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Pfister’s local-global principle for Azumaya algebras with
involution

Vincent Astier and Thomas Unger

Abstract. We prove Pfister’s local-global principle for hermitian forms over Azumaya algebras
with involution over semilocal rings, and show in particular that the Witt group of nonsingular her-
mitian forms is 2-primary torsion. Our proof relies on a hermitian version of Sylvester’s law of
inertia, which is obtained from an investigation of the connections between a pairing of hermitian
forms extensively studied by Garrel, signatures of hermitian forms, and positive semidefinite quad-
ratic forms.

1. Introduction

Pfister’s local-global principle is a fundamental result in the algebraic theory of quadratic
forms over fields. It states that the torsion in the Witt ring is 2-primary, and that a nonsin-
gular quadratic form represents a torsion element in this ring if and only if its signature
(the difference between the number of positive and the number of negative entries in any
diagonalisation of the form according to Sylvester’s “law of inertia”) is zero at all order-
ings of the field. The above facts are of course well known, and can easily be found in
standard references such as [28] or [19].

The main result of this paper (Theorem 6.6) is Pfister’s local-global principle for
nonsingular hermitian forms over Azumaya algebras with involution over semilocal com-
mutative rings in which 2 is a unit. (The special case of central simple algebras with
involution was treated in [21,27]; see also [7].) The assumption that the base ring is semi-
local is minimal in the sense that Pfister’s local-global principle is known to hold for
nonsingular quadratic forms over such rings, but not in general. We refer to [5] for more
details.

Our version of Sylvester’s law of inertia (Theorem 6.1) is used in the proof of the
main result, which is inspired by Marshall’s proof of Pfister’s local-global principle in the
context of abstract Witt rings, cf. [23]. A crucial ingredient in our proof is a certain pairing
of forms investigated by Garrel in his 2023 paper [10]. We were also very fortunate that
we could put many results from the recent papers by First [8] and Bayer—Fluckiger, First
and Parimala [6] to good use.
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2. Preliminaries

In this paper all rings are assumed unital and associative with 2 invertible. We identify
quadratic forms over commutative rings with symmetric bilinear forms, and assume that
all fields are of characteristic different from 2. Rings are not assumed to be commutative
unless explicitly indicated. Our main references for rings with involution and hermitian
forms are [16] and [8].

2.1. Hermitian forms over rings with involution

Let (A, 0) be aring with involution and let e € Z(A) be such that o (¢) = 1. We denote the
category of e-hermitian modules over (4, o) by Serm®(A4, o). The objects of Herm?® (4, o)
are pairs (M, h), where M is a finitely generated projective right A-module and

hMxM — A

is an g-hermitian form. Since we always assume that 2 € A*, all hermitian modules are
even. We denote the category of nonsingular e-hermitian modules over (A4, o) (also known
as e-hermitian spaces) by $°(A4, o). The morphisms of Herm®(4, o) and $°(A, o) are
the isometries. We denote isometry by ~~. See [16, I, Sections 2 and 3] for more details.
If ¢ = 1, we simply write Herm (A4, o) and H(A, o). It is common to say hermitian form
instead of hermitian module.

We denote the Witt group of nonsingular e-hermitian forms over (A4, o) by W¥(A, o)
and note that since 2 € A*, metabolic forms are hyperbolic, cf. [8, Section 2.2] for a
succinct presentation.

For a € A*, we denote the inner automorphism A — A, x > axa~! by Int(a). We
define Sym®(A4,0) := {x € A | 6(x) = ex} and Sym®(A4*,0) := Sym®(4,0) N A*. We
also write Sym(4, o) instead of Sym' (A, o) and Skew(4, o) instead of Sym™' (A4, o). For
ai,...,ag € Sym®(A4, o) we denote by (ay, ..., as)s the diagonal e-hermitian form

)4
At x At > A, (x,y)— Zo(xi)a,-y,-.
i=1
Let (M, h) € HSerm®(A4, o). We denote by D4,6)(h) := {h(x,x) | x € M} the set of
elements of A represented by 4.
If (M, h) € $°(A, o), the adjoint involution of h is the involution adj on the ring
End4 (M) implicitly defined by

h(x.adn(f)(»)) = h(f(x),y) 2.1

forall x,y € M and all f € Endq(M), cf. [8, Section 2.4].

Consider a second ring with involution (B, t) and let (S, () be a commutative ring
with involution such that (A4, 0) and (B, t) are (S, t)-algebras with involution in the sense
of [16,1, (1.1)],1i.e., A and B are both S-algebras and the involutions ¢ and 7 are compat-
ible with ¢:

o(sa) = t(s)a(a), t(sb) =1(s)t(b), Vaec A, beB,seSs.
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Then (A®g B,0 ® 7) is an (S, ¢)-algebra with involution and, if (M7, h;) € Herm® (4,0)
and (M, hy) € HSerm® (B, 1), then
(M1 ®s Ms,hy ® hy) € Herm®*?2(4A ®s B,o Q 1).
If (My,hy) >~ (M, h) in Herm® (A,0) and (M2, hy) >~ (M, h,) in Herm® (B, 1), then
(M ®s Ma,hy ® hy) ~ (M{ ®s M3, hy @ h).

Let (M, h) € Serm®(A4, o) and (N, ¢) € Herm™ (S, ¢). Since (A ®s S,0 ® 1) =
(A,0) = (S ®s A,t ® o) as rings with involution, it is not difficult to see that upon
identifying A ® s S with A,

h®s e(my @ ny,my @ nz) = h(my, ma)e(ny,nz)
forall m;,m, € M andny,n, € N, and
(M ®s N.h®s ¢) ~ (N ®s M.¢ ®s h)
in Serm® (4, 0).

Lemma 2.1. Let R be a commutative ring, assume that A is an R-algebra and that o is an
R-linear involution on A. Let t = 0| z(4). Let uy, ..., ux € Rand (M,h) € Herm®(4,0).
Then
(ul,. .. ,uk)L R z(4) h ~ (ul, - ,Mk) Qrh

(under the canonical identifications Z(A) @ z(4) A = RQr A = A).

Proof. It suffices to show that (1), ® z(4) h =~ (u) @ h for u € R. This follows from the
isometries (1), >~ (u) ®r (1),, (1) ®z(4) h =~ h (which are straightforward, using the
observations preceding the lemma) and associativity of the tensor product. ]

‘We finish this section with a well-known result for which we could not find a reference.

Lemma 2.2. Let R be a commutative ring, assume that A and B are R-algebras and that
o and T are R-linear involutions on A and B, respectively. Let (M, ¢) € $°1(A, o) and
(N, v¥) € $%2(B, t). Then the map

£:Endg (M) g Endp(N) — Endgg (M ®r N)

induced by E(f ® g) =[x ® y = f(x) ® g(y)] yields an isomorphism of R-algebras
with involution

(EndA(M) ®r Endp(N),ad, ® adw) =~ (EndA®RB(M ®r N), ad,pg,w).

Proof. The map £ is an isomorphism of R-algebras by [9, Theorem 1.3.26 and Corol-
lary 1.3.27]. To finish the proof it suffices to check that

adyoy (§(f ® g)) = £(ady(f) ® ady(g))

using the definition of adjoint involution (2.1), which is a straightforward computation. m
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2.2. Quadratic étale algebras

Let R be a commutative ring and let S be a quadratic étale R-algebra. We recall some
results from [8, Section 1.3] and [16, I, (1.3.6)]. The algebra S has a unique standard
involution ¥, and the trace Trg, satisfies

Trg/r(x) = ¥(x) +x forallx € S. 2.2)

Furthermore, Trg,g is an involution trace for ¢ (cf. [16, I, Proposition 7.3.6]) and
thus if 2 € HSerm(S, #) is nonsingular, then Trg,g (%) is nonsingular by [16, I, Proposi-
tion 7.2.4]. Furthermore, if / is hyperbolic, then so is the quadratic form Trg, g (%) by the
first paragraph of [16, p. 41]. The converse holds if R is semilocal by [8, Corollary 8.3].

If R is connected and S is not connected, then S =~ R x R as R-algebras, and

B:(x,y) = (¥, x)

is the exchange involution.
If R is semilocal, then there exists A € S such that A2 € R*, #(A) = —A, and {1, 1}
is an R-basis of S, cf. [8, Lemma 1.19].

2.3. Azumaya algebras with involution

Let R be a commutative ring. Recall from [16, III, (5.1)] that an R-algebra A is an Azu-
maya R-algebra if A is a faithful finitely generated projective R-module and the sandwich
map

sw: A Qg A® — Endgr(A4), a ® b® — [x > axb] (2.3)

is an isomorphism of R-algebras. Here A° denotes the opposite algebra of A, which
coincides with 4 as an R-module, but with twisted multiplication a®?b°? = (ba)°P. It is
clear that AP is also an Azumaya R-algebra.

The centre Z(A) is equal to R and Endg(A) is again an Azumaya R-algebra. More
generally, if M is a faithful finitely generated projective right R-module, then Endg (M) is
an Azumaya R-algebra. If A and B are Azumaya R-algebras, their tensor product A ® g B
is again an Azumaya R-algebra.

First’s paper [8] contains a wealth of information about Azumaya algebras, with and
without involution, and we refer to it for a number of definitions and results that we recall
in the remainder of this section.

Proposition 2.3 ([8, Proposition 1.1]). A is Azumaya over Z(A) and Z(A) is finite étale
over R if and only if A is projective as an R-module and separable as an R-algebra. =

Since the behaviour of the involution on the centre plays an important role in the study
of algebras with involution, this result helps motivate the following.

Definition 2.4 ([8, Section 1.4]). We say that (A, o) is an Azumaya algebra with involu-
tion over R if the following conditions hold:

* Aisan R-algebra with R-linear involution o;
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* A is separable projective over R;

* the homomorphism R — A, r > r - 14 identifies R with Sym(Z(A), o).

Let (4,0) be an Azumaya algebra with involution over R. Note that A is Azumaya over
Z(A) by Proposition 2.3, but may not be Azumaya over R. Indeed, “Azumaya algebra with
involution” means “Azumaya algebra-with-involution” rather than “Azumaya-algebra with
involution”.

The following lemma makes the connection between Definition 2.4 and a different
definition of Azumaya algebra with involution (the first sentence of Lemma 2.5) that is
introduced in [25, Section 4].

Lemma 2.5. Let A be an R-algebra with R-linear involution such that A is an Azu-
maya algebra over Z(A), Z(A) is R or a quadratic étale extension of R, and R =
Sym(Z(A), o). Then (A, 0) is an Azumaya algebra with involution over R.

The converse holds if R is connected.

Proof. The first statement is a direct consequence of Proposition 2.3. For the converse,
assume that R is connected and that (A4, o) is an Azumaya algebra with involution over R.
Then A is Azumaya over Z(A) by Proposition 2.3, and Z(A) is R or a quadratic étale
extension of R by [8, Proposition 1.21]. |

Remark 2.6. If R = F is actually a field, then (A4, o) is an Azumaya algebra with invol-
ution over R if and only if it is a central simple F-algebra with involution in the sense
of [17, Sections 2.A and 2.B].

We recall the following, proved in [8, second paragraph of Section 1.4].

Proposition 2.7 (Change of base ring). Let T be a commutative R-algebra. Then Z(A @ g
T)=Z(A) Qr T and (A ®r T, 0 ® id) is an Azumaya algebra with involution over T
(and in particular Z(A Qr T) N Sym(A ®r T,0 ® id) = T). ]

Corollary 2.8. Let T be a commutative R-algebra which is also a field. Then either
Z(AQRT)=T or Z(AQ®gr T) is a quadratic étale extension of T, and (A Qr T,0 ® id)
is a central simple T -algebra with involution. ]

Remark 2.9. Let S be a quadratic étale R-algebra with standard involution ¢. If T is
a commutative R-algebra, then S ® g T is a quadratic étale T -algebra, cf. [9, Proposi-
tions 2.3.4 and 9.2.5].

Moreover, (S, ©) is an Azumaya algebra with involution over R in the sense of [25,
Section 4] (i.e., it has the properties listed in the first sentence of Lemma 2.5), and there-
fore an Azumaya algebra with involution over R in the sense of [8] (i.e., in the sense of
this paper), by Lemma 2.5. Therefore 7 = Sym(S ®g 7,9 ® id) by Proposition 2.7, and
it follows that ¢ ® id is the standard involution of S ®g T'. Then (2.2) applies and yields,
forallx € S,

TrS®RT/T(x ®1) = TrS/R(x) ® 1.
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We collect some results about ideals of A.

Proposition 2.10. The following properties hold:
(1) If I is an ideal of R, then A ®g (R/I) =~ A/AI;
(2) J(A) = A- J(R), where J denotes the Jacobson radical;
(3) Ifa € Ais such that a € (A Am)™ for every maximal ideal w of R, then a € A*.

Proof. (1) This is well known. Item (2) is [8, Lemma 1.5], since A is a separable projective
R-algebra. Item (3) is [8, Lemma 1.6], using item (1). ]

Definition 2.11 (See [8, Section 1.4]). We say that the involution o on A is of orthogonal,
symplectic or unitary type at p € Spec R if (A ®g qf(R/p), o ® id) is a central simple
algebra with involution of orthogonal, symplectic or unitary type, respectively, over the
quotient field qf(R/p), and that o is of orthogonal, symplectic or unitary type if it is of
orthogonal, symplectic or unitary type, respectively, at all p € Spec R.

We often simply say that o is orthogonal, symplectic or unitary (at p). We refer to [17]
for the definitions of orthogonal, symplectic and unitary involutions on central simple
algebras.

Proposition 2.12 (See [8, Proposition 1.21] for a more detailed statement). Assume that
R is connected. Then precisely one of the following holds:

(1) o is of orthogonal type, Z(A) = R, and 0|74y = idz(4);
(2) o is of symplectic type, Z(A) = R, and 0| z(4) = idz(4);

(3) o is of unitary type, Z(A) is a quadratic étale R-algebra, and 0|z 4) is the stand-
ard involution on Z(A). [

Remark 2.13. If (A4, 0) is a central simple algebra over a field, the involution ¢ is called
of the first kind if 0| z(4) = idz(4) and of the second kind otherwise (so that “second kind”
is the same as “unitary type”), cf. [17].

Lemma 2.14. Let R be semilocal connected, let T be a quadratic étale R-algebra, and
let T be an R-linear involution on T. If T is connected, then every nonsingular hermitian
form over (T, 1) is diagonalizable.

Proof. The algebra T is semilocal by [16, VI, Proposition 1.1.1]. Since T is also connec-
ted, every projective T-module is free by [11]. Furthermore, 2 € T*.

If r =id, the result follows since every quadratic form over 7 is diagonalizable (see [5,
Proposition 3.4]).

If T # id. Then 7 is the standard involution on 7" by [8, Lemma 1.17], and (7, 7) is
an Azumaya algebra with involution over R, cf. Remark 2.9. Since Z(T') # R, and in
particular 7 is not symplectic, we may conclude by [8, Proposition 2.13]. ]

Theorem 2.15 (Hermitian Morita equivalence). Let R be semilocal connected and let
(B, t) be an Azumaya algebra with involution over R such that A and B are Brauer



Pfister’s local-global principle for Azumaya algebras with involution 7

equivalent and o|s = t|s, where S := Z(A) = Z(B). Assume that S is connected. Then
there exists § € {—1, 1} such that the categories Herm®(A, o) and Herm®® (B, 1) are
equivalent, and this equivalence induces an isomorphism of Witt groups

We(A, o) =~ W3 (B, 1).

Specifically, if o|s = ids, then § = 1 if 0 and t are both orthogonal or both symplectic
and § = —1 otherwise; if o|s # idg, then § can be chosen freely in {—1, 1}.

Proof. If o|s # ids, then S is a quadratic étale R-algebra by Proposition 2.12 and is thus
semilocal by [16, VI, Proposition 1.1.1].

Since A and B are Brauer equivalent, there exist faithful finitely generated projective
S-modules P and Q such that A ® s Ends(P) =~ B ®¢s Ends(Q), cf. [16, III, (5.3)].
Since S is semilocal connected, P and Q are free by [11]. It follows that there exist
k, £ € N such that

Endy (4¥) = Endp(BY). (2.4)

Consider the nonsingular hermitian forms (A%, g:=kx (1)) and (B¢, ¥ :=£x (1))
over (A,0) and (B, 1), respectively. Since ¢ and v are hermitian, the involutions ¢ and
ad, are of the same type and the same is true for the involutions 7 and ady, cf. [8, Pro-
position 2.11]. In particular, o|s = ady|s and 7|5 = ady|s.

The categories Herm® (Endy (AX), ady) and Herm® (A4, o) are equivalent by hermitian
Morita theory. The same is true for the categories Herm®(Endg(BY), ady) and Herm®(B,1).
Furthermore, these equivalences respect orthogonal sums and send hyperbolic spaces to
hyperbolic spaces, cf. [16, I, Theorem 9.3.5].

The involution ad,, induces an involution w on Endg (B %) of the same type via the iso-
morphism (2.4), and thus w|s = ady|s since o|s = t|s. By the Skolem—Noether theorem
[6, Theorem 8.6], w differs from ady, by an inner automorphism: there exists § € {—1, 1}
and a unit ¥ € Endg (BY) with ady (4) = du such that w = Int(u) o ady,, where § can be
freely chosen in {—1, 1} if o|s # idg. Moreover, § is unique if o|s = ids (= ady|s): if
Int(u) = Int(u’), then u = u's for some s € S, and it follows that ady, (u) = Su if and
only if ady (u") = du’.

By [16, I, (5.8)] (see also [8, Section 2.7]) there is an equivalence between the cat-
egories Herm® (Endp (BY), w) and ﬁermss(EndB (BY), ady ) (and an induced equivalence
between the categories $¢(Endg (B*), w) and $%¢ (Endp (BY), ady )) which respects ortho-
gonal sums and hyperbolic spaces. The equivalence of the categories Herm®(A4, o) and
SSerm‘ss(B, 7) and the isomorphism of the Witt groups W#(4, o) and W% (B, 1) follows.

It remains to show the claim about § when o|s = ids. Since § is unique, it suffices
to check its value at any p € Spec R (i.e., after tensoring over R by qf(R/p)). By [17,
Proposition 2.7] we know that § = 1 if o and t are both orthogonal or both symplectic at
p and § = —1 otherwise. The statement then follows, using Proposition 2.12. ]

Remark 2.16. Let R be connected and let (4, o) be an Azumaya algebra with involution
over R. Note that when Z(A) is not connected, then Z(A) = R x R by Section 2.2 and
Lemma 2.5. Hence, W4(A4,0) = 0, cf. [8, Example 2.4].
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2.4. Orderings, spaces of signatures

Let R be a commutative ring, and let (4, o) be an Azumaya algebra with involution
over R. The real spectrum of R, Sper R, is the set of all orderings on R, cf. [15, Defini-
tions 3.3.1 (a) and 3.3.4, and Proposition 3.3.5]. It is equipped with the Harrison topology,
with subbasis given by the sets of the form

H(r) = {¢ €SperR |r>0ata} = {a €SperR | r €\ —a},

forallr € R.

Let o € Sper R. We often write x >, y for x — y € «. The support of « is the prime
ideal Supp() := o N — € Spec R, and we denote by & the ordering induced by « on the
quotient field k(&) := qf(R/ Supp(«)), and by k(«) a real closure of k(«) at &. Observe
that « (@) := qf(x(«)/ Supp(@)) = qf(x(«)/{0}) = «(a), and that we can take k(&) =
k(o).

We also define

(A(a),a(a)) = (A Qrk(a),0 ® id),

which is a central simple k («)-algebra with involution by Corollary 2.8.

Remark 2.17. Let M be an R-module and let « € Sper R. Then, if x € M ® g k(«), there
aret € N,m; € M,s; € Rand r; € R\ Supp(«) such that

t _ t - t
Si S; , 1
x:Emi®_—=Emi®_—/= Emisi ®_—/,
‘ T ‘ r ‘ r
i=1 i=1 i=1

for some s € R, 7’ € R\ Supp(«). Therefore
1
M Qg k(a) = {m®: |meM,re R\Supp(a)}.
7

We denote by Sign R the set of signatures of R, i.e., the space of all morphisms of
rings from the Witt ring W(R) to Z. We recall some facts from [14, Section 5 up to p. 89]:

* The set Sign R is equipped with the coarsest topology that makes all maps
sign, ¢:Sper R — Z, o > sign, ¢

continuous, for ¢ € W(R). When R is semilocal, a basis for this topology is given by
the sets

H(uy,...,ug):={r €SignR | t(uy) = - = t(ug) = 1},

fork €e Nand uy,...,u; € R*.

* Denoting by Sper™ R the space of all elements of Sper R that are maximal for inclu-
sion (equipped with the induced topology), the natural map

Sper™ R — Sign R, « +> sign,,
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is continuous and surjective. If R is semilocal, this map is a homeomorphism and we
identify Sign R and Sper™™ R. In general, we have continuous maps

Sper™* R C Sper R 5 Spec R,

where £ is defined by £ («) := Supp(«). (Note thatif R = F is a field, then Sper™ R =

Sper R = XF, the space of orderings of F'.)

The following theorems, due to Knebusch, explain how to obtain the maximal ordering
associated to a signature on a semilocal ring. These results can be found in [13, The-
orem 4.8] and [14, pp. 87-88]. The connection with maximal orderings is given in the
second reference, but is presented for connected rings. It is pointed out that this assump-
tion can be made without loss of generality, but we quickly present an argument in the
proof below.

Theorem 2.18. Assume that R is semilocal and let s be a signature on R. Define

k
Q(S)—{r1u1+ +rkuk|k€N u; € R*, Z = }

Then
(1) Q(s) is closed under sum, Q(s) N —Q(s) =B and p(s) := R\ (Q(s) U—-0(s))
is a prime ideal of R.
(2) a(s) := Q(s) U p(s) is a maximal ordering on R with support p(s) such that

signg ) = S

Proof. For (1), see [13, Theorem 4.8]. For (2), it follows immediately from the properties
of Q(s) that a(s) is an ordering on R with support p(s) and that sign, ) = s. Suppose
that o (ss) is not maximal, so that there is 8 € Sper R such that a(s) € B. Take x € 8 \ a(s).
Since x & a(s) we have x € —a(s) \ a(s) = —Q(s) and thus x =—(rdu; + -+ rkuk)
as described above. In gf(R/ Supp f) we have x = — Zl | FPu; withi; € ,B u; # 0, s0
that u; >z 3 0. In particular, x € /3 Since X € ,3 by choice of x we have x = 0, which
implies that r; = 0 for every i, i.e., rq, ..., r; € Supp 8, contradicting Zl (Rri=R. =

Applying this result to s = sign, for @ € Sper™™* R, we obtain the following theorem.

Theorem 2.19. Assume that R is semilocal and that @ € Sper™ R. Then

k
a \ Supp(a) = {rlzul + ---—i—r,fuk | k €N, u; €xn R, ZRr,- = R}.
i=1
The special case of R local easily follows, but is worth noting and was obtained earlier
(without the link to Sper R, which was introduced later), first in [12] if 2 € R*, and then
in general in [13]:

a\ Supp(er) = {uy + -+ ux | k €N, u; €a N R*}. n
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Finally, we mention the following simple fact for future use.

Lemma 2.20. Let F be a field with space of orderings Xr. Let P € XF, and denote by
Fp any real closure of F at P. Then F is cofinal in Fp, i.e., for every a € Fp there exists
b € F such that a < b. In particular, for every a € Fp, if a > 0, then there exists b € F
such that0 < b < a.

Proof. Let p(X) =aop + a1 X + -+ a1 X* 1 + X* € F[X] be such that p(a) = 0.
Then a < max{l, |ag| + -+ + |ar—1]} by [15, Proposition 1.7.1]. The second statement
follows by taking inverses. ]

2.5. Positive definite matrices

The results in this section are well known, but we could not find a reference for the qua-
ternion case. In this section we assume that F is a real closed field and that (D, ¥) €
{(F.,id), (F(+/=1),y),((=1,=1)F,y)}, where y denotes the canonical involution in each
case. We consider norms with values in F. For vectors in D¥ we consider the euclidean
norm, i.e., for X = (x1,...,xx)" € D¥ we have

X1 =

where n(x) := ¥(x)x. On M (D) we use the induced operator norm, i.e., |M|lop :=
sup x| =1 [[M X||. Tarski’s transfer principle [24, Corollary 11.5.4] ensures that this su-
premum exists and that the operator norm is equivalent to the maximum norm determined
by the unique ordering of F on the F-vector space M (D) (both properties can be
expressed by first-order formulas in the language of ordered fields, that are true in R).
Therefore, || - ||op defines the same topology as the one induced by the ordering of F.

Lemma 2.21. Let k € N. Then
PDi(D. %) := {B € Sym (My(D),®") | $(X)'BX > 0 for every X € DK\ {0}}
is an open subset of Sym(My(D),9") for the topology induced by the unique ordering of F.

Proof. Since this property can be expressed by a first-order formula in the language of
fields in each of the three cases (D, ®) € {(F.id), (F(~/—=1),y). (=1, —=1) g, y)}, it suf-
fices to prove it for F = R by Tarski’s transfer principle [24, Corollary 11.5.4]. The
well-known proof below works in all three cases, and we give the details in order to point
out that it also works in the quaternion case. Observe that for every X,Y € Dk, we have
1B(X) Y| < || X]|I- Y] (the verification is direct in the quaternion case).

We reformulate M € PDy (D, #) as: there is § > 0 such that #(X)’MX > § for
every X € D¥, ||X| = 1. Let M € PD(D, ) and let § be as described above. Let
B € Sym(My (D), 9") be such that | B — M ||, < €. Then

9(X)' BX = 9(X)'MX + (9(X)'BX — 9(X)' MX),
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and, if | X|| = 1,
[9(X)'BX —9(X)'MX| = |(X)"(B—-M)X|=|HX)(B-MX|
<|IX[I-|(B=M)X| <|B—Mlop<¢

from which the result follows if we take ¢ = §/2. L]

3. M-signatures of hermitian forms

If (A, 0) is a central simple F-algebra with involution over a field F, & is a hermitian form
over (A,0), and P is an ordering on F, we defined in [1, Section 3.2] the signature of & at
P with respect to a particular Morita equivalence Mp (which determines the sign of the
signature), denoted signjl\,/[” h. We only considered nonsingular forms in [1, Section 3.2],
which was unnecessarily restrictive since the method we used (reduction to the Sylvester
signature via scalar extension to a real closure of F' at P and hermitian Morita theory)
applies in fact to forms that may be singular.

We will use the notation and results from [1]. Note that this signature is also presen-
ted in [2, second half of p. 499], where the omission in [1] of one (irrelevant) case for
(Dp, ¥p) has been rectified.

Let R be a commutative ring (with 2 € R*), let (4, o) be an Azumaya algebra with
involution over R, let S = Z(A) and lett := o|s.

Definition 3.1. Let / be a hermitian form over (A4, 0) and let @ € Sper R. Then i ® k(&)
is a hermitian form over the central simple algebra with involution (A(«), o(«)) and we
define the M-signature of h at « by

sign? b := signg[& (h Q@ k(w)), 3.1
where Mg is a Morita equivalence as in [1, Section 3.2].

Note that the superscript M on the left-hand side of (3.1) signifies that each compu-
tation of sign?x% depends on a choice of Morita equivalence Mg. The use of a different
Morita equivalence can result at most in a change of sign, cf. [1, Proposition 3.4]. There-
fore, the notation signgﬂ should specify what Morita equivalence Mg is used but, in order
not to overload the notation, we assume that for a given o we always use the same Morita
equivalence M.

In fact, the main drawback of the M-signature is that the sign of the signature of a
form can be changed arbitrarily at each ordering by taking a different Morita equivalence.
This is in particular a problem if we hope to consider the total signature of a form as
a continuous function on Sper R. We solved this problem in the case of central simple
algebras with involution by introducing a “reference form”, that determines the sign of
the signature at each ordering, cf. [1, Section 6] and [2, Section 3]. We will show in a
forthcoming publication that the same can be done in the case of Azumaya algebras with
involution.
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Remark 3.2. Let (B, 7) be a central simple F-algebra with involution, P € XF, and Fp
areal closure of F at P. Note that F = Sym(Z(B), t). Then,

B>~ M,(D) and B®pF Fp = M,,(Dp).

where D and Dp are division algebras with involution over F' and Fp, respectively. (We
do not need to name the involutions on D and Dp here.) Clearly, n < np < /dimp B.
Let b € Sym(B, 7). By [3, Proposition 4.4], we have signp” (b), < np < /dimr B.
Applying this to (A(«), o(«)) in Definition 3.1, let § be a set of generators of A as an
R-module, and let a € Sym(A4, o). We have

Signy(‘l)a = \/dimx(a) Aa) < |S],

which provides a bound on signfx"[ (a)s which is independent of @ and «.

Proposition 3.3. Let h be a hermitian form over (A, o), let q be a quadratic form over R
and let o € Sper R. Then

sign)'(q ® h) = (sign, q) - (sign)' h),

where the same Morita equivalence is used in the computation of the signature on both
sides of the equality.

Proof. By definition sign)' (¢ ® h) is equal to signfywa ((g ® h) @ k(a)), where (¢ ® h) ®
k() is considered as a form over (A(«), o («)). But

sign;w& (g ® h) @ k(@) = (signg g ® k()) - (signg[a h ® k(a))
by [1, Proposition 3.6]. The result follows. ]

Lemma 3.4. Let T be a quadratic étale R-algebra with standard involution ¥'. Let h be
a hermitian form over (T, ¥). Then, for every o € Sper R, signgl\/[ h = 0 implies

sign, Trr/r(h) = 0.

Proof. Note that (T, 1) is an Azumaya algebra with involution over R and that ¥ ® id is
the standard involution on 7 ® g k(c) by Remark 2.9. In particular, signatures are defined,
and by the definition of signatures for central simple algebras with involution, the form
h ® g k(o) has signature 0 at the unique ordering on k(o). Writing h ® g k() >~ ¢ L 0,
where ¢ is nonsingular and 0 is the zero form of appropriate rank, cf. [3, Proposition A.3],
it follows that ¢ has signature 0 at the unique ordering on & («), and thus is weakly hyper-
bolic (i.e., £ x ¢ is hyperbolic for some £ € N) by [21, Theorem 4.1] (or [7, Theorem 6.5]).

As recalled in Section 2.2, Trz,g is R-linear and Trr, g (%) is a quadratic form over R.
Also, Tr7 g gi(a)/ k(e) 18 an involution trace for  ®id, and it follows that Trr g gk (a)/ k(a) (©)
is weakly hyperbolic by Section 2.2, and thus has signature 0. Since Trr/g(h) ® k(o) =
Trr e k(@) k@ ( ® k() by Remark 2.9, and observing that

Trregk@)/ k@ (h ® k(@) = Trrg gk@)/k@) (@) L Trre i)/ k@ (0),
it follows that sign, Trz/gr(h) = 0. |
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Definition 3.5. We call
Nil[4, 0] := {« € Sper R | sign)' = 0}

the set of nil orderings of (A, o). By the observation after Definition 3.1, Nil[A4, o] is
independent of the choice of Morita equivalence at each «.

Remark 3.6. If (A4, o) is a central simple F-algebra with involution, this definition is
equivalent to our original one ([I, Definition 3.7] by [1, Theorem 6.4]), from which it
follows that if o is orthogonal and t is any symplectic involution on A, then Nil[4, o] =
Xr \Nil[4, 7].

Also note that if P € Xr \ Nil[4, o] and Fp is a real closure of F at P, then

(A®F Fp,0 ®id) = (My,(Dp),Int(®p) 0 ¥p"),

where Dp € {Fp, Fp(v—1), (=1, —1)F,}, ¥p is the canonical involution on Dp, and
®p € Sym(M,, (Dp)*, 9p"), cf. [4, p. 4 and Remark 6.2].

Lemma 3.7. Let o € Sper R. Then statements (1) and (2) below are equivalent:

(1) o e Nil[A4, o],

(2) @ e Nil[A(®), 0 (x)].
Assume in addition that o is of unitary type at Supp(«). Then (1) and (2) and the following
statements are equivalent:

() Z(A(@)) ®«(a) k(@) = k(@) x k(@), i.e, Z(A(@)) Ok(a) k() = k(o) X k(a)

since we can take k() = k(a) as observed before;
(4) Z(A) ®r k() = k(o) X k(a);
(5) o e Nil[S, (.

Proof. (1)=(2): Assume & ¢ Nil[A(«), o(«)]. Then there exists z € Sym(A(x), o(x))
such that signgta (z)o(a) # 0 (see [1, Theorem 6.4]). Using Remark 2.17, write z = a ® %,
for some r € R\ Supp(w). Since 7 is invertible in k (o), we have

0 # signgta ()o@ = signg[a (zfz)o(a) = sizc.;gngt—\/[a (ar ® 1)o®ideq = signz/[ {ar)s,

contradicting that & € Nil[4, o].

(2)=(1): This follows from the fact that signi/[ h = signgt& h ® k(a) = 0 for any
hermitian form / over (4, o).

For the remaining equivalences, recall that if (B, t) is a central simple algebra with
involution of the second kind over a field F', then P € Nil[B, ] if and only if Z(B ® Fp)
>~ Fp x Fp, cf. [2, bottom of p. 499 and Definition 2.1].

The equivalence (2)<>(3) follows from this observation, and we have (3)<(4) since
k(o) is a real closure of k(«) at & and Z(A(x)) = Z(A) @R k(«) (by Proposition 2.7).
Finally, the equivalence (4)<>(5) follows from (1)< (4) applied to (S,¢) since S =Z(S) =
Z(A). |
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Corollary 3.8. Assume that R is semilocal and that o is of unitary type. Then there is
d € R* such that Nil[A, 0] = H(d).

Proof. By [8, Proposition 1.21], S = Z(A) is a quadratic étale R-algebra, and for every
o € Sper R, o () is of unitary type at the prime ideal Supp(«). Furthermore, as recalled
in Section 2.2, S = R @ AR for some A € S such that d := A? € R*. In particular, for
any o € Sper R,

Z(A@) = S ®g k(@) = k(e) ® (A ® Di(@) = (@) (Vd).

where d is the image of d in R/ Supp(e), and where the first equality follows from
Proposition 2.7. Therefore, for a € Sper R:

a € Nil[d,0] < Z(A(@)) Q@) k(@) = k(@) x k(@) by Lemma 3.7
— K(a)(\/i) Rt k(@) = k(@) x k(@)
— Vdek@ < ded < decua
e acH (d) since d is invertible. |

Remark 3.9. Recall from Section 2.2 that when R is connected, then either S is con-
nected or S = R x R. Moreover, if Sper R \ Nil[4, o] # @, we cannot have § =~ R x R
by Lemma 3.7. Therefore, if R is connected and Sper R \ Nil[A4, o] # 0, then S is also
connected.

Lemma 3.10. Let F be afield and let (B, t) be a central simple F -algebra with involution
of the first kind. If Nil[B, t] # @, then deg B is even.

Proof. Assume that deg B is odd. Then B is split and t is orthogonal by [17, Corol-
lary 2.8 (1)]. It follows that Nil[ B, t] = @ by [1, Definition 3.7]. [

Lemma 3.11. Assume that R is semilocal connected and that o is of orthogonal or sym-
plectic type. IfNil[A, o] # @, then Skew(A>,0) # @.

Proof. Leta € Nil[A,0]. Then @ € Nil[A(«), o0 («)] by Lemma 3.7. Hence, deg A Qg k()
is even by Lemma 3.10. Since R is connected, the rank of A is constant (since A is a
projective R-module, see [26, p. 12]). It follows that deg A ® g qf(R/p) is even for every
p € Spec R. We can then apply [8, Lemma 1.26] with ¢ = —1. ]

3.1. Elements of maximal signature

In [4], working with central simple algebras with involution, we investigated the maximal
value that the signature at P € X can take (when it is non-zero) when applied to one-
dimensional nonsingular forms. We found that this maximal value is the matrix size of the
algebra over its skew-field part after scalar extension to Fp (and linked it to the existence
of positive involutions), cf. [4, Proposition 6.7, Theorem 6.8].



Pfister’s local-global principle for Azumaya algebras with involution 15

We are interested in the same question when (A, o) is an Azumaya algebra with
involution. More precisely, we will show in Corollary 3.19 that if & ¢ Nil[A4, o], then
this maximal value is the matrix size ng of A ® g k(«) over its skew-field part (i.e.,
A ®pr k() = M, (Dg) using the notation from Remark 3.2). We first introduce some
notation.

Definition 3.12. If (B, 7) is an Azumaya algebra with involution over R, and o € Sper R,
we define:

mq (B, 7) := max {sign) (b); | b € Sym(B*, 1)},
MY (B, 7) := {b € Sym(B*, 1) | sign)"(b); = ma(B,1)}.

Observe that my (B, 7) is independent of the choice of the Morita equivalence Mz (cf.
Definition 3.1), and is finite by Remark 3.2.

We introduce some notation that will be used in the next four results. For & € Sper R,
define

8a(A.0):=| J{Duoar.....ak)s | kEN, a; €Sym(A.0). a;®1€ M (A(@).0 (@)}

Furthermore, for p € Spec R, we denote by 7}, the canonical projection from R to R/p
and by 74, the canonical projection from A to A/Ap. Then, denoting by & the involution
induced by o on A/Ap, we define

8; = U {D(A/Ap’g)(ﬂAp(al), .. .,JrAp(ak))(_T |k €N, a; € Sym(4,0),
a; ® 1 e M (A@), o))}
Lemma 3.13. Let o € Sper R. Then there is an element b € Sym(A, o) such thathb @ 1 €
M2 (A(@), o()). In particular, b € 84(A, o).

Proof. Let ¢ € Sym(A(a)™, o()) be such that signgta (€)o@) = ma(A(a),o(a)). By
Remark 2.17, there are by € A and r € R \ Supp(e) such that ¢ = by ® % Let by :=
%(bo + a(bo)). Then b; € Sym(A4, o) and
I 1 1 1 1
b1 ®==2(bo®=+0(bo) ® = | = 5(c+0a(@)(c)) =c.
ro 2 r r 2
We take b := rb,. Then b € Sym(4, o) and, since 7 € k (), wehave b ® 1 = i%c €
A(a)*, and
. Mg — aionMa /52 —
Signd (b ® 1)o () = sign) (2¢)o@) = ma(4(@).0(@)).
sothatb ® 1 € Mé\{&(A(a),o(a)). [
Lemma 3.14. Assume that R = F is a field and let P € X \ Nil[A,0]. Leta € Sym(A,0)
be such that sign;?'t (a)e = mp(A,0c). Then:
(1) a is invertible in A;

(2) Thereis € P \ {0} such that signi’g[ (a —r)e =mp(A,a) foreveryr € P such
thatr <p [.
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Proof. By [4, Proposition 6.7], we have
mp(A,0) =np.

We use the notation from Remark 3.6. Since P&Nil[A4, o], it follows from the computation
of M-signatures (cf. the beginning of Section 3) that signj}‘,’t (a)s is equal to the Sylvester
signature of the form (@' (a ® 1)) y,+, where @3 (a ® 1) € Sym(M,,,, (Dp), ¥p'). Since
Dp € {Fp, Fp(~/—1), (-1, —1)Fp } and 9 p is the canonical involution on D p, the matrix
CID;I(a ® 1) can be diagonalized by congruences (which does not change the Sylvester
signature), so we can assume that <I>;1 (a ® 1) is diagonal. Since it has Sylvester signature
np, its diagonal elements are all positive, i.e., CI>17,1 (a®1) ePD,,(Dp,¥p). In particular,
CI:'I_,1 (a ® 1) is invertible. Therefore ¢ ® 1 is not a zero divisor, and a is not a zero divisor
in A. It follows that a is invertible since A is Artinian. This proves (1).

For (2): The element a ® 1 is in ®p - PD,, (Dp, ¥p), which is an open subset of
Sym(M,, (Dp),%p") by Lemma 2.21. It follows that there is & > 0 in Fp such that for
all M € Sym(M,,,(Dp), ¥p") that satisfy | M]lop < & we have

a®1l—M € Op -PDnP(DP,ﬁP).
Taking 1 € Fp such that 0 < pu < g, we obtain ||y, [|lop < €. Hence,
a®1 _Mlnp e &p -PD,,P(Dp,ﬁP).

In particular, the signature of the form (@ ® 1 — ul,, )swid equals np.
However, F is cofinal in Fp by Lemma 2.20, so we can find such a i in F. The choice
of p guarantees that sign}\,’[(a —r)e =np =mp(A,0) wheneverr € P,r <p L. |

Lemma 3.15. Let m be a maximal ideal of R and let « € Sper R be such that Suppa C m.
Assume that
Ya € Sym(A,0) a Qg le@ € Mg *(A(e),o()) impliesa € Am. (3.2)
Then property (3.2) is preserved under quotients by Supp « and, if Supp o« = {0}, under
localisation at wa. More precisely:
(1) Let Ry := R/ Supp «. Then property (3.2) holds for (A1,01) == (A ®r R,
0 ®R idR,) and the ordering o induced by a on Ry together with the maximal
ideal my := m/Supp« of Ry, i.e.,
Mg . .
Va € Sym(A1,01) a ®R, le(@) € Mg, '(A1 (1), 01(ar)) implies a € Aymy.
Furthermore, if @ € Sper™ R, then a1 € Sper™ R;.

(2) Assume that Supp o = {0}. Then property (3.2) holds for (Az,0,) := (A @R R,
0 ®R idR,,) and the ordering o induced by a on Ry together with the unique
maximal ideal Wi, of Ry, i.e.,

Mg . .
Va € Sym(A43,02) a @Ry le(ay) € Mg, 2 (Az(az),az(az)) implies a € Aym,.

Furthermore, if @ € Sper™ R, then ay € Sper™ Ry,.
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Proof. (1) We have natural maps
R — Ry = R/ Suppa — qf(R;) = k(a) = x(ay)
with @ = ay, and thus
A— A =AQrR R - A®Rrqf(R)) = A(x) = A1 (1),
while
o1(a1) 1= 01 @R, id¢(;) = (0 ®RidR,) OR, idc(@;) = 0 R id¢(@;) = 0(a).
Let b € Sym(A1, 071) be such that

Mg 5
b ®R1 1K(0{1) € Mal ! (Al(al)val (C(])) = (%V[ (A(a)?a(a))
Then b = ¢ ®g 1R, for some ¢ € A (the argument is similar to Remark 2.17) and

b®R, lk@) =¢ ®rR 1R, QR lk()) = ¢ OR lk(@)-

Therefore ¢ @r @) € MO—ZVEE‘(A(a), o(a)) and thus ¢ € Am by (3.2). It follows that
b=c®Rr1lgr, € AmM Qg lg, € (A ®r R1)(m/Suppr) = Ajru; (the inclusion follows
fromam®@ 1 =@ 1)(m®1) =(@® 1)(1 ® (n+ Suppa))).

The statement about the maximality of oy follows from the fact that the homeomorph-
ism in [15, Proposition 3.3.11] clearly preserves inclusions.

(2) Note that a5 is indeed an ordering on Ry, since (R \ m) N Suppa = @, cf. [15,
Proposition 3.3.10]. We also have

r
azz{—2|r€a,s€R\m}
S

(by [15, Proof of Proposition 3.3.10]) and Supp oz = {0}, so that k () =qf(Ry, ). Observe
that the map R — qf(R), which is the first step in the computation of signatures of ele-
ments of Sym(A4, o) (since Supp @ = {0}, cf. Definition 3.1) factors through Ry, giving
R — Ry — qf(R), with gf(R) = qf(Rm), i.e., k(o) = k(a2). Finally, a direct verification
shows that @ = 5.

Let b € Sym(A»,05) be such that b ® gy, le(a,) € M., Mz, (A2(a2), 02(cx2)). Then b =
c ®R 3 for some s € R\ m (the argument is again 51m11ar to Remark 2.17). Since s is
invertible in Ry,, b has the same signature at o as bs?> = ¢s ®g 1g,, , so that

(cs QR 1Ry) ORy lk(ar) € Mg, e (A2(x2), 02(@2)).
We have (¢s R 1Ry) @Ry lk(ar) = €5 ®R le(a), and thus
Mz
s @R L) € Mg, (A2(a2), 02(2))

Mg 1 1
= Mz, (A ®R Rm) ® Ry Af(R). (0 ® idRyy) ® ide(ar)
=M’ (A QR k(@) 0 ® idy(q))-
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By property (3.2), we obtain cs € Am. Therefore,
¢S @R 1R, € At @R 1R, € (A ®R Rm)m

(the inclusion follows fromam®pg 1 g, =(@®r 1R, ) MR 1R,)=(@Sr1R,)(1®rM))
and thus b = ¢ Qg % = (cs QRr 1Rm)si2 € (A ®R Rm)m,.

The statement about the maximality of o, follows from the fact that the homeomorph-
ism in [15, Proposition 3.3.10] clearly preserves inclusions. |

Lemma 3.16. Let wm be a maximal ideal of R and let o € Sper™ R. Then there is a €
Sym(A, o) such thata ® 1 € M‘%W&(A(a),a(a)) and a ¢ Am.

Proof. We assume that the conclusion does not hold, so that property (3.2) of Lemma 3.15
holds. We proceed in four steps.

Step 1. Take a € Sym(A,0) suchthata ® 1 € Mév{& (A(x),0()), cf. Lemma 3.13. Then
a € Am by property (3.2). Furthermore, for every r € Supp « we have signg[w (a+r1)e =
signgtVE (a)q, cf. Definition 3.1 (since the first step in the computation is scalar extension to
qf(R/ Supp @)). Thus, by hypothesis, a + r € Awm. Since a € Am, we get that Suppa C
Am N R = m (cf. [9, Corollary 7.1.2 (1)] for the equality).

Step 2. We first apply Lemma 3.15 (1) and get that we can assume that Suppo = {0}, and
in particular that R is a domain. It is then possible to apply Lemma 3.15 (2) and we can
also assume that R is a local domain with maximal ideal .

Step 3. Since R is a local domain and Supp « = {0}, the following holds:
For every ;—: € qf(R) with ry, 51 € a \ {0}, there exists r € &« N R* such that r <q %

Proof of this claim. By the description of « in Theorem 2.19, there is 7; € « N R* such
that r| <, r1, so that
n_n
S1 S1
Observe thallt if there is s1 € a N R* such that s1 >4 51, then —1 <a :—i, and we can take
ri=risy
However, since R is local, such an s/1 exists: If sq is invertible, we take si =s5.1If
s1 is not invertible, then s; € m. Therefore 1 + s; € m, i.e., 1 + 51 € R*, and of course

1 + 51 € a. We then take s := 1 + s;. This proves the claim.

Step 4. We work in the central simple algebra with involution (4(«),0 () =(A®rqf(R),
o ® id), and denote by @ the ordering induced by « on qf(R). By Lemma 3.14 (2) there
is &L € & \ {0} such that (¢ ® 1 — —)J(a) has maximal signature at & for every —2 ca
such that '2 <a " . In other words, a ® 1 — " € M— ¥(A(a), o (a)).

By Step 3, there isr €@ N R* such that r <a r; In particular, we have

(a—r)®1eM;“(A), o()).

Therefore, a — r € Am by property (3.2) and thus r € Am. But this is impossible since
Am is a proper ideal and r is invertible. ]
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Lemma 3.17. Assume that R is semilocal, let v be a maximal ideal of R, and let o €
Sper™™ R. Then there is by, € S84(A, o) such that by, + Am € (A/Am)*.

Proof. Leta € Sym(A,0) besuchthata ® 1 € M(;V[E (A(@),0(@)) and gy (a) # O, cf.
Lemma 3.16. Then D (4/4m,5)(k X (mam(a))s) € 8, for all k € N by definition of §,,.
Since (A/Am, @) is a central simple algebra with involution, [4, Lemma 2.4] applies and
there is £ € N such that £ x (7w4m(a))5 represents an invertible element b’. Since b’ € 8/,
and w4y, 1S surjective, we have

14
b =) 5 (ram () Tam (@) A (X)),
j=1
with x; € A. Therefore, we take by, = Zle o(xj)ax;. m

Proposition 3.18. Assume that R is semilocal and let o € Sper™ R. Then there are
invertible elements in 84 (A, o). Furthermore, every invertible element a € 84(A, o) sat-
isfies signfxw (a)g = mg(A(a),o(a)).

Proof. Let my, ..., my, be the maximal ideals of R. Observe that for eachi € {1,..., ¢}
there is b; € 84(A, o) such that b; + Am; € (A/Am;)>* by Lemma 3.17. By the Chinese
remainder theorem, the canonical map £€: R — R /miy X --- X R/my is surjective. In partic-
ular, there are r1,...,r; € Rsuch that £(r;) = (0,...,0,1,0,...,0), where the coordinate
1 is the one corresponding to the quotient R /m;. Define

b:=o(r)bir1 + -+ 0a(re)bery.

Observe that b € 8§4(A, o). We check that b is invertible. By Proposition 2.10, it suffices
to show that b + Am is invertible in A/Awm for every maximal ideal m of R. Consider
such an ideal m;. By definition of ; we have r; + m; = 14+ m; andr; + m; =04+ my
for all j # i. Therefore b + Am; = b; + Am;, which is invertible in A/Aw;.

We show that if a € §4(A, 0) is invertible, then signg}’[ (a)g = mg(A(x),o(a)). Since
a € 8q(A,0), there are ay,...,ar € Sym(A,o0) such thata € Dy (a1, ..., ax)s and
a1 ®1,...,a, 1€ M(%VE& (A(a),0(a)). Since a is invertible, a standard argument gives
(ay,...,ar)e ~ {a)s L h for some hermitian form & over (A, o). Extending the scalars
to k(ar), we obtain (@ ® 1)) L h @ k() = {a1 ® 1,...,ax ® 1)g(«) over the central
simple algebra with involution (A (), o («)). Observe thata; ® 1,...,a; ® 1 are invert-
ible in A(«), and thus that & ® k(«) is nonsingular. By [4, Lemma 2.2] there is £ € N such
that £ x (h @ k() = {c1,...,Ct)o() forsomeci,...,c; € Sym(A(a)™, o(a)) (they are
invertible since & ® x(«) is nonsingular). Therefore,

Ex{a® )o@ L{ct,.. . Ctlo@ = lx{a1®1,....ar ® 1)g(w-

Note that both forms are diagonal over (A(x), o(«)), so that £ + ¢t = £k for dimen-
sion reasons. Sincea; ® 1,...,a, ® 1 € M‘;W& (A(@), 0()), the form on the right-hand
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side has the maximal signature that can be obtained by a nonsingular diagonal form of
dimension £k over (A(a), o()), namely £k - mg(A(a), o(@)). It is therefore the same
for the form on the left-hand side, which implies that ¢ ® 1 (and every c;) belongs to
MO%W‘Y(A((X), o(a)),ie., si;:{ngl%(a)(7 = mg(A(a),o(x)). [

Since my(A,0) < mg(A(x), o («)) by the definition of signatures, the following corol-
lary is an immediate consequence of Proposition 3.18.

Corollary 3.19. Assume that R is semilocal and that o € Sper™ R. Then
(1) mo(A,0) = ma(A(a),o(a)).
Q) Ifa € M)Y(A,0), thena ® 1 € M) (A(a), 0 ().

Note that if @ € Nil[A, o], then mz(A(a), 0(a)) = ng.

Proof. The final statement is the only one that still requires a proof and follows from [4,
Proposition 6.7] since & ¢ Nil[A(«), o ()] by Lemma 3.7. |

As already mentioned in Remark 3.2, we have signg’[ (a)e < ng for a € Sym(4, o)
by [3, Proposition 4.4]. It immediately follows from Corollary 3.19 that the definition of
mgy (A, o) could include non-invertible elements when R is semilocal.

Corollary 3.20. Assume that R is semilocal and that a € Sper™ R. Then
mq(A,0) = max {sign)'(a)s | @ € Sym(4,0)}. n

Remark 3.21. While an element of maximal signature in a central simple algebra with
involution over a field is necessarily invertible (cf. Lemma 3.14), this may not be so for
Azumaya algebras with involution, even already in the ring case. For example, let (4,0) =
(Z3z,1d) (in particular, hermitian forms over (A, o) are just bilinear forms over Z3z and
their signatures are the usual Sylvester signatures). The ring Z3z has a unique ordering
@, and sign,, (3) = 1 = mgy,(4,0).

4. The involution trace pairing

Let R be a commutative ring (with 2 € R), let (A4, o) be an Azumaya algebra with
involution over R, let S = Z(A) and let ¢ := o|s. Note that A is Azumaya over S, but not
necessarily Azumaya over R.

4.1. The involution trace form

‘We consider the reduced trace of A, Trd4: A — S, cf. [18, IV, Theorem 2], and recall that it
is additive and S-linear. Furthermore, Trd4 commutes with scalar extensions of S since its
computation does not depend on the choice of splitting ring, cf. [18, IV, Proposition 2.1].
In fact, Trd4 also commutes with scalar extensions of R (the case of interest to us) as the
following computation shows.
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Lemma 4.1. Let R’ be a commutative ring that contains R. Then for all a € A,
Trdg(a) ®r g = Trdggzr (@ Qr 1r).

Proof. Observethat AQr R’ =~ A Qs (S ®r R'),viaa @rr'+>a ®s 1 Qg 1’ It follows
that
Trdg(a) ®r 1g = Trdg(a) ®s ls ®r g
= Trdagssorr (d ®s 1s ®r 1r)
= Trdggxr (@ ®R 1r). L]

Lemma 4.2. Foralla € A we have Trdg(o(a)) = t(Trdg(a)).

Proof. If t = idg, i.e., S = R, the statement follows from [16, III, (8.1.1)]. We assume
that ¢ # idg, and first observe that
Trdy (o(a)) = L(TrdA (a))

< Vp € Spec R Trdg (0(a)) Qg 1r, = t(Trdg(a)) ®r 1r,

& Vp € Spec R Trdaggr, (0(a) ® 1g,) = (t ® id)(Trda(a) ® 1g,)

& Vp € Spec R Trdgggr, ((0 ® id)(@ ® 1g,)) = (¢t ® id)( Trdagxr, (@ ® 1r,)).
Therefore, it suffices to prove the result for (A ® g Ry, 0 ® id), and in particular it suffices
to prove the statement of the lemma under the extra hypothesis that R is local. In this case,
the arguments in [17, (2.15) and (2.16)] hold mutatis mutandis for the Azumaya algebra
with involution (A4, o) over R. More precisely, since R is local, there is A € S such that

A2 e R*,1(A) =—Land S = R @ AR, cf. Section 2.2. Then [17, (2.15)] holds for (4, o),
i.e., the map

(AQr S, 0®id) > (Ax AP ¢), a®s+> (as, (o(a)s)oP),

where ¢ denotes the exchange involution, is an isomorphism of S-algebras with involution
(replacing the element « in the proof of [17, (2.15)] by A, and observing that A — (1) =
21 € §*). The claimed equality becomes straightforward to verify after application of this
isomorphism since the reduced trace is invariant under scalar extension. ]

The involution trace form of (A, o) is the form
T AxA— S, (x,y) > Trdg (o(x)y).

By Lemma 4.2, T; is symmetric bilinear over R if S = R and hermitian over (S, t)
otherwise.

Lemma 4.3. The form Ty is nonsingular, i.e., (A, Ts) € H(S,1).



V. Astier and T. Unger 22

Proof. Since S is a finitely generated R-module (cf. Definition 2.4 and Proposition 2.3),
the form Ty is nonsingular if and only if the form Ty ® g R/ is nonsingular for all max-
imal ideals m of R, cf. [16, I, Lemma 7.1.3]. Since Trd4 commutes with scalar extension,
Te ®R R/m is isometric to the involution trace form of the central simple algebra with
involution (A ® g R/m, ¢ ® id), which is nonsingular, cf. [17, Section 11]. n

Lemma 4.4. The sandwich map sw (cf. (2.3)) induces an isomorphism
(A®s AP, 0 ® 0P) =~ (EndS(A), adTa)
of Azumaya algebras with involution over R.

Proof. By (2.3), the sandwich map is an isomorphism of S-algebras. We first show that it
respects the involutions, i.e., adr, (sw(a @ bP)) = sw(o(a) ® o°P(b°P)) forall a,b € A.
With reference to (2.1) this follows from the straightforward computation
Ty (x,sw(o(a) ® a®(bP))(y)) = Trdg (0 (x)o(a)yo (b))
= Trdy (o (b)o(x)o(a)y)
= Trdy (a(axb)y)
= Ty(axb,y)
= To(sw(a ® bP)(x), y)
which holds for all x, y,a, b € A.

Finally, (Ends(A), adr,) is an Azumaya algebra with involution over R. Indeed, by
Proposition 2.3, S is finite étale over R and A is Azumaya over S. Hence, Endg(A) is
Azumaya over S and in particular has centre S. Therefore, by Proposition 2.3, Endg (A4)
is projective and separable over R. Clearly, adr, is R-linear. Thus we just have to show
that if s € S \ R, then adr, (s - id4) # s - id4. This can be checked by showing that if

adr, (s -id4) = s -id4 for some s € §, then o(s) = s, using the nonsingularity of 7;; and
the definition of adr, in a similar fashion to the computation above. m

4.2. The Goldman element

We can view Trd4 as an element of Endg (A). By the definition of the sandwich isomorph-
ism (2.3), there is a unique element g4 = Y, x; ® y;" in A ® 5 A such that
sw(ga)(a) = Zx,-ay,- = Trdg(a) foralla € A. 4.1
i

The element g4 is called the Goldman element of A.

Lemma 4.5. The Goldman element g4 satisfies

(0 ®0)(ga) = ga. 4.2)
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Proof. By Lemma 4.4 it suffices to show that adr, (Trd4) = Trd4 in Endg(A) in order to
prove the claim. Consider (2.1) with 7 = T,; and f = Trd4. Using the properties of T
and Trd4 we have

To (x,adr, (Trdg) () = To(Trda(x), )
= L(TrdA(x))To(l, y)
= Trda (0(x)) 75 (1, )
= To(x, 1) Trdg(y)
= Ta(x,TrdA(y))
for all x, y € A. Since T is nonsingular, the claim follows. |
We usually think of g4 as an element of A ® s A via the canonical S-module iso-
morphism A @5 A > A ®s AP,a @ b > a ® b°? and write g4 = >_; x; ® y;, cf. [18,

p- 112]. Since 0 ® 0 and 0 ® 0P correspond to each other as additive maps under this
isomorphism, Lemma 4.5 yields

(0 ®0)(g4) = ga- (4.3)

in A ®s A. Furthermore, we have
g1=1 (4.4)
gala®b) = (b®a)gs foralla,be A, (4.5)

cf. [18, IV, Proposition 4.1].

4.3. Module actions

We define ‘A to be the S-algebra given by the ring A equipped with the following left
action by S:
SxA— A, (s,a)~ s“a:=a(s).

We denote this action of S on A with the symbol “ in order to distinguish it from the
product in A of elements of S and A. Note that (*4, o) is an (S, ¢)-algebra with involution
as presented in Section 2.1, and that if (S,¢) = (R,id), then‘4 = A.

We can view A4 as a left A @ s * A-module via the twisted sandwich action:

a®b-x:=axo(b) 4.6)

for all a, b, x € A (it is necessary to use ‘A in the tensor product instead of A, in order for
the action to be well defined, which is the motivation for introducing ‘ A).

Lemma 4.6. The twisted sandwich map
A®s'A— Ends(A), a®br [x+— axo(b)]
induces an isomorphism
(A®s'A,0 ® 0) = (Ends(A), adr, )

of Azumaya algebras with involution over R.
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Proof. The map o: A°° — ‘A is an isomorphism of S-algebras and yields an isomorphism
(A®s AP, 0 ® 0°P) =~ (A ®s ‘A,0 ® 0) of Azumaya algebras with involution over R.
The result then follows from Lemma 4.4. ]

For a right A-module M we denote by ‘ M the right * A-module with the same elements
as M, with multiplication ‘M x ‘A — ‘M the same as the multiplication M x A —> M
and with left action by S given by

Sx'M —'M, (s,m)r s“m:=mus).

If (M, h) € Serm®(A, o), then & is t(¢)-hermitian on * M, and we denote it by ‘/.
If M and M, are right A-modules a direct verification shows that M; ®s ‘M, is a
right A ® s ‘ A-module with multiplication induced by

(M1 ®s ‘M3) x (A®s'A) > M1 s ‘My, (m @ms)-(a®b):=mia ® msyb.

4.4. The involution trace pairing

Let (M1, hy) € Serm® (A, 0) and (M3, hy) € Herm®* (A4, ¢), and consider the involu-
tion trace form (4, Ty) € H(S, ). Using the twisted sandwich action of 4 ® ‘4 on A
(cf. (4.6)), we can define the S-module (M ®s ‘M) ® 454 A, which carries the form

Ty o (h ® ‘hy) € Herm® € (S, 1),
where e denotes the product of forms from [16, I, (8.1), (8.2)]. In other words,
To o (h1 ®'hy)(my @my@a,m; @m,Qad') = Tg(a,hl(ml,mll) ® ‘ha(ma,my) - a’)

for all my,m} € My, my,m), € ‘M, and a,a’ € A. (Note that we do not indicate all
parentheses in long tensor products of elements, in order not to overload the notation.)
For this product to be well defined, 4 needs to be an (4 ®gs ‘A4)-S bimodule and the
form (A, Ty ) needs to “admit” A ® s ‘A, which means that the equality
Ty (o(x) ® a(y) s a,b) =To(a,x® y s b)

must hold for all x, y,a,b € A, but this follows from Lemma 4.6.

In this way we obtain the pairing
x: Herm® (4, 0) x Herm®? (4, 0) — Herm®1'ED (S 1), @n
(M, ) (Ma, o) := (My @5 'M>) @aggia A, Ty @ (h1 ® 'ha)). '

Expanding the definition of the pairing and simply writing & * h,, we see that
hy % ha(my @ my ® a,m| @ my @ a’)
= Ty(a.h1(m1,m}) ® ‘ha(ma, m}) s a’)
= Trdy (o(a)hl(ml, m’l)a’o(hz(mz, m’z)))
= Trdg (h1(mya. m/la’)o(hz(mz, m’z))) (4.8)
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Lemma 4.7. The Azumaya algebras with involution (A ®s ‘A, ® ) and (S, 1) are
Morita equivalent via

SHerm®(A s 'A,0 @ 0) — Herm®(S,1), ¢+ Ty 0.
Proof. This follows from Lemma 4.6 and [16, I, Theorem 9.3.5]. [

Corollary 4.8. The following properties hold:
(1) The pairing * preserves orthogonal sums in each component.
(2) If hy and hy are nonsingular, then hy * hy is nonsingular.
(3) Ifhy ~ Iy and hy >~ ), then hy * hy >~ I x K.
Proof. Leth; € Serm® (A,0) fori = 1,2,thenhy * hy = Ty o (h; ® ‘h») and the three

statements follow from Lemma 4.7, [16, I, Theorem 9.3.5] and standard properties of the
tensor product of forms. |

Theorem 4.9. Let (M;, h;) € Serm® (A,0) fori = 1,2,3. Then
(hy * hy) ®s h3 ~ (hs * h3) s hy.

Proof. We are grateful to the first referee for suggesting this proof, which is significantly
shorter and more conceptual than our original one.

Consider the &1t (g5)e3-hermitian forms (M, h) := (M, ®s'M, s M3, h1 ®'h>y®@h3)
and (M', 1) := (M3z ®s‘M> @s M1, h3 ® ‘hy @ hy) over (A ®s ‘A Qs A,0%3). Let
g4 € A®s'A ®s A be the image of the Goldman element g4 € A ®s A under the
natural map a ® b — a ® 1 ® b. Using the properties of g/, induced by those of g4
(cf. Section 4.2), the following computation shows that (M, k) and (M, I'’) are isometric
via the isomorphism of right A ® s ‘A ® s A-modules M — M’, defined by m; @ m, ®
m3 = (m3 @ my ® ml)g‘;:

h'((m3 ® ma @ mi)gy. (my ® my ® m})g))
= o ®3 (g )h' (m3 ® my @ my, m’y ® mh @ m)g)
= gy (h3(mz.m5) ® 'ha(mz,mh) @ hy(my,m'))gy
= hy(my,m}) @ ‘ha(ma, mh) @ hz(msz, my)

= h(m; @ my @ mz, m’y @ my @ my).
Since (4, 0) = (End4(A), ad(y), ), it follows from Lemmas 4.6 and 2.2 that
(A®s‘A®s A,0%%) =~ (Endg(4) ®s A, adr, ® 0)
>~ (Ends(A4) ®s End4(4). adr, ® ad(y), )
>~ (Endsgg4(A ®s A),adr, 9(1), )

which yields the Morita equivalence

Herm®(4 ®s'A®s 4,0%%) > Herm® (S ®s 4,1®0), ¢+ (T, ®(1)s) 0 (4.9)
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by [16, I, Theorem 9.3.5]. The isomorphism of right A ® s A-modules

(M1 ®s ‘M2) ®s M3) ® g a)psa (A s A)
= (M ®5'M>) ®apsia A) ®s (M3 ®4 A),
Mm@my@m;Q@a®@br>m Qmy@a@m3 b,

followed by the isomorphism of right A-modules M3 ®4 A — M3, m3 ® b — m3b, then
yield the isometries

(To ® (1)g) @ (h1 @ ‘' ha ® h3) >~ T, @ (h1 ® 'h2) @ (1)g ® h3 =~ (hy * h2) @ hs.

A similar argument shows that (75 ® (1)) ® (h3®‘hy @) > (h3 * hy) @h,. The result
then follows from the isometry (M, h) >~ (M’, h’) since (4.9) preserves isometries. [ ]

Remark 4.10. The pairing * was introduced and studied in detail for e-hermitian forms
over central simple algebras with involution by Garrel in [10]. (A similar construction
for quaternion algebras had already been considered by Lewis [20], using the norm form
instead of the involution trace form of the quaternion conjugation, cf. [10, Remark 4.4].)
In our presentation we stayed close to Garrel’s approach via hermitian Morita theory. We
are grateful to the second referee for suggesting an alternative approach via the S-linear
isomorphism

Mi ®4° Mz — (M; ®s ‘M2) ®pg5a A, m1 @ma > (m1 @ma) ® 1

(where M 5 is the left A-module obtained by twisting the right A-module structure of
M, by o) with inverse

(M) ®s ‘M>) Quaggid A — My Q4 M,

(m @my) ®at>mia @my =m;  myo(a),
from which the pairing * can be defined directly as
hy % ha(my @ my, m’y @ my) := Trdg(hy(my.m}), 0 (ha(ma, m3))).

We finish this section with a number of results for later use. We first consider [10,
Proposition 4.9] in our context.

Lemma 4.11. Ifb,c € Sym(A, 0), then (b)g * (C)g = ¢p,c, where (A, pp ) € H(S,1) is
given by
@i AxA— S, (x,y) > Trdg (o(x)byc).

Proof. The form (b)s * (c)o is defined on the S-module (4 ®s ‘A) ®4g,:4 A. Since
Ais aleft A ®5 ‘A-module, the left action of A ®5 ‘A induces an isomorphism of left
A ®g 'A-modules (and thus of S-modules):

[i(A®s‘'A) Qugsad—> A, x®@y®ar (x®y)a=xao(y).
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Using (4.8), we verify that it is the required isometry:

Ppe(f(x1 ® y1 ®ay), f(x2 ® y2 ® az))
= @p,c(x1a10(31), X2020(y2))
= Trdy ()’1U(al)U(xl)bxzasz(h)C)
= Trdy (0(a1)o(x1)bx2a20 (y2)cy1)
= Trdy (cr(xlal)bxzazo(U(yl)cyz))
= Trdg ((b)o (x10a1, X2a2)0 ((¢)o(y1. ¥2)))
= (D)o * (€)o (X1 ® y1 ® a1, %2 ® y2 ® az). "

Next we show that * is well behaved under scalar extensions, and start with the fol-
lowing lemma (for which we could not find a reference).

Lemma 4.12. Let A be a commutative ring, and let B and C be A-algebras. Let M be
a right B-module and M a left B-module. Then

(M1 ®p M) @p C — (M1 ®A C) ®pgc (Mz @4 C),
(mi ®m2) ®ci>(m Q1) ® (M2 c)
is an isomorphism of right C -modules.
Proof. Let f be the map defined in the statement of the lemma and let
g (M, ®AC)®porc (Ma®7C) = (M ®p M2) @4 C,
(m1 ® c1) ® (M2 ® ¢2) = (M1 ® ma)  crca.

A standard (but lengthy) verification shows that f and g are well defined and additive, are
inverses of each other, and that f is right C-linear. ]

Lemma 4.13. Let T be a commutative R-algebra. Then
(/’ll * hz) XRr T ~ (l’l] XRr T) * (/’l2 XRr T)

Proof. The form (hy * h2) ®g T is defined on (M ®s ‘M) @454 A) r T. Using
Lemma 4.12 twice we have

(M1 ®s ‘M3) Quggia A) QR T
= (M1 ®s'M2) ®r T) ®ugs ayorT (AR T)
= (M1 ®rT) ®s@rr (M2 ®RT)) ®uerT)oseprasgT) (AORT), (4.10)
and the successive isomorphisms are given by
[(m1 @m2) @a] @t [(m @my) ®1]® (a ®1)
@) ®me)]®@er).

We denote the composition of these two isomorphisms by &.
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By definition, (A1 * h) Qg T = (T, ® (h; ®s ‘h3)) @ T, while
(h1 ®rT) % (h2 ®r T) = Trgiay ® (h1 ®r T) ®sexr (ha ®r T))
and is defined on the module (4.10) (using that Z(A ®g T) = Z(A) ®r T, cf. Proposi-
tion 2.7). We check that £ is an isometry:
Towiar ® (11 ®rT) Qserr (ha®rT))(E(Mm @ Ma®a®1),E(my@m,)Qd’ ®1'))
= Trdagr ((1 ® T)((m1 ® D(a @ 1), (m} ® 1)@’ ®1"))
(0 ®idr)((h ® T)(m2 ® 1,m5 ® 1))
= Trdger ((h1 ® T)(mia ® t,mia’ @ t') (0 @ idr)((ha ® T)(m> ® 1,m), ® 1)))
= Trdggr ((h1(mia,mia’) @ tt') (o @ idr) (ha(ma, m5) ® 1))
= Trdagr (h1(mia,m\a’)o (ha(ma, m})) ® t1')
= Trdy (h1(mya, m’a’)o (ha(ma, m}))) @ 11’
=((To o (h1 ® ‘1)) QR T) (M1 @ ma @ a) ® 1, (my @ my ®d') @ 1'),
where we used that Trd4 commutes with scalar extension in the penultimate step. ]
Remark 4.14. Recall that when S is not connected, the Witt groups W¥4(A, o) and W*(S, )

are trivial, cf. Remark 2.16. Therefore the construction of the pairing * is not interesting
in this case.

5. Pairings and PSD quadratic forms

Throughout this section we assume that the commutative ring R (with 2 € R*) is semi-
local. Let (A, 0) be an Azumaya algebra with involution over R, S = Z(A) andt = o|s.

Let (M, h) be a hermitian form over (S, t). Then A(x, x) € Sym(S, () = R for all
X € M. Therefore we say that 4 is positive semidefinite (resp. negative semidefinite) at & €
Sper R if h(x,x) € a (resp. h(x,x) € —«) for all x € M. We use the standard abbreviations
PSD and NSD.

Lemma 5.1. Let (M, h) be a hermitian form over (S, t) and let o« € Sper R. Then h is
PSD at « if and only if h ® k() is PSD at the ordering & induced by a on k(o).

Proof. We use the description of M ® g x () given in Remark 2.17.
“="Letm ® % € M ®pg k(x), where m € M and b € R\ Supp(«). Then

h(X)/c(oz)(m(X)l m® l) = h(m m)(l)2
b’ b))

which is in & by hypothesis.
“<":Letme M.Wehave h ® k(a)(m ® 1,m ® 1) = h(m, m), which belongs to &,
and thus h(m, m) € a. |
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Remark 5.2. Let F be a real closed field and let P be the unique ordering on F. Recall
from Remark 3.6 and the beginning of Section 3 that if (4, 0) = (M,(D), ®') with
(D,9) € {(F.id), (F(~=1),y),((=1,—1)f,y)}, where y denotes conjugation, resp. qua-
ternion conjugation, and a € Sym(4, o), then signg[” (a)s is plus or minus the standard
Sylvester signature of a at P.

Indeed, if @ is a matrix in Sym(M,, (D), #') such that 9’ (a) = a, then under the her-
mitian Morita equivalence between Serm®(M,, (D), #') and Herm®(D, ?) in [4, (2.1)],
the one-dimensional hermitian form {(a)y: over (M, (D), ?*") corresponds to the hermitian
form over (D, ©) whose Gram matrix is a, and the signature of (a)y: is defined to be the
signature of the matrix a. The definition of signature of hermitian forms allows the use of
a different Morita equivalence Mp than this particular one, which may result in a change
of sign.

In particular, there exists ¢ € {—1, 1} (which depends only on Mp) such that for all
a € Sym(M, (D), 9", if signy” (a)y: is maximal (among signatures of hermitian forms
of the form (b)), then ea is a PSD matrix.

Lemma 5.3. Let F be a field and (B, t) a central simple F-algebra with involution. Let
P € XF \Nil[B, t]. There is § € {—1, 1} such that for every b, c € MIJ,VEP (B, 1) and every
x € B, Trdg(t(x)bxc) € §- P.

Proof. By [4, Proposition 6.7 and equation (6.1)], we have
mp(B,7) =mp/ (B ®F Fp,7 ®id),

where P’ denotes the unique ordering on Fp. Hence, x € M ;,W ?(B, t) implies
x®1e MM (B®F Fp,t®id).

Therefore, we can assume that F is real closed with unique ordering P, that (B, 1) =
(M, (D), Int(a) o ¥*) for some a € M, (D)* with ¢ of the same kind as t and

(D, %) € {(F.id), (F(V=1).y). (=1.=DFp.y)}.

where y denotes conjugation, resp. quaternion conjugation (cf. [3, first page of Sec-
tion 2.3]). Note that ¥ (a)’ = 8a for some § € {—1, 1} by [17, Propositions 2.7 and 2.18].
Furthermore, the algebra (B, ) is formally real in the sense of [4, Definition 3.2] since
P & Nil[B, 7] (apply [4, Proposition 6.6], where X := Xr \ Nil[B, t]), and it follows
that we can choose the involution ¢ such that § = 1 by [4, Corollary 3.8].

With reference to [1, Remark 3.13], observe that

Cl_1<b)1— = <a_1b)lnt(a—l)0r = <a_1b)l5"v

and that there is a Morita equivalence M/, such that

!

mp(B,t) = signy” (b), = signj;,/[” a 'b), = signjl\,/[;’ (a™'h)y:.
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Similarly we have signg[/” (a"'c¢)yr = mp(B,1). By Remark 5.2 there exists ¢ € {—1, 1}
such that ea~'h and ea~ !¢ are both PSD with respect to P. Write b’ := ea~'b and ¢’ :=
ea~'c. The matrix ¥ (a)’c’a is then PSD over (D, ), and thus is a hermitian square in
(M, (D), %), i.e., there exists a matrix ¢’ € M, (D) such that ¥ (a)'c’'a = ¥ (c")*c” (this
is a classical consequence of the principal axis theorem, which also holds for quaternion
matrices by [29, Corollary 6.2], cf. [4, Appendix A]). It follows that

Trdp (t(x)bxc) = Trdp ((Int(a) o ¥")(x)(aeh’)x(asc"))
= Trdg (a®(x)'a”'ab'xac’)
= Trdp (a®¥(x)"b'xac’)
= 8 Trdp (H(x)"b'xP(a)’ ¢'a)
= 8 Trdp (9 (x)'b'xP (") ")
= 8 Trdp (¢"V(x)'b'x0(c")"),

which belongs to §P since b’ is PSD. ]

Proposition 5.4. Let o € Sper R \ Nil[A, o). Then there is § € {—1, 1} such that for every
b,c € M)"(A,0), the hermitian form §((b) * (c)s) is nonsingular and PSD with respect
to a.

Proof. The forms (b), and (c), are nonsingular since b and ¢ are invertible, and thus
(b)o * (c)¢ is nonsingular by Corollary 4.8. By Lemma 5.1, it suffices to show that the
form (§(b)s * (c)o) ® k() is PSD with respect to @. Using now that

((b)o * (c)o) @ k() = (b ® 1)oia * (¢ ® 1)said

by Lemma 4.13, and that b ® 1, c ® 1 € Mg[a(A(a), o(a)) by Corollary 3.19, we can
assume that (A, o) is a central simple algebra with involution over the field x () with
ordering & that is non-nil by Lemma 3.7. The result then follows from Lemma 5.3 since
(D)o * (c)o is isometric to the hermitian form ¢ ., cf. Lemma 4.11. |

Lemma 5.5. Leta € Sper R \ Nil[4, 0], and let b,c € M} (A, o). Then there are nonsin-
gular hermitian forms @1 and @2 over (S, ) that are PSD at o such that ¢; ®s (b)g =

P2 ®s (C>o~

Proof. Let§ € {—1, 1} be as given by Proposition 5.4. Then the hermitian forms §({c)s *
(c)y) and 8({b)s * (c)y) over (S,t) are PSD with respect to «. Furthermore, they are
nonsingular since b and c¢ are invertible and by Corollary 4.8. By Theorem 4.9 we have

(<C>U * (C)U) Qs (b)e =~ ((b)a * (C>0') ®s (C)o

hence
5(<C>U * <C)a) ®s (b)o =~ 8((b>a * <C>U) ®s (C)os

and we conclude with Proposition 5.4. ]
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6. Sylvester’s law of inertia and Pfister’s local-global principle

Let (A, 0) be an Azumaya algebra with involution over R, S = Z(A) and t = o|g. In
the case of central simple algebras with involution over fields, a weaker version of the
following result appears in [4, Theorem 8.9].

Theorem 6.1 (Sylvester’s law of inertia). Assume that R is semilocal connected and let
a € Sper R\ Nil[A, a]. Then S is connected and, letting t := rankg A, we have:

(1) Let h be a nonsingular hermitian form over (A, o). For every c € M (A, o) there

are Wy, ..., Wg, U1, ..., Up,V1,..., Vs €N R* such that
(Wy, ..., we) Qrh ~ (uy,...,u;) Qg (c)o L (—v1,...,—05) Qr {¢)s.
(2) Assume {(ay,...,ar)e L (—by,...,—bs)g > (a/l,...,a;)(T 1 (—b/l,...,—b;)[,
withay,...,ay, by,..., b, a/l,...,a;), b/17-~-vb¢/1 IS MOZVE(A,O). Thenr = p and
s =q.

Proof. We first observe that S is connected by Remark 3.9. By Lemma 2.14 every nonsin-
gular hermitian form over (S, ¢) is diagonalizable. By Proposition 2.3, 4 is Azumaya over
S, hence a projective S-module and so rankg A is defined, and is constant since S is
connected, cf. [26, p. 12].

(1) By Theorem 4.9 we have ({¢)q * (¢)¢) ®@s h = (h * (c)s) ®s (C)o. Since h * (¢)4
is nonsingular by Corollary 4.8 and diagonalizable, we can write

hx{c)e >~ (Up,...,up) L (—v1,...,—0s),
withuq,...,u,,v1,...,0s € & N R*. Therefore
((C)U * (C)cr) ®sh ~ (h * <C>o) ®s (C)o
>~ (Ur, .. ur) ®s (C)o L (V15 .., —Vs), ®5 (C)o-

By Proposition 5.4, the nonsingular hermitian form (c¢)s * {¢)s over (S,t) is PSD or
NSD with respect to . Up to replacing it by its opposite, we can assume it is PSD with
respect to . As observed above, it is diagonalizable, and by Lemma 4.11 it is defined on

A and therefore has dimension rankg A = ¢. Hence there are wy, ..., w; € o N R* such
that (c)s * (¢)o >~ (w1, ..., w;),, and thus
(Wi, ..., we), ®s h >~ (uy,...,ur), ®s ()¢ L {(—v1,...,—vs), Vs (C)o.

The result now follows from Lemma 2.1.

(2) For dimension reasons (after localisation, since A is a projective R-module) we
have r + s = p + q. The result will follow if we showr —s = p —q,ie.,r +q = p +s.
We have the following equality in the Witt group W(A4, 0):

(a19'~'1ar9b/17--"b/q)0' = (allv--'aa;sblv'--vbS)OW
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which implies that
(al,...,a,,b’l,...,b;)o Lo~ (a’l,...,a;,bl,...,bs)g Ly,
where ¢ and v are hyperbolic forms over (A4, o). Taking signatures on both sides yields
(r +q)ma(A.0) = (p + s)mq (A, 0)
since hyperbolic forms have signature zero. The result follows. ]

For ry,...,r; € R, we use the notation {(ry, ..., r¢)) to denote the Pfister form
(1,r1) ®r -+ ®r (1, re).

Corollary 6.2. Assume that R is semilocal connected.

(1) Assume that o is of orthogonal or symplectic type (so that (S,t) = (R,id)). Let
a € Nil[A, o] and let h be a nonsingular hermitian form over (A, o). Then there
is a nonsingular quadratic form q over R of dimension rankg A that is PSD at o
and such that ¢ @ g h is hyperbolic.

(2) Leto € Sper R\ Nil[A, 0], leta,b € M;"[(A,o), and let t := rankg A. Then there
are{ €e Nandry,...,rg, Wi,...,ws € o N R* such that

((wl*-'~7wl‘) ®R «rl"'~’re») ®R (a?_b>0
is hyperbolic.

Proof. (1) By Lemma 3.11 there exists a skew-symmetric element a € A*. Let T =
Int(a) o 0 and note that t is orthogonal if ¢ is symplectic and vice versa (indeed, by
Proposition 2.12 it suffices to check it for the central simple « («)-algebra with involution
(A(a), o(a)), where it is true by [17, Proposition 2.7]). It follows from Remark 3.6 and
Lemma 3.7 (1)< (2) that o € Sper(R) \ Nil[A4, t]. Scaling & by a gives the nonsingular
skew-hermitian form 4’ := ah over (4, 7).

Let ¢ € M) (A, 7). Then the form (c), is nonsingular, and so the pairing {c) * (¢},
is also nonsingular by Corollary 4.8. By Proposition 5.4, there exists § € {—1, 1} such that
the form §({c); * (c),) is PSD at «.

We now consider the form §({c); * {¢);) ® g I’ which is isometric to §(h’ * (c);) ®r
{c); by Theorem 4.9. But &’ * {c); is a pairing of a skew-hermitian and a hermitian form
over (4, 1), and so is skew-symmetric over (S,t) = (R, id) by (4.7). Hence, h’ * {(c); is
hyperbolic by [16, I, Corollary 4.1.2] since every projective R-module is free by [11].

Therefore, letting ¢ := §({c); * (c)¢), the form ¢ ® g 4’ is hyperbolic and since scal-
ing by a~! commutes with tensoring by g, we obtain that ¢ ® g & is hyperbolic by [16, I,
Theorem 9.3.5] applied to the scaling-by-a~! Morita equivalence. Note that g is diagon-
alizable since R is semilocal and A is projective over R, and that the dimension of ¢ is
rankg A, cf. Lemma 4.11.
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(2) Observe that rank s A is constant by the first paragraph of the proof of Theorem 6.1.

LetceMoz"[(A,cr).ByTheorem6.l,therearewl,...,w,,ul,...,ur,vl,...,vseocﬁR><
such that
(wi,...,ws) ®r (@, =b)s = (u1,....u;) r (c)o L (—v1,....—V5) ®R (C)o-

The signature at o of the left-hand side is 0, so we must have r = s. Therefore,

(wlv cee 7wt) ®R (a’_b)o' = (ulv- .. »ur) ®R (C)O' 1 (_Ul, . "s_vr) ®R (C)O'
~ () ®r (c)o L {(—V) ®r (¢)o = (4, —0) QR (¢)o.

where we write # for uy, ..., u, and similarly for v. We use the notation {{i, v)) for the
Pfister form {(uy,...,u,,v1,...,vs)). The form {(u, v)) ® g (i1, —v) is hyperbolic since

(u,0)) @r (4, —v) =~ (. v)) @ (u) L (u.0)) Qr (-0)

)

~ | (@ o) @r (wi) L | — (1, 0) ®r (v;)

=1 =1 T
{u,0)) (u,0))

~ 7 x (@, 0) L —r x (i1, D),

where the final equality holds since Pfister forms over R are round (cf. [5, Corollary 2.16]
which uses the fact that the hypothesis 2 € R* ensures that | R /m| > 2 for every maximal
ideal m of R). Therefore ((wy, ..., w;) g {u, V) ®r (@, —b)s is hyperbolic, proving
the result. ]

The main idea of the proof of the next result comes from Marshall’s proof of Pfister’s
local-global principle in [23, Theorem 4.12].

Proposition 6.3. Let R be semilocal connected and let ty := rankg A. Let h be a nonsin-
gular hermitian form over (A, o) such that for every n € N, the form 2"t x h is not
hyperbolic. Then there is a € Sper™ R such that signi’[ h #0.

Proof. Observe that if + = rankg A is defined, then #y is equal to ¢ (if R = S) or 2¢
(if R#S). We identify nonsingular hermitian forms with their classes in the Witt group
W(A, o), considered as a W(R)-module. Note that a nonsingular hermitian form is hyper-
bolic if and only if its class is zero since we assume that 2 € A* (and therefore metabolic
forms are hyperbolic).

For the convenience of the reader we first present the ideas of the three main steps of
the proof before giving the full details:

(1) We define a maximal non-empty set § of (nonsingular) Pfister forms over R such
that p - h # 0 for every p € §, and such that § is closed under products. This final
property produces an ideal J := Upe s Anny4.0)(p), and i € J by construction
(this is linked to the notion of Pfister quotient in [23, Chapter 4.7]).

The actual construction in the proof below is slighly different (a factor 73 appears
for technical reasons), and the ideal is called Js.
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(2) The maximality of § ensures that the set ¢ of all elements of R* represented
by these Pfister forms is “almost” an ordering, more precisely: ap = o N R* for
some o € Sper™ R.

(3) The final step of the proof consists in checking that signg,w C J, proving the result
since h & J.

We now proceed with the proof. Let § € W(R) be a maximal subset of Pfister forms
such that:

(a) §-8C8S;
(b) foreveryn € N,2" x (1) € §;
(c) forevery p €S, (132 x p)-h #0.
Observe that § exists since the set {2 x (1) | n € N} satisfies all these conditions. Define
ap:={reR*|3peSs, (r)-p=p}
Clearly g - ap S 9. We first prove the following four properties:
(P1) ap U —ag = R*;
P2) ag N —ag = 0;
(P3) forevery u € ag, (1,u) € §;
(P4) forevery k € N and all uy,...,u; € ag, {(uy,...,ug) €8.

Proof of (P1). For x € R* we define §, := § U (1,x)S. Obviously § C §,. In particular,
Sy satisfies property (b). We check the non-obvious case of property (a): If p,g € §, then
(1, x)p(1,x)q = 2(1, x) pq, which belongs to S, by properties (a) and (b) of .

Let x € R*. If x € g then (1, x) &€ § (otherwise, since (x)(1, x) = (1, x) we would
getx € o), s0 S & Sy

So if we assume that x &€ g and —x & ap we obtain § € §, and § £ S_,. Since
both §, and S_, satisfy properties (a) and (b), by maximality of § we get that (c) does
not hold for either of Sy and S_,: There are p,q € § such that 12 x (1, x)ph = 0 and
12 x (1, —x)gh = 0. Therefore 12 x (1, x) pgh = 0 and 1 x (1, —x) pgh = 0. Adding
both we obtain 73 x 2pgh = 0 in W(A, o), a contradiction since 2pg € S. End of the
proof of (P1).

Proof of (P2). Assume that there is x € a9 N —a. Then there are p,q € § such that
(x)p = p and (—x)q = ¢. Therefore (x) pqg = pq and (—x)pq = pq. Adding both, we
get 0 = 2 pg and thus 2 pq - h = 0, a contradiction since 2 pgq € §. End of the proof of (P2).

Proof of (P3). Let u € a9 and let py € § be such that (u) - pg = po. Consider, as in
the proof of (P1), 8, := 8§ U (1,u)S. As seen in the proof of (P1), §,, satisfies properties
(a) and (b). We check property (c): Assume tg x (1,u)ph = 0 for some p € §. Then
12 x (L, u)poph = 0, i.e., 13 X 2poph = 0, which is impossible since 2pgp € §. Since
S, satisfies properties (a), (b) and (c), and contains §, we must have § = §,, by maximality
of §. Therefore (1,u) € §. End of the proof of (P3).
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(P4) is a direct consequence of (P3) and property (a). This finishes the proof of (P1)—
(P4).
Next, we define

Js :={y € W(A.0) |IpeS, (t§ xp)-y =0}.

Clearly, h ¢ Js by property (c).
Consider the map

1 ifr € ap,
1R = {=1,1}, x(@):= 1 e %o
—1 ifr € —ayp.

Then y is a signature of R. Indeed, it is a character on R* since ag - @g € «p and by
properties (P1) and (P2). Furthermore, by [14, top of p. 88], y will then be a signature
of R if it satisfies y(—1) = —1 (which is true), as well as x(r{ fy +--- + rZ fr) = 1
whenever f1,..., fr € R* with y(f1) =---= x(fx) = land ry, ..., rr € R are such
thatz :=r{ fi +--- 4+ r fi € R*. We check this: Since fi..... fx € @, we have by (P4)
that the Pfister form {( f1,..., fx)) isin 8. Clearly, z € Dr{( f1,..., fx)) and by [5, p. 94,
Theorem 2.1] (which applies since the hypothesis 2 € R* ensures that every quotient of
R by a proper ideal has at least 3 elements) we have (z){( f1,..., f&) = (/1...., fx)-
Thus z € g and y(z) = 1.

By the correspondence between Sign R and Sper™ R (cf. Section 2.4) there is o €
Sper™™ R such that y = sign,, and thus ¢p = o N R*.

Claim 1. 1f o is of unitary type, then « & Nil[A4, o].

Proof of Claim 1. Observe first that forevery ¢ € §, ¢ ® g (1), is not hyperbolic (if it were,
then (¢ ®r (1),) ®s h would be hyperbolic, and thus, by Lemma 2.1, (¢ ® (1),) ®s h ~
q ® R h would also be hyperbolic, contradicting the definition of §).

Assume that & € Nil[4, 0] = Nil[S, (] = I%(d) for some d € R* (by Lemma 3.7 and
Corollary 3.8). Then d € a N R* = o and sign™(1,d) ®g (1), = 0 on Sper R. (Indeed,
the signature is zero on Nil[4, o] by definition, and the signature of (1, d) is zero on
Sper R \ Nil[A4, o] by definition of d and since d ¢ Supp «..) Note that (1,d) € § by (P3).
Since R is connected, S is quadratic étale over R and ¢ is the standard involution on S by
Proposition 2.12, and we may use Lemma 3.4. Therefore,

signTrg/ R ((l,d) Rr (l)L) =0

on Sper R. Since Trg,gr({1,d) ®r (1),) is nonsingular (cf. Section 2.2), Pfister’s local-
global principle for semilocal rings (cf. [22, p. 194] or [5, Theorem 7.16]) applies and there
is k € N such that 2% x Trg,r((1,d) ®g (1),) is hyperbolic. Applying [8, Corollary 8.3]
yields that 2% x (1,d) ®g (1), is hyperbolic, a contradiction (as observed above) since
2% % (1,d) is in §. End of the proof of Claim 1.

Claim 2. ker signy C Js.
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Proof of Claim 2. Let ¢ € ker signg[. We consider two cases.

ey

©))

a € Nil[A4, o]. By Claim 1 we know that o must be of orthogonal or symplectic
type. In particular, S = R and 79y = ¢. By Corollary 6.2 (1), there is a nonsingu-
lar diagonal quadratic form (uy, ..., us) of dimension ¢y with coefficients in «
(and thus in @ N R™ = «g) such that (u1, ..., us )Y is hyperbolic. Multiplying by
{1, ..., ug) and using that (u;) {(u1, ..., Uz ) = (U1, ..., us) (cf. [5, Corol-
lary 2.16] which uses the fact that the hypothesis 2 € R* ensures that |R/mi| > 2
for every maximal ideal rn of R), we obtain tg X ((u1,...,us,))¥ = 0. By property
(P4) the form {(u1, ..., us)) isin § and thus ¢ € Js.

a ¢ Nil[A, o]. By Theorem 6.1, t = rankg A exists and we have

(Wi, ..o, WY >~ (uy, ..., up){c)e L (—v1,...,—vs){C)0s,

for some wy, ..., ws, Uy, ..., U, V1,...,0s €N R*and ¢ € Sym(A*, o) such
that signg[w(c)(7 =mqy(A,0). Multiplying both sides by {(wq,. .., w;)) and then by 2,
the left-hand side becomes first # X (w1, ..., w,))¥ (using that (w; ) {{wy,...,w:))
= {wy,...,w;)) and then ¢ty x {wy, ..., w, ), while the right-hand side still
retains the same shape (up to taking larger values for r and s, and different ele-
ments u;,v; € ¢ N R). We thus have

to X (Wi, .., WY > (uq, .o up){C)e L (—v1,..., —Vs){(C)g,
where uy,..., Uy, v1,...,0s € ¢ N R*.
Since sign)' ¥ = 0 and sign)"(u;)(c)o = signglvc(vj)(c)(7 =my(A,0) fori =
I,...,rand j =1,...,s, we must have r = s. In particular, we can pair each u;c

with the corresponding —v; ¢, so that

to X {(wy, ..., W) ~ J_(uic,—vic)g. 6.1)

i=1
Fact. Foreachi = 1,...,r thereis p; € § such that ty X p; - (ujc,—v;ic)e = 0.

Proof of the fact. By Corollary 6.2 (2), there are zy,...,2s,r1,...,7g €N R =
ag such that (z1,...,z:){(r1,...,re)){uic, —vic)e = 0. Multiplying by the Pfister
form {(z1,...,z;)), we obtain

(t X ((21,...,zt,rl,...,rg)))(u,-c,—vic)(7 =0,

and thus (tox {((z1,...,2¢,71, ..., Fe))){ujc,—v;c)e =0. The fact follows since the
form {(zy,...,z¢,71,...,F¢)) isin § by property (P4). End of the proof of the fact.
Multiplying (6.1) by to X p1 -+ p, gives 1g x (p1 -+ pr{{wi, ..., we)) - ¥ =0,
proving that v is in Jg since py --- pr{(wy,. .., w,)) €S (by properties (P4) and (a)).
End of the proof of Claim 2.

The conclusion is now clear since h & J. |
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Proposition 6.4. Let R be semilocal connected. The torsion in W(A, o) is 2-primary.

Proof. By [6, Theorem 8.7 and Remark 8.8] there exists a connected finite étale R-algebra
R, of odd rank, and an Azumaya algebra with involution (A4;, 1) over Ry such that
A ®Rr Ry and A are Brauer equivalent over S1 := S ® g Ry, 0 and o7 are both unitary,
or are both non-unitary, and such that at least one of the following holds:

(1) Z(A1) = Ry X Ry;

(2) degA; =1,

(3) The index and degree of A; are equal and divide the index of A. Moreover, deg A;
is a power of 2 and there exist u, v € A} such thatu? € RY, 01(u) = —u, 01(v) =
—v and uv = —vu.

By [6, Corollary 7.4], the canonical map of Witt groups
W(A,0) > W(A ®r R1,0 ®idg,)

is injective and thus it suffices to show that the torsion in W(A ® g Ry, 0 ® idg,) is 2-
primary.

If S; is not connected, then W(A ®r R1,0 ® idg,) = 0 (cf. Remark 2.16) and we
can conclude. Thus we may assume that S is connected, and in particular that we are not
in case (1) above. By Theorem 2.15, we have a Witt group isomorphism

W(AQg Ri,0 ®idg,) = W3(A;,01)

for some § € {—1, 1}, where we may take § = 1 if 0 and o7 are unitary, observing that
o and 0 ® idg, are of the same type. We now examine the remaining relevant cases
from [6, Theorem 8.7], as listed in (2) and (3) above:

(2) deg A1 = 1,1i.e., A; = S1: Assume first that o7 is not unitary. By Proposition 2.12

we then have A1 = S| = R; and 07 =idg, . In this case W*I(Rl,id) =0by[l16,1,
Corollary 4.1.2] (whose hypotheses are satisfied since R; is connected and also
semilocal by [16, VI, Proposition 1.1.1]), while the torsion in W(Ry, id) is 2-
primary by [5, Chapter V, Theorem 6.6].
On the other hand, if o} is unitary (so that we may take § = 1), then S is a
quadratic étale R;-algebra and o is the standard involution. By [8, Corollary 8.3],
the map /i — Trg, /g, oh is an injection from W(S1, 01) into W(R;,id), which has
2-primary torsion as observed above.

(3) deg A, is a power of 2 and there exists u € A such that o (u) = —u. In particular,
rankg, A and hence rankg, A, are powers of 2. We consider two cases.
If § = 1, we conclude with Proposition 6.3: If & is torsion in W(Ay, 01), then h
has zero signature at every ordering of Ry and by Proposition 6.3, there isn € N
such that 2" x h is hyperbolic.
If § = —1, we have

W (A1, 01) = W (A1, Int(u) o 01)
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(by Morita equivalence, more precisely the p-conjugation equivalence of categor-
ies in [8, Section 2.7]), and we conclude again with Proposition 6.3 applied to
(A1, Int(u) o 01). [ ]

Remark 6.5. If R is semilocal with only & maximal ideals, then any expression of R
as a product Ry X --- X R, of rings must be such that n < k. Therefore there is such an
expression of R as a product Ry X -+ x R, that cannot be further decomposed as a product
and thus where each R; is connected.

Theorem 6.6 (Pfister’s local-global principle). Let R be semilocal, and recall that we
assume 2 € R*. Let (M, h) be a nonsingular hermitian form over (A, o). The following
statements are equivalent:

(1) signg;/t h = 0 for every o € Sper R.
(2) sign)'h = 0 for every a € Sper™ R.
(3) There exists n € N U {0} such that 2" x h is hyperbolic.
In particular, the torsion in W(A, o) is 2-primary.
Proof. Observe that the final statement clearly follows from the equivalence of (1) and (3),

since a torsion form has zero signature at every ordering.
Clearly (1) implies (2), and (3) implies (1), so we only need to show that (2) implies (3).

Following Remark 6.5, we may assume that R = R; x --- X R; with Ry, ..., R;
connected semilocal rings. Writing e; = (1,0,...,0),...,e; = (0,...,0,1) in R, we
have

(A,0) = (Ae1,04e,) X - X (Ae;, 04e,).

Furthermore, we can identify M with @le Me;, and we consider h; := h|pe; as a
hermitian form over (Ae;, o |4¢,) fori = 1,...,¢. A direct verification shows that:

* hisnonsingularif and only if each /; is nonsingular fori =1, ..., (using for instance
that / is nonsingular if and only if for every maximal ideal m of R the form s ® g R/m
is nonsingular, cf. [16, I, Lemma 7.1.3]).

o If h; is hyperbolic fori = 1,...,¢, then & is hyperbolic. Indeed: We can write Me; =
L; & P; with h;(L;, L;) = 0 and h;(P;, P;) = 0 (cf. [8, Section 2.2]). So M =
P Li®P =@, Li)d@ -, P) Let L=P!_,Liand P = P'_, P;.
We check that h(L, L) = 0; the proof of h(P, P) = 0 is similar. It suffices to show
that h(¢;, £;) = 0 for each {; € L; and £; € L;. If i # j then h({;, {;) = 0 and if
i = j then /’l(fl,ﬁg) = h,(@,,@;) =0.

Every o € Sper™ R; can be seen as an element «’ in Sper™™ R, and a direct verifica-
tion of the definition of signature shows that signiv,[ h= signg’t h;. Therefore, (2) gives that
sign? h; = 0 for every o € Sper™™ R; and every i = 1,...,¢. By Propositions 6.3 and
6.4 we have that forevery i = 1,...,t there exists n; € N such that 2% x h; is hyperbolic.
Thus, letting n = ny + - -+ + ny, it follows that 2" x h; is hyperbolic fori = 1,...,¢ and
hence that 2" x h is hyperbolic. |
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