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From snapping-out Brownian motions to Walsh’s spider
processes on star-like graphs

Adam Bobrowski and Elzbieta Ratajczyk

Abstract. We prove that a snapping-out Brownian motion with large permeability coefficients is a
good approximation of Walsh’s spider process on the star-like graph K ;. Thus, the latter process
can be seen as a Brownian motion perturbed by a trace of semi-permeable membrane at the graph’s
center. Besides convergence of processes and semigroups we establish, via the Lord Kelvin method
of images and analysis of ergodic properties of matrices involved, convergence of cosine families
underlying the semigroups and thus gain additional insight into the approximation theorem.

1. Introduction

1.1. Sticky snapping-out Brownian motion

Given a natural number & > 2 and non-negative parameters
a,-,bi,c,-, iGJ{IZ{l,...,k}
with b;, ¢; > 0, we think of the following Markov process on the compact space

Sk = ({i} x 0. 00]).
ieX

While on the ith copy of [0, co], our process is initially indistinguishable from the sticky
Brownian motion with stickiness coefficient a; /b;, as described, for example, in [33] (see
also [12]); in the particular case of a; = 0, the sticky Brownian motion is the reflected
Brownian motion. However, when the time spent at the ith copy of 0 exceeds an expo-
nential time (independent of the Brownian motion) with parameter proportional to ¢;, the
process jumps to one of the points (j, 0), j # i, all choices being equally likely. At the
moment of jump the process forgets its past and starts to behave like a sticky Brownian
motion on the jth copy of [0, oo], and so on (see Figure 1).

The so-defined process has Feller property and thus can be characterized by means
of a Feller generator in C(Sy), the space of continuous functions on Si. To describe this
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Figure 1. Sticky snapping-out Brownian motion is a Feller process on k copies of [0, oo] (here
k = 3), which on the ith copy behaves like a one-dimensional sticky Brownian motion with sticki-
ness coefficient a; /b;. After spending enough time at (i, 0) the process jumps to one of the points
(/,0), j # i to continue its motion on the corresponding copy of [0, o], and so on. Times between
jumps are governed by parameters c; .

generator, say, A;'O (subscript p is a shorthand for the ordered set of parameters a;, b;, ¢;
described above), in detail, we introduce first the space C [0, o] of real-valued, continuous
functions f on [0, co) such that the limits limy_,, f(x) exist and are finite, and note that
C(Sk) is isometrically isomorphic to

Fx == (C[0,00))",

the Cartesian product of k copies of C[0, co]; we identify a sequence ( f;);ex with the
function f:S; — R given by

f,x) = fi(x), i€k, xe€[0,00).

Then, we define the domain D(A;"’) of A7 as composed of ( fi)iex € &k such that
(1) each f; is twice continuously differentiable with f” € C[0, oc],

(2) we have

af O -bf O =a| T T A0 O] iex.
J#i

Moreover, for such (f;);ex, we agree that A,°(fi)iex = (f}")iex-

Boundary/transmission conditions of the type (1.1) have been studied and employed
extensively by a number of authors in a variety of contexts (see, e.g., the abundant bib-
liography in [10]). Among more recent literature involving relatives of (1.1), one could
mention the model of inhibitory synaptic receptor dynamics of P. Bressloff [21]; see also
[20], and references given in these papers. It seems that the probabilistic meaning of rela-
tions (1.1), in the case of k = 2, a; = ap = 0, has been first explained in [15], where
they were put in the context of Feller boundary conditions; the subsequent [32] provides
a construction of the underlying process and introduces the name snapping-out Brownian
motion. The same process is constructed by approximation in [34] and called Brownian
motion with hard membrane.

Our main theorem in this paper says that snapping-out Brownian motion with very
large coefficients ¢; can be used as an approximation for the famous Walsh’s spider pro-
cess.
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Figure 2. The infinite star-like graph K ; with k = 8 edges. Walsh’s sticky process on K j is
a Feller process whose behavior at the graph’s center is characterized by the boundary condition
visible above; outside of the center, on each of the edges, the process behaves like a standard one-
dimensional Brownian motion.

1.2. Walsh’s sticky process

Walsh’s sticky process (a generalization of Walsh’s spider process) is a Feller process on
the space obtained from Sy by lumping together all the points (i,0) € Sg, i € K, that is,
on the infinite metric graph K  depicted at Figure 2. The space C(K; ;) of continuous
functions on K x can be identified with the subspace

Fr = {iex € Fe | £i(0) = f;(0), i.j € K} C Fu:

for f e %2, the common value of f;(0), i € K, can be thought of as the value of the corre-
sponding member of C (K] x) at the graph center, and will in what follows be denoted f(0).

The generator, say, AZP, of Walsh’s sticky process is characterized by non-negative
numbers B and «;, i € K such that B + ) ;.4 o; = 1—subscript g denotes the ordered
set of such numbers. Namely, see [30, Thm. 2.2], we define the domain D(AZP) - {’92 of
A;p as composed of (f;)iex € %2 such that

(1) each f; is twice continuously differentiable with f;” € C[0, oc],

(2) whereas f/(0), i € X may depend on i, f"(0), i € K does not; this common
value is denoted " (0),

) Bf"(0) = Liex @i £ (0),
and for (f;)iex € D(AY) agree that Ay (f;)iex = (f")iex. Notably, by condition (2)
above, A;P f belongs to %2

The related process was first introduced in the case of k = 2 and 8 = 0 by Ito and
McKean (see [27, p. 115]) under the name of skew Brownian motion: it differed from the
standard Brownian motion on R only in the fact that signs of its excursions from 0 were
determined by independent Bernoulli variables. It seems that Portenko, in the somewhat
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forgotten work [38], has discovered this process independently as a particular case of his
generalized diffusions—see also [39, Thm. 3.4, p. 146]. Later the process was generalized
and popularized by the influential Walsh’s paper [41]. In an informal description of the
process generated by AZP in the general case of k > 2 (still with 8 = 0) we think of
the graph as the spider’s web, and of ¢; as the probability that a spider passing through
graph’s center will continue its movement on the ith edge of the graph; f is an additional
parameter (playing a similar role to a;s of (1.1); this fact is also reflected in (1.2)) that
tells us how sticky the graph’s center is. For more on the Walsh’s process see [3,4, 14, 16,
29,31,35,42].

1.3. The main result

Let p be a fixed set of parameters for A7°, and for & > 0 let p(€) be the same set with ¢;s
replaced by e~!¢;, i € K. Our first limit theorem (Theorem 3.2) says that the semigroups
generated by A;'("’S) converge, as ¢ — 0, to the semigroup of sticky Walsh’s process with
parameters

o = db,-cl-_l, ieX and B:=d Zajcj_l (1.2)

jeX

where d = [>_ jex(aj + bj)Cj_l]_] is a normalizing constant; this set of parameters will
be denoted g(p). In the case of k = 2 and a; = a, = 0 the result described above has been
proved in [9], and later reproduced in [10]; see also [18] for a recent continuation.

To explain the meaning of the theorem we note first that the state-space of the snapping-
out Brownian motion can also be thought of as the K x graph, provided that we imagine
that at the graph’s center there is a multi-faceted, semi-permeable membrane, and thus we
distinguish between positions ‘virtually at the graph’s center’ but on the ith edge, i € X
(we are thus doing a reverse process to that of lumping points). In this interpretation, ¢; is
a permeability coefficient, telling us how quickly a particle diffusing on the ith edge can
filter through the membrane to continue its random motion on the other side. By replacing
¢ by e 1¢; forall i € X and letting ¢ — 0 we make the membrane completely permeable,
and thus the limit process’s state-space reduces to K x (see Figure 3). Formulae (1.2)
show that despite the apparent absence of the membrane, in the limit there remains some
kind of asymmetry in the way particles approaching the graph’s center from different

L

—

_—
Figure 3. State-space collapse. As permeability coefficients ¢; become infinite (being multiplied by

e~ 1), times spent at the points (i, 0), i € JK before jumps become shorter and shorter. As a result,
in the limit all these points are lumped together and Sy becomes K x (here k = 5).

e—>0
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edges pass through this center. Thus, Walsh’s sticky process can be seen as a process with
a trace of semi-permeable membrane at the graph’s center.

On the more technical side, Theorem 3.2 says that the semigroups {etA;ki), t > 0},
which are defined on C(Sk), converge only on C(K; ) C C(Sk). In Sections 4 and 5,
devoted to the case of a; = 0, i € K, we complement this theorem with information
on convergence outside of C(K x), and on convergence of the related cosine families—
see Theorems 4.1 and 5.1, and Corollary 5.2. Ergodic properties of stochastic matrices
involved constitute a key to the analysis.

The main results are preceded with Section 2 where, as a preparation, we prove two
generation theorems, and Section 3.1, where they are put into the perspective of the general
theory of convergence of semigroups and cosine families.

2. Two generation theorems

In this section, we show that operators defined in the Introduction are indeed Feller gen-
erators; in particular, we compute their resolvents which will constitute a key to our main
limit theorem. We start with a linear algebra lemma.

Lemma 2.1. Let A;, B;, C;, i € K be given constants such that A; > 0. Then, for any
& > 0 there is precisely one solution (Dj(€))iex € R¥ to the system

1

eAiDi(e) = eBi + — Y (Cj+ Dj()) = Ci — Di(e). i€X. 2.1
J#i

Moreover, the limits limg—o D;(¢), i € K exist and are finite.

Proof. The idea is to rewrite (2.1) so that uniqueness and convergence of D; (&) becomes
evident. To this end, we let
D(e) = Y A;Dj(e) (2.2)
ieX

and note that, by (2.1), D(¢) = ), c % Bi. It follows that D(¢) in fact does not depend on
¢ and we will write simply D instead.

Without loss of generality, we assume from now on that Ay = max;ex A;. Then, by
substituting A% - Z# k ﬁ—]iDi (&) for Dy (e) into (2.1), we obtain the following system of
relations

(1+ea+ 2 ) oice

(k —1)Ag
1 D 1 Y
=eBi+——) C;—C; 1--L|Dj(e),
¢ +k—1]§’ ’+(k—1)Ak+k—lj§k( Ak) i (€)

involving variables with the first k — 1 indexes

ief=1{1,... . k—1)
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This system is easier to handle. To see this, we equip R¥~! with the norm ||(&)icg | ==
max; ey |£|. Then, for any & > 0, the norm of the linear operator Og: RK~! — R¥~! given

by
Os(éi)ieéf:( lm(g) Z ( Ak) )iex

JeL\{i}

where m;(¢) := 1+ €4; + (kaTi)Ak > 1, is smaller than 1. For, || O|| does not exceed

1 Y 1 AN k=2
1-- 1-L)<—<1.
zeéﬁk—lm(e) 2 ( Ak)<r,-ré‘§?k—1 2 ( Ak)<k—1<

jeL\} jeL\{i}

Hence, I — O is invertible and so (2.1) has the unique solution
(Di(e));eq = (I = 00) 7 (Ei(®)),cq 23)

where

1 D

Ei(e) = B; Ci—C+ ——r i € £.
i©) mi(s)[e RF=D +(k—1)Ak] l
1#1
Moreover, we have
. D1 .
é;}1_I)r(1)06—00 and hrnE(s) |: ;C - C; +T1A_k:| e XK.

Hence, (2.3) establishes convergence of (D;(¢));ce, as € — 0. Since the sum in (2.2)
does not depend on ¢ and A;s are non-zero, this implies convergence of all D;(¢)s and
thus completes the proof. ]

Proposition 2.2. For any set p of non-negative parameters a;, b;, c; with b;,c; > 0, the
operator A;’O of Section 1.1 is a Feller generator.

Proof. A‘;"’ is obviously densely defined, and arguing as, for example, in [11, Sec. 6]
we find out that this operator satisfies the positive-maximum principle. Hence, by [28,
Thm. 19.11] or [7, Thm. 8.3.4], we are to check only that for any g € C(Sx) and A > 0
there is an f € D(A4;°) solving Af — A}° f = g, that is, for any (gi)iex € & and
A > Othereisan (fi)iex € D(A;°) suchthatAf; — f = gi,i € K. (Suchan (fj)iex is
unique, because A7° satisfies the positive-maximum principle and is thus dissipative—see
[23, Lem. 2.1, p. 165].)
To this end, we search for f;s of the form

fi(x): —Cefx—i—De Ax «/_/ sinh vVA(x — y)gi(y)dy, x>0, ieX, (2.4)

for some constants C;, D;, i € K, and note that the limits limy_, f;(x) exist and are
finite iff

1 o Vi
Cl':—/ e VMg dy, ieX. 2.5
375 o gi(y)dy (2.5
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Moreover, condition (1.1) is satisfied iff

- - 1 .
iD=y Citaic g0 + 3 (G + D) —Ci=Di. i€K  (26)
J#i
where yii = bici_lﬁ + /\aici_l, i € K. Since (2.6) is obviously a particular case of
2.1)withe =1, 4; = yi+ and B; = y; C; + aici_lgi (0), existence of (unique) solution
to this system is guaranteed by Lemma 2.1. ]

Our second generation theorem is a simple case of the general result of [29, Thm. 2.8]
and [30, Thm. 3.7], but we sketch its proof here since in what follows we need the form
of the resolvent of Ay .

Proposition 2.3. Operator AZ,p is a Feller generator.

Proof. We proceed as in the proof of the previous proposition. First of all, density of
D(A;p) and the positive-maximum principle for Azp do not pose a problem. Secondly, to
find a solution to the resolvent equation we search for f;s of the form (2.4) (with Cjs
defined by (2.5)), and note that the defining conditions (2) and (3) are satisfied iff

fi(O)ij(O) thatis C;+D; =Cj+Dj, i,jeX 2.7
and
BIA(Ci + Di) —g(0] = VA Y «;j(C; = D)), i€X, (2.8)
JEX

respectively. Denoting by f(0) the common value of (2.7) we check that the system (2.7)—
(2.8) has the following unique solution: D; = f(0) — C;, i € K where

Bg(0) +2VA Y cx aiCi
AB+VA1-B)

This completes the proof. ]

f(0) =

3. The main convergence theorem

3.1. A sketch of the theory of convergence of semigroups and bird’s-eye view of our
results

The main idea of the Trotter—Kato—Neveu convergence theorem [1,22,25,37], a corner-
stone of the theory of convergence of semigroups [10,19], is that convergence of resolvents
of equibounded semigroups in a Banach space F, gives an insight into convergence of the
semigroups themselves. Hence, in studying the limit of equibounded semigroups, say,
{e! Be f > 0}, generated by the operators B, ¢ > 0 we should first establish existence of
the strong limit
R; = lim(A — By)~ L.
e—0
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The general theory of convergence (see [ 10, Chap. 8]) covers also the case in which, unlike
in the classical version of the Trotter—Kato—Neveu theorem, the (common) range of the
operators Ry, A > 0 so-obtained is not dense in F, and stresses the role of the so-called
regularity space, defined as the closure of the range of R :

Freg := cl(Range Ry) C F.
Namely, F, turns out to coincide with the set of f € F such that the limit
T(t)f := lime'Be f
e—>0

exists and is uniform with respect to ¢ in compact subintervals of [0, o0); then {T'(¢), >0},
termed the regular limit of {e'B¢, t > 0}, ¢ > 0, is a strongly continuous semigroup in Freg-

It should be stressed, though, that this statement does not exclude the possibility of
the existence of f* ¢ Fr, such that the strong limit lim,_.o e'Be f exists for all # > 0. Such
irregular convergence of semigroups, which is known to be always uniform with respect
to ¢ in compact subsets of (0, co)—see [6] or [10, Thm. 28.4]—is not so uncommon,
especially in the context of singular perturbations [2, 10, 36], but needs to be established
by different means.

In our first limit theorem (Theorem 3.2) we fix the set p of parameters a;, b;, c; of
Section 1.1 and consider operators A;'(‘z), &€ > 0 defined as A}° with p = p(e) obtained
from p by replacing all ¢;s by e~1¢; and leaving the remaining parameters intact. We prove
that the regularity space for this family of semigroups of operators is C(K; ) C C(Sk),
and that the sticky Walsh’s process is their regular limit. In Section 4, under additional
assumption that all a; are zero, we will show A;'("S) generate also equibounded cosine
families, and, as a result, that the limit

lim etA;&) f, t>0

e—0
exists also for f € C(Sk) \ C(K;x). In Section 5 we show that convergence of semi-
groups (and cosine families) on the regularity space is in fact uniform with respect to z,
and that outside of this subspace the cosine families do not converge at all.

3.2. The main theorem

Let p and p(e), € > 0 be as in the preceding section. In other words, elements of the domain
of A;’(‘;) satisfy the transmission conditions

cai f/0) = ebi 10V = 6| 1 T 0 - O], e
J#i

and we are interested in the strong limit of the semigroups {e[A?_(S), t > 0} generated by
A;'(‘;), as ¢ — 0. As explained above, our first task is to prove existence of the limit of
resolvents of A;'(Os). This is achieved in the following proposition.
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Proposition 3.1. The limit R) g := limg—o(A — A;'("S))flg exists for all g € C(Sx) and
A > 0, and the regularity space for

{etA;-(of), t>0}, >0

coincides with C(K1 ). Moreover, for g € C(K1 k), Ryg = (A — Aq( )) Lg where q(p)
is the set of parameters given in (1.2).

Proof. Fix g € C(Sg). Function f, := (A — A% ")) g solves the resolvent equation for
A;‘(‘;) and hence, as we know from the proof of Proposmon 2.2, is of the form (2.4)—(2.5)
with certain D; = D;(¢). More specifically, the vector of these coefficients is a unique
solution to the system

v Dile) = ey Ci + easc i) + 1 Y (G + Dy(e) ~ G — Dife). (D)
J#i
where, as in Proposition 2.2, yii = b,‘ci_1 VA + kaici_l, i € K. We are thus dealing again
with a special case of (2.1), and Lemma 2.1 tells us that the limits D? = limy—o Dj(g),
i € K exist and are finite. Since neither the first nor the third term in (2.4) depend on &,
this establishes existence of the limit limg_,o(A — A® (08)) lg.
To prove the second sentence in the proposition, we first let ¢ — 0 in (3.1) to obtain

1 .
G+ D = HZ(C_/ + DY), iekX.
J#i
This shows that f;(0) = C; + D? does not depend on i € K, that is, that Ry g belongs

to C(K k). Next, we sum both sides of (3.1) overi € KX, divide by ¢ and let ¢ — 0. This
renders

Z (b,-ci_l«/x-i-laici_l)D? = Z (bicflﬁ—laic C + Za, 1g:(0).

ieX ieX ieX

If g € C(K; k), thatis, if g; (0) does not depend on 7, this relation can be rearranged as

Y (@i H(AMCi + D) = g(0) = VA Y bic; 1 (C; = D)).

ieX jeX

This means, however, that condition (2.8) is satisfied with «;s and B specified in (1.2),
because we know that C; + D? does not depend on i. It follows that for the stated
choice of parameters, D;s of (2.7)—(2.8), coincide with D?s. This establishes Ry g =
(= Aq(p)) g for g € C(Kyx).

As a by-product, the range of Rj contains D(AZ‘EP)), and since the latter is dense in
C (K k) the closure of the range of R, contains C (K k). But we have already established
that this range is contained in C(K; ). Hence, the closure of the range of R, coincides
with C (K k), as claimed. |
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Proposition 3.1 says in fact more than it is visible on its surface. To wit, the fact that
on the regularity space C (K ), R coincides with (A — A ) ! implies that AS;EP) is the
generator of the regular limit of {e AP(E) t > 0}—see, e. g [10 Thm. 8.1 and Cor. 8.3],
compare [7, Sects. 8.4.3 and 8.4.4]. As an immediate corollary we obtain thus the follow-
ing main theorem of this section.

Theorem 3.2. We have

lim &’ P(S)f =¢ f(P)f feCKik)

e—0
with the limit uniform with respect to t in compact subsets of [0, o0).

In view of the Trotter—Sova—Kurtz—Mackevicius theorem [28], this result can be seen as
expressing a convergence of the random processes involved. We note that A. Gregosiewicz
in [26] has found a different proof of our theorem based on a decomposition of resolvents
involved.

4. Convergence outside of C(K )

4.1. Introductory remarks

As already mentioned in Section 3.1, Theorem 3.2 need not tell the entire story: it may
happen that lim;_,¢ &' 4e) f exists also for f € C(Si) \ C(Kj k), except that this limit
cannot be uniform in compact subintervals containing 0. Such convergence of semigroups
outside of regularity space can be deduced from the convergence of their resolvents pro-
vided that the semigroups enjoy additional regularity properties, such as being uniformly
holomorphic—see, e.g., [10, Chap. 31]. In [17] it has been proved that, in the case of k = 2
and a; = az = 0, each A}° is a cosine operator family generator, and all these families
are formed by operators of norm not exceeding 5. As a corollary, in [18] we show that in
this case convergence spoken of in Theorem 3.2 extends beyond f € C(Kj k).

It is the purpose of this section to prove a similar result for general k > 3. Hence, in
what follows we assume that ¢; = 0, i € K and, without loss of generality, take b; = 1,
i € X, so that the entire generator A;"’ is characterized by the vector ¢ = (¢, ...,ck) € R*
of (positive) permeability coefficients; to stress this in what follows we write A%° instead
of A;"’. As a result, transmission conditions (1.1) take the form

£/(0) = ¢; [f,(O) Zf](O)] ieX. @1

We will show (see Theorem 4.1) that each A% generates a strongly continuous cosine
family {Cos 450 (¢), t € R} such that

[Cosgso (1) < M = M(c), 1€R,
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where M (c) has the following property: for any r > 0, M (rc) = M(c). In particular, even
though we cannot claim that (as in the case of k = 2) there is a universal bound for all
cosine families generated by Ab °s, we know that for fixed ¢ the operators AS(O), defined
as AS° with ¢ replaced by ¢~ !¢, generate cosine families that are bounded by a universal
constant:

| Cosase (| < M(c), 1 €R, e>0. (4.2)

Theorem 3.2 says that the semigroups generated by operators Ai_(?;) converge, as € — 0, to
the semigroup describing the Walsh’s process with parameters
1

g =————, €KX and B :=0. 4.3)
l Ci Z/EJCC !

To denote this simpler set of parameters we write «(c) instead of g(p).
As explained in detail in [18], estimate (4.2), when combined with Proposition 3.1,
implies the following second main result of our paper.

Theorem 4.1. (a) For f € C(Kik),

lin}) COSAj(g) ) f = CosAsp( )(t)f uniformly int € [0,ty] fortop > 0.
(b) For [ € C(Sk) \ C(K1k),

slglz)e f<6>f A«Sxp@f uniformly int € (lo_l,to) forty > 1.

To elaborate on these succinct statements: first of all, ASp is also the generator of
a cosine family in C(K ) (see Section 5 for more details). As such despite not being
densely defined in C(Sy), it is also the generator of a semigroup {e’ a(f) t > 0} of oper-
ators in C(Sg)—see, e.g., [5, Cor. 5.1]. These operators are extensions of those defined in
C(K1,), and the semigroup generated by A 1s not strongly continuous in ¢ € [0, co0)
but merely in ¢ € (0, co) (of course, for f € C(K1 k), lim; o4 € Aa(f>f ). This clar-
ifies statement (b).

Point (a) also requires a comment. Since we were able to extend convergence of semi-
groups from C(K k) to the entire C (S ), it may seem natural to ask weather the same can
be done with convergence of the related cosine families. However, as proved in [13] (see
also [10, Chap. 61]), cosine families by nature cannot converge outside of the regularity
space. As applied to our case, this theorem tells us that (a) is the best result possible in
the sense that the limit cosine family cannot be extended beyond C(K; x)—see also our
Section 5.

Finally, we remark that the fact that each A%° is the generator of a cosine family
can also be proved using decomposition of resolvent techniques (see [26]); however, this
approach does not give a universal bound for the norm of Cos A (t),t € R, &> 0 (found
in (4.2)).
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4.2. Definition of M (c)

Given ¢ = (c¢1, ..., cx) with all ¢; > 0 we think of the k x k intensity matrix Q =
(4i,j)i,jex given by
—C“, l — j’
4ij =9 . . (4.4)
e L F

The Markov chain generated by Q is irreducible and its invariant measure is @ = (@; )ie x>
where «; are defined in (4.3).

Let ¢ == max;e ¢; and Q¢ := ¢~' Q. We denote the entries of the matrix e’2° by
p?’j (t). Since Q¢ + I, where I is the k x k identity matrix, is a transition matrix of
an irreducible and reversible discrete time Markov chain with the invariant measure «,
[40, Cor. 2.1.5] implies that

P00 -y <e@ [ =[S 1z0,0) € X, 4.5)
’ o Cj

where the spectral gap w is the smallest non-zero eigenvalue of —(Q¢. We note that Qg
does not change if ¢ is replaced by r ¢ where r > 0, and thus neither does change the w. It
follows that the same applies to the constant

Ci
M=M =142 —_
(o) (+ max - >

G, 1 C_f)) 46
jex(\/?erk_l;\/; . (4.6)

A strongly continuous family {C(¢), ¢ € R} of operators in a Banach space F is said to be
a cosine family iff C(0) is the identity operator and

4.3. Cosine families

2C)C(s)=C(s+1)+Ct—s), t.seR.
The generator of such a family is defined by
Af = lim2t72(C(t) f — f)
t—>0

for all f € F such the limit on the right-hand side exists. For example, in C[—o00, c0], the
space of continuous functions on R that have finite limits at +00, there is the basic cosine
Sfamily given by

Ct)f(x)= %[f(x—f-t)—i—f(x—t)], x€R, t eR.

Its generator is the one-dimensional Laplace operator f + f” with domain composed of
twice continuously differentiable functions on R such that f” € C[—o0, o0].

Each cosine family generator is automatically the generator of a strongly continuous
semigroup (but not vice versa). The semigroup such operator generates is given by the
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Weierstrass formula (see, e.g., [1, p. 219])

TO)f=f and T@t)f = e_%C(s)f ds, >0, f €F.

1 (o)
2wt /_oo
This formula expresses the fact that the cosine family is thus (in this case) a more funda-
mental object than the semigroup, and properties of the semigroup can be hidden in those
of the cosine family (see, e.g., [12]). Moreover, semigroups that are generated by gener-
ators of cosine families are much more regular than other semigroups. In particular, such
semigroups are holomorphic, but even among holomorphic semigroups there are those
that are not generated by cosine family generators (see [1] again).

4.4. Lord Kelvin’s method of images and the generation theorem

For a number of Laplace operators in C [0, co] with domains characterized by Feller—
Wentzel boundary conditions at x = 0 the cosine families they generate can be constructed
semi-explicitly as (isomorphic images of) subspace cosine families for the basic cosine
families in C[—o0, co]—see [8, 17] and references given there. The trick, known as the
Lord Kelvin method of images [8,24], comes down to noticing that each boundary condi-
tion unequivocally shapes extensions of elements of C [0, co] to elements of C[—o0, o0];
for example, the Neumann and Dirichlet boundary conditions lead to even and odd exten-
sions, respectively. These extensions form an invariant subspace for the basic cosine fam-
ily, and the cosine family we are searching for turns out to be an isomorphic image of the
basic cosine family as restricted to this subspace.

In this section we use the same idea to show that the operator A%° with transmission
conditions (4.1) generates a cosine family {Cos 450 (), t € R} of operators in . : we will
construct {Cos 4s0(7), ¢ € R} as an isomorphic image of a subspace cosine family of the
Cartesian product cosine family {Cp(t), t € R} (‘D’ for ‘Descartes’). The latter is defined
in the Cartesian product space

&y = (C[—oo,oo])k,
(equipped with the maximum norm) by the formula
Co()(fidiex = (C(0) fi);eyer  (fi)iex € Gk, t €R.
This is to say that Cos 45 (¢) will be found to be of the form
Cos g (1) (fi)iese = RCo(t)(fi)ies. (fiiex € Fk. t €R, 4.7

where f; € C[—00,00],i € X, is a suitable extension of f; € C[0,00] and R: &) — Fr
is the restriction operator assigning to a (g;);ex € & the member ( f;);ex of Fi given
by fi = gilr,,i € K. Our first lemma says that extensions f:l € KX are determined
uniquely by the fact that a cosine family leaves the domain of its generator invariant.

Lemma 4.2. For (f;)icx € D(AL?) there exists its unique extension (ﬁ)iex € &y such
that

RCo(t)(fi)iex € D(AS?)
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fort € R. Moreover, each f: i € K belongs to the domain of the generator of the basic
cosine family and }

| (fidiex ||@k < M||(fi)iex ||%k (4.8)
where M is defined in (4.6).

Proof. The proof consists of four steps.
Step I: existence and uniqueness of f: ,i € K. Our task is to find

gi(x) == fi(—=x), x>0,i€ekX, (4.9)
satisfying compatibility conditions f;(0) = g;(0). Since Cp(¢) = Cp(—t), t > 0, we must

also have

d - x ~ . 1 - -
=D+ fie+ 0]y = e[ i+ fin) - m;(f,-m + fi=0)].
that is

1
@) —gi) =ci [ﬁ(z) +e )= 2 (0 +g (r))], (4.10)
J#i
fort > 0,i € K. This system can be rewritten as

(8 — fi)iex = Q(gi — fi)iex +20(fi)iex:

where Q = (q;,j)i,jex is the intensity matrix defined in (4.4). Hence, g; are uniquely
determined and (because of the compatibility condition) given by

(i), ex = (fi®),c50 +2 /0 [“9COI(fi(5)),cpc ds. £ >0. (4.11)

From now on, we treat (4.9) and (4.11) as the definition of ( f, )iek-

Step II: an estimate for p; j (t). We note that e’€, ¢ > 0 is the matrix of transition proba-
bilities, say, p;, ;(t), for the Markov chain with intensity matrix Q, whereas

d
Qe'? =00 = —e'® = (p]; (), jex-

Moreover,

i) = | 2 diepe 0]

leX
= ‘Z kc_l lpf,j(t) _Cipi,_i(t))
(A
= kc_ll Z|P€,.i(f)—17i,j(f)|
C£i
= kc_i 1 qu‘f,i(t) —aj| + | pij (1) — aj)
t£i
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fort > 0,i,j € K.Next, (4.5) and p; ;(t) = p?j(ct), i, j € K imply that

e ) —ay| =e™ [ 1= 0.0 € K. (4.12)
J

This in turn renders

}pé,j(t)|=cz-e‘”w’(\/7 _12 ) 1>0,i,j€X. (4.13)

L#i
The last two estimates will be of key importance in what follows.

Step I1I1: each f: belongs to C[—o00, 00|, and (4.8) holds. For our first claim in this step it
suffices to show that g; € C[0, 0o], and since continuity of g; is clear, it is enough to prove
that the integral in (4.11) converges, as t — oco, to [1m — m where m = (m;);ex, m; ‘==
lim; o fi(t) and IIm = (Z]EJC ajmj)iex . Now, the last statement is true if f; () = m;
fort > 0 and i € KX because then the integral equals f e 0mds = e¢'%m —m and
(4.12) implies that lim;_, o, €’¢m = ITm. Hence, we are left with showing that the integral
in question converges to 0 provided that m = 0.

To this end, we let R¥ be equipped with the maximum norm. Then, (4.13) shows that
the norm of '€ Q as the operator in R¥ can be estimated as follows:

tQ _ ’ —cwt
e Q| = max 'EEK: Pl ()] < eMoe™®", 1 >0, (4.14)
J

where My '= max;ex Z/EJC 1/ -+ IZ#, ,/C])

Next, if m = 0, given € > Owe can find a o > O such that | f; (s)| < €,i € K as long as
s > to. Hence, for ¢t > t( the integral in question does not exceed féo e“=92 Q||| f |z, ds
+ € ftlo e®=92 Q|| ds. Since, by (4.14) the first summand converges to 0, as ¢ — oo, and

the second is bounded by % our first claim follows.
As to the other claim, (4.13) implies also

° Ci C 1 Ct
T o)ldr < = Ly = .
/0 |p”’()| _ca)( c,-+k—1ez#i cj

Thus, (4.11) combined with

/[e(t S)QQ](fl(s))zeJ(ds_ Z/ pl](t s)f,(s)ds)

jeX

shows that
l(gi)iex| < (1 + 2max Z}:{/O |Pf,j(l)}dl) < M| (fiex]|-
je

Hence, (4.8) is established.
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Step 1V: f: is in the domain of the generator of the basic cosine family. Since f; are
twice continuously differentiable on [0, 0o0), (4.11) shows that so are g;, i € K. Also, by
differentiating (4.11) we recover (4.10), which in turn, when evaluated at # = 0 yields
g/(0) = f/(0) — 2¢;[ f;(0) — k—il > i /i(0] = —1£/(0), i € K. This proves that the
left-hand and right-hand derivatives of ﬁ agree at t = 0, and we see from (4.10) that fl
is continuously differentiable on the entire R. The same relation reveals, furthermore, that
gl’- is continuously differentiable on [0, c0), since so is fi’, and a little calculation using
the already established f;(0) = —g;(0) yields f,”(0) = g;'(0) completing the proof that
fi is twice continuously differentiable.

We are left with proving that the limits lim; . g/ (¢) exist and are finite. To this
end, we note first that existence of finite limits lim; o f;”(t) implies lim; o0 f/(t) =0,
i € K. Furthermore, since, as we have established in Step III, lim;_, 5 (g; (¢))iex = m +
2(ITm — m), and (4.10) can be rewritten as (g;(1))icx = (f/ (t))iex — Ol(gi(t))iex +
(fi(t))iex], we obtain lim; 00 (g} (¢))icxc = —2QTIm = 0. Hence, differentiating (4.10)
once again shows that lim; . g/ () exists and equals lim; o0 f;"(t). m

Lemma 4.2 tells us in particular that if (4.7) is to define a cosine family generated by
A%°, there is but one choice for extensions f;, i € K. Hence, we introduce the extension
operator

E: Tk 3 (fi)iex = (fidiex € Gk,
where, for all (f;)iex € &k (notjust for (f;)iex € D(AY°)), f,-, i € K are given by (4.9)
and (4.11). In terms of E, (4.7) can be written as
Cosgso(t) = RCp(1)E, 1t €R, (4.15)
and, since, by the lemma, || E'|| < M, and clearly || R|| < 1, we conclude that
[Cosgso (1) <M. 1 €eR.
Theorem 4.3. Formula (4.15) defines a strongly continuous cosine family in . More-

over, this cosine family is generated by A%°.

Proof. Lets € R and (f;);ex € D(AT°). By Lemma 4.2, RCp(t)E(f;)iex € D(AY®)
for all ¢ € R, and the cosine equation for {Cp(¢), t € R} implies that

RCo(1)Cp()E(fiiex = %RCD(f b E(fiex + %ch(r COE(fiex

belongs to D(A%°) fort € R. By uniqueness of extensions for elements of D(A%°), estab-
lished in Lemma 4.2, it follows that Cp (s) E(f;)iex equals ERCp(s)E( fi)iex - Hence,
forallt e R
2Cos gz (1) Cos gz () (fi)iex = 2RCp()[ERCp(s)E](fi)iex
=2RCp(t)Cp()E(fi)iex
= RCp(t +$)E(fi)iex + RCp(t —$)E(fi)iex
= Cosgso(t + 8)(fi)iex + Cosaso(t —5)(fi)iex-
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Since D(A{°) is dense in i, this proves that {Cos 450 (¢), t € R} is a cosine family. The
family is strongly continuous since so is the Cartesian product cosine family {Cp(?), t € R}.

Turning to the claim concerning the generator: Let ( f;)iex € D(A%°). By Lemma 4.2
each f, belongs to the domain of the basic cosine family and thus we have

.2 : oz ;
fim Zle /i~ Al =7/ iex
in the sense of the supremum norm of C[—o0, o]. It follows that
. 2 ; r £11
lim t_z[CD(t)(fi)ieK — (fidiex] = (fNiex

in the norm of &. Hence, (f;)icx belongs to the domain of the generator, say, G,
of the cosine family {Cos4s(?), ¢ € R}, and G(f))iex = R(f,-”)iex = (fNiex =
A¥°(fi)iex- On the other hand, D(A%°) cannot be a proper subset of the domain of G
since A%° is a Feller generator and, in particular, for A > 0, A — A% is injective and its
range is ¥ (see e.g. [7, p. 267]). [ ]

Remark 4.4. A close inspection of the proof of Theorem 4.1 reveals that the space of
extensions, that is, the range of E, is an invariant subspace for {Cp(t), t € R}. As
restricted to this range, {Cp(¢), t € R} is a strongly continuous cosine family, and (4.15)
says that {Cos 450, ¢ € R} is an isomorphic image of this cosine family.

5. Convergence of cosine families

It may seem unclear how do we know, in Theorem 4.1, that A‘;p(c) is a cosine family gen-
erator. The generation theorem for AZP(C) can be proved directly, but can also be obtained
as a by-product of Proposition 3.1, Theorem 3.2 and estimate (4.2). Indeed, as proved in
[10, Chap. 60], if (4.2) holds, Proposition 3.1 implies existence of a strongly continuous
cosine family in C(K k) given by Cos(t) f = limg—¢ COSAi'(‘;) @O f.teR, feC(Kix).
Denoting by G the generator of this family we see also, by the Weierstrass formula, that
limoso e/ ® f =G £t >0, f € C(K1 k). Hence, by Theorem 3.2, we need to have
G = Ay, showing that A7, is a cosine family generator.

In this section, we want to argue that the abstract Kelvin formula (4.15) provides an
additional insight into both the convergence theorem (Theorem 4.1) and the generation
theorem for AZ’(C). Details are given in Theorem 5.1, below. Its notations involve the pro-
jection operator I1: Fz — %2 given by

M(fiexc = (Y @i /)

jeX

ieX

where «;, i € K are defined in (4.3). We recall that in Step III of the proof of Lemma 4.2
we used IT to denote the operator IT: R¥ — R¥ which formally acts in the same way as
the one introduced here; below, notationally we will not distinguish between these two
operators either.
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Theorem 5.1. (a) For f € C(Kyx) limgsg CosAi—é) @ f = CosAsp(_) (t) f uniformly
int e R.
(b) For f € C(Kyk), limeo o f = ¢! 4a uniformly int > 0.

(c) The cosine family generated by Azp(c) is given by the abstract Kelvin formula

CosAsp()(t) = RCp(1)E, t€R,

where E: C(Kl,k)(izZ 5}2) — & maps a vector (f;)iex € 8*2 to the vector
(f))iex € Sy of extensions of fis given by f;(—x) = g;(x), x > 0,i € K and

(&i)iex = 21(fi)iex — (fi)iex-

Proof. Condition (b) is a direct consequence of (a) by the Weierstrass formula (see [ 18] for
details, if necessary). Also, by Theorem 4.3, Cos A (1) is given by (4.15) with E = E(¢)
defined in (4.9) and (4.11) with Q replaced by e~ ! Q. Therefore, since we already know
that the limit cosine family is generated by A;p(c), to show (a) and (c) simultaneously it
suffices to prove that, for any ( f;);ex,

I(1) = ¢! /0 [ 201(fi(t = ), I

converges uniformly in ¢ > 0 to TI(f; (¢))iex — (fi(?))iex. In the special case where
fi(x) does not depend on x > 0 ori € K, this results is immediate, since then the inte-
grand above is zero, and so is T1(f;(¢))iex — (fi(t))iex. Therefore, we are left with
proving this convergence for ( f;);ex such that f;(0) = 0,i € K.

Under this assumption, given € > 0 one can find a § > 0 such that | f;(s)| < €,i € K
as long as s < §. Therefore, by (4.14), for t < §,

t
2:0)] < <X / e tews gy < Mo
& 0 w

)

and so
17s() = TN(fi ())), 50 + (i®) o]l < (2 + %)e tef0,8], e>0. (51)

Also, there is a 67, and without loss of generality we can assume that §; < §, such that
|s| < 8; implies | f;(t —s) — fi(¢)| <e€,i € K,t > §, because f;,i € K, being members
of C[0, oo, are uniformly continuous. Hence, introducing

81 1
Je(81,1) = 8_1/0 [ 2 O1(fi (1)), g ds,

and arguing as above we obtain ||I(81) — J:(61,1)| < % At the same time, using
estimate (4.14) again,

[1:0) = 160 | = Mo (fidiesc |z,
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Hence, for M| := max(2 + % Mo||(fD)iexllg)s
| 1:() = Je (81, 0)|| < Mi(e + e %), 1>6, >0 (5.2)

Finally, we have
-1
Jo(61.1) = & M (fi(0)iese — (fiO)iex
and we know that (a) operators esfl‘ng, & > 0 are contractions in R¥ (and thus are in
particular equibounded) and lim,_¢ e 1812y = TTv for any v € R¥, and (b) the set

{u e R¥ | v = (fi (1)), y for some ¢ > 8}
is compact in R¥. It follows that for sufficiently small &
SUIS) ” Je((gl’[) - H(fl (t))ieJ( + (fl (t))ieJ( ” €.
=
This, when combined with (5.1) and (5.2), shows that

limS(l)lpfliIg ||I€(t) — H(fi(t))iex + (fi(t))iex || < (M; + De.

Since € is arbitrary, the proof is complete. ]

We note that point (c) in the theorem just proved implies that each AZP is a cosine
family generator, as long as 8 = 0. Indeed, given & = («;);ex With positive o; such that
Z;C:l o; = 1 we can take ¢ .= (ai_l),-e,;( and then o = a(c).

It is also interesting to note that the proof of convergence of the integral I.(¢) to
I(fi)iex — (fi)iex carries out also to (fi)iex € C(Sk) \ C(K;x) except that then
the limit function is not continuous at t = 0, and therefore the limit cannot be uniform.
Indeed, only in the first step of the proof, where we look at the case of constant functions,
do we see a difference: in the case under consideration the constant depends on the edge,
that is, we have f;(x) = u;, x > 0,i € K where u = (U;)jex € R¥. Hence, the integral
equals esQy — u, and this, for ¢ > 0 converges to [Tu — u # 0, whereas ey —u = 0.
Here is an immediate corollary to this remark.

Corollary 5.2. For f € C(Si) \ C(K1 k), the limit lim;_.¢ Cos A (t) f exists only for
t=0.

This result, which complements Theorem 5.1 (a), provides a much more specific infor-
mation than the general theorem of [13], which says simply that there is at least one ¢ # 0
for which the above limit does not exist.

References

[1] W. Arendt, C. J. K. Batty, M. Hieber, and F. Neubrander, Vector-valued Laplace transforms
and Cauchy problems. Monogr. Math. 96, Birkhduser, Basel, 2001 Zbl 0978.34001
MR 1886588


https://doi.org/10.1007/978-3-0348-5075-9
https://doi.org/10.1007/978-3-0348-5075-9
https://zbmath.org/?q=an:0978.34001
https://mathscinet.ams.org/mathscinet-getitem?mr=1886588

(2]

(3]

(4]

(5]

(6]
(71
(8]

(9]

(10]
(11]
[12]
(13]
[14]

(15]

(16]
(17]
(18]

[19]

(20]

[21]

A. Bobrowski and E. Ratajezyk 20

J. Banasiak and M. Lachowicz, Methods of small parameter in mathematical biology. Model.
Simul. Sci. Eng. Technol., Birkhduser/Springer, Cham, 2014 Zbl 1309.92012 MR 3306891
M. Barlow, J. Pitman, and M. Yor, On Walsh’s Brownian motions. In Séminaire de Probabil-
ités, XXIII, pp. 275-293, Lecture Notes in Math. 1372, Springer, Berlin, 1989

Zbl 0747.60072 MR 1022917

E. Bayraktar, J. Zhang, and X. Zhang, Walsh diffusions as time changed multi-parameter pro-
cesses. [v1] 2022, [v3] 2024, arXiv:2204.07101v3

A. Bobrowski, The Widder—Arendt theorem on inverting of the Laplace transform, and its
relationships with the theory of semigroups of operators. Methods Funct. Anal. Topology 3
(1997), no. 4, 1-39 Zbl 0940.47032 MR 1770676

A. Bobrowski, A note on convergence of semigroups. Ann. Polon. Math. 69 (1998), no. 2,
107-127 Zbl 0947.47032 MR 1641868

A. Bobrowski, Functional analysis for probability and stochastic processes. Cambridge Uni-
versity Press, Cambridge, 2005 Zbl 1092.46001 MR 2176612

A. Bobrowski, Generation of cosine families via Lord Kelvin’s method of images. J. Evol.
Equ. 10 (2010), no. 3, 663-675 Zbl 1239.47036 MR 2674063

A. Bobrowski, Families of operators describing diffusion through permeable membranes. In
Operator semigroups meet complex analysis, harmonic analysis and mathematical physics,
pp- 87-105, Oper. Theory Adv. Appl. 250, Birkhduser/Springer, Cham, 2015 Zbl 6571396
MR 3468210

A. Bobrowski, Convergence of one-parameter operator semigroups. New Math. Monogr. 30,
Cambridge University Press, Cambridge, 2016 Zbl 1345.47001 MR 3526064

A. Bobrowski, Concatenation of nonhonest Feller processes, exit laws, and limit theorems on
graphs. SIAM J. Math. Anal. 55 (2023), no. 4, 3457-3508 Zbl 1528.60043 MR 4628431

A. Bobrowski, New semigroups from old: An approach to Feller boundary conditions. Discrete
Contin. Dyn. Syst. Ser. S 17 (2024), no. 5-6, 2108-2140 Zbl 07862947 MR 4762578

A. Bobrowski and W. Chojnacki, Cosine families and semigroups really differ. J. Evol. Equ.
13 (2013), no. 4, 897-916 Zbl 1311.47056 MR 3127029

A. Bobrowski and T. Komorowski, Diffusion approximation for a simple kinetic model with
asymmetric interface. J. Evol. Equ. 22 (2022), article no. 42 Zbl 1500.60052 MR 4416791
A. Bobrowski and K. Morawska, From a PDE model to an ODE model of dynamics of synaptic
depression. Discrete Contin. Dyn. Syst. Ser. B 17 (2012), no. 7, 2313-2327 Zbl 1275.92008
MR 2946305

A. Bobrowski and E. Ratajczyk, A kinetic model approximation of Walsh’s spider process on
the infinite star-like graph. 2024, arXiv:2409.15467v1

A. Bobrowski and E. Ratajczyk, Pairs of complementary transmission conditions for Brownian
motion. Math. Ann. 388 (2024), no. 4, 4317-4342 7Zbl 1536.60074 MR 4721793

A. Bobrowski and E. Ratajczyk, Approximation of skew Brownian motion by snapping-out
Brownian motions. Math. Nachr. 298 (2025), no. 3, 829-848 Zbl 08018560 MR 4877610
A. Bobrowski and R. Rudnicki, On convergence and asymptotic behaviour of semigroups of
operators. Philos. Trans. Roy. Soc. A 378 (2020), no. 2185, article no. 20190613

MR 4176393

P. C. Bressloft, A probabilistic model of diffusion through a semi-permeable barrier. Proc. A.
478 (2022), no. 2268, article no. 20220615 MR 4529785

P. C. Bressloff, Two-dimensional interfacial diffusion model of inhibitory synaptic receptor
dynamics. Proc. A. 479 (2023), no. 2274, article no. 20220831 MR 4615691


https://doi.org/10.1007/978-3-319-05140-6
https://zbmath.org/?q=an:1309.92012
https://mathscinet.ams.org/mathscinet-getitem?mr=3306891
https://doi.org/10.1007/BFb0083979
https://zbmath.org/?q=an:0747.60072
https://mathscinet.ams.org/mathscinet-getitem?mr=1022917
https://arxiv.org/abs/2204.07101v3
https://zbmath.org/?q=an:0940.47032
https://mathscinet.ams.org/mathscinet-getitem?mr=1770676
https://doi.org/10.4064/ap-69-2-107-127
https://zbmath.org/?q=an:0947.47032
https://mathscinet.ams.org/mathscinet-getitem?mr=1641868
https://doi.org/10.1017/CBO9780511614583
https://zbmath.org/?q=an:1092.46001
https://mathscinet.ams.org/mathscinet-getitem?mr=2176612
https://doi.org/10.1007/s00028-010-0065-z
https://zbmath.org/?q=an:1239.47036
https://mathscinet.ams.org/mathscinet-getitem?mr=2674063
https://doi.org/10.1007/978-3-319-18494-4_6
https://zbmath.org/?q=an:6571396
https://mathscinet.ams.org/mathscinet-getitem?mr=3468210
https://doi.org/10.1017/CBO9781316480663
https://zbmath.org/?q=an:1345.47001
https://mathscinet.ams.org/mathscinet-getitem?mr=3526064
https://doi.org/10.1137/22M1487552
https://doi.org/10.1137/22M1487552
https://zbmath.org/?q=an:1528.60043
https://mathscinet.ams.org/mathscinet-getitem?mr=4628431
https://doi.org/10.3934/dcdss.2023084
https://zbmath.org/?q=an:07862947
https://mathscinet.ams.org/mathscinet-getitem?mr=4762578
https://doi.org/10.1007/s00028-013-0208-0
https://zbmath.org/?q=an:1311.47056
https://mathscinet.ams.org/mathscinet-getitem?mr=3127029
https://doi.org/10.1007/s00028-022-00801-x
https://doi.org/10.1007/s00028-022-00801-x
https://zbmath.org/?q=an:1500.60052
https://mathscinet.ams.org/mathscinet-getitem?mr=4416791
https://doi.org/10.3934/dcdsb.2012.17.2313
https://doi.org/10.3934/dcdsb.2012.17.2313
https://zbmath.org/?q=an:1275.92008
https://mathscinet.ams.org/mathscinet-getitem?mr=2946305
https://arxiv.org/abs/2409.15467v1
https://doi.org/10.1007/s00208-023-02613-x
https://doi.org/10.1007/s00208-023-02613-x
https://zbmath.org/?q=an:1536.60074
https://mathscinet.ams.org/mathscinet-getitem?mr=4721793
https://doi.org/10.1002/mana.202400179
https://doi.org/10.1002/mana.202400179
https://zbmath.org/?q=an:08018560
https://mathscinet.ams.org/mathscinet-getitem?mr=4877610
https://doi.org/10.1098/rsta.2019.0613
https://doi.org/10.1098/rsta.2019.0613
https://mathscinet.ams.org/mathscinet-getitem?mr=4176393
https://doi.org/10.1098/rspa.2022.0615
https://mathscinet.ams.org/mathscinet-getitem?mr=4529785
https://doi.org/10.1098/rspa.2022.0831
https://doi.org/10.1098/rspa.2022.0831
https://mathscinet.ams.org/mathscinet-getitem?mr=4615691

(22]
(23]
(24]
[25]
[26]

(27]

(28]
(29]
(30]
(31]
(32]
(33]
[34]
(35]

(36]

[37]

(38]

(39]

[40]

(41]
[42]

From snapping-out Brownian motions to Walsh’s spider processes on star-like graphs 21

K.-J. Engel and R. Nagel, One-parameter semigroups for linear evolution equations. Grad.
Texts in Math. 194, Springer, New York, 2000 Zbl 0952.47036 MR 1721989

S. N. Ethier and T. G. Kurtz, Markov processes. Wiley Ser. Probab. Math. Statist. Probab.
Math. Statist., John Wiley & Sons, Inc., New York, 1986 Zbl 0592.60049 MR 0838085

W. Feller, An introduction to probability theory and its applications. Vol. II. John Wiley &
Sons, New York, 1966 Zbl 0138.10207 MR 0210154

J. A. Goldstein, Semigroups of linear operators and applications. Oxford Math. Monogr.,
Oxford University Press, New York, 1985 Zbl 0592.47034 MR 0790497

A. Gregosiewicz, Resolvent decomposition with applications to semigroups and cosine func-
tions. Math. Ann. 391 (2025), no. 3, 4011-4035 Zbl 07986074 MR 4865234

K. It6 and H. P. McKean Ir., Diffusion processes and their sample paths. Grundlehren Math.
Wiss. 125, Springer-Verlag, Berlin; Academic Press, New York, 1965 Zbl 0127.09503

MR 199891

0. Kallenberg, Foundations of modern probability. 2nd edn., Probab. Appl., Springer, New
York, 2002 Zbl 0996.60001 MR 1876169

V. Kostrykin, J. Potthoff, and R. Schrader, Brownian motions on metric graphs. J. Math. Phys.
53 (2012), no. 9, article no. 095206 Zbl 1293.60080 MR 2905788

V. Kostrykin, J. Potthoff, and R. Schrader, Construction of the paths of Brownian motions on
star graphs II. Commun. Stoch. Anal. 6 (2012), 247-261 Zbl 1331.60161 MR 2927703

A. Lejay, On the constructions of the skew Brownian motion. Probab. Surv. 3 (2006), 413-466
Zbl 1189.60145 MR 2280299

A. Lejay, The snapping out Brownian motion. Ann. Appl. Probab. 26 (2016), no. 3, 1727-1742
Zbl 1345.60088 MR 3513604

T. M. Liggett, Continuous time Markov processes. Grad. Stud. Math. 113, American Mathe-
matical Society, Providence, RI, 2010 Zbl 1205.60002 MR 2574430

V. Mandrekar and A. Pilipenko, On a Brownian motion with a hard membrane. Statist. Probab.
Lett. 113 (2016), 62-70 Zbl 1336.60161 MR 3480396

R. Mansuy and M. Yor, Aspects of Brownian motion. Universitext, Springer, Berlin, 2008

Zbl 1162.60022 MR 2454984

J. R. Mika and J. Banasiak, Singularly perturbed evolution equations with applications to
kinetic theory. Ser. Adv. Math. Appl. Sci. 34, World Scientific, River Edge, NJ, 1995

Zbl 0948.35500 MR 1412577

A. Pazy, Semigroups of linear operators and applications to partial differential equations.
Appl. Math. Sci. 44, Springer, New York, 1983 Zbl 0516.47023 MR 0710486

N. I. Portenko, Generalized diffusion processes. In Proceedings of the Third Japan-USSR Sym-
posium on Probability Theory (Tashkent, 1975), pp. 500-523, Lecture Notes in Math. 550,
Springer, Berlin, 1976 Zbl 0387.60086 MR 0440716

N. L. Portenko, Generalized diffusion processes. Transl. Math. Monogr. 83, American Mathe-
matical Society, Providence, RI, 1990 Zbl 0727.60088 MR 1104660

L. Saloff-Coste, Lectures on finite Markov chains. In Lectures on probability theory and statis-
tics (Saint-Flour, 1996), pp. 301-413, Lecture Notes in Math. 1665, Springer, Berlin, 1997
Zbl 0885.60061 MR 1490046

J. B. Walsh, A diffusion with a discontinuous local time. Astérisque 52-53 (1978), 3745

M. Yor, Some aspects of Brownian motion. Part II. Lectures in Math. ETH Ziirich, Birkhiduser,
Basel, 1997 Zbl 0880.60082 MR 1442263


https://doi.org/10.1007/b97696
https://zbmath.org/?q=an:0952.47036
https://mathscinet.ams.org/mathscinet-getitem?mr=1721989
https://doi.org/10.1002/9780470316658
https://zbmath.org/?q=an:0592.60049
https://mathscinet.ams.org/mathscinet-getitem?mr=0838085
https://zbmath.org/?q=an:0138.10207
https://mathscinet.ams.org/mathscinet-getitem?mr=0210154
https://zbmath.org/?q=an:0592.47034
https://mathscinet.ams.org/mathscinet-getitem?mr=0790497
https://doi.org/10.1007/s00208-024-03016-2
https://doi.org/10.1007/s00208-024-03016-2
https://zbmath.org/?q=an:07986074
https://mathscinet.ams.org/mathscinet-getitem?mr=4865234
https://zbmath.org/?q=an:0127.09503
https://mathscinet.ams.org/mathscinet-getitem?mr=199891
https://doi.org/10.1007/978-1-4757-4015-8
https://zbmath.org/?q=an:0996.60001
https://mathscinet.ams.org/mathscinet-getitem?mr=1876169
https://doi.org/10.1063/1.4714661
https://zbmath.org/?q=an:1293.60080
https://mathscinet.ams.org/mathscinet-getitem?mr=2905788
https://doi.org/10.31390/cosa.6.2.05
https://doi.org/10.31390/cosa.6.2.05
https://zbmath.org/?q=an:1331.60161
https://mathscinet.ams.org/mathscinet-getitem?mr=2927703
https://doi.org/10.1214/154957807000000013
https://zbmath.org/?q=an:1189.60145
https://mathscinet.ams.org/mathscinet-getitem?mr=2280299
https://doi.org/10.1214/15-AAP1131
https://zbmath.org/?q=an:1345.60088
https://mathscinet.ams.org/mathscinet-getitem?mr=3513604
https://doi.org/10.1090/gsm/113
https://zbmath.org/?q=an:1205.60002
https://mathscinet.ams.org/mathscinet-getitem?mr=2574430
https://doi.org/10.1016/j.spl.2016.02.005
https://zbmath.org/?q=an:1336.60161
https://mathscinet.ams.org/mathscinet-getitem?mr=3480396
https://doi.org/10.1007/978-3-540-49966-4
https://zbmath.org/?q=an:1162.60022
https://mathscinet.ams.org/mathscinet-getitem?mr=2454984
https://doi.org/10.1142/9789812831248
https://doi.org/10.1142/9789812831248
https://zbmath.org/?q=an:0948.35500
https://mathscinet.ams.org/mathscinet-getitem?mr=1412577
https://doi.org/10.1007/978-1-4612-5561-1
https://zbmath.org/?q=an:0516.47023
https://mathscinet.ams.org/mathscinet-getitem?mr=0710486
https://doi.org/10.1007/BFb0077511
https://zbmath.org/?q=an:0387.60086
https://mathscinet.ams.org/mathscinet-getitem?mr=0440716
https://doi.org/10.1090/mmono/083
https://zbmath.org/?q=an:0727.60088
https://mathscinet.ams.org/mathscinet-getitem?mr=1104660
https://doi.org/10.1007/BFb0092621
https://zbmath.org/?q=an:0885.60061
https://mathscinet.ams.org/mathscinet-getitem?mr=1490046
https://doi.org/10.1007/978-3-0348-8954-4
https://zbmath.org/?q=an:0880.60082
https://mathscinet.ams.org/mathscinet-getitem?mr=1442263

A. Bobrowski and E. Ratajczyk

Communicated by Roland Speicher

Received 24 July 2024; revised 6 December 2024.

Adam Bobrowski
Department of Mathematics, Lublin University of Technology, Nadbystrzycka 38A,
20-618 Lublin, Poland; a.bobrowski @pollub.pl

Elzbieta Ratajczyk
Department of Mathematics, Lublin University of Technology, Nadbystrzycka 38A,
20-618 Lublin, Poland; e.ratajczyk @pollub.pl

22


mailto:a.bobrowski@pollub.pl
mailto:e.ratajczyk@pollub.pl

	1. Introduction
	1.1. Sticky snapping-out Brownian motion
	1.2. Walsh's sticky process
	1.3. The main result

	2. Two generation theorems
	3. The main convergence theorem
	3.1. A sketch of the theory of convergence of semigroups and bird's-eye view of our results
	3.2. The main theorem

	4. Convergence outside of C(K_{1,k})
	4.1. Introductory remarks
	4.2. Definition of M(c)
	4.3. Cosine families
	4.4. Lord Kelvin's method of images and the generation theorem

	5. Convergence of cosine families
	References

