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Maximal number of skew lines on Fermat surfaces

Sally Andria, Jacqueline Rojas, and Wallace Mangueira

Abstract. It is well known that the Fermat surface of degree d > 3 has 3d? lines. However, it
has not yet been established what is the maximal number of pairwise disjoint lines that it can
have if d > 4. In this article, we show that the maximal number of skew lines on the Fermat
surface of degree d > 4 is 3d, either d even or d odd distinct of 5, otherwise (d = 5) it contains
no more than 13 pairwise disjoint lines.

Introduction

It is well known that the Fermat surface of degree d in the complex projective space
has 3d? lines for d > 3, so it is a lower bound for £, the maximal number of lines that
a smooth surface of degree d in P3 can have (cf. Proposition 1.1). In fact, since 1882 it
has been know that the so called Schur’s quartic contains exactly 64 lines ([13]). And
only in 1943, B. Segre proved that £4 = 64 ([15], even though a gap was discovered in
Segre’s proof by Rams—Schiitt in 2015 ([12]), the claim is still correct), but £; remains
unknown for d > 5. In this regard, the articles of Caporaso—Harris—Mazur ([6]) and
Boissiere—Sarti ([4]) exhibited lower bounds for these numbers, which leads us to
infer that 3d2 does not provide the maximal number of lines on a smooth surface
of degree d > 4 in characteristic 0. On the other hand, according to Bauer—Rams,
see [3], 11d? — 30d + 18 is an upper bound for the maximal number of lines on a
smooth surface of degree d > 3 in P3(k) being k a field of characteristic 0 or of
characteristic p > d. For example, the Fermat surface, defined by the vanishing of
the polynomial x9+! 4 y4+1 4 za+1 4 a+1 on P3(k) being k a field extension
of F2 where ¢ = p® for a prime p, contains ¢* + ¢* + ¢ + 1 lines, which exceeds
the Bauer—Rams’s upper bound and leads the authors (cf. [5] and references there in)
to conjecture that these Fermat surfaces may provide the maximal number of lines
possible on a surface of a given degree in characteristic p > 0.

Another problem related to this is to determine the maximal number, s, of pair-
wise disjoint lines (or skew lines) that a smooth surface of degree d can have. In 1975,
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Miyaoka gave the upper bound s < 2d(d —2) if d > 4 ([9]). It is known that 53 = 6,
s4 = 16 ([10]) and s¢ = 48 ([7]). Some lower bounds were given by Rams ([11]) and
Boissiere—Sarti ([4]). However, s; remains unknown ford = 5and d > 7.

To the best of our knowledge, the maximal number of pairwise disjoint lines on
Fermat surfaces is not explicitly stated in the modern literature. For instance, in Rams’
article ([11]), it is mentioned: “Let us note that the Fermat surface Fy, i.e., the surface
with 3d? lines (the largest number known so far for d # 4,6, 8, 12, 20), contains
no family of 3d pairwise disjoint lines” but this statement is wrong and our article
provides the correct answer. For Fermat surfaces over fields with characteristic p # 0,
[5] provides certain bounds for p = 2, 3.

The aim of our work is to show, in an elementary and self-contained way, that the
maximal number of pairwise disjoint lines on Fermat surfaces of degree d > 3 over
the complex numbers is exactly 3d for any d even and d odd distinct from 3 and 5
(being such numbers 6 and 13, for d = 3, 5, respectively), according to Theorem 4.7.

In order to do that we first established a notation for the set of lines £°, £1
and £2 in Fy (see (1.1)), in such a way that we obtain the stratification (partition)
EOULIUL? with#E! = d?, fori =0, 1,2 of these lines in F; (cf. Proposition 1.1).
Moreover, the relations established in Proposition 1.2, together with Proposition 2.2
give us enough conditions to study the intersection between the lines on families &£
and £7. Next, we check that the maximal number of pairwise disjoint lines on the
family £ is d for all i, which implies that s(F;) < 3d (being s(Fy) the maximal
number of pairwise disjoint lines that F; can have). In fact, if d is even, then we eas-
ily get a family consisting of 3d pairwise disjoint lines on F; (cf. Proposition 4.1),
otherwise we are faced with a real/generalized “Sudoku game” to find such maximal
set of pairwise disjoint lines on F; (cf. Sections 3 and 4). To our surprise the case
d = 5 was the only one (for d > 4) where there is no family with 3d skew lines.

Finally, we note that to study the maximal number of rational curves (in particular
lines) which do not intersect one another on a surface is an important tool to classify
surfaces in the projective space (cf. [1,2, 10]), as well as to determine all the lines on
a smooth surface from some set of its skew lines ([8]).

1. Lines on Fermat surfaces

Let F; be the degree d Fermat surface in the projective complex space defined as the

zeros locus of

x4 —y? —z4 4 wé eClx,y,z,w].
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Set ®(Fy) = {€ C F4 | £ is aline}. An easy verification allows us to conclude that
£/ ={L] .} C ®(Fy) for j =0,1,2being

— i k+i Y
y=nx, X = z, X =uvnw,
Ly, P i and L7, : i (1.1)
T lw =0z, T ly=1'w, oy = vtz
where 7 is a primitive dth root of the unity, v is a complex number such that v¢ = —1

andk,i €{0,1,2,...,d — 1}." Moreover, #(£/) = d?for j =0,1,2.
Proposition 1.1. With the above notation ®(Fy) = £°U £ U £2. Thus #(®(Fy))
= 3d>2.

Proof. Let us consider the line L = Z(x, y) in P3. Note that we can stratify the lines
in F; studying their intersection with the line L, i.e.,

O(Fy) ={te®Fy) [LNL#O}U{ledFy) |LNL =0}

Let £ be a line in F;. Have in mind that F; N L = {[0:0: 1: nj]};l;ol where 7 is a
primitive dth root of the unity. Therefore, accordingto £ N L # @or £ N L = @ we
have, respectively:

(1) £ is determined by the points p = [0: 0 : 1 : n*] € L for exactly one value of
ke{0,....,d —1}(since LZ ®(Fy))andq=[a:B:0:y]witha,B,y €C
not all zero. Thus

(CFy = a®v? —p%v? —ué + Fu+yv) =0 V[u:v]leP.
at —p? +y4 =0,
{ nk(d_j)yjzo, forj=1,....d — 1.
—a?—p1=0 (@B#£0) and y=0.
—=l=Z(w—nfz,y—n'x) = L,(g’i e £’ witha '8 =19
Therefore, £° = {€ € ®(Fy) | L N L # @).
(2) If £ N L = 0, then we can assume that £ is defined by

x—az—PBw and y-—yz—~56w withad— By #O0.

'Here we use the indices i and k + i to describe the lines on families £1and £2 instead of
simply i, k, because this simplifies the writing of incidence relations between the lines in F,
as we will see later.
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Thus,
(CF; < (az+pw) —(yz+8w) +z9 —w? =0.
ol — yd +1=0,
— -84 —1=0,
at=i g/ —yd_j5j =0 forj=1,...,d—1.
(1.2)
From (1.2) for j = 1,2 (as d > 3), we get a?~'f = y971§ and «? 22 =
y97262, which implies that y¢~2§(yB — a§) = 0. Therefore, y§ = 0. In fact,
we have

y=0=p=0= (e £
§=0—=a=0= (e

Finally, note that [p** :p/ : 1: 1] € L}, and [** : ' 1 1:1] ¢ L7 foranyt,j.
Thus, £ N £2 = 4. n

Studying the intersections between the lines on Fy

In what follows, we use the notation a =4 b instead of a = b (mod d) to indicate
that a is congruent to » modulo d.

Proposition 1.2. With the notation as in (1.1). Forany a,b,i, j,k,t €{0,1,...,d — 1}

it holds
a=k or b=1i ifs=0,
(a) Lg,mei,i;«éQ) < bh—a=4k ifs =1,
b+a Edk lfS:2
k+i=gt+j ori=j ifs=s3€{l,2},
K S1
(b) Ly, NL; #0 <~ {vznt-i-Zj — pkt2i ifs =1, =2.
(c) Ifd is odd, then we can choose v = —1 and it follows that
Ly, NL7 #0 < k+2i=41+2)

(d) Ifd is even, then
Ly, NLy; =0 foralli,j.

Proof. The statements (a) and (b) are straightforward verification (from the definitions
of the lines Lic,i in (1.1)), and (c) follows from (b).

Now, let us consider d > 4 even and suppose that L}C’i N Li,j = @ for some i, j.
Thus, it follows from (b) that v2p?/ = n?!, which implies that v/ = 5. Here, if
we compute the dth power of v/ = £7’, we lead to an absurd result. |
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The results of Proposition 1.2 are not novel. In fact, these intersection numbers
were previously computed in ([14, equation (6)]). We became aware of this only after
completing our own calculations.

2. Characterizing sets of skew lines on F4

Let s(X) be the maximal number of skew lines in X C F,;. The relations in the above
proposition allow us to show the following result.

Corollary 2.1. s(£°%) =d, fors = 0,1, 2. In particular, s(Fg) < 3d.

Proof. From (a) in Proposition 1.2 we have that Lg,b N Lg’i =@iffa #kandb #1i.
Thus, any subset C C £° of pairwise disjoint lines is constituted by lines Lg,b’ of
which the indices a are all distinct. Hence, s(£°) < d (since a € {0,...,d —1}). On
the other hand {LJ ,}¢Z} is a family of d skew lines in £°. Therefore, 5(£°) = d.
One more time, from (b) in Proposition 1.2 we have that Li,i NL;; =0iffi #j
and k +i £, t + j. Again, the condition i # j (withi, j € {0,1,...,d — 1}) implies
that s(£%) < d for s = 1, 2. However, {Li,i}zd;ol is constituted by d skew lines in
&£ . Therefore, s(£°) = d for s = 1, 2. Finally, note that s(Fy) < s(£°) + s(£!) +
s(£?) = 3d. [

From Corollary 2.1 we have the upper bound 3d for s(F;). So we are invited to
look for maximal subsets of skew lines in Fg;. In this regard, an important tool is the
next proposition, which will establish some kind of sudoku’s rule for our game’. In
fact, the lower bound 2d for s(F;) will be established in Corollary 2.3. From this
point onward, we start playing (pay attention to the rules!).

Proposition 2.2. Let Ry = {0,1,...,d — 1} andry : Z. — Ry the remainder’ func-
tion by d. Consider the functions

Ya:Rs xRy — Ry and @q.4+ : Rg X Rg — Ry
(k,i) > rq(k +2i) (k,i) > rq( £ k).

Foru € Ry, s € {0, 1,2} define

Dy = {L;; € £’ | (k.i)eyz'(w}. fors=1.2
DY . = {Lg,i e 0| (k,i) e (p;,li(u)}.

2The game is: given d > 4 find the maximal number of pairwise skew lines on the Fermat
surface F;.
3Ifa e Z, thenry(a) =r wherer € Ry anda =4 r.
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It is verified that
(a) the restriction of Yq and ¢4 + to Rg x {i} is a bijection for all i;
(b) ¢dsi|{k}de :{k} x Rg — Ry is a bijection for all k;
(©) wd\{k}de :{k} x Rg — Ry is a bijection for all k, if d is odd;
(d) #y;'(u) = d and #9g.+~"(u) = d forallu € Ry;
(e) Dg L C £ and D5, C £ for s = 1,2, are families of d skew lines.
Proof. 1t is left to the reader. ]

In the next corollary we find the lower bound 2d for s(Fy).

Corollary 2.3. Consider the above notation. For 0 <i < j <2, it follows that g(éﬁi U
£7) =2d. Thus 2d < s(Fy) < 3d.

Proof. From Corollary 2.1 we have that s(£°) = s(£!) = s(£?) = d. Which implies
that
s(°U LS <2d, fors=1,2 and s(£'UL?) <2d.

Thus, it is enough to find a family of 2d skew lines on $OU £ fors = 1,2 and on
£1 U £2, respectively. For the first statement, from item (a) of Proposition 1.2, we
conclude that the following two sets are constituted by 2d skew lines

0 70 0 1 1 1 .
{Loo - Li1s-- Lg—yag—1-Lio Lz Lygyh

0 0 0 0 2 2 2
{Lo,0 Ll,d—l’ L2,d—2’ RN Ld—l,l’ Lio Lig:---s Ll,d—l}'

Now, for the second statement, we have that #D(l) = d and #D% = d in accordance
with item (e) of Proposition 2.2. Moreover, by item (b) of Proposition 1.2 we have that
L}c,i N Lﬁm = () for any L,lw. € D} and L}, € D3. Therefore, D§ U D7 is a family
of 2d skew lines in £! U £2. n

From now on, we will focus on capturing maximal subsets of skew lines in F,
revisiting the conditions that must be satisfied by such subsets.

2.1. Rewriting conditions for subsets of skew lines in F4

In order to find maximal sets of skew lines in F;, we started by characterizing those
subsets of skew lines in £° for each s = 0, 1, 2 in terms of ¥4 and ¢4 1 (cf. Proposi-
tion 2.2), when it comes to the case.

Once again, from Proposition 2.2 we obtain the following two corollaries.
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Corollary 2.4. Let C C ®(F;) and define C* := C N £° fors € {0, 1,2}.

CO={L% ,....L with #C® = m,

CO is constituted { ar.bi “m’bm} i

(a) . = 0<a; <---<am <d—1and there is
by skew lines .

a permutation o of Ry such that o (a;) = b;.

cl={L! ... L! with #C! = m,
Cl is constituted { ar.bi ambm)

®) by skew lines 0= 171 <o <bp=d .1 .ar?d (P.d,-f—
restricted to {(a;, b;)}/L, is injective.

C2={L% , ..., L2 ith #C2 = m,
© C?2 is constituted 0 < b{ aiby A <tl2,bmi W’d m
by skew lines =0 < <bp=d—land ¢q,+

restricted to {(a;, b;)}/L, is injective.

Remark 2.5. Note that £7 = {L; , € £°|i € Ry} fork € Ry and s € {0, 1,2} is
constituted by d skew lines if s € {1, 2} (according to (b) in Proposition 1.2). More-

over,
£=LHU--- ULy forany s €{0,1,2}.

Now, we will concentrate our attention on the description of those subsets C* of £°*
consisting of skew lines such that C* U C*1 is also formed by skew lines (for 0 < s <
s1 <2).

In what follows, for any subset X C ®(F;) we may identify the line £7 ; € X
with the pair (k, i) (which will be clear from the context). Having this in mind we
will consider ¥4 (X) and ¢4 +(X).

Corollary 2.6. With the above notation. Assume that C°, C' and C? consist of skew
lines. Then we have:

(a) CO U C! is constituted by skew lines <= C' N éﬁ}c = 0 for every k €

¢a,(C°).

(b) C° U C? is constituted by skew lines <= C? N éﬁi = 0 for every k €

9a,+(C).

(c) Ford odd, C' U C? is constituted by skew lines <= ¥4(C') N4 (C?) = 0.
Remarks 2.7. Assume d odd. If C5 C £° consists of skew lines for s = 0, 1, 2, then
Corollary 2.6 allows to conclude that:

(1) IfC! = &, (resp. C* = £7) for some k € Ry, then C* = @ (resp. C' = 0).

(2) If 9z, +(C% = Ry (resp. pg.—(C°%) = Ry), then C? = @ (resp. C! = 0)*.

(3) #Y4(CY) + #y4(C?) < d. In particular, if ¥4(C') = Ry, then C? = @ and

vice versa.

It is also true for d even.
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Let us see an example of a family of 13 skew lines in Fs.

Example 2.8. Note that C* = {L8,4, Lg,o’ Lg,1 , L2’3} consists of four skew lines (cf.
(a) in Corollary 2.4). Furthermore, in the rows of the next table we register the values
of g5 4 (C?), respectively:

[ € 284180128, [185]
05— 4 3 3 4
o5, 4+ 4 2 4 2

Now, having in mind Corollary 2.6 for the choice of C* C £° such that C° U C*
is constituted by skew lines for s = 1, 2, it is necessary that

C'N£2=0 Vke{3,4 and C°NL2=0 Vkel24.

1 _ 71 1 1 1 2 _ 472 2 2 2 2 .
So,C* = {Lojl,L054,L250,L253} and C* = {LO’O,Lljz,L3,1,L3’3,L3’4} are admis-

sible choices. As well as according to the information on the rows in the following

two tables:
L Loy [ Loa [ B30 [ L35 & [[L30 [ L3, 1203, [ L35 L3, ]
¥5.+ 1 4 2 0 Y5, + 0 3 4 1 2
Vs 2 3 2 3 ¥s 0 0 0 4 1

We have that C*® consists of skew lines for s = 1,2 (cf. (b) and (c) in Corollary 2.4)
and ¥s(C!) N ¥5(C?) = @, which implies that C! U C? also is formed by skew lines
(cf. (c) in Corollary 2.6). Therefore, C := C® U C! U C? consists of 13 skew lines
in F5. In fact, in Theorem 3.6, we will prove that s(F5) = 13.

Remarks 2.9. Note that the correspondence between lines in £° and pairs in Ry X
Ry for each s € {0, 1,2} allows us to associate to the d? lines in £° (for each s €
{0, 1, 2}) the following d x d square matrix:

(0,0) (1,0) (d —1,0)
(0,1) (1,1) d-1,1)
: : : 2D
(O,d‘—l) 1,d-1) -+ (d-1,d-1)

Now, let us investigate the families of lines identified by the entries in the rows,
columns, diagonals, and anti-diagonals of the matrix mentioned above. But first of all,
it is important to make clear that:

Foreachr € Ry

)] (pgl_(r) will be named a diagonal with remainder r of the matrix in (2.1),

2) (pgﬂr(r) will be named an anti-diagonal with remainder r of the matrix in
2.1).
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So, for example we say that L , and L} b, are in the same diagonal (resp. anti-

diagonal) if g _(a,b) = @q._(a1,by) (resp. g +(a,b) = ¢g (a1, b1)).
Note that

(i)  the family &7 is labeled by the pairs in the (k + 1)-th column of the matrix
in (2.1);

(ii)) any two lines labeled by pairs in the same row of the matrix in (2.1) meet;

(iii) each of such diagonals and anti-diagonals determines d skew lines in £°;

(iv) each diagonal (resp. anti-diagonal) with remainder r meets the column in
the matrix (2.1) in exactly one pair (i.e., in exactly one line in £ for k €
Ra);

(v) Let sz,b’ Ltsn,bl € £° be disjoint and d odd and s € {0, 1,2}. If ¢4 4 (a. D)
= @a,+(a1, b1), then ¢4 5(a,b) # ¢a,+(a1, by). In other words, if L7 .

L’ by Are lines on the same diagonal, then they are in distinct anti-diagonal,

and vice versa.

3. Computing s(F;) for d € {3, 5}

Next we will exhibit the only two Fermat surfaces Fy; satisfying s(F;) < 3d.

3.1. Showing that s(F3) = 6

Proposition 3.1. Let C be a set of skew lines on Fermat cubic F3 and consider C° =
CN &L foreachs =0,1,2. If #C° = 3 for some s then there exists k € {0,1,2} \ {s}
such that Ck = @.

Proof. Next, we will subdivide in the following three cases:
o If #C° = 3. By Proposition 1.2 we may assume that C® = {Lg bo’ L(l) by Lg bz}
with b; € {0, 1,2} and
bo # b1, bo # ba, by # bs. 3.1
We claim that #¢3 4 (C%) = 1 or #¢3 _(C°) = 1. Note that r3({b;, b; + 1,b; +2}) =
R3, for any i. Thus by =3 by + j forsome j = 0, 1, 2. In fact, by #3 by, so we have
bo E3b1+1 or bo E3b1+2.
~———— ~——
@) (i)
For (i), have in mind that b; + 1 =3 b, + j for some j = 0, 1, 2. In fact, by

equation (3.1) we have

b1—|—17_é3b2+1 and b1+17_é3b2.
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Thus bg =3 by + 1 =3 b, + 2 and consequently @3+ (C?) = {bg}, so #¢3 1 (C®) = 1.
For (ii) we used that b; + 2 =3 b, + j for some j = 0, 1,2. However, by equa-
tion (3.1) we have

b1+27_é3b2 and b1+2§é3b2+2.

Thus by =3 by + 2 =3 by + 1, that is, bg =3 by — 1 =3 b, — 2 and consequently
93,—(C%) = {bo}, s0 #p3 _(C°) = 1.
Finally, if #¢3 4 (C°) = 1 then #¢3 _(C°) = 3 (cf. item (v) in Remarks 2.9). Which
implies that C! = @ (cf. Remarks 2.7). Analogously, if #¢3 —(C®) = 1 then C? = 0.
e Assume #C! = 3 and let C! = {L! ! L(112,2} with a; € {0, 1,2} and

ap,0° “ay,1”
ap #zay+1, ao#szax+2, ay+1#3a;+2. (3.2)

We will analyze the following two possibilities: ag =3 a; + 2 or ag #3 a; + 2.

One more time have in mind that a; 4+ 2 =3 a, + j for some j =

0, 1, 2. In fact, it follows from equation (3.2)° that
ay+2#3a, and a;+2#3ax+2.
Thus ag =3 a; + 2 =3 ap + 1. This implies that #y3(C') = 1 and therefore C® = 0.

In this case, we will show that #y3(C!) = 3 (i.e., r3({ao, a1 + 2,
a + 1}) = R3).

Since ag #3 a; + 1 (cf. (3.2)) then necessarily ag =3 a;. On the other hand, note
that

a1+2=3a+1=—=ay+2=3a,+1=—=apg=3a,+?2
and
apg=3a,+1 = ar+1=2a,+2

which are both absurd (cf. (3.2)). Therefore, ag #3 a1 + 2, a9 #3 a» + 1,a; + 2 #
a, + 1 and this implies that ¥3(C!) = Rj. Furthermore, C?> = ¢ (cf. Remarks 2.7).
The case where #C? = 3 is left as an exercise for the reader. ]

Corollary 3.2. Let F5 be the Fermat cubic surface. It follows that s(F3) = 6.

Proof. Let C C F3 be a set of skew lines such that #C > 6. Then CN £’ = C' # @,
for each i = 0, 1,2 (cf. Corollary 2.1). By Proposition 3.1 we may conclude that
#C! < 2 foreachi = 0, 1,2 which contradicts the assumption on C. This implies that
s(F3) < 6. Now use Corollary 2.3. ]

SNotethata] +2=3a2 = a1 +1=3a> +2. Aswellas,a; +2 =3 a2 +2 = ag =3
ars + 2.
6#1#3((:]) =1=ap=3a1+2=3a2+1={ao,a1,a2} = R3 =CY=g.
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3.2. Showing that s(Fs) = 13

Lemma 3.3. Let C° C £° be a set of skew lines in Fs. If #C° = 5 then #¢s 1 (C°) > 3
or #ps _(C%) > 3.

Proof. We can assume that C* = {Lgo,bo’ e, L24,b4} with {ag, ...,as} = {bo, ...,
ba) =10, ..., 4} (cf. Proposition 1.2). If #¢s 4+ (C°) < 2 then, without loss of general-
ity, we may assume that ag + by =5 a1 + b1 =s a + b,. This implies that by — ag #5
by —ay, by —ag #5 by —ap and by —ay #5 by — aj (cf. (v) in Remarks 2.9). There-

fore, #¢s _(C%) > 3 as we desired. [
Lemma 3.4. Let C* = {Lflo,bo’ e LZ4,b4} C &£° be a set of skew lines in Fs such

that #C5 = 5 for s = 1,2. If #{ao, ..., a4} < 3 then #5(C°) > 3.

Proof. We will divide the proof in three cases according to the #{ay, . . .,a4}. The first
case is #{ao, ..., a4} = 1. In this case, it follows that #y5(C°) = 5 since C* = £;
for some k € Rs. The second one is when #{ay, ..., a4} = 2 and in this case at least
three are equal, so we may assume that ag = a; = a,. This implies that #y/5(C*) > 3.7
The last one occurs when #{ay, ..., a4} = 3. In this case, we have two possibilities
(reordering indexes if necessary):

(1) ap = a1 = a, and #{ayg, az, a4} = 3, which implies #y5(C%) > 3.

(ii) ap = a1, az = a3 and #{ay, a,, a4} = 3. In this case,

ap +2bo #s a; +2by  and  ap + 2by #s az + 2bs,

which implies that #15(C%) > 2. Let us suppose by absurd that #5(C*) = 2. So we
may assume that

ag + 2bg =5 ap + 2by =5 a4 +2bs and a; + 2by =5 a3 + 2bs.

Now, note that

4 4 4
D (ai+b)=s Y ai=s Y (ai +2b;) =5 3(ao + 2bo) + 2(a1 + 2by)
i=0 i=0

i=0
=5 (ao + bo) +2a9 + (a1 + b1) +ay + 3b;

which implies that (az + b2) + (az + b3) + (a4 + bs) =5 2a¢ + a1 + 3b;. Having
in mind that 5 ({a; + bi}?zl) = Rj; (since #C* = 5), we have that

(a2 + ba) + (a3 + b3) + (as + bs) =5 4(ap + bo) + 4(a1 + by).

"Since, ag + 2b; =5 ag +2b; & b; =5 b; fori # j,andi, j €{0,1,2}
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Thus,

4(ag + bo) + 4(a1 + b1) =5 2a9 + a1 + 3by = 3ay + by + 2ag + 4by =5 0
= 2(ag + 2bo) =5 2(a; + 2b1)
= ag + 2bp =5 ai + 2b;

and this is an absurd. Therefore, #5(C*) > 3 for s = 1,2. ]
Lemma 3.5. Let C be a set of skew lines in Fs, C' = CN & fori =0, 1,2 such that
#CO > 4. IfC* = (LS b0+ Ly p, ) With#C* =5 and #C" = 4 where {s,r} = {1.2}

then #{ao, e ,a4} > 3,

Proof. Note that, if #{ag, ..., a4} = 1, then C* = éﬁi for some k € Rs. And this
implies that C" = @ which is an absurd (cf. Remarks 2.7). Now, if #{ay, ...,a4} = 2,
then we have two possibilities (reordering indexes if necessary):

(1) ap = a; = ap = az and ag # ag, (i) agp = a; = az and ag # az = ag.

In case (i), it follows that #5(C*) > 4 and #y5(C") € {0, 1} (since ¥5(C*) N
¥5(C") = @). Hence, if #/5(C") = 0 then C" = 0, else #1/5(C") = 1 which implies
#ay, ...,as) < 1 and this is an absurd.®

For (ii) note that

4
0=5 Z(ai + b;) =5 3ag + 2a3 — 3ag =5 3a3; — a9 =5 as
i=0

— ag = asj
which is an absurd. |
Theorem 3.6. Let Fs be the Fermat surface of degree 5. It follows that (Fs5) = 13.

Proof. Let C be a set of skew lines in Fs. Let us suppose that #C > 14. In fact, it is
enough to analyze the case #C = 14. Since £!, £? and £3 form a stratification of
lines on Fs and C = U?:l C; withC! =CN £, then #C = Z?=1 #C;. On the other
hand, it follows from Corollary 2.1 that #C; < 5 fori = 0, 1, 2. Thus just one of the
next possibilities happens:

(a) #C° = 4 and #C! = #C? = 5;

(b) #C® =5,#CS =5, and #C" = 4 for {r,s} = {1,2}.

81n fact, assume that s = 1,r = 2, C2 = {L(zl/ b,,...,Li, o) AS #¥5(C2) = 1 then
0:%0 ;
#ay, ..., a4} = 4 (if a(, = a, then aj + 2bg #5 a} + 2b] since b, #s b}, which is an

absurd). Therefore, #¢s5 1 (C%) = 1 (cf. Corollary 2.6) which implies that #ps _(C%) > 4.
Hence, #{ag,...,a4} < 1.
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For (a) let us consider C! = {L! LZ b 1.

Note that

Lcll4,b4} and C? = {L?

’ /oy
agp,bo’ * ag,b

#lag,...,a4} <3 or #ag,...,a4} > 3.
The last inequality cannot occur because other way
() if#{ao, ..., as} = 5then #ps _(C®) = 0 and this implies that C° = @;
(i) if #{ao,...,as} = 4, then #ps5 _(C®) = 1. Hence, #ps5 1 (C°) = 4. Therefore,
#{ay,...,a}} =1, which implies that #ys(C?) = 5. Furthermore, #y/5(C!) =
0 which is an absurd.
Therefore, #{ay, . ..,as} < 3. Analogously, we may conclude that #{a, ..., ay} < 3.
It follows from Lemma 3.4 that #15(C') > 3 and #5(C?) > 3, which is an absurd
by Remarks 2.7.
For (b), let us assume that #C° = #C! = 5 and #C? = 4 (the other case is anal-
: 0 _ 1
ogous). Let us consider C {LaO bo' - a4 b4} C {La FAREEE a b’} and
C? = {L RO L? o b”} Using arguments analogous to cases 81) and (11) we may
as,03
conclude’ that #ayg. ..., a,} < 3.Now, it follows from Lemma 3.5 that #{ay,, . .., a}}
= 3. So #(¢5,—(C°)) < 2. Now, we will analyze all three possibilities:
(iii) if #¢5—(C%) = 0, then C° = @;
(iv) if #ps5 _(C%) = 1, then #¢s 1 (C°) = 5 and this implies that C* = @;
(v) if #¢s5_(C%) = 2, then we may assume that

bo—ao=5by —a1 =5by—ay =s5bs—az and by —ag F#s bs —ay
3.3)
or

bo—ag=s5by—a; =5by—a, and byg—ag F£s5bs—as =5b3;—as
3.4)
By equation (3.3), we may conclude that #(gs,+(C°%)) > 4. So, #{ay, ..., a5} = 1.
This implies that #y5(C?) = 4 and consequently #1/5(C!) = 1 by Remarks 2.7. And
this is an absurd by Lemma 3.4. Finally, by equation (3.4) it follows that
4
Z(bi —a;) =50 = 3(bo —ag) +2(bs —as) =50

i=0
= 3(bo —ao) =5 3(by —aaq)

= by —ag =5 by —ay

which is an absurd. Therefore, #C < 13 for any set C of skew lines in F5. On the other
hand, Example 2.8 shows an example with 13 skew lines, thus s(F5) = 13. ]

°If #{ay. ....a}} = 5 then C¥ = @. If #{a]. ..., a,} = 4 then #¢ps _(C°) = 1. Hence
#¢s5.4(C%) = 5 and this implies that C> = @, which is an absurd.
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4. Addressing the cased >4andd # 5

From Corollary 2.3, we have that 2d < s(F;) < 3d for any d > 3. For d > 4 even,
we have that s(F;) = 3d, as we prove in the next proposition. However, for d > 7
odd, we will divide our study into two cases: d =4 1 and d =4 3 beingd > 7.

Proposition 4.1. Letd > 4 even. If C® = {LY) ,}4=8 and C° ={L} ;}*=/ fors = 1.2,
then C® U C! U C? consists of 3d skew lines in Fy.

Proof. Tt follows from Corollary 2.4 that CS consists of d skew lines for each s €
{0, 1,2}.!% On the other hand, ¢, (C%) = {0} and ¢4 +(C°) = {0,2,...,2d — 2},
which implies that C® U C* consists of skew lines for s = 1,2, respectively (cf. Corol-
lary 2.6). Finally, note that statement (d) in Proposition 1.2 assures us that C! U C2
also is formed by skew lines. Therefore, C® U C! U C2 consists of 3d skew lines
in Fy. ]

Below we will discuss some more examples that led us to believe that s(Fy) = 3d
for d > 7 odd.

Example 4.2. For d =7, let us consider C°= {Lg,o» L(l),3, Lg,z, Lg,51 L2,4, Lgﬁ, Lg,l}
which consists of seven skew lines (cf. (a) in Corollary 2.4). Furthermore, in the rows
of the next table we register the values of @7+ (C?), respectively:

’ CO H L8 0 ‘ L(l),3 ‘ Lg 2 ‘ Lg 5 ‘ Lg 4 ‘ Lg 6 ‘ Lg 1 ‘
o7— [ 0 2 0 2 0 1 2
o7+ || 0 4 4 1 1 4 0

Now, having in mind Corollary 2.6 for the choice of C* C £° such that C° U C*
is constituted by skew lines for s = 1, 2, it is necessary that

C'Ng; =0 Vke{0,1,2} and C’NL;=0 Vke{0,1,4}.

1_g71 1 1 1 1 1 1 2_ 472 12 12 712
So,C" = {L4’0, Ly, Lss L5y Lss Ly, Ls,s} and C* = {Lz,()v Lys5.L56. L3,
L%, L3, L% ,} are admissible choices. As well, according to the information on the
rows in the following two tables:

’ Cl H LéllO‘LﬁllZ‘Lé:i ‘ Lé4 ‘ LéS ‘ Lél‘Lé6‘
07,+ 4 6 1 2 3 0 5
V7 4 1 4 6 1 1 4

| C 830 [ L35 [ L36 | L3, [ L3, [ L35 [ L34 ]
07,4+ 2 0 1 4 5 6 3
vy 2 5 0 5 0 2 0

1%Note that ¢z +(C!) = Ry = ¢4.+(C?) and #CS = d for all s.
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we have that C® consists of skew lines for s = 1, 2 (cf. (b) and (c) in Corollary 2.4)
and ¥7(C!) N ¥7(C?) = @, which implies that C! U C? also is formed by skew lines
(cf. (c) in Corollary 2.6). Therefore, C := C® U C! U C? consists of 21 skew lines

in F7. Thus, s(F;7) = 21 (since s(F7) < 21).

Letus gonowtocased = 9andd = 11.

Example 4.3. The next tables contain the necessary information to conclude that

those 27 lines (in Fg) bellow are pairwise disjoint.

’ CO HLgl‘L(5)2‘L23‘Lg,7‘L(8)8‘L80‘L(1)4‘L85‘L

0
3

6|

wo_1 6 ] 6 ] 6 ] 0] 0] 0] 3] 3] 3
wor 1 5 | 710 | 5| 7105 |7 o0

L C [ 250 [ L8y [ Lin [Lis [ Lya [ L35 [ L3 [ Ly [ Lis |
o+ 5 ] 6 ] 3 4 2] 1] 8 | 0] 7
vo || 5 | 7 | 5 | 7] 6 | 6| 5| 7| 6

’ C2 H L%O ‘ L%l ‘ L%2 ‘ L%:’a ‘ L%4 ‘ L%S ‘ L%6 ‘ L%7 ‘ L%S‘
gotr || 1 § | 0 | 6 | 7 | 3 | 4 | 5
vo | 1 | 3 | 1 | 3 | 1|3 o 2 | a

Now, we show the tables for the lines in Fyq:

| €0 [[280 264 [ 295 [ L85 1167 [Ll0s [ L0 | LT[ L35 L86 [ Leo]

P11,— 6 6 6 6 9 9 9 3 3 3 6
011+ 5 7 9 0 5 7 9 5 7 9 3

| ' MLgolLg [Lio Lhs Loal Los [Ly6[Ly7 Lig|Lio]Li o]
011, + 8 9 7 5 3 1 10 0
Y11 8 10 8 10 8 10 8 10 9 8 10

| & N3l L3, L3, [ L85 12841 L85 [L36 1 L57| L3s [ L3o ] LG 1o ]
O11,+ 1 3 9 10 0 8 4 5 6 7
Y11 1 3 5 1 3 5 3 0 2 4 6

In Propositions 4.4 and 4.5, the indices a, b in the notation sz , are always to be

considered modulo d.

Proposition 4.4. Let d = 2n + 1 withn = 2k and k > 3. Consider the families

= {L1+z 2k+l}l —o Y {Lk+z k+t}

- {L2k+1 2k+t}

k—

1

i=1

U{L3p106) U

k—1

u {L3k+2 4k} U {Lz 3k+l}z=0’

1

1k+z}

U {L2k+l 1+l}

U {L2k+1 l}

=0

k+1

U {L3k+l 3k+l}l=1 ’
k—1
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2 2 Vk—1 2 k 2 k—1 2 k—1
¢ = {Ll,i}i=0 U {L2k+2,3k+i}i=0 U {L2,2k+i}i=0 U {L2k+2,k+i}i=0‘

It is verified that C® U C' U C? consists of 3d skew lines in Fy.
Proof. Let us divide the proof into four steps.

Step 1: C¥ is constituted by d skew lines. First of all, note that C° is defined by four
strata below

k k—1
C’ = {L(1)+i,2k+i}i=0 U {L12+i,k+i}i=2

O] (i)

k
U {L2%i14i}imo

(iii)

k
U {Lgk+i,3k+i}i:11’

@iv)

where the stratum (ii) is non-empty if and only if k¥ > 3 (so, d # 5 and d # 9).
Furthermore, we have that the label  in each L?, ; € CY is varying throughout the set

{L,....k+1L,k+2,....,2k—1,2k,....3k,3k + 1,...,4k, 4k + 1 =4 0}. (4.1)
@ (i) (iii) @iv)

And the label j throughout the set

{,....k+1Lk+2,....2k—1,2k,...,3k,3k+1,...,4k, 4k + 1 =4 0}. (4.2)
(iii) (i) () @iv)

Since the sets in (4.1) and (4.2) are equal to Ry, it follows that C° is constituted by d
skew lines.

Step 2: C°% U C¥ is constituted by skew lines for s = 1, 2. Next, we display the values of
@4+ over C° (using the stratification (i), ..., (iv) for C?).

’ o Q) H L(l),zk ‘ L(Z),Zk—{—l ‘ L(3).2k+2 ‘ ‘ L2—1,3k—2 ‘ L2,3k—1 ‘ L(1)+k,3k ‘
Od.— 2k — 1 2k —1 2k —1 2k —1 2k —1 2k — 1
Od .+ 2k + 1 2k +3 2k + 5 4k -3 4k — 1 4k +1=40

’ CY (i) H L2+2 k+2 ‘ L2+3,k+3 ‘ ‘ Lgk—3,2k—3 ‘ Lgk—2,2k—2 ‘ Lgk—l,zk—l ‘
Pd,— 0 0 0 0 0
Od,+ 2k + 4 2k + 6 4k — 6 4k — 4 4k —2

’ o (iii) H Lgkl ‘ Lgk—l—l 2 ‘ Lgk+2 3 ‘ ‘ Lgk—z k—1 ‘ L(3)k—1 k ‘ Lgk 1+k ‘
Od.— 2k +2 2k +2 2k + 2 2k +2 2k +2 2k +2
Od.+ 2k + 1 2k +3 2k +5 4k —3 4k — 1 0

’ o (@iv) H L(3)k+l,3k+1 ‘ Lgk+2,3k+2 ‘ ‘ Lgk—1,4k—1 ‘ Lgk,4k ‘ Lg,o ‘
P ,— 0 0 0 0 0
Yd.+ 2k + 1 2k +3 4k -3 4k — 1 0
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Now, having in mind Corollary 2.6 for the choice of C* C £° such that C° U C*
is constituted by skew lines for s = 1,2 and the tables (involving CY% above, it is
necessary that

Clnel =9 Vt € {0,2k — 1,2k + 2},
{ d €i +2} 4.3)

C2Ng2=0  Vre{2k+ N — 2k + 2.4k},

Now, it is a straightforward verification to see that the label ¢ in each L§ ;€ Cs
belongs to the set

{1,2,2k + 1,3k + 1,3k +2} fors=1 and {1,2,2k+2} fors=2.

Thus, using (4.3) we concluded that C® U C* is constituted by skew lines for s = 1, 2.

Step 3: C* is constituted by d skew lines for s = 1,2. Let us stratify C! as follows:
Cl =A;UA, UA3UA4UA5UAg where

k-1 k1
A= {Lék+1,2k+i}i=1’ Ay = {Lék+1,2k}7 Az = {Li,k-i—i}i:o’ (4.4)
k— k- '
Ay = {Lék—i-l,i}i:;’ As = {L§k+2,4k}’ Ae 1= {L;,3k+i}i=;'

Note that the label j in each L} ; € C' is varying throughout the set

O, k—1,k,....2k—1, 2k 2k+1,....3k—1,3k,....4k— 1, 4k },
~— ~——

Ag Az Ao Aq Ag As

which is equal to R;. Furthermore, ¢4 4 (C!) is given by

’ Al H Lék—}-l.zk—{—l ‘ Lék+1,2k+2 ‘ ‘ Lék+1,3k—3 ‘ Lék+1,3k—2 ‘ L%k+l,3k—l ‘
a1+ [ 2 [] k-3 [ k-2 | k-1 |
L Ao [ Ly |
[par [ k]
’ A3 H Li,k ‘ Li,k—}—l ‘ Li,k+2 ‘ ‘ Li,zk—3 ‘ L{,zk—z ‘ Li,Zk—l ‘
L gat [[ k+1 ] k+2 | k+3 | - | 2k-2 [ 2k—1 [ 2k |
’ Aq H LékJrl,O ‘ Lék+1,l ‘ Lék+l,2 ‘ ‘ L§k+1,k—3 ‘ Lékﬂ,k—z ‘ Lék+1,k—1 ‘
l@at || 2k+1 | 2k+2 [ 2k+3 |--| 3k-2 [ 3k-1 [ 3k |
’ As H Lék—|—2.4k ‘
Cpae | k+1 ]
’ Ae H L;,3k ‘ L%,Sk—}—l ‘ L%,3k+2 ‘ ‘ L£,4k—3 ‘ Lé,4k—2 ‘ L£,4k—l ‘

| gat [ 3k+2 ] 3k+3 [ 3k+4 [ | 4k—1 | 4k | 0 \
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Thus, ¢g.+(C') = R,;. Taking into account the established facts, we may use
Corollary 2.4 to conclude that C! is constituted by d skew lines.

In a similar way, let us consider the following stratification for C2: C2 =B; UB, U
B3 UB,4 where

k— k
= {L2 '}i=;’ By = {L§k+z 3k+z} 45)
k— k— ’
B3 = {L3 51} i—0 , B 1= {L3k 1241} i—0 1
Note that the label j in each L} ; € C? is varying throughout the set
{0,..., k—1,k,..., 2k — 1,2k, ..., 3k — 1,3k, ..., 4k}
B B4 B3 B>
which is equal to R,;. Furthermore, ¢4+ (C?) is given by:
’ Bi H L%,o ‘ L%,l ‘ L%,z ‘ ‘ L%k 3 ‘ lk 2 ‘ L 1.k— ‘
!wd,+\\1\2\3\~--\k2\k—1\k\
’ B2 H L%k+2 3k ‘ L%k+2 3k+1 ‘ ‘ L%k+2 4k—2 ‘ 2k+2.4k—1 ‘ L2k+2 4k ‘
lpat || k+1 [ k+2 -] 2-1 ] 2k | 2k+1 |
’ B3 H L% 2k ‘ L% 2k+1 ‘ L% 2k+2 ‘ ‘ L% 3k—3 ‘ L2 3k—2 ‘ L2,3k—1 ‘
| gat | 2k+2] 2k+3 | 2k+4 |- [ 3k—1 [ 3k | 3k+1 |
’ B4 H L%k+2 k ‘ L%k+2 k+1 ‘ ‘ L%k+2 2k—=3 ‘ L%k—l—Z 2k—2 ‘ L%k+2 2k—1 ‘
lpas [ 3k+2 | 3k+3 [ 4k-1 | 4k | 0 \

Thus, (pd,+(C2) = R,. Again, using Corollary 2.4, we concluded that C? is con-
stituted by d skew lines.

Step4: C! U C?is constituted by 2d skew lines. Having in mind (c) in Corollary 2.6, it
is enough to prove that ¥4 (C!) N ¥4 (C?) = @. So, we will use again the stratification
for C! in (4.4) and C? in (4.5) to display the computation of ¥z (C') and 4 (C?)
below:

’ Al H L) ‘ L;k+l,2k+2 ‘ ‘ L£k+l,3k—3 ‘ L;k+1,3k—2 ‘ L§k+1,3k—1 ‘

[ va || 2;14;2;“\ 2%k +4 || 4k—6 [ 4k—4 | 4k-2 |
A2 || Liegro |
[va [ 3k |
’ A3 H L}.k ‘ L{,k—}—l ‘ L},k+2 ‘ ‘ L{Zk 3 ‘ L%,zk—z ‘ Li,zk—l ‘

[Ya [ 2k+1 [ 2k+3 | 2k+5 | -~ | 4k—5 | 4k—3 | 4k—1 |
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’ Aq H Lék—l—l 0 ‘ Lék+1 1 ‘ Lék—l—l 2 ‘ ‘ Lék—l—l k—3 ‘ Lék—{—l k=2 ‘ Lék—l—l k—1 ‘
[ Va || 2k+1 | 2k+3 [ 2k+5 [ ] 4k-5 | 4k-3 | 4k—-1 |
’ As H Lék+2 4k ‘
[ va [ 3k ]
’ As H L% 3k ‘ Lé 3k+1 ‘ Lé 3k42 ‘ ‘ Lé4k—3 ‘ L§4k—2 ‘ L%4k—l ‘
| Va [ 2k+1 ] 2k+3 | 2k+5 [ -+ | 4k-5 | 4k-3 | 4k—1 |
So,
Va(CH =2k + 1,2k +2,..., 4k — 2,4k —1}. (4.6)
’ B H L%o ‘ L%l ‘ L%z ‘ ‘ L%k—S ‘ L%k—z ‘ L%,k—l ‘
L va | 0 ] 3 ] 5 [ -] 2-5 ] 2k-3 | 2k—1 |
’ B2 H L%k+2,3k ‘ L%k+2,3k+l ‘ ‘L%k+2,4k—2 ‘ L%k+2,4k—l ‘L%k+2,4k ‘
[ va || 0 \ 2 || 2k—-4 | 2k-2 | 2k |
’ B3 H L%,zk ‘ L%,2k+1 ‘ L%,2k+2 ‘ ‘ L%,Bk—3 ‘ L%.3k—2 ‘ L%,Sk—l ‘
EZE 3 \ 5 |- ] 2k—5 [ 2k—3 | 2k—1 |
’ By H L%k—i—z,k ‘ L%k—l—z,k-{—l ‘ ‘L%k+2.2k—3 ‘ L%k+2,2k—2 ‘ L%k+2,2k—1 ‘
lva | 1 ] 3 |- ] 2k=5 | 2k-3 [ 2k-1 |
Therefore,
Vq(C?) =1{0,1,2,...,2k —1,2k}. 4.7)
Thus, from (4.6) and (4.7) we have that ¥4 (C!) N ¥4(C?) = 0. n

Proposition 4.5. Letd = 2n + 1 withn = 2k + 1 and k > 3. Consider the families

= {L3%+1+1.0}i=0
U {Lk+4+l k+2+i

= {Lysroirifion U Laesia6) UL b ise UL )i
U {L3k+2 4k} U {L2 3k+l}k X

= {L3,i} U {L2k+4 k+1+l} U {LZ 2k+2+l} U {L2k+4 3k+3+l}k )

It is verified that C° U C' U C? consists of 3d skew lines in Fy.

k+1 }k+2 }k+1

U {Lk+1+l 3k+i U {LZ-H 2k—1+i

}k4

Proof. It is analogous to the proof presented in the Proposition 4.4. |

The next Corollary follows from the previous Propositions 4.4, 4.5 and the Exam-
ples 4.2, 4.3.
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Corollary 4.6. Assume d > 7 odd. Then s(F;) = 3d.

Theorem 4.7. Let Fy be the Fermat surface of degree d > 3. If s(Fy) is the maximal
number of skew lines in By, then s(F;) = 3d for all d # 3, 5. Being s(F3) = 6 and
9(F5) = 13.

Proof. For d € {3, 5} see Section 3. For the other cases, see the previous results in
this section. ]
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