimensions,
but this paper proves it up to a constant factor that tends to 1 as the dimension tends to infin-
ity. Also, we introduce a topological argument that deals with the orthogonality conditions in a
single step proof.

1. Introduction and results

For n-dimensional real projective space RIP”, consider a round metric g and its con-
formally equivalent metrics wg where w is the conformal factor. Throughout the
paper, the metric is normalized so that the volume Vol(RP", wg) = Vol, (w) is equal
to the volume Vol(RIP”, g) of the round projective space. The Laplace-Beltrami oper-
ator —A,g on (RP", wg) has a discrete sequence of eigenvalues:

0=2o(w) < A1(w) < Aa(w) < -+ — o0.

This paper provides an upper bound for the second nonzero eigenvalue A, (w) for
all RP", n > 2. The strategy of the proof is to find n + 1 trial functions, which we
construct using Veronese embeddings to map projective spaces to higher-dimensional
spheres followed by a fold and a Mobius transformation. We rely on topological argu-
ments to show that the trial functions are orthogonal to the first two modes.

1.1. Results on the second eigenvalue

In this section, we review isoperimetric inequalities of the Laplacian eigenvalues
related to spheres and projective spaces, and state our main result.
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Theorem 1 (Li and Yau [14] for n = 2 and El Soufi and Ilias [5] for n > 2; first
eigenvalue on RP"). Assume that the metric wg is normalized so that Vol, (w) =
Vol,,(1). Then the first nonzero eigenvalue of —Ayg satisfies

A(w) < Ay(1) =21 +2.

The upper bound is attained when the metric is round on RIP”. For the next higher
eigenvalue on 2-dimensional projective space, we have the following result.

Theorem 2 (Nadirashvili and Penskoi [17]; second eigenvalue on RP?). Assume that
the metric wg is normalized so that Voly(w) = Voly(1) on RP2. Then the second
nonzero eigenvalue of — Ay, g satisfies

A>(w) < 10.

The upper bound can be obtained by a sequence of metrics approaching to that
of the disjoint union of a round projective space and a sphere having ratio of radii
V6 : +/2. A natural conjecture is that the upper bound can be extended to all dimen-
sions.

Conjecture 3 (Second eigenvalue on RP”, n > 3). Assume that the metric wg is
normalized so that Vol,,(w) = Vol, (1) on RP". Then the second nonzero eigenvalue
of —Ayg satisfies

Aa(w) < ((2n +2)"2 4 2n™/2)2/1, (1)

The upper bound can be obtained by a sequence of metrics approaching to that
of disjoint union of a round projective space and a round sphere having ratio of radii
V2n +2: n.

We prove the following bound on A, (w), with a right-hand side that is larger than
in the conjecture.

Theorem 4 (Second eigenvalue on RP”, n > 3). Assume that the metric wg is nor-
malized so that Vol,,(w) = Vol,, (1) on RP”. Then the second nonzero eigenvalue of
—Ayg satisfies

Aa(w) < 22/"(2n + 2). )

In dimension 2, the above theorem gives A,(w) < 12, which is weaker than the
sharp bound 10 in Theorem 2. In Lemma 20, we confirm that Conjecture 3 is stronger
than Theorem 4, and that the theorem is asymptotically sharp as n tends to oo because
the ratio between the two upper bounds approaches 1.

Subsequent to this paper, Eddaoudi and Girouard [4] proved a generalization to
rank one symmetric manifolds and some other manifolds, again using the folding
technique. Recall that Colbois and El Soufi [3] earlier maximized the first eigenvalue
on rank one symmetric manifolds within the standard conformal class.

To conclude this introduction, we summarize some related literature.
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Higher eigenvalues on the 2-dimensional real projective space RP?

For the higher eigenvalues on RPP2, it is known by Karpukhin [8] that k-th eigenvalue
has a sharp upper bound when a sequence of metrics converges to the disjoint union
of a real projective space and k — 1 identical round spheres, where the ratio of radii
between the projective space and the spheres is V6: V2.

First and second eigenvalue on S"

For the first eigenvalue A, Hersch in 2-dimensions [7] and El Soufi and Ilias [5] in
higher dimensions proved that the sharp upper bound of the first nonzero eigenvalue
A1 is attained by the round metric (within that conformal class). They found trial
functions orthogonal to the constant by composing the eigenfunctions of the round
sphere (which are the m + 1 coordinate functions) with a Mobius transformation to
move the center of the mass to the origin.

For maximizing A, on the 2-sphere, Nadirashvili [15] and later Petrides [19]
showed that there exists a maximizing sequence of metrics degenerating to a disjoint
union of two equal round spheres. In my work [1 1], the analogous result for the second
eigenvalue A, on the higher-dimensional sphere S” is proved. Inspired by the prior
works on constructing trial functions, the method in this paper relies on building trial
functions satisfying the orthogonality conditions by composing the eigenfunctions of
the round sphere with a fold map and a M&bius transformation.

Higher eigenvalues on 2-sphere

Nadirashvili and Sire [16] confirmed the analogous result for the third nonzero eigen-
value A3. For all eigenvalues, by using the work of Petrides [20], Karpukhin, Nadi-
rashvili, Penskoi, and Polterovich [9, Theorem 1.2] showed that the k-th eigenvalue
on S? is maximal when a sequence of metrics degenerates to the disjoint union of k
identical round spheres.

2. Overview of the proof

Let us preview the trial functions, which are the components in R”" of the vector
valued map

(Y 0T 0 Fy o ®)(y), yeRP", 3)

where T_. is a Mobius transformation on the ball B™m™ F. g is a fold map on smm=1
® = O,:RP" — S"W~1 i5 a generalized Veronese map and Y (y) = y is the identity
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map on the sphere. Note that each component Y;(y) = y; is an eigenfunction for the
round sphere. We drop the identity map “Y” in the work that follows since its role
in (3) is mainly to emphasize that the trial functions are the m + 1 components of the
vector field in (3).

In this paper, we generalize Veronese embedding to all dimensions by induction,
building on the work of Zhang [25]. We adapt the conformal factors so that the images
of Veronese embeddings lie on higher-dimensional spheres of radius 1. The construc-
tion of trial functions relies on my earlier work [11]. We build 1 (n)-number of trial
functions that satisfy the conditions for the variational characterization of the second
nonzero eigenvalue: orthogonality to the constant and to the first excited state on RP”
with the metric wg.

Let us mention again some relevant previous works. For RP?, Li and Yau [14]
used the well-known Veronese embedding, which is a minimal immersion of RP?
to S*, to show that the round metric maximizes the first eigenvalue. El Soufi and
Ilias [5] generalized the result to RPP" for all n > 2, showing that since RP” can be
minimally immersed to a higher-dimensional sphere by its first eigenfunctions, the
standard metric induces the sharp upper bound. We combine this idea of mapping real
projective space to a higher-dimensional sphere with the method of constructing trial
functions from my previous paper [11].

3. Veronese embedding of projective space into a sphere

Our goal in this section is to construct a “generalized Veronese” map ®,: RP" —
S™M=1 that is a conformal embedding. We first define ®,,: R”+! — R™ and show
that when the map is restricted on the real projective space, the image lies in a higher-
dimensional sphere.

We denote m(n) as the multiplicity of the first eigenvalue of the round RP”,

n(n+3)
2

forall n > 1 (see [24, Corollary 7.4.3]). And note that the first eigenvalue of the round
RP" is 2n + 2. Readers may wish to skip this section since the explicit formulas are

m(n) =

not needed and we only need the conformal embedding property in Proposition 6.

Definition 5. For n = 1, define ®;: R? — R2 by

2 2
x2 —x
(Dl(xl,xz)=2<xlxz, 12 2).

For n = 2, define ®,: R3 — R by

1 1
Dy (x1,x2,x3) = \/g(xlxb E(Xf - X%),X1X3,XZ)C3, —(X% + x% — 2x§ )

243
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For n > 2, define ®,: R"*! — R™®) inductively by

D, (x1,..., Xn41) = an( Dy 1 (X1, Xn)s X1 X415 - -+ > XnXn+1>
an—1
1
2 2 2 2
(x1 +x2+"'+xn_nxn+l))v “)
nay

where the constant is

a, = <2nn—|— 2)1/2.

As a remark, when n = 1, one can see that the image consists of coordinates of
the square of the complex number z = x; + ix,. Note that when n = 2, the map &,
is the well-known Veronese conformal embedding. The inductive definition of ®,, for
n > 2 involves a normalized ®,_, the cross terms x;x,+1 and then the final term.
Notice that @, (—x) = ®,(x) and so ®, is well defined on RP”.

Proposition 6. If the domain of ®,, in (4) is restricted from R to the projective
space RPP", then
®,: RP" — S

is a conformal embedding with constant conformal factor a,, meaning that the deriva-
tive map preserves angles and scales the length of tangent vectors by ay.

Lemma 7. The Veronese map ®,: Rt — R™® sarisfies |, (x)| = |x|% In par-
ticular, the image of the map ®,, restricted to the projective space RP" lies in the unit
(m(n) — 1)-sphere and the map ®,, is injective on RP".

The proposition follows by combining the next two lemmas.

Proof. One can check that the result holds easily for n = 1. Now, assume that the
lemma holds for n — 1 > 1. We show that it also holds for n.

We have |®,_1(x1,...,Xn)| = |(x1....,Xxn)|? by the induction hypothesis. The
square of |®,| is written as follows:

2n+2/n—1
| (X1, -y Xng)|? = p ()k 1(xf+---+x2)2+(xf+---+x3)xﬁ+1
e
1
+n(T+2)(xf++x,21—nx,%+l)2)

After replacing x7 + -+ + x7 with |x|*> — x| and simplifying the above, one
finds |®, (x1, ..., Xs+1)|*> = |x|*, where X = (x1,...,X,+1)T is a column vector.

One can easily see that the map is injective on RP! since on the complex plane,
the map can be written as ®,(z) = iz> which is injective on RP!. Using a short
induction argument, we find ®,, is injective on RP". ]
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Next, we compute the properties of D ®,, and show the Veronese map ®,, is con-
formal on RP”.

Lemma 8. Forn > 1,

(DD, (x))TDP,(x) = xxT, x e R"*1,

2 1
(n,:_ )|X|21 +

2(n—1)
n

In particular, ®, restricted to the projective space RP" is a conformal map into an
(m(n) — 1)-sphere with conformal factor a,,.

Proof. We prove by induction. Forn =1,

2 2 0
D@{D¢1:4(x2 xl)(%z xl)::4(x1+x2 R 2)::MxFL
X1 —Xx2)\x1 —x3 0 X7+ x5
where the conformal factor is a; =2. Assume that the lemma holds for n —1>1. Recall
that a, = /2(n + 1)/n and define b,, = \/2(n — 1)/n. By the induction hypothesis,
(D®y—1(x)TDDPy_1(x5) = a |Xn|21 + b2 1XnX;,
where [, is an n x n identity matrix and x,, = (x1,...,x,)T € R”".

Let X = (X;;, X,41)T € R*T1. The derivative of ®,, is written as a 3 x 2 block
matrix,

__lqu>n—1 0
D, (x) = ay Xn+11n Xy ,
dnx} —bp1Xn+41

where d,, = /2/n(n + 1). We write D®} D®, as a 2 x 2 block matrix,
D®IDP,
=a2(a,;lecI>T 1DPp— 1+xn+11 +d2XanTz (1— bn+1dn )xn+1Xn) (5)

" (1 - n+ld )-xn-l-lx;l; X Xn + bn+1)€n+1

Next, we use the induction hypothesis to expand D@;_lDan_l on the upper left
term in (5), having

a2y DOT_ D®y_y + X2 Iy + d2XnX))
= |x,|?1, +a,”- b lxnx,T, + x,%HIn + d,%xnxl
= [XI*In + (a,2, b5y + d)XnXp,.
Hence, we can write the matrix in (5) as follows:
DOIDP,
(@y21bp_y +dD)Xaxs  (1- n-‘rldn)xn-i-lxn)' ©

2
= a2|x[*Iy4+1 +a (
(1 = bug1dp)Xns1Xp (bpy — Dxpyy
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We only need to check all four coefficients of the second matrix in (6) are equal
to b2 /a2, which is straightforward. So, the conclusion of the Lemma holds for all n.

Finally, we show that the map is conformal on RP”. Let x € S”. For all u, v €
R”*1 that are tangential to the sphere at X,

2 1 2(n —1
uTDO DD,V = uT(ﬂklzl + (n—)XXT>V =a2uly,
n n
where |x|? = 1 and the term including uTx and xTv vanished since the vectors u, v
of the tangent space are orthogonal to the point x on the sphere. This proves that the

generalized Veronese map @, on RP” preserves angles and scales distances by the
conformal factor a,,. ]

Proposition 9. The map (1/a,)®, is an isometric minimal immersion from RP" to
(1/ay)Ssmm—1,

Proof. Based on Proposition 6, the embedding ®,, can be made isometric by dividing
constant by the constant conformal factor a,. Minimality follows from the result of
Takahashi [23, Theorem 3]. ]

4. Trial functions and orthogonality

Relying on the techniques from Freitas and Laugesen [6] for domains in hyperbolic
space, I constructed the trial functions on the sphere in my previous paper [11]. In
this paper, we adapt the method by first composing the Veronese embedding, since
the embedding takes RP” into S~ Then, we can apply a similar argument from
the sphere to this context: fold the image across some spherical cap and compose it
with a suitable Mobius transformation. Now, we reintroduce the definitions of these
maps to help the reader’s understanding.

4.1. Mobius transformations

Write B™ for the unit ball in R” and S”~! = 9B™. Define the Mébius transforma-
tions on the closed ball [22, eq. (2.1.6)], parametrized by x € B™, as

(I+2x-y+|y»)x+ 1 —[xP)y
14+ 2x -y 4 |x|?y|?

Te:B™ - B™, Ty(y) = ., yeB™ (7

As a remark, Ty becomes just the identity map on the ball. Also, 75 (0) = x, T_x =
(Ty)~ !, and Ty maps S™! to S™~1, fixing the points y = %x/|x]|.
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4.2. Spherical caps, reflection, and folding

The following material is drawn from [11] and is included here for the reader’s con-
venience. We describe spherical caps. For any unit vector p on the sphere, the closed
hemisphere can be written as

Hy={yeS"':y.p<0}, pes™

Next, define the spherical caps as the image of the hemisphere H, under some Mobius
transformation:

H=Hy; =Ty,(Hy,), peS"™' telol).

Here, the Mobius transformation sends boundaries to boundaries, that is, 7y, (0H,) =
0Hp ;. Then we can write the spherical cap explicitly as

2t
H ={ eS":y- <—},
bt =Y Y PETIp

which can be easily calculated by (7). Note that as ¢ approaches to 1, the spherical cap
H,, ; covers almost all the sphere toward p.

Given b € R™ \ {0}, the reflection R} in the hyperplane through the origin and
perpendicular to the vector b is defined as

(y-b)

b, sm1
TERR

Rp(y) =y -2
By conjugation, we can define a reflection map across the boundary of the general
spherical cap Hp;: let

Ry =Ry =Ty o Rpo(Tp) ':S" 1 — ™1

Note that Ry, ,(p) = — p, which says that the reflection map sends p to its antipodal
point. Lastly, we define a “fold map” that reflects the complement of the spherical cap
across the boundary:

v, y € H,

Fy(y) = Fp,t()’) = {RH(y), ye gm-1 \ H.

Observe that the image of the boundary of the spherical cap dH is itself. For simplic-
ity, we use different notations Fg and F},; to denote the same map when it is clear
from the context (similarly for Rg).
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4.3. Center of mass and trial functions

A point ¢ € B™ is the (hyperbolic) center of mass of a Borel measure p on the sphere
if

/ T_o(y) du(y) = 0. ®)

sm—1

The trial functions are defined to be the components in R of the vector valued
map

y = (T—C o FH o ®n)(y)’ y € RPn’ (9)

where T_. is a Mobius transformation on the ball B Fy is a fold map on smm—1
and ® = ®,: RP" — S™~1 is the generalized Veronese map defined in Section 3.
How the center of mass ¢ and spherical cap H are chosen is explained below.

Next, we present two different topological proofs that the trial functions satisfy the
orthogonality conditions. The first argument is based on the idea of Hersch [7] and
the reflection symmetry lemma by Petrides [19]. The second argument is essentially
from a result of Karpukhin and Stern [10, Lemma 4.2]. We give a new proof.

4.4. Orthogonality of the trial functions by two-step proof

Based on the construction above, we need to show that the trial functions are orthog-
onal to the constant and the first eigenfunction with respect to the metric wg, so
that we can use the variational characterization of the second eigenvalue. The first
proof of orthogonality of trial functions (9) proceeds similarly to my previous work
[11, p. 3506], as we now explain.

Define a push-forward measure y on S”™~! by u = (Fpy o D)4 vy Where
Vwg is the volume measure on RP” with respect to the metric wg. A center of
mass ¢ = cg in (8) exists by Hersch’s lemma; see Laugesen [13, Corollary 5] for
the precise statement. The assumptions of the corollary are satisfied by extending u
outside Fg (®(RIP")) to all of the sphere with zero, noting that this extended push-
forward measure is a finite Borel measure and 0 = p({y}) < n(S™™=1)/2 for all
y € S™~1 The result of the corollary gives the existence and uniqueness of the cen-
ter of mass cy = cp ¢, and the center of mass depends continuously on the parameters
of the spherical cap, (p,t) € S"™~1 x [0, 1).

We later need the continuity of the center of mass as ¢ — 1. The M&bius transfor-
mation and the fold map do not extend continuously when ¢ = 1, but nonetheless, the
center of mass ¢, ; converges to a point ¢ (w) which depends only on the measure and
is independent of p; see [11, p. 3506]. The underlying point is that the push-forward
measure is weakly convergent as t — 1.
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The orthogonality of trial functions to the first excited state f of —A,,z on RP”
requires that the following vector field vanishes at some point (p,¢) € S™~1 x
[0, 1):

Vo) = [ Tocy (Fa @0 £0) dvug (), (10)
RP"
where H = H), ;. Note that from the continuous dependence on the parameters, the
vector field (10) is continuous. Since the image of the Veronese map is in the sphere,
the argument in my previous paper [11, Section 2.8], which is based on the topological
argument by Petrides [19, Claim 3], applies with obvious changes. We skip the details
and state the result below from [11, Proposition 8].

Proposition 10 (Vanishing of the vector field). V(p,t) = 0 for some p € S"~1
andt € [0, 1].

This result finishes the first argument for the orthogonality conditions. Before
we proceed to the second argument, I would like to introduce different approaches
to the orthogonality conditions for trial functions. Petrides [19] showed that a map
with reflection symmetry has nonzero degree, leading to the two-step argument above.
Freitas and Laugesen [6] gave a new proof of Petrides’s Lemma by a global approach
using the de Rham definition of the degree.

Karpukhin and Stern [10, Lemma 4.2] relied instead on the Lefschetz—Hopf fixed
point theorem, obtaining both orthogonality conditions in a one-step proof. In the next
section, we give a proof similar to their lemma by adapting a method for proving the
Borsuk—Ulam theorem. A third approach by Bucur, Martinet, and Nahon [2] relies on
the index theorem to give a one-step proof in a closely related orthogonality situation.

4.5. Orthogonality of the trial functions by one-step proof

We rely on Theorem 12 in Section 5 to prove that for some choice of parameters, the
trial functions are orthogonal to both the constant and the first excited state. Compared
to the previous vector field defined in (10), we assume now that the center of mass is
an independent variable in the vector field

V(x,p,z)=( / Ty (Fir (©()) dvug. / T_x(FH@(y»)f(y)deg),

RP” RP”

which is a map from B”® x S"=1 5[0, 1) to R?”™_ Here H = Hp ;. Now,
we extend V continuously to # = 1 and |x| = 1. When ¢ = 1, the vector field is
continuous and independent of p, by a similar argument to that in the previous section.
As x — X € S™M~1 the vector field can be extended continuously by the dominated
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convergence similarly and then the vector field becomes independent of p and ¢. In
fact, the vector field at x = X is

V(x, p,t) = Vol,(w)(—X,0)

since the Mobius transformation degenerates and [ppn () dvywg = 0. In the next
proposition, we again use the fact that the degree is a homotopy invariant to show that
the vector field vanishes at some choice of parameters.

Proposition 11 (Vanishing of the vector field). V(x, p,t) = 0 for some (x, p) €
B™ x SmM=1 gpd ¢ € [0, 1].

Proof. Let m = m(n). We endow the following equivalence relation on B™ x §m~1,
For any x € dB™ and p,q € S™!, we say (x, p) ~ (x,q). Define a homeomorphism
B™ x S" 1/~ — 8?1 as (x, p) — (V2 — |[x]2x, (|x]?> — 1) p) = (a, b). (This
homeomorphism makes the boundary points of the ball collapse onto the points in the
sphere such that the second part of the coordinates are zero.) The inverse parameters
are

b

pb) = -

x(a) = — bl

a
Vv 1+ 15|
When b # 0, x(a) only depends on a since |b|?> = 1 — |a|?>. When b = 0, we have
x(a) = —a and p(b) is undefined.
Next, we precompose V with the inverse of the homeomorphism and denote the
map as
V(a,b,t) = V(x(a), p(b),1), (a,b) €S>,

where for b = 0, we have |a| = 1, x(a) = —a, |x(a)| = 1, and so V(a,0,7) =
Vol, (w)(a, 0).

Suppose V(x, p,t) does not vanish, so that V does not vanish. We obtain a contra-
diction later. For each ¢, let W, (a, b) := V(a,b,1)/|V(a, b, )| be a map from S~
to itself. When b = 0, note W;(a, 0) = (a,0).

When ¢ = 1, the fold map becomes identity on all of the sphere except at one
point, so we have

a.0) = ([ T @0 dvng. [ Torio @00 70) v )
RP”" RP”
The map W is not surjective onto S ~! since it is smooth and the right side depends

only on the m-dimensional parameters a, while 2m — 1 > m. Hence, W is homotopic
to a constant map and so has degree zero, which implies that W, also has degree zero.
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When ¢ = 0, the map (a, b) — Wy(a, b) satisfies the reflection symmetry condi-
tion (11) below, by the following calculation. When b # 0, we calculate that

7 (Rp(a). ~b.0) = ( / T o0 (Fo(et)0(®())) dvmg.
RP”

/ T_x(R,,<a))(F,,(_b),o@(y)))f(y)deg)

RP”

=( /T—R;,(x(a))(Rpr(b),O(q)(y))) dvyg,
RP”

/ T_Rb<x(a>)(Rpr@),o(@(y)))f(y)deg)

RP"

(since x(Rp(a)) = Rp(x(a)) by linearity of Ry, and Fp(—p),0 = Rp Fp(p),0)

- (Rb / Tty (B 0(®(1))) dvmg.
RP”

Ry / T v (Epy 0 (@0 £ () deg)

RP”

(by the property Tr,a(Rpy) = RpT,(y) in [11, p. 3507])
= (Rp x Rp)V(a,b,0).

Now, the reflection symmetry condition for W, follows by dividing each side by its
norm. When b = 0, Wy(a, 0) = (a,0). Thus, (11) holds for ¥}.

Hence, the map W, has nonzero degree by Theorem 12, which is a contradiction.

]

5. Calculation of the degree of the self-maps

In this section, we calculate the degree of the continuous maps between odd-dimen-
sional spheres with reflection symmetry. Recall the following facts about the toplogi-
cal degree of continuous maps on a sphere. See Outerelo and Ruiz [18, Chapter IV.4].
Let ¢: B"t! — R"*! be a continuous map such that ¢(S”) c R*+! \ {0}. Define a
continuous map ¢:S” — S" as ¢p(x) = ¢(x)/|p(x)| for x € S”. It is well known that
for any point p € S”, d(¢,B"*1,0) = deg(¢, S”, p). Moreover, since the degree of
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¢ is consistent on any p € S”, we may write deg(¢) = deg(¢, S”, p). The main goal
of this section is to show the following theorem.

Theorem 12. Let ¢: S?" 1 — S2"+1 be a continuous map and assume that the map
satisfies the following reflection symmetry property:

(Rp X Rp)p(a.b) = ¢(Rp(a).—b) whenb # 0,

(11)
¢(a,0) = (a,0) when b = 0,

foralla,b € R*"* ! with (a,b) € S?"*1. Then deg(¢) = 1 when n is odd, and deg(¢)
is odd when n is even.

As a remark, Karpukhin and Stern [10, Lemma 4.2] showed that the degree is odd
with a similar reflection symmetry condition.

The strategy of the proof is derived from an extension proof of the well-known
Borsuk—Ulam theorem. See [18, Theorem 5.2]. The goal is to extend the map on the
sphere to the one on the closed ball while preserving continuity and the reflection
symmetry. We focus on the fact that on the hyperplane R?**! = {(a,b) : a € R"*1,
b € R" x {0}}, the reflection map R, can be written as a Cartesian product of the
reflection on R” and an identity on R. Considering this hyperplane allows us to
extend the map step-by-step by induction on dimension of the domain. In particular,
the dimension of the parameter of the reflection map determines the inductive step.
The extension of the map to all of B2”+2 consists of an identity map on an e-ball at
the origin and a continuous map with reflection symmetry on the remaining domain.
After proving these extension lemmas, we calculate the degree of the extended map
using the reflection symmetry.

A simplified proof of Theorem 12 is given by the author and Laugesen [12, The-
orem 5.1] in the special case when n = 1, for maps from S3 to S3. That newer
approach, which also would work in higher dimensions, avoids the regularity con-
cerns and explicit degree calculations in Lemma 17 below.

For simplicity, i is used for an inclusion map or identity map depending on the
context. We use R” instead of R?"*1 in the next lemma to keep the notation simple
for now, and return to using R?”*! again after the next lemma.

Definition 13. Let D C R” be a set and k be a fixed integer such that 1 < k <n/2.
Consider (a,b) € R” where a € R” % and b € R¥. The domain is called k-symmetric
if

(a,b)e D <= ((Rp xi)(a),—b) € D, wheneverb # 0.

In the special case when n is even and k = n/2, D C R” being n/2-symmetric means

(a.b) € D <> (Rp(a).—b) € D.
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Let us first extend a map when the dimension of its k-symmetric domain is lower
than that of the codomain.

Lemma 14. Let D C R" (n > 3) be bounded, open and k-symmetric with fixed 1 <
k <n/2 suchthat0 ¢ D. Let ¢p: 0D — R™ \ {0}, n < m (m is even) be a continuous
map with the following reflection symmetry property:

(Rp xi X Ry xi)p(a,b) = ¢p((Rp xi)(a),—b) whenb # 0,

(12)
¢(a,0) = (a,0) e R™ when b = 0,

for all (a,b) € dD with a € R" ™ and b € R¥. Then there exists a continuous map
@: D — R™ \ {0} which extends ¢ and satisfies the properties (12) for (a,b) € D.

Here are a few remarks about the statement to illustrate the lemma. The reason
for assuming n < m and m is even is due to the definition of reflection symmetry
property: on the left-hand side of (12), Rj acts on k-dimensional space and i acts
on (m/2 — k)-dimensional space; on the right side, i is an identity map acting on
(n — 2k)-dimensional space.

Proof. Define ¢(a,0) = (a,0) for all a € R”7* noting this extended ¢ is still contin-
uous. We begin induction on n with the case when n = 3. Here, we only consider the
case when k = 1, since 1 <k < 3/2:a € R? and b € R. For convenience, we identify
the plane R? with the hyperplane R? x {0} in R3. Let ¢;: 9D U (D N R?) — R™ be
defined as

¢ onadD,
$1=1 . _
i onDNR~.

Note that the map is well defined and continuous, satisfying the reflection symmetry.
The image does not contain 0 since ¢ does not vanish on 9D and 0 ¢ D. Let D :=
{(a.,b) € D :b > 0}and D_ := {(a,b) € D : b < 0}. We can rewrite D as

D =3dDUD,UD_U(DNR?).

By the continuous extension lemma [18, Lemma 5.1 (1)] and since dD 4 is a compact
set, there exists a continuous extension of ¢1|yp, 10 ¢2: D4 — R™ that is nowhere
zero. Using the fact that R is simply the map N:R — R, N(x) = —x, when b # 0,
let 9: D — R™ be defined as

$2(a,b) when (a,b) € Dy,

¢la,b) = { . . . = =
(N xix N xi)pa((N xi)(a),—b) when(a,b) e D\ Dy.

One can check that the map is continuous, nowhere-zero and satisfies the reflection
symmetry.
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Suppose by induction that the lemma holds for domains in R”~!, n > 4. We prove
the result for D C R”. Consider k to be any integer such that 1 < k < n/2. Let
a € R" and b € R¥. Denote the last coordinate of b as by and identify R”~! with
{(a,b) e R" : by = 0}.

By the induction hypothesis, we may extend the map from dD NR”~! to D N
R"~1, as follows. Note that when by = 0, the reflection map R}, can be written as a
Cartesian product of the reflection map and identity or inclusion map on the last coor-
dinate. We first check the case when k > 1. By the induction hypothesis with k — 1
and n — 1, we can extend the map on 9D N R"~! to the map on all of D N R"~! so
that it is continuous, nowhere-zero and satisfies the reflection symmetry. When k = 1,
the map can simply be extended as ¢(a,0) = (a,0) € R” on D NR" ! since b € R.
In either case, we denote the extension map of ¢|gpqrn—1 as ¢1: D NR* ™1 — R™,

The extension from previous step allows us to define ¢»: (D NR”~1) U 9D — R™

as
¢ ondD,

¢ = _ )

¢1 on DNR".

Let D.|_ ={(a,b) € D : by >0} and D_ := {(a,b) € D : by < 0}. We can rewrite
Das D =09DUD,UD_U(DNR""). Similarly, by the continuous extension
lemma [18, Lemma 5.1 (1)], there exists an extension of ¢z|sp . to ¢3: D, — R™
that is nowhere-zero. Define ¢: D — R™ as

$3(a,b) when (a,b) € D4,

p(a,b) = { . : , = =
(Rp xi x Ry xi)p3((Rp xi)(a),—b) when (a,b) € D\ D4.

One can check that the map is nowhere-zero and satisfies the reflection symmetry,
and is continuous where by # 0. Showing continuity where by = 0 requires a careful
argument. We only need to check the direction from D_ since the other direction is
easy due to the continuity of ¢3. When k = 1, the reflection map Ry = N does not
depend on b and the continuity from D_ follows easily. When k # 1, we want to
show that as (a, b) — (a, 15) where by > 0 and Ek = 0, we have

(Rp x i X Ry x i)p3((Rp x i)(a), —b) — ¢3(a, b).
Note that when b # 0, Ry — R;; continuously and so the norm of the difference

|(Rp x i x Rp x i)p3((Rp x i)(a), —b) — ¢3(@,b)|
= |$3((Rp x i)(@), —b) — (Rp x i x Ry x i)$3(a,b)|

approaches 0 as (a,b) — (a, b) by the reflection symmetry of ¢, on D N R”~!. When
b = 0, it is enough to consider a sequence {(a’, b’ )}72 in D converging to (., 0).
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By the extension ¢3(a@, 0) = (@, 0) for all ¢ € R" 7%, we may write the norm of the
difference as

|(Rps X i x Rypi x i)p3((Rys x i)(a’),—b7) —(a,0)|
= |¢3((Rys xi)(a’).—b") — ((Rys x i)(@),0)]
= |p3((Rp; x i)(a’).—b7) — p3((Ry; x i)(@).0)]. (13)

We want to show that this quantity approaches 0. Note that the last line holds even
though ((Ry; x i)(@),0) might not be in D, since we extended ¢3 to all of b # 0.
Moreover, we have that the quantity

[(Rps x i)(a?),=b7) = (Ry; x1)(@),0)| = |(a’,b7) - (@,0)|

approaches 0 as j — oo. By the uniform continuity of ¢3 on compact sets, the quan-
tity (13) approaches 0 as j — oco. |

The next lemma shows that the map can be extended from the boundary to the
interior when the dimensions of the domain and the codomain are equal. For conve-
nience, we identify R?”*! with the hyperplane R?"*2 N {b,+; = 0}.

Lemma 15. Let D C R?"*2 (n > 1) be bounded, open and (n + 1)-symmetric set
such that 0 ¢ D. Let ¢: 0D — R?"*2\ {0} be a continuous map with the reflection
symmetry property (12). Then ¢ can be extended to ¢: D — R2"*2 which is continu-
ous with reflection symmetry and ¢ # 0 on D N R2"+1,

Proof. Let D4 :={(a,b) € D : by41 > 0}and D_ := {(a,b) € D : by, < 0}. By
Lemma 14, extend ¢|ypAg2n+1 to ¢pp: D N R 5 R27+2 g0 that it is continuous,
nowhere-zero and satisfies the reflection symmetry. Define ¢,: (D N R2"+1) U D —
R2n+2 by

¢ onadD,
P2 = ™~ 2n+1
¢1 on D NR2TL

Let D = D U (D N R2"*1) U D,. Next, we use the Tietze extension theorem to
extend the map ¢y 5rr2n+1) t0 ¢3: D — R*"* 1 since D C D are both com-
pact sets. As a remark, the extension theorem used here is different from the one
used earlier since the dimensions are now the same between the domain and the

codomain, so the nowhere-zero property only holds at D N R?"**! instead of D. Let
¢: D — R2"*2 be defined as

$3(a,b) when (a,b) € D,

p(a.b) = {
(Rp X Rp)pp3(Rp(a),—b) when (a,b) € D_.
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It is easy to check that the map ¢ is nowhere-zero in D N R?"*! and satisfies the
reflection symmetry. Continuity follows by a similar argument to the previous lemma.
(]

Next, for Lemma 17 we rely on the following proposition from [18, Proposi-
tion:3.2].

Proposition 16. Let f: D — R"t! be a continuous mapping whose restriction to D
is Clandleta € R"*1\ f(0D) be a regular value of f|p. Then f~'(a) is finite and

d(f.D.a)= ) signdet(Jy(x)).
xef~la)

For the next lemma, we use the same notations D4 and D_ for the sets with a
certain reflection relationship (not necessarily depending on the sign of the last coor-
dinate). They are more general sets compared to the ones in the previous extension
lemmas.

Lemma 17 (Change of variables of the degree). Let D+ C R?"*2 be a bounded and
open set such that for (a,b) € R"*! we have b # 0 whenever (a,b) € D. Define
D_:={(Rp(a),—b): (a,b) € Dy} andlet p: D_ — R?*"*2 be a continuous map with
¢(a,0) = (a,0) whenever (a,0) € D_, and 0 ¢ ¢(3D_). If the map V: D — R?"+2
is defined as

W(a,b) = (Rp x Rp)p(Rp(a),—b), forb #0,
Y(a,0) = (a,0), forb =0,
then the degrees are related by d(¢, D_,0) = (—1)"d(V, D4, 0).

Note that whenever b = 0 on D, the point lies on the boundary 3D, similarly
for D_. Moreover, 0 ¢ W(3D ) due to the assumption 0 ¢ ¢(dD_).

Proof. We proceed in four steps.

Step 1. Continuity of the maps. To show that W is continuous on D, we only need
to check boundary points where b = 0, due to continuity of ¢ and the assumption that
b # 0 whenever (a, b) € D . The continuity of W follows by arguing like in the proof
of Lemma 14.

For the next step, define ¥: Dy — R2"%2 as

¥(a.b) = ¢(Rp(a), —b)

As aremark, ¥ might not be extended to the closure but is introduced for convenience.
We write ¢ (a,b) = (¢1(a, b), p2(a, b)) and similarly for ¢ and V.



H. N. Kim 980

Step 2. The degree of W in terms of . We first assume that ¢ € C(D_) N C1(D_)
and that O is a regular value. By Proposition 16 applied to W, and using that b # 0
on D+,

d(W,D4,0) = Zsign det(Jy(a, b))
(a,b)e¥—1(0)

. aaRbWI(asb) 8bwa1(a’b))
= Zs1gndet(
(RyxR T @by daRp¥a(a,b) 0pRp¥a(a,b)

_ . Ry (3a¥1(a. b)) Rp(dp¥1(a,b))
= w(gzs:)gndet (Rb(aaWz(a, b)) Ry(3a(a, b)))’ (14)

as follows. In the first column of the matrix in (14), the reflection map R, is inde-
pendent of the variable a. For the second column, the terms including v (a, b) vanish
because we evaluate the derivatives at ¥ (a, b) = 0; this allows us to take R outside
the partial derivatives.

Step 3. The degree of  in terms of ¢. We calculate the sign of the determinants inside
the sum in (14),

sign det (Rb (av1(a, b)) Rp(@p¥1(a, b)))

Rp(0a¥2(a.b)) Rp(dpv2(a.b))

. Rb 0 aawl(aab) abel(a’b)
_51gndet(0 Rb)(aal/fz(a,b) 8bl/fz(aab))

= signdet Jy (a,b), (15)

where R} is the matrix for the reflection map Rp and the determinant of the block
matrix is 1 since det R = —1. Next, we calculate the Jacobian Jy (a, b) in (15):

da(p1(Rp(a), b)) 0p(P1(Rp(a), —b)))
da(p2(Rp(a), —b)) 0p(p2(Rp(a), —b))
Ry 0pRp (a))

Jy(a.b) =(

(16)

O] G

by the chain rule. The determinant of the second matrix in (16) is (—1)**2 since the
determinant of the block matrix can be calculated as for a 2x2 matrix when the lower
left submatrix is 0. So we can conclude that d(¢, D_,0) = (—1)"d(¥, D4, 0).

Step 4. Smooth approximation of continuous ¢. We now assume that ¢ is just contin-
uous on D_ and 0 is not necessarily a regular value.

First, suppose there is no point of the form (a,0) in D_. Thatis, if (a,b) e D_ then
b # 0. Choose a C'(D_)-map ¢ homotopic to ¢ such that 0 is a regular value with
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0 ¢ ¢(dD_). To recall briefly about the existence of such functions, we use the exten-
sion theorem to extend ¢ outside the domain D_ and then we use mollification. We
can choose ¢~) close enough to ¢ so that the image of the boundary does not contain 0.
Also, if 0 is not a regular value, by Sard’s theorem, there exists a close enough value
p near O that is a regular value. We shift the map by —p and hence make 0 a regular
value of ¢~> Due to the assumption that there is no point of the form (a,0) in D_, the
condition ¢ (a, 0) = (a, 0) does not need to be considered for mollification.

Define U: D, — R2"*2 from ¢ similarly to how W is constructed from ¢. Note
that this map is C'(D) and continuous on D . We conclude that d(¢, D_,0) =
(—1)”d(\IJ, D, 0) by repeating Steps 2 and 3.

Next, based on the fact that Ry, is a linear isomorphism when b # 0, we show that
U is homotopic to W. Consider a continuous homotopy /; (a, b) defined on D_ x [0, 1]
where ho(a,b) = ¢ and h;(a, b) = ¢. We may choose that 0 ¢ h,(dD_) for all ¢ €
[0, 1].

Define k;(a,b) := (Rp X Rp)h;(Rp(a),—b). We want to show that k; is a homo-
topy from W to W and 0 ¢ k,(dD ) forall 7 € [0, 1]. The continuity of k; follows since
h; is continuous and R X Rj is continuous when b # 0. We show 0 ¢ k,(0D )
by contradiction. Suppose 0 € k;(dD), say k;(a,b) = 0 for some (a,b) € dD4.
Then h;(Rp(a), —b) = 0, which is impossible since (Rp(a), —b) € dD_. Hence,
0 ¢ k,(dD ). We have d(¢, D_,0) = d(¢, D4,0) and similarly for ¥ and U, so
we have the conclusion in Step 3.

Next suppose there does exist a point of the form (a,0) in D_, define a set
D_,. C D_ where |b| > ¢ for all D__, such that 0 ¢ ¢(D— \ D__,). Such an ¢
exists since ¢ is continuous and 0 ¢ ¢(dD_). By the excision property [18, p. 44],
d(¢lp_,, D-¢,0) =d(¢,D-,0)and d(¥|p, ,, D+,,0) = d(¥, D+,0). Note that
D_ . was explained above as the case when b # 0. By combining the degree rela-
tionship between D_ and D_ ., and the previous case, we have the conclusion of the
lemma. ]

As a remark, we are not assuming any reflection symmetry for ¢ in the previous
lemma since we only want to understand the relationship of the degrees between ¢
and .

Proof of Theorem 12. Fix 0 < & < 1 and define U := B(0,¢) C B?"*2 and D, :=
B2n+2 \ U.
Define ¢1: U U S27T1 — R27+2 by

i onU,
o1 =

¢ on §2nt+1
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Then ¢, is a continuous function on D = S?"*1 U 9U that is the identity near the
origin and ¢; satisfies the reflection symmetry. By Lemma 15, there exists a continu-
ous extension ¢ of ¢1|sp, such that ¢»: D; — R?"+2 with the reflection symmetry
and ¢ # 0 on D; NR?"+1,

Define the following continuous map ¢3 on B2**t2 = U U D;:

by = i onU,
3 b2 on D;.

It is easy to check that the map is well defined, continuous, and satisfies the reflection
symmetry.

We first show that d(¢», D1,0) is O when # is odd and even when 7 is even. Let
D :={(a,b) € Dy : byt1 > 0} and Dy := {(a,b) € Dy : byt1 < 0}. Using the
additivity property [18, Proposition 2.5], we deduce

d(¢2, D1,0) = d(¢2, D{,0) + d(¢2, D7 ,0),
since 0 ¢ ¢2(D1 \ (D U D). Next, using Lemma 17, we conclude

0 when » is odd,
d(¢2,D1,0) = N )
2d(¢>, D{,0) whenn is even.

Denote int as the interior of a set. By applying the additivity property again, we have

deg(¢) = d(¢3,B>"*2,0)
= d(¢3.B>"12\ U, 0) + d(¢3,int U, 0)
=d(¢,, D1,0) +d(i,int U, 0)
= d(¢2, D1,0) + 1,
where the additive property holds since 0 ¢ ¢3(B2"12\ (D; UintU)). Hence, we get

deg(¢) = 1 when n is odd and deg(¢) is odd when r is even, which finishes the proof
of Theorem 12. n

6. Estimating the Rayleigh quotient — proof of Theorem 4

Recall that the Veronese map ® maps RP” into S”~! where m(n) is written as m
for simplicity. We apply the trial functions constructed in Section 4 to the Rayleigh
quotient, to estimate the second eigenvalue from above.

The variational characterization states that

A (RP", w) < fm»" |ng”|%ug dvwg
- Jrpn u? dvyg

: )
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where u is a trial function in H'(RP") which satisfies the orthogonality condition
to the constant and to the first excited state. By substituting the definition of trial
functions (3) into (17), we have

fR]p" |ng (T—¢coFgo cb)jli;g deg

L (RP", w) < , j=1,....m. (18)

For each j, we multiply by the denominator on both sides of the inequality (18)
and sum for all j’s. Note that (7—, o Fgg o ®)(y) is a point on the unit sphere. This
implies that the sum of the denominators is equal to the volume of RP" with the
metric wg, that is, [ppn Y_;(T—c © Fg o ®)7dvyg = Vol(RP”, wg). Recall that by
our normalization, Vol(RP", wg) = Vol,(1). Hence, the inequality in (18) can be
written as

m(n)
A2 (RP", w) Vol,, (1) < / Z Vg (T—¢ o Fg o d>)j|ig dvyg.
rp” /=1
By applying Holder’s inequality to the right-hand side,

A2 (RP”, w) Vol, (1)

m(n)

n/2 2/n
< ( /(Z |Vawg (T—c © Fy oq>),-|fvg) deg) Vol,, (1)172/7,

RP" Jj=1

(As a remark, the application of Holder is not needed when n = 2.) We introduce a
new notation: for an n-dimensional manifold (M, g) and amap F: M — S™~!, we
denote

|VgF|g =

The inequality becomes

A (RP", w)"? Vol,(1) < / Vg (T 0 Fiz 0 B[l dvug
RP”
= / [Vg (T—¢ 0 Fg o D), dvg,
RP”

by changing wg to the round metric g on RPP” and using conformal invariance. We
again change the variables from RP” to ®(RP"), which is an embedded submanifold
of S™~1. Denote n-dimensional Hausdorff measure on the submanifold as d #, and
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write V for the gradient on the embedded submanifold. Since ® is conformal by
Proposition 6,

Ao (RP", w)" Vol,(1) < / V(T_e o F)[" d 36,
P (RP")

- / IV (T_o)|" d e + / V(T o Rr)|" d J6,
SRP")NH SRP")NHC
where H¢ = S™ 1\ H.

By changing variable in each part and using the fact that the reflection Ry and
Mobius transformation 7_. are conformal, we have the following inequality:

A2 (RP™, w)"? Vol,, (1)

= [wrdtom+ [ 1951 aseutr) (19)
T_c(®RP™NH) T—c(Ryg (®RP)NH ™)

where H™™ = Ry (H¢) is the interior of H . Recall that the Veronese surface is embed-
ded into S™~!. At each point ¥ in the surface, the tangent space has dimension 7, and
after rotating the coordinate system, we may suppose y = (0, ...,0, 1) and the tangent
space can be written as the span of {d,,....,0y,} where y = (V1..... Vn, Yu+1,---,
Ym). At ¥, we compute

ol = (219 R)" = w2 (20)
j=1

Now, substitute (20) into (19). Then we have

A2 (RP™, w)"? Vol, (1)
< 02 (Vol, (T_e (®(RP™) N H)) + Vol (T (Rig (P(RP™)) N H™)))
< n"2(Vol, (T—¢ (®(RP™))) + Vol (T—c (R (P(RP™))))), Q1)

where we dropped the intersections with H and H ™. Note that the last inequality (21)
is strict, as follows. Either ®(RP") N H¢ has positive n-volume or else ®(RP") N
H does, or both, and so after reflecting the second set with Ry we deduce that
®RP") N H® or Ry (®(RP")) N (H™)¢ or both have positive n-volume. Hence,
when we drop the intersections with H and H™ in (21), at least one of the vol-
umes becomes strictly larger. This last line is bounded above by 2n"/2 times the
(m — 1)-conformal volume of ® (see El Soufi and Illias [5, p. 259]), since T_, and
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T_. o Ry are conformal diffeomorphisms of the sphere S™~!. Recall by Proposi-
tion 9 that ® is a minimal immersion. Hence, the (m — 1)-conformal volume of ®
equals (a,)" Vol, (1) by [5, Corollary 2.3 and p.267], and so

Aa(RP™, w)"? Vol,, (1) < 2n™?(a,)" Vol, (1)
= 2 Vol, (1)(2n + 2)"/2,

which finishes the proof of Theorem 4.

7. Remark about Conjecture 3

The conjecture is based on the hope that in (21), the sum of the volumes is maximized
when |c| < 1, p € ®(RP"), and ¢ — 1. In that limit, ®(RP") N H (non-reflected set)
tends to the image of n-projective space under the Veronese map and Ry (®(RP")) N
H'™ (reflected set) tends to an n-sphere embedded in the higher-dimensional sphere,
as explained below. This kind of “bubbling” is motivated by the proof of the conjec-
ture in dimension 2 by Nadirashvili and Penskoi [17]. Also, Petrides [21] proved that
under certain Palais—Smale condition, the k-th eigenvalue for the compact n-dimen-
sional manifold is maximal with a sequence of metrics that converges to that of
“bubbling.”

We have not been able to show that the sum of the volumes in (21) is maximal in
the bubbling situation. In this section, though, we estimate the volume when the fold
map degenerates (f — 1) and separately when the Mobius transformation degenerates
(Jc] = 1). Both cases support our conjecture.

First, we calculate that as the fold map F),; degenerates when ¢ — 1, the volume
approaches at most the volume of the projective space and a sphere.

Proposition 18 (Fold map degenerates). Given an N -dimensional imbedded smooth
surface )/:E%N —SM 1 < N < M, we have

limsup Hy (Fpr o y(BY)) < Hn(SN) + Hn (y(BY)), (22)

t—>1
where p € SM is fixed.

Here, we use the closed ball BY for its compactness, and the fold map Fj; acts
on SM (thatis, M is the “m — 17 in Section 4.2).

Proof. Our main strategy is to decompose the image y(B”) into two pieces, inside
the cap Hp, and outside. Inside the cap, the fold map is the identity and so that part
of Fp;o0 y(BY) has volume at most Hx (y(B")). We will show that the fold of the
piece outside has volume at most #x (SY) as t — 1. For the rest of the proof, we
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may suppose the image y(B”Y) contains p, since otherwise the image will lie entirely
inside the cap when ¢ is close to 1 and there is nothing to prove. In fact, we may
suppose y(BY) contains p, since if p € y(dBY), we may enlarge the surface slightly
so that p lies in the interior of the image and then reparametrize y.

Let us consider when the image F), ; o y(]EN ) is mapped onto the Euclidean space
RM under the stereographic projection IT, with p mapping to the origin and dH ot
mapping to the sphere of radius ¢ centered at the origin, where ¢ — 0 as t — 1.
Write p := [T o y: BY — RM. After some appropriate reparametrization of y, we
may assume that p(0) = 0 and its Jacobian Dp(0) = (I 0)T, which is an M x N
matrix.

Write BM (&) as the image of the smaller spherical cap (the piece outside H. .t)
projected to the Euclidean space R . The part of the surface intersecting the e-ball is
written as p: 2, — BM (&) where Q; C BN,

Let the smooth surface R, o p: Q, — R \ BM (¢) be the fold of p under the map
R.:RM > RM that reflects (inverts) the points in RM across the boundary of BM (¢).

It can be written as 5

Reop(z) = lpr)'zp(z)

where z € Q. Note that R;0op =TIl o F,; 0oy on Q since Rgo I =ITo R, ;. We
want to estimate the limit of the weighted volume of R, o p(2,) from above,

2 N

li I < N 2

imsup /(1+|z|2) d gty < Iy (SV), (23)
R:0p(R2¢)

where #H is a Hausdorff measure for N -dimensional surface and 2/(1 + |z|?) is the
conformal factor for stereographic projection.

The idea of the following proof is that the smooth surface near O can be approxi-
mated as a flat N-plane and so R, applied to that surface is approximately an N -plane
outside the ball of radius ¢.

Write R = R; for inversion in the unit sphere, so that R, = ¢?>R and R(z) has a
conformal factor of 1/|z|%. Hence, the integral (23) becomes

) N 2N
[ Grar) () e

p(R¢)

2 N 2N
:/(1+|62R(p(z))|2) (|p(82)|) |Dp(2)| d Hy

&

2 2 N
- [ (%) |Dp(2)|d Je. 24)

&
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where |Dp(z)|: RY — R is the Jacobian determinant of p. By a change of variable
with z = 2¢, the integrand in (24) becomes

2 26\2 N 4 N
(lzf;'/ﬂfé);)lz) DDl = (o) DDl @9

Note the domain 2,/s? approaches all of RY when & — 0 since the points in 2

have norm at most O(¢). The linear approximation of p(z) & (z,0) at 0 implies that
there exists a lower bound such that |p(z)|? > |z|?/2 for small enough ¢, with z € Q.
Hence, we can find an integrable dominator on R¥ for the right-hand side of (25) as

24 N ) 2e* N
198/82(§)<W) |Dp(e°8)] < (W)
< (;)N2 where ¢ € RY (26)
“\[gP/2+1 '

By using the upper bound (26), we apply the dominated convergence to (25) as ¢ — 0.
To find the limit of the integrand, we expand with the Taylor expansion p(£2{) =
£2¢ + O(e*) when ¢ is close enough to 0 and ¢ is fixed. Then we evaluate the limit (25)

ase — 0as
2 N
/(—|§|2+ 1) E 7)

RN

by dominated convergence. The last integral is equal to #y (SV).

Note that RV \ Q. approaches to all of R as ¢ — 0 by the weak convergence of
the measure in Section 4.4. The volume of this part becomes #x (y(R”)), and added
with (27), we have (22) as ¢ — 0. ]

Next, we show that as the Mobius transformation degenerates, the volume of the
image of the surface is at most that of S”. Recall that any point y € S™ under the
Mobius transformation Ty (y) approaches X as x — X with |[X| = 1, exceptat y = —X.
This implies that for any N -dimensonal submanifold where N < M in SM, the image
under T collapses to a point as x approaches to the boundary unless the submanifold
contains y, in which case the image stretches out to an N -sphere as x — X.

Proposition 19 (Mo6bius transformation degenerates). Let : BY >sM 1<N<M
be N -dimensional embedded smooth surface. We have the following upper bound:

limsup #n (Tx o w(BN)) < Jen (SM). (28)

[x]—>1

Proof. We write the south pole of SM as s and its north pole as n. Without loss of
generality, we may assume that x — n. Then first assume that s € w(B"). We deal
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with the case when s ¢ w(BY ) later. We may parametrize the surface so that w(0) = s
and Dw(0) = (I 0)T. The left side of (28) becomes

(see [22,2.1.7] and [1, (30)])
B 1 —|x|? N
B /(1 + |x|? +2x-s) dHn (s)
wBN)

_ 1 —|x|? N
a /(1+|x|2+2X-w(z)) |Dw(z)| d Hn(z), (29)

BN

where | Dw(z)]| is the Jabobian determinant of w. Note that the integrand is similar to
the Poisson kernel. We want to show that the integral in (29) is bounded above by the
volume of the sphere as x — n. Note that the factor in (29) can be rewritten as

1—r2

1+ r2—2rcosf(y,w(z))

in terms of r = |x|, y = —x/|x/|, and the angle 6 between y and w(z). Since x — n,
we have y ->sandsoy:-s - landr — 1.

The main idea of the proof is that when x is close to n, we divide BY into two
parts: the ball at 0 with some radius § and the rest of BY. We prove the following
statement: for fixed § > 0, there exist parameters C(§) and «(8) such that C(§) — 1
and (8) — 1 as § — 0 and

: /( e ) 1D dityE) =0, (30)
im i NS
o 1+ r2—2rcosf(y,w(z)) @ N ’
BN \BY (§)
1—r? N
li D
ot / <1+r2_2r‘3059(y,w(2))) [Do(z)|d Hn (2)
BN (8)
CONN .
<|—=) #n(ST), 31
= (G@) v (1)
where y = —x/|x| — s and r — 1 as x — n. Hence, the limsup of (29) as x — n is

at most (C(8)/a(8))N #n (SY), which tends to Fn (SV) as § — 1.

To show (30), we use the fact that the angle 8(y, w(z)) is bounded below away
from O when y is near s and |z| > §. Hence, the integrand in (30) tends to O uniformly
as x — n.
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To show (31), the first step is to show that the distance on the sphere 0(y, w(z))
can be approximated by the Euclidean distance from z(y) to z, where for y close
to s, z(y) is the unique point z € BV (§) such that |y — w(z)| is minimal. That is,
w(z(y)) is a closest point to y on the surface, and such that z(y) is unique for y near
the surface.

We claim that there exists «(5) > 0 such that

P2 0C) - o) (32)
()~ ]

for all y near s and z € BY (§). We show that a(§) — 1 as § — 0. Since spherical
distance is greater than Euclidean distance,

00.0() |y =0@] 40 =)
200 =2 = 120y =2 =T o) —e@)]

where the constant satisfies 8(6) — 1 as § — 0, since §(8) is a lower bound of
lw(z(y)) —w(2)|/]|z(y) — z| and Dw(0) = (I 0)T. Consider the triangle with vertices
at y, w(z(y)) and w(z). Write the sidelengths asa = |y —w(z(»))|, b = |w(z(y)) —
w(z)|, and ¢ = |y — w(z)|, so that the last quantity displayed is 8(§)c/b. By the law

of sines,
c? > b?sin? n,

where the angle 7 at point w(z(y)) is close to 7/2 because the side from w(z(y)) to
y is normal to the surface and the vector from w(z(y)) to w(z) is nearly tangential to
the surface. In this case, our lower bound «/(8) is defined as 8(8)c/b > B(8)|sinn| :=
a(8), where a(8) — 1 because $(8) — 1 and n(§) — 7 /2 as § — 0. This finishes the
proof of (32).

Based on the lower bound (32), the second step is to show that the integral in (31)
has the following upper bound:

1—r2 N
/(1 + r% —2rcos 0(y,a)(z))> Do)l dHn

BV (8)
1—r? N
= /(1 + 2 — 2r cos(a(e)|z — Z(y)l)) Pl dy
BN (8)
< N e ’
=C® /(1 + r2 — 2r cos(ae(e)|z —Z(Y)D) 4w

BN (8)

where C(§) denotes the maximum of |Dw(z)| on BY (). Note C(§) — 1 as § — 0.
Next, we change the variable with «(8)(z — z(y)) = (1 — r){ to write the upper bound
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as follows:

L= D) de
/<1 +r2 —2rcos 9(y,w(z))> Do) dHn
BN (5)

C(5) _ 2
= (m)N / (l—i—rz—;rc:)s(l—r)|§|>N(1_r)NdJ€N'

BN (28a(8)/(1—r))

The domain approaches to all of RY as r — 1. By considering the Maclaurin series,
we use dominated convergence and find the limit of the upper bound. Note that
cos(1 =r)[¢] = 1= (1 =7r)2[Z1?/2 + (1 = r)*O(|¢|*), since (1 — r)[¢] < 28a(8) is
small. Then the last integral has the following upper bound:

(1=r)(1+r) N
/ <1+r2—2r(1—(1—r)2|§|2/2+(1_r)40(|§|4))> dHn (§)
BN (28a(8)/(1-7))

= (1=r)*(1+7) N
N / <(1—r)2—|—r(1_r)2|é'|2_(1_r)40(|é-|4)) dﬂN(g)
BN (250:(5)/(1-r))

1+r N
- (T gre—a—rroqm) 4®

BN (28a(8)/(1—r))

S / (ﬁ)N 43y (©)

RN

as r — 1, by dominated convergence. The last integral is equal to #y (SV).

Lastly, assume that south pole s ¢ w(B™). In case when s ¢ w(B"), there exists
§ small enough so that the volume vanishes in the limit. In case when s € w(3B"),
consider a bigger ball containing BY to enlarge the surface a)(PBN ). The south pole
lies in the interior of this bigger ball and so the volume satisfies the conclusion (28)
by our work above. ]

A. Calculations

Here, we check that ratio of the right-hand sides of (1) and (2) approaches 1 as the
dimension 7 tends to oco.

Lemma 20. For n > 2, let us denote A, = ((2n + 2)"'? 4+ 2n™/?)?/" and B, =
22/"(2n 4 2). Then A,/ B, is strictly smaller than 1 and approaches 1 as n — oco.
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Proof. Note that A, /B, < 1 for all n > 2 because
An = (2n +2)" 4 2n"/2)?/"
(since 2 < 2"/2 and 2n < 2n + 2)

< (2(2n + 2)"/%)2/n
=2%2/"(2n 4 2) = B,.

Further, A, /B, > 272/" — 1 as n — oo, since
An = (n +2)"2 4 2n"/2)?/n
(by the inequality 22/"n > n + 1 forn > 2)

> (2n+2)"2 + (n+ 1)"/7)2/"
=22+ D" +1)>20+1)=2"2"B,. n
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