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Liouville-type theorems for stationary Navier-Stokes
equations with Lebesgue spaces of variable exponent

Diego Chamorro and Gastén Vergara-Hermosilla

Abstract. In this article we study some Liouville-type theorems for the stationary 3D Navier—
Stokes equations. These results are related to the uniqueness of weak solutions for this system
under some additional information over the velocity field, which is usually stated in the literature in
terms of Lebesgue, Morrey or BMO™! spaces. Here we will consider Lebesgue spaces of variable
exponent which will provide us with some interesting flexibility.

1. Introduction

The purpose of this article is to study the uniqueness of weak solutions for the 3D incom-
pressible stationary Navier—Stokes equations in R3. Let us recall that this system is given
by the following equations

Aii — (- V)i —VP =0,
div(u) = 0,

(1.1)

where : R3 — R3 is the velocity of the fluid and P: R®> — R denotes its pressure.
Although it is an easy exercise to obtain solutions (i, P) for this equation in the space
(H'(R3), H? (R3)) (see for instance [14, Theorem 16.2]), the uniqueness of such solu-
tions is still a challenging open problem. More precisely, we have the following problem
(which was initially mentioned in the book [10, Remark X.9.4 and Theorem X.9.5] and
also stated in the article [17]):

Show that any solution u of the problem (1.1) which satisfies the conditions

e H'(R? and ii(x) — 0as |x| — +oo0, (1.2)

is identically equal to zero.

Remark that, in the setting stated in the problem (1.2) above, by the classical Sobolev
embeddings we have the space inclusion H'(R3) ¢ LS(R?) from which we can deduce
some specific decay at infinity for a solution %, however this L®-decay seems not enough
to conclude that a solution # € H'! (R3) of the equation (1.1) is null. Nevertheless, if we
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assume an additional hypotheses, for example 1 € E(R3) where E is a “nice” functional
space (i.e. with a stronger decay at infinity than L), then statements of the following form
have been shown:

Ifii € H'(R3) N E(R3) is a solution of the equation (1.1) in R, then we have ii = 0,

and this type of result is known in the literature as a Liouville-type theorem for the Navier—
Stokes equations (see e.g. [1-3,5,6,12,18]). For example, in [ 10, Theorem X.9.5] the case
E=L: (R3) was studied while the space E =BMO™!(R?) was considered in [16]. Other
functional spaces can also be taken into account, see for example the articles [7, 11, 13].
Let us remark that we can consider a larger functional framework than H! (R3) and
we can work with weak solutions such that (i, P) € (leoc(]R{3), D' (R3)). It is clear that

the trivial solution # = 0 satisfies (1.1), but in this Lﬁ)c setting this solution is not unique:
indeed, if we define the function ¥: R®> — R by

x2  x2
Y(x1,X2,X3) = 71 + 72 —x3

and if we set the functions # and P by the identities #(x1, X2, X3) = ﬁlﬂ(xl,xz, Xx3) =
(x1,x2,—2x3) and P(x1,x2,x3) = —%|ﬁ(x1,xz,x3)|2, then we have 1 € LIZOC(]R3) (since
lii(x)| ~ |x|) and using the usual rules of vector calculus we have that the couple (i, P)
given by the expressions above satisfies (1.1).

Note now that if we assume an additional information, for example if E is a Lebesgue
space L?(R3) with 3 < p < 2, then is it possible to prove in the setting L2 N E that the
trivial solution is unique (see [7]). However the case when E = L?(R3) with % <p<6
remains widely open and we can state the following problem:

2

foc (R3) is a weak solution of the stationary Navier-Stokes

Prove that ifu € L
- 9 -
equations (1.1) such that u € LP(R?) with 3 < p, then we have u = 0. (1.3)

The main feature of this work is thus to explore a uniqueness result for equations (1.1)
using some additional information for the velocity field # stated in terms of a Lebesgue
spaces of variable exponent L?()(R3) — instead of the classical Lebesgue spaces L? (R?)
—and to give some insights to the previous problem (1.3).

These functional spaces L?®) are quite different from the usual Lebesgue spaces L.
Indeed, to define the space LPZ)(R3), we will proceed as follows: given a function
p():R3 — [1, +00], we say that p(-) € P(R3) if p(-) is a measurable function. Then,
for a measurable function f :R3 — R3, we define the modular function oy associated
to p(-) by the expression

ewo(F) = [ 1F) P (14

Next, we consider the Luxemburg norm || - || . »¢) associated to the modular function gp )
(see the books [8,9])

1 zp0 = inf{& > 0 0,y (f/4) <1}, (1.5)
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and we define the Lebesgue spaces of variable exponent L2 (R?) as the set of measurable
functions such that the quantity || - ||; ») given above is finite. Of course there are no simple
relationships between the spaces L?)(R?) and L?(R?) (see the previously cited books
or Section 2 below for more details).

We will see in this article how to exploit the flexibility of the variable exponent p(-)
in order to deduce a uniqueness result of Liouville type. This flexibility will allow us in
Theorem | below to consider the integrability interval ]% 6[ (and beyond) in some regions
of the space R3. The interplay of the variable exponent p(-) with some particular regions
of the space R? will be studied in more detail in Theorems 2 and 3.

Let us remark that, to the best of our knowledge, the use of Lebesgue spaces of vari-
able exponent L” to establish Liouville-type theorems for the stationary Navier—Stokes
system (1.1) seems to be new and we hope that the results presented in this article would
shed some light to the problems stated in (1.2) and (1.3). To finish, we note that some
recent results in the study of the Liouville problem are given in [4, 15] where anisotropic
Lebesgue spaces and weighted mixed-norm Lebesgue spaces are considered. However
our results are different as the functional framework of the Lebesgue spaces of variable
exponent cannot be compared to those ones.

The outline of the article is the following. In Section 2 we first present a small review
of the main properties of the spaces LP®) and then we state our main results. Section 3 is
devoted to the proof of the theorems.

2. Preliminaries and presentation of the results

For n > 1, let us first consider a function p : R” — [1, +o00[, we will say that p € P (R")
if p(-) is a measurable function and we define

p~ = infess {p(x)} and pt =supess {p(x)}.
x€eR”

xeR”
In order to distinguish between variable and constant exponents, we will always denote
exponent functions by p(-), moreover, for the sake of simplicity and to avoid technicalities
(see [9, Chapter 3]), we will always assume here that we have

l<p™ =pt < +oo,

unless specifically stated otherwise.

With these exponents we can define the spaces LP®)(R”) as the set of measurable func-
tions such that the Luxemburg norm in (1.5) is finite. These functional spaces L?®)(R")
possess the structural properties of normed spaces and they are moreover Banach spaces,
see [9, Theorem 3.2.7] for more details.

Similarly to the classical case, given p(-) € £ (R3) we can define the variable conju-
gate exponent ¢(-) € £ (R3) by the pointwise relationship

_ px)
q(x) = P -1
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Thus, from the previous formula and from the definitions of p*, p~, the following rela-

tions hold N
- P P +
e @1

q
In this setting, the Holder inequalities have the following version: let p(-), q(:), r(:) €
P (R") be functions such that we have the pointwise relationship
1 4 1
px)  qx)  r(x)

Then there exists a constant C > 0 such that for all f € L0 (R") and g € L"O(R"), the
pointwise product fg belongs to the space L?) (R") and we have the estimate

x € R™.

Ifgllire = Cllf e liglLro,

see [8, Theorem 2.26] or [9, Lemma 3.2.20] for a proof. This estimate can be easily gen-
eralized to vector fields f ,& : R" — R" and to the product f -8

Now, let us consider a measurable domain €2 such that @ C R3 and let p(-) € P (R3).
We will denote by pq(-) the variable exponent restricted to the set 2, i.e. po(-) = p(-)|q
and we write

pg = infess {p(x)} and pd = supess{p(x)}.
xXeQ xeQ

Moreover, by the definition of the Luxemburg norm for f € L?®)(R3) we have the for-
mula

||f||LPQ(‘)(Q) = ”le”Lp(-)(Rs), 2.2)
see [8, Section 2.3, p. 21]. The following results will be useful in the sequel.

Lemma 2.1. Consider a measurable set @ C R3 and p(-) € P (R?) a variable exponent,
assume that we have |Q2| < +o0o. Then
1 1
Il re0 gy < 2max{|2[7~,|2] 77 }.
The proof of this result can be consulted in [9, Lemma 3.2.12]. Here is another useful

property:
Lemma 2.2. Let Q@ C R3 and p(-) € £ (R3) avariable exponent. Then, we have the space
inclusion L®(Q) € LP2O(Q), if and only if 1 € LP20O(Q) and we have the estimate

£ L reo (@) = 1 f I 11l Lroo (@)
In particular, the embedding holds if |2| < +o0.

The proof of this result can be founded in [8, Proposition 2.43]. For more details on
the Lebesgue spaces of variable exponent, on their inner structure as well as many other
properties, see the books [8,9].

With these preliminaries at our disposal we can state our main results.
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Theorem 1. Let (ii, P) € (L2 _(R3, D'(R3)) be a weak solution of the stationary Navier—

loc

Stokes equation (1.1). Consider the following cylinder
C = {(Xl,X2,X3) (S R3 . X% +X§ =< 1, X1 € R}

Moreover; consider the variable exponent p(-) € P (R?) defined by

3< PR S P@A\e)(X) = p&a\e) <2

p(x) = (2.3)

3 < pg < pe(x) < p§ < +oo.
If we assume the additional hypotheses ii € L?©)(R3) and P € LpT@ (R3), then we have
u=0.

Some remarks are in order here. First note that, besides the additional condition % €
LPO(R3) over the velocity field, we also demand the hypothesis P € L% (R3) for the
pressure. Let us explain this constraint: recall that, using the divergence-free property of
1, we have the classical relationship —AP = div(div(éZ ® 1)) from which we deduce
the expression P = Zf j=1 RiR;i(u;juj) where R; are the usual Riesz transforms. We
can thus obtain quite easily some information over the pressure P from the information
available over i, as long as the Riesz transforms are bounded in the functional frame-
work considered. However, to the best of our knowledge, in the case of the Lebesgue
spaces of variable exponents, the Riesz transforms are not bounded in L?®)(R?) unless
the exponent p(-) satisfies the lower and upper bounds 1 < p~ < p(-) < p* < +o0 and
one additional condition (see [9, Lemma 12.4.3]) which can be easily stated in terms of the
log-Holder regularity property:' we will say that p(-) is log-Holder continuous (denoted
by p(-) € P18 (R3)) if

1 1 C
‘ — ' < forall x, y € R3,
p(x)  p()|~ log(e+1/Ix—yl) 24
1 1 C 1 '
‘———'5— forall x € R3, where — = lim ——.
p(X)  pool| ~ log (e + |x]) Poo Ixl>+oo p(x)

See [9, Definitions 4.1.1 and 4.1.4] for more details about the log-Holder regularity prop-
erty. Remark that the condition (2.4) above imposes a specific behavior of the variable
exponents at infinity which is not satisfied by the function p(:) considered in (2.3). Thus,
since we cannot deduce as easily as for the classical Lebesgue spaces some interesting
control over the pressure P from the information of i, we therefore ask here the con-

. 0 . . .
straint P € L2 (R3) which does not interfere with the general purposes of our theorems.

!For the sake of completeness, we point out that the boundedness of the Riesz transforms in the spaces
LPO(IR3) can be expressed by a more general and more technical condition: we have || R; (f)||,»0 R3) =

CllflLro w3y if we have 1 < p~ < pt < 4ooand p(-) € A, where the rather technical definition of the

class of variable exponents # is given in [9, Definition 4.4.6]. Of course we have that if p(-) € £ log (R3)
then we have p(-) € . See the book [9] for more details.
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Next, we remark that over the set R \ € (i.e. outside the cylinder C) we impose to the
variable exponent p(-) to be in the open interval |3, %[ and these are the known restrictions
from which we can deduce the uniqueness of the trivial solution (see [7]). The novelty
comes then from the conditions inside the cylinder € where we can consider integrability
values beyond this range, in fact the constraint (2.3) was precisely made to study case
p() > % and this result gives some information related to the problem (1.3). Note also
that the Lebesgue measure of the cylinder is infinite (i.e. |¢| = 400) and the previous
result can be extended to many different subsets of R? as long as they satisfy some simple
restrictions (for example a finite union of such cylinders): this shows that we can obtain
the uniqueness of the trivial solution with a slow decay at infinity in some non-negligible
regions of the space R3.

Finally, we note that in the definition of the variable exponent p(-) given (2.3) we are
considering (for the sake of simplicity) the lower bound 3 < p~ and open intervals in the
different constraints. Some of these conditions may probably be relaxed and we do not
claim any kind of optimality in our results.

In the following theorem, we study in more detail the behavior of the variable exponent
p() in the case % < p(-) over larger subsets of R3.

Theorem 2. Let (i1, P)e (L2 (R3), D' (R3)) be a weak solution of the stationary Navier—

loc

Stokes equation (1.1). Consider now 8§ the set defined by

S = {(Xl,X2,X3) eR?:\/x2+x2 <x], x> 0},

where 0 < y < 1. We define the variable exponent p(-) by the following conditions:

_ N .
3< Prag) = PR3\s)(X) = PRras) < 3

6y+3

0 N 2.5)
5 <Pg =ps(x) =pg <5~

p(x) =

If we have the restriction ii € L*)(R3) and P L% (R3), then we obtain that ii = 0.

As we can observe here, the larger the set § is (reflected by y — 17), the more the
upper bound for the variable exponent pg tends towards known values (i.e. we have
6’;—::3 — %Jr). Note also that, if y — 0% the shape of the set § tends to the cylinder €
considered in Theorem | above and then we have that the upper bound satisfy

6y +3
2y

which is the second condition stated in the expression (2.3). This theorem shows how the
variable exponent p(-) may vary over a set 8 whose Lebesgue measure is also variable:
indeed, if the measure of this set is “reasonable” then we can consider a mild decay at
infinity and we can still obtain the uniqueness of the trivial solution. However, if the mea-
sure of this set is “too big” then we shall recover the known upper bound % which allows
us to solve the uniqueness problem considered here. Note that when y = 1 this result gives
an example of such big sets.

— 00,
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It is worth to remark now that, although integrability values outside the interval |3, %[
can be considered in the two previous results (namely % < p(+), p(-) over suitable subsets
of R3, € or 8), we always have the upper bounds p*, p™ < +oo0. In the next theorem we
study the case when we can have p(-) = +oo over a particular subset of R3.

Theorem 3. Let (i1, P)e(L2 _(R?), D'(R?)) be a weak solution of the stationary Navier—

loc

Stokes equation (1.1). We define the set N by the condition

N = {(xl,xz,X3) eR?: /x2+x2<x,2, x> 0},

with 0 < o < 1. Consider now the variable exponent p(-) given by the following conditions:

_ + 0
3< p(R3\N) < p(RS\N)(X) < p(R3\N) <3,

p(x) = (2.6)

pn(x) = +o0.

If we have the restriction ii € LPO(R?) and P € L% (R3), then we obtain that 1i = 0.

First note that the Lebesgue measure of the set N is infinite, so we can consider here
vector fields 4 satisfying the equation (1.1) which are L2 _(R?), have a suitable decay
at infinity in a large portion of the space R3 but that can be constant at infinity over a
non-negligible subset of R3. Thus considering all these restrictions, we can deduce the
uniqueness of the trivial solution and this result may suggest that some decay at infinity is
not absolutely necessary to solve the problem (1.2). Of course, and as pointed out before,
we do not claim any optimality in our results and many others subsets of the space R> can
be studied with similar conclusions.

3. Proof of the theorems

The proof of the three previous theorems is relatively similar: we start by localizing the
information with a smooth cut-off function supported in a ball B(0, R) and then we ana-
lyze the behavior of the localized information as R — +-ooc: it is in this step that we will
exploit the different hypotheses stated in Theorems 1, 2, and 3 to deduce the uniqueness
of the trivial solution.

3.1. General framework

Let us start with a divergence-free vector field i € L2 (R?) that satisfies in the weak
sense the stationary Navier—Stokes equations (1.1). Since by [8, Theorem 2.51] we have
the space inclusion
LPO®®) C L7 (R) + L7 (®>),
and since by the definition of the variable exponent p(-) (or p(-) or p(:)) used in our
theorems we always have the lower and upper bounds 3 < p~ < p* < 400 (see (2.3) for
p(), (2.5) for p(:) and (2.6) for p(-)), then we deduce the following embeddings
LPOR3) ¢ LP"(R?) + LP"(R3)  LZ. (R%) + L. (R®) c L3 _(R?).

loc loc loc
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Now, as we have % € L3 (R?), then following [10, Theorem X.1.1] we obtain that the
velocity field u and the pressure P are regular functions.

Now, let 6 € €5°(IR?) be a cut-off function such that 0 < 6 < 1, 6(x) = 1if x| < 3,
0(x) = 0 if |x| > 1. Given R > 1, we define the function 6g by Or(x) = 60(%): thus,
Or(x) = 1if |x| < % and Or(x) = 0if |x| > R. By testing the Navier—Stokes equations
(1.1) with 8z and using the fact that supp(fgrii) C Bg = B(0, R) we obtain

/ —Aii - (Ogil) + (i - V)ii - (Ogii) + VP - (Ogii)dx = 0. (3.1)
Bgr
Note that since # and P are smooth enough, all the terms in the identity above are well

defined. Then, by using the fact that div(i) = 0 and integrating by parts, we obtain that
the terms in the left-hand side of (3.1) can be rewritten respectively as

=12
f —Aii - (Bril)dx —/ Afg (ﬂ)dx + | OrlV ®iil’dx,
BR BR 2 BR
Lol oo 2 lif?
(-V)u-(Ogu)dx =— [ VOg-|—1u|dx,
Bpr Bgr 2

/ VP - (Ogii)dx = —/ VOg - (Pii)dx.
Br Bgr

Considering these identities, we can rewrite (3.1) in the following manner

= - Jui|? = Jui|? _
ORIV ® u|“dx = AOp—dx + VO -\ — + P |u |dx.
Bpgr BpRr 2 Bgr 2

Since we have Og(x) = 1 over the set |x| < %, we can write

=12 =12
/ |V®ﬁ|2dx5/ A@Rﬂdwr/ veR.((ﬂJrP)ﬁ)dx. (3.2)
By Bg 2 Bg 2

a(R) B(R)

To conclude that we have # = 0 in the context of Theorems 1, 2, and 3, we aim to prove
in the next subsections that we have the following limits

li R)|= 1 R)| =0. 3.3
Rl e (R] = lim[BCR)) ¢3)
Indeed, if we establish these limits, we can conclude from the estimate (3.2) above that

lim IV @ ii[2dx = |[ii]l g1 = O, (34)

R—+o00 JBp
2

from which we deduce, by the Sobolev embeddings, that ||| ;s = 0 and thus that we have
u=0.
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3.2. Proof of the Theorem 1

As said previously, we only need now to study the terms a(R) and B(R) defined in the
expression (3.2) and to show that these quantities tend to 0 as R — +o00.

(1) Control for a(R). For studying the term o (R) in (3.2), the Holder inequality” with
% + ﬁ = 1 (see [8, Theorem 2.26]) yields the following estimate

(R)| 5/ |A9R|ld <f A |udx<C||A9R||Lq<><Rz)|||u| I, o

7R3
since we have the identity |||i|? ”LL()(R3) ||u||Lp(,)(R3) (see [8, Proposition 2.18]) we
can write
|@(R)] = CIIABR oo @ 1117 50 @3- 3.5)

Note that, by hypothesis we have |u]| LrO®3) < 100, so we only need to estimate the
quantity [|A6R| 140 (r3)- Since the variable exponent p(-) satisfies the relationships stated
in (2.3), from the pointwise Holder relationship

2,1,
pC) ()
()

we deduce that the variable exponent ¢(-) satisfies the equation ¢(-) = 703 ie.

3 <dgne) <A@\ () =GR e <3

1<CI(3<‘]€(X)<q(3 <2

q(x) = (3.6)

where € = {(x1, x2,x3) € R3: x% + x% <1, x; € R}
Now, to estimate the first term in the right-hand side of the expression (3.5) above, we
recall that from the definition of the function 6 we have

supp(Afr) CC(2 R)={xeR*: £ < |x| < R}
and we have
| AOR ”Lq(‘)(R3) = ||A9R||Lq(~)(€(§,R))~ (3.7)
To continue, we denote by C; and C, the sets defined by

ci=¢(8 R nec and G =¢(2 R)\¢C (3.8)
respectively. Then, from the property (2.2) we have
||A9R||Lq(-)(€(§,R)) = “AQR(I& + 1@2)||Lq(-)(‘€(§,R))

< I16R] ve,0c,) + 1A0R] acs0, - (3.9)

We will study these two terms separately.

2Note that by (2.3) we always have 1 < pT(') < +o0 and thus we can apply the Holder inequalities in
the setting of Lebesgue spaces of variable exponents.
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In order to control the quantity ||AORg||
write

L7e19 e, above, by the Lemma 2.2, we can

| AOR| < C||ABR]ILoep ]l

L) = L9y

Then, by the definition of the function 0, since C; = 8(5, R)yNEC E’(E, R), we
have ||AOr||Loe,) < ||A9R||L°°(€(§,R)) < CR72 and we obtain

(3.10)

-2
18680 oe,0 e,y = CRN 0e,0c,

Now, as ¢; = €(&, R) N € c €, we have de = 4qe, = qé"l < qé’ and thus, applying
we can write

the Lemma 2.1 to estimate the quantity [[1]|, ¢, ey’
_ L s
| MGkl ue 0., < CR Zmax{}t’(g,R) neli, [e(£, Rrynelst } 3.11)

Noticing that we have the set inclusion
e(B. R necA={(x1.x2.x3) eR?:x3 +x3 <1, -R < x; <R},

we easily deduce that |€ (£, R) N €| < |A| = CR, since A is a cylinder of diameter 1
and height 2 R. We thus obtain

2L 2+
AORI ae 60, - <Cmax JR>Tac R 7l |, (3.12)
L1 (ey)
but since, by (3.6), we have 3 < - < -L < I itcomes -2+ 4r < -2+ -L <—1
. . de de de de
from which we obtain that
| AOR] 0. (3.13)

o (- _—
L19€) R 100

We consider now the second term in the right-hand side of (3.9). By the same argu-
ments as above we can write

[ AGR] ClABR Lo Il (3.14)

A < o (-
Lq(gz()(ez) = Lq(’l()(ez)’

again, since €, = € (£, R)\ € c €(&, R) we have
[AOR I Loes) = ||A9R||Loo(‘e(§,R)) <CR7,

and we obtain
1A0RI o, 06, < CRTIN e,06,1

and applying Lemma 2.1 we deduce the estimate
L =
CR™2 max {|ez| ey @,y % }

” AOR ”L‘ICZ (')(@2) E
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At this point we remark that we have the set inclusions €, = €(£,R)\ € c R?\ €so
We obtain, by the first relationship in (3.6), that % < q(_R3\e) <qg, = qérz < q(TR3\e) <3,
ie.

- < <—=<—X < —
+ + — g= :
3 q(R3\@) qu de 9

Moreover, since |G| = |€(£, R) \ €] < |€(£, R)| < CR? we have

1 1 1 1 1 5
: dmie

3

< CR™? max {Rq<R3\@) CRI®3\e) }

IAOR] e, 0 e,y =
-2+ =3 24
< C max {R ‘@he) R T®Ae) } (3.15)
Observing that we have the bounds —2 + +3 <243 < —%, we can deduce
IR3\e Ir3\e
that
| AOR] 0. (3.16)

Lqez(-)(ez) —)R—>+oo
With the information (3.13) and (3.16), we can come back to the estimate (3.9) and we
obtain that

1AOR | oo (2. ry = IAORILco @) 7> 0.

From this control and from the estimate (3.5), we can directly deduce that

la(R)| —— 0.
R—>+o00
(2) Control for B(R). We recall that from the definition of 6 we have supp (%913) C
€ (& R). Thus, by the definition of the term B(R) given in (3.2) we can write

IB(R)| = '/BR Vg - ((@ + P)ﬁ)dx‘

1 - - - -
< —f |V9R||“|3dx+/ IVOR|| P |iidx . (3.17)
2 Je® R €(£,R)

2> Z’R

B1(R) B2(R)

We aim to prove now that we have limg_, 1o B1(R) = limg_s 1o B2(R) = 0 and these
two limits will be studied separately.

e For the term B1(R) we write, by the Holder inequality® with % +:0= 1:

r(

= v i3 < Y NE 8
B = [, 190K = IR0t ap 1], o g

3Recall that by (2.3) we always have 1 < 20 < 400 so we can apply the Holder inequality with

are 0
parameter 23>
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. —»3 _»3
now, since |||u : < |||u : , we have
sinee P10 o S IR 00

Y. =13
Br(R) = CIVORI ot my 1P o0

v =3
= C||V9R||Lr<~)(e(§,1e))||”||Lp(~)(R3)’ (3.18)

where we used the identity

=13 _ 1713
” |u| ”L%(]R@) = ”M”Lp(')(]RS)'
Since, by hypothesis, we have [|u || ) g3y < +00, to prove that limg— o0 81 (R) =0,
we only need to study the quantity

VOr ||Lr(~)(‘e(§,R))-

For this, we note that as the variable exponent p(-) satisfies the relationships stated in

. . .. . .3 1 _ . 10)
.(2.3), from the pointwise Holder relationship 20 T 0 = 1, we have r(-) = 20=3
ie.,

3< ra{@\@) < F(R3\@)(x) < r(_|]1—§3\(?) < 400,

r(x) = (3.19)

1<rg§r@(x)§ré"<3,

where € = {(x1, x2, x3) € R3 : x% + x% =1, x; € R}. Using the sets C; and C;
defined in (3.8) and proceeding just as in the estimate (3.9) above, we can write

IVORILroceck gy = VORI re 06 ) T IVORI re,0 e,

Following the same ideas that leaded us to the estimates (3.12) and (3.15) (with the
difference that | VOg|L« < CR™!) we obtain

- B B
196l = € max { K776 RS
3

—14+—= 3 -1+ ¥
+ Cmax{R ‘®he) R ®A\e) } (3.20)

now, by the values of the function r(-) given in (3.19) we easily have that

1 1 3
—1+—<-1+—=<0 and —1+ — =-1+

Te e ®r3\e) "®3\e)

<0,

from which we deduce that

lim [|VORIl,. =0,
R>too [ R||L Oce(®,Rry)

and thus, by the control (3.18) we have limg_, 40 B1(R) = 0.
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e  We continue now with the analysis of the term 8, (R) given in the expression (3.17).
Applying the Holder inequalities with -5 + -5 + 5 = 1 (see [8, Corollary 2.30]),
we have

Ba(R) =/ 19 6k]| P Ji|dx
€ R

2R

= C||V9R||Lr(~)(*e(§,R))||P”

% ||ﬁ||Lp(‘)(‘€(§,R))

)
L2 (e(%,Rr)

= C||V9R||Lr(-)(~c(£,1q))||P” 20 ||ﬁ||Lp(-)(]R3)-

L2 (R3)

Since we have by hypothesis that i € LPO(R3?) and P € L%(H@), we only need

to study the quantity ||VORI| ¢ e R R)) where the exponent r(-) satisfies (3.19). Fol-
lowing the same arguments as above we obtain

eim_IVORILro ek ry = 0:

and thus we have the limit limg_, 4o f2(R) = 0.

With these two limits at hand for the quantities 81 (R) and B2 (R), we easily deduce from
(3.17) that limg_ 4 o0 |B(R)| = 0.

We have thus proven that the terms «(R) and S(R) given in (3.2) tend to 0 as R —
+o0: the proof of Theorem | is now complete. ]

3.3. Proof of the Theorem 2

Following the main ideas of the Section 3.1, we only need to prove the limits (3.3) where
the quantities «(R) and B(R) are defined in (3.2).
(1) Control for a(R). Proceeding as in (3.5) we have the estimate
ju|? )
le(R)| < ; |A9R|de < ClIAOR| Laoy @3 1117 o) 3y (3:2D
R

where we applied the Holder inequalities with % + % =1(@e.q()= pg)(zz)' Since the
variable exponent p(-) satisfies the conditions (2.5), we thus have the following conditions

for q(-):
% < Q(_]R3\5) = C$(1R3\S)(x) = q&s\g) <3,

6y+3 9

N (3.22)
2y+3 < CFg < CLS(X) =< QS < 3

g(x) =

where 8 = {(x1,x2,x3) € R3:x2 + x2 <x}, xy >0}and0 <y < 1.

Since we have by hypothesis that ii € LP®)(R?), as explained previously, we can focus
ourselves on the quantity || AOR|| ;a0 (r3)- Again, by the support properties of this localiz-
ing function g we can write (see (3.7) above):

||A9R||La(<)(R3) = ||A9R||Lq(~)(‘e(§,R))-
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Now, we denote by 8; and 8, the sets defined by

8 =¢(2.R)NS and 8 =¢(£.R)\S,

and we obtain
IAORN oo ek )y = I1AORN Las 05 ) T IAOR as,0,4,,- (3.23)

For the first term of the right-hand side above, following the same ideas given in (3.10)—
(3.11), we have

[ABRl < CllAORI|Loosp Il < CR™|1]|

qul()(S y = LqSl()(S y = qul(‘)(Sl)

1
< CR2max{[e(£. R) N 8|7 .[e(&. R) N8|t b

Since we have

€(§’R)QSCB= {(Xl,x27x3)€R3 : \/x2+x3 xl, 0<x; < R}

by computing the volume of the solid of revolution B defined above, we have
R
e(2.R)NS| <|B| = c/ x;Vdx; = CR T,
0

and we can write

oyl 242
180kl 0, < € max (R &7 b (3.24)

i 5 o1 1 _ 2yt
But since by (3.22), we have 3 < prs < e < 6y+3, it comes (recall that 0 < y < 1)

24

2y + 1 2y + 1 3
v <-2+ r+l. -2+ 2y +1)ij

qg' Gg 6y +3

<0,

and thus all the powers of R > 1 in the formula (3.24) are negative, from which we easily
deduce that

I1AORI o510, 7570 ©
For the second term in the right-hand side of (3.23), since we have 8, = ‘6(5, R)\ S C
R3 \ 8, by the same arguments given in (3.14)—(3.15) we obtain

R—+o0
— 0.

[AORN os,0s,,

With all these estimate at hand and coming back to (3.21) we finally obtain that

Llim la(R)| — 0.
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(2) Control for B(R). Following the ideas in (3.17) we have

1 > - > -
p <3 [ Forlitas [ @eeliplildx.  (29)
e(2,R) €]

2

Bi1(R) B2(R)

For the first term in the right-hand side above, following (3.18) we write:

P1(R) = C||VOR||LT(')(‘€(§,R))”ﬁ”zv(-)(R.’;)’ (3.26)
where we used the Holder inequality with —5 p() + r() =1(.e. wehave r(-) = 2523 ). Since
the exponent p(-) is now driven by the conditions stated in (2.5), the variable exponent r(-)
satisfies:

3< r(_R3\S) < Y(Rz\s)(x) < r?ﬁW\S) < 400,

r(x) = (3.27)

2y+1<r§§r5(x)§rg<3.
Again, since by hypothesis we have ||ii]|| LrOR3) < 100, to understand the behavior of

B1(R) we only need to study the quantity ||%0R (P8 (& R)" Following the main ideas
used to obtain the estimate (3.20) and by the same arguments displayed above (recall that
le(&, R) N8| < CR?*1), we have

- +2y+1 _H_ZJY'%
||VQR||LT(~)(‘C(§,R)) < C max R rs s R s

_1+r_ 3 —l+r+ 3
+ C max {R ®3\s) R (R3\8) }

Now, by the restrictions (3.27), we easily deduce that

2 1 2 1 3 3
)/i- v+ <0 and -1+ <-1+4+

(]R3\S) 1‘(_1R3\S)

~1+ <-1+ <0,

TS rs

and since all the powers of the parameter R > 1 are negative we have the following 1imit
|VOr ||Lr(-)(~€(R R)) R—> 0. Thus, getting back to (3.26) we have limg_, 4o f1(R) =

For the term S, (R) given in (3.25) we proceed as follows: by the Holder inequalities
with % + % + % = 1, we obtain

Ba(R) = /8( 90k ] P 7] dx

2

= C”VOR”U()(*@(R R))”P” DT [l ||Lv(»)(*e(§,R))

e(%.R)

= C||V9R||Lr(~)(€(§,k))||P||LL()(R3)||“”LD(-)(R3)‘

Now, since we have by hypothe51s that i € LPO(R3) and P € L% R3) as before, we
only need to study the quantity ||V9R llx0ce R R)) where the exponent r(-) satisfies this
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time the relationships x%) + % + r%—) =1,ie r(-) = pff)(zy where v(-) verifies (3.27).

Thus, following exactly the same arguments as above we obtain that

i [IVORIl Lo (&, ry) =0

and we finally obtain the limit limg— 400 B2(R) = 0.

We have obtained that limg— o0 81 (R) = limg— 40 B2(R) = 0, from which, getting
back to the expression (3.25), we easily deduce that limg_ 4o |B(R)| = 0.

After the previous estimates for the terms «(R) and B(R), we can consider the control
(3.2), and we deduce, by (3.4), that [|ii]| ;; = 0 and that # = 0. The proof of the Theorem 2
is now finished. u

3.4. Proof of Theorem 3

As in the proof of the two previous results, our starting point is the inequality (3.2) given

by
S o =2 | = |ui|? _
[V®u|“dx < AOp—dx + VOr-[| — + P u )dx,
By Br 2 Bg 2

a(R) B(R)

and we aim to prove that img_, 4 o |@(R)| = limp— 400 |B(R)| = 0.
(1) Control for a(R). By the Holder inequalities with* 1% + $ = 1, we obtain

i ;
@RI = [ 18015 -dx = CAGRI oo 1o s
R

As before, since we have by hypothesis that [i]|;p¢) g3y < +00, in order to study the
behavior as R — + 00 of the quantity a(R), we only need to study the term || AOR | a0 (r3)-
Now, as the variable exponent p(-) satisfies the conditions (2.6), we deduce that the

variable exponent q(-) = pg)(ZZ is given by

9 - +
q(x) = 3 <Agayy = AR\ X) = QRayyy <3, (3.8)
ax(¥) = ay =gy =1,

—g
2

where N = {(x1,x2,x3) € R® 1 x3 + x3 <x, 2, x; >0} and 0 < o < 1. We thus write,
TAORI Lo ®3) = IAORI Lao e 2, rY) = IAORN ax; 0,y T TAORN Lany 0,y (3:29)

with Ny = €(B, R)NnNand N, = €(&, R) \ N.

“Recall that the Holder inequalities are still fully available in this context with the values 1 < p(-) <
+00, see the book [8, Theorem 2.26] for more details.
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For the term ||AOg ||Lqu O,y &iven in (3.29), we write

AR axe, 0,y = CR7Z I ey 0oy,

1
< CR ™ max {[e (&, R) N N[0 [e (&, R) nv| & ).

Now, since €(&, R) N N € N we thus have by (3.28)) that gy = q = 1, moreover we
have the set inclusion

f(%,R) NNcCD= {(xl,xz,x3) eR3: ,/x% +x§ fxl_

and computing the volume of the solid of revolution of the set D we obtain the following
estimate (recall that 0 < o < 1):

(SIS

,0<X1<R},

R
[e(, R)NN| < |D| = c/ ¥T7dxy = CRI,
0

and we can write

<CR '/ — 0.

I AORN w0y = R—>+00

We study now the term || Afg ||LqN2(.) o) given in (3.29). Since we have the set inclusions
N, = €(&,R)\ N ¢ R?\ N and since over this set we have that the variable exponent
q(-) satisfies the condition (3.28), by the same arguments given in (3.14)—(3.15) we obtain

IABR] 0.

. _
Lqu()(NZ) R—>+o00
With these two estimates at hand we deduce, coming back to (3.29), that we have

A6 : 0
[ R||Lq()(R3) m

and this fact implies the limit

(2) Control for B(R). The control of this terms follows the same general ideas used in
(3.17), we can thus write

: )|69R||P||ﬁ|dx. (3.30)

1 S
p <5 [ Foalpa+
e(&.R) e®

2 2

B1(R) B2(R)

For the first term in the right-hand side above, following (3.18) we write:
~ =3
B1(R) = C”VQR”Lr(-)(*@(g,R))||u||Lp(~)(R3)s (3.31)

where we used the Holder inequality with % + % = 1. Since the exponent p(-) is given
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by the conditions stated in (2.6), the variable exponent r(-) = ()( satisfies:

3 < r(_R3\N) < I'(]R3\N)(X) < r&3\N) < +o0,

r(x) = (3.32)

ry=rx(x)=r =1

To understand the behavior of B1(R), since by hypothesis we have |[ii|| o0 (r3) < +00,
we only need to study the quantity || Vg I LrO(e(R R)) Following the main ideas used to
obtain the estimate (3.20), we have

1

1

= }

1 1

1
™

e R) NN

+ CR 'max {|‘€(§ R)

Recalling that we have [€(£, R) N N| < CR% and |€(&, R) \ N| < CR3, we obtain,
since ry; = ry(x) = r§ =1

- —14+ = 3 -1+
IV0Rl e 2y < CR™ + Cmax {R &\ R <R3\N>}

Now, by the restrictions (3.32) we easily deduce that
3

<-1+ <0

(]R3\TN) l'(_1R3\1N)

1+

and since all the powers of the parameter R > 1 are negative we then have the limit
VORIl ———— 0. Thus, getting back to (3.31), we h
I R||L<)(€(§,R)) P us, getting back to (3.31), we have

lim B;(R) =0.
R—>+40

For the term B, (R) given in (3.30) we proceed following the same ideas used previ-
ously: by the Holder inequalities with p() + p() + r() = 1, we obtain

ﬂz(R)=[€ " |V9R||P||u‘dx

2 >

= C||V9R||Lr(~)(€(§,1e))||P||Lm(€(R R))” ||Lp(~)(€(§,R))

= C||V9R||Lr(-)(€(§,R))||P||L¥(R3)”u||Lp(-)(]R3)-
Since by hypothe51s ielPOR¥)and P eL> £ (R3), as before, we only need to study the

quantity ||V9R [F8) (€(&,R)) where the variable exponent r(:) = p() 3 s given by (3.32).
Thus, following exactly the same arguments as above we obtaln

Rll)l’_li’_loo || VQR ||L"(')(‘€(§,R)) e Oa

and we finally obtain the limit limg— 4o B2(R) = 0.
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We have obtained that

li R)y= 1 R) =
Rl P10 = plim Fa(R) =0,

from which, getting back to the expression (3.30), we easily deduce that

REMCUIRD

We have thus proven that the terms «(R) and B(R) given in (3.2) tend to 0 as R —

+o00: the proof of Theorem 3 is now complete. ]
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